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Partial regularity for subquadratic
parabolic systems by A-caloric

approximation

Christoph Scheven

Abstract

We establish a partial regularity result for weak solutions of non-
singular parabolic systems with subquadratic growth of the type

Owu — div a(z,t,u, Du) = B(z,t,u, Du),

where the structure function a satisfies ellipticity and growth condi-
tions with growth rate f—fQ < p < 2. We prove Holder continuity
of the spatial gradient of solutions away from a negligible set. The
proof is based on a variant of a harmonic type approximation lemma

adapted to parabolic systems with subquadratic growth.

1. Introduction and statement of the result

Throughout this paper, we assume that {2 C R" is a bounded smooth domain
of dimension n > 2 and we fix T" > 0 and N > 1. We consider weak solutions
u: Q x (=T,0) — RY of nonsingular parabolic systems of the type

(1.1)  Owu(z) —div a(z,u, Du) = B(z,u, Du) for z € Q x (—T,0),

where the structure function a satisfies some standard ellipticity and growth
conditions with polynomial growth rate p € (f—f:Q, 2). For the inhomogene-
ity B, we consider either a controllable growth condition or the natural
growth condition under an additional smallness assumption on the solution.

For the precise statement of the assumptions, we refer to Section 2.
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In general, solutions of parabolic systems (1.1) can not be expected to
be regular everywhere on the domain. Even in the elliptic case, various
examples of solutions with singularities are known [15, 27, 43], see also [42,
40, 39] for some examples in the parabolic case. Everywhere regularity can
only be expected for systems with special structure such as the evolutionary
p-Laplacian system

Oyu — div(|DulP~2Du) = 0,

for which the regularity problem was settled by the fundamental contribu-
tions of DiBenedetto and Friedman [12, 13, 11], see [32] for some further
generalizations. Other situations in which an everywhere regularity result is
available are the case of a low-dimensional domain [35, 28, 34] or the case of
bounded solutions [41, 25]. In the general case, however, one can only expect
partial regularity results, that is regularity away from a singular set that is in
some sense small. Results of this type have been established for quasilinear
systems with a(z,u, Du) = a(z,u)Du, cf. [26], or for systems of p-Laplacian
type structure [33]. The partial regularity for general parabolic systems
of the type (1.1) was a longstanding open problem until it was solved by
Duzaar and Mingione [20] for parabolic systems with quadratic growth and
by Duzaar, Mingione and Steffen [22] for systems with polynomial growth
with growth rate p > 2, cf. also [17, 4, 5] for results on boundary regular-
ity. Their proofs are based on an adaptation of the harmonic approximation
method to the parabolic setting. The harmonic approximation lemma in its
basic form can be found in the book of Simon [38] and goes back to ideas
of de Giorgi developed for the regularity theory of minimal surfaces [14].
Until now, the technique of harmonic approximation has been developed
further and adapted to various settings in the regularity theory, cf. [21]
for a survey on the numerous applications of harmonic type approximation
lemmas. One of the advantages of the harmonic approximation method is
that it avoids the application of reverse Holder inequalities, which are not
available in the nonquadratic parabolic case due to the anisotropic scaling
of the system (1.1) in the case p # 2, see [30] for related problems.

All results on partial regularity stated above are concerned with nonde-
generate parabolic systems. The degenerate case, as treated in the elliptic
setting in [18, 19, 21|, contains serious difficulties that are due to the ap-
pearance of degenerate parabolic cylinders. First results in this direction
were achieved in [6]. In the subquadratic case n2—f2 < p < 2 however, the
question of partial regularity remained open so far even for nonsingular
parabolic systems. This case has been treated only in the elliptic setting,
cf. [10, 8, 9, 16, 2]. In the present paper, we fill this gap in the theory and
prove partial regularity for nonsingular parabolic systems with subquadratic
growth.
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Our main result is the following.

Theorem 1.1. Let u € C°(=T,0; L*(Q,RY)) N LP(=T,0; WP(Q,RY)) be
a weak solution of the parabolic system (1.1), where the structure function
satisfies the conditions (Al) to (AD) stated in Section 2, and furthermore
one of the following conditions is satisfied.

(i) (Controllable growth) The inhomogeneity B satisfies condition (B1),
or

(77) (Natural growth) the inhomogeneity satisfies condition (B2), and the
solution is bounded by supq, |u| < M,, where M, is small enough to
ensure 2M, A1 (M,) < v.

Then there is an open subset Q* C Qp with
Due CPPP Qe RN and Q7 \ QY =0.

loc

Moreover, the solution satisfies u € C’a’a/2(Q“, RY) for every o € (0,1).

loc

We point out that our proof requires only minimal assumptions on the
derivative D¢a of the structure function, see (A4) and (A5). Moreover, the
Holder exponent (3 of the gradient of the solution is the optimal one that
is prescribed by the Holder exponent of the structure function. In general,
no higher regularity of the solution can be expected, as demonstrated by a
counterexample in [2] in the elliptic setting.

Moreover, we have the following characterization of the singular set. We
use the notation @),(zg) for parabolic cylinders as introduced in Section 3
below.

Proposition 1.2. In the situation of the preceding theorem, the singular set

satisfies moreover
Qr\ Q" C XjUXy,

where

¥y = {zo € Qr : liminf][ | Du — (Du)zw,}p dz > 0}
Qp(ZO)

PN\0
and
Eg = {ZO & QT : hm\SUP (luzo,pl + |(Du)z07pl) = OO}
p\.0

In the case of a structure function a(z,u,§&) = a(z,§) that does not depend
on u, the above statement remains true if we replace the set Y by

S = {20 € Qp : limsup [(Du),, ,| = oo}
J AN
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Finally, we can characterize the singular set also in terms of the function

p—2
V(E) =&+ .

This characterization will be more useful for the dimension reduction of the

singular set that we will address in a forthcoming paper [36].

Proposition 1.3. Under the assumptions of Theorem 1.1, there holds
Qr\ Q" C StUSy,

where

Sy = {Zo €Qr: liminf][ |V (Du) — [V(Du)]z(),p‘2 dz > O}
Qp(ZO)

P\0

and

o= {20 € Q¢ lmsup (Jus | + [[V(Du)l ) = 00
JANU

Again, if the structure function a is independent from wu, the set Sy can be
replaced by

SY = {zo € Qr : limsup |[V(Du)l.,,| = oo}.
pN\0

Next, we shortly describe the strategy of the proof and the organization
of the paper. We start by stating our general assumptions in Section 2
and by gathering some necessary basic material in Section 3. The first step
in the proof is the derivation of a Caccioppoli type inequality, which will
be established in Section 4. Because of the time derivative appearing in
the system (1.1), the Caccioppoli inequality holds only with the L%norm
of w on the right-hand side, see (4.2). This is the reason why throughout
the paper, we will use the L?-excess for the solution w itself, while the
gradient Du will be measured in terms of the function V', cf. (6.1). In
particular, this principle is expressed in the specific form of the A-caloric
approximation lemma that we state in Section 5. In Section 6 we use a
linearization argument in order to prove that weak solutions of (1.1) are
approximately A-caloric provided their excess is small. Consequently, we
may use the A-caloric approximation lemma to find an A-caloric map that
is close to the solution. Using an elementary estimate for .4-caloric maps
from Section 7, we thus derive the crucial decay estimate in Section 8. This
yields the first Regularity Theorem 8.3, which characterizes the singular
set in terms of the L2-excess of the solution. In order to conclude that
the singular set is negligible, we need a Poincaré-Sobolev-type inequality
for solutions which bounds the L?-excess of u in terms of only the spatial
gradient Du. This will be established in Section 9. The final characterization
of the singular set, which implies in particular Theorem 1.1, is given in
Section 10.
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2. General assumptions

On a domain Q7 := Qx (—T,0), where 2 C R" is a bounded smooth domain
and T > 0, we consider weak solutions u : 27 — RY of parabolic systems
of the form

(2.1) Owu(z)—div a(z,u(z), Du(z))=B(z,u(z), Du(z)) for z=(z,t) € Qr
in the distributional sense, and where

a:Qp x RY x RV — RN

B:Qr x RY x RY — RV,
Here and in the sequel, we identify R™" with the space of linear functions

R™ — RY. The scalar product on R¥" will be denoted by (-,-), while the
scalar product on RY will written by a single dot.

Assumptions on the structure function a. We assume that the total
derivative Dea(z,u,§) with respect to the {-variable exists and impose the
following ellipticity and growth conditions on a, for some nz—f:z <p<2

(A1) (Dea(z,u,€)C,¢) > v(1 + €)= ¢
(A2) la(z,u,&)| < A1+ |§|2)pz;1

for all 2 € Qp, u € RY and &, ¢ € RM", where 0 < v < A are given constants.
With respect to the variables (z,u), we assume the following continuity
property. We write dp,, for the standard parabolic distance, cf. (3.1).

|CL(Z, u, 5) B CL(Z(), Uo, §)|
1+ 1¢2) =
for all z, 29 € Qr, u,up € RY and ¢ € RM, with a modulus of continuity

0(y,r) = min {1, Kg(y)rﬁ}, for all y,r € [0, 00)

(A3)

< 2A0(Ju| + |uol, dpar(z, 20) + [u — uol)

for some non-decreasing function Ky : [0,00) — [1,00) and # € (0,1). In
the following, we will frequently use the fact

(2.2) 0(Jul+|uol, dpar (2, 20)+|u—uol) < Ko(2|uo|+1)(dpar(z, 20)+|u—uo|)?,

which can easily be checked by distinguishing the cases |u — ug| < 1 and
|u — up| > 1. Concerning the growth of the derivative Dea, we assume only
that there is a nondecreasing function Kp : [0,00) — (0, 00) with

(A4) | Dealz,u, &) < AKp(lul +[¢])

for all z € Qp, u € RY and ¢ € RV",
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Moreover we assume that the map (z,u,&) — Dea(z,u,§) is continuous
with local moduli of continuity wyy : [0, 00) — [0, 1] with limg gwpr(s) =0
for all M > 0 such that

|D£CL(Z, Uu, g) - Dfa(zoa Ug, 50)' S

< QAKD(M)WM (d}%ar(za ZO) + |u - u0|2 + |§ - §0|2>
for all 2,z € Qp, u,ug € RY and &£,& € R with |u] + €] < M and
lug| +|&0| < M. We can assume without loss of generality that M — wy(s)

is non-decreasing for every s > 0 and that s — w3,(s) is a concave and
non-decreasing function for every fixed M > 0.

(A5)

Assumptions on the inhomogeneity B. For the inhomogeneity, we
consider one of the following two alternative conditions. We will assume
that B satisfies either the controllable growth condition

(B1) [B(z,u, &) < AL+ )
for all z € Qp, u € RY and € € RY™, or the natural growth condition

for any M > 0 and all (z,u,£) € Qp x RY x R¥" with |u| < M, where
A1 (M), Ao(M) > 0 depend only on M. In the case of the latter condition,
we will need to restrict ourselves to bounded solutions of (2.1), where the
bound M, := supq,. |u| satisfies the smallness assumption

(2.3) 201 (M) M, < v.

Such a smallness condition is necessary for a partial regularity result even
in the elliptic case, see [24, Chapter VI|. In the parabolic case, a similar
assumption has been used e.g. in [25, 26].

