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Some revisited results about composition operators
on Hardy spaces

Pascal Lefévre, Daniel Li, Hervé Queftélec, Luis Rodriguez-Piazza

Abstract. On the one hand, we generalize some results known for compo-
sition operators on Hardy spaces to the case of Hardy—Orlicz spaces H:
construction of a “slow” Blaschke product giving a non-compact composi-
tion operator on HY and yet “nowhere differentiable”; construction of a sur-
jective symbol whose associated composition operator is compact on HY
and is, moreover, in all Schatten classes S,(H?), p > 0. On the other hand,
we revisit the classical case of composition operators on H?, giving first
a new, and simpler, characterization of composition operators with closed
range, and then showing directly the equivalence of the two characteriza-
tions of membership in Schatten classes of Luecking, and Luecking—Zhu.

1. Introduction

The study of composition operators on Hardy spaces is now a classical subject
(see [3] and [18] for example). In [8] (see also [7]), we considered a more general
setting and studied composition operators on Hardy—Orlicz spaces; we gave there
a characterization of their compactness in terms of the Carleson function of their
symbol (and in terms of the Nevanlinna counting function in [11]). This work was
continued in [10]: we compared compactness on Hardy spaces with compactness
on Hardy—Orlicz spaces. For instance, we showed that for every 1 < p < oo,
there is an Orlicz function ¥ such that HPT¢ C HY C HP? for every € > 0, and
a composition operator C, such that C, is compact on H? and H?*¢, but not
compact on HY.

We carry on this study in the present work, taking advantage of our previous
results ([8] and [11]). In a first part (Section 3 and Section 4), we shall improve,
and extend to the Hardy—Orlicz case, results known for Hardy spaces; we use there
results of [8]. In a second part (Section 5 and Section 6), we shall give new lights
on some results concerning Hardy spaces, using the results of [11] establishing the
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equivalence of the Nevanlinna counting function with the Carleson function of the
symbol. More precisely, the content of this paper is as follows.

B. MacCluer! and J. Shapiro (Theorem 3.10 of [14]; see also § 3.2 of [18]) proved
that, when their symbol ¢ is finitely-valent, the compactness of composition op-
erators Cy, on the Hardy space H? can be characterized by the behaviour of the
modulus of ¢ near the frontier of ID: compactness is equivalent to the condition
1—|z] =0 (1—|p(2)]) as |z| — 1. But the latter does not imply compactness in
general (Example 3.8 of [14]; see also §10.2 of [18]). In Theorem 5.3 of [11], we
gave such a characterization for composition operators, with finitely-valent sym-
bol, on Hardy—Orlicz spaces. In Section 3, we construct a “slow” Blaschke product
(generalizing §10.2 of [18] and Proposition 5.5 of [8]) showing that this condition
is not sufficient in general. In Section 4, we construct a compact composition op-
erator C,: HY — HY with surjective symbol ¢ and such that C,: H> — H? is
in all Schatten classes S,(H?), p > 0. This generalizes and improves a result of
B. MacCluer and J. Shapiro (Example 3.12 in [14]; see also §2 in the survey [16]).
In Section 5, we give a characterization of composition operators C,: H? — HP?,
1 < p < oo, with a closed range, simpler than the former ones (see [1] and [20]).
Finally, based on the main result of [11], we show directly, in Section 6, the equiv-
alence of Luecking’s and Luecking—Zhu’s criteria ([12], [13]) for the membership of
C,: H? — H? in Schatten classes.

2. Notation

The open unit disk is denoted by D = {z € C; |z| < 1} and its boundary, the unit
circle, by T = {z € C; |z| = 1}. The normalized Lebesgue measure dt/2m on T is
denoted by m. The normalized area measure dz dy/m is denoted by A.

The Hardy space H'! is the space of analytic functions f: D — C such that
SUp, 1 fOQW |f(re'®)|df < co. Every f € H' has almost everywhere non-tangential
limits on T, and we denote by f* the function on T given by these boundary values.

An Orlicz function is a convex nondecreasing function ¥: [0, 00) — [0, 00) such
that ¥(0) = 0 and ¥(oo) = oo. If p is a positive measure on some measurable
space S, the Orlicz space LY (p) is the set of all (classes of) measurable functions
f: S — Csuch that [ U(|f|/C)du < oo for some C' > 0; the norm || f||y is defined
as the infimum of all positive numbers C' for which [¢ W(|f|/C)dp < 1.

The HardyOrlicz space HY is the linear subspace of f € H' such that f* €
LY (m) (see [8]).

Every analytic self-map ¢: D — I defines a bounded composition operator
Co: fEHY — fope HY (see [8]).

