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A multilinear generalisation of the Hilbert
transform and fractional integration

Stefán Ingi Valdimarsson

Abstract. We study a multilinear analogue of the Hilbert transform.
As can be expected, the finiteness of the form depends on cancellation
properties in the kernel and care must be taken in the definition of the
form. We show how to define the form in terms of distributions and
prove Lp bounds for that form.

In the second part, we study an analogous form on the level of frac-
tional integration. This has been studied in one form by Drury. We note
the Lp bounds for it and find the optimal constant for this bound in the
case with the most symmetries. We also determine all functions which are
optimisers for this inequality.

Finally, we consider analogues of the fractional integration form in
directions similar to those of Beckner’s approach for multilinear Hardy–
Littlewood–Sobolev inequalities.

1. Introduction

1.1. Overview

The Hilbert transform and the fractional integration operator acting on functions
on R can be viewed as convolution operators with a kernel which involves calcu-
lating the volume of the simplex in R whose vertices are two points, x1 and x2,
that is, calculating the difference x2 − x1.

One way of extending these operators to higher dimensions is to multilinearise
them and consider n-linear forms, defined for functions on R

n−1 whose kernel
involves calculating the volume of the simplex in R

n−1 whose vertices are the n
points, x1, . . . , xn, that is, calculating det

(
1 ... 1
x1 ... xn

)
.

In this article we will consider two such forms. The first lives on the level of the
Hilbert transform, so that the Lp–boundedness of the form relies on cancellation
properties of the kernel and care must be taken to properly define the form. This
form has not been considered before in the literature.
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The second form lives on the level of fractional integration. Such a form has
been considered before by Christ [7], Drury [8] and Baernstein and Loss [1] because
of its relation to questions regarding the k-plane transform and the restriction of
the Fourier transform. In particular Drury proved Lp-boundedness for the form or
rather a closely related analogue of it for functions defined on the (n− 1)-sphere.
For this form we address the question of finding the best constant in the inequa-
lity which the gives the Lp-boundedness of the form. Such questions have been
answered for the fractional integration operator by Carlen and Loss [6], see also
the book of Lieb and Loss [10], using symmetrisation and conformal invariance.
We adapt these techniques for the form we wish to consider.

Furthermore, Beckner [2] has considered multilinearising fractional integration
in a different way, and we remark that it is possible in some sense to combine these
two methods of multilinearisation.

Finally, all of our techniques rely on some geometric invariance which among
other things makes it possible to formulate all of our results on Euclidean space,
spherical space or hyperbolic space.

Parts of this work were done as a part of my PhD research at the University of
Edinburgh. I would like to thank my supervisor Tony Carbery for his advice and
encouragement. I would also like to thank Almut Burchard for useful discussions.

We now turn to the statement of our results.

1.2. The singular integral

The object we wish to study is the n-linear form given formally by

(1.1) Λ(f1, . . . , fn) :=

∫
(Rn−1)n

f1(x1) · · · fn(xn)
det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn ,

where xi ∈ R
n−1. In the determinant we interpret the variables xi as column

vectors, adjoin a top row containing only 1 and thus get a square matrix. For
n = 2 we have

Λ(f, g) =

∫
R

∫
R

f(x)g(y)

det
(
1 1
x y

) dxdy =

∫
R

∫
R

f(x)g(y)

y − x
dxdy = π〈Hf, g〉,

where Hf denotes the Hilbert transform of f , so in this case Λ is the bilinear
form associated to the Hilbert transform. For n ≥ 3 we can see Λ as an n-linear
generalisation of the Hilbert transform.

There is a closely related form defined for n functions on the unit sphere Sn−1

given by

(1.2) ΛS(f1, . . . , fn) :=

∫
(Sn−1)n

f1(ω1) · · · fn(ωn)

det(ω1, . . . , ωn)
dω1 dω2 . . . dωn.

The integrals (1.1) and (1.2) are not absolutely convergent so we replace them with

(1.3) Λ(f1, . . . , fn) :=
1

2

∫
(f1(x1)− f1(x

∗
1))f2(x2) · · · fn(xn)

det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn ,
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where x∗1 is the reflection of x1 in the hyperplane determined by the other vari-
ables and

(1.4) ΛS(f1, . . . , fn) :=
1

2

∫
(f1(ω1)− f1(ω

∗
1))f2(ω2) · · · fn(ωn)

det(ω1, . . . , ωn)
dω1 dω2 . . . dωn ,

where ω∗
1 is the reflection of ω1 in the great hypercircle determined by the other

variables.
As a purely formal exercise we can calculate

Λ(f1, . . . , fn) =
1

2

∫
(f1(x1)− f1(x

∗
1))f2(x2) · · · fn(xn)

det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn

=
1

2

∫
f1(x1)f2(x2) · · · fn(xn)

det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn

− 1

2

∫
f1(x

∗
1)f2(x2) · · · fn(xn)
det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn

=

∫
f1(x1)f2(x2) · · · fn(xn)

det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn

since the change of variables x1 �→ x∗1 has Jacobian 1, x∗∗1 = x1 and

det

(
1 1 . . . 1
x1 x2 . . . xn

)
= − det

(
1 1 . . . 1
x∗1 x2 . . . xn

)
,

which follows by noting that the determinants are the signed volumes of the sim-
plices whose vertices are x1, . . . , xn and x∗1, x2, . . . , xn respectively and these sim-
plices have the same unsigned volume but different orientations.

The following lemma establishes that (1.3) and (1.4) are sensible definitions.

Lemma 1.1. Let f1, . . . , fn be functions in C∞
c (Rn−1) or C∞(Sn−1). Then

(1) the integrals in (1.3) or (1.4) are absolutely convergent,

(2) the numerator (f1(x1)− f1(x
∗
1))f2(x2) · · · fn(xn) in (1.3) can be replaced by

f1(x1) · · · fi−1(xi−1)(fi(xi)− fi(x
∗
i ))fi+1(xi+1) · · · fn(xn)

for any i = 1, . . . , n without affecting the value of the integral and

(3) the numerator (f1(ω1)− f1(ω
∗
1))f2(ω2) · · · fn(ωn) in (1.4) can be replaced by

f1(ω1) · · · fi−1(ωi−1)(fi(ωi)− fi(ω
∗
i ))fi+1(ωi+1) · · · fn(ωn)

for any i = 1, . . . , n without affecting the value of the integral.

The symbols x∗i and ω∗
i have the obvious meaning analogous to x∗1 and ω∗

1 .

What we are interested in are estimates such as

(1.5) |Λ(f1, . . . , fn)| � ‖f1‖Lp1(Rn−1) · · · ‖fn‖Lpn(Rn−1)
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and

(1.6) |ΛS(f1, . . . , fn)| � ‖f1‖Lp1(Sn−1) · · · ‖fn‖Lpn(Sn−1)

where A � B signifies that there is an absolute constant C, depending only on the
dimension, such that A ≤ CB. We shall prove the following theorems.

Theorem 1.2. Let S be the closed polytope in R
n whose vertices are the n permu-

tations of the n-tuple (n−2
n−1 , . . . ,

n−2
n−1 , 1). Then (1.5) holds if and only if ( 1

p1
, . . . , 1

pn
)

lies in the interior of S, relative to the hyperplane that S lies in. For n ≥ 3, the es-
timate holds on the boundary of S if each fj with j for which

1
pj

= n−2
n−1 is restricted

to be a characteristic function of a set but the other fj’s may be unrestricted. The
estimate fails if any fj with j for which 1

pj
= n−2

n−1 is taken unrestricted.

Remark 1.3. Each point (qj) in S lies in the hyperplane Π defined by the equation

n∑
j=1

qj = n− 1.

When we speak about the exterior, the interior and the boundary of S we under-
stand it to be taken relative to Π.

To state our result concerning (1.6), consider the set of points (z1, . . . , zn) ∈ R
n

such that zi ≥ 0,
∑n

i=1 zi ≤ n − 1 and
∑k

j=1 zij < (n−2)k+1
n−1 for any subset

A = {i1, . . . , ik} of {1, . . . , n}. Call this set S̃.

Theorem 1.4. Inequality (1.6) holds if ( 1
p1
, . . . , 1

pn
) lies in S̃. It fails if ( 1

p1
, . . . , 1

pn
)

lies in the exterior of S̃. For n ≥ 3, the estimate holds at a vertex of S if each fj
is restricted to be a characteristic function of a set but it fails if the fj’s are unre-
stricted.

By specialising these theorems to the centre of S we get:

Corollary 1.5.

(1.7) |Λ(f1, . . . , fn)| �
n∏

i=1

‖fi‖L n
n−1 (Rn−1)

.

Corollary 1.6.

(1.8) |ΛS(f1, . . . , fn)| �
n∏

i=1

‖fi‖L n
n−1 (Sn−1)

.

To make the geometric picture complete, we note that the integrals (1.1) on
Euclidean space and (1.2) on the sphere have a close relative on hyperbolic space.
To formulate that, following Beckner [2], we let H

n−1 denote the two-sheeted
hyperboloid in R

n given by

H
n−1 = {Q = (q0, q̄) ∈ R× R

n−1 : q20 − |q̄| = 1}.
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This set has a measure, dν, which invariant under actions of the Lorenz group
O(1, n− 1) and this set-up is a model for hyperbolic space.

We consider the form

(1.9) ΛH(f1, . . . , fn) :=

∫
(Hn−1)n

f1(q1) · · · fn(qn)
det(q1, . . . , qn)

dν(q1) · · · dν(qn).

Note that when calculating the determinant, each qi is viewed as a column vector
in R

n. This is a singular integral but a suitable variant of Lemma 1.1 holds so that
the definition is sensible. We are interested in estimates of the form

(1.10) |ΛH(f1, . . . , fn)| � ‖f1‖Lp1( dν) · · · ‖fn‖Lpn( dν).

