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Quantitative uniqueness for
second order elliptic operators

with strongly singular coefficients

Ching-Lung Lin, Gen Nakamura and Jenn-Nan Wang

Abstract

In this paper we study the local behavior of a solution to second
order elliptic operators with sharp singular coefficients in lower order
terms. One of the main results is the bound on the vanishing order
of the solution, which is a quantitative estimate of the strong unique
continuation property. Our proof relies on Carleman estimates with
carefully chosen phases. A key strategy in the proof is to derive dou-
bling inequalities via three-sphere inequalities. Our method can also
be applied to certain elliptic systems with similar singular coefficients.

1. Introduction

Assume that €2 is a connected open set containing 0 in R” for n > 2. Let

P(z,D) = Z aji(x)D; Dy,

be an elliptic differential operator in € such that a;;(0) is a real symmet-
ric matrix and ajx(x) is Lipschitz continuous in €, where D; = 0/0x;,
j =1,...,n. Note that a;x(x) could be complex valued at x # 0. In this
paper we consider the following second order differential inequality:

G

Ch
(11) |P(a, Dyul < —ful +
FRISREF

[Vu| in €,

where (5 is sufficiently small. Before proceeding to the main discussion,
we want to point out that restrictions described above are necessary. It is
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well known that the Lipschitz smoothness requirement on a;; is minimal for
the unique continuation to hold [14]. Counterexamples given by Alinhac [2]
show that the restriction of a;;(0) being real is necessary for the strong
unique continuation. On the other hand, regarding the constant Cs, the
strong unique continuation fails for (1.1) if Cy is not small, see [3] and [16].
Finally, simple counterexamples also show that the singular coefficients on
the right side of (1.1) are sharp for the strong unique continuation. Under
the same assumptions, the strong unique continuation property for (1.1)
was proved by Regbaoui [15]. But Regbaoui did not give any quantitative
estimate on the vanishing order of u satisfying (1.1). This is our main goal
in this work. The development of qualitative unique continuation property
has a long history. We do not intend to give a summary here. We refer to
the paper [10] and references therein for more details.

Concerning about the quantitative estimate of the uniqueness for partial
differential operators, we would like to mention several related works. Using
the frequency function, Garofala and Lin [5, 6] derived a quantitative version
of the strong unique continuation for strongly second order elliptic operators.
In [5], they also considered ||~ potentials but without first order terms.
In [6], they studied full lower order terms with certain singular coefficients,
but they are not sharp. Also in [11], Kukavica used the frequency function to
prove the maximal vanishing order of solutions to the strong second order
elliptic operator with essentially bounded potentials. Our method in this
paper is different from those in [5], [6], and [11]. Our key tools are Carleman
estimates. Besides of the difference in method, the differential operator
P(z,D) in (1.1) is only elliptic and the coefficients on the right hand side
of (1.1) are strongly singular. None of [5], [6], and [11] dealt with the
equation as (1.1).

On the other hand, Donnelly and Fefferman [4] applied Carleman’s tech-
nique to derive the maximal vanishing order of the eigenfunction with respect
to the corresponding eigenvalue on a compact smooth Riemannian mani-
fold. Also, in [12], Lin applied the Carleman estimate proved by Jerison and
Kenig [9] to derive a quantitative estimate of the strong unique continuation
property for the Schrodinger equation with L;lo/f potential. However, the
methods in [4] and [12] can not be applied to (1.1) with strongly singular
coefficients. The difficulty lies in the fact that all Carleman estimates used
to treat the strong unique continuation contain only polynomial weights,
which are not ”singular” enough to handle sharp singular coefficients in the
lower derivatives. In this work, we overcome this difficulty by deriving three-
sphere inequalities using slightly singular than polynomial weights. Then we
proceed to derive doubling inequalities and the bound on the vanishing order
of the solution to (1.1) by applying three-sphere inequalities recursively.
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In this paper, for brevity, we only consider the scalar second order elliptic
operator. But our method can also be applied to the case where P(z, D) is
an elliptic system as

P(z, D) = diag(Pi(x, D), . .., Pi(x, D)),

where Pj(x,D), j = 1,...,¢, are second order elliptic operators with Lips-
chitz coefficients and satisfy that P;(0,D) = --- = P(0, D) with real sym-
metric coefficients. All methods mentioned above do not seem to work in
this general case. Finally, we would like to mention that quantitative esti-
mates of the strong unique continuation are useful in studying the nodal sets
of eigenfunctions [4], or solutions of second order elliptic equations [7], [13],
or the inverse problem [1]. The main results of the paper are summarized
as follows. Assume that Bg, C Q.