For every ¢ € T and 0 < h < 1, we set

S h) ={z€D; |z —¢[ < h}.

1We misspelled her name in our previous papers, and we apologize for this.
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The Carleson function p, of the analytic self-map ¢: D — D is defined, for
0<h<1, by

pe(h) = sup m({e? € T; (") € S(¢, h)}).

Alternatively, py(h) = supger my[S(§, )], where my, is the pull-back measure
of m by ¢. We shall sometimes use the classical Carleson window, namely the set
W(&h)={z€D; |2 >1—h and |arg(z£)| < h} instead of S(£, h), because it
has an equivalent size.

The Nevanlinna counting function N, is defined, for w € (D) \ {¢(0)}, by
Ny(w)= > 1o 1
G R
p(z)=w

each term log ﬁ being repeated according to the multiplicity of z. It may be
extended to the whole of D by N,[p(0)] = 400 and N,(w) = 0 for w € D\ ¢(D).

3. Slow Blaschke products

B. MacCluer and J. Shapiro (Theorem 3.10 of [14]; see also §3.2 in [18]) proved that,
when ¢ is finitely-valent (meaning that, for some s > 1, the equation p(z) = w
has at most s solutions), the composition operator C,: H? — HP is compact,
1 < p < o0, if and only if ¢ has an angular derivative at no point of T; that means
that

1—|z|
3.1 lim ——— =
31 A T ()]

In Theorem 5.3 of [11], we generalized this result to Hardy—Orlicz spaces and
proved that if ¢ is finitely-valent, the composition operator C,: HY — HY is
compact if and only if

_ 1

Without the assumption that ¢ is finitely-valent, condition (3.2) is no longer suf-
ficient to ensure the compactness of C,: HY — HY. Indeed, we are going to
construct a Blaschke product satisfying (3.2), but whose associated composition
operator is of course not compact on H?Y, as this is the case for every inner func-
tion. A Blaschke product satisfying (3.1) is constructed in §10.2 of [18]; that
construction uses Frostman’s Theorem. Our construction, which is more general,
is entirely elementary.
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Theorem 3.1. Let §: (0,1) — (0,1/2] be any function such that lim_,o §(t) = 0.
Then, there exists a Blaschke product B such that

(3.3) 1—[B(2)| > 6(1 - |z|), for all z € D.
Corollary 3.2. For every Orlicz function ¥ there ezists a Blaschke product B

which satisfies
1
\I,—l
o {1 - |B(z)|}

s vt —1|z|}

:O’

though the composition operator Cp: HY — HY is not compact.

Proof. Cp is not compact since every compact composition operator should sat-
isfy |¢*| < 1 a.e. (see Lemma 4.8 of [8]). It suffices then to choose §(t) =
1/U(\/U—1(1/t)), which satisfies the hypothesis of Theorem 3.1. Moreover,

Vle) 1
U1ty JUI(1]t) 0
and condition (3.3) gives the result. O

Proof of Theorem 3.1. We shall essentially construct our Blaschke product B as
an infinite product of finite Blaschke products

13-

where each finite Blaschke product B,, has p,, zeros equidistributed in the circum-
ference of radius r,,. That is, we will have, writing 0 = 27k/p,, and z;, = r, e,
for k=1,2,...,pn,

k| e —z T T —e iz
(3.4) Bu(z) =] = ——===1]1] —
2k 1 —Zrz 1—r,e Wez
k=1 k=1

We shall need the following estimate for the finite Blaschke product in (3.4).

Lemma 3.3. Let p € N, and 0 < r < 1. Consider the finite Blaschke product

P r—e Wy
(3.5) G(Z) = H m )
k=1
where O, = 2’“7”, fork=1,2,...,p.
a) Then, for every z € D with |z| =r,
2P 1 — rP)2
(3.6) Gl < =2 = - L)

T2 142
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b) If besides we have ph < 1/2, where h =1—r, we also have, for every z € D
with |z| =,

(3.7) Gl < 1- 22

Let us continue the proof of the theorem. Define x: (0,1) — (0,1] by

(3.8) x(z) = sup [max{25(t), Vt}] .

t<z

Then x is non-decreasing, lim, o x(z) = 0 and lim,_,; x(z) = 1. We can find a
decreasing sequence (hy,)n>o of points h,, € (0,1), such that x(h,) < 27". This
sequence converges to 0; in fact, v/hy, < x(h,) < 27", by (3.8), and hence

(3.9) h, <2727,

We now define, for every n € N, a positive integer p,,, by

272

h
(3.10) Pp = min {p eN; ern >27" }

We have p, > 1 because h?/2e < h? < 274" So, for every n, we have
4(p, — 1)? > p2, and then

4(pn B 1)2hi > p%h% .

