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Composition operators on Besov algebras

Madani Moussai

Abstract. We study the composition operator T¢(g) := f o g on Besov
spaces B; ,(R). In the case 1 < p < 400, p < g < 400 and s > 14 (1/p)
we will prove that the operator Ty takes B, ,(R) into itself if and only if
f(0) =0 and f belongs locally to B, ,(R).

1. Introduction

For a Borel function f: R — R, we are interested in the associated nonlinear
composition operator Ty : g — f o g on the Besov space B;q(R) into itself. The
Superposition Operator Problem (S.0.P.) for a given real valued function space F
consists in the full characterization of functions f such that T;(E) C E. The
following results are well known:

e If1 < p <400, s>n/pand f € C°(R), then T takes the Bessel poten-
tial spaces H,(R") (resp. B; ,(R™)) into itself, see e.g. Meyer [12], (resp.
Peetre [13]).

e Dahlberg [9] proved that for 1 < p < +oo0 and 1+ (1/p) < m < n/p (m
integer), if Ty maps the Sobolev spaces W"(R") into itself, then f is a
linear function. Also, after the work of Marcus and Mizel [11] on W, (R™),
Bourdaud [2] proved that for either m > 2 and mp > n, or m =n > 2 and
p = 1, the operator Ty maps W, (R") into itself if and only if f € Wﬁ’eoc(R).

* The result of Dahlberg has been extended to Bj ,(R"). More precisely, for
1 < p,q < 400 and either 1+ (1/p) < s < n/p, or 1+ (1/p) =s <n/pand
1 < g < +o0, if the operator Ty acts on B, (R™) then f(t) = ct for some
real ¢, see e.g. [15] and [16].

The characterization of those functions f such that T acts on B, ,(R") requires
to investigate the necessary conditions. In this sense, we recall the following two
results:
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(r1) Let s >0 and 1 < p,q < +oo. If Ty takes By ,(R") N Loo(R™) to B, . (R"),
then f is locally Lipschitz continuous, i.e., f € WL(R).

(r2) Let s > 0 and 1 < p,q < +oo. If Ty takes the Schwartz space S(R™) to
B, (R™), then f € BS’EOC(R).

In (r1) we have chosen B, . (R") since the embedding B, ,(R") < B, . (R")
is satisfied for all ¢ > 1. Result (rl) is proved in [16] or [1] for instance; the proof
of (r2) can be found in 5.3.1-Theorem 2 of [16]. Now (rl) and (r2) lead to the
following conjecture:

Conjecture 1.1. Let f : R — R. The composition operator Ty takes the space
By (R™) N Loo(R™) into By (R™) if only if the following three conditions hold:

L) f0)=0, (i) feWL[R), (i) feBy"(R).

The necessity of (i) is obvious in case p < 400 and can be obtained by testing f
on the zero function. However (ii) and (iii) can be simplified in the following
subcases:

- If s > 14 (1/p), then Bj (R) — WL (R), hence the condition (ii) can be
dropped.

-If 0 < s < 1, then WLP(R) — W} %(R) — Bgt“(R), hence the condi-
tion (iii) can be dropped. The above conjecture has been proved in this case,
see Bourdaud [3].

In this paper we are interested in the case of Besov spaces on R, when the
parameters s and p satisfy the condition s > 1+ (1/p). We will establish superpo-
sition theorems in which the functions f, associated to the composition operator,
belong locally to Besov space. The proof of this result relies on sharp estimates
using a weaker condition for f, that is f’ € Loo(R) N B;;;(R), where the dotted
space represents the homogeneous space. Notice that we will use, in particular,
embeddings in Besov space, and some properties of Wiener space BV, (R) of func-
tions of bounded p-variation [20]. The method presented here has been used in
case of Lizorkin—Triebel spaces [8].

For more information about S.O.P., we refer the reader to the different works of
Bourdaud and his collaborators ([2], [3], [4] and [5] for example), and the papers [6]
and [7] in which we have partially solved the S.O.P. in both Besov and Lizorkin—
Triebel spaces.

Notation and plan of the paper

We work with functions defined on the Euclidean space R™. However, in Sec-
tions 4-6 we will omit R in the notation, since all the functions are defined on the
real line R, and assumed to be real valued. For s € R, [s| denotes the greatest
integer less than or equal to s. With || - ||, we denote the L,-norm on R". We de-
note by Cp(R™) the Banach space of bounded continuous functions on R", endowed
with the supremum, and by Cy;,(R™) the Banach space of bounded and uniformly
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continuous functions on R™. We denote by Cp(R"™) the Banach subspace of Cy(R™)
with 0 limiting value at infinity. Let D(R™) (respectively, S(R™) and S'(R™)) de-
note the C*°-functions with compact support (respectively, the Schwartz space of
all rapidly decreasing C*°-functions and its topological dual) on R™. We define
the difference operators by Ay f:= Al f = f(-+h)— f and A" f := Ah(AZL_lf),
m=23,..., h e R

We denote by p a (cut-off) function in D(R™), such that

(1.1) 0<p<1, plx)=1 for |z] <1, p(x)=0 for |z|>3/2.

We put p:(x) := p(x/t), t > 0. The function p depends on n.

If E is a Banach function space on R™ we denote by E‘° the collection of all
functions f such that ¢f € E for all ¢ € D(R™).

A mapping T : E — F is called sublinear if there exists a constant ¢ > 0 such
that

ITflle<c@+|flz), VfeE.

Throughout the paper, constants ¢, ¢, ... are strictly positive and depend only
on the fixed parameters n, s, p and ¢; their values may vary from line to line.