Theorem 1.1 There exists a positive number Ry < 1 such that if 0 <ry <
ro <1r3 < Ry and ri/ry < ro/rs < Ry, then

T 1—7
(1.2) / lu|*dx < C (/ |u|2dx> (/ |u|2dx)
|z|<re |z|<ry |z|<rs

for w € HY(Bg,) satisfying (1.1) in Bgr,, where C and 0 < 7 < 1 depend on
r1/r3, r2/r3 and P(x, D).

Remark 1.1 From the proof, it suffices to take R; < 1/4. Moreover, the
constants C' and 7 can be explicitly written as C=max{Cy(rs/r1)", exp(Bo)}
and 7 = B/(A + B), where Cy > 1 and [, are constants depending on
P(z, D) and

A= A(ri/rs,ra/rs) = (log(ri/rs) — 1)* — (log(rz/r3))?,
B = B(ra/rs) = =1 = 2log(ra/r3).

The explicit forms of these constants are important in the proof of Theo-
rem 1.2.

Theorem 1.2 There exists a constant C' depending on P(x, D) such that if
u € H}.(Q) is a nonzero solution to (1.1) with Cy < C, then we can find a

loc

constant Ry depending on P(z, D) and a constant my depending on P(x, D)
and ||ul| 2 o< r2)/ Ul L2(0)< re) Satisfying

(1.3) / |u|*dx > KR™,
|z|<R

where R is sufficiently small and the constant K depends on n, Ry and u.
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In view of the standard unique continuation property for (1.1) in a con-
nected domain containing the origin, if u vanishes in a neighborhood of the
origin then it vanishes identically in 2. Theorem 1.2 provides an upper
bound on the vanishing order of a nontrivial solution to (1.1). The following
doubling inequality is another quantitative estimate of the strong unique
continuation for (1.1).
Theorem 1.3 Let u € H. (Q) be a nonzero solution to (1.1). Then there
exist positive constants Rs and Cs depending on P(x,D), my such that if
0 <r < Rs, then

(1.4) / lu|*dx < Cg/ |u|?dz,
lz|<2r |lz|<r

where my is the constant obtained in Theorem 1.2.

The rest of the paper is devoted to the proofs of Theorem 1.1-1.3.

2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. To begin, we recall
a Carleman estimate with weight o5 = @s(|z]) = exp(2(log|z|)?) derived
in [15].

Lemma 2.1 [15, Theorem 1.2] For any > 0 large enough. Let S be a
small neighborhood of 0 and w: S\ {0} C Q2 =R, uw e C(S\ {0}). Then

we have
(2.1) 63/<p%|x|_"|u|2dx+ﬁ/go?,|x|_”+2|Vu|2dx <

<G / A2l P (e, D)ulde,

for some positive constant Cy depending only on P(z,D).

Remark 2.1 The estimate (2.1) in Lemma 2.1 remains valid if we assume
u € H*(S \ {0}) with compact support. This can be easily obtained by
cutting off u for small |z| and regularizing.

We now proceed to the main part of the proof. Using regularization,
Friedrich’s lemma, and ellipticity of P(x, D), we can see that if u € H} ()
satisfies (1.1) then u € H2 (Q\ {0}). To begin, we first consider the case

loc



QUANTITATIVE UNIQUENESS FOR SECOND ORDER ELLIPTIC OPERATORS 479

where 0 < r; <1y < R <1 and Br C €. The constant R will be deter-
mined later. To use the Carleman estimate (2.1), we need to cut-off u. So

let {(x) € C§°(R™) satisfy 0 < &(z) < 1 and

07 |$| S T1/67
Ex)=<¢ 1, 1/2<|z| <ery,
0, |x| > 3rs.