We prove:

Theorem 1.7. An identical statement to the one in Theorem 1.4 holds for in-
equality (1.10).

1.3. Best constants and optimisers

In Section 3 we look at fractional integral analogues of the multilinear forms above.
Define, for 0 < α < 1,

(1.11) Λα(f1, . . . , fn) :=

∫
f1(x1) · · · fn(xn)∣∣det ( 1 1 ... 1

x1 x2 ... xn

)∣∣α dx1 dx2 . . . dxn ,

where xi ∈ R
n−1. Also define

(1.12) ΛS,α(f1, . . . , fn) :=

∫
f1(ω1) · · · fn(ωn)

| det(ω1, . . . , ωn)|α
dω1 dω2 . . . dωn ,

where ωi ∈ Sn−1. Finally, define

(1.13) ΛH,α(f1, . . . , fn) :=

∫
(Hn−1)n

f1(q1) · · · fn(qn)
| det(q1, . . . , qn)|α

dν(q1) · · · dν(qn).

As in the Hardy–Littlewood–Sobolev theorem concerning fractional integrals, the
boundedness of these multilinear forms does not rely on cancellation properties of
the kernel. Indeed, we have that

|Λα(f1, . . . , fn)| � ‖f1‖p0,α . . . ‖fn−1‖p0,α‖fn‖1;(1.14)

|ΛS,α(f1, . . . , fn)| � ‖f1‖p0,α . . . ‖fn−1‖p0,α‖fn‖1(1.15)

and

(1.16) |ΛH,α(f1, . . . , fn)| � ‖f1‖p0,α . . . ‖fn−1‖p0,α‖fn‖1

where 1/p0,α = 1− α/(n− 1). As before, interpolation gives that

|Λα(f1, . . . , fn)| � ‖f1‖pα . . . ‖fn‖pα ;(1.17)

|ΛS,α(f1, . . . , fn)| � ‖f1‖pα . . . ‖fn‖pα(1.18)
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and

(1.19) |ΛH,α(f1, . . . , fn)| � ‖f1‖pα . . . ‖fn‖pα

where 1/pα = 1−α/n. These results can be proved with the same methods we used
for the singular integral version and in fact this has already been done for ΛS,α by
Drury [8]. Because of the absolute convergence there is no question about how the
forms are defined and this makes the proof slightly simpler.

There is an implied constant on the right hand side of inequalities (1.17), (1.18)
and (1.19). We will give a minimum value for these constants and identify the
functions that give equality with them.

To state the theorem, let us define

H(f1, . . . , fn) :=
|Λα(f1, . . . , fn)|
‖f1‖p . . . ‖fn‖p

,

where for the rest of this section we have fixed p as pα. Also define

(1.20) k(x) =
1

(1 + |x|2) n
2p
.

We prove the following.

Theorem 1.8. The n-tuple (k, . . . , k) is an optimiser for the operator Λα in the
sense that

sup
fi≥0

H(f1, . . . , fn) = H(k, . . . , k).

Furthermore, if the tuple (f1, . . . , fn) of non-negative functions is an optimiser
for Λα then there exists an n × n matrix A with determinant 1 and ci ≥ 0 for
1 ≤ i ≤ n such that

(1.21) fi(x) = ci‖A ( x1 ) ‖−
n
p for each 1 ≤ i ≤ n

and conversely, all tuples of functions of this form are optimisers.

The analogous theorems for ΛS,α and ΛH,α are stated and proved at the end of
Section 3.

1.4. Relations to the results of Beckner

In [2], Beckner considers multilinear analogues of the Hardy–Littlewood–Sobolev
inequality which take the form∫ N∏

k=1

fk(xk)
∏

1≤i<j≤N

|xi − xj |−γij dx1 · · · dxN ≤ C

N∏
k=1

‖fk‖pk

for non-negative valued functions on R
n. For certain ranges of the parameters γij

and pk this inequality possesses a conformal invariance and he shows how it is
possible to write down equivalent inequalities for the (Riemann) sphere Sn and for
hyperbolic space Hn. Furthermore, by playing this invariance against symmetrisa-
tion techniques as Carlen and Loss did for the original Hardy–Littlewood–Sobolev
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inequality, Beckner gives the optimal value of the constant C and also all the
functions which furnish it. This idea is also a theme in our work but we would like
to note that in the work of Beckner and Carlen and Loss the mappings between
the underlying spaces are conformal whereas in ours they are not.

Furthermore, it is possible to extend our results in the spirit of Beckner to
multilinear forms of the type

(1.22) Iγ(f1, . . . , fN ) =

∫ N∏
k=1

fk(xk)
∏
P∈P

V (xi|i ∈ P )−γP dx1 · · · dxN ,

with xi ∈ R
n−1 for i = 1, . . . , N and each P in the collection P is a set of n

indices from {1, . . . , N} so that {xi|i ∈ P} is the vertex set of a simplex in R
n−1

whose (unsigned) volume is denoted V (xi|i ∈ P ). In this case we are interested in
inequalities of the form

(1.23) Iγ(f1, . . . , fN) ≤ C
N∏

k=1

‖fk‖pk
.

The condition

(1.24)
n

pk
+
∑
P∈P
k∈P

γP = n

must hold for k = 1, . . . , N in order for the geometric invariance which we want
to exploit to exist. Additionally, the kernel must be locally integrable. Clearly, a
sufficient condition for this is that ∑

P∈P
γP < 1,

but in general this is not necessary.
We will not attempt to locate a set of sufficient and necessary conditions for

integrability, but we remark that in the simplest new case, when the integration is
over x, y, z and w which are elements of R2 and the integral takes the form

(1.25)

∫
(R2)4

f1(x)f2(y)f3(z)f4(w)∣∣det ( 1 1 1
x y z

)∣∣α ∣∣det ( 1 1 1
x y w

)∣∣β |det ( 1 1 1
x z w )|γ

∣∣det ( 1 1 1
y z w

)∣∣δ dxdy dz dw

then the sufficient and necessary conditions are

(1.26) 0 ≤ α, β, γ, δ < 1 and α+ β + γ + δ < 2.

If the integrability condition and (1.24) hold and if Iγ cannot be factorised into
the product of two integrals then more or less the same arguments as for the case
of a single determinant give that the optimisers for (1.23) are exactly those of the
form (1.21) with the power p in the exponent replaced by pk as appropriate.

We discuss these issues in Section 3.1.
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Remark 1.9. If we take N functions on R
n−1 then the multilinear fractional

integration kernel of Beckner which is a function of N points is formed by taking
pairs of these points and for each pair considering the convex set determined by
the points in the pair and taking the suitably defined volume of this convex set.
Similarly, the form (1.22) involves a kernel which again is a function of N points
and is formed by taking subsets containing n of these, considering the convex set
determined by them and taking the volume of this convex set. Curiously, taking
subsets of k points, for 2 < k < n, and considering the volume of the convex set
they form and forming a kernel as a product of those gives forms which do not
seem to possess a geometric invariance which is suitable for the type of analysis
which we do here.

2. The singular integral

For n ≥ 3 the positive results of Theorem 1.2 follow from the following estimate.

Theorem 2.1. Let n ≥ 3 and χE1 , . . . , χEn−1 be characteristic functions of n− 1
measurable sets in R

n−1 and fn be a measurable function on R
n−1. Then

(2.1) |Λ(χE1 , . . . , χEn−1 , fn)| � ‖χE1‖n−1
n−2

· · · ‖χEn−1‖n−1
n−2

‖fn‖1.

Let us note how we can use multilinear interpolation to pass from this estimate
to the general result of the theorem. Firstly note that convexity gives directly
that (1.5) holds for tuples

(
1
p1
, . . . , 1

pn

)
in S if each fj is restricted to be a char-

acteristic function fj . Now take an element p̄ ∈ S and assume that 1
pj

= n−2
n−1 if

and only if j ≤ k where k ≤ n. Let us fix sets Ej for 1 ≤ j ≤ k and note that we
have

(2.2) |Λ(χE1 , . . . , χEn)| �
∏
j≤k

‖χEj‖n−1
n−2

∏
j>k

‖χEj‖qj

if each qj is sufficiently close to pj and

n∑
j=k+1

1

qj
= 1 +

n− 2

n− 1
(n− k − 1).

This shows that we can use Marcinkiewicz interpolation, see for example [9], to
strengthen this result to

(2.3) |Λ(χE1 , . . . , χEk
, fk+1, . . . , fn)| �

∏
j≤k

‖χEj‖n−1
n−2

∏
j>k

‖fj‖pj .

By permuting the indices we arrive at the estimate of the theorem.

The remaining parts of Theorem 1.2 can be seen from examples which we now
present.
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Example 2.2. Let us assume that inequality (1.5) holds for the dilated functions
φ1(

·
R ), . . . , φn(

·
R ) for all R > 0. Then∣∣∣∣ ∫ φ1(

x1

R ), . . . , φn(
xn

R )

det
(

1 1 ... 1
x1 x2 ... xn

) dx1 dx2 . . . dxn

∣∣∣∣ � ∥∥∥φ1( ·
R

)∥∥∥
p1

· · ·
∥∥∥φn( ·

R

)∥∥∥
pn

so ∣∣∣∣ ∫ φ1(
x1

R ), . . . , φn(
xn

R )

det
(

1 1 ... 1
x1
R

x2
R ... xn

R

)
·Rn−1

dx1
Rn−1

dx2
Rn−1

· · · dxn
Rn−1

· Rn(n−1)

∣∣∣∣ �
�
( n∏

i=1

R
n−1
pi

)
‖φ1‖p1 · · · ‖φn‖pn

so

R(n−1)2 � R
∑

(n−1) 1
pi

so

(2.4)
n∑

i=1

1

pi
= n− 1.