The paper is organized as follows. In Section 2 we formulate the main results,
and add a short comment. In Section 3, we first collect in Subsections 3.2-3.3 the
needed properties of the homogeneous and inhomogeneous Besov spaces. Secondly,
as Loo(R™) N B;q(R") plays an important role in this work, we give, in Subsec-
tion 3.4, an explicit characterization of this space. Section 4 is devoted to the proof
of the sharp estimate of composition operators, which will be given according to
the cases 14+ (1/p) < s < 2,and s =2, and 2 < s < 2+ (1/p), and is the essential
part of the paper. In Section 5 we give the proof of our main results. Finally, the
optimality of the exponent s — (1/p), which appears in the right hand side of the
sharp estimate, will be studied in Section 6.

2. Statement of the main results
Our main results on the S.O.P. consist of the following two theorems:

Theorem 2.1. Let 1 <p < +o0, p<qg<+o0 and s > 1+ (1/p).

(i) For a Borel measurable function f : R — R the composition operator Ty acts
on By ,(R) if and only if f(0) =0 and f € B;:gOC(R).

(ii) If £(0) = 0 and f € By*“(R), then the operator Ty : Bj (R) — B} (R) is
bounded but not sublinear, unless [ itself is linear.

We introduce the space of all functions in Lo (R) N B;’q(R), which is denoted
by By ,(R) and defined by

/]

Bg.a@ = 1 lloo + £l 55y < 00
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Theorem 2.2. Let s,p,q be real numbers as in Theorem 2.1. Then there exists
a constant ¢ > 0 such that the inequality
s—(1/p

1) l(fog) s (lollsg @ + ol )

holds for all functions f such that ' € Bf,fql(R), and all g € B, ,(R).

B i®) S cll 'l

As an immediate consequence we have the following corollary:

Corollary 2.3. Let s,p,q be real numbers as in Theorem 2.1.
(i) There exists a constant ¢ > 0 such that the inequality

(1
(22)  Ifoglay,m < el sy m (9,0 + ol @)

holds for all functions f: R — R such that f" € By '(R) and f(0) =0, and
all g € B, ,(R).
(ii) There exists a constant ¢ > 0 such that the inequality (2.2) holds for all
s,Loc s :
functions f € By *(R) satisfying f(0) = 0 and all g € B; ,(R), with
I(f Piglee)' | 51wy instead of || f']

Remark 2.4. Let s,p, and ¢ be as in Theorem 2.1. Let M be a bounded set in
B, ,(R). Then from the continuous embedding B, ,(R) < C,(R) we conclude that
M is bounded in Cy(R) as well. Now it follows immediately from Corollary 2.3(ii)
and Theorem 2.1 that acting conditions and boundedness are equivalent. Indeed,
under the conditions of Theorem 2.1, the following assertions are equivalent:

(i) Ty satisfies the acting condition T¢(B; ,(R)) C B, ,(R).

(ii) Ty maps bounded sets in By  (R) into bounded sets in By  (IR).
s,loc _
(iii) f € By*(R) and f(0) =

Remark 2.5. The study of the case p > ¢ requires supplementary conditions
involving the parameter q. We will prove the above results under the following
general conditions: 1 < p < 400, 1 < ¢ < +o0, s> 1+ (1/p) and

Bya (R):

(2.3)  either: [s] > 1, s—[s] > (1/p), §+5— 1<s—[s],
(2.4) or: [s]>2, s—[s] <(1/p), §+%—2§5—[s],
(2.5) or: [s]>2, 0<s—1s]<(1/p), g—1§s—[s].

Notice that (2.3), (2.4) and (2.5) are reduced to the condition s > 1+ (1/p)
when p < gq.

Remark 2.6. Let 1 <p,q < +oo and s > 1+ (1/p). For any function f: R - R
the question is to prove that the operator 7' is bounded on BIS),q(R) if and only if

f(0O)=0and f € B;;gOC(R). The present article gives an almost complete answer
to this question.
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A comment. In [7], under conditions (2.3

(26) [s]=2, s—[s]<(1/p), +

(2.3) or
p 1
PR 2<s—[s], s—I[s]¢Jp,

where J,, denotes the following intervals

1 1 1 3 1 1 1 3 : 4
[5—5—\/;—175—5+\/5—z} if 1<p=<g,
Jp
0 if p>3,

it has been proved that

(1
(2.7) 1 £ oglmg, @ < el g (lolsg,m + gl ).,
for all g € B, ,(R), and all functions f : R — R such that
feB ®), f(0)=f(0)="=f"(0)=0
for m := —[(1/p) — s] — 2. By Theorem 2.2, in case m > 1, we weaken the third

condition in (2.6) and eliminate the restriction s — [s| ¢ J, . Also, we do not need
the assumption

F(0) == 7" =0.
The basic idea is to replace condition f' € B;;Jl(R) by a weaker one, namely

e B R).

3. The Besov spaces

First we introduce some further notations. We denote by P (R™) the set of all
polynomials on R”, and by S.(R™) the set of all u € S(R™) such that (f,u) =
for all f € Poo(R™). For all f € S’'(R™), we denote by [f] the equivalence class
of f modulo Po(R™). The mapping which takes any [f] to the restriction of
f to Soo(R™) turns out to be a vector space isomorphism from &’ (R™)/Ps (R™)
onto S’ (R™). For this reason, S_(R™) is called the space of distributions modulo
polynomials.

3.1. The Littlewood—Paley setting
We consider the cut-off function p, see (1.1). We define

V(&) = p(§) — p(26), VEER".