Here e = exp(1). It is easy to see that for all multiindex «

(2.2) {|D°‘§| = O(T’l_‘al) for all ri/e < |z| <r/2

|D2¢| = O(ry ™) for all ery < || < 3ry.

On the other hand, repeating the proof of Corollary 17.1.4 in [8], we can
show that

(2.3) / e[ Do 2z < c’/ lu2dz, || <2,
a1r<|z|<asr azr<|z|<asr

for all 0 < a3 < a; < ag < a4 such that B,,, C €2, where the constant C” is
independent of r.

Noting that the commutator [P(z, D), €] is a first order differential op-
erator. Applying (2.1) to £u and using (1.1), (2.2), (2.3) implies

53// . cp%|x|_"|u|2dx+ﬁ g0§,|m|_”+2|Vu|2dx <
r1/2<|x|<ersa

r1/2<|z|<erz

< B / Rl " [€ulPd + 8 / G2l () [P

< G / Sl P, D)(u) Pda

IN

Go / G(CRla| M eul? + C2la e Vul)de

+C’o/g&%|x|_"+4“P(x, D),S]uﬁdw
C’l{/ gpé|x|_"|u|2dx+/ @%|x|_"+2|Vu|2da:
T1/2<|z|<ers r1/2<|z|<ers
+/ cp%|x|_"|u|2dx+/ cp%|x|_"+2|Vu|2dx
ri/e<|z|<ri/2 ri/e<|z|<r1/2

+/ go?,|x|_”|u|2dx+/ go?,|x|_”+2|Vu|2dx}
era<|z|<3ra2 era<|z|<3ra2

IN
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< 6'2{ / Ghfel "udo + [ a2 Vufd
r1/2<|z|<erz r1/2<|z|<era

(/) / (luf? + |2 Vul?)dz

ri/e<|z|<ri/2

+rigens) [ (luf? + ||x|2w|2>dx}

era<|z|<3re2

< @3{ / Gl uld + / Pl Vulda
r1/2<|z|<erz r1/2<|z|<era

(2.4) +r1_”g0%(7"1/e)/ |u|2dx+r2_”<,0%(er2)/ |u|2dx},
2ro <|z|<4rg

7‘1/4<‘:D‘<7‘1

where él, Ci’;, and C’g are independent of r; and ry. Now letting Gy > 1 and
B> [y > 2C5 in (2.4), we immediately get that

/ gpé|x|_"|u|2dx+/ @%|x|_"+2|Vu|2da: <
r1/2<|z|<erz

r1/2<|z|<erz

(2.5) §6’4{7’1_”g0?,(7’1/e)/ |u|2dx+r2_"g0?,(e7“2)/ |u|2dx},
2

r1/4<|z|<r: ro<|z|<4dra

where Cy = 1/Cs. Tt follows easily from (2.5) that

i) [ e <
7‘1/2<‘:D‘<7‘2

[ el b
r/2<|z|<ers

20 <afrndinse [

T1/4<|CE|<T1

IN

|u|2dx+r2_"g0?,(e7“2)/ |u|2dx}.

2ro <|x|<4ro

Dividing 5 "¢3(r) on the both sides of (2.6) implies

/r1/2<|$|<r2 lu|?dx < 64{(7’2/7“1)”[@%(Tl/e)/@%(r2)]/ lu|?de

T1/4<‘I‘<T1

+ [90%3(@7“2)/90%(7"2)]/ |u|2d9:}

2ro<|x|<4ra

< Ca{(ra/r) 63 /e) ) [ fuPs

|z|<ry

(2.7 +rafr) e ens) /4] [ luPde),

|z|<4ro

where C5 = max{C}, 1}.
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With such choice of 6’5, we see that

Cs(ra/r1)"[h(r1/e) /05(r2)] > 1

forall0 < r; < ry. Adding f|x|<h/2 |u|?dx to both sides of (2.7) and choosing
ro < 1/4, we obtain that

/| Iufds < 2Cs(raf i1 /) 302) / jul?de

|z|<r1

(238) +204(ra/r) B era)[40r2)) | JuPd.

lz|<1

For simplicity, by denoting

A=p"1 log[gp%(rl/e)/goé(rg)] = (logr; — 1)? — (logr)* > 0,
B=-57"1 log[goz(erg)/cp%(rg)] =—1—2logry >0,
(2.8) becomes

/ lu|*dx <
|z|<re

29) <20/ {exn(an) [

|z|<ry

|u|2dx+exp(—Bﬂ)/

lz|<1

|u|2dx}.

