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Product kernels adapted

to curves in the space

Valentina Casarino, Paolo Ciatti and Silvia Secco

Abstract

We establish LP-boundedness for a class of operators that are given
by convolution with product kernels adapted to curves in the space.
The LP bounds follow from the decomposition of the adapted kernel
into a sum of two kernels with singularities concentrated respectively
on a coordinate plane and along the curve.

The proof of the LP-estimates for the two corresponding operators
involves Fourier analysis techniques and some algebraic tools, namely
the Bernstein-Sato polynomials.

As an application, we show that these bounds can be exploited
in the study of LP — L7 estimates for analytic families of fractional
operators along curves in the space.

1. Introduction

The purpose of this paper is to establish L” boundedness for a class of
product-type convolution operators.

In the last thirty years the theory of singular integrals on product do-
mains has been largely developed. The first case which was considered is
that of a convolution operator Tf = K x f on R%" x R®%  with K(z,y) =
Ki(2)Ks(y), v € R, y € R%2, K, and K, being of Calderén-Zygmund
type. In this case a simple iteration argument yields the LP boundedness
of T'. A more involved situation is that of a convolution operator T', whose
kernel K is defined on R% x R% and satisfies all the analogous bounds to
those satisfied by K; K, on R4 x R% but cannot be decomposed as product
of two kernels Kj(z) and Ks(y). A precise definition of such kernels, which
are called “product kernels”, was introduced in terms of certain differential
inequalities and suitable cancellation conditions.
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Several conditions on K, guaranteeing the L” boundedness of the op-
erator 7', have been introduced [4], and many applications of the product
theory to the operators arising in certain boundary value problems have been
studied [12], [11]. Moreover, the euclidean spaces R%, j = 1,2, have been
replaced by appropriate nilpotent groups [9], [12], and by smooth manifolds
with a geometry determined by a control distance [10].

Recently, one of the authors studied the LP boundedness for convolution
operators with product kernels adapted to curves in the plane [14], that is
product-type kernels in R? whose singularities are supported along a coor-
dinate axis and a transversal curve. Here we extend these results to higher
dimensional spaces. In order not to burden the exposition with notational
complexities, we are going to give the full details only for R? = R% x R%,
with dy = 1 and dy = 2, proving LP-bounds for convolution operators by
kernels singular along a coordinate plane and a transversal curve of polyno-
mial type. In the last section we shall quickly describe how the arguments
should be modified in the higher dimensional setting.

We denote an element of R* = R x R? by the pair (z1,z), where z =
(72, 23) € R%. On R we consider the usual dilations by ¢ > 0, while on R?
we consider the anisotropic dilation given by

(1.1) 5ox:(5ﬁx2,5ﬁx3), with 0 >0, mneN,m<n.

We denote by

02 o-1iL

2n  2m

the homogeneous dimension of R? with respect to the dilations (1.1) and by
p(z) = 23" + 23™ a smooth homogeneous norm on R2.

In this context the proto-typical example of a product kernel in R? (we
refer to Section 3 for a precise definition) is given by the distribution

(1.3) H(zy,2) =C, p.v.xilp(x)_Q““, pe RN {0}.

Throughout the paper we concentrate our attention on the convolution
by product-type kernels in R?® whose singularities are supported on a co-
ordinate plane and on a transversal curve of finite type. A rather simple
example of such a kernel, obtained by adapting H to the curve v : R — R?,
v(zq) = (2", 27), is given by

K(a1,2) = Cypo () ol = 2(20) @55, we R\ (o).

Notice that, if m = n, the subspace generated by t — (¢,t",t") is only
two-dimensional, a situation which in principle is intermediate between the
totally flat case and the one discussed in this paper.
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More generally, we introduce the following class of product-type kernels.

Definition 1.1. Assume that K is a product kernel on R? and consider
the curve x = ~y(xq) with y(z;) = (2", 27), 21 € R, myn € N, 2 <m < n.
We define a distribution K by

(1.4) /K(xl,x)f(xl,x) dxdx ::/Ko(xl,x)f(xl,x—|—’y(x1))dx1d;1:

for a Schwartz function f on R3. K will be called an adapted kernel.

Here with an abuse of notation we write pairings between distributions
and test functions as integrals. The kernel K given by the formula (1.4)
is a well-defined tempered distribution which is singular on the coordinate
plane z; = 0 and along the curve z = y(z1), 1 € R.

We shall prove the following theorem.

Theorem 1.2. Let K be the distribution defined by the formula (1.4). Then

the convolution operator T : f +— [ x K, initially defined on the Schwartz
space S(R?), extends to a bounded operator on LP(R3) for 1 < p < oo.

To prove Theorem 1.2 we decompose the adapted kernel K of T into the
sum of a kernel K, with singularities concentrated on the coordinate plane
x1 = 0 and of a kernel K, singular along the curve z = ~(z1), 1 € R.
As in [14] we show that the multiplier associated with K satisfies some
Marcinkiewicz-type conditions, while K, is treated by means of analytic
interpolation (our proof is inspired by some arguments used in [16] to prove
the LP boundedness of the Hilbert transform along curves in the plane). In
particular, to apply the analytic interpolation method we need to introduce
a non-isotropic version of the Riesz potentials

Z*(ur, ug) = (P(U17U2))Z_Q ) zeC.

and to determine their meromorphic continuation. To extend in a meromor-
phic way 77, we study the location of its singularities by using Bernstein-Sato
polynomials. Since the reader is not assumed to be familiar with Bernstein-
Sato functional identities, we illustrate the definition and the basic properties
of this algebraic tool in Section 2.

The results illustrated in this paper find applications in several contexts
in harmonic and complex analysis (for more on this, see [12]). In particular,
in the last section we show that L” bounds for convolution by product kernels
adapted to curves can be exploited in the study of LP — L9 estimates for
analytic families of fractional operators [2].
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Throughout the paper we will use the variable constant convention, and
denote by C, possibly with sub- or superscripts, a constant that may vary
from place to place.

It is a pleasure to thank Professor Fulvio Ricci for many helpful discus-
sions on the subject of this paper.

2. Bernstein-Sato polynomials and a family of Riesz—
type kernels

Consider the polynomial
(2.1) pu, up) = ui" + w3,

with m,n € N, m > 1, n > m. Observe that p is homogeneous with
respect to the one-parameter family of non isotropic dilations given by (1.1).

We shall often use, in the following, the relations between p and the
euclidean norm | - | in R?

(2.2) Ap(u)> < |u| < Bp(u)>=  if p(u) > 1
and
(2.3) Ap(u)en < |u| < B'p(u)z  if p(u) < 1

for some A, B, A’, B’ > 0.

Define now the distribution

(2.4) T (wr, up) = (pur, uz))* 9,

where z € C, Rez > 0.

Observe that both p and Z# depend on m and n. Anyway, for the sake
of simplicity, we shall avoid to indicate the dependence on m and n.

We collect in the next proposition some obvious properties of Z~.
Proposition 2.1. If Rez > 0, then

i) Z% is well defined as distribution and locally integrable.

i) Z7 is a tempered distribution.

iii) Z% is an analytic family of tempered distributions, that is, given f €
S(R?), the functions z — < I?, f > are holomorphic.
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We shall now prove that 7% admits a meromorphic extension, with poles
in a at most countable set, consisting of rational negative points. Our
method is based on the theory of Bernstein-Sato polynomials.