Then + is supported in the compact annulus 1/2 < |¢] < 3/2, and the following
identities hold: _
D@ =1, VEeR"\{0},

JEZ

O+ 27 =1, VEeR".

j>1
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For any j € Z, we introduce the pseudodifferential operators S; := p(277D)
and Q; := y(277D). It is clear that S; is defined on S'(R™) and that Q; is
defined on S/_(R™). All these operators take values in the space of analytical
functions of exponential type, see the Paley—Wiener Theorem. The Littlewood—
Paley decompositions of a tempered distribution are described in the following well
known statements:

Proposition 3.1. (i) For every f € Soo(R™) (resp. S (R™)), it holds that
(3.1) F=>.Q;f,
JEZ
in Seo(R™) (resp. SL(R™)).
(ii) For every f € S(R™) (resp. S'(R™)) and every k € Z, it holds that
(3:2) f=58kf+>Q5f,
J>k
in S(R™) (resp. S'(R™)).
Remark 3.2. According to Young’s inequality in L, (R™), the families of operators
{S;}jez and {Q;};ez constitute bounded subsets of the normed space £L(L,(R")),
for any p € [1, +o0].
3.2. Basic facts on homogeneous Besov spaces

3.2.1. Definition and some properties.

Definition 3.3. Let s € R and p,q € [1,00]. The homogeneous Besov space
By (R™) is the set of distributions modulo polynomials f such that

/]

) 1/
g o = (117 < 4.

JEZ

Proposition 3.4. Let a,b be real numbers such that 0 < a < b. Let (u;)jez be a
sequence in 8'(R™) such that supp@; C {£: a2/ < [£] <027} and

a:=(3 (218||uj||p)q)1/q < to0.
JEL

i) The series > .., u; converges in S._(R™), and satisfies
JELZ I [e%e]
3.3 HE uH <cA,
3 JEZ ’ Bj o (&™)

where ¢ depends only on n,s,p,q,a and b.

(ii) In the case s > 0, the same conclusion holds for a = 0; when s < 0, the same
conclusion holds for b = +o0.
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We will exploit the following lemma, a classical consequence of Taylor’s formula.

Lemma 3.5. (i) If f€ S(R™), then ||Q; f|l, = O(277") as j — +o0, for all N €N.
(ii) If f € Soo(R™), then ||S; £, and ||Q; fl, are O(27N) as j — —oc, for all N €N.
Proof of Proposition 3.4.

Step 1: Convergence in SL (R™). Let f € Soo(R™).

Substep 1.1: The case s > 0. We assume that 4; is supported by the ball
|€| < b27. There exists an integer m, depending only on b, such that S, (u;) = u;,
hence (uj, f) = (u;, Sj+m[f), for all j € Z. By Lemma 3.5,

1Sj4m fllpr < c(f) min(1,277),  Vj € Z,

where N is arbitrarily large. By assumption and by Hélder’s inequality, we obtain
(34) Dl Hl<er(f)A.
JEL

Substep 1.2: The case s < 0. Now we assume that 4; is supported by the set
|€| > a27. There exists an integer m, depending only on a, such that Sj,, (u;) = 0,
hence (u;, f) = (uj, f — Sj+m[f), for all j € Z. By Lemma 3.5 and Proposition 3.1,
we deduce _

1Sj4mf = fllpr < e(f)min (1,2777), Vj € Z,

where N is arbitrarily large. We obtain (3.4) as in Substep 1.1.

Substep 1.3: The case s = 0. There exist integers mj, mo, depending only on a
and b, such that Qr(u;) = 0 except perhaps for m; < j —k < mg. Then

<ujvf> = Z <uj7ijmf>'
mi<m<mes
We conclude using Lemma 3.5, as in the preceding substeps.
Step 2: We turn to prove estimate (3.3). Let u := ZjEZ u;. By Step 1, we have
Qru = > Qr(u; ).

k4+mi<j<k+ms
where my € ZU {—o0}, m; = —c0 iff b = 400, ma € ZU {+0}, my = +o0 iff
a = 0. By Remark 3.2,

2ks||QkU||p <c Z 2(k=9)s 97 llusllp -
k+mi1<j<k4+ma

In all cases, we have
B:= > 27" <4oo.
my<l<ma

Then, applying Young’s inequality in [,(Z), we obtain

(3 (21Quly)") " < can.

kEZ O
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Remark 3.6. Proposition 3.4 is a variant of the classical Nikol’skij representation
method, see Proposition 2.3.2 (1), page 59, of [16], or [19].

Theorem 3.7. Let s € R and p,q € [1,00]. B;’q(]R”) 18 a Banach space, and the
following chain of continuous embeddings holds:

Sac(R™) = B (R") — S, (R™).

The above properties are easy consequences of Proposition 3.4, Lemma 3.5,
and the completeness of vector valued L,, spaces. Using again Proposition 3.4, we
derive the following three propositions. The first one explains why our spaces are
called homogeneous.

Proposition 3.8. Let s€ R and p,q €[1,00]. Then there exist constants c1,c2 > 0
such that

(3.5) callf]

55, ) < APPSO

for all f € B3 (R") and all X > 0.

B;ﬂ(Rn) < 02||f| B;ﬂ(Rn)

Remark 3.9. It follows immediately from Proposition 3.8 that we can renorm
Bj ,(R™) in such a way that ¢; = c; = 1 in (3.5).

Proposition 3.10. Let s € R and p,q € [1,00]. A member f of S, (R") belongs
to By ,(R™) if and only if its first order derivatives Ouf belongs to B;;l(R”),
(¢=1,...,n). Moreover _,_, HangB;_ql(Rn) is an equivalent norm in B;q(Rn).