3.11 4.27" >
( ) - 2e - 2e

This yields, for n > 7, that (p,h,)? < 8¢2~" < 1/4. Therefore p,h, < 1/2, and
we can use the estimate in part (b) of Lemma 3.3.

Now, for n > 7, let B,, be the finite Blaschke product defined by (3.4), where
rn = 1 — hy,. Using b) in Lemma 3.3, the Maximum Modulus Principle and the
definition of p,, in (3.10), we have

p2h2
n "n —n
. n - - ) = In-
(3.12) |B,(2)] <1 oo <1-2 for [z| <r
e

Consider then the Blaschke product D defined by
(3.13) D(z) =[] Bu(2).

This product is convergent since, by (3.11), we have

D pa(l=70) = pahn <Y VBe27" < o0,
Finally, take N € N big enough to have r}’ < 1/2, and define

(3.14) B(z) = 2V D(2).
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Thus B is a Blaschke product, and, if |z| < rg, we have, since §(t) < 1/2:
(3.15) IB(z)| < 12V <rg <1/2<1-6(1 - |2)).

If 1 > |z| > rg, there exists k > 7 such that ry, > |z| > r;_1. Therefore, thanks
to (3.12),

(3.16) [B(2)| < [D(2)] < [Bi(2)] <1-27"

On the other hand ry > |z| > ri—1 implies hy < 1 —|z| < hg—1, and so

1 1
(3.17) (1~ [2) < g1~ 12 < gx(he-n) <27F.
Combining (3.16) and (3.17) we get |B(2)] <1 — (1 — |z|), when 1 > |z| > 7¢.
From this and (3.15), Theorem 3.1 follows. O

Proof of Lemma 3.3. It is obvious that, for all a,z € C,

p
H(z—aew’“) =zl —aP.

k=1
Using this we have
P by P aibk D _ P
r—e Wz z—re 2P —r
1 = . = B .
(3.18) () kli[l 1—re~rz kli[1 rz—ef  (rz)p—1

Now, if |z| = r, we can write 2P = rPu, for some u with |u| = 1. Then |G(2)| =
|T(u)|, where T is the M&bius transformation

rP(u—1)
Tw) = P2y — 1
This transformation 7' maps the unit circle 9D onto a circumference C. As T maps
the extended real line R, to itself, and 0D is orthogonal to R, at the intersection
points 1 and —1, C' is the circumference orthogonal to R, crossing through the
points T(1) = 0 and T'(—1) = . It is easy to see that |w| < |a], for every w € C;
consequently,

2rP
G(z)| < T(u)| = |T(-1)| = ——- -
| (Z)I_fga%l W =1T-Dl= 15

This finishes the proof of the statement (a).
To prove part (b), observe that, 1+ r? < 2, and so, for |z| =r,

(1—rP)? (1 —rp)2
(3.19) |G(2)] <1— T <1- 5

Remember that » =1 —h, sor < e " and 7 < e P* Thus 1 —r? > 1 —e Pk,
Now, if « € [0,1/2], we have, by the Mean Value Theorem,

l1—e™™>

Sls
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Since ph < 1/2, we can apply this last estimate to (3.19) to get, as promised,

(1 o efph)2 p2h2
<l-—<1-
G(2)] < L <122

)

ending the proof of Lemma 3.3. O

Remark. The key point in the proof of Theorem 3.1 is the inequality (3.6) in
Lemma 3.3. This inequality may be viewed as a consequence of the strong triangle
inequality (applied to a = 2P, b =rP and ¢ = 0)

d(a,c) +d(c,b)
(3.20) @b < T e o dieb)

for the pseudo-hyperbolic distance d(u,v) = 1=

T |[1—av|
the convenience of the reader: by conformal invariance, we may assume that ¢ = 0;
then

on D. Let us recall a proof for

1—[a?)@—[b?) _ (1 —l]al*)d—[b)

1 - [d(a,p)? = ¢

>

=1 [d(al, —[b])]?,

|1 —abl? (14 |al[b])?
so that al + b
al +
d(a,b) <d —1b]) = ————,
(@.0) < d(lal. ~Ib) = {7

proving (3.20), since d(a,0) = |a| and d(0,b) = |b].