To further simplify the terms on the right hand side of (2.9), we consider
two cases. If

exp (Af) /

|z|<r:

|u|?dx < exp (—Bﬁg)/ |u|®du,

lz|<1

then we can pick a § > (3 such that

exp (49) [

lz|<r1

|u|*dz = exp (—BJ3) / |u|?dz.

lz|<1
Using such g, we obtain from (2.9) that

/ 2z < 4C5(ry/r)" exp (Aﬁ)/ uf2d =
|z|<re

|z|<r1

B A
~ A+B A+B
(2.10) :46’5(7"2/7"1)"(/ |u|2dx) (/ |u|2dx) :
|z|<ry |z|<1

On the other hand, if

exp (—B/) /

|z|<1

|u|*dx < exp (Aﬁg)/ lu|?dz,

|z|<ry
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then we have

_B_ _A_
A+B A+B
/ lu|?dx < </ |u|2dx) </ |u|2dx)
|z|<re |z|<1 |z|<1
B A
A+B A+B
(2.11) < exp (BB) (/ |u|2dx> (/ |u|2dx>

|z|<r1 |lz|<1

Putting together (2.10),(2.11), and setting Cs =max{4Cs(r2/r1)" exp(Bo)},
we arrive at

aTE atE
(2.12) / lu*dz < Cy (/ |u|2dx) (/ |u|2dx) .
|z|<re |z|<ry |z|<1

Now for the general case, we take Ry < 1/4 and consider 0 < r; < 19 < 13
with 7 /rs < ry/rs < 1/4. By scaling, i.e. defining u(y) := wu(rsy) and
a;;(y) = a;j(r3y), we derive from (2.12) that

2 2 T ~2 1—7
(2.13) / iy < O / ) / iltay)
ly|<ra/rs ly|<ri/rs ly|<1

where 7 = B/(A + B) with
A= A(ry/rs,ro/r3) = (log(r1/r3) — 1)* — (log(r2/13))?,
B = B(T’Q/Tg) =—-1- 210g(7”2/7“3),

and C' = max{4C5(ry/r1)", exp(Bfy)}. We want to remark that C5 can be
chosen independent of the scaling factor r3 provided r3 < 1. Restoring the
variable x = rgy in (2.13) gives

/xm jufdz < C (/Mm |u|2dx)T(/|m|<r3 |u|2dx)1_

The proof now is complete. |

3. Proof of Theorem 1.2 and Theorem 1.3

In this section, we prove Theorem 1.2 and Theorem 1.3. Without loss of
generality, we assume P(0, D) = A by the change of coordinates. We begin
with another Carleman estimate derived in [15, Lemma 2.1]: for any u €
Cs°(R™\{0}) and for any m € {j + 1,/ € N} we have

(3‘1) Z /m2_2a||x|_2m+2|0‘_"|Dau|2dx < C’/|x|_2m+4_”|Au|2dx,

<2

where C' only depends on the dimension n.
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Remark 3.1 Using the cut-off function and regularization, estimate (3.1)
remains valid for any fixed m if u € H2 (R™\{0}) with compact support.

loc

In view of Remark 3.1, we can apply (3.1) to the function yu with x(z) €
C(R™\{0}). Therefore, we define x(x) € C§°(R™\{0}) such that

0 if |z| <4/3,
x(@) =<1 in §/2<|z| < (Ro+1)RyR/4=r4R,
0 if 2ryR < |zl
where § < R3R/4, Ry > 0 is a small number which will be chosen later
and R is sufficiently small satisfying 0 < R < Ry. Here the number R is
not yet fixed and is given by R = (ym)~!, where v > 0 is a large constant

which will be chosen later. Using the estimate (3.1) and the equation (1.1),
we can derive that