Proposition 3.11. The continuous embedding B;M(R") — B;;CI(R") holds for
all parameters s1,s2 € R and p1,p2,q € [1,00] such that

n n
51— —=5—— and p2>p;.
P1 P2

3.2.2. Duality. We start by introducing the following notations. For p € [1, o0],
we denote by p’ its conjugate exponent, that is, (1/p) + (1/p’) = 1. If E is any
vector space, we denote by c.(Z, E) the set of sequences (u;);ez € EZ such that
uj = 0, except for a finite number of indexes j, and by co(Z, E') the set of sequences
(uj)jez € E* such that limy;|_ 4 [Jus]|g = 0.

Any homogeneous Besov space is the dual space of a separable Banach space.
More precisely, we have the following:

Theorem 3.12. Lets € R, 1 <p < +o0 and1 < g < +oo. Then the homogeneous
Besov space By, ((R") is the set of f € S (R") such that

(36)  Npy(f)i=sup{|(f. )] : 9 € Socl®), gl z) < 1} < +o0.

Moreover Nj , is an equivalent norm in B;q(R"), Consequently B;Q(R") can be
identified as the dual space of the closure of Seo(R™) in Bz;fq, (R™).
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Proof. Although the proof is essentially the same as for inhomogeneous Besov
spaces (see, for instance, §2.11 in Triebel’s [17]), we outline it below for the conve-
nience of the reader.

We introduce a radial function 4 € D(R™ \ {0}) such that 4y = ~, and we
define @; := (277D). Then we can define a duality bracket between B;’Q(R")

and B;;,Sq’ (R™) by means of the following:

Qf.ge =) (QiF.Qi9) -
JEL
Using Propositions 3.1 and 3.4, we obtain that
Qf,g>=(f,9), Vfe€ B, (R"),VgESc(R"),
0,951 < ellfl, oy 90l oy VT € Bpg(R), Vg € Byt (RY).
By the abov§ two ?elations, we conclude that any f € B;q (R™) satisfies the prop-
erty (3.6), with N (f) < c|f]| B3 (&)
Assume conversely that f satisfies the property (3.6). Let use define
L((g5)jez) = <f>ZTSijgj>a Y(gj)jez € co(Z, S (R™)).
JET
We set E = L, (R"), if p’ < 00, and E = Cy(R"™), if p’ = co. By Proposition 3.4,
we see that £ extends as a continuous linear form on Iy (Z, E) if ¢ < oo, and
on ¢y(Z, E) if ¢ = oo, and that ||£|| < 1N, ,(f) in the respective dual spaces.

By classical duality properties of vector valued L, spaces, there exists a sequence
(fi)jez such that [|(fj)jezll;, iz gy < 1N, 4(f) and

‘C((gj)j€Z) = Z<fjvgj> ) v(gj)JGZ € ce(Z, S (R™)) .

JEZL

The above identity implies that
f = Z 2_8ijfj .
JEZ
Then Proposition 3.4 and Remark 3.2 give us
1/q
115, oy < e2( SD1QuAINZ) T < aNiy(£).
Jez

and the proof is finished. O

Next we turn to the Fatou property:

Proposition 3.13. Let s € R and p,q € [1,00]. Let f € S (R™). Let (ux)x>o0
be a bounded sequence in By (R™) such that limy_, oo up = f in SL(R™). Then
f € B ,(R") and

£

ve eny < climinf ||ug|l e ny -
B3 (rn) = clm DL [l Bs (R™)
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Proof. If 1 < p < 400, the assertion follows immediately from Theorem 3.12.
In the cases p = 1 and p = 400, the proof given by Franke [10] for the case
of inhomogeneous Besov spaces can be easily extended to hold for homogeneous
spaces (see Proposition 3.18 below). O

3.3. Inhomogeneous Besov spaces

By using the inhomogeneous Littlewood—Paley decomposition (3.2) instead of the
homogeneous one (3.1), we obtain the inhomogeneous, or ordinary, Besov spaces:

Definition 3.14. Let s € R and p,q € [1,00]. The inhomogeneous Besov space
B (R™) is the set of tempered distributions f such that

. 1/
1135 ey = IS0 fllp + (32 @1Qs 1)) " < +oo.

j>1

The properties of the homogeneous spaces listed in Subsections 3.2.1 and 3.2.2
have well known counterparts for the inhomogeneous ones, see Triebel [17]. Except
for s = 0, the latter can be easily deduced from the former. Indeed we have the
following:

Proposition 3.15. Let s >0 and 1 < p,q < +o0. Then it holds
B (R") ={f € L,(R") : [f] € BS (R")}.

Moreover || fl|, + H-fHB;,q(Rn) is an equivalent norm in By (R™).

For s < 0, B, ,(R") coincides with L,(R") +B;,q(R"), as a set, and as a
Banach space. By contrast, there is no embedding relations between 327 ,(R™) and
BY ,(R™), except for p = ¢ = 2 (then both coincide with Ly(R™)).

3.3.1. Characterization by differences. First, for brevity we will use the fol-
lowing notation. For a measurable function f on R™ we put

wn agpegy=( [T ([ [ s a)™ dm)w %)/

Now, according to Triebel (see Theorem 3.5.3, page 194, in [18]), we have an
equivalent norm on B,  (R") via difference operators at our disposal.

Proposition 3.16. Let 1 < p,q,u < +00. Let 0 < s < m for some integer m > 1.
Assume

1 1
Then a function f € L,(R™) belongs to B, ,(R™) if and only if My""(f) < +o0.