4. A compact composition operator with a surjective symbol

A well-known result of H.J. Schwartz (Theorem 2.8 of [17]) asserts that the com-
position operator C,,: H>® — H* is compact if and only if ||¢||cc < 1. In parti-
cular, the compactness of C,: H* — H* prevents the surjectivity of . It may
therefore be expected that, the bigger ¥, the more difficult it will be to obtain
both the compactness of Cy,: HY — HY and the surjectivity of ¢. The following
theorem asserts that this is possible, and the case H>® appears really as a singular
case (corresponding to an “Orlicz function” which is discontinuous and can take
the value infinity).

Theorem 4.1. For every Orlicz function V, there exists a symbol p: D — D which
is 4-valent and surjective and such that Cy: HY — HY is compact. Moreover, ¢
can be taken so as Cyp: H* — H? is in all Schatten classes Sp(H?), p > 0.

In the case of H? (¥(z) = x?), B. MacCluer and J. Shapiro gave an example
(Example 3.12 in [14]) based on the Riemann mapping theorem and on the fact
that, for a finitely valent symbol ¢, we have the equivalence

1—
(4.1) Cy,: H? — H? compact <=  lim 1= leC)l =00
FESER Sk
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A specific example is as follows. Take
1 1
(4.2) R:{z:erinC;x>0and;<y<;+47r},

let g: D — R be a Riemann map and set ¢ = e~ 9. Then, ¢ is 2-valent, p(D) = D*
(where D* = D\ {0}), and the validity of (4.1) is tested through the use of the Julia—
Carathéodory theorem (see [16] for details). To get a fully surjective mapping ¢1,
just compose ¢ with the square of a Blaschke factor:

Z—

2
o1(2) = Boy, with B(z):( ) , aeD*=D)\{0}

1—az
(note that B(0) = B(2a/1 + |a?). Since C,, = C, o Cp, we see that C,, is
compact as well and we are done.

Here, we can no longer rely on the Julia—Carathéodory theorem. But we shall
use the following necessary and sufficient condition, in terms of the maximal Car-
leson function p,, which is valid for any symbol, finitely-valent or not (see Theo-
rem 4.18 of [8] —or Théoréme 4.2 of [7], where a different, but equivalent, formu-
lation is given):

-1
(4.3) C,: HY — HY compact <= lim M -
REV (1/Pw(h))

For the sequel, we shall set

vi(1/n)

4.4 AR) = — W
- VPRI

Our strategy will be to elaborate on the previous example to produce a (nearly)
surjective ¢ such that p,(h) is very small (depending on W) for small h. The tool
will be the notion of harmonic measure for certain open sets of the extended plane
C = CU {00}, called hyperbolic (see Definition 19.9.3 in |2]); for example, every
conformal image of D is hyperbolic (see Proposition 19.9.2 (d) and Theorem 19.9.7
of [2]). If G is a hyperbolic domain and a € G, the harmonic measure of G at a is
the probability measure wg(a, .) supported by G (here, and throughout the rest
of this section, boundaries and closures will be taken in C) such that

u(a) = /BG u(z) dwg(a, )

for each bounded and continuous function u on G, which is harmonic in G (see Defi-
nition 21.1.3 in [2]). The harmonic measure at a of a Borel set A C 9G will be
denoted by wg(a, A). Clearly,

WD(Ov ) =m,

the Haar measure (i.e. normalized Lebesgue measure) of 9D.
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R. Nevanlinna (see Proposition 21.1.6 in [2]) showed that harmonic measures
share a conformal invariance property. Namely, assume that G is a simply con-
nected domain, in which the Dirichlet problem can be solved (a Dirichlet domain),
and 7: D — G is a continuous function which maps conformally I onto G; then 7
maps 0D onto G, and, if 7(0) = a:

(4.5) wgla, A) = m(T_l(A))

for every Borel set A C 0G. This explains why harmonic measures enter the
matter when we consider composition operators C,: such an operator induces a
map HY — LY (m,,), where m, = ¢*(m) appears as an image measure of m, as it
happens for the harmonic measure of G at a in (4.5).

Lemma 4.2 (Hole principle). Let Gy and G1 be two hyperbolic open sets and
H C 0Gy a Borel set such that

GO g Gl and 6G0 g 6G1 UH.
Then, for every a € Go, we have the following inequality:
(4.6) wa, (a,0G1 \ 0Gy) < wg,(a, H).

Proof.2 By using Corollary 21.1.14 of [2], with A = 0GoNIG1, one has wg, (a, A) <
wa, (a, A). But 9G; \ A = 9G; \ 0Go, and hence, since harmonic measures are
probability measures,

wa, (a,0G1 \ 0Go) = wa, (a,0G1 \ A) =1 —we, (a,A) < 1 —weg, (a, A);

we get the result since Gy = H U A, which implies 1 < wg,(a, H) + wg, (a, A).
O

We also shall need the following result (see Proposition 21.1.17 in [2]).