It is well-known in algebra that, given a non-zero polynomial p(uq,us)
with complex coefficients, there exist a non-zero polynomial b,(s) € C[s] and
a differential operator L(s) whose coefficients are polynomials in s, u; , us,
such that formally

(2.5) L(s) (p(u, u2))8+1 = by(s)(p(ur,uz))” for all s € C.

The set of all polynomials b,(s) € Cl[s], such that there exists an oper-
ator L for which this formal identity is satisfied, forms an ideal, and the
unique monic generator of this ideal is called the Bernstein-Sato polynomial
of p.

In our case, for Rez > 0 we may write

L(z — Q) (p(uy, up))*" ¢
bp(z - Q) .

By repeatedly using the functional equation (2.6) we may extend Z7 to the
complex plane in a meromorphic way, with poles whenever b,(z — Q + k)
vanishes for a non-negative integer k. Therefore we shall now seek for the
zeros of the Bernstein-Sato polynomial b,(z — Q).

According to a theorem of Kashiwara, the roots of the Bernstein-Sato
polynomial are negative rational numbers. Moreover, if p has the particu-
larly simple form given in (2.1), it is easy to find the roots of b,(s).

(2.6) (p(u, UQ))Z_Q —

Lemma 2.2. If b,(s) denotes the Bernstein-Sato polynomial associated to
bo(s)

o are gen by

p(ur, up) = u2" +ud™, m < n, m,n € N, then the roots of

with multiplicity one.

Proof. It is essentially due to Kashiwara [7]. See also [8] and [1, Re-
mark 3.8]. [ |

In the following corollary we collect some observations, which will be
useful in the following.

Corollary 2.3. i) The largest root of b,(s) is —Q = —5~ — +-.

2m 2n
it) —1 is a root of b,(s) with multiplicity two.

i11) The set of the roots of b,(s) is symmetric with respect to —1.
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Proof. i) It follows obviously from (2.7) for py =1 and py = 1.

it) Observe that —#L — 22 — —1 for p; = n and py = m. Then —1 is a root
of multiplicity one for bs”T(s‘l), whence the thesis follows.
iii) Suppose that the —1+§ := —21 — P2 ig a root of b,(s) for some P, , P, € N,

1<p,<2n—-1,1<p, <2m—1 and some 0 > 0. Take p; := 2n —p,; and
P2 i=2m —pPy. Since 1 <p; <2n—1,1<py <2m — 1, then
D D1 D2
R N U < AN N
2n  2m +2n+2m
is a root of b,(s). [ |

Example 2.4. By means of formula (2.7) it is possible to find the roots of
the Bernstein-Sato polynomial associated to u$ + u3 and one finds

09 (1) (o) (D) (4 D (4 D D 0]

5 19 7 17 11 13
(+55) () G+ p) (v ig) () (1)

Let us now consider the distribution Z* defined by (2.4). Let s1,..., s,
be the zeros of b,(s) in (—Q — 1, —Q)], each counted with its multiplicity and
ordered in a decreasing way. Then the meromorphic continuation of Z* has
poles whenever z = Q) +s; — k, k > 0. We remark, in particular, that 0 and
—1 4 @ are always poles for Z?. By gluing all together, we get the following
result.

Proposition 2.5. 7% may be analytically continued to a meromorphic distri-
bution-valued function of z, also denoted by L%, with poles in a set A, con-
sisting of rational negative points. More precisely,

A={Cr=Q+s;,—k :keN,j=1,... h},

sj, j = 1,...,h, denoting the zeros of the Bernstein-Sato polynomial b, in
(—Q — 1, —=Q), each listed as many times as its multiplicity. Each pole has
order one, with the exception of the points —1 + Q) — k, k € N, which have
order two.

Set (; := (j0. Observe that (; = 0 is a pole of order 1 for Z7.
Consider now the function G, given by

(2.8) G(z) =T (z+1-Q)- 'H I(z—¢).

If S denotes the sphere
S = {(ul,ug) € R? : p(uy,up) = 1}
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with surface measure o(S), set
G(0) (ud" +uz™)*
a(9)(2)G(2)

In the sequel we will denote by S(R®), s = 2, 3, the Schwartz space on R*
endowed with a denumerable family of norms | - ||(v) given by

[Pl = D sup (L+ [u)V[I5(w)].

la|<N u€RS

(2.9) I*(uy, ug) =

Here we use the conventional notation

o™ 0%
0= e ——
ou ougs
with a = (a, ..., as) s-tuple of natural numbers and |a| = oy + - - - + as.

Proposition 2.6. The distribution I* satisfies
1°=6p.
G
Proof. Take z € C, Rez > 0, and ¢ € S(R?). Set C, := W. Then

<I*,o>=0C, plug, us)* oy, ug) duy dus
]RQ

- C’z(/ p(ul,ug)z_Q (p(u1,uz) — ¢(0,0)) duy dusg
{p(u1,u2)<1}

4 / plur, u)* (0, 0) duy duy
{p(u1,u2)<1}

+ / pluq, ug)z_%(ul, us) duy du2>
{p(u1,u2)>1}

:Cz([1+[2+[3) .

By introducing polar coordinates (see [5]) we obtain

1
b= // ©(0,0)p(r o (vi,v2))*"r® " dr do(vi vy)
sJo

_ /S /0 L 2(0.0) (1 - plor, 1))@ r @ do(vn )

= @(0,0)/5/0 r*~Ydr do (v, vy) = (0, O)U(ZS) ;
so that
(2.10) C.I = (0, O)ng)(i(z;(z) = ¢(0, O)F(Z#B)G(Z)
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and this expression is well-defined for every z, with ez > —min{—(, 1}.
Now, it it is easy to show that both [; and I3 are absolutely convergent for
Rez > —min{5-, —(}. Indeed,

|Il| < / P(U1>U2)%6Z_Q |90(U1>U2) - ‘P(Oa 0)| duy dugy
{p(u1,u2)<1}
< OIVelle / o, 15)%5 [(ur, ug)| dur duy

{p(u1,u2)<1}

< C’||Vg0||oo/ pluq, UQ)S%Z‘QJFi duy dus

{p(u1,u2)<1}

1
ez— L —
:CHVSOHoo// P(TO(U1>U2))§R @Fan @ 1d7‘da(vl,vg)
sJo

1
:C’||Vg0||00// pRez—Q+5; TQ_ldT'dO'(’Ul,’Ug)

S
=C||Vy M%

which is well-defined for ftez > —5-. Here, in particular, we used (2.3).
Moreover,

|I3] < / P(Ulau2)%e'z_Q lo(ur, ug)| duy dug
{p(u1,u2)>1}

_O_N
< C||<P||<N)/ p(uy, ug) =92 duy dusy
{p(u1,u2)>1}

since
)l < Il l] () - I[el] () <C e l] ()
- N7 (g, ug) |V T o
(14 [(u1, uz)|) 1, U2 (p(ur, ug))?

when p(uq,us) > 1, as a consequence of (2.2). Now by passing to polar
coordinates we obtain

“+00
T3] < Cllel] v // (ro( vl,vg))%ez_Q_% rO LV dr do (v, vy)

| (uh

= Cllell v 7<+Oo,
o Rez

if NV is a positive integer greater than 2n - Rez. Thus, as a consequence of
the uniqueness of the analytic continuation, the expression

<[Z,<,0 >= Oz([1+[2+[3)

defines the action of I? on a Schwartz function ¢ in R?, for ez > — min{ﬁ,
—(s, 1}, and by using the bounds for /; and I3 and (2.10) one gets the thesis.
|



PRODUCT KERNELS ADAPTED TO CURVES IN THE SPACE 1031

Proposition 2.7. I? is a homogeneous tempered distribution of degree
—-Q+=z.