Z m2—2\a| / |x|—2m+2\a|—n|Dau|2dx

la|<2 6/2<|z|<r4R

< Z m2_2a|/|$|_2m+2|a_n|Da(XU)|2d$ < C/|x|_2m+4_"|A(Xu)|2dx

<2

<(C |x|_2m+4_”|Au|2dﬂU +C |x|_2m+4_"|A(Xu)|2dx
6/2<|z|<r4R |z|>raR

+C || 2 A () | da
6/3<|x]<6/2

< ' / 2| 724" Au — P(x, D)ul*da
6/2<|z|<rsR
+C / || 2"+ P, D)u)?dx
6/2<|z|<r4R

+C |22 A (xu) Pde + C |72 A () [*d
f#l>r4R /3<la1<6/2

< C’ Z TERQ/ |x|_2m+4_"|Dau|2dx

la|=2 §/2<|z|<rsR

vect[ e O3y (2] 272 Do
0

/2<|z|<r4R la|=1 §/2<|z|<r4R

+C 2|7 A () [*d + C |7 A ) [ de,
(32) |z|>raR 6/3<|x|<d/2

where the constant C” depends on n.
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By carefully checking terms on both sides of (3.2), we now choose v =
vV C" and thus

1 1 2 1)
R = = and TZRQZM

T am O'm 16m2C’

Hence, choosing Ry < 1 (suffices to guarantee RZ(Ry + 1)?/16 < 1/2),
m > mg = mo(Ry), and Cy sufficiently small such that

1 m2 12 ! 2 1

O/mSRO’ 7>001, and 1—CCQ>§,

we can remove the first three terms on the right hand side of the last in-
equality in (3.2) and obtain

Z m2—2a|/ |x|—2m+2|a\—n|Dau|2dx <

o] <2 6/2<|z|<raR

<20 / 2] A () [P
8/3<|z|<d/2

(3.3) + 20/ || 72 A () P d.
T4R<‘$‘<2T4R

In view of the definition of Y, it is easy to see that for all multiindex «

(3.4) {|D°‘X| = O(571) for all 6/3 < |z < 6/2,

|Dx| = O((rsR)~1o]) for all r4R < |z| < 2r4R.

Note that R2 < ry provided Ry < 1/15. Therefore, using (3.4) and (2.3)
in (3.3), we derive

m2(25)_2m_"/ lu|?dz + m2(R3R)_2m_"/ lu|*dxr <
0/2<|x|<28 26<|z|<R2R

< Z m2—2\a| / |x|—2m+2\a|—n|Dau|2dx

S C« Z 5—4+2a|/ |x|_2m+4_"|Do‘u|2dx

+ " Z (T4R)—4+2|a\ / |.T|_2m+4_n|Da’U|2d.T

la]<2 raR<|z|<2r4R

By <cGm e |

lz|<é

(2 dz + C"(ryR) 2" / lu[2dz.
|z|<RoR

where ¢ and C” are independent of Ry, R, and m.
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We then add m?(26) 2™ |u|*dx to both sides of (3.5) and obtain

lz|<6/2

1
—m2(25)_2m_"/ lu|?dx + mQ(RgR)_Qm_"/ lul|?dx =
2 |z <28 |2|<R2R
1
= —m2(25)_2m_”/ |u|*dz +m2(R(2)R)_2m_"/ |u|?dx
2 |z| <26 || <26
+m*(RER) ™" / u|?dx
25<|z|<R2R
1 1
< L2 ip)-2m=n / 2z + Sm2(25)~2m / lu[2dz
2 jo|<25 2 le|<25
+ m(R2R)-2m" / u[2dz
20<|z|<RZR
< (C' +m?)(5/3)"2m—n / |u[2dz + C" (ryR) 2" / lu|2dz
|z|<d |z|<RoR