Example 2.3. As stated above we get for n = 2 that Λ(f, g) = π〈Hf, g〉 where
Hf is the Hilbert transform of f . Thus by well-known properties we see that

(2.5) |Λ(f, g)| � ‖f‖p1‖g‖p2 if
1

p1
+

1

p2
= 1 and 1 < p1, p2 <∞.

Aside from the endpoints, this is the best estimate we could hope for in the light
of the previous example.

Example 2.4. When n ≥ 3 there is a further restriction on the values of pj for
which (1.5) can hold.

To see this let us first of all note that there exist non-empty open cones
C1, . . . , Cn with vertices at the origin in R

n−1 such that if x1 ∈ C1, . . . , xn ∈ Cn then

det

(
1 · · · 1
x1 · · · xn

)
> 0.

To construct these cones we can for example take μ1, . . . , μn ∈ Sn−1 to be the
vertices of a regular simplex with centre at the origin. We shall denote the simplex
whose vertices are ν1, . . . , νn by T(νi). Now, the signed volume of T(μi) is given by

(2.6) det

(
1 · · · 1
μ1 · · · μn

)
which can therefore not equal zero and we may furthermore assume that we have
carried out the numbering of the μ’s in such a way that this determinant is positive.



34 S. I. Valdimarsson

Let us note that if the origin lies in the interior of a simplex T(νi) then it also
lies in the interior of T(riνi) for any positive scalars ri. We can prove this iteratively
if we know that this holds when all of the ri’s except one equal 1. We may then
further assume that this exceptional ri is r1.

Now, the origin lies in the interior of T(νi) if and only if the line connecting ν1
and the origin intersects the interior of the facet opposite ν1 and this intersection
lies beyond the origin. If we replace ν1 by rν1 for r > 0 then this line and the
opposite facet remain unaltered and the intersection will still lie beyond the origin.

Now let Mi be a small neighbourhood in Sn−1 around νi such that for any
tuple (μ̃i) in M1 × · · · ×Mn we have that the determinant in (2.6) is positive and
that the origin lies in the interior of the simplex T(μ̃i).

By what we have said it is now clear that we may take Ci to be the smallest
cone with vertex at the origin which contains Mi.

With this set-up in hand we let φ1, . . . , φn be non-negative C∞
c functions such

that suppφi ⊂ Ci. We also insist that φi is supported in |x| < 1
10 for i = 1, . . . , k

while φi is supported in 1
2 < |x| < 1 for i = k + 1, . . . , n. Here k is an integer

between 1 and n. These conditions will continue to hold if we replace all the φi’s
for i ≤ k by φi,ε : x �→ φi(

x
ε ) for ε < 1. Now,

det

(
1 · · · 1
x1 · · · xn

)
= det(x2 − x1, . . . , xn − x1) ≤ |x2 − x1| · · · |xn − x1|

by Hadamard’s theorem so

Λ(φ1,ε, . . . ,φk,ε, φk+1, . . . , φn) �

�
∫

· · ·
∫
φ1(

x1

ε ) . . . φk(
xk

ε )φk+1(xk+1)φn(xn)

|x2 − x1| · · · |xk − x1||xk+1| · · · |xn|
dx1 . . . dxn

because we have |xi − x1| ∼ |xi| for all i > k. We then have

Λ(φ1,ε, . . . , φk,ε, φk+1, . . . , φn) �

� ε(n−1)k−(k−1)

∫
· · ·
∫
φ1(

x1

ε ) . . . φk(
xk

ε )φk+1(xk+1) . . . φn(xn)

|x2

ε − x1

ε | · · · |
xk

ε − x1

ε ||xk+1| · · · |xn|

· dx1
εn−1

. . .
dxk
εn−1

dxk+1 . . . dxn

� ε(n−1)k−(k−1)

∫
· · ·
∫

φ1(x1) . . . φn(xn)

|x2 − x1| · · · |xk − x1||xk+1| · · · |xn|
dx1 . . . dxn

and
k∏

i=1

‖φi,ε‖pi = ε
(n−1)

∑k
i=1

1
pi

n−1∏
i=1

‖φi‖pi ,

so we must have

ε(n−1)k−(k−1) � ε
(n−1)

∑k
i=1

1
pi for ε < 1,
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so

(n− 2)k + 1

n− 1
≥

k∑
i=1

1

pi
.

In particular, for k = n− 1, this tells us that

n2 − 3n+ 3

n− 1
≥

n−1∑
i=1

1

pi

and this together with (2.4) and renaming of the variables gives us that, for all
i = 1, . . . , n,

(2.7)
1

pi
≥ n− 2

n− 1
.

The polyhedron defined by (2.4) and (2.7) has the permutations of the n-tuple(
n−2
n−1 , . . . ,

n−2
n−1 , 1

)
as vertices so we see that (1.5) can only hold at points in S.
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(12 , 1,
1
2 )

(0, 1, 1)(12 ,
1
2 , 1)(1, 0, 1)

(1, 12 ,
1
2 )

Figure 1: n = 3. The estimate (1.5) holds in the open unshaded region and

fails in the open shaded region.

Example 2.5. Let us see that we cannot hope to strengthen the estimates on the
boundary of S to strong-type estimates.

We let Ci be as in the previous example and take φi to be non-negative functions
supported in Ci. Assume that φi is supported in |x| < 1 for i < n and φn is
supported in |x| > 10. As before we can estimate by Hadamard’s theorem and get

(2.8) Λ(φ1, . . . , φn) �
∫

· · ·
∫

φ1(x1) · · ·φn(xn)
|x2 − x1| · · · |xn−1 − x1||xn|

dx1 · · · dxn.

Let us now assume that φn has the form φn(x) = φω(ω)φr(r) with x = rω in polar
coordinates where φr(r) = (rn−2 log r)−1 for 10 < r < b. Then the right hand side
of (2.8) contains a factor larger than∫ b

10

1

(rn−2 log r)r
rn−2 dr =

∫ b

10

1

log r

dr

r
= log b− log 10.
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On the other hand we see that

‖φn‖n−1
n−2

= C

(∫ b

10

(
1

rn−2 log r

)n−1
n−2

rn−2 dr

)n−2
n−1

= C

(∫ b

10

(
1

log r

)n−1
n−2 dr

r

)n−2
n−1

,

which is less than a constant independent of b. Since b can be arbitrarily large we
get a contradiction unless

1

pj
>
n− 2

n− 1
.

Remark 2.6. It is clear that we can adapt Example 2.2 for R < 1 and Example 2.4
to the form ΛS . This proves the negative part of Theorem 1.4.

Let us see that the positive part of the theorem follows from proving the esti-
mate for points ( 1

p1
, . . . , 1

pn
) in the interior of S (relative to Π). Take p̄ ∈ S̃. By

reordering the indices, we may assume that 1
p1

≥ · · · ≥ 1
pn

. Our aim is to find a

point q̄ = ( 1
q1
, . . . , 1

qn
) in the interior of S such that qi ≤ pi. The main argument

in the proof of Theorem 1.4 applies to the point q̄ and the result for p̄ follows since
the underlying space Sn−1 is compact.

Take q̄ such that there exists a i0 so that qi = pi for i < i0 and qi = qi0 for
i ≥ i0. Furthermore we require pi0 ≥ qi0 > pi0−1 and

∑ 1
qi

= n − 1. Note that
either q1 = p1 > 1, where the strict inequality follows from the defining inequality
for S̃ in the case k = 1, A = {1}, or qi = n−1

n > 1 for all i. Also, the defining
inequality gives in the case k = i0 − 1, A = {1, . . . , i0 − 1} that

i0−1∑
i=1

1

qi
=

i0−1∑
i=1

1

pi
<

(n− 2)(i0 − 1) + 1

n− 1

so we get that

1

qi0
=

1

n− i0 + 1

n∑
i=i0

1

qi
>

1

n− i0 + 1

(
n− 1− (n− 2)(i0 − 1) + 1

n− 1

)
=
n− 2

n− 1
.

This shows that q̄ is in the interior of S as required.

Proof of Theorem 2.1. The proof will be based on Theorem 1.4 and Lemma 2.7
below. First of all we note that

|Λ(χE1 , . . . , χEn−1 , fn)| =
∣∣∣∣ ∫ χE1(x1) · · ·χEn−1(xn−1)fn(xn)

det
(

1 ... 1
x1 ... xn

) dx1 · · · dxn
∣∣∣∣

≤ ‖fn‖1 sup
xn

∣∣∣∣ ∫ χE1(x1) · · ·χEn−1(xn−1)

det
(

1 ... 1
x1 ... xn

) dx1 · · · dxn−1

∣∣∣∣
≤ ‖fn‖1 sup

xn

∣∣∣∣ ∫ χE1(x1) · · ·χEn−1(xn−1)

det
(

1 ... 1 1
x1−xn ... xn−1−xn 0

) dx1 · · · dxn−1

∣∣∣∣
= ‖fn‖1 sup

xn

∣∣∣∣ ∫ χẼ1
(x1) · · ·χẼn−1

(xn−1)

det(x1, . . . , xn−1)
dx1 · · · dxn−1

∣∣∣∣
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where Ẽi := Ei − xn. Since ‖χẼi
‖p = ‖χEi‖p we will drop these tildes. Let

us then define Λ̃(χE1 , . . . χEn−1) to be the quantity inside the modulus signs on
the far right hand side of the last chain of inequalities. We change to polar co-
ordinates, xi = riωi with ri ∈ R+ and ωi ∈ Sn−2. Then det(x1, . . . , xn−1) =
r1 · · · rn−1 det(ω1, . . . , ωn−1) and dxi = rn−2

i dri dωi (dωi is the unnormalised in-
duced Lebesgue measure on the sphere) so

Λ̃(χE1 , . . . , χEn−1) =

∫
χE1(r1ω1) · · ·χEn−1(rn−1ωn−1)

r1 · · · rn−1 det(ω1, . . . , ωn−1)

· (r1 · · · rn−1)
n−2 dr1 · · · drn−1 dω1 · · · dωn−1

=

∫
Fn−1(χE1)(ω1) · · ·Fn−1(χEn−1)(ωn−1)

det(ω1, . . . , ωn−1)
dω1 · · · dωn−1

= ΛS(Fn−1(χE1), . . . , Fn−1(χEn−1))(2.9)

where Fn−1(f)(ω) =
∫
R+
f(rω)rn−3 dr and in (2.9) we have that ΛS acts on func-

tions on Sn−2. Thus we have separated Λ̃ into a radial part, Fn−1, and an angular
part. By Theorem 1.4 we can estimate (2.9) by a constant multiple of

‖Fn−1(χE1)‖
L

n−1
n−2 (Sn−2)

· · · ‖Fn−1(χEn−1)‖
L

n−1
n−2 (Sn−2)

so Theorem 1.2 will follow from the following lemma. �

Lemma 2.7.