By classical results, we may assume that weak solutions exist in the func-
tion space CO(=T,0; L2(2,RY)) N LP(=T,0; WLP(Q,RY)) for every given
Cauchy-Dirichlet boundary data, see e.g. [31].

3. Preliminary material

Notation. Throughout this paper, we will denote the space variable with x
and the time variable with ¢; moreover, we will use notations like z = (x,t)
or zg = (xo, to) for points in space-time.

For zyp € R" and p > 0, we will write B,(z() for the open ball with
radius p and center xy in R™. If the center is zero, we will often omit it for
the sake of brevity. Furthermore, we will work with parabolic cylinders

Qo(20) = By(q) x (to — p*, t0),
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where zy = (zo,t) € R" x R. These cylinders can be interpreted as the
half-balls with respect to the parabolic metric

(31) dpar(zl,ZQ) = max{|x1 — .Tgl, \/ |t1 — t2| }

for z; = (x;,t;),1 = 1,2. For a general cylinder Q := B X (s,t), where
B C R™ and s < t, we write

apar@ = (B X {3}) U (@B X [S’t])

for the parabolic boundary of Q, while the set Q\ 9,.:Q is called the parabolic
interior of Q.

For a function f € L'Y(Q,(20),R*) we abbreviate as usually f,, , :=
pr (x0) fdz. In the case zy = 0 we will frequently omit the parameter z; and
simply write f,.

The functions V and W. We define functions

A A
3.2 V(A)= —————— and W)= ———
32 V(@) W= e

(1+1AP)
for all A € R* where k € N. First of all we note that both functions are
equivalent in the sense

(3.3) 2" |V(A)| < [W(A)| < |V(A)|  for all A€ R",

The reason why we will sometimes use the function W instead of V is the
fact that

(3.4) R > A — |W(A4)? is a convex function,

cf. for example [16, Sect. 3]. We recall the following standard inequalities
for later reference.

Lemma 3.1. ([8]). Let 1 < p < 2 and V as defined above. Then we have
for any A, B € R¥ and r > 0

(i) 2°% min{|A],|A[P/?} < |[V(A)] < min{|A|, |A]/?}
(ii) |V (rA)| < max{r,r?/2}|V(A)|

B4l \v(B) - via)<ck
(1+|A|2+|B|2)2TTP_| ( ) ( )|— ( ap)

(i) [V(A) = V(B)| < c(k,p)|V(A— B)|
(v) [V(A— B)| < e(p, M)[V(A) — V(B)| if |A| < M, B € R~

B — A
(1+ A2+ |BJ]2)5"

(iii)

N |3
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The inequalities (¢) and (i¢) readily follow from the definition of V', the
estimates (ii7) are proved in [1, Lemma 2.2] and the claim (iv) is a conse-
quence of (ii7). Finally, the proof of (v) can be found in [8, Lemma 2.1].

Furthermore, we will need the following

Lemma 3.2. ([1, Lemma 2.1]). For every 1 < p < 2 there holds
1 p=2
_ b+ A+s(B-A)P) =T ds _ 8

= < for any A, B € R,
(1+|A]2 +1B2)"= p-1

Affine Functions. For a given function u € L*(Q,(z), RY) we write
oo p(2) = Ly () for the unique affine function R® — RY minimizing the
functional
l— lu— (> dz.
Qp(20)
We recall some properties of this function. A straightforward calculation
shows that (., ,(z) = us,, + Az p(@ — 20), Where
2
Dby, =A,= _n—l; ][ u® (x —x0) dz.
P~ JQp(20)

The following lemma can be proven analogously to [29, Lemma 2].

Lemma 3.3. For u € L*(Q,(2),RY) and 7 € (0,1), let {,,, and (., ,,
be the affine functions R® — RY defined as above for the radii p and Tp,
respectively. Then we have

n(n+2)

2
(3.5) Dl,,,— Dl .,|" < 7][ lu— €., dz
} 0,0 0 P} (Tp)Q Qrp(20) 0,0

and furthermore

n(n + 2
(3.6) }szw—(Du)zo,p\Qg% ]é ( )}u(z)—uzO,p—(Du)ZO,p(x—xo)fdz.

Analogously to the estimate (3.5), we get

2
S][ |u_€Z0,P|2dZa
C?Tp(ZO)

where we used the fact pr(ZO) A(z —x0)dz = 0 for all A € R¥™ and Jensen’s

inequality. For later reference, we state the following consequence of (3.5)
and (3.7).

(B7)  |tsgp — tsgrpl? = ' ]é (u—Ly,) dz

TP(ZO)

_ 2 _(n+1\2
R L e G B ALY

P p(20)

for all u € L*(Q,(20), RY) and 7 € (0, 1).
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Finally, we state a well-known elementary lemma which will be useful in
several situations. Its proof can be found in [24, Lemma V.3.1].

Lemma 3.4. For Ry < Ry, let f : [Ry, R1] — [0,00) be a bounded function
and assume that for all Ry < 0 < p < Ry, there holds

A
4B
(p—o)

for nonnegative constants A, B, a and a parameter 9 € (0,1). Then we have
the estimate

flo) <9f(p) +

f(og) < c<m + B)

for all Ry < 09 < po < Ry and some constant ¢ = c(a, ).

4. A Caccioppoli type inequality

The first step in the proof of partial regularity is to establish a Caccioppoli
type inequality. The same proof also yields an estimate for the L?-norms
of w on the time slices. The precise statement is as follows.

Theorem 4.1. Let M > 0 and consider a map u € C°(—=T,0; L?(2,RY)) N
LP(=T,0; WLP(Q,RN)) that weakly solves the system (2.1), under the as-
sumptions (Al) to (Ad). Furthermore, we require that one of the following
alternatives hold.

(1) Controllable growth. The inhomogeneity satisfies (B1), or

(74) Natural growth. The inhomogeneity satisfies (B2), and the solution u
and the map ¢ are bounded by |u|,|¢| < M, on Qr, where the bound
satisfies the smallness condition

2M, Ay (M) < v.
We choose an arbitrary parabolic cylinder Q,(z0) C Qp with p € (0,1), a

radius o € [5, p) and an affine function £ : R™ — RN with |((xq)|+|DE| < M.
Then there holds

sup ][
tE(to —02 ,to) B (550)

2
CopP
w S
(P =0)°Jq,0)

Here, the constant cy depends only on M, Ky(+), Kp(-),n, N,p, A and v, and
in the case of (it) additionally on M,, A1(M,) and Ay(M,).

— 2
M) dz +][ V(Du — DO)|? dz
Qo (20)

o
u—F

p

2
dz + cop®.
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If in the case of (i), the structure function a(z,u,&) = a(z,§) does not
depend on u, the above estimate holds for all affine maps ¢ : R* — RN
satisfying the weaker assumption |DE¢| < M.

Remark 4.2. In particular, the estimate from the above lemma implies the
following Caccioppoli type inequality on any parabolic cylinder @,(29) C Q.

u

— 02
(4.2) ][ \V(Du — DO)|*dz < 4cq ][ ‘ dz + cop®”,
Qp/Q(ZO) p

Qp(ZO)

where the constant ¢y may depend on ¢. This inequality is weaker than

the corresponding statement in the elliptic case, where instead of |“7_e|2,
the term |V(“Tje)|2 appears on the right-hand side, see [8, 16, 2]. However,
the evolutionary term in the parabolic system (1.1) enforces a term which
is quadratic in wu, so that (4.2) can not be expected to be improved. At
this point the assumption p > n2—f:2 is crucial in order to guarantee that the
right-hand side in (4.2) is finite.

The peculiar form (4.2) of the Caccioppoli inequality makes it natural
to work with the standard L2-excess solution u, while for the gradient Du,
we will define the excess by means of the function V' as introduced in (6.1)

below.

Proof. Unless stated differently, we write ¢ for constants that depend at
most on the structure constants listed in the theorem. In order to facilitate
the notation, we may assume zo = 0. We fix an affine function ¢ : R® — R¥
with |¢| 4+ |D¢| < M.

The idea is to test the system (2.1) with functions of the form

plo,t) = (Y% () (ulw, t) — L(z)),
where ¢ € C

(B, [0,1]) is a cut-off function in space with ¢y = 1 on
B, and |[Dy| < ;% on By, while (. € C*(R), for any s € (—0?,0) and
e € (0,0% + s), is a Lipschitz-continuous cut-off function in time with the
following properties.

(CEEO on

(=00, =]
|<é| > (p_20)2 on <_p27 _‘72]
(. = on (—o?, s — ¢
C(t)=—1(t—s) on(s—e,s]

(=0 on (s, 00)

These test functions are formally not admissible since they are not smooth,
and not even weakly differentiable in the time direction. Nevertheless, their
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use as test function can be justified by standard approximation techniques or
by the use of Steklov averages. Here we will shortly sketch the first method.
For any function f and 6 > 0, we write fs for the mollification of f by a
standard symmetric mollifier with smoothing radius §. For sufficiently small
values of §, we may test (2.1) with

= [Cv*(u =05

Keeping in mind that ¢ does not depend on ¢, we deduce the equation

/ (a(z,u, Du), Dps) dz = / (u—20)- Oppsdz + / B(z,u, Du) - s dz

P p P

(4.3) _ / (1 — 0)s - Dt (u — 0);) dz

P

+/ [B(z,u,Du)] S (u— ) dz.

P

Here we compute for the first integral on the right-hand side
| w50t 5 ds -

=5 gl Ozt | o=
(1.4 -3 /Q LGRS

by an integration by parts in the last step. Next we note that we have the
following convergences as o \, 0.

I (T ) in Wte
(u—"0)s—u—"~ in L? and almost everywhere

[B(-,u, Du)|s — B(-,u, Du) almost everywhere.

Consequently, by plugging (4.4) into (4.3) and letting ¢ \, 0, we deduce
(4.5) ¢*{a(z,u, Du), Du— Dl)dz =
Qp
= —2/ ¢{a(z,u, Du), Dy ® (u—0)) dz
Qp

- %/ Cp?lu— € dz+ [ Cb®B(z,u, Du) - (u —{)dz.
Qp Qp
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Next we note that we have the following pointwise estimate, which is a
consequence of the ellipticity condition (A1) on the structure function a.

(4.6)  (a(z,u, Du) — a(z,u, D), Du — D{) =
1
_ / (Dea(z,u, D+ s(Du— DO))(Du— DI), Du ~ DE) ds
0
1
> ,,/ (1+ D¢ + s(Du — DO)) 2| Du — DU ds
0
> u(1 + |DU? + |Dul?) "2 |Du — D],

where we used Lemma 3.2 in the last step. Writing ¢ = (.¢?*(u — £) and
putting together (4.6) and (4.5), we infer

v | ¢ (1+ |DU?+ |Dul?)" |Du— DE?dz <

Qp
< §51/)2<a(z, u, Du) — a(z,u, D), Du — D€> dz
Qp
= —2/ Cv(a(z,u, Du) — a(z,u, D0), DY @ (u—{)) dz
Qp
— / (a(z,u, Dl), D) dz
Qp
+ 1/ C*lu — £ dz
2 Q,
+ C?B(z,u, Du) - (u—{) dz
Qp
(4.7) = [+ II+III+]1V.