We recall that this means that for all ¢ € S(R?) the following equality
is satisfied
<I?ps>=0"9 < I*, ¢ >,

where
ws(ur,ug) == 0"%p (5‘1 o u) =6 % (6_%2“, 6‘ﬁu2) )

Thus the Fourier transform of the (tempered and homogeneous) distribution
17 is a well-defined distribution, homogeneous of degree —Q — (2 — Q) = —=.
Moreover, the following holds.

Proposition 2.8. I* agrees with a function C°(R2\{(0,0)}) away from (0,0).
Moreover,

(2.11) ()| < Cp()™™=,  for all € € R2\ {(0,0)}.

Proof. It suffices to prove the statement for 0 < Rez < @Q; indeed, the
other cases can be treated by analytic continuation.

We first construct a partition of unity adapted to dyadic spherical shells.
The procedure is standard and we briefly recall it only for the sake of com-

pleteness.
Let ¢ be a C2°(R?) function, such that

(1) 0 < (uy,uz) <1 for every (uy,us) € R?
(i1) Y(uy,us) =0 if (u1,uz) & Co 1= {(uy, us) € R? : 411 < p(ug,ug) < 8};
(111) Y(ur,uz) = 1if (ur,us) € Cp == {(u1,u2) : 5 < plug, ug) < 4}

Define now for (uy,us) € R?\ {(0,0)}

(212) ul,u2 Zl/) 2j Ul,UQ )

JEZL

Since there is at most a finite number of nonzero terms in the sum (2.12), ¥
is well-defined and strictly positive on R?\ {(0,0)}. Thus we may introduce
the functions

1/)(u17 uQ)

(2.13) n(uy, ug) == Ty 1)
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It is easy to check that

(2.14) Zn(Qj o (ui,u)) =1 for every (us,us) € R*\ {(0,0)}.

j€z
Now using (2.14) we may write
I (un, us) = Cap(ur, ug) ™9
=C, Zn (29 0 (uy,u))p(2779 0 27 o (uy,u9))* ™9

JEZ

= €302 o (u1,1))2 7D p(2 0 (un,ua))
JEZ

=C.) 27D fo(2 o (ug, u))
JEZ

where we set

fo(uh Uz) = U(U1, uQ)p(ul, ug)Z_Q .

Since
(fo(27 0 (-, ) (1, &) = 2799y (277 0 (61, 62))

we obtain formally

D279 (fo(2 0 (D)6 &) = D27 (27 0 (61,)).

JEZ JEZ

This series is absolutely convergent, since if (£, &) # (0,0) one has

> 2R o (6,8)] < 2l
JEZ
S( Z + Z )Q—j%ez

277p(€1,62)<1 277 p(&1,€2)>1

(27 0 (61,)|

Jo2 o (61, )|

r —jRez —iRez fOH N
<o Y 2 3 el
277 p(€1,62)<1 p(2770(£1,62))>1 ( + |( © (517 52))”
£ —Jez —jRez ||f0|| N
<Clfollop©)=+C > 27" Wollwy
279 p(&1,62)>1 (p(277 0 (&1,62))) ™

—~ . C iResti N
< C|lfoll@p(€) ™" + > aRet

—x
(P(€1,62)) %" 2-ip(er )51

C N
p€1, &) < O p(&,6) 77,

< Clfllope) e+ —<
e (P61, E2))
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where we used in particular the fact that
1
|(u1,ug)] > C plug,ug)2n for |(uy,ug)| > 1.
We set therefore

(€, &) =Y 277 fo(277 0 (61,6)) € L¥(R?).

JET
By the Dominated Convergence Theorem we obtain, given ¢ € S(R?),
[ee=32 [ hez7ote,
JEL
that is R
)= 2 o270 ()
JEZ

in the sense of distributions, whence
)= 27 fo(27 0 ()
in the sense of distributions and, moreover,

(2.15)

P&, &)] < pl€, &)™ for all (€16) € R\ {(0,0)}

(observe that this inequality could also be retrieved from the homogeneity).
Finally we prove that /7 agrees with a function C>=(R%*\ {(0,0)}) away
from (0,0). First of all, we observe that f; is in the Schwartz space, hence
fo(277 0 (,-)) belongs to C>(R2). Moreover, the following estimates hold:

28 (277 fo(2o(61, &) | < CL 27 (R0 for all (1,65) € R?

k —jz —Jo —j(ERez—l-%) !
9 (27 Ro2 o612 | < G2 (L+]27 0 (60, &))"
< &Qﬂ'(—%“—ﬁ*%) if p (2 Jo (&1,& )

P(fb 52)%

for all k£ € N. Since analogous bounds hold for (9?2(2_”]?0(2_9' o(&1,&)), with

2n replaced by 2m, the series of the partial derivatives of 2_j2f0(2_j o))
of any order k converge on the compact subsets of R? \ {(0,0)}. It follows

that I3(-,-) = Y0y 2797 fy(277 o (-, ) is C®(R2\ {(0,0)}). ]
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3. Some preliminary results

In the following, if f(z1,z) € S(R?) we denote by F~'f the inverse Fourier
transform of f and by F,f and F, ! f respectively the partial Fourier trans-
form and the inverse of the partial Fourier transform of f with respect to
the variable z.

Moreover we denote the dual variables as (£, &) with £ = (&, &3).

Characterization of product kernels

As recalled in the Introduction, the precise definition of product kernels
involves certain differential inequalities and certain cancellation conditions
which are analogous to those satisfied by the kernel H (x;, z) defined by (1.3).
Our study will be based on the following equivalent definition (see [12]).

Definition 3.1. A product kernel K on R? is a sum
(31) K('Tla .T) = Z 2_j1_jQ wJ(Q_jlxla 2_j o .7}), J = (]17])

Jez?

convergent in the sense of distributions, of smooth functions v; supported on
the set where 1/2 < |z1| <4 and 1/2 < p(x) < 4, satisfying the cancellation
conditions

(3.2) /wj(xl,x) dry =0
(3.3) / () dz = 0
identically for every .J, and with uniformly bounded C* norms for every

k € N.

We shall need a characterization of product kernels as dyadic sums of
Schwartz functions on R?® which are compactly supported only in the first
variable and that satisfy some moment conditions.

Lemma 3.2. A product kernel K on R? can be written as a sum

K(xla .T) = Z 2_j1_jQ<10J(2_j1xla 2_j o .73'), J = (jlaj)a
Jez?

convergent in the sense of distributions, of Schwartz functions ¢; such that
(1) the @  have compact x1-support where 1/2 < |x1| < 4;

(i1) the @y form a bounded set of S(R?), that is the Schwartz norms ||| (n)
are uniformly bounded in J for each N € N;
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(1ii) the p; satisfy the cancellation conditions

(3.4) /xfgoj(xl,x) dry =0

for every positive integer £ < My, for some fixzed M, € N, and

(3.5) /xﬂgoJ(xl, x)dr =0

for every multi-index 8 = (31, 32) € N?, identically for every J € 72

Here, as usual, 1° = 25"z

Proof. Let K be a product kernel on R3. By Definition 3.1 we can write K
as a sum

K(xq,x Z 91— ”Q¢ H(27 Iy, 2 Z'oau),

(41,)€Z?

convergent in the sense of distributions, of smooth functions 1, ; supported
on the set where 1/2 < |z;| < 4 and 1/2 < p(x) < 4, satisfying the cancel-
lation conditions (3.2) and (3.3) identically for every (ji,4) € Z?, and with
uniformly bounded C* norms for every k£ € N.