(2.10) ‖Fn−1(χE)‖
L

n−1
n−2 (Sn−2)

� ‖χE‖
L

n−1
n−2 (Rn−1)

.

Remark 2.8. We note that the estimate in this lemma does not hold for general
functions as can be seen by testing on the function f(rω) = (rn−2 log r)−1 similarly
to Example 2.5.

Proof of Lemma 2.7. If n = 3 we want to prove that∥∥∥∥ ∫
R+

χE(rω) dr

∥∥∥∥
L2(S1)

� ‖χE‖L2(R2)

which is equivalent to∫
S1

∣∣∣∣ ∫
R+

χE(rω) dr

∣∣∣∣2 dω �
∫
S1

∫
R+

|χE(rω)|2r dr dω.

Define Eω := {r ∈ R+ : rω ∈ E}. We see that it is enough to prove that |Eω|2 �∫
Eω

r dr holds for each ω ∈ S1. The left hand side in this inequality depends only
on the measure of Eω and the infimum of the right hand side, for sets of fixed
measure, is clearly attained when Eω = [0, |Eω|]. In this case

∫
Eω

r dr = 1
2 |Eω|2 so

|Eω|2 ≤ 2
∫
Eω

r dr.
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More generally, the same reasoning shows that |Eω |m �
∫
Eω

rm−1 dr. It follows
that ∫

Eω

rn−3 dr ≤
(∫

Eω

(rn−3)
n−2
n−3 dr

)n−3
n−2
(∫

Eω

dr

)1−n−3
n−2

(by Hölder)

=

(∫
Eω

rn−2 dr

)n−3
n−2
(∫

Eω

dr

) 1
n−2

�
(∫

Eω

rn−2 dr

)n−3
n−2
(∫

Eω

rn−2 dr

) 1
(n−2)(n−1)

=

(∫
Eω

rn−2 dr

)n−2
n−1

which is to say that (∫
Eω

rn−3 dr

)n−1
n−2

�
∫
Eω

rn−2 dr.

Then we see that∫
Sn−2

∣∣∣∣ ∫
R+

χE(rω)r
n−3 dr

∣∣∣∣
n−1
n−2

dω �
∫
Sn−2

∫
R+

χE(rω)r
n−2 dr dω

so
‖Fn−1(χE)‖

L
n−1
n−2 (Sn−2)

� ‖χE‖
L

n−1
n−2 (Rn−1)

.

This completes the proof of the lemma. �

Proof of Theorem 1.4. For n = 2 we see that

ΛS(f1, f2) =

∫
S1

∫
S1

f1(ω1)f2(ω2)

sin(ω1 − ω2)
� ‖f1‖Lp1(S1)‖f2‖Lp2(S1)

provided that p1, p2 > 1 and 1
p1

+ 1
p2

= 1 since (sin(ω1−ω2))
−1 = 1

2 tan
1
2 (ω1−ω2)

+ 1
2 cot

1
2 (ω1 − ω2) so the left hand side is the sum of two Hilbert transforms and

the result is known.
So that we have a clearer relation with the proof of Theorem 2.1 we shall now

change our indexing and in effect increase n by one. We will proceed by using
induction and will assume that we have some n ≥ 4 and that we have proved
Corollary 1.6 on Sn−3, that is

(2.11) |ΛS(f1, . . . , fn−2)| � ‖f1‖
L

n−2
n−3 (Sn−3)

· · · ‖fn−2‖
L

n−2
n−3 (Sn−3)

and we are interested in proving

(2.12) |ΛS(f1, . . . , fn−1)| � ‖f1‖Lp1(Sn−2) · · · ‖fn−1‖Lpn−1(Sn−2)

with
(

1
p1
, . . . , 1

pn−1

)
in the interior of S (with n replaced by n−1). Again by multi-

linear interpolation, it is enough to prove the estimate for characteristic functions
at the vertex (n− 1-tuple)

(
n−3
n−2 , . . . ,

n−3
n−2 , 1

)
.
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We proceed in the following manner. By definition, ΛS(f1, . . . , fn−1) equals

(2.13)
1

2

∫
(f1(ω1)− f1(ω

∗
1))f2(ω2) · · · fn−1(ωn−1)

det(ω1, . . . , ωn−1)
dω1 · · · dωn−1 ,

where ω∗
1 is the reflection of ω1 in the great hypercircle containing ω2 up to ωn−1.

We bound this by

‖fn−1‖L1(Sn−2) sup
ωn−1

∣∣∣∣ ∫ (f1(ω1)− f1(ω
∗
1))f2(ω2) · · · fn−2(ωn−2)

2 det(ω1, . . . , ωn−1)
dω1 · · · dωn−2

∣∣∣∣.
We thus want to show that

(2.14)
sup
ωn−1

∣∣∣∣12
∫

(f1(ω1)− f1(ω
∗
1))f2(ω2) · · · fn−2(ωn−2)

det(ω1, . . . , ωn−1)
dω1 · · · dωn−2

∣∣∣∣ �
� ‖f1‖

L
n−2
n−3 (Sn−2)

· · · ‖fn−2‖
L

n−2
n−3 (Sn−2)

holds for all fj being characteristic functions.
By rotational invariance, we can take ωn−1 to be the north pole

(
1
0

)
. We then

split the integral in each of the variables ω1 . . . ωn−2 into two integrals, one over
each hemisphere.

Because

det(ω1, . . . ,−ωi, . . . , ωn−1) = − det(ω1, . . . , ωi, . . . , ωn−1)

it is enough to consider the integral over the northern hemispheres

Sn−2
+ := {ω0 = (ω01, . . . , ω0,n−1) ∈ Sn−2 : ω01 > 0}.

Since ω∗
1 is the reflection of ω1 in a great hypercircle containing the north pole

we see that ω1 and ω∗
1 will always lie in the same hemisphere. To work with the

integral over Sn−2
+ we change variables from Sn−2

+ to {1} × R
n−2. Specifically, we

write ω0 ∈ Sn−2
+ as (cos θ0, ω̃0 sin θ0) where 0 ≤ θ0 <

π
2 and ω̃0 ∈ Sn−3. Define

ψ(ω0) :=
1

cos θ0
(cos θ0, ω̃0 sin θ0) = (1, ω̃0 tan θ0).

Since ω̃0 ∈ Sn−3, the expression ω̃0 sin θ0 for a fixed ω̃0 parametrises an (n − 3)
dimensional sphere of radius sin θ0 and the expression ω̃0 tan θ0 parametrises a
similar sphere of radius tan θ0. This contributes a factor(

sin θ0
tan θ0

)n−3

= cosn−3 θ0

to (Jψ−1)(ψ(ω0)). Also,

∂ψ

∂θ0
(ω0) =

∂

∂θ0
tan θ0 =

1

cos2 θ0
,
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so (Jψ−1)(ψ(ω0)) = cosn−1 θ0. The integral (2.14) thus becomes∫
({1}×Rn−2)n−2

f1(ψ
−1(x̃1)) . . . fn−2(ψ

−1(x̃n−2))

det
(

x̃1

|x̃1| , . . . ,
x̃n−2

|x̃n−2|
1
0

) ( n−2∏
i=1

cos θi0

)n−1

dx̃1 · · · dx̃n−2

and we can pull |x̃i| =
√
1 + tan2 θi0 = (cos θi0)

−1 out of the determinant.

Let x̃i =
(
1
yi

)
and ψ−1(x̃i) = ψ̃−1(yi). Then since

cos θi0 =
1

|x̃i|
=

1

(1 + |yi|2)
1
2

we see that the integral becomes∫
(Rn−2)n−2

f1(ψ̃
−1(y1)) . . . fn−2(ψ̃

−1(yn−2))

det (y1, . . . , yn−2)

n−2∏
i=1

1

(1 + |yi|2)
n−2
2

dy1 · · · dyn−2

=

∫
(Sn−3)n−2

∫
(R+)n−2

f1(ψ̃
−1(r̃1ω̃1)) . . . fn−2(ψ̃

−1(r̃n−2ω̃n−2))

r̃1 . . . r̃n−2 det (ω̃1, . . . , ω̃n−2)

·
n−2∏
i=1

1

(1 + r̃2i )
n−2
2

(r̃1 . . . r̃n−2)
n−3 dr̃1 · · · dr̃n−2 dω̃1 · · · dω̃n−2 ,

where we have changed to polar coordinates again. By the induction hypothesis
we can estimate the angular part of this by

n−2∏
i=1

∥∥∥∥ ∫ fi(ψ̃
−1(r·))

(1 + r)
n−2

2

rn−4 dr

∥∥∥∥
L

n−2
n−3 (Sn−3)

.

We want to bound this by
n−2∏
i=1

‖fi‖
L

n−2
n−3 (Sn−2)

for characteristic functions fi.
Similarly to the proof of Lemma 2.7 this boils down to proving(∫

E

rn−4

(1 + r2)
n−2
2

dr

)n−2
n−3

�
∫
E

rn−3

(1 + r2)
n−1
2

dr

for all measurable E ⊆ R+.
To prove this we note first the following:(∫

E

1

1 + r2
dr

)m+1

�
∫
E

rm

(1 + r2)
m+2

2

dr.