Proposition 4.3 (Continuity principle). If G is a hyperbolic open set and a € G,
then the harmonic measure wg(a, .) is atomless.

Proof of Theorem 4.1. It will be enough to construct a 2-valent mapping p: D — D
such that (D) = D* and C,: HY — HY is compact. We can then modify ¢ by
the same trick as the one used by B. MacCluer and J. Shapiro. Note that every
point in D* is the image by e™* of two distinct points of R, except those which
are the image of points of the hyperbola y = (1/x) + 27, which have only one
pre-image.
For a positive integer n, set
1

47 bn =
(4.7) dnm

2 A more intuitive way to see why this result holds is to use the fact, due to S. Kakutani, and
completed by J. Doob (see page 454 of [19] and Appendix F, page 477 of [6]) that the harmonic
measure of A at a is the probability that the Brownian motion starting at a exits from G through
the Borel set A C 9G.
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and let €, > 0 such that
V(2 /bas)
U-1(1/e,)

We now modify the domain R, including “barriers” in it (not in the sense of
potential theory, nor of Perron!) in the following way.

(4.8) <o

Let, for every n > 1, M,, be the intersection point of the horizontal line y = 47n
and of the hyperbola y = (1/z) + 27, that is M,, = —1—— + 47mni.

4mn—2m
Define inductively closed sets P~ and P, which are like small points of swords
(two segments and a piece of hyperbola), in the following way:

e The lower part of P;” and P, are horizontal segments of altitude 4nr.

e Those two horizontal segments are separated by a small open horizontal
segment H, whose middle is M,,.

e The upper part of P is a slant segment whose upper extremity ¢, lies on
the hyperbola y = 1/z.

e The upper part of P is a slant segment whose upper extremity c;, lies on
the hyperbola y = (1/z) + 4.

* The curvilinear part of P} is supported by the hyperbola y = 1/x.
e The curvilinear part of P, is supported by the hyperbola y = (1/x) + 4.
e One has 4(n + )7 — Jm et > 27

The size of the small horizontal holes will be determined inductively in the
following way. Fix once and for all @ € R such that Jma < 4w. Suppose that
H,,Hs,..., H,_1 have already been determined. Set

(4.9) O, ={zeR\ | J(PFUP); Jmz < 4nr}.
j<n
We can adjust H,, so small that

(4.10) wa, (a, Hy) < &,.
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Indeed, ©,, is bounded above by the horizontal segment [b,, + 4inm, b,_1 + 4dinmx],
where the point M,, lies. If H,, = [M,, — 0, M,, + 6], we see that H,, decreases to
the singleton {M,,} as § decreases to zero. Therefore, by Proposition 4.3, we can
adjust ¢ so as to realize (4.10).

We now define our modified open set Q by the formula

(4.11) a=r\|J@ up) =] 2%.

n>1 n>1
It is useful to observe that

4.12 inf = .
( ) wé%ﬂn Rew = b,

This is obvious by the way we defined the upper part of 02,,.

Now, we can easily finish the proof. Fix h < b;/2 and let n be the integer such
that

(4.13) b1 < 2h < by, .

Let g: D — Q be a conformal mapping such that g(0) = a. Since 0,2 is connected,
Caratheodory’s Theorem (see [15]) ensures that g can be continuously extended
from D onto Q. More explicitly, using the Mobius transformation T'(z) = 1/z,
we see that there exists an automorphism of the extended complex plane such
that  is sent onto a compact subset of C; so, we can apply to  many results
stated for bounded domains. For instance, the boundary of  is a continuous
path in the extended plane; so, by Theorem 14.5.5 of [2], g can be extended to a
continuous function (for the extended plane topology) g: D — G. In particular, g
has boundary values g*.

We define p =e79.

As in the proof of B. MacCluer and J. Shapiro ([14]), we have that ¢ is 2-valent
(see the remark made at the beginning of this proof), and we still have (D) = D*,
since, in the process for constructing €2 from R, for every point of D*, at least one
of the preimages by e™* in R has not been removed. Observe that, in particular,
we did not remove any point in the hyperbola y = (1/x) 4 27, thanks to the choice
of M,,.