The rest of the proof consists of the estimation of the terms I to IV.

Estimate for I. We decompose I = I; + I + I3, where
L = —2/ ¢v{a(z, u, Du) — a(z, ¢, Du), D¢y @ (u — {)) dz
Qp

I, .= -2 C5w<a(z, 0, Du) — a(z,¢,Dl), D @ (u — €)> dz
Qp

Iy := =2 [ ({a(z,¢,Dl) — a(z,u,Dl), Dy @ (u—{)) d=.
Q@p

For the first and the last term, we employ the continuity assumption (A3)
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on a, the properties of ¢ and the assumption |D¢| < M in order to estimate

—/
Y ‘dz
p—0

Li+15 < c(p) A/ G O(lul + [€], Ju — €]) (1 + | Dul"™" + [ D)
Q

i u—V7
SC(p)A/ C 0(|ul + 1€], |u — £))(1 + MP 1)‘_‘612
Qp p—0
—/
o G O(Jul + 101, Ju — )| Du — D! | =5z
QoN{|Du—Dt|>1} p—o

— T+ 1
For the first integral, we use the estimate (2.2) for 6 and |¢| < M, which
yields

_ (148
I' < e(p)A Kp(2M + 1)(1 + MP~Y [ 82 dz
p—0
Qp -
28 u—f2 u— {2
. < - < 26 ) )
(4.8) _c/Qp(p - )dz<e(p |Qp|+/Qp — ).

where we used Young’ inequality with exponents ﬁ and ﬁ For the
term I”, we simply estimate # < 1 and get

_¢
I" < e(p)A ¢ |Du— DO 2= az
Q,N{|Du—De|>1} p—0
)l u—0
< c(p)A/ b | Du— D)5 |2 )dz
Q,N{|Du—De|>1} p—0
_¢
<cpt [ GoV(Du- Do) A= a:
Qp p—0

2

—/
Y dz

p—0o
for every x € (0,1), where we used first p—1 < £, then applied Lemma 3.1 (4)
and finally Young’s inequality. For the estimate of I, we distinguish the
cases |Du — Df| < 1 and |Du — D¢| > 1. In the first case, we employ the
growth property (A4) of Dea and the fact |¢| + |D{l| + |Du— Dl| < 2M + 1,
with the result

—2(a(z, ¢, Du) — a(z,£,Dl), Dy ® (u — ) =

@9) <% [ GVDu-DOPs+ A [ |
Qp Qp

=2 /1 (D¢a(z,4, DU+ s(Du — D)) (Du — D), DY @ (u — {)) ds

U — ﬁ)
p—o
< c(p)AKp(2M +1)[V(Du — D)) |

< 2AKp(2M + 1) | Du — DI ‘

u—ﬂ‘
p—o0
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by Lemma 3.1(¢). In the case |Du — Df| > 1, we simply make use of the
growth assumption (A2) on a in order to estimate

—2(a(z,4, Du) — a(z,4, D), DY @ (u—{)) <

u—ﬁ‘
p—0

< e(p)A(1 + MPY) | Du — De|p—1‘g =t )
— 0

< c(p)A(1+ MPY) |V(Du — D)) )g:ﬁ‘

< AR+ [Duf 4 1|

since

|Du — DUP~! < |Du— D) < ¢(p)|V(Du — DY)|,

provided |Du — Df| > 1. Putting together the last two estimates, we
arrive at

¢
L < c/ C|V(Du — DO)| ‘“ dz
Qp p—0
K 9 9 u— {2
(4.10) < B c?IV(Du— DOPdz + c(x) ) dz
2 Qp Qp p—0

by Young’s inequality, for every x € (0,1), where ¢(x) depends only on &
and the data listed in the theorem. Collecting the estimates (4.8) to (4.10),
we arrive at

(411) I=L+1I'+1I"

<r [ GuAVIDu—DOPdz el /Q p 2= [ @+ 1)

Estimate for II. Since the test function ¢ has compact support in @,
integrating by parts on the time slices yields

(a(0,t,£(0), DC), D) dz dt = 0.
Qp
Consequently, we can write
I =— <a(z, u, D) — a(z, ¢, DY), Dg0> dz
Qp

— {a(x,t,0,DC) — a(0,t,0(0), DL), Dy) dx dt
Qp
==. [[1 + [[2
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For the estimate of the first term, we employ the continuity (A3) of a with
respect to the second variable, together with the assumption |D{| < M,
which yields

11 < C(p)A(1+Mp_1)/ 0(lul + €], [u — £]) | Dep| d=

Q@p

< Olul +16]Ju ~ )|l dz +-c [ D) dz
QpN{lu—£|<1} Qp{|u—£]>1}

= 11171 + I.[LQ.

Here, we used the fact # < 1 in the estimate of the last integral. For the
estimate of I1; 1, we employ the property (2.2) of 6 and infer

ju— €7 (C?| Du — D)+ )“ —¢ )) dz

[[171 SCKQ(ZM + 1)/
p—0

Qp{lu—t|<1}

SC/ ¢ |u— €°(|V(Du— DO)| + [V (Du — DO)PIP) dz
Qon{lu—t<1}

— {148
+/ p’g‘u ‘ dz.
Q P70

Here we applied Lemma 3.1(¢), distinguishing the cases |Du — D/¢| < 1 and
|Du — D¢| > 1. Next, we apply Young’s inequality to each of the three
summands. Keeping in mind that 23 > 2 and |u —¢| < 1 on the domain of
integration, we deduce

Ty <t [ Qo WV(Du— DOP iz +clw) / lu— €2 dz
Qp Qp

28 u—F
+cplﬂ|Qp|+c/ |
Q 'P—0

2
‘ dz
for any x € (0,1). Applying Young’s inequality once more, we arrive at
Ih, < g/ C? |V (Du — DO)|* dz

Qp

+ c(n)(p%|Qp| —i—/Q )Z:ﬁrdz).

(4.12)

The term Il 5 can be estimated by means of Lemma 3.1(:) and Young’s
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inequality as follows.

y
1< / (Gu*Du—De| + )u ‘) dz
Qpn{|u—t|>1} p—0

— 2
<2 | ¢y V(Du— DOPdz + c(m)/ (1 + ‘“ f‘ ) dz
3Jq, Qu{lu—t[>1) p—o

(4.13)

K 2 2
— W7 |\V(Du — DO)|7d
<5 W u=DoP e [

dz.

‘u—f 2
p—o
Here we used |u—¢| > 1 and p—o < 1 in the last step. For the term I, we

employ again the continuity assumption (A3) and the property (2.2) with
the result

Iy < e(p)A(1+ Mp_l)/ 0(1¢] + [€0)]; [z] + | = £(0)]) [ Dyp| d=

Q
y
<c | K@M+ 1)1+ M) p* (G Du— Dl + |2 ) dz
Qp p—0
_¢
:c</ CEprﬂ|Du—D€|dz+/ pﬂ)“—)dz)
Qp Qp p—0
= IIQJ +IIQ72.

Lemma 3.1(i) yields, similarly as above,
I, < c/ =l <Pﬂ|V(Du — DO)| + p°|V (Du - D£)|2/p> dz,
Qp

from which we infer by Young’s inequality, keeping in mind that p < 1
and p < 2,

(4.14) Iy < e(k)p?)Q,) + g/ ¢9*|V(Du — De)|* dz.
Qp

Finally, we apply Young’s inequality to the term /1, with the result

— 02
. < c(p* ‘u ‘ .
(4.15) Il < c<p 1Q,] + /Qp p— dz)

Combining the estimates (4.12) to (4.15), we infer

u

(4.16) 11 < c(m)<p25|Qp|—{—/Q ‘p:ﬁrdz)—wa/cz CA2 |V (Du— DO)|? dz.



PARTIAL REGULARITY FOR SUBQUADRATIC PARABOLIC SYSTEMS 767

Estimate for III. By the choice of (., in particular since |(!| < (pfg)Q

n [—p?, —o?], we have

o’ u—/0|2 1 /[°
4.17) Il < / / W‘ ) dz dt — —/ W2 — 0 dz dt.
-p2 JB, p—0 € Js—JB,

Estimate for IV in the case of controllable growth. In the case
of (B1), we can estimate, using |D¢| < M,

IV < A/ (14 |Dul®)E |u — €| d=
Q@p
c| |u—1Y dz+c/ Cp?|Du — DU|? |u — €] dz.
Qp QpN{|Du—De|>1}

Keeping in mind the estimate |Du — D£|2 < ¢(p)|V (Du — D), which holds
under the assumption |Du — Df| > 1 according to Lemma 3.1(7), we deduce
after an application of Young’s inequality

).

(4.18) IV <& Qpcm?W(Du—D@VdZ*C(”)(/Qp =

for any x € (0,1).
Estimate for IV in the case of natural growth. In this case we use
the assumption |u| < M, in order to estimate
(4.19) IV < Cp?|B(z,u, Du)| |u — ¢| dz
Qp

< MM / | Dul? |u — €] d= + Ao(M. / lu— €] d.

Here we estimate by Young’s inequality for an arbitrary ¢ > 0
(4.20)
|Duf’ < (1+|DeP + | Dul?)?
< [14(146)|Du— DE+ (246 ")|DeP] (1 + |De)* + |Du|2)¥
< (1+8)|Du— DU(1+ DO + |Du®)® + 2+ 511+ M2)%,

where we used the assumption |Df| < M and p < 2 in the last step. We
determine 0 > 0 by requiring that 0 := (1 + 0)2M,A;(M,) is the arithmetic
mean of 2M,A;(M,) and v, that is

v — 2M, Ay (M)
AM, AL (M,)

0=
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Note that § > 0 because of the smallness condition (2.3), and furthermore
there holds 7 < v. We apply the estimate (4.20) with this choice of ¢ and
plug it into (4.19). Keeping in mind that |u — ¢| < 2M,, by assumption, we
infer

IV <(1+6)2M, Ay(M,) [ (14 |DE)? +|Duf?) ? | Du— De|* dz
Qp

+c | |Ju—{ldz
Q@p

<o [ R 1D+ Duf) ¥ Du— e
Qp

(121) +¢f ) ‘ a2+ p1Q, ),
Q' P
where the constant ¢ depends on p, M, A1(M,), Ay(M,) and v.

Final conclusion in the case of controllable growth. Recalling the

estimate (4.7), the estimates (4.11), (4.16), (4.17) and (4.18) yield
1 /[° o
- / VHu — () dz + 1// C2(1+|Dl+|Dul?) " |Du — DU dz <
€ Js—JB, Qp

u j—

(4.22) Sc(m)(p2ﬂ|Qp|+/Q ‘p_ﬁrdz) +3H,/Q CA |V (Du — DO)[? dz.

Here we can estimate the left-hand side from below by means of Lemma 3.1
(77i) and (v). Keeping in mind the assumption |Df¢| < M, we deduce the
pointwise bound

v(1 + | DL + |Du|2)p772|Du — DIl|* > ¢(Nn, p,v)|V(Du) — V(D0)|?
> ¢(Nn,p,v, M)|V(Du — D{)]*.