To see this let r = tanα, then dr
1+r2 = dα and (1 + r2)−1/2 = (1 + tan2 α)−1/2 =

cosα, so what we want to prove is(∫
Ẽ

dα

)m+1

�
∫
Ẽ

tanm α cosm α dα =

∫
Ẽ

sinm α dα.
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In fact, we only have to prove this for Ẽ ⊆ (0, c) where c > 0 is small. In that case
we can substitute the first term in its Taylor series for sinm α and then the result
follows from the proof of Lemma 2.7. Now this already proves the result for n = 4
(take m = 1).

For n > 4 we calculate using Hölder’s inequality:∫
Ẽ

rn−4

(1 + r2)
n−2
2

dr ≤
(∫

Ẽ

rn−3

(1 + r2)
n−1
2

dr

)n−4
n−3
(∫

Ẽ

1

1 + r2
dr

) 1
n−3

�
(∫

Ẽ

rn−3

(1 + r2)
n−1
2

dr

)n−4
n−3
(∫

Ẽ

rn−4

(1 + r2)
n−2
2

dr

) 1
(n−3)2

and the result follows.
Now Theorem 1.4 follows for all n ≥ 3 by induction. �

Proof of Theorem 1.7. The proof follows the induction step in the proof of Theo-
rem 1.4 closely. We will only indicate the differences.

We may immediately reduce ourselves to the case where the functions fi are
defined on H

n−2
+ , the upper sheet of the hyperboloid.

Next, inequality (2.14) contains a supremum over qn−1 ∈ H
n−2
+ . Instead of

rotational invariance, we use invariance under the action of O(1, n − 2) to show
that we may take qn−1 as ( 1

0 ). Here it is important to note that if qn−1 is in the
upper sheet and A ∈ O(1, n− 2) takes qn−1 to ( 10 ) then det(A) = 1 so

det(Aq1, . . . , Aqn) = det(A) det(q1, . . . , qn) = det(q1, . . . , qn).

For the definition of the map ψ we note that q0 ∈ H
n−2
+ can be written as

(cosh θ0, ω̃0 sinh θ0) where 0 ≤ θ0 and ω̃0 ∈ Sn−3. Then we define

ψ(q0) :=
1

cosh θ0
(cosh θ0, ω̃0 sinh θ0) = (1, ω̃0 tanh θ0).

With the trigonometric functions replaced by the corresponding hyperbolic func-
tions the ensuing calculations go through. We note that

cosh θi0 =
1

(1− |yi|2)
1
2

and see that eventually we wish to prove the estimate

n−2∏
i=1

∥∥∥∥ ∫ 1

0

fi(ψ̃
−1(r·))

(1− r2)
n−2
2

rn−4 dr

∥∥∥∥
L

n−2
n−3 (Sn−3)

�
n−2∏
i=1

‖fi‖
L

n−2
n−3 (Hn−2)

for characteristic functions fi. We note that in the integration on the left hand side,
the variable r arose as |yi| = tanh θ0 < 1 and this gives the limit of integration.
As before this reduces to proving(∫

E

rn−4

(1− r2)
n−2
2

dr

)n−2
n−3

�
∫
E

rn−3

(1 − r2)
n−1
2

dr
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for all measurable E ⊆ [0, 1 − ε] which follows the same lines as before and the
bound does not depend on ε.

With this we have reduced integration over Hn−2 to an integration over Sn−3,
so now the statement of Theorem 1.4 applies. �

Finally, let us return to the question how the forms are defined and prove
Lemma 1.1.

Proof of Lemma 1.1. To begin we take n = 3, the case n = 2 which is the Hilbert
transform is of course well known. We thus want to show that

1

2

∫
R2

∫
R2

∫
R2

∣∣∣∣ (f1(x1)− f1(x
∗
1))f2(x2)f3(x3)

det
(

1 1 1
x1 x2 x3

) ∣∣∣∣ dx1 dx2 dx3
is bounded. We can write this as∫

R2

∫
R2

∫
R2

|f1(x1)− f1(x
∗
1)|

|x1 − x∗1|
dx1

∣∣∣∣f2(x2)f3(x3)D(x2, x3)

∣∣∣∣ dx2 dx3 ,
where D(x2, x3) is the distance between x2 and x3. We see that the x1 integral
is bounded as if x∗1 is close to x1 we can estimate the integrand by f ′

1(x1) and
otherwise we can estimate it by a multiple of |f1(x1)|+ |f1(x∗1)|.

For the other integrals we see that it is enough to show that∫
BR(0)

∫
BR(0)

1

|D(x2, x3)|
dx2 dx3

is bounded where BR(0) denotes the ball of radius R around the origin. By letting
x3 = x2 + y we can estimate this by

C

∫
B2R(0)

dy

|y|

and by changing to polar coordinates y = rθ we can estimate this by

C

∫
r≤2R

r dr

r
,

which is clearly bounded.
For the general case we proceed in the same way and we reduce our problem

to showing that

(2.15)

∫
BR(0)

. . .

∫
BR(0)

1

|D(x2, . . . , xn)|
dx2 . . . dxn

is bounded, where BR(0) is a ball in R
n−1 and D(x2, . . . , xn) is the n − 2 di-

mensional volume of the simplex whose vertices are x2, . . . , xn in the hyperplane
of Rn−1 in which these points lie. As in our main argument, the boundedness of
this can be shown by changing variables to separate out the contribution from x2,
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changing to polar coordinates in the other variables, bounding the radial part di-
rectly and finally changing variables in the angular part to reduce to (2.15) again
but with one less variable. The same argument works for ΛS and thus we have
shown the first part of the lemma.

For the second part we wish to show that

(2.16)

∫
(f1(x1)f2(x

∗
2)− f1(x

∗
1)f2(x2))f3(x3) · · · fn(xn)

det
(

1 1 ... 1
x1 x2 ... xn

) dx1 · · · dxn = 0.

We note that almost every tuple (x3, . . . , xn) lies in a uniquely determined affine
plane in R

n−1 of codimension 2 and we can write x1 = x10+ r(cos(θ)e1+sin(θ)e2)
and x2 = x20 + s(cos(φ)e1 + sin(φ)e2) where x10, x20 lie in this plane and e1 and
e2 are orthogonal unit vectors orthogonal to the plane. With these definitions we
get that

det

(
1 1 . . . 1
x1 x2 . . . xn

)
= D(x3, . . . , xn)rs sin(θ − φ)

where now D(x3, . . . , xn) denotes the n − 3 dimensional volume of the simplex
whose vertices are x3, . . . , xn. With this we can write the integral in (2.16) as

(2.17)

∫
f(x3) · · · f(xn)
D(x3, . . . , xn)

(∫
(f1(x1)f2(x

∗
2)− f1(x

∗
1)f2(x2))

rs sin(θ − φ)
dx1 dx2

)
dx3 · · · dxn.

As above we can justify that the quantity outside of the inner integral is integrable.
Let us therefore study the inner integral more carefully. We define Aε = {(x1, x2) :
| sin(θ− φ)| > ε}. This definition depends on the variables x3, . . . , xn but we shall
suppress that. Note that limε→0Aε = (Rn−1)2 almost everywhere.

Let us study the inner integral in (2.17) restricted to the set Aε. First of all
note that∫

Aε

∣∣∣∣f1(x1)f2(x∗2)rs sin(θ − φ)

∣∣∣∣ dx1 dx2 ≤ C

∫
{r<R}∩{s<R}∩Aε

∣∣∣∣ 1

rs sin(θ − φ)

∣∣∣∣ rs dr ds dθ dφ ,
where we have carried out the x10 and x20 integrations and used the assumption
that f1 and f2 are compactly supported. We note that the last integral is clearly
bounded although the bound depends on ε.

For the whole inner integral restricted to Aε we are therefore justified in calcu-
lating ∫

Aε

(f1(x1)f2(x
∗
2)− f1(x

∗
1)f2(x2))

rs sin(θ − φ)
dx1 dx2 =

=

∫
Aε

f1(x1)f2(x
∗
2)

rs sin(θ − φ)
dx1 dx2 −

∫
Aε

f1(x
∗
1)f2(x2)

rs sin(θ − φ)
dx1 dx2.

A change of variables x2 �→ x∗2 in the first integral and x1 �→ x∗1 in the second
yields ∫

Aε

f1(x1)f2(x2)

−rs sin(θ − φ)
dx1 dx2 −

∫
Aε

f1(x1)f2(x2)

−rs sin(θ − φ)
dx1 dx2 = 0 .
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Since the integral in (2.16) is absolutely integrable we get by letting ε pass to 0
and an application of the dominated convergence theorem that (2.17) holds. This
completes the proof of the second part of the lemma and the third part is proved
similarly. �

3. The fractional integral

Proof of Theorem 1.8. Let us introduce the Steiner symmetrisation of a function.
For E ⊆ R

n of finite Lebesgue measure we define the symmetric rearrangement
of E as the open ball centred at the origin that has the same measure as E. We
denote this by E∗. We then define the Steiner symmetrisation, Rjf = f∗j, of a
function f with respect to the j-th coordinate direction as

f∗j(x1, . . . , xn) =
∫ ∞

0

χ{|f(x1,...,xj−1,·,xj+1,...,xn)|>t}∗(xj) dt.

We can see that f∗j is a non-negative measurable function which decreases as the
absolute value of the j-th coordinate increases. Also, f and f∗ have the same
distribution functions and therefore ‖f‖p = ‖f∗‖p for all 1 ≤ p ≤ ∞. Finally, we
can see that the map f �→ f∗ is order preserving, in the sense that if f and g are
two non-negative functions and f(x) ≤ g(x) for all x then also f∗(x) ≤ g∗(x) for
all x.