Let

51, Z ¢glz (276,270 8)

(41,0)€Z?

be the corresponding product multiplier.
Consider a smooth function ¢ on the real line, supported on the interval
[1,4] and such that >, _, ((2¥¢) = 1 for every t > 0. For J = (j1,7) € Z?,

define
H(€,6) = V(6,277 0 )C(p(€)).

€L

It can be easily proved that the y; form a bounded set of S(R?). In addition,
a direct computation shows that

£ = m(2"6,2 0¢)
JeZ?
in the sense of distributions. Setting
pr(an,x) = (F ) (e, 2) = ff(Z(fﬂ/)(jl,j))(thi_j o ')C(P(')))(ﬂﬁ),
i€z
it is possible to write the product kernel K as the sum

(36) K(y,x) =) 277 7%,(27,,27 o ),
Jez?
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convergent in the sense of distributions, of functions ¢ ; that form a bounded
set of S(R?) and have compact xl support where 1/2 < |z1] < 4. Finally,
the fact that p;(0,&) = 0 and ( 5,uJ)(Sl, 0) = 0 for every multi-index =
(B1, B2) € N2, identically for every J € Z?, yields (3.4) for m = 0 and (3.5).
In fact, we can choose ¢; so that a finite number of moments in the
variable z; vanish. This follows from a slight modification of the arguments
in Lemma 2.2.3 in [12]. More explicitly, denote by ¢ each function ¢ in the
decomposition (3.6). Then each function ¢ may be written as a series

(3.7) o(x1, ZQ FA27 e, @)
kez

convergent in the sense of distributions, of functions A, which form a bound-
ed set of S(R?) with norms that decay exponentially in k as k — oo, have
compact xj-support on the set {x; € R : 1/2 < |z < 4}, and satisfy (3.4)
with £ = 1.

To prove this fact, consider a function n € C§°(R), supported on the set
[—4, —1]U[1, 4], such that }°, , n(2%t) = 1 for every t # 0 and [ ¢7(t) dt # 0.
Set

Xr(z1) =02 xy)
Xk(21)
fxle($1)d$1 ’

ax(z) = / o yulan) (e, ) diy
Si(z) = Zaj(x).

jzk

Xk(21) =

Then write ¢ as

oo, 2)=Y (o, 2)xn(r1) —a(@) Xk (@1)) + Y | (Sk(@) = S () Xa(21)

= =
= (o, 2)xr(r1) —an(@) Tr(21)) + Y Skl@) (Xn(21) = Xemr (21))
= =
- ZAk(xla )
keZ

where the series converges in the sense of distributions, the functions Ay
satisfy the moment conditions [ 7 Agx(z1,2)dxy = 0 for all k € Z, and the
Schwartz norms decay exponentially in k& as k& — +o00. Now by rescaling x;
we obtain (3.7). Iterating this argument yields (3.4) for all £ < M, for some
fixed M; € N. [ |

A result analogous to Lemma 3.2 can be stated by interchanging the role
of r1 and .
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Estimates on oscillatory integrals

In the following, we prove some estimates on certain oscillatory integrals

related to our problem. Let ||| - ||| denote any homogeneous norm with
respect to the family of non-isotropic dilations
(38) de (517 g) - (6517 5m§27 67153)7 >0 )

e.g. we may choose

(3.9) 16, Il = max{|él, |6l 1]}
We observe in passing that
(3.10) 5 (61,8) = (81,67 0 €).

Consider the integral

(3.11) ](51, &, 7]) = /f(xh n)e—i(&,f)'(ﬂ?lﬁ(%)) dey

where y(x1) = (7", 2}) and f is such that

(h1) f belongs to S(R?) and is x;-compactly supported on the interval
1/2 < |xq| < 4;

(h2) f(x1,0) =0 for all 2y such that 1/2 < |z;| < 4.

The constants Cy occurring in the following inequalities depend on the
Schwartz norms of f.

Lemma 3.3. Under the hypotheses (hl) and (h2) the following estimate
holds for the integral 1(&1,&,m) defined by (3.11)

l\J|’i

n

p(n)
(3.12) | 16, &n)] < ONW

for every integer N > 0.

Proof. Since f is a Schwartz function, by using (h2), (2.2) and (2.3) we
deduce that for every (z1,n) € {z; € R: 1/2 < |x;| < 4} x R?

€L
2

k _ )
(3.13) |05, f(z1,m)| < CN(l +p(m)N

for all N € N and k£ € N. For k& = 0 this inequality yields then (3.12). W
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Lemma 3.4. Let I be the oscillatory integral defined by (3.11). Assume
that (h1) and (h2) are satisfied. Then

1

3.14 L pln) > _ L 1
(3.14)  [I(&,&n)| < (1+p( S (€L O >

for every integer N > 0.

Under the additional assumption
(3.15) /f(xl,x) dr; =0, v € R?,

the following estimate holds

(316)  |I(€,. &) < Cx %wa, Ol i ELol <1

for every integer N > 0.

Proof. Let |||(&,€)]|| be the homogeneous norm defined in (3.9). We divide
the phase space &1, & into two regions, depending on whether |[|(&1,£)]|] <1

or [[[(§1, ||| > 1.
Assume that [[|(&1,€)||| > 1 and write (&1, &) = A\w, where A = ||[(&1, €]

and w = (&1, §)/|[1(&, OII-
With these notation, the oscillatory integral (&, €, n) becomes

(3.17) I(Aw,n) = / f(z1,m) e~ @1y (@) go
1<z |<4
Set
(3.18) Q1) = w- (w1,7(21)) = 7 (G1m1 + S + E327),

|||(§1, Ol

for 1/2 < |xq| < 4.

We observe that, since the curve xy +— (z1, 27", 27) for 1/2 < |x1| < 4 is
of finite type n, for every z; € R with 1/2 < |z;| < 4 there exists a positive
integer @ < n such that ®™(z;) # 0 [15].

A standard application of the Van der Corput’s lemma to the oscillatory
integral (3.17), the compactness of the x;-support , and

(3.19) 1B ()| > C

for some C' > 0, for all 2y such that }—1 < x| <4, yield

(3.20) 11w, )] < ON" |00y fr, )| 11y ) -



PRODUCT KERNELS ADAPTED TO CURVES IN THE SPACE 1039

Since the function f(x1,7n) is smooth and compactly supported in

where £ < |z1] < 4, by using the estimate (3.13) in the case k = 1 we

see that

1 < 71 7 \W\N
10e @1 mllrmen) < On g oyw

for every N € N. As a consequence,
10| < Cyat 20
for every N € N. Since A = |||(&1,€)]||, we get (3.14).