Plugging this into (4.22) and choosing x € (0, 1) small enough, depending
on Nn,p,v and M, we can absorb the last integral appearing in (4.22).
Letting € tend to zero, we thus deduce

/ |u—€|2dm—i—/ / V(Du — DO)2d= <
By, x{s} —02 -
g/ 1/)2|u—€|2dx+/ V?|V(Du — DU)|* dz
B, x{s} —02 J B,

u— 0?2
SC(plepH/Q ‘p_a‘ d2)

for all s € (—02,0). After taking means, this yields the desired estimate.
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Final conclusion in the case of natural growth. In this case we em-
ploy (4.21) in order to estimate IV, and as above the estimates (4.7), (4.11),
(4.16) and (4.17). This yields, similarly to (4.22),

1 5 p—2
—/ u—2dz+v [ (14 |DER+ |Du?) 3| Du — D dz
€ Js—e By Qp

u— ¥
p—o0

<ct) (1l + |

(4.23) 45 [ CU*(1+ |DL?+|Dul?)’T |Du— D2 dz.
Q

)2dz> +2/€/ CA2|V (Du — D)2 dz
Qp

Here, the last integral can be absorbed since 7 < v by the choice of 7. The
remaining integrals can be treated exactly in the same way as in the case of
controllable growth above, and we arrive at the same estimate, now with a
constant that may depend additionally on M, A;(M,,) and Ay(M,,).

In the case of a system without u-dependence, a careful inspection of
the proof shows that we do not need a bound on |¢(zg)|. This is due to the
fact that the functions Ky and Kp in the assumptions (A3) and (A4) can
be chosen independently from w in this case. |

5. Subquadratic .A-caloric approximation

The technique of the A-caloric approximation has been developed in [20, 22]
for the proof of partial regularity for parabolic systems. We also refer to [3]
for a higher-order analogue. Here we give a version of an A-caloric approx-
imation lemma that is tailored to the case of subquadratic growth.

We consider bilinear forms A on R¥™ that are positive and bounded in
the sense

(5.1) A(§,8) = AlEl* and A& ) < Lg| ]
for all £, € RV™,
Definition 5.1. A map h € L'(ty — R? to; WH(Bg(wo),RY)) is called

A-caloric iff it satisfies the linear parabolic system

(5.2) / (h - dyp — A(Dh, D@)) dz = 0,
Qr(20)

for arbitrary ¢ € C$°(Qr(20), RY).

By classical results, A-caloric maps are smooth, cf. Section 7. The
main result in this section is the following lemma, which will provide suit-
able A-caloric comparison maps. Similar results have been proven in the
case p > 2 in [20, 22| and in the elliptic case for p < 2 in [16].
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Lemma 5.2. Let 0 < A < L be given. Then for any ¢ > 0 there is a 6 > 0,
depending on p,n, N,\,L and e, such that the following holds. Assume
that A is a bilinear form on RN™ with the properties (5.1) and assume that
w € L>®(ty — p* to; L*(B,(x0),RN)) N LP(tg — p?, to; WHP(B,(xo), RY)) is
approzimately A-caloric in the sense

<4 sup |Dyl

(5.3) '][ (w - Opp — A(Dw, Dgp)) dz
p(20) Qp(20)

for all o € C5°(Q,(20), RYN). If furthermore, w satisfies

(5.4) sup f
te(to—p?,to) J By(wo)

then there exists an A-caloric map h € C*°(Q,/2(20), RY) with

h 12
][ ( ‘—) + |V(Dh)|2) dz < 2+
Qp/2(20) p/2
w—h

fép/Q(zO) p/2

Remark 5.3. We point out that if the map w solves a parabolic system
and thus satisfies a Caccioppoli inequality as in Theorem 4.1, an analogous
statement holds if (5.4) is replaced by the weaker assumption

p_2][ lw*dz < 1.
Qp(20)

In the general case however, a bound on both integrals in (5.4) is crucial
in order to show strong compactness in L? by a compactness principle of
Simon [37].

w(z,t)
p

2
dx +][ |V (Dw)|*dz < 1,
Qp(20)

and
2
dz < e.

Proof. By scaling invariance, it suffices to prove the lemma in the case p = 1
and zp = (0,0). The general case can be deduced from this by rescaling in
the way

w(wo + px, to + p°t)
P

for all (x,t) € Qq,

Wy p(T, 1) 1=

applying the lemma on the cylinder ()7 in order to get an A-caloric map
hap € C°(Q1/2, RY) and scaling back by

h(x,t) = phzmp(m’ t— t0>

P e for all (z,t) € Q,/2(20).
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Thus, we assume for contradiction that the lemma is not valid on @;. In
that case, we could find an £ > 0, sequences Ay, of bilinear forms with (5.1)
and maps wy € L*(—1,0; L*(By,RY)) N LP(—1,0; WP(B;, RY)) such that
for every k € N, the map wy, is approximately A;-caloric in the sense

][ (wkatgo — Ap(Dwy, Dgp)) dz

1

(5.5)

1
< & s Dyl
Q1
for all p € C°(Qy, RY), and satisfies the estimate
(5.6) sup |wi(z, 1)) dz + |V(Dwy,)|>dz < 1,
te(-1,0) J By Q1

but for all Aj-caloric maps h € C*°(Q1/2, RY) with
][ (41 + |V(Dh)P) dz < 2",
Q12

there holds

(5.7) 4][ o — h2dz > .
Q12

By an approximation argument, we can assume that (5.5) holds for all ¢ €
Whe(Q,RY) with zero boundary values. The estimate (5.6) implies in
particular

(5.8) lwe|*dz < 1,
Q1

and, in view of Lemma 3.1(7),

| Dwy|P dz = / | Dwy|P dz + / | Dwy|P dz
Q1 Q1N{|Dwy|<1} Q1N{|Dwg|>1}

(5.9) < ¢(p) ( |V (Dwy)|Pdz + |V (Dwy)? dz) < ¢(p)|Q1],
Q1 Q1

where we used Holder’s inequality and (5.6) in the last step. By this esti-

mate and (5.8), we can achieve convergence in the following sense, if nec-

essary after passing to a subsequence. There is a map w € L?(Q;,RY) N

LP(=1,0; WLP(B;,RY)) and a bilinear form A satisfying (5.1), such that

wp — w weakly in L?(Q,, RY)
(5.10) Dwy, — Dw weakly in LP(Q,, RN™)
Ay, — A as bilinear forms

as k — oo.
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By lower semicontinuity of the LP-norm with respect to weak conver-
gence, we infer from (5.8) and (5.9) that

][ (|w|2 + |Dw|p) dz < c(p).

Q1
First, we check that w is A-caloric. To this end, we write for an arbitrary
map ¢ € C5°(Qq, RY)

/ (w - O — A(Dw, Dy)) dz :/ (w—wg) - Opp — A(Dw—Dwy, D)) dz

1 1
+ / (A — A)(Dwy, D) dz +/ (wk - Opp — A (Dwy, Dgp)) dz.
1 1
Letting £k — oo, the first integral tends to zero by the weak convergence
wp — w in L? and Dw, — Dw in LP, the second integral tends to zero
by the convergence A, — A and the uniform bound (5.9), while the last
integral vanishes in the limit because of (5.5). We arrive at

(5.11) / (w- 9y — A(Dw, Dg))dz =0

1
for all ¢ € C°(Q1,RY), which means that w is A-caloric. In particular,
classical theory implies w € C*®(Qq, RY).

Next we want to prove strong convergence wy — w in L*(Qq/2,RY).
For this we employ a technique from [20] in order to show some uniform
continuity property of wy in the time direction. For fixed times —1 < r <
s < 0, we test (5.5) with functions of the form ¢(z,t) = (.(t)¥(x), where
Y € C3°(By, RY) is arbitrary and ¢, is defined by

%(t—s) fors<t<s+~k
Ce(t) =<1 fors+r<t<r—=«
—(t—r) forr—r<t<r
and extended by zero elsewhere. This defines a Lipschitz-continuous map
for every 0 < k < 4(r — s). Plugging this choice of ¢ into (5.5) we infer,
keeping in mind that |(.| < 1,

)/lwk x,t) - () (x) dxdt)

|Q1|
| D[ Loo(5,)

< / [Au(Duwy, Di)| dar dt + 21
s B
’ |Q1|
< (L | Dwy| dz dt + —=— ||| DY|| o))
s B

< ¢(n,p, L)((r - s) v )HDW’L""(&
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where we applied Holder’s inequality and the bound (5.9) in the last step.
On the other hand, the left-hand side of this inequality can be written as

‘/ wi(z,t)-C ()Y (x) do dt| =

/Bl (% /:ka(x,t) dt—%/r;wk(x,t) dt) W(z) da

/ (ua(5) = ) i

—

£ \.0

for almost all times —1 < s < r < 0. Putting together the last two formulas,
we arrive at

/131 (wr(+, 8) — wr(-, 7)) Y dx| < c(n, p, L)((r—s) P = )||D¢||Loo(31

for every 1 € C§°(B1, R"Y). Now we fix some [ > 22 and employ the Sobolev
embedding Wh2(B;, RY) — W1*°(B;,RY) and the fact that Cs° (B, RY) is
dense in Wé’z(Bl, RY). We deduce that the above estimate holds for every
W € Wi?(By,RY) in the form

/B (wr(+,8) — wi(-,7)) Y do gc(n,p,L,Z)<(r—s) O >H¢HW12(BI

This implies in particular that for almost every s € (—1,0) and h € (0, |s|),
we have the estimate

=11
Hwk(-, S) — wk(-, s+ h)HW—l»?(Bl) < c(n,p7 L, l) <h r + E)’

and consequently,
[ 8) 4 By s < el 20 (4 ),

This, together with the uniform estimates (5.8) and (5.9), enables us to
apply a compactness principle of Simon (see [37, Thm.5]) to the triple of
Banach spaces

Wl’p(BlvRN) - LQ(BDRN) — W_LQ(BDRN)J

Where in particular the first embedding is compact because of the assumption
p> = +2 From the cited theorem we infer the compactness

Wy — W strongly in LP(—1,0; L*(B;, RY)), as k — oo.
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Combining this with the property (5.6) of the maps wy, we derive
/ lw, — w|? dz <
Q1/2

-2 r0 2
< ( sup / |wk—w|2dx> / [/ lwy, — w|?dz|” dt
te(~1/4,0) J By 5 ~1/4 L/ B,

H 0
k—oo

since the first factor on the right-hand side is bounded independently from
k € N because of (5.6) and the fact that w is smooth in the parabolic interior
of )1, while the second factor tends to zero because of the convergence
wy, — w in the LP-L?*-norm. We thus have shown

(5.12) wy —w  strongly in L*(Q1/2, RY), as k — oc.

The next step is the construction of A-caloric comparison maps. We choose
the maps v, € C°(—1/4,0; L*(By2,RY)) N L*(—1/4,0; W'2(By 5, RY)) as
the unique solutions of the Cauchy-Dirichlet problems

(5.13) /Q <Uk - Opp — Ag(Dug, Dcp)) dz=0 for all p € Cgo(Ql/Q’RN)
: 1/2

U =W on Fpar@1/2

For the existence we refer to [31]. By classical results, the comparison maps
satisfy v, € C*° (QT/Q, RY), since w is smooth in the parabolic interior of the
cylinder Q.