We would now like to estimate Λα(f1, . . . , fn) by Λα(f
∗
1 , . . . , f

∗
n). Since

det

(
1 . . . 1
x1 . . . xn

)
is not a linear combination of the xi’s we cannot apply the rearrangement inequality
of Brascamp, Lieb and Luttinger [3] directly. There exists a generalisation of it by
Christ [7] which is applicable. However, in order to find all of the optimisers we
need to study the cases of equality in the inequality and the argument of Brascamp,
Lieb and Luttinger and the extension of Christ do not seem suitable for that study.
We shall proceed more directly in order to be able to use the results of Burchard [4],
see also [5].

Let us split each of the n integrals over Rn−1 into integrals over Rn−2 × R by
separating out the integration in the j-th coordinate. Write xi ∈ R

n−1 as (xiĵ, xij)
where xij is the j-th coordinate of xi. Then we can write Λα(f1, . . . , fn) as

(3.1)

∫
(Rn−2)n

(∫
Rn

f1(x1ĵ, x1j) . . . fn(xnĵ, xnj)∣∣det ( 1 ... 1
x1 ... xn

)∣∣α dx1j . . . dxnj

)
dx1ĵ . . . dxnĵ.

We can work with the term in parentheses with the additional assumption that
the xiĵ’s are fixed for all i’s and then

det

(
1 . . . 1
x1 . . . xn

)
is a linear combination of x1j , . . . , xnj .
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We now recall that if we define

(3.2) I(f1, . . . , fm+1) =

∫
· · ·
∫
f1(x1) . . . fm(xm)fm+1

( m∑
j=1

bjxj

)
dx1 . . . dxm,

then

(3.3) I(f1, . . . , fm+1) ≤ I(f∗
1 , . . . , f

∗
m+1).

This is in fact a special case of the inequality of Brascamp, Lieb and Luttinger.
However, for this inequality Burchard, [4], has determined the cases of equality as
follows.

Lemma 3.1. Assume that f1, . . . , fm+1 are non-negative functions on R
n, fm+1

is symmetric decreasing and we have equality in (3.2). Then there are vectors
a1, . . . , am ∈ R

n such that
∑
biai = 0 and fi(xi) = f∗

i (xi−ai) for all i = 1, . . . ,m.

Burchard states her result with each bj = 1 but by making the change of
variables xj �→ bjxj the theorem reduces to that case.

We take the functions to be f1(x1ĵ, ·), . . . , fn(xnĵ, ·), and | · |−α. Now, | · |−α is

a symmetric decreasing function so (| · |−α)∗ = | · |−α and fi(xiĵ, ·)∗ = f∗j
i (xiĵ, ·)

where, as before, f∗j denotes the Steiner symmetrisation of f with respect to the
j-th coordinate direction. Inequality (3.3) then tells us that

(3.4) Λα(f1, . . . , fn) ≤ Λα(f
∗j
1 , . . . , f∗j

n )

for any 1 ≤ j ≤ n− 1.

s = S(x)

x

Let S : Rn−1 → Sn−1
+ be the stereographic projection from R

n−1 to the north-

ern hemisphere Sn−1
+ . To a function f on R

n−1 we associate a function F on Sn−1
+

defined by

(3.5) F (s) = |JS−1(s)|
1
p f(S−1(s))

where JS−1 is the Jacobian determinant of the map S−1. Then ‖f‖p = ‖F‖p and
it is easily seen that

(3.6)

∫
(Rn−1)n

f1(x1) . . . fn(xn)∣∣det ( 1 ... 1
x1 ... xn

)∣∣α dx1 . . .dxn=

∫
(Sn−1

+ )n

F1(s1) . . . Fn(sn)

|det(s1 . . . sn)|α
ds1 . . . dsn.

Here the relationship 1/p = 1− α/n is key.
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We can rotate the hemisphere, by rotating the whole sphere and sending points
that are rotated to the southern hemisphere to their antipodal points that lie in the
northern hemisphere. The rotated functions give the same value for the integral
but correspond to new functions on R

n−1. We will use U j
γf to denote the function

we get by rotating F by the rotation that leaves all basis vectors except the j-th
and the n-th ones fixed and rotates the plane spanned by those two by γ. We will
require that γ is not a rational multiple of π. We note that f �→ U j

γf is order
preserving.

For a function f we define a sequence (fm)m≥0 in the following way:

f0 = f, f1 = Rn−1 . . .R1U
1
γf

0, f2 = R1Rn−1 . . .R2U
2
γf

1, . . .

. . . , fn−1 = Rn−2 . . .R1Rn−1U
n−1
γ fn−2, fn = Rn−1 . . .R1U

1
γf

n−1 . . .

We want to find the Lp limit of this sequence. First, let us assume that f is
a bounded function which vanishes outside a bounded set. These functions are
clearly dense in Lp. With this assumption we can find a constant C such that

(3.7) f(x) ≤ Ckf (x)

where kf (x) is a multiple of k(x) from (1.20) scaled such that ‖f‖p = ‖kf‖p.
We notice that kf (x) is a symmetric decreasing function which corresponds to
a constant function K on on Sn−1

+ . It is thus unaffected by Rj and U j
γ . Since

f(x) > 0 and both Rj and U j
γ preserve orderings of non-negative functions we

have that

(3.8) fm(x) ≤ Ckmf (x) = Ckf (x)

for all x and m so the whole sequence (fm) is dominated by an Lp function. Since

(3.9) ‖kf − U j
γf‖p = ‖U j

γkf − U j
γf‖p = ‖kf − f‖p

and

(3.10) ‖kf −Rjf‖p = ‖Rjkf −Rjf‖p ≤ ‖kf − f‖p

(since rearrangements are contractive in Lp space) we have that

(3.11) lim
m→∞ ‖kf − fm‖p

exists and is equal to

(3.12) inf
m

‖kf − fm‖p.

We call this number A. It is finite since ‖kf − f‖p ≤ ‖kf‖p + ‖f‖p <∞.

We make the following definition:

Definition 3.2. Let f be a non-negative function. We say that f has the outward
decreasing property if for all x, y ∈ R

n−1 such that |xi| ≤ |yi| for all 1 ≤ i ≤ n then
f(x) ≥ f(y).
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Note that a function which has the outward decreasing property is invariant
under a reflection along any coordinate hyperplane.

Lemma 3.3. The functions fm have the outward decreasing property for m ≥ 1.

Proof. It is clear that it is enough to show that g = R1R2f has the property that
if 0 ≤ x1 ≤ y1, 0 ≤ x2 ≤ y2 and xi = yi ≥ 0 for i ≥ 3 then g(x) ≥ g(y).

Furthermore, since g = R1(R2f) it is clear that if we also assume that x1 = y1
since increasing the value of the first variable while keeping the others fixed will
not increase the value of g since g is the image of a Steiner rearrangement in the
first variable. So it is enough to study the case x1 = y1, xi = yi for i ≥ 3 and
x2 ≤ y2. Obviously, in this case,

(3.13) R2f(x) ≥ R2f(y).

Now set λ := g(y). Then∣∣{t : g(t, y2, . . . , yn−1) ≥ λ}
∣∣ = 2y1 ,

so ∣∣{t : R2f(t, y2, . . . , yn−1) ≥ λ}
∣∣ = 2y1.

Since x2 ≤ y2 we have that

R2f(t, x2, y3, . . . , yn−1) ≥ R2f(t, y2, y3, . . . , yn−1)

for all t, y3, . . . , yn−1 so∣∣{t : R2f(t, x2, y3, . . . , yn−1) ≥ λ}
∣∣ ≥ 2y1 ,

which is ∣∣{t : R2f(t, x2, x3, . . . , xn−1) ≥ λ}
∣∣ ≥ 2x1 ,

and this tells us that

g(x) = R1R2f(x1, . . . , xn−1) ≥ λ

so g(x) ≥ g(y). This completes the proof of the lemma. �

Using this property and Helly’s selection principle we can find a subsequence fmj

which converges to some h almost everywhere. We can also impose the condition
that (n− 1) divides mj for all j. It is clear that this h will also have the outward
decreasing property. Since all the functions fm are dominated by the Lp function
Chf we see that h belongs to Lp and

(3.14) A = lim
j→∞

‖fmj − kf‖p = ‖h− kf‖p.

However, we also have

A = lim
j→∞

‖fmj+1 − kf‖p = ‖Rn−1 . . .R1U
1
γh− kf‖p
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so

A ≤ ‖Rn−1 . . .R1U
1
γh− kf‖p = ‖Rn−1 . . .R1U

1
γh−Rn−1 . . .R1U

1
γkf‖p

≤ ‖U1
γh− U1

γkf‖p = ‖h− kf‖p = A ,

which tells us that we must have equality everywhere in the chain. In particular,

‖R1U
1
γh− kf‖p = ‖U1

γh− kf‖p.

Equality can only hold here, see e.g. [6], provided that that for almost every
x2, . . . , xn−1 we have that

R1U
1
γh(x) = U1

γh(x).

Thus we have shown that both h and U1
γh are invariant under the reflection

h(x1, x2, . . . , xn−1) �→ T 1h := h(−x1, x2, . . . , xn−1)

and since U1−γh = T 1UγT 1h we see that U1−γh = U1
γh so U1

2γh = U1
γU

1
γh =

U1
γU

1
−γh = h. Since γ is not a rational multiple of π we see that H , the function

on the northern hemisphere associated to h, is constant along curves which are
intersections of the northern hemisphere and translates of the x1xn coordinate
plane. This also tells us that

(3.15) h = U1
γh = R1U

1
γh a.e.