Assume now that ||[(&1,€)]|| < 1. The cancellation condition (3.15), the
Mean value theorem and the estimate (3.13) can be used to prove that

|I(§1, 5’ 77)| < / }f(xl, 77)‘ }e—i(éhf)'(xlﬂ/(ll)) — 1} dﬂfl
3<lan|<4
p(n)z
< On——F=|(&,8)|, forevery N € N.
(1+p(n )N|( b4l
Since by hypothesis [[|(€:, £)[|| <1, we have that |(€,, )| < 3[[|(€, £)|. This
inequality, together with the previous estimate, yields (3.16). [ |

The estimate (3.14) in Lemma 3.4 can be improved in the region of the
space (£, &) where the first derivative of the phase (3.18) never vanishes for
1/2 < |x1] <4, as the following lemma shows.

Lemma 3.5. Let I be the oscillatory integral defined by (3.11). Under the
hypotheses (h1) and (h2) there exists a constant C' > 1 such that for every
integer N > 0

p(n)7
(3.21) II(£1,§,77)|SON(1+p(n))N|||(§h§)|||N when |[[(&, | > 1

and

1] > Cll&l + (&), or (€] > C(&l + &), or || > C(l&] + &)

Proof. We use for the integral I the notation introduced in formula (3.17).
In order to improve the estimate (3.14), we have to determine the subsets
of the phase space ({1, ) where

(3.22) D' (z1) = & +m&aT T +néa =0
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for some z; € R such that % < |z1] < 4. Some elementary estimates show

that we can find a constant C' > 1 sufficiently large, such that for any fixed
point (&1,£) € R?, satisfying [[|(€, €)|[| > 1 and

1] > C&l + &), or [l > C&l + &), o [&] > C&l + &),

there exists a constant C, > 0 such that
(3.23) |®'(21)] > C,

for every x; € R with 1/2 < |z;| < 4.
Let D denote the differential operator

, 4, 0
D n) = (=3 (@) £ (@1, m)
4a1
and let 'D denote its transpose

0
'Df(xy,n) = O, (M@Qm)) '

Since DN(e_"’\‘I’(’“"l)) = e~ @) for every N € N, integration by parts shows
that

0w, ) = /  JampY ()
3>[T1>

— [ (DN da,
—<\x1\<4

Since f(x1,n) is a smooth function with compact support in the x; variable
in the region where 1/2 < || < 4, f satisfies the estimate (3.13), and ®(x;)
is a smooth function satisfying the inequality (3.23), we can verify that

1

LN pm)=
|(‘D)Y f(z1,m)| < ON,wm)\

for every N € N.
Therefore we conclude that

R, ()
(10w, m)| < Cy A (L+ p(m)N

for every N € N. By a compactness argument we can show that the previous
estimate is independent of w, so that

n

N Pz
10w < O

for every N € N. Since A = [||(&1,€)]||, we obtain the inequality (3.21). W
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Remark 3.6. In the sequel, we shall systematically apply the estimates
(3.12), (3.14), (3.16), and (3.21) to the oscillatory integral (3.11) with the
integrand f(z1,n) of the form z¢(Fa(x p;))(z1,n), where the functions ¢
are given by Lemma 3.2. In particular, the Schwartz norms || - ||y of the
functions ¢ are uniformly bounded in J € Z? for every N € N.

We observe that the functions z$(Fo(x%p;))(z1,m) fulfill the hypothe-
ses (h1) and (h2), as a consequence of the cancellation condition (3.5).

Moreover we have

/93?(72(93590J))(x1, n)dy = 0

as a consequence of the cancellation property (3.4) for all £ < M for some
fixed M; € N, so that (3.15) is satisfied.

4. L2?-boundedness

Let K be the kernel defined by (1.4) and T the operator given by T': f —
f* K. In this section we prove that T is bounded on L?(R?).

Let J = (j1,7). We proved in Lemma 3.2 that the product kernel Kj
can be written as a sum

Ko(xy,z) = Z 271719 (27, 27 o 1)

Jez?

convergent in the sense of distributions, of Schwartz functions {¢;}jez2
on R3, satisfying the properties (i), (ii) and (iii) of Lemma 3.2.

Proposition 4.1. The series

(4.1) K(x,x Z 27 IR (270,27 o (z — (1))

Jez?

converges in the sense of distributions and the corresponding convolution
operator T is bounded on L*(R?).

Proof. Let m (&, &) be the Fourier transform of the J-th summand of the
series (4.1). With a change of variables, we may write

mJ(§1’ 5) = / /@J(xla .T) e—i(fl &)-(291 21,27 ox+v(291 1)) dﬂfldﬂf

(42) /2<|:E1‘<4

= / (Faps) (w1, 2 o £) e~ H(271€1,22m 7 T10g)- (21,7 (1)) dry.
/2<|$1‘<4
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Let ||[(&1,€)]|| be any norm homogeneous with respect to the family of non-
isotropic dilations (3.8), e.g. we may choose the norm defined by (3.9). We
decompose the series

(4.3) > myé€)

Jez?
as

(4.4) > o mi& O+ D> myl&d).

291 |(g1, 911l <1 291 [[|(€1, O] > 1
jEL jEZ

It suffices to prove that each of the two series in (4.4) converges boundedly
to a bounded function. To do this, we apply Lemma 3.4 to the oscillatory
integral

(4.5) I;(&,6,m) = / (:F2(90J))(331>77)6_2'(5176).(%’7@1)) dz .

5<|z1]<4

The functions (F2(p.s))(21,n) have Schwartz norms [|¢s||(xy uniformly bo-
unded in J € Z? for every N € N. As observed in Remark 3.6, they
satisfy (h1), (h2) and (3.15), so that both estimates (3.14) and (3.16) hold,
with costants C'y independent of N.

More precisely, consider the first series in (4.4). Since

(46) mJ(flaf) = [J(2j1§1’22mnj1 0572j 05)7

by applying (3.16) we obtain

2 o o . .
Z Imy(&,8)| < Cy Z i i(p(2j€2€))N|||(2J1§1,22mn11 o &)l

271[1(51, Ol < 1 271|(&1, Ol <1
jEL jEZ

- Mle
2-71|(§%;>|§1 (1+2jp(§))N |||(§17§)|||

VA

<0y Y 200

s T 2p@)"

for every N € N. Since the series

R
iD\N

= (1+27b)

is uniformly bounded in b, it follows that the series in the previous formula
converges boundedly to a bounded function.
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By using the identity (4.6) and the inequality (3.14) we prove that also
the second sum on the right-hand side of (4.4) converges boundedly to a
bounded function.

This proves that the series in (4.3) converges boundedly (and hence in
the sense of distributions) to a bounded function m(&y, £). As a consequence
the series (4.1) converges in the sense of distributions to the distribution

K = F~(m).
Finally, by Plancherel’s theorem, the boundedness of m implies that the
corresponding operator T is bounded on L*(R?). [ ]

5. LP-boundedness

In this section we prove the LP-boundedness of the operator T". For this we
split the sum (4.1) into two parts

K(z1,z) = Z 2_j1_ng0J (2—]’1331’ 277 o (z — ’}/(331))
2mnj1<j
(5.1) + Y 2%, (277,27 o (1 — (x))
2mmnj1>j

=: Ki(21,2) + Kyo(21, x).
Correspondingly we break the operator 7" into the sum
Tf=fxK 1+ fxKy=T\f+Tof
and we prove that T} and T are bounded on LP(R?) for 1 < p < oc.
Proposition 5.1. The operator Ty is bounded on LP(R?) for 1 < p < cc.