(&t m?)(5/3) / ju?dz

|| <6
2/ 12 oy —2m—n ur—2 (B \ 2MH 2
(3.6)  +m3(R2R)"(C"m (—> lu|2dz.
T4 |z|<RoR

We first observe that

O/’m—2 (ig) 2m+n _ O//m—Q 4R0 2m4n
Ty Ro +1

< M (AR < exp(—2m)

for all Ry < 1/16 and m? > C”. Thus, we obtain that

1
L n2(95)-2mn / 2z + m?(R2R) 2" / luf2dz <
|| <26

2 e|<R2R
< (é’+m2)(5/3)_2m_”/ u|*dx
|| <6
(3.7) + m2(RZR) 2" oxp(—2m) / uf2dz.
|z|<RoR

It should be noted that (3.7) is valid for all m = j + £ with j € N and
j > jo, where jo depends on Ry. Setting R; = (y(j + 1))~ and using the
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relation m = (yR)™!, we get from (3.7) that

1
—m2(25)_2m_”/ |u|2dx+m2(R(2)Rj)_2m_”/ lu|?dx <
2 |z|<26 |z|<R3R;
< (' + m2)(5/3)"2m / uf2dz
2l <
(3.8) +m?(RgR;) 2" exp(—ZCRj_l)/ |u|*dx
|z|<RoR;

for all j > jo and ¢ = v~!. We now observe that
Rj_|_1 < Rj < 2Rj+1 for all VRS N.

Thus, if Rj+1 < R < R;, we can conclude that

/ lu|*dxr < / lu|?d,
(el <R2R le|<R2R,

exp(—2cR; ") lu|?dx < exp(—cR_l)/ lu|*dx,
|z|<RoR; |z|<R

(3.9)

where we have used the inequality RyR; < 2R;+1/16 < R;4; to derive the
second inequality above. Namely, we have from (3.8) and (3.9) that

1
—m2(25)_2m_"/ |u|?dx + mz(RgRj)_Qm_”/ lu|?dx <
2 |z| <26 |2|<R2R

< (é’+m2)(5/3)_2m_"/ lu|?dx

lz|<é

(3.10) +m?(RgR;) 2" exp(—cR‘l)/ lu|®d.

lz|<R

If there exists s € N such that
(3.11) R < R¥ < R; for some j > j,

then replacing R by R2* in (3.10) leads to

1
L 2(2g)2men / w2 + m(R2R;) " / uf?dz <
2 |2 <26 o] < R25+?
< (G + m2)(5/3)"2m / uf2dz
|x|<é
(3.12) + m2(R2R;) ™" exp(—cRy ™) / luf2dz.
|z|<R3*
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Here s and Ry are yet to be determined. The trick now is to find suitable s
and Ry satisfying (3.11) and the inequality

1
(3.13) exp(—cRO_QS)/ lu|*dxr < —/ |u|*dx
2 Jiei<ryr?

|z|<R3®

holds with such choices of s and R.

It is time to use the three-sphere inequality (1.2). To this end, we choose
r = R2¥2 pry = R?* and r3 = R?*72 for k > 1. Note that r1/r3 < ry/r3 <
R%2 < 1/4. Thus (1.2) implies

(3.14) / |u|2d;1:// luf2dz < 01/7(/ uPdr/ [ juPde).
|| < R2k || < R2FT2 |z| < R2F 2 || < R2*

where

C = max{CoRy*", exp(Bo(—1 — 4log Ry))}

and

l—7 é ~ (log(ry/r3) — 1)* — (log(ra/r3))?

T B —1 —2log(ry/r3)
_ (4log Ry —1)* — (2log Ry)?
N —1 —4log Ry '

It is not hard to see that

1 < 61
(3.15) { < C < CoRy™,

2 <a< —4log Ry,

where 3, = max{2n,40,}. Combining (3.15) and using (3.14) recursively,
we have that

a
/ luf2dz luf2d < 01/7(/ luf2dz juldz)
|z| <R3 |z| <R32 |z|<R35 2 |z| < RZs

a5—1_1 asfl
(3.16) < 05D ( / u|?dz/ |u|2dx)
|| < RZ |z| < R§

for all s > 1. Now from the definition of a, we have 7 = 1/(a + 1) and thus

@' -1 a+l
— s=1 _ 1)< 3 s—l‘
7(a—1) a—l(a )< 3a
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Then it follows from (3.16) that