Moreover, || f|l, + Myy"(f) is an equivalent norm in By ,(R™). This assertion

remains true if, in the expression of the term Mj"(f), one replaces fooo Loodt
by [y ... dt for any fized a > 0.
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Remark 3.17. Using Theorem 2.3.8 of [17], we can replace s and f by s — k and
5‘5}‘ (¢ =1,...,n) for some integers k > 0, respectively, in Proposition 3.16.

3.3.2. The Fatou property.

Proposition 3.18. Let s € R and p,q € [1,00]. Let (ug)k>0 be a bounded sequence
in By (R™) converging to f in S'(R"). Then f € B, (R") and

/]

Proof. See [10]. O

o < it g e

3.4. Besov algebras

3.4.1. Definition and some properties. For s € R and p, ¢ € [1, 00| we intro-
duce the function space

Bs (R") :={f € Lo(R") : [f] € B; ,(R™)}
and we endow it with its natural norm, i.e.,

/]

It will turn out that B, ,(R™) is a Banach algebra for the pointwise product for
any s > 0, see Subsection 3.4.3 below. In that case, we will refer to these spaces
as the Besov algebras.

55,0 = [ Flloe + 11l -

Theorem 3.19. B;q(R") is a Banach space, and the following chain of continuous
embeddings holds:

(3.9) Soo(R") = By (R") — S'(R").
Proof. 1t follows from Theorem 3.7 and Lemma 3.5. O

Remark 3.20. In the case s > 0, the left hand side embedding in (3.9) can be
improved in the sense that S(R") is embedded into B; ,(R™). This follows from

B; ,(R") — By (R").

The following alternative description of certain multi-dimensional Besov alge-
bras is also of interest. We show that Besov algebras can be viewed as substitutes
of inhomogeneous Besov spaces, in case the latter are themselves algebras.

Proposition 3.21. Let 1 <p,q < +oc.
(i) For s> n/p, we have

B: (R™) = B (R") = B (R") N Cup(R™) — B /P(R™).
(ii) For s> 1+ (n/p), it holds that
By (R") ={f € Loo(R") : Ouf € B;;]l(R”), (=1,...,n},
and || flloo + 2241 10ef|

- o Y S n
Bi~l(Rn) 1S an equivalent norm in By ,(R™).
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Proof. Step 1: Proof of (i). The first embedding follows from Proposition 3.15 and
the Sobolev type embedding B, ,(R") < C,(R™). The second one follows from
Proposition 3.11.

By (3.2), any function in B;q (R™) is the sum of a function of B,  (R™) and an

entire function of exponential type. Thus in case s > n/p, B;’q(]R”) is embedded
into C(R™).

Step 2: Proof of (ii). By Proposition 3.10, it suffices to establish the inequality

(3.10) [0cflloc < | f]

By &) V€ By (RY).
To prove (3.10) we observe, by (i), that 9, f € Bios "™/ (R"). Now we use
the inequality
HaEfHB;—Ylll—("/P)(Rn) <c H.fHB;;g"/P)(Rn)v

and we again apply (i). Notice that the last inequality can be easily obtained by
means of Bernstein’s inequality. We omit the details. O

For the following assertion, we need first to introduce the notion of distributions
vanishing at the infinity, cf. Definition 6 in [5].

Definition 3.22. A tempered distribution f € S'(R™) is said to vanish at infinity
i the weak sense if

lim f (X) =0 inS'(R").

A—0

Example of such distributions are the functions f € Co(R"™), the functions 9y f
such that f € C,(R™) and the functions f € L,(R") for 1 < p < 4o0.

Proposition 3.23. Let s > max(1l,n/p) and 1 < p,q < 4o0o0. Let v be a real
number satisfying

(3.11) max(%(1+g—s),0)<%<$.

Then there exists a constant ¢ > 0 such that ||0¢f]l, < c|| f]
B, (R"), ((=1,...,n).

B;,q(R”) fOT’ all f G

Proof. Without loss of generality, we can assume that ¢ = +o00. Let us set

fi=2Qif, = Q;f

§<0 >0

Notice that f5 is a distribution, while f; a distribution modulo polynomials. By
Proposition 3.4, it holds that || 2|z, ey < cllfllp: _(&n)-
p,00 p,oo

Since [|Q; fll, < cQ’SijHB;,w(Rn), the series >, @Q;f converges in L,(R").
By Proposition 3.15 we conclude that

1follBy o emy < ellfllss ey -
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By the classical Sobolev embedding, Bj  (R") < W} (R") if s—(n/p) > 1—(n/v)
and p < v, see, e.g., Corollary 2, page 36 in [16]. Thus we conclude that

(3.12) [0 fallo < cl|f]

under condition (3.11).
We turn to the estimate of f;. By Bernstein’s inequality, and by the assump-
tion p < v, it holds that

106(Q; )0 < 127 Qj fllo
< c1 27| Q;fIEY (1Q; f1IAs ¥/

SR A Vi FA

B} oo (R™)

By the assumption v > sp, the series Zj<0 0¢(Q; f) converges in L, (R™). If we
denote its sum by g, then -

(3.13) lgllo < cllf|

under condition (3.11).

The assumption s > n/p yields f € Cy(R™), see Proposition 3.21(i). By (3.1),
we know that dyf and g + 0y f2 differ by a polynomial. Since both tend to 0 at
infinity, in the weak sense, we conclude that they coincide. By combining (3.12)
and (3.13), we obtain the desired estimate. O

B} oo (R™)

Remark 3.24. Proposition 3.23 is also valid in case p = v = 4+00. See the proof
of (3.10).