Moreover, € is a Dirichlet domain (because each component of 92 has more
than one point: see the comment after Definition 19.7.1 in [2]), so we can use the
conformal invariance. Then by (4.5), (4.10), (4.12) and by the hole principle, we
see that, if A = {Reg*(e") < 2h},

(414)  po(h) S mp({lzl > 1= BY) = m({e~T7 € > 1 - )
= m({Reg*(e) < log(1/1— h)})
< m({Reg*(e") < 2h}) = wp(0, A)
= wy(p)(9(0), 9(A4)) = wa(a, {Rew < 2h})
< wgq(a, {Rew < b,})
<wq(a, 00\ 0, <wq, (a, H,) < &,
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It remains to observe that
UIA/R) U2 be)
U=1(1/pp(h) = ¥1(1/en)

in view of (4.8) and of the choice of n, C' being a numerical constant. We should
point out the fact that we applied the hole principle to the domains Gy = €2,, and
G1 = Q and that this was licit because the assumptions of the hole principle (in
particular the inclusion 092, C 9Q U H,,) are satisfied. We have therefore proved
that

A(h) =

<Llean,
n

lim A(h) =0,
h30

and this ends, as we already explained, the first part of the proof of Theorem 4.1.

To prove the last part, let us remark that in (4.8) we may take ¢,, arbitrarily
small. If one takes €, < e™", one has, for some constant ¢ > 0, p,(h) < e~/ by
using (4.13) and (4.14). In particular, p,(h) < C' h® for every a > 1. By Luecking’s
criterion, that implies that C, € S,(H?) for every p > 0 (see Corollary 3.2 in [9]).

O

Remark. Let us note that our result is stronger than MacCluer—Shapiro’s, since
our C, is in all Schatten classes S,(H?), p > 0. Though our construction follows
MacCluer-Shapiro’s, it is the introduction of the “barriers” P and P, which
allows us to get this improvement.

5. Composition operators with closed range

In [1], J. Cima, J. Thomson and W. Wogen gave a characterization of composi-
tion operators Cy,: HP — HP with closed range. This characterization involves the
Radon-Nikodym derivative of the restriction to 9D of m,. They found it not satis-
factory, and asked a characterization with the range of ¢ itself. N. Zorboska ([20])
gave such a characterization, but her statement is somewhat complicated. We
shall give here more explicit characterizations, either in terms of the Nevanlinna
counting function N, or in terms of the Carleson measure m.,.

Theorem 5.1. Let ¢: D — D be a non-constant analytic self map. Then the
composition operator Cp,: HP — HP, 1 < p < oo, has closed range if and only if
there is a constant ¢ > 0 such that, for 0 < h <1,
1
(5.1) 7/ N,(2)dA(z) > ch, V&€ dD.
A(S(&R) Jsemy ©
We shall use the following result (Theorem 4.2 of [11]).

Theorem 5.2. There are universal constants C,c > 1 such that

me(S(&,h)) < C N (2) dA(2)

e .
A(S(&,ch)) Jse.cn
for every analytic self-map ¢: 1D — D, every & € OD, and 0 < h < (1 — |p(0)])/8.
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Then Theorem 5.1 will follow immediately from this theorem and the next
theorem, applied to u = m,,.

Theorem 5.3. Let i be a finite positive measure on D. Assume that the canonical
map J: HP — LP(u) is continuous, 1 < p < co. Then J is one-to-one and has a
closed range if and only if there is a constant ¢ > 0 such that, for 0 < h <1,

(5.2) p[W(En)] > ch, VeEedD.

Proof. 1) Assume that J has a closed range. By making a rotation on the varia-
ble z, we only have to find a constant ¢ > 0 such that

(5.3) p(Sh) = ch,
for h > 0 small enough, where S}, = S(1, h).

Since J is one-to-one with closed range, the open mapping theorem implies that
there is a constant C' > 0 such that

(5.4) 1£1, 0 = CPIFIE. Vf € HP.

We are going to test (5.4) on

(5.5) fnlz) = (1;Z)N.

It is classical that there is a constant ¢, > 0 such that

(56) wly= [ Jeos | ar> 22
: = cos = —-
Nilp . 9 = \/N
Now, since |z + 1|2 + |z — 1|2 = 2(|2|? + 1) < 4 for every z € D, one has
|Z - 1|2 N/2 N 2
lfn(2)] < (1*T> <ew Tl
Hence, using |fn(2)| < 1 when |z — 1| < h, one has
2
HfN||Z£p(#) < ,u(Sh) +/ e*:"% lz—1] du
|z—1|>h
e—pNh2/8
—us+ [ ale ¥ s ) du,
0

that is, making the change of variable u = e P& =

© pN _pN 42
0y < (S + [ nlllz =11 <o) Brae ¥ o,
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Now, the continuity of J means, by Carleson’s Theorem (see Theorem 9.3
in [4]), that there is a constant K > 0 such that

(5.7) sup p(S(¢,2)) <Kz, 0<a<l.

l€l=1
We get hence
e N
||fN||’£p(H) < u(Sp) +/ Kz pT rePYT gy
h
KE L[
\/]3 \/N hy/ 2

We take now for N the smaller integer > 1/h?, multiplied by some constant inte-
ger ay, large enough to have

= p1(Sh) + v dy.