Proof. Let m;(&,€) be the multiplier given in (4.2). We show that the
series

Ki(€,8) = > myl&,€)

2mnji1<j
defines a Marcinkiewicz multiplier on R x R? adapted to the dilations (1.1)
on R2. As a consequence, we will obtain that 7} is bounded on LP(R?). This
is part of the folklore, for a formal proof see [13].
It suffices to show that l/(\l(gl, ¢) is a bounded function on R?® such that
for each s; € {0,1} and for each multi-index s = (s, s3) € N? with |s| < 2
there is a positive constant Cj, s for which

S3

(5.2) 021021, (61, €)| < ol 51 p(€) 33w
for every (£1,€) € R x R? with & # 0 and £ # 0.
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We already proved in Proposition 4.1 that K 1(&1, €) is a bounded function
on R3.

We give the proof of the differential inequalities (5.2) for s; = 1 and
s = (0,0) and for s; = 0 and s = (1,0), the other cases being essentially
the same, with the extra disadvantages of more complicated notation and

computations.
Set
(53)  I37(¢,6m) 3:/ 23 (Fa(a ) (w1, m)e 608 1) gy
3<|e|<4

2

where o € N, o < 2 and 3 = (04, £2) € N* with |5] < 2.
We first consider the case s; = 1 and s = (0,0). Since

Deymy(&:,€) = —i2n [00 (201, 22 o €27 0 €),
we write

> 10ami(6,6)] <

2mn j1<j

< |€1|‘1( > e[V (@6, 2 0 €, 2 0 )

291[[(¢1, 9111 <1
JEL

+ > 26| [ 130 (2716, 2271 0 €,27 0 6))|
291 [(€1, ©)[]] > 1
) ~2m'n._j1§j )
291 1g1| < C(2™I1 |€a] + 2T €3])

. Z 2]1 |§1| ‘I},(O,O) (2j1£17 22m’ijl (e} 57 2] (@) é-) })
gjl\l\(ﬁly_ﬁ)\ﬂ?l
2mn j1 < j

29111 | > C(2™I1 €5 ] 4 2™ |£3])

2221+22+23.

Since 271|&;| < 271][(&1,€)]|], the convergence of Xy follows from the esti-
mate (3.12) applied to the integral [}’(0’0)(?151, 22mnii o ¢ 27 0 £).

The inequalities 27|¢;| < C(2™91[&| + 2771|&5]) and 2mn j; < j imply
that 271|&1| < C(2%[&] + 22 |&]) < C((27p(€))2s + (27p(€)) 2= ). This fact,

together with the estimate (3.14) for the integral [}’(0’0) (271€y,22mni10¢ 2I0€)

shows that also Y5 converge to a bounded function. Finally, the sum >3

converges because of (3.21). Therefore (5.2) holds for s; =1 and s = (0,0).
Now, assume that s; = 0 and s = (1,0), then we have that

Oe,my(61,8) = — 7;2j/2n[3’(1’0)(2j1§1> 22t o g, 20 0 )
— im0 (20, 22 0 €27 0 ).
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We write

> 10ema(&,9)| <
2mn j1<j

o) QJp(g))% 115900 (201g, 22t o £ 99 0 €))|
291 [11(&1, )1
JEL
- (@p(€))= 170 (26, 2 06,9 o))
291 []|(&1, &)1 > 1
jez

Y @) |10 @ 2 06,27 0 8|
291 H\(&EﬁZH\ <1
(54)  + (27p(€))2 | 102161, 22 0 €27 0 €) |) '

271[1(¢1, Ol > 1

)
JjEZ
By using the estimate (3.16) we can easily prove that the first and the third
series on the right-hand side of (5.4) converge to a bounded function. Also,
the second and the fourth series on the right-hand side of (5.4) converge to a
bounded function as we can see by applying the estimate (3.14). Hence (5.2)
holds for s; = 0 and s = (1,0). [ |

We now prove the LP-boundedness of the operator T, by means of the
analytic interpolation method. We start constructing an analytic family of
linear operators 75 ,.

For z € C we consider the kernel and its analytic continuation, defined
n (2.9),

() = G(0)p(u)*“
a(S)I(2)G(2)

on R?, where u = (uy,u3), 0(S) denotes the surface measure of the sphere
S:={ueR®: plu) =1},
and G(z) has been defined in (2.8).

Example 5.2. In the light of Example 2.4, when m = 2 and n = 3 we have

ot = (1(e+ Z)) 1 D Do e )

e e D e e B)
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We shall denote by B,, r > 0, the non-isotropic ball
(5.6) B, = {(u1,uz) €R* : uf"+u™ <r}.

Let 6 be a smooth compactly supported function on R? whose support is
contained in the ball B 1 and which is identically one in a neighbourhood of
the origin. Let B* be the distribution defined by

(5.7) (B*, h) == (I, 0h), h € S(R?).

Observe that B® = §;, since I° = §, and 0 is identically one in a neighbour-
hood of the origin.

By considering the convolution between 271779 (213,277 o (x —
Y(z1)) and 2-MFI1(§y @ B?)(xy, 272" o 1) we get the kernel

Ky (21,2) = Z 9= (mtn+1)j1—jQ o

2mn j1>j

g / (2721, 277 o (u — 7(21))) BX272"™ o (3 — u)) du.
If we set
(5.8) Aj(xq,2) = 2(2m”jl_j)Q/<pJ(x1,22m"j1_jo(x—u—v(ﬂm)))Bz(u) du,
then the kernel K, , may be written, by a change of variable, as

(5.9) Ky (x1,x) = Z 2—(m+n+1)jl>\J(2—jlx1’2—2mnj1 ox).

2mn j1>j
We consider the analytic family of operators (of admissible growth)
(5.10) To.f = f*Ks., feESRY,

and we observe that T of = f* Ky9 = 1o f.

In order to prove the LP-boundedness of T, we need some preliminary
results. The first result is an L'- Lipschitz condition for the distribution B*
defined by (5.7).

Lemma 5.3. For all 0 < Rez < Q
(5.11) / B+ 1) — B* ()] du < C.p(i)™

for all h € R.
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Proof. First we split the integral in (5.11) in two parts

/‘Bz(u+h)—Bz(u)‘du: /p(h)<M B (u+ h) — B*(u)]du

2

o/
p(h)>252

I< / C.O(u+h)(p* (u+h)— p?(u)) ‘ du
p(h)< 2%

B*(u+h) — Bz(u))du — T +11.

+ / C.(0(u+h) — H(u))pz_Q(u))du =1, + 1.
p(h)<?

To estimate [,, we use the Mean Value Theorem [5, p. 11], obtaining

L<C / (p(w) ™4 p(h) du
p(h)< 2%
+00

= Cp(h)/ TEREZ_Q_lrQ_ldr/p(v)%ez_Q_lda(v)
2p(h) S

< Cp(h)p(h)**~t = Cp(h)™.

To estimate I, we observe that

I, < C/(h)<p(_u |0(u+ h) — G(U)}(p(u))%ez_Q du

2

p(u)

2

<o |
p(h)<

< Cp(h)™e==<.

16(u+ 1) — 6(u)| du < 2Cp(h)"C / 16(u)| du

Finally, if k& denotes a positive constant such that p(z +y) < k(p(z)+ p(y))
we observe that by [5, p. 14]

11 = /
plh)> 25"

3kp(h)
= 20/ TEREZ_QTQ_Idr/ p(v)* =@ da(v) < Cp(h)".
0 s

B*(u+ h) — Bz(u))du <20 /(h) " (p(u))%ez_Qdu
p(h)>E32

This inequality, combined with the bounds for I, yields (5.11). [ |

Then we need to recall the definition of non-isotropic Besov spaces [15].