3.4.2. Characterization by differences. According to Triebel (see [18], Theo-
rem 3.5.3, page 194), we can describe B, (R") by difference operators, as the
inhomogeneous Besov space, see Subsection 3.3.1. We will use the notation M_j>™"
defined by formula (3.7).

Proposition 3.25. Let 1 < p,q,u < 4o00.

(i) Let 0 < s < m, for some integer m > 1. Assume (3.8). Then there exists a
constant ¢ > 0 such that My (f)<c|[fllg: gny holds for all f€B,  (R").

(ii) Let max(1l,n/p) < s < m+1, for some integer m > 1. Assume (3.8) with s—1
instead of s. Then there exists a constant ¢ > 0 such that M3 V"™ (9, f) <
cllfllzs (rmy holds for all f € By ((R™), (£=1,...,n).

Proof. (i) By Propositions 3.15 and 3.16, it holds that
314) M) e (o + 1 lsy @n) s VS € Byg(R).

We replace now f by f(A(+)), for any A > 0, in (3.14). Using Proposition 3.8,
dividing by A*~("/P) and letting A — +00, we obtain

(3.15) My () < ellflpy @y VF € By (R™).
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Now we take f € B (R™), and we set g := f — S_pf + S_xf(0) for k > 0. Then
the sequence (gx)r>0 has the following properties:

* llgr — S—&f(0)]

* g — S f(0) € B, ,(R"); indeed the assumption f € B;’Q(R”) yields Q; f €
L,(R") for all j € Z, then by Hélder’s inequality it holds that

, < . . n
Bs (&r) S chHB;,q(Rn), see Proposition 3.4

-1
gk = S—xFO)lp < D 1Qsfllp+ Y277 (2]Q; f11»)
j=—k+1 j=0
-1
< Y 1Qiflly +ellfl

j=—k+1

B;,Q(Rn) .

e g tends to f pointwise; indeed by Bernstein’s inequality, the following holds:
|Skf (@) = Skf(0)] < || [V(Skf)lloo < e2¥la] [ floor V2 €RT,

hence limy o (Skf — Sk f(0)) = 0 uniformly on all compact subsets of R,
that implies the desired conclusion.

Then applying (3.15) to g — S_rf(0), we obtain

Mg (k) = Mpg"*(gr — S-S (0)) < c[|f]

B;’q(R”) 5 Vk 2 0 .

By a repeated use of Fatou’s Lemma, we deduce the result.

(ii) As in (3.14), combining Propositions 3.15 and 3.16, and Remark 3.17, we
obtain

(3.16) M0 f) < e (1 Fllp + £

B;,Q(R")) 5 Vf S B;’Q(Rn) .
With an elementary changes of variable, we get
M;;l,m,u(ae(f()\.))) — \s—(n/p) M;’;l,m,u(aef)v YA S 0.

Replacing f by f(A-) in (3.16), using Proposition 3.8, and again dividing by
A5~ ("/P) and letting A — 400, we obtain

B;ﬂ(Rn) , fe€ B;q(Rn) .

Now consider any function f € B, ,(R"). Let us define

(3.17) My B (0ef) < e f]

k
fe= > Qif, Vk>1.

j=—k+1

The assumption f € B;q(R”) implies Q;f € L,(R™) for all j, hence fj, € L,(R™).
Now, by Proposition 3.4 it holds that

(3.18) Il f

B ,(R) <cllfl B3 (R") Vk>1.
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We deduce that fi, € B, ,(R"). Then combining (3.17) and (3.18), we derive
(3.19) Myt (e fr) < e f|

B;,Q(R") ) Vk 2 1 .

By definition, it holds that

k
Oufr = Z Q;(0ef), Vk>1.

j=—k+1

Let v be a real number satisfy (3.11). It follows, from Proposition 3.23, that
Orfr — Ovf in L,(R™). Taking a subsequence if necessary, and applying twice
Fatou’s Lemma in (3.19), we deduce the desired estimate. O

3.4.3. The algebra property. As mentioned above, we are now turning to the
algebra property of B;  (R").

Theorem 3.26. For s >0, By (R") is a unital Banach algebra for the pointwise
product.

The main ingredient of the proof is the following paraproduct estimate, a
straightforward consequence of Proposition 3.4:

Lemma 3.27. Assume s > 0 and m € Z. For all f € Loo(R™) and all g €
By (R™), let us define
Wm(fv g) = Z(ijmf)(QJg) .
JEL
Then mp, is a continuous bilinear application from Lo, (R™) x B;q(R") to B;q(R”).

Proof of Theorem 3.26. Let us take f,g in By (R"). By an Abel transform, we
deduce that

(3200 3 (SPQg)+ S (Se)(Qusr ) = (557)(S3) — (S—s P)(S—y10).
k=—j k=—j

for all j > 0. We claim that
i (Si0)(S;-19) =0 i SL(RY).

Indeed, for u € So(R™), we have
((850)(Sj-19),u) = ((S;F)(Sj-19), Sjtau) -

Then our claim follows from Lemma 3.5 and Remark 3.2. On the other hand, we
have classically |S; f(x)| < ||f||co, for all z € R™ and j € Z, and S; f(x) — f(z) as
Jj — 400 for almost every x € R"™. By the Dominated Convergence Theorem, we
deduce that

lim (S;f)(Sjg)=fg in S'(R").

Jj—+o0
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Now taking j — +o00 in (3.20), we obtain

mo(f,9) +m(g, f) =[fg] in SL(R").