Vs /00 yre v dy < &
VP T 2
We get then, from (5.4) and (5.6),

CPc, 1
2 N

)

1(Sh) >

which gives (5.3).

2) Conversely, assume that (5.2) holds. Since the disk algebra A(ID) is dense
in H?, it suffices to show that there exists a constant C' > 0 such that || f||zr(.) >
C|If|lp for every f € A(D).

Let f € A(D) such that || f||, = 1. Choose an integer N such that

N
%nz:l |f(e27rin/N)|p > %/3@ ()P dm(€) = %,

and such that, due to the uniform continuity of f,

_ 2 1
! ! !
z,z €D and |z—z|gﬁ S |f(z)—f(z)|§m.

Then, setting W,, = W (e*™/N 7 /N), 1 < n < N, one has

N
halies Z/fdeZ / fIPdu.
1110 ) ﬁ| | ; Wn| |

If we choose z, € W), such that |f(z,)| = min.ew, |f(2)], we get, using (5.2),

N N
cm
T ST TER TSl Sl TIERI
n=1 n=1
Since AP < 2P~Y[(A — B)P + BP], by Hélder’s inequality, one has
1

|f(2n)|10 > T |f(627rin/N)|p _ |f(zn) _ f(eQTrin/N)lp
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and hence

T~ 1 . )
FAPEEDY [2p_1 P/ NY P | f(z0) — f(ezmn/N)|p] .

n=1

Now, since z, € W,,, one has

_ . 2min/N < _ ﬂ Z_" _ 27rin/N‘ < 1 l — 2_7T
|Zn € |_ Zn | n| |Zn| Sy + N N’
therefore |f(z,) — f(e2™/N)| < 1/2P*! and we get
1L 1 1
P - 2min/N o
By 2 on [ 3 3 s @M - 1
n=1
- 1 1 1 _cm
= m(%ﬂ 2 2p+1) ~ooptl
That ends the proof of Theorem 5.3. O

Remark. Cima-Thomson-Wogen'’s criterion (Theorem 2 of [1]) says that if ¢ is a
non-constant analytic self-map of D, the composition operator C, has closed range
if and only if the Radon-Nikodym derivative dm,,/dm is essentially bounded away
from 0. To make the link with this criterion, we shall see that condition (5.2)
implies that the restriction of p to the boundary T = 9D of the disk dominates
the Lebesgue measure m. In fact, let I be an arc of T. If m(I) = h, we can write

I = m U W(gn,jah/zn)a

n>1j=1

with disjoint windows W (&, 1,h/2n), ..., W (&, n, h/2n); hence,

u(I) :nh_{r;OZu (&n.j, h/2n)] > hm CZ

6. Composition operators in Schatten classes

In [12], D. Luecking characterized composition operators C,,: H? — H? which are
in the Schatten classes, by using, essentially, the m-measure of Carleson windows.
Five years later, D. Luecking and K. Zhu ([13]) characterized them by using the
Nevanlinna counting function of ¢. We shall see in this section how the results
of [11] (equivalence of the Carleson function of ¢ with its Nevanlinna counting
function: we shall be more explicit within the proof of Theorem 6.1) makes these
two characterizations directly equivalent.
It will be convenient here to work with modified Carleson windows, namely

1 2j +1
Wn,j—{z€D 1—27 "<Iz|<1and(27L)W§afgz<(];7nM}

(1=0,1,...,2" =1, n=1,2,...). We shall say that W, ; is the Carleson window
centered at e2™/2" with size 27"
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Theorem 6.1. For p > 0 the two following conditions are equivalent:
a) No(z)

log(1/]z])
lized area measure on D;

e LP/2()\), where d\(z) = (1 — |z|)"2dA(z) and A is the norma-

n

co 2"—1
D) SN (2" m (Wi )] < oo
=0

n=1

Condition b) in the last theorem yields that lim, . max; 2"mg(W, ;) = 0,
and it is not difficult to see that this implies that m,(9D) = 0, or equivalently,
that |¢*| < 1 almost everywhere on dD. In this situation we know (see Proposi-
tion 3.3 of [9]) that b) in Theorem 6.1 is equivalent to Luecking’s condition in [12].
In fact the characterization of belonging to a Schatten class in [12] includes the
requirement m, (D) = 0.