We claim that Dv, — Dw strongly in L*(Q; 2, RY), as k — oo. Since vy,
and w are smooth, we may integrate by parts with respect to the time
variable in the equations (5.11) and (5.13). Testing the resulting equations
with ¢ = v, — w € C®(Q1/2,RY), we infer, since vy — w vanishes on the
parabolic boundary of Q1 s,

(5.14) O(vg —w) - (vp —w)dz + Ay (Dv, — Dw, Dvy, — Dw) dz
Q1/2 Q1/2

= / (A — Ag)(Dw, Dy, — Dw) dz.
Q12

Furthermore, since

1 0
(9t(vk—w)-(vk—w)dz:—/ i/ v — wl|? d dt
Q12 2 —1/4 dt By /2

1
5[ 10 = w0 dr >0
By 2
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we infer from (5.14) and the properties (5.1) of Ay

)\/ |Dv, — Dw|*dz < A (Dvy — Dw, Dy, — Dw) dz
Q1/2 Q1/2

<A, — A| |Dw||Dvy, — Dw| dz.
Q12

Applying Young’s inequality and absorbing one of the resulting terms on the
left-hand side, this yields

by _ 2
—/ |Dvy — Dw|? dz < M/ |Dw|*dz — 0.
2 JQ. 20 Joy. ko

Sobolev embedding on the time slices yields furthermore
(5.15) lim (|ox — w|* + |Dv, — Dw|?) dz = 0,
ko0 Q1/2
which implies in turn by Lemma 3.1(it)
(5.16) Jim (Jor — w|* + |V (Dvy) — V(Dw)|?) dz = 0.
TJQy

From the equivalence of V and W and the convexity of |W|?, stated in (3.3)
respectively (3.4), we infer the following lower semicontinuity property.

][ (4)w]* + [V (Dw)?) dz < 4][ (|w]* + |W(Dw)|?) d=

1 1

<4 lilgninf][ (|wk|2 + |W(Dwk)|2) dz.

Because of |[W| < |V| by (3.3) and the uniform estimate (5.6), this implies

][ (4|w]* + |V(Dw)[?) dz < 4.

1

Combining this with (5.16), we deduce

(5.17) ][ (4ol + [V (Do)P) d= < 27+
Q12

for all sufficiently large values of k € N. From the convergence established
in (5.12) and (5.15), we know furthermore

][ |wk—vk|2dz§2][ |wk—w|2dz+2][ |w—vk|2dz§E
Q1/2 Q1/2 Q1/2 4

for large values of k € N. Because of (5.17), this estimate is in contradiction
to (5.7), since vy is an Ag-caloric map. This completes the proof. [ |
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6. Approximate A-caloricity by linearization

Definition 6.1. Let u € L*(Qr(20), RY)NLF(tg — p?, to; WP(B,(z0), RY)),
A : R* — RY a linear function and ¢ : R® — RY an affine function. We
define excess functionals

(6.1) Dy (z0,p, A ][ V(Du—A)2dz and Wy(z0,p, ¢ ][ ek

and abbreviate furthermore W (2, p, £) := Ws(z0, p, £)+p**. When the choice
of zy and ¢ is clear from the context, we will frequently omit these arguments
and write, for example, Oy (p) := Py (20, p, £).

Lemma 6.2. Let u € C°(—T,0; L*(Q,RY)) N LP(=T,0; WLP(Q, RY)) be a
weak solution of (2.1), under the general assumptions stated in Section 2.
Let £ : R* — RY be any affine function with |{(xo)| + |DE] < M and
Q2,(20) C Qr a parabolic cylinder with p € (0,1). We define the bilinear
form A on RN™ by

(6.2) A&, n) <D§a 20, U(x0), DO)E, 77> for all £,n € RN™,

Then, the function u— € : (x,t) — u(z,t) — (x) satisfies

][ ((u —{) - Opp — A(Du — DY, Dgp)) dz <
Qp(ZO)

< [wMH (@v(p)) @y (p) + v (p) + Ua(p) + pﬂ} sup 1Dy
p(Z20

< [WMJrl (W2(20)) ¥5%(2p) + Wa2(2p) + pﬁ} Juw | Dyl
plZ0

for all test functions ¢ € C(Q,(20), RY). The constants ¢; and ¢y depend
only on M, Kg(-), Kp(-),n, N,p,A and v, and in the case of the natural
growth condition (B2) additionally on M,, A1(M,) and Ay(M,).

Again, in the case of controllable growth (B1) and systems without u-
dependence, the estimate holds for all affine maps with |D{| < M.

Proof. We note that in both the cases of controllable and of natural growth,
the right-hand side of the system (2.1) satisfies an estimate of the form

(6.3) |B(z,u, Du)| < ¢(1 + |Dul?)

with a constant ¢ depending only on the data stated in the lemma. In this
proof, we do not need any further information on B. Let ¢ € C5°(Q,(2), RY)
be a test function with supg (.. |Dy| < 1. Because of the homogeneity of
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the claimed estimate, it suffices to prove it under this constraint on . We
use the fact that u is a solution of (2.1) together with the identities

][ {a(z0,0(20), D), D) dz = 0 and ][ (- Opdz=0
Qp(20) Q

p(ZO)

and deduce

(6.4) ]{2 N (-0~ A(Du~ DL, D)) d= =
:][ <a(zo, U(20), Du) — a(z0,£(20), DY)
Qp(z0)
— De¢a(z9,(20), DO)(Du — DY), DSD> dz

+][ (a(z,u, Du) = a(z, ¢, Du), Dyp) dz
Qp(20)

f (alent. D) otz D). D)
Qp(20)

—][ B(z,u, Du) - ¢ dz
Q@p(20)
= I+ I1I+1IT—-1V.

We will estimate the integrand of I in different ways depending on whether
|Du— D¢| <1 or |Du— D{| > 1. In the first case, we use (A5) in order to
estimate

|a(z0, £(20), Du) — a(z0,£(20), D€) — Dea(zo,{(20), DO)(Du — DI)| =
- | /0 Dea(z0,(z0), DU+ 5(Du — D)) — Dealzo, £(z0), DO ds (D — Do)
< 2AKp(M + 1) wyrar(|Du — DE?) |Du — DI
< e(p)AKp(M + 1) wars1 (272" [V(Du — DO)?) |V(Du — D)

by Lemma 3.1(i), since |Du — D¢| < 1. In the case |Du — D¢| > 1, we
simply employ the growth assumptions (A2) and (A4) on @ and Dga in
order to estimate, using [¢(zg)| 4+ |D¢| < M by assumption,
|a(z0, £(20),Du) — alzo, €(20), D) — Dealzo, £(20), DC)(Du — DO)| <
<AL+ [Dul®)s + A1+ DO + AKp(M)|Du — Dé|
< A1+ MP™' + Kp(M))|Du — DeEJP
< eA(1+ MP™H + Kp(M)|V/(Du — DO)J?,

where we used |Du — D/¢| > 1 and Lemma 3.1(7) in the last two steps.
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Combining the last two estimates and keeping in mind that |Dy| < 1, we
infer

1| < c][ woria1 (27 V(D — DOP) |V(Du — DO)| d= + ey (p)
Qp(20)

B 1/2
< c(]{2 ( )wi/Hl(QQTW(Du — D0)P?) dz) Dy ()2 + Dy (p)
plZ0

2-p
< cwng1 (272 Pu(p)) Pv(p)'? + Py (p)

by the Cauchy-Schwarz inequality and Jensen’s inequality for the concave
function s — w3, ;(s). The concavity of wyr11 and wyr1(0) = 0 imply
furthermore wy;11(rs) < rwyry1(s) for every r > 1. Thus, we can simplify
the above estimate to

(6.5) 1] < cwnrn(@v(p) @y (p)'/? + Py (p).

Next we turn our attention to the estimate of 1. Here we use the continuity
assumption (A3) on a and (2.2) in order to estimate

Qp(20)
— 08
<= o)== 1w~ Doy~ dz
|Qp| Q,(20)N{|Du—De|>1} p
— 08
+C(1+Mp_1)][ pﬁ‘u ) dz
Qp(20) p

¢ |Du—D€|pdz—i—c][
Qp(20)

— {2
ST u_) dz + cp’
|Qp| Qp(20)N{|Du—De|>1} P

(6.6) <c(Dy(p) + Talp) + %),

where we used Young’s inequality, once with exponents % > 1, % and ﬁ,

and once with exponents ﬁ > 1 and %, and furthermore the facts p <1

and Lemma 3.1(¢). Similarly we estimate, using dya: (2, 20) + [€(2) — €(20)| <
(1+ M)p for all z € Q,(20),

[[11] < c(p)AKo(2M + 1)][ (1+ M)Pp°(1 + |DulP™) dz
Qp(z0)

< < P°|Du — DUP~dz + cp?
1Qol J@,z0)n{iDu—De>1}

< £ |Du — DOP dz + cp?
1Qpl Ja,¢z0)n{|Du—De1>1}

(6.7) < ey (p) + cp”.
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Here we used again Young’s inequality, p < 1 and Lemma 3.1(7) in the last
two steps. Finally, we can bound the term IV with the help of (6.3) by

V] < sup |4 |B<z,u,Du>|dzscp][ (1+ |Dul?) d=.
Qp(z0) Qp(20) Qp(z0)

where we used supg (., [¢| < cpsupg (., [Dg| < cp in the last step. Using
Lemma 3.1(7) and |D¢| < M, we can estimate this term further by

V] < cp(l"‘Mp)"‘CP][ |Du — DU|P dz
Qp(z0)N{|Du—D¢|>1}

Scp(l—i—Mp)—i—cp][ \V(Du — D) dz
Qp(20)
(6.8) = cp + cpPy (p).

Putting together (6.5), (6.6), (6.7) and (6.8), we infer from (6.4)

][ ((w=10)-dp—A(Du— DL, Dp)) d <
Qy(20)
< ¢ [warpa (Py (p) @y (p) /2 + @y (p) + Ua(p) + o]

for all ¢ € C3*(Q,(20), RY) with supg (.., |Dp| < 1. This implies the first
inequality claimed in the lemma. For the second one, we estimate the right-
hand side with the help of the Caccioppoli inequality from Theorem 4.1 in
the form of (4.2). This yields the bound

w1 (Pv () Py (p)* + Dy (p) + Wa(p) + p° <
< 26 wnr 1 (4egWs(20)) W8 % (2p) + (4o + 27F4) (Us(2p) + ).

Using once more the concavity of wys41 in the form wpyi1(4cos) <4cownri1($),
we establish the second estimate. [ |

7. Estimates for linear problems

In this section, we derive an excess estimate for A-caloric maps, which will be
used as comparison maps for the original problem. This estimate has been
established in [7, 4] for smooth maps or maps in L?(—T,0; W2(Q,RY)).
For our purposes, we need the same estimate under the weaker assumption
u € LP(=T,0; W'P(Q,RY)). For this we employ an approximation argument
similar to the one in [8]. The precise result reads as follows.
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Lemma 7.1. Assume that h € L*(to—R?, to; WYY (Br(z0), RY)) is A-caloric,
with A satisfying (5.1). Then there holds h € C*°(Qgr(20), RY) and we have
the following excess estimate for every p € (0, R) and T € (0, %)

2
(7.1) ][ dz < 637'2][
Qrp(20) Qp(20)

with the affine functions Kgg)r(x) = (h) sy + (Dh) s r(x — x0) forr=1p and
r = p and a constant c3 = c3(n, N, L/\).