Using Lemma 3.27, we conclude that

1795,y < (1 locllgll g ey + N9l 7115 ey )

the desired estimate. O

4. Proof of Theorem 2.2

4.1. Some reduction arguments

Theorem 2.2 can be obtained from the following assertion: The estimate (2.2)
holds for all parameters s,p,q and all functions f and g satisfying the following
conditions:

(i) 1 <p<+4o00,1<qg< 400, 14+(1/p) < s <24 (1/p), and either (2.3)
or (2.4) or (2.5);

(ii) f is of class C?, f' € Byt and f(0) = 0;
(iii) g is real analytic and g € B, .
Step 1: Let us prove inequality (2.2) for all functions f and g such that f’ €
B;;Jl, f(0)=0and g € B, ,.

We use the operators S; introduced in Subsection 3.1. Then g; := S;g is real
analytic, g; — g in Ly, and by translation invariance of By , it holds that

(4.1) 1951

»q?

B, Vj>0.

P,q

5, <cllgl

D,

Applying the embedding Bf,;]l — Clup, see Proposition 3.21(i), and some standard
computations, we obtain that

(42)  lim () =Ll =0 and 18,5 = fll < 271

Let us define f; := S;f — S;f(0)p, see (1.1) for the definition of function p. Then
fj is a C*° function such that f;(0) =0 and

(4.3) 1l < e (1 gy + 1S5£(0)])
Since lim; 450 S;f(0) = f(0) = 0, the estimate (4.2) implies that

. /7 ! —
(4.4) i 1 = e =0
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Now suppose that the inequality (2.2) is satisfied under the assumptions (i), (ii)
and (iii). Then using (4.1) and (4.3), we obtain

) (lglls;., + gl

(4.5) | fiogilsy, <c(lf g +15;£(0)

The elementary inequality

1fog=Ffiogile < llscllg = gilly +cllf = fillollgllp, V50,

complemented by (4.4), yields the convergence of the sequence (f; o g;);>0 in Ly.
Hence, we can apply the Fatou property in (4.5) (see Proposition 3.18). Using
again lim;_, 1 S; f(0) = 0, we conclude that the inequality (2.2) holds.

Step 2: Let us prove the inequality (2.1) for all functions f and g such that
freByt, f(0)=0and g € B; .
Indeed, by the embedding B;;Jl — (%, Propositions 3.10 and 3.15, and Step 1,

we find

1 (Fo9) gz = 1T o9) oo+ 11 (F09) -
SN Nloo 19 lloo + exll Foglisg,
<e | f] .
Step 3: Since (fog) = ((f — f(0)) og)’, then the inequality (2.1) holds in the
general case.

s (I9llg, + g

Step 4: Argument of the restriction on the parameters. We assume that (2.1)
holds under the restriction (i), and prove it for general s by induction on [s].

s s+1 : :
Assume that f' € By , and g € Bpj] . Then using Theorem 3.26, the induc-

tion assumption, Proposition 3.21(ii), Remark 3.17 and the embeddings B;:Zl —

S S
B, , = B, ,, we deduce

I(fog)

Bs <cllf oglss gl

P,q p,q

< ([l 0 glloe + (0 )
< es(|1f' oo + 114”1
5., (ls]

The last inequality follows from ||g|

s
Bl’y(l

L

-1
s (lg] 50 ) Nl g

+1—(1
sy + gl 0.

s, + gl

P,q

<ca|f|

+1—(1
pyt gl 7.

4.2. Details of the proof

First, we begin with some notations. For all measurable function f on R"™, all
m € N\ {0} and all ¢t > 0, we set

op ()= [ sup |aps@pas) .

|n|<t
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The Hardy-Littlewood maximal function Mg of a locally integrable function g
is defined as

1
My(a) = sup o / 9w)dy, zcR,

where the supremum is taken with respect to all intervals I containing x. Here |I|
means the length of the interval I.

For any function ¢ : R — R, we denote by 1,(g) the supremum of numbers

(Z|gbk g(ay |p> /pv

taken over all finite sets {]Jag, bx[; K = 1,..., N} of pairwise disjoint open intervals.
If vp(g) < 400, we say that g is a functlon of bounded p -variation. This notion
was first introduced by N. Wiener [20]. The set of (generalized) primitives of real
functions of bounded p-variation is denoted by BV,} (= BV} (R)) and endowed with
the seminorm ||g|[ gy defined as the infimum of numbers v;,(f), for all functions f
whose g is the primitive, see [4] for further details. We will apply in particular the
Peetre embedding theorem:

(4.6) BAYP < BV 1< p < too;

see Theorem 7, page 112 in [14] or Theorem 5 in [4].

Now under the assumptions (i), (ii) and (iii) of Subsection 4.1 we will prove
the estimate (2.2). For simplicity we define

V(£i9) =11 ls (llg

The argument of our proof will be distributed into three subsections, corre-
sponding to the following cases:

Bs

p,q

s— (1/10))

(a) 14+ (1/p)<s<2, (b) s=2, () 2<s<2+(1/p).

In the cases (a) and (b), the proof is essentially given in [6] and [7]. But we
need to replace the right hand side of (2.7) by V(f;g). We will use the equivalent
norms given by Proposition 3.16 and Remark 3.17. We will first estimate || f o ¢||,,
but from the assumption f(0) = 0 we will obtain the bound || f'||~]|g||, which is
bounded by ¢V (f; g). Secondly, we will estimate sz’;l’l’oo((fog) ), Mz},g *((fog)")
and M3 211 ((f o g)”) in the above cases (a), (b) and (c), respectively; see (3.7)
for the definition of M /"".