Definition 5.4. In R? we consider the family of one-parameter non-isotropic
dilations defined in (3.8). Let p(z1,x) be any homogeneous norm with re-
spect to these dilations.
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We denote by BY', the non-isotropic Besov space of functions [ € LY(R?)
which satisfy an L!-Lipschitz condition of order a, 0 < o < 1, i.e. there
exists a positive constant C' such that

/ F@r 4 ho a4+ h) — f(on,2)| desde < Cplhn, b

for every (hi,h) € R x R? where h = (hg, hs).
If f € By, we set

Ifllse = 1fh+ sup  plh,h) / F(er+ R, o+ h) — f (o1, )| derda,
' (h17h)¢(0,0)

Our proof hinges on the following result.

Theorem 5.5. Let {1}z be a family of functions such that for some pos-
itive constants C, a, e the following hypotheses hold uniformly in L:

(Z) {¢l}leZ C Ll(RS)f
(i) /|¢l(x1,x)|(1 3, 7)) dada < C;

(141) /wl (1, 2) drydx = 0;
() lnllpp, <C

Then the series Y ., 2~ Mty (27 o ) converges in the sense of distri-
butions to a Calderon-Zygmund kernel.

Finally we can state and prove the LP-bounds for T5.
Proposition 5.6. The operator Ty is bounded on LP(R?) for 1 < p < cc.

Proof. The proof is by complex interpolation. We first prove that 75, is
bounded on L?(R?) for —5—— < Rez < 0.

En easy computation shows that

(2—(m+n+1)j1 )\J(Q—jl.’ (Q—anjd o )) (€1,6) = )\J (2]15 92mnji 5)
= BZ(Q%W1 o &)my(&1,€),
where my is the Fourier transform of 2771=9%p; (277121,277 o (z — y(x1))

and it is given by (4.2), A, is defined by (5.8), and B? is the Fourier transform
of 2—(m+n)j1 (50 & B (51, Z_anjl e} .7}))
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It follows from Proposition 2.8 that
(5.12) B (©)| < 01+ p() "
Our aim is now to prove that the series

ST B2 0 ) my(€,6),

2mmnj1>j

corresponding to the Fourier transform of (5.9), converges boundedly to a
bounded function. The inequality (5.12) yields

Z E\Z(Q%mjl o 5) mJ(§1,§)) <

2mnj1>j
mnj Rez
<C Y (e o)™ my(er€)]
21||(g1, O] <1
2mn j; > j
i Rez
X o)™ m(e, O] = Dt .
271||(e1, )I1] > 1
2mn j; > j
Since ' ' . 2
22 p(€) = M€ + M) < 2- (M1, NN
we have
b n=er Y el <c
291 [|(¢1, )11 < 1

In the light of what has been proved in Proposition 4.1, to estimate Jo
observe that

< > @& o) ma e €]

271]1(61, )11 > 1
2mn gy > j

Now, by using (4.6) and estimate (3.14) for I, we obtain

3 (2 [[|(&, )™ p(27 0 )2
. - -
271 ||(61, ©)l1] > 1 (271 1](&, §)|||)1/ <1 4 (2o §)>

2mn ji1 > j

J2§Oz

so that the operator Ty, is bounded on L*(R3) if —5—1 < Rez < 0.

2mn?
We will now show that the operator Th, is bounded on LP(R3?) for 1 <
p < oo for 0 < Rez < Q.
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By setting j — 2mn j; = k and using (3.10), (5.9) may be written as

0
Ko(y,x) =Y 2700 N NG o) (277 @ (21, 7))

J1EZ k=—0c0

where

Gy ket2mn ) (@1, T) =
(5.14) = 2@k / Oy Jet-2mn 1) (21, 27% 0 (z — u— (1)) B*(u) du.

We shall now prove that the functions

1/@1 Ty, x E >‘Jlk+2mnjl T1,T )

k=—00
satisfy the hypotheses of Theorem 5.5 uniformly in j;. Since the estimates
on the functions v, (z1, z) that we will prove later are independent of jy, it
suffices to prove that

931, Z )\(Ok Ty, x

k=—0c0
satisfies the hypotheses of Theorem 5.5.
We begin proving that 1y belongs to L'(R3). As a consequence of (3.5)
with 3 = 0 and a change of variable we obtain

o(z1, @ Z /90(01@» 21,0)(B*(x — 2" ov — (1)) — B*(z — y(1)))dv,

k=—o00

whence

/|1/)0($1,$)|dx1dx <

< Z / /|<p(0k x1,0)] - ‘Bz(x—Qkov—’y(xl))—Bz(;E—’y(xl))‘dv)dwldx

k=—o00
/|gpok T,V |</}Bz(x—Qkov)—Bz(x)‘dx>dx1dv
k=—00

<O Z /‘@(Ok I1,v }p OU %ezd.f dv

k=—o00
=C, Z 2mez/\so(0k z1,0)|p(v)**daidv < C.
k=—00

by Lemma 5.3 and since {¢ )} is a bounded set in S(R?).
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Now we shall prove that 1y satisfies the hypothesis ii) of Theorem 5.5
with € =1 and

(5.15) Pz, x) = || + |wa|m + |as|n .

We split the integral as
/Wo 21, 2) (1 + p(xy, x))dede

N (/LI +/ <jorl <4 )|¢0($1a93)|(1+5(931,:E))d9:1d;1:

1

\"’+|9~“3|"<M |932|m+|933\">M
_ x
= I1 +\92,

[N

where the costant M will be chosen later.

Now 3 is bounded by some positive costant C' since 1y(x1, ) belongs to
LY(R?) and p(xy, x) is bounded on the integration set. To study Sy, observe
that

kQ
S < 22 /;<11|<4

k=—00

P27 0 (¢ —u—7(21))| X

<1l
lea| 7 + zg|7 > M p(u)<g

x | B*(u)|du (5 + || + |m3|%) drdx

<oy e, leasllools@]
R o<t (1427 o (z —u— (1))

x (54 || + |x3|%) dxqdz

— 1 1
k=—o0 o] + |2g| 7 > M

0
<cy e f L (el i)

|2;2|v}1+\z3\*1l > M
X/ ||<,0(0,k)||(N)}B (?‘dudmdw,
pw<i (L4 [27F o xl)

k=—00

where the last inequality follows from the fact that for some constant C' > 0
we have
1+ |27 x—u—y(ml))}ZC’(l—i-}Q_kox}

if |2g|m + |@g|w > M, if M is sufficiently large, p(u) <
Next (2.2) yields

(5.16) 2% 0 | > A(p(27F 0 z)) >

for some A > 0, if k < 0 and |zg|w + |z3]7 > M.
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Now (5.16) and the local integrability of B* give

1
3, Z kQ/ (5+ |wa] % +|s|¥) .

k=—o00 a7 + s |7 > M (1+p(2—kox))%

1 1 1
<cC Z z—kQ/ RN CR P E .

he—eo 2 7 +|as| 7> M (1+27kp(x))>

0
1 1 1
<C ) o7t (5 + |axa|m + |2a|) L do < C,

k=—oc0 a7 +|as| 7 > M plz)zm N
yielding i1).
Property #i7) is an immediate consequence of (3.5).