2

h
h—0, o

TP

h— (%),
P

Proof. Tt only remains to prove that u € L2 (to— R, to; W22 (Br(z0), RY)),
since under this assumption, a proof of the assertion can be found e.g. in
[7, 4]. By a scaling argument, we may assume zop = 0 and R = 1. We fix a

radius S € (3, 1) and consider mollifications
he(x) := . x h(x) for all x € Qg,

where ¢ € C5°(Q1) denotes a standard smoothing kernel and the smooth-
ing radius satisfies € € (0,1 — S). The maps h. € C®(Qg,RY) are again
A-caloric because of the linearity of the differential equation (5.2). We claim
that for all radii o < .5, they satisfy the uniform estimates

(7.2) sup |Dh| < ca][ |Dh.|dz < ¢, + |Dh|dz
Qo Qs Q1

with a constant ¢, independent from . For this we use the Caccioppoli-type

estimate
; Cc
|0 D*Dh.|* dz < 7/ |Dh.|* dz
.1 (0= )2 Jg,

o

which holds for all radii 0 < 0 < p < S and all 7,k € N. This estimate can
be derived for the smooth A-caloric maps h. by standard arguments (see
e.g. [7, Chapter 5]). By the Sobolev embedding W"%2 < L[> the above
bound implies for all radii ¢ < p with p,o € (£,5)

sup |Dh.|* < ¢(n) Z 0’4j+2k][ |0/ D*Dh.|* dz
Qo jk<n+2 Qo

c(n) 2
— ZZ Dh.|“dz
(p — 0)in+2) o, | |

1 c(n) 2
—sup |Dh.|* + —(][ Dh. dz) ,
2q | | (p— )82\, | |

where we used the facts 0 <1, p — o <1 and Young’s inequality. The first
term in the last line can be absorbed with the help of Lemma 3.4. This yields
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the first estimate of the claim (7.2). The second one is a standard estimate
for convolutions. Letting e \, 0 in (7.2), we infer that Dh € L>®(Q,, RN™)
for every o < S, and since S € ( %, 1) was arbitrary, we have in particular
he L2 (—1,0;W,2*(By,RN)), as desired. [

loc loc

8. A decay estimate

In the sequel, for a given map u and any zy € €y and r > 0 we will
abbreviate £, ,, = ¢ for the unique affine function R” — RY minimizing
the functional
- lu — £]* dz.
Qr(20)

Lemma 8.1. We assume that the hypotheses listed in Section 2 are in force
and let M > 0 and « € (3,1). Then there are constants ky;, 7 € (0,1),
depending only on o, M, Ky(+), Kp(-),p,n, N, A, v and in the case of natural
growth (B2) additionally on M,,, A1(M,) and Ay(M,), such that the following
holds. For all zg = (xg,tp) € R" x R and p € (0,1) and any weak solution
u € Ctg—p?, to; L*(B,(wo), RN))NLP(tg— p?, to; WHP(B,(20), RY)) of (2.1)
that satisfies

(8.1) Uz p| + | Dl p| < M
together with the smallness assumption
(8.2) Wy (20, P, Lzy,p) + P’ <k,
we have the excess estimate
W20, TPy Lagirp) < T2 [‘1’2(2’07 P, lzp) + Pw}-

In the case of systems without u-dependence, the assumption (8.1) can be
replaced by | Dl ,| < M.

Proof. In this proof, we will abbreviate Wo(r) := Wa(20,7, 4, ,), Uy(r) =
Wy (r) +r* and Oy (r) := Oy (20,7, DL, ,) for any r € (0,p). We let A be
the bilinear form given in (6.2), with the choice ¢ = ¢,, ,. By the growth
and ellipticity conditions (A1) and (A4) it satisfies

A& Zv(1+ M) and A& n) < AKp(M) [¢] [n

forall ¢,n € RN”_.QFor an € > 0 to be chosen later, we apply Lemma 5.2 with
A =v(l+M?»"z and L = AKp(M), which specifies the constant § > 0,
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depending at most on €, p,n, N,v, M, A and Kp(M). With the constants ¢
and ¢y determined by Theorem 4.1 and Lemma 6.2, respectively, we define

[i= max{35 95+2 2@} %)

and choose
2 1 1

e
9c3” 27t 4c

} € (0,1).

Ky := min {

Assuming (8.2) with this choice of ), which implies in particular Wy(p) <
K, we infer

3co
,ugmax{ 5 23712 2\/_}111/2

By Lemma 6.2, the rescaled map w := p~'(u — £,, ,) satisfies

][ <w - Opp—A(Dw, Dgp)) dz <
Qp/2(20)

C ~ ~
<2 [wMH(‘Pz(p))‘I’z(p)l/ 2+ Us(p) + pﬁ] sup | Dy
w Qp/2(20)

3 2 1/2
2 §3%(p) sup |Dy
K Qp/2(20)

(8.3) <4 sup |Dyl,
Qp/2(20)

<

where we subsequently used wy;41 < 1, Wo(p) < kpy < 1 and the definition
of 11 in the last two steps. Since p € (0,1), Lemma 3.1(4¢) implies |V (Dw)| <
pw HV(Du — D, ,)|. Consequently, the Caccioppoli inequality established
in Theorem 4.1 implies

w(z,t)

2
sup ][ dx +][ |V (Dw)|?dz <
te(to—p2/At0) J Bypa(wo)| P/2 Q2(z0)
’LL(QS, t) B gz(),p(x)

1 { ][
<— sup
:u2 te(to—p?/4,t0) J B, a(w0) p/2

+ ][ \V(Du — Dt )| dz]
Qp/2(20)

2

dz

<—JUy(p) <1
2 2

by the choice of u. Because of the last two estimates, we may apply the
A-caloric approximation Lemma 5.2 on the cylinder Q,/2(29), which provides
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an A-caloric function h € C*(Q,a(20), RY) with

(8.4) ][ ()if + |V(Dh)|2) dz < 2+
Qp/4(20) P/4 B
and
—hi2
(8.5) ][ w—) dz < e.
Qpya(z0) P/4

We write (0, (z) = (h) 20,0+ (Dh) 2w (x—10) for any r € (0, p). For 7 € (0, 3)
to be chosen small later, we estimate

_ph) 2
][ W — Cx'rp s <
Qrp(20) P
— hp2 h— " )2
< 2(47)—“—4][ R P 2][ L
Quazo) | P4 Qrplz) | TP
Here, we can estimate by Lemma 7.1
(h) |2

h - g,gh)ﬂ' 2 h - éz
][ — TP gr < 637'2][ — el g < er?,

Qrpco) | TP Quazo) | P4

where we used (8.4) in the last step. Combining the last three estimates, we
arrive at

(8.6) ][
QTP(ZO)

for every 7 € (0,3). Scaling back, we find by the minimizing property of

C.y,7p, the definition of w, (8.6) and the definition of u

2

w — Egh)ﬂ'
—— 2P dz < (77" e + 7

™

h
][ L= Loy, < ][ 4=l = i) .
QTP(ZO) TP QTP(ZO) TP
= /f][ — TPz < c,u2(7_"_4€ + 72) < c(T_”_4€ + 72)\P2(p).
Qrp(20) TP

For a given a € (,1), we now choose first 7 € (0, 1) and then ¢ € (0,1)
sufficiently small in order to ensure
u—"Lo1p

]é‘rp(ZO) TP

This is the claimed estimate. We point out that the choices of ¢ and 7
depend only on n, 4, ¢y, co and c3, and consequently only on the data listed
in the lemma. |

2 ~
dz < 72Wy(p).
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Lemma 8.2. Under the assumptions listed in Section 2, we let M > 2.
Then there are constants €g,po € (0,1) and ¢4 > 0, depending only on
M, Ky(-), Kp(+), p, n, N,A,v, and in the case (B2) of natural growth addi-
tionally on M,, A1(M,) and As(M,), with the following property. For any
uw € CO=T,0; L2(Q,RN)) N LP(=T,0; WhP(Q,RY)) that is a weak solution
of the system (2.1) and Qgr(z0) CC Q, assume that we have the bound

(8.7) Uz, r| + [(DU) 2,0 < M —2

and the smallness properties R < py and
R_2][ U =tz g — (DU) 2,5z — xo)}2 dz < &,
Qr(20)

Then there is a neighborhood U of zy such that for all w € U and all p €
(0, £], there holds

6
][ |Du — (Du)y,p|P dz < c4<£>p .
Qu(w) R

In case the structure function a in the system (2.1) does not depend on wu,
we may replace the condition (8.7) by |(Du)., r| < M — 2.

Proof. We may fix an arbitrary a € (3, 1), for convenience we choose
a = # Furthermore we let k5, 7 € (0,1) be the constants determined by
Lemma 8.1. We choose the constants e, pg € (0,1) so small that

2
728 — 7200 — 2(n+1)?

By the absolute continuity of the integral, we can choose a neighborhood U
of zy such that for all w € U

20
Po
77_2&—{—pg§/§,M and &j +

2
(8.8) ¢+ o

(8.9) |t r| + |(Du)yw r| < M —2

and

(8.10) R_Q][ ‘u — Uy g — (D) r(z — xo)}2 dz < &2
Qr(w)

First we note that (8.9) and (8.10) imply by (3.6)
|, r| + [Dlw,r| < [tw,r] + |(Dt)w,gl

{%J{h(m }u — Uy,g — (D), r(T — mo)}2 dz

(8.11) <M—=-24++/nn+2)eg < M—1

since g3 < (nil)Q < n(n1+2) by the choice of &.

1/2
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Moreover, by the minimizing property of ¢, r we have
(8.12) Wa(w, R, by p) < R—2][ 4 — ttp — (Du)uple — w0)|* dz < &2
Qr(w)

Now we apply Lemma 8.1, which is possible since €2 + pg < kp. We infer,
with 7 € (0,1) determined by the lemma,

(8.13) Uo(w, TR, by rr) < T2 [Ua(w, R, Ly g) + R*].
In particular,
(8.14) Uy(w, TR, Ly 1) + (TR)® < (24 p3P) + pli < ks

By (3.8), we can estimate

|uw,7'R| + |D£w,7'R| S

n+1 1/2
< |uw.r| + |Dlw.r| + V2 [][ lu — ﬁw,R|2 dz
TR Qrr(w)

1
(8.15) <M—1+\/_n+

n/2+2 Uy *(w, R, by p) < M

by (8.11), (8.12) and the choice of g¢ in (8.8). By (8.14) and (8.15), we may

apply Lemma 8.1 again on the ball Q,g(w). Continuing in this fashion, we
successively derive the estimates

Uy (w, 7R, 0, R) < %W, (w, R, €, R)+ T%kR%ZT%” 265

7=1
< 720k [\If (w, R, €y g) + iRQﬂ]
= 2 y 44 tw, R 7-25 _ 7—2a

2
o
7—25 — 72a

for every k € N. This implies in particular, by our choice of the constants
n (8.8),

(8.16) < 28k [53 +

(8.17)  Wa(w, 7R,y up) + (TPR)? < 5 + +ph < K.