Proof. We may, and do, assume that ¢(0) = 0.
1) Assume first that condition b) is satisfied. Let

(25 —1) 2+ 1)m
2n+1 and on on }
be the (disjoint) Luecking windows (0 < j < 2" —1,n > 0). One has R,, ; C W,, ;.

By Theorem 3.1 of [11], there are a constant C' > 0 and an integer K such that

1
Rn7j:{z€]]]);172—n§|z|<1f 7Tgsurgz<

Ny(2) < Cmy(W, ), forevery z € R, j,

where W,LJ is the window centered at e?7/2" as W, ;, but with size 26", The
windows Wy _g ;, j =0,1,..., 2n=K _ 1, have the same size as the windows W s,

but may have a different center; nevertheless, each VIN/n,j can be covered with two
windows W,,_k ;: for n > K,

Wi €S Wik UWhn_ Kk 41,

for some [ = 1,2,...,2" K (where | + 1 is understood as 0 if [ = 2"~% — 1), we
get (we shall use < to mean < up to a constant)

. p/2 )

/D % ZIOESY /R (@)FE(N(2))" dA(2)
S Z_/R @5y (W) dA(2)
<@ (my (W )"

< S @)2 (my (W) < oo,
v,l

and a) holds.
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2) Conversely, assume that a) is satisfied. We shall use the following inequality,
whose proof will be postponed (for p > 2, (6.1) follows directly from Theorem 4.2
of [11], see Theorem 5.2 above, and Holder’s inequality ):

1

m i e
(6.1) [me(Wa,j)] <A(Ww-)

/~ IN,(2)]P/2 dA(z)
Wh,j

where Wm ;j is a window with the same center as W, ; but with a bigger proportional
size; say of size 27", We get

S m (W S S [N )

n,j n,j Wi

- /D (;2n<2+‘5>[z ]I»Wnyj(z)}> [N, (2)P/2 dA(z).

Let k = 0,1,... such that 1 — 27%*! < || <1 —-27% One has z € Wn,j only if
n < k+ L, and then, for each such n, z is at most in 2* windows Wy ;. It follows
that

Z2n(2+§) Z ][W”’j (2) < o(k+L+1)(2+5) o oL
n J
But |z] > 1 — 27+ implies 2+L4DC+3) < € /(1 — |2|)*F%; hence,

2)P/2
Z[Q” mw(WnJ)]Ph < /D % dA(z) < o0,

nﬁj
and b) holds.

It remains to show (6.1).
By Theorem 4.1 of [11], we can find a window W with the same center as W, ;,
but with greater size ch (h = 27" is the size of the window W, ;), such that

Me(Wh i) S SIEIII/;/ Ny (w).
w

There is hence some wg € W such that:
Mp(Wh.j) < Ne(wo).

Take R = |wg| + ch (one has R > 1 since wyg € W and W has size ch) and
set ¢o(2) = ¢(2)/R. One has N, (z) = N, (Rz) for |z| < 1/R and N, (z) =0
if |z| > 1/R.

Let now u be the upper subharmonic regularization of N, (see Lemma 1 and
its proof on page 1140 in [13]): w is a subharmonic function on D\ {0} such that
u > Ny, and u = Ny, almost everywhere, with respect to dA.
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A result of C. Fefferman and E. M. Stein (Lemma 2 of [5]), generously attributed
by them to Hardy and Littlewood, asserts that for any ¢ > 0, there exists a constant
C = C(q) such that

P S
(6.2) [u(@))” < A(D(a,r)) /D(a,r)

for every nonnegative subharmonic function v on a domain G and every disk
D(a,r) C G (see also Lemma 3 in [13]).

If A is the disk centered at wg/R and of radius 1 — |wg|/R (which is contained
in D\ {0} since R > |wg|), one has, by (6.2),

[u(2)]? dA(2)

[Ny (w0)]"/? = [Ny (wo/R)P? < [u(wo/ )P

< [ aac)

B
S~

N
b

[Nio (2)]P/? dA(2)

N
b

] [N (R2)]/ dA(z)

(A)

AND(0,1/R)

[Ny (w)]P/? dA(w),
ND

|
N

Qg‘@
—

o

N
>

where 3
A = D(wo, R — |wo|) = D(wy, ch).

Since the center wo of A is in D, AN contains more than a quarter of A (at
least for ch < 1), and hence

AAND) > A(A)/4 = 2h? J4n.

Now, let W), ; be the window with the same center as W, ; and of size 2ch. Since
2ch > ch+ (1 — |wp|), W, ; contains AND and A(W,, ;) ~ h? ~ A(A) (= meaning
that the ratio is between two absolute constants). We therefore get

wn )1P/2 1 w) P2 w
Vo) S s [ NP aAGw),

proving (6.1). O
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