/ |ul*dz/ Jul*dz <
|z| <R3 |z| <R3
< 03(—410gR0)S—1 (/ |u|2dx/ |u|2dx)aS
|| < RZ |z| <R}

(3.17) < (CR(Ro)™)-tiesior™ / jwfde/ [ Jultds)’

|z| <R3 || <R3

—1

s—1

Thus, by (3.17), we can get that

exp(—cRy % ul?dr < exp(—cRy*)(C3(R, —3ﬂ1)(—410gRo)5*1
0 0 0

|| <RZ®

(3.18) (/ lu|2dz |u|2d9:> / lu|2dz.
|z| <R} x| <R} x| <Rp*T?

Let 4 = —log Ry, then if Ry (< 1/16) is sufficiently small, i.e., p is
sufficiently large, we can see that

2ty > (t — 1) log(4u) + log(log CF + 361p) — log(c/4)
for all t € N. In other words, we have that for Ry small
(3.19) (C3Ry )~ o)™ expy(cRy ! /4) < (1/2) exp(cRy % /2)

for all t € N. We now fix such Ry so that (3.19) holds. The constants mg(Ry)
and jo(Rp) are fixed as well. It is a key step in our proof that we can find a
universal constant Ry. After fixing Ry, we then define a number ¢, as

to =inf {teR > (logZ — log(ac)+loglog</ lu|?dx/ |u|2dx>)
|z|<R2 |z| <R3

x (—2log Ry — log a)_l}.

It should be noted that ¢, depends on Ry and N, where

N = (/ luf2dz/ |u|2dx>.
|| < RZ |z| <R}

By (3.15), one can easily check that —2log Ry —loga > 0 for all Ry < 1/16.
With the choice of ¢y, we can see that

t—1

(3.20) ( / ful2dz/ |u|2dx) < exp(cR; /2)
|| < RZ || <RJ

for all t > t,.
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Let s; be the smallest positive integer such that s; > ty. If
(3.21) Ry™ < Rj, = (v(jo +1/2)) 7,
then we can find a j; € N with j; > jo such that (3.11) holds, i.e.,
Rjj1 < R < Rj,.
On the other hand, if
(3.22) Ry > Ry,

then we pick the smallest positive integer s, > s; such that R;*> < R;, and
thus we can also find a j; € N with j; > jo for which (3.11) holds. We now
define s, depending on P(z, D) and N, as

DL if (3.21) holds,
©|se if (3.22) holds.

It is important to note that with such s, (3.11) is satisfied for some j
(depending on P(z, D) and N) and (3.19), (3.20) hold. Therefore, we set
my = n+ 2(j1 + 1/2) and m = (my — n)/2, where m; and m depend on
P(z,D) and N. Combining (3.18), (3.19) and (3.20) yields that

exp(—cRa28)/ lu|?dx <

|z[<R3®

< exp(—cRy ) (C(Ro) ) (ios ™

a(s—1)
- (/ luf2dz/ jufde) / lu[2dz
|z| <R32 |z| <R3 x| <R2ST?

which is (3.13). Using (3.13) in (3.12), we have that

1 1
—m2(26)_2m_”/ |u|?dx + —mQ(R(Q)le)_Qm_"/ lul|?dxr <
2 2| <25 2 o< R25+2
(3.23) < (O + m?)(5/3)"2m" / luf2dz.
lz|<d

From (3.23), we get that
(my —n)”

8C" + 2(my — n)

(3.24) JeRiR) ™ [

2542
|x|§R05

lu|*dx < §—™ / lu|?dx
2l <5
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and

L n2(25)-2mn / luf2dz < (G + m2)(3/3)~2m" / fuf2dz
2 4] <26

|z|<d

which implies

1 2 . 2
(3.25) / e < SCH 20m =0, / fuf2dz.
|z| <26 |z <8

The estimates (3.24) and (3.25) are valid for all § < R2*"?/4. There-

fore, (1.3) holds with Ry = Ry. (1.4) holds with Ry = R3**?/8 and Cs =

%72)_2”)26"“ and the proof is now complete. m
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