2,3 — T2

Similarly to (8.15) we infer furthermore, using (8.11) and (8.16),

n+1 24

[tangirl + Dl il < gl + 1Dlurl + V2 Z5s S 0w, 7R, i)
7=0

n+1 , o’ 1/2
gi[ .2 0
(8.18) <M-1+V2 n/2+22;“[50+772g_72a} <M
J

by the choice of gy and py according to (8.8).
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During the iteration, the last two estimates (8.17) and (8.18) guarantee
that Lemma 8.1 is applicable in each step. Furthermore, the inequality (8.18)
ensures that we may apply the Caccioppoli inequality from Theorem 4.1 to
infer, for all k& € N,

(8.19) V(Du— Dl iz) | dz <
QTkR/g(w)

< c(\Pg(w,TkR, Cyp i) + TQﬂkRzﬁ) < cr?Pk

by the decay estimate (8.16). Combining this with Lemma 3.1(i), we infer,
distinguishing the cases |Du — D{,, ;x| < 1 and |Du — DC,, ;rz| > 1

|D’LL - (Du)w,TkR/2|p dz <
QTkR/Q(w)

< c][ |Du — DU, xg|P dz
QTkR/Q(w)

< c][ \V(Du — Dl )| dz + c][ |V (Du — Dl ;xg) \2 dz
Q k(W) @k (W

< C(Tp’gk + 7'2’%) < PPk,

where we applied Holder’s inequality and (8.19) in the penultimate estimate.
This is the claim for radii of the form p = 7*R/2, k € Ny. For general
p € (0, £], the claim follows by a standard argument. [ |

By the characterization of Holder continuous maps with respect to the
parabolic metric by Campanato-Da Prato [23], the last lemma yields a first
characterization of the singular set.

Theorem 8.3. Let u € C°(—T,0; L*(Q,RY)) N LP(=T,0; WP(Q,RY)) be

a weak solution to (2.1), under the assumptions stated in Section 2. Then

there is an open set Q" C Qp with Du € C’g’f/Q(Q“,]RN"), and the singular

set satisfies Qp \ Q" C XY U XY, where

S = {zo €Qr liminfp_2][ |u =tz — (D) p(x — xo)‘de > 0}
Qp(20)

J AN

and

Eg = {ZO & QT : hm\SUP (luzo,pl + |(Du)z07pl) = OO}
p\.0

In the case of systems without u-dependence, the set Y can be replaced by

S = {zo € Qp @ limsup [(Du),, | = oo}.
JAN

Note that it is a priori not clear if }iﬂ = 0. This will be established in
the next section.
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9. A Poincaré type inequality for solutions

In order to deduce the regularity of u outside of a negligible set, we need a
Poincaré type inequality for the solution that involves only spatial deriva-
tives. For this we will need some control on the change of the mean values
over the time slices with respect to the time. This will be accomplished in
the following lemma.

We begin with the observation that in both the cases of the controllable
growth condition (B1) and the natural growth condition (B2), we can assume
that the inhomogeneity satisfies

(9.1) |B(z,u, &) < Ap(1+ [¢]7)

for all z € Qp, u € RY and £ € RM", where the constant Az depends on A
and p in the case of controllable growth and on A;(M,) and Ay(M,) in the
case of natural growth.

Lemma 9.1. For every M > 0 there is a constant cs, depending only on
p,n, N, M, Ky(-) and Kp(-), with the following property. Assume that we
have a weak solution u € C°(=T,0; L*(,RN)) N LP(=T,0; WLP(Q, RY))
of (2.1), where the assumptions (A2) to (A4) and (9.1) are in force. Fur-
thermore let vy € RN be a constant and A € RN" a linear map with
lup| + |A| < M, and let Q,(20) C Qr be a parabolic cylinder with o € (0, 1].
Then, at all times r,s € (ty — 02, 1y), we have the following estimate for an
arbitrary test function i € Wol’p N L% (B, (xo), RY).

‘/Bg(mo)[u(.’r) —u(.,s)] @Ddx) <

p—1

<esA|r — <9|%|Q(,|pr%1 ||D1/)||Lp([]£2 |Du — AP dz] 7_1_ min{1, Y})

o(20)
T ApllUlie Qo1 4 (L4 |Duf?) dz,
Qo (20)
where i
5 U — Ug |? 5
Y =Y (0, z0;up) := aﬂ[][ <1—|—‘ )dz}
Qo (20) o

with 3 := min{3,2(p — 1)/p}.
In the case of systems without u-dependence, the term Y may be replaced
by 0.

Proof. Throughout this proof, we assume z; = 0 for notational convenience
and write ¢ for universal constants depending at most on p,n, N, M, Ky(-)
and Kp(-). We test equation (2.1) with functions of the form ¢(z,t) =
Cu(t)p(x), where ¢ € C°(B,,RY) is arbitrary and ¢, is a Lipschitz conti-
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nuous cut-off function in time that is defined as follows, for arbitrary times

s < r in the interval (—o?,0).

t—s) fors<t<s+h
fors+h<t<r—nh

—3(t—r) forr—h<t<r

i
Ch(t) = 1

and ¢, = 0 elsewhere. Here we assumed that 0 < h < %(r — s). Testing the
parabolic system with this choice of ¢, we find

/ u(2) - GO ) dardt =
<a z,u, Du), Di(x >Ch t) dz dt —/ B(z,u, Du) - (x) ¢ (t) dx dt,
Qo Qo

where we abbreviate as usually z = (z,t). Letting h tend to zero, we infer
that for all times s < r, we have

‘/O(U(JU,T)—u(x, 5)) - () dm‘ <
<Woll= [ [ 1B Du)|dza
*‘/ /B (alzu, Du), Di(x)) du
<Al [ / (1 ¢ | Duf?) da dt

p—1
} P

Here we used (9.1) and Hélder’s mequahty in the last step. Next we estimate
the inner integral in the last line at a fixed time ¢. For this we use the fact

(9.2) +(r—5§{

<a(0, t,ug, A), D¢> dr =0,

Bs

from which we infer

<a9:tuDu Diy(x >dx <

Bo

/KamtuDu)—a(Otuo,Du Di(x >}dm

o

+/ }<a(0,t, ug, Du) — a(0,t,ug, A), Dw(x)ﬂ dz

o

=I+1I.
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The first term can be estimated by the continuity assumption (A3) as

I <c¢(p)A O(Jul + [uol, |z| + |u — uo|) (L + [Dul"™")| Dy| dz
B x{t}

< c(p)A/ O(|ul + Juol, || + [u — uo[) (L + MP™H)| Dy | dx
Box{t}

e [ 0l + ol ol + u— wo D AP D] de
Box{t}

== Il -+ [2.

Here we used the assumption |A| < M for the last estimate. In order to
bound the term Iy, we first apply Holder’s inequality and then the fact that
0 <1 and < (8 by definition, which yields

B p_ =
(9.3) hgc@JﬂAHDwm</ 61ul ol o]+ [u—ug)] 7 dir) "

B x{t}

For the estimate of Iy, we simply use ¢ < 1 and Hélder’s inequality, which
implies

(9.4) L < eAIDY] o /

Box{t

p—1

|Du—Awm)7i
}

The term 11 will be estimated in different ways depending on whether | Du —
Al <1or|Du—A| > 1. In the first case, we observe |ug|+|A+7(Du—A)| <
|ug| + |A| + |Du— Al < M + 1 for all 7 € (0,1), so that by (A4),

}<a(0, t,ug, Du) — a(0,t, ug, A), Dw(x)>| <
< /1 }<D§a(0, t,ug, A+ 7(Du— A))(Du — A), Dl/)>} dr
0
< AKp(M 4 1)|Du — Al |Dy| < AKp(M + 1)|Du — AP~ | Dy|

since |Du— A| <1 and p < 2. In the case |[Du — A| > 1, we use instead the
growth assumption (A2) on a, which implies
}<a(0,t,u0,Du)—a(O,t,uo,A),Dl/)(x)>| <
< c(p)A(L+ M + [Duf™) | Dy
< c(p)A(1 + M7 Du — AP~ | Dy
Combining the last two estimates, we arrive at
(9.5) IT <cA |Du — AP~ |Dy| dx

Box{t}
p—1

< A1 Dyl e / {}|Du—A|pdx) ”
o X{t
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by Hélder’s inequality. Putting together the estimates (9.3), (9.4) and (9.5),
we have shown

) < (x,t,u, Du), D(z >dx
Bs

<eAPT|Dl [ 1Du- AP
B x{t}

B

P L _ B_p_
+ c AP T || Dy|E! / (0] + uol, || + |u — uo|)] 77 da.
Box{t}
Integrating with respect to time, we infer from (9.2)

‘ /G(u(x’r) —u(z,s)) - Y(r)dr| <
<Mool [ [ (4 Dap)dvar

p—1

+aMr—sﬁHDwmm(L/ U%w—APd% v

o

+ [/ [0(|u| + |uol, 2| + |“_“0|)}§pzdzr;1)

o

< Agllé o= 1Qo] ][ (1+ | Duf?) dz
Qo

p—1

# el =53 1Duls 1o ([, 10u—apas] 7

o

fﬁ[ww+mdm¢+w_uw} 4%)

m\w

+

by Holder’s inequality, since 6 7 < 2 by definition. The last integral can

be estimated by the property (2 2) of 6, combined with the assumption
lup] < M. We get

F Gul+fual, o] + = wo)]) dz <

o

< Ky(2M + 1)%][ (0 + |u—uo|)” dz

o

— 2 -
:K9(2M+1)%02][ <1+‘“ “0) ) dz = ey
Qo

g

with Y as in the statement of the lemma. Alternatively, we can estimate
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the integral using the fact § < 1. Combining both estimates, we arrive at

/ (u(z,r) —u(x,s)) - (x)de

o

< Apllllz=1Q] ][ (1 + | Dul?) dz
Qo

~|—cA(r—5)%|]D¢HLP|QU|pTl<[][ |Du— AlPdz| " —i—min{l,Y})

o

for all ¢ € C5°(B,, RY) and all times r < s in (—?,0). By an approximation
argument, the above estimate also holds for all » € W, ?NL®(B,, RN). This
establishes the claim. [ |

Lemma 9.2 (Poincaré-Sobolev inequality for solutions). Assume that the
function ue CO°(=T,0; L*(Q, RN))NLP (=T, 0; WHP(Q, RY)) weakly solves the
system (2.1), under the assumptions stated in Section 2, and Q2r(zp) C Qr
for some R € (0,1). Furthermore assume that A : R™ — R is a linear map
and |y, gl + |A| < M for some M > 0. Then there holds

R_2][ |u — uzr — Alx — 20))? dz <
Qr(20)

2 2(p-1)
<cg (][ |Du — A|P dz) + cg (][ |Du — AP dz)
Q2r(20) Q2r(20)

2
+ cgR? (][ (14 |Dul?) dz) ,
Q2r(20)

where 3 = min{3,2(p — 1)/p}, with a constant cg that depends only on
M, Ky(), Kp(:),n,N,p, A, v, and in the case of natural growth additionally
on My, Ai(M,) and Ay(M,,).

In the case of a system without u-dependence, the estimate holds without
a condition on |u, gl.