4.2.1. The case 1 4+ (1/p) < s < 2. We will prove the estimate

an a7 BT vy,

We have
Q((f eog9)gst) < If lee Qp(g'5t) + U (1),
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where

00 = ([ 19@P s 18 o o)) i) "

Thus we are reduced to prove (4.7) with Q) ((f o g)’;t) replaced by U(t).

Step 1: Assume that ¢’ does not vanish. By the Mean Value Theorem and with
a change of variable we find that

/
v <1915 ([ 190 s 18 o 9@ dr)

< llg'llse VP (f5 19 lloot) -

With a change of variable with respect to ¢, we obtain

U ((t)\e dt1/a o —
([ GE) D) semz=gz .

t
Hence, the desired estimate holds from Proposition 3.25(1)

Step 2: Assume that the set of zeros of ¢’ is nonempty. Then it is a discrete
set, whose complement in R is the union of a family (I;) of open disjoint intervals.
For any ¢ > 0 we denote by Il”t the set of x € I; whose distance to the boundary
of I; is greater than 2¢, and we set

(4.8) Il/,lt =1\ Il/,t y A= Slllp 9]
1

Let us notice that Il"t is an open interval, possibly empty. In case it is not
empty, we have

(4.9) l9(9 W) + k) —glg W) <ait, Yy eg(ly,), Vhe[-t1.

The set ] :t is an interval of length at most 2¢, or the union of two such intervals,
and ¢’ vanishes at one of the endpoints of this or those intervals. Now we introduce

|n|<t

0= (X [ 9 @p sw jan(s e g ar)
l It

Us(t) is defined in the same way, by replacing I, by I};. A1 and A are defined
accordingly, by replacing, in (4.7), Q,((f o g)’;t) by Ui(t) and Us(t) respectively.

Estimate of A;. With the change of variable y := g|7,(x), and using (4.9), we
deduce that

[ @ sw [an(f 0 o)l do <

i n|<t

<™ [ s |0l )+ ) - 1wl
a(1},) Ih|<t

< a7 (8(s5an), vhe -1,
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We put o := min(1, ¢/p). Then it is easy to obtain the following estimate:

/ / a(p—1) /. apy /e
ZUDS /I{Yt|g<x>|p o 81 o) ar < (30 o (2)(sa)) ™)

By Minkowski’s inequality w.r.t Lq/(ap) (R, dt/t), and by a change of variable
w.r.t. t, we obtain

. alsp—1) 1/ap)
(4.11) Ay < e M (S (Zl )

Now by Proposition 3.25(i) and the fact that g’ vanishes at the endpoints of I;, we
deduce that

s—(1
(412) Ay <l llggpllalzn’™
Estimate of Az. By the properties of I’;, it holds that

(4.13) lg'(z)| < sup |¢'(z) —g'(z+h)|, Vel
[h]<2t

The elementary inequality |Ay(f" o g)(x)| < 2] /|| implies that

/
Ua(t) < 20f e ([ sup 19'(@) = oo+ mPaz) " < 20 3001520,

R |h|<2t

Hence, by Remark 3.17,

(4.14) g < e 1F e 9l gy < callf'llc llglls, -
Combining inequalities (4.12) and (4.14), we obtain that

1
(4.15) 5y, < el sy (lgllsg,, + lali5 ).

The inequalities s > 1 + (1/p) and p < a(sp — 1), which are equivalent to (2.3),
allow us to deduce the embeddings:

s ER ey bp
(4.16) Bs, <= B, ) < BV, a(sp—1) (see (4.6)).

a(sp—1),1
The desired estimate follows from (4.15) and (4.16).
4.2.2. The case s = 2. Instead of the second order difference operator A%, we

will use its symmetric counterpart, namely we put A2 2f(z) := AZf(z — h). Then
we can write

AZ((f' 0 9)g')(x) = Ai(x,h) + As(z,h) +

DO | =

25:( (2, h) + Aj(z, )),
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where the A;’s are defined by:

It suffices to prove

v q/p dt\1/4
i vy ([ oo [ sw aenpan) ) < i)
0 R |h|<t
for 7 =1,...,5. In most cases, the above estimate will follow from
1/p
(4.18) (/ sup |A4;(z, h)P d:c) <ct*V(f;g) forsome o> 1.
R |h|<t

Estimate of Uy. This is obvious since [/ € Lo
Estimate of Usy. Using the embeddings

(4.19) B, =B /P Bl Bl (for 0<y<1),

see Propositions 3.11 and 3.21(i), we derive

/p
a2 ([ s st P de) < el 101 s, 040050

P
[h|<t o

Choose 1/p < v < 1 (which follows by p > 1), we obtain, in the right hand side
of (4.20), the bound

p,q

_ 1—(1
ct PR g LY g g 11 s

We conclude that (4.18) holds for j = 2.

Estimate of Us. As in Step 1 of Subsection 4.2.1, we first assume that ¢'(z) # 0
for all x € R. Then we obtain

([ suw 1aate.mpae) < 190 ([lg@] sw (@) g@)Pds)

|n|<t \u|<t|\9’\loo

< [lg'll3s /P (£ tll g lloo) -

The estimate (4.17), for j = 3, follows by the change of variable v := ||¢’||oot With
respect to ¢ and Proposition 3.25(i).
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We turn now to the general case. We use the notation [;, I} ;, I}, and a; of (4.8).
Then Us < U4 + UY, where

a/p dt\1/a
r. q P =
U; = /0 L~ E // sup |As(z, h)| d:c) ; > ,

|h|<t

and Uy is similar to U, with I}, instead of Ij ;. To estimate U, we argue as in
estimate of A; of Subsection 4.2.1, see in particular (4.9). It holds that

/ sup |Az