Now we can use the chain of equalities

(3.16) ‖Rn−1 . . .R1U
1
γh− kf‖p = · · · = ‖R1U

1
γh− kf‖p = ‖U1

γh− kf‖p

to see that

(3.17) Rn−1 . . .R1U
1
γh = · · · = R1U

1
γh = U1

γh = h a.e.

We also have

(3.18) R2U
2
γRn−1 . . .R1U

1
γh = U2

γRn−1 . . .R1U
1
γh

so the same argument tells us that the function on the northern hemisphere
associated to Rn−1 . . .R1U

1
γh is constant along curves which are intersections

of the northern hemisphere and translates of the x2xn coordinate plane. Since
Rn−1 . . .R1U

1
γh = h a.e. we see that H is a.e. constant on 3-spaces which are

parallel to the x1x2xn-coordinate 3-space.

From this discussion the induction is evident and the result will be that H is
a.e. constant on the northern hemisphere and since h has the outward decreasing
property we see that H must be constant everywhere and h must have the form
Ckf for some C. Since ‖h‖p = limj→∞ ‖fmj‖p = ‖f‖p = ‖kf‖p we see that C = 1
and h = kf .
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This tells us that A = 0 and since (‖kf − fm‖p)∞m=0 is a decreasing sequence
with a subsequence which tends to 0 we see that the whole sequence (fm) tends
to kf . We have thus shown that for any f in the dense class of Lp functions we
started with that fm → kf . Since ‖kf − k′f‖p ≤ ‖f − f ′‖p for any f, f ′ ∈ Lp we
see that for any f ∈ Lp we have that fm → kf in Lp.

Now

(3.19) H(fm
1 , . . . , f

m
n ) ≤ H(fm+1

1 , . . . , fm+1
n )

for every m ≥ 0 so

(3.20) H(f1, . . . , fn) ≤ H(kf , . . . , kf ) = H(k, . . . , k).

This tells us that (k, . . . , k) is an optimiser for Λα.
Now let us find all the non-negative functions which furnish the best constant.

Using Lemma 3.1 we can see that

Λα(f1, . . . , fn) = Λα(f
∗j
1 , . . . , f∗j

n )

can hold only if fi(x) = f∗j
i (x − aiej) where ej is the j-th coordinate vector and

the ai’s satisfy

(3.21) det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 . . . 1
x11 . . . xn1
...

...
x1,j−1 . . . xn,j−1

a1 . . . an
x1,j+1 . . . xn,j+1

...
...

x1,n−1 . . . xn,n−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 0.

This conclusion holds provided that all the adjoint matrices of the ai’s are nonzero
and that is true for almost any x1, . . . , xn ∈ R

n−1.
Now, let us say that for some x2ĵ, . . . , xnĵ, where we do not specify the j-th co-

ordinate in each vector, we have found that fi(xiĵ, ·) has centre at ai for 2 ≤ i ≤ n.
Then we can see that for any xiĵ the centre of f1(x1ĵ, ·) must be at the point a1
such that all the (xiĵ, ai) lie in some (n − 2)-dimensional hyperplane. Then, by
moving the xiĵ’s around one by one for 2 ≤ i ≤ n we can see that there must exist
a hyperplane where all the points (xiĵ, ai) lie.

This tells us that if (f1, . . . , fn) is an optimiser for our operator then the func-
tions have the form fi(xi) = hi(Mxi+b) where the hi’s have the outward decreasing
property, M is an (n− 1)× (n− 1) matrix with determinant 1 and b ∈ R

n−1.
Now, the transformations f �→ U j

αf and f �→ f(M · +b) span a group G. It
is now clear that for an optimiser (f1, . . . , fn) the rearrangements Rjfi will be of
the form Tgf for some g ∈ G and thus the whole sequence (fm)m≥0 will be of the
form Tgmfi for some gm ∈ G, the same gm for each i.
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Since the elements of G are isometries of Lp we have that

0 = lim
m→∞ ‖fm

i − kfi‖p = lim
m→∞ ‖fi − Tg−1

m
kfi‖p.

We shall see that for any g ∈ G we have

(3.22) Tgkf (x) =

((
x
1

)T

ATA

(
x
1

))− n
2p

for some real n× n matrix with determinant 1.

Let fA(x) = ‖A ( x1 )‖−
n
p . Then fA(Mx + b) =

∥∥A (Mx+b
1

)∥∥−n
p = ‖A′ ( x1 )‖−

n
p

with A′ = A (M b
0 1 ) so A

′ is again a real n× n matrix with determinant 1.

Now consider U j
α for some j. Without loss of generality we can take j = 1.

Then

U1
αfA(x) =

(
1

1 + |x|2
1 + |w|2

‖A (w1 )‖2
) n

2p

where (w1 ) is the point in R
n we get by starting with ( x1 ), projecting it to the

hemisphere, that is, to 1√
1+|x|2 (

x
1 ), then rotating in the x1xn-plane by −α, this

sends

1√
1 + |x|2

(
x
1

)
=

1√
1 + |x|2

⎛⎝x1x̂1
1

⎞⎠
to

1√
1 + |x|2

⎛⎝ cosαx1 + sinα
x̂1

− sinαx1 + cosα

⎞⎠ ,

and finally projecting this point to the plane (w1 ), which sends it to⎛⎝(cosαx1 + sinα)/(− sinαx1 + cosα)
x̂1/(− sinαx1 + cosα)

1

⎞⎠ ;

so w = (− sinαx1 + cosα)−1
(
cosαx1+sinα

x̂1

)
=: w−1

n

(w1

x̂1

)
. Since w2

1 + w2
n = x21 + 1

we have that(
1

1 + |x|2
1 + |w|2

‖A (w1 )‖2
) n

2p

=

(
1

1 + |x|2
1 + x21 + |x̂1|2∥∥∥A( w1

x̂1
wn

)∥∥∥2
) n

2p

=
∥∥∥A( w1

x̂1
wn

)∥∥∥−n
p

,

and since⎛⎝w1

x̂1
wn

⎞⎠ =

⎛⎝ cosαx1 + sinα
x̂1

− sinαx1 + cosα

⎞⎠ =

⎛⎝ cosα 0 sinα
0 I 0

− sinα 0 cosα

⎞⎠⎛⎝x1x̂1
1

⎞⎠
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we get

U1
αfA(x) =

1

‖A′ ( x1 )‖
n
p

with

A′ = A

⎛⎝ cosα 0 sinα
0 I 0

− sinα 0 cosα

⎞⎠
and again A′ has determinant 1.

Since the set of functions{
fA(x) = ‖A ( x1 ) ‖−

n
p |A an n× n matrix, detA = 1

}
is closed in Lp and kf belongs to this set we have shown that all optimisers have
the form prescribed in the theorem.

Let us now see that all functions of the prescribed form are optimisers. It is
clear that we can take ci = 1. Let us therefore again take fA(x) = ‖A ( x1 ) ‖−

n
p .

Then it is enough to show that ‖fA‖p = ‖fI‖p and

Λα(fA, . . . , fA) = Λα(fI , . . . , fI) ,

where I is the n×n identity matrix because we know that (fI)
n
i=1 is an optimiser.

To prove the equality we note first of all that Λα(f1, . . . , fn) is invariant under
the transformation (f1, . . . , fn) �→ (f1(M ·+ b), . . . , fn(M ·+ b)) where as before M
is an (n − 1) × (n − 1) matrix with determinant 1 and b ∈ R

n−1. We note also
that these transformations preserve the Lp-norm of the functions. By using this

invariance we may make the additional assumption that A has the form
(

d1 0

0 d2
2I

)
with positive scalars d1 and d2 where I denotes the identity matrix of size n− 1.
Since we have that detA = 1 we get the relation d1(d2)

2(n−1) = detA = 1.
So we want to consider Λα(fA, . . . , fA) which equals

∫ ((
1

d
2(n−1)
2

+ ‖d2x1‖2
)
· · ·
(

1

d
2(n−1)
2

+ ‖d2xn‖2
))− n

2p∣∣( 1 ... 1
x1 ... xn

)∣∣α dx1 . . . dxn.

We make the change of variables dn2xi = yi. Then d
n(n−1)
2 dxi = dyi and

det

(
1 . . . 1
y1 . . . yn

)
= d

n(n−1)
2 det

(
1 . . . 1
x1 . . . xn

)
.

We thus get

Λα(fA, . . . , fA) =

∫ (
1

d
2n(n−1)
2

)− n
2p (

(1 + ‖y1‖2) . . . (1 + ‖yn‖2)
)− n

2p

d
−n(n−1)α
2

∣∣det ( 1 ... 1
y1 ... yn

)∣∣α dy1 . . . dyn

d
n2(n−1)
2

= d
(n−1)

(
n2

p −n2+nα
)

2 Λα(fI , . . . , fI).

Now note that n2

p −n2+nα = n2(1− α
n )−n2+nα = 0 so that we have the desired

equality of the forms.
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Finally, we calculate

‖fA‖p =

∫
Rn−1

(
1

d
2(n−1)
2

+ ‖d2x‖2
)−n

2

dx

=

∫
Rn−1

(
1 + ‖dn2x‖2

)−n
2 d

n(n−1)
2 dx = ‖fI‖p

where we have used the same change of variables as above. This completes the
proof. �

Let us now examine the form ΛS,α defined in (1.12). We have for any func-
tions Fi defined on Sn−1 that

ΛS,α(F1, . . . , Fn) =

∫
(Sn−1

+ )n

F̃1(s1) . . . F̃n(sn)

|det(s1 . . . sn)|α
ds1 . . . dsn =: Λ̃S,α(F̃1, . . . , F̃n),

where F̃i(si) = Fi(si) + Fi(s̄i) and s̄i is the antipodal point of si.