Proof. We assume again that zp = 0. Let o and p be two radii with
R <o < p < 2R. We choose a symmetric smoothing kernel ¢» € C3°(B;)
with [ ¢ de = 1 and |[[¢]|p= + [[DY[|= < 2(n + 2)|B"|~". The rescaled
functions Yr(r) := R™"Y(5) satisty

(9.6) | DYr||r < c(n)R_l_”pz'%l < c(n)a_l_"%
(9.7) [¥RllLe < c(n)R™" < c(n)o™.
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In the sequel, we will employ several different notions of means of u. For
means over the time slice at time ¢ € (—R?,0), we shall write

up(t) ::]{B u(z,t) dz and  a%(t) == /B u(z, t)g(x) d,

and for means over the cylinder QQr, we will use the notations

0 0
uR ::][ u(z) dz :][ Up(t)dt  and  ul ::][ ' (t) dt.
Qr

—R2 —R2

We will refer to the means involving v as 1)-means later. At first, we want to
compare the different notions of means. We apply Lemma 9.1 with ug = ug,
using |ug| + |A| < M. Since ¢p € C§°(B,), the lemma yields for any
t € (—02,0)

(9.8)  |ig(t) — uf| <

< ][_: [ (t) — ()| ds < 4][

—0O

ih(e) — i) ds

p—

— 1
< 002/p(0"+2)p71HD¢RHLp<[][ |Du — AJP dz] ! —l—min{l,Y}>
Qo

+ el (1+]Du)dz

o
p—1

< ca( [][ |Du — AP dz] Ty min{1, Y}> + 602][ (14 |Dul?) dz
Q2R Q2R

by (9.6) and (9.7), where Y = Y (0,0;ug) with the notation introduced in
Lemma 9.1. Furthermore, we note that by Jensen’s and Poincaré’s inequal-
ities, there holds

0
Jun— whl” < f Jinlt) ~ TP d
_R2
< zp—l][ (Ju(, £) — iin(t) — Azl + [u(z, t) — @%(t) — Axl?) dz
QR

(9.9) < ¢(p, n)Rp][ |Du — A|P dz < ¢(p, n)ap][ |Du — AP dz.
Qr Q2R

Here we applied the Poincaré inequality separately on the time slices, once
for functions with vanishing mean value and once for those with vanishing
1)-mean value.
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Next, we give an estimate for the behavior of the ¢-means under a change
of the radius. For this we subsequently use the symmetry of 1, Jensen’s
inequality and the fact o € [R,2R], which leads to the estimate

f oo -aora={ | - - A

< c][_; <][ lu(z,t) — ¥ (t) — Ax|? da:)% dt.

Combining this with the Minkowski inequality, we infer

f. (0

p

dt

p

— 3l = 2 2
u(x, t) — uyx(t) — Ax dm) it <

g

< c][_(: <][ )“(x’t) - Zf(’f) — A de) .

Now we slicewise apply the Poincaré inequality for functions with vanishing

. . . . 2n
¢-mean value to the right-hand side of the above estimate, using p > =%.
This leads to

ow [,

We apply Minkowski’s inequality and employ the estimates (9.10), (9.8)
and (9.9) with the result

][0 (][ )u(m,t)—uR—Ax
| ﬁc][; <][ )u(x’t)g’é(t)Ax2dx>gdt

0
+ c][ o P|ab(t) — ub|P dt + coPlul — ug|?

—o2

-1
Sc][ |Du—A|pdz+c[][ |Du—A|pdzr
Q2R Q2r

+ emin{1,Y?} + cRP [1 +][
Q2r

u(z,t) — ab(t) — Az

2 3
dx) dt < c][ |Du — AP dz.

2 £
dx) dt <

| Dul|? dz]p.

We introduce the abbreviations

TA(r) 3:][T‘U(Z)_UR—Ax‘2dz

r
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and

~ -1
oM r) =4 |Du—APdz+ [][ |Du — A|P dz '
Qr Qr

for all r € [R,2R]. With this notation, the last inequality reads

(9.11) ][_(: <]{3 ‘U(% t) —UuR — Az

< c(cT>;‘(2R) +min{1, Y} + R? [1 +][

2 £
dx) dt <

| Dul? dz]p).

From Theorem 4.1 with ¢(z) = ug + Az we know, since |ug| + |[A| < M,

2R

—up — Ar 2
sup ][‘u(x,s) up — Az o <
—02<5<0 - o
2R)? ) —up — Az |2
(9.12) gco((_) 2][ )u(x ) ZurZ AT QR
p—0)Jg, p

Combining the estimates (9.12) and (9.11), we infer

xp;‘(a):][d)w)zdz

g

u(x,s) —ug — Ax|? =
<c¢ sup (][ ) (z,5) R ‘ dx) X
—02<5<0 - g

X][_OUQ (][o )u(x,t) _UUR_Ax)2d.T)gdt

(03] F + R x

[V1S]

oy (ﬂ
 Np—o)r

X (6;‘(21%) + min {1,Y?} 4+ R? [1 +][

2R

P
| Dul? dz} )
2

Applying Young’s inequality with exponents G and %, we conclude

1
(9.13)  W(o) <505 (p) + BY

o By ([@;@R)}% tmin {1,Y2)

p—0
2
+ R [1 +][ |Du|sz} )
Q2r
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for all 0 < p in the interval [R,2R]. In order to estimate the term Y, we
apply this estimate with the choice A = 0 and infer from Young’s inequality,
since p — 1 € [0, 1],

1
W) < SU8(0) + R

LG i, o]
2R
<3000 + o2 )%”"” 1 f oy

where we used the facts R < 1 and > 1 in the last step. Since the above

estimate holds for all radii ¢ < p in [R 2R], we may apply Lemma 3.4 with
09 = o and pg = p, which gives

]ég‘u—uR) dZ—\Ifo( )<C(pfia)%@_p)[l%—]{?m|Du|pdz]2

for all 0 < p in [R,2R]. We can thus estimate, since 0 < 2R and p_% >1,

- lf (e )]

< cR? (i)f’@_p) [1 + ][ | Dul? dz] .

p—a 2R

Plugging this estimate into (9.13) and keeping in mind that p_ia >1,R<1

and B < 1, we conclude
1
(o) < S0 (p) + B

2@-p)(14+B) [ 2 5
+c< i )” o ([¢§(2R)}p+R2ﬂ[1+][

p—0

| Dul|? dz] 2) :

We apply again Lemma 3.4, now with 0o = R and py = 2R, and arrive at

fo

2R

u—uR—Ax

) dz = UA(R)
c ([@;(23)}% + R [1 +]£22R |Du|pdz]2) ,

since B < 1 and 3 < . Recalling the definition of <I> , we derive the
claim. m
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10. Characterization of the singular set

In this section, we will complete the proofs of Theorem 1.1 and the Propo-
sitions 1.2 and 1.3.

Proof of Proposition 1.2. For the proof of the proposition, we will show
that every point zy € Qr \ (XY UXY) is a regular point. First we observe that
for any such point 2y, by the definition of ¥} and 34§ we can find a sequence

Pk \ 0 with

lim |Du — (D) 2p,[Pdz =0 and

k—>OO Qka (ZO)

M = kh_{lolo (|u207pk| + |(Du)207pk|) < 00.
Consequently, there also holds

(10.1) lim |Du — (Du) 4., |7 dz = 0,

k=00/ Qo (20)

and

(10.2) lim sup][ | Dul? dz <
k—>OO Q2pk(2’0)
< 2°7!lim |Du — (Du) 4 p, [P dz + 2°7 lim |(Du) 4, |7 < 00.
k—o0 QQPk(ZO) hee

Applying the Poincaré inequality from Lemma 9.2 with R = p; and A =
(D) 4 p,., e thus infer for some 3 > 0 and the function ¢(t) = t¥/P¢2(—1)/p

- 2
Pr 2][ ‘u — Uzg,p, — (Du)zo,pk(x — .To)‘ dz <
Qpy, (20)

- 2
< 30(][ Du— (D), dz) o (][ (1+ | Duf?) dz)
Q2p4,(20) Q2py, (20)

k—oo
where we applied (10.1) and (10.2) in the last step. Thus, Theorem 8.3
yields that Du is of class C?%/2 in a neighborhood of z, as claimed. |

Proof of Theorem 1.1. Lebesgue’s differentiation theorem implies |¥}| =
0 = |X%|. Consequently, Proposition 1.2 implies that the singular set is negli-

gible, more precisely Du € C”G’ﬂﬂ(Q“, RN™) for an open set with [Q7\ Q%= 0.

loc

In order to show that u € C=**(Q,RY) for every a € (0,1), we note

loc
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that for every wy € Q" there is a neighborhood U of wy and a constant
L = L(wp) > 1 with || Dul[cs.s/2(;y < L on U. The Poincaré inequality from
Lemma 9.2 thus implies for every parabolic cylinder Q2,(29) C U with p <1

- 2
P 2][ }u — Uzg,p — (DU)ZQ,p(x - $0)} dz <
Qp(20)

< o(LpP)? + e(Lp? )0 4 cpP (1 + LP)? < (1 + L),

since p < 1 and @ > (0. From this we infer

][ ‘u—uzO7p|2dz <
Qp(ZO)

2
<2f ity = (D)l — ) de 20 (D
Qp 20

< c(1+ L*)p?

for all zp € U and all sufficiently small radii p > 0. By the characterization
of Holder continuous maps by Campanato-Da Prato [23], this implies the

claim u € C*?(Q, RY) for all o € (0,1). |

Proof of Proposition 1.3. We choose an arbitrary point zy € Q7 \ (S}'USY)
and claim that 2y is a regular point. By the choice of 2y, we can find a
sequence pi \, 0 with

(10.3) lim [V (Du) — V(D)o o0, | dz = 0

k—>OO Qka (ZO)

and

k—oo

limsup][ |V (Du)|* dz < .
QQP;C(ZO)

Here we argued similarly as in the derivation of (10.2) for the last estimate.
By Lemma 3.1(i), we know furthermore

(10.4) lim Sup][ | Du|P dz < oo.
Qka(ZO)

k—o00
Next we employ Lemma 3.1(4ii), which yields for any A4; € R¥®

1Du— AP < (1 + |4 + | Dul®) 2" % [V(Du) — V(AP
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so that by Holder’s inequality,

k—oo

lim sup ][ |Du — (Du) 4 . |F dz <
Qa0 (20)

gclimsup][ |Du — Ag|P dz
QQP;C (20)

k—o0

2—p
2

< ¢ limsup (1 + |Agl? —1—][ | Du|? dz) X
Q20 (20)

k—o0
« (][ V(Du) — V(Ak)|2dz)
Qka(ZO)
Here, we choose Ay € RN with V(Ag) = [V (Du)] .25, , which satisfies

2

(10.5) lim sup |Ag| < o0

k—o0
because of Lemma 3.1(:) and zo ¢ SY¥. Plugging this choice of Ay in the
above estimate and using (10.5), (10.4) and (10.3), we deduce

(10.6) lim |Du — (Du) 4 |7 dz = 0.

k—>OO Qka (ZO)

In the same fashion as in the proof of Proposition 1.2, we deduce from (10.6)
and (10.4) that

L 2
lim p, 2][ U = g — (D)2 (7 — 20)| dz = 0.
Qﬂk(z())

k—o0

Thus, Lemma 8.2 and the characterization of Holder continuous maps by
Campanato-Da Prato [23] imply that z, is a regular point. [ |
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