Finally we shall prove that v satisfies property iv) in Theorem 5.5.
We start proving that

(5.17) / [o(z1, @ + h) — Yo(x1, x)|doy do < Clp(h)tm , heR2.
Indeed we have

[ leerz 4 1) — tofan, e de <

: Z/ ([ st o) (B th =2 0w =)~ B(wh - (w1))
— oo (1,0)(B*(x — 2" o v — y(21)) — B*(z — v(x1))) ‘dmdm)dv
=: _ZO: /Jk(v)dv.

Now observe that
Je(v) < 2/ )go(o,k)(xl,v) (B*(z — 2" ov — (1)) — B*(x — y(21))) ‘dxdxl

:2/}@(0,@(@,@)}(/)Bz(y—Qkov)—Bz(y))dy)dxl

(5.18)

Rez Rez
p(2 OU) _O N2k§Rez p( ) NEN,

<O, N—— ;
R (AT (L+ o)™

where we used both the Lemma 5.3 and the fact that the functions ¢ )
are a bounded set in S(R?).
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On the other hand, as a consequence of Lemma 5.3

3iv) <2 [ [on (o 0B
25

“(y+h — (1)) = por) (1, v)B*(y—7(21)) |dydr,

(5.19) <C.n , NeN,hecR%,

(14 [o[)¥

By taking a suitable mean between estimates (5.18) and (5.19) we obtain

4mn—1§R
ez
4dmn—1 4mn—1 Rez p(U) 4mn

) — el 4mn < 9 dmn kRez el
(5.20)  Jr(v)=Jx(v) Jp(v)imn < C, N p(h)amn T

for N e N,h € R, so that

\/}1/)0 $1,$+h ¢0 T1,T ‘d$1d$< Z /Jk
k=—00
<CzN Z 274

k=—o00

s [ plv) Him e

4mn 1k9?ez Rez mn Rez
| B v < O, yp(h) e
) / (1 i |U|) U= ,Np( )

proving (5.17).
In an analogous way we can prove the inequality

(5.21) /wo(xl + by, ) — do(w1, @) |doy do < CLhy| 2

§Rez

Finally we have

/ ‘1/)0 (1 +hi,x+h) — ¢o($1,x)}dx1 dr <
< / WO(ﬂfl + hy,x +h) — o(x; + hl,x)‘dazl dx

+/W0(x1+h1> — o(z1, ‘dxl dx

Since
Rez

2

Rez
‘hl} > +p(h)
and, by a standard inequality,
1
(3" + h3™) ™ < |ho e + g v

W < O[] + plh) )

we finally get

§Rez

|+ plh) i < Cihi )%

proving (iv) with a = Rez/2. As a consequence of Theorem 5.5 the operator
Ty . is bounded on LP(R?), 1 < p < oo, for 0 < Rez < Q.
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Finally choose py € (1,2) and fix ¢y € (1,po) such that
1 b a

p_o - 2(b—a) B qo(b—a)’
Then the operator 759 = 75 is bounded on LP° (R3). By the arbitrariness
of pp and by duality we conclude that 75y = 75 is bounded on LP(R3) for
all 1 < p < o0. |

6. Final remarks

Remark 1

We observe that our results also hold in the more general situation in which
the curve y(z1) = (27", 7) is perturbed to 4(x1) = (27" + Xa(x1), 27+ A3(x1))
with Ay and A3 smooth and satisfying As(z1) = o(z") and A\3(z1) = o(z}).
In fact, given a product kernel K, on R3, we define the distribution K by

/K(xl,x)f(xl,x) dzdx ::/Ko(xl,x)f(xl,x—i-’?(xl)) dxidx

for all Schwartz functions f on R3. Then we break the integral on the
right-hand side as

(/]R/—ll - /R /I:vl|>1 ) Ko(z1,2) f (21, 7+ §(21)) doydx

The first term, by means of a Taylor expansion, may be reduced to the
polynomial case, while the latter one is of Calderon-Zygmund type.

Remark 2

Our results still hold for convolution operators on R = RxR9~! with kernels
adapted to curves of the form v(z;) = (2", 2], ..., 2" "), 1 < my <
my < -+ < mg_1, mjy € N, j=1,...,d— 1, with values in R4!. Since

notation in the higher dimensional case is more cumbersome, we gave full
details of the proof only for the space R3.
On R?! we introduce the dilations given by

(61) dox = (51/27”11713:2’ 51/2md72$3, o 51/2m1) :

where § > 0 and = (2,...,24_1). Moreover we equip R~ with the
smooth homogeneous norm

2mg—1 2mg-_o

p(x) =z + x5 o™

on R, From this point on, the proof follows the same pattern as in R3.
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In particular, the strategy of using Bernstein-Sato polynomials to build
the meromorphic continuation of the non isotropic Riesz potentials p(z)*=9
(here Q = 5o~ + 5-t—+ ... + 5—) works in the multidimensional case as
well, with some additional computational difficulties in finding the zeros of

the Bernstein-Sato polynomials [1].

Remark 3

As an example of the class of operators studied in this paper we exhibit
the following operator, arising in the study of the LP — L? boundedness of
a double analytic family of fractional integrals along curves in the space
(see [3] for the planar case).

Let ¢ be a smooth function on R?, such that ¥ (uy, —us) = 1 (uy, us) for
every (uj,us) € R* ¢ =1 on B and 1) = 0 outside By, with 0 < ¢ <1
on R? (here B,, r > 0, denotes the non-isotropic ball in R? defined by (5.6)).

Define an analytic family of distributions K7, for v and z in C, Rey > 0,
in the following way

dt
62)  <KLf>i= [ <Dwu) St ) > 105
where D, Re z > 0, denotes the family of analytic distributions given by
<D, h>=<(, ) (), h(-+1,-+1) >
=C, | plur —1,uy — 179 (uy — 1,us — 1) h(ug, us) duy, dusy
R2

with C, = m and h € C*(R?). Tt is straightforward to check

that D, may be extended to all z € C.
As a consequence of Proposition 2.6 we have

(6.3) < Do, h >=h(1,1).
We remark that, if ey = 0, then

o dt
< K, f >= l% < D, (uy,ug), f(t, uit™, ugt™) > |t|”’)+57,

where Smy = p, for every f € C(R?). Observe moreover that K7 depends
analytically on both ~ and z.

At this point we may introduce the family of convolution operators with
kernel K7 defined by (6.2), that is

(STf) (w1, w2, w3) 1= (K] * f) (w1, 22, 73)

dt
:/< D, (uy,us), f(xg —t, 20 — ugt™, 3 — ust™) > |t|” n
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We observe that, in the light of (6.3), we have

dt
(So f) (@1, 29, 23) := Cy flzg —t,xg —t™ 23 — ") > |t|” n
]R3

that is, at the height z = 0 we recover the fractional integration operator
along the curve t — (t,¢™,1") in the space.

In a forthcoming paper [2] we shall give a complete picture of the char-
acteristic set of the operator SY. A key step in the proof of that result
is the fact that at the height Rez = 0 and for Rey = 0 the kernel K7 is
a product kernel adapted to the curve x; — (27", 2%). Thus Theorem 1.2
yields LP-boundedness for the operator S7 for Rez = 0 and Rey = 0 for all
p € (1,00).
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