We note from the preceding proof that (f1, . . . , fn) is an optimiser for Λα if and
only if (F̃1, . . . , F̃n) is an optimiser for Λ̃S,α where fi and F̃i are related by (3.5).
Furthermore, for any s = (s1, . . . , sn) ∈ Sn−1

+ we have that S−1(s) = s/sn and
|JS−1(s)| = s−n

n by the same calculation as in the previous section so if fi has the
form fi(x) = ci‖A ( x1 ) ‖−

n
p as in (1.21) then the corresponding F̃i has the form

F̃i(s) = ci‖As‖−
n
p .

Finally, we note that since p > 1 then

‖F̃i(s)‖Lp(Sn−1
+ ) = ‖Fi(s) + Fi(s̄)‖Lp(Sn−1

+ ) ≤ 21−
1
p ‖Fi(s)‖Lp(Sn−1)

and there is equality here if and only if F (s) = F (s̄) for almost all s ∈ Sn−1. Thus
we can state the analogue of Theorem 1.8 for ΛS,α as follows.

Theorem 3.4. The tuple (F1, . . . , Fn) of non-negative functions is an optimiser
for ΛS,α if and only if there exists an n×n matrix A with determinant 1 and ci ≥ 0
for 1 ≤ i ≤ n such that

(3.23) Fi(s) = ci‖As‖−
n
p for each 1 ≤ i ≤ n.

Note that taking A as the identity makes each Fi constant.
For ΛH,α similar reasoning gives:

Theorem 3.5. The tuple (F1, . . . , Fn) of non-negative functions is an optimiser
for ΛH,α if and only if there exists an n×n matrix A with determinant 1 and ci ≥ 0
for 1 ≤ i ≤ n such that

(3.24) Fi(s) = ci‖As‖−
n
p for each 1 ≤ i ≤ n.

Note that ‖As‖ denotes the Euclidean norm of As viewed as an element of Rn.
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3.1. Inequality (1.23)

Provided that the integrability conditions are satisfied, it is easy to see that the
only modifications we need to make to the argument above in order for it to apply
to (1.23) are in Lemma 3.1 which is not general enough to apply to this case.

We generalise it as follows:

Lemma 3.6. Assume that f1, . . . , fN and g1, . . . , gs are non-negative functions
on R

n and that g1, . . . , gs are symmetric decreasing. Define

I(f1, . . . , fN ; g1, . . . , gs) =

∫
(Rn)N

N∏
k=1

fk(xk)

s∏
i=1

gi

( N∑
k=1

bikxk

)
dx1 · · · dxN .

Then

(3.25) I(f1, . . . , fN ; g1, . . . , gs) ≤ I(f∗
1 , . . . , f

∗
N ; g1, . . . , gs)

and if each gσ is strictly symmetric decreasing and if for each k there exists an i
such that bik �= 0 then there is equality here if and only if there exist vectors
a1, . . . , aN ∈ R

n such that
N∑

k=1

bikak = 0

for all i = 1, . . . , s and fk(xk) = f∗
k (xk − ak) for all k = 1, . . . , N .

Note that inequality (3.25) is just a special case of the Brascamp–Lieb–Luttin-
ger inequality but what is new here is the determination of the cases of equality.

Outline of proof. By writing

fk(xk) =

∫ ∞

0

χ{fk>tk}(xk) dtk

we may assume that each fk = χAk
is the characteristic function of an open

bounded interval. We are assuming we have equality in (3.25) which means that

I(χA1 , . . . , χAN ; g1, . . . , gs) = I(χA∗
1
, . . . , χA∗

N
; g1, . . . , gs).

If we decompose

gi = gi1 + gi2 = (gi − δ)χ{gi>δ} + (giχ{gi≤δ} + δχ{gi>δ}),

then both constituents of this sum are symmetric decreasing so that inequal-
ity (3.25) holds with gi replaced by either constituent.

Thus, in order for equality to hold in (3.25) there must be equality when we
replace g2, . . . , gs with g22, . . . , gs2. By choosing δ small enough, we may assume
that if xk ∈ Ak then gi(

∑
k bikxk) > δ for all i.
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This means that for i > 1, gi2 is constant whenever xk ∈ Ak so we get

I(χA1 , . . . , χAN ; g1, g22, . . . , gs2)= δs−1

∫
(Rn)N

m∏
k=1

fk(xk) g1

( m∑
k=1

bikxk

)
dx1· · · dxm.

and Lemma 3.1 applies to this case to give us that for every k such that b1k �= 0 then
there exists a vector ak ∈ R

n such that
∑

k b1kak = 0 and fk(xk) = f∗
k (xk − ak).

The result follows. �

With this lemma we may deduce as before that if

Λγ(f1, . . . , fN ) = Λγ(f
∗j
1 , . . . , f∗j

N )

then we must have fk(xk) = f∗j
k (xk − akej), where the ak’s satisfy a system of

equations of the same form as equation (3.21) where the column indices in each
equation are those of some P ∈ P . Then, given that Iγ cannot be factorised, we
get the same conclusion as before, namely, that all points (xkĵ, ak) lie in some
(n− 2)-dimensional hyperplane.

The rest of the argument carries through unmodified.

Finally, let us show why conditions (1.26) are necessary and sufficient for the
kernel of (1.25) to be locally integrable. The condition α < 1 is necessary, since

det
(
1 1 1
x y z

)−1
is not locally integrable. (It is the kernel of the singular integral

operator we studied in Section 2 in the case n = 3.)

If α+β+γ+ δ ≥ 2 then let us consider the integral of the kernel when x lies in
a small ball around the origin and the other variables lie in the first quadrant, in a
thin annulus of radius one, centered at the origin. Then we note that the triangle
whose vertices are y, z and w is covered by the other triangles whose areas appear
in the kernel. So assume to begin with that δ = 0. Let y = x+ r1θ1, z = x+ r2θ2
and w = x+ r3θ3. Then∫

E

dxdy dz dw∣∣det ( 1 1 1
x y z

)∣∣α ∣∣det ( 1 1 1
x y w

)∣∣β |det ( 1 1 1
x z w )|γ

=

= C

∫
E

r1r2r3 dr1 dr2 dr3 dθ1 dθ2 dθ3

rα+β
1 rα+γ

2 rβ+γ
3 | sin(θ1 − θ2)|α| sin(θ1 − θ3)|β | sin(θ2 − θ3)|γ

.

If we further restrict attention to the set where the triangles formed by x and
two of the other three variables are all comparable in size, which follows from
assuming that θ1 = φ1 + θ3 and θ2 = φ2 + θ3 where (φ1, φ2) = (φ cos η, φ sin η) and
−π

6 > η > −π
3 then we can estimate this integral from below by a multiple of∫

E′

dφ1 dφ2
|φ1 − φ2|α|φ1|β |φ2|γ

> C

∫
φ

φα+β+γ
dφdη

and this is finite only if α+ β + γ < 2.

Note that the singularity occurred in a region where the triangle formed by y, z
and w is smaller than (a fixed multiple of) of any of the other triangles formed.
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Therefore, if we had had the full kernel, with δ non-zero, then we would have had
the result that the integral could be finite only if α+ β + γ + δ > 2.

To prove the sufficiency of the conditions, we see that by convexity, Hölder’s
inequality and symmetry it is enough to establish that the kernel is bounded in the
case γ = δ = 0, α, β < 1. In this case, the substitution y = x+ r1θ1, z = x+ r2θ2
and w = x+ r3θ3 gives the integral∫

E

r1r2r3 dr1 dr2 dr3 dθ1 dθ2 dθ3

rα+β
1 rα2 r

β
3 | sin(θ1 − θ2)|α| sin(θ1 − θ3)|β

and this is clearly bounded.

References

[1] Baernstein II, A. and Loss, M.: Some conjectures about Lp norms of k-plane
transforms. Rend. Sem. Mat. Fis. Milano 67 (1997), 9–26 (2000).

[2] Beckner, W.: Geometric inequalities in Fourier anaylsis. In Essays on Fourier
analysis in honor of Elias M. Stein (Princeton, NJ, 1991), 36–68. Princeton Math.
Ser. 42, Princeton Univ. Press, Princeton, NJ, 1995.

[3] Brascamp, H. J., Lieb, E. H. and Luttinger, J.M.: A general rearrangement
inequality for multiple integrals. J. Functional Analysis 17 (1974), 227–237.

[4] Burchard, A.: Cases of equality in the Riesz rearrangement inequality. Ph.D.
Thesis, Georgia Institute of Technology, 1994.

[5] Burchard, A.: Cases of equality in the Riesz rearrangement inequality. Ann. of
Math. (2) 143 (1996), no. 3, 499–527.

[6] Carlen, E.A. and Loss, M.: Extremals of functionals with competing symmetries.
J. Funct. Anal. 88 (1990), no. 2, 437–456.

[7] Christ, M.: Estimates for the k-plane transform. Indiana Univ. Math. J. 33 (1984),
no. 6, 891–910.

[8] Drury, S.W.: Estimates for a multilinear form on the sphere. Math. Proc. Cam-
bridge Philos. Soc. 104 (1988), no. 3, 533–537.

[9] Grafakos, L. and Kalton, N.: Some remarks on multilinear maps and interpo-
lation. Math. Ann. 319 (2001), no. 1, 151–180.

[10] Lieb, E.H. and Loss, M.: Analysis. Graduate Studies in Mathematics 14, Ameri-
can Mathematical Society, Providence, RI, 1997.

Received January 22, 2010; revised October 1, 2010.

Stefán Ingi Valdimarsson: Science Institute, University of Iceland, Dunhagi 3,
107 Reykjavik, Iceland.

E-mail: siv@hi.is

mailto:\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef cmr{cmr}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/cmr/m/sc/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/sc/9 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef cmr{cmtt}\protect \xdef \OT1/cmr/m/sc/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/sc/9 \size@update \enc@update siv@hi.is

	Introduction
	Overview
	The singular integral
	Best constants and optimisers
	Relations to the results of Beckner

	The singular integral
	The fractional integral
	Inequality (1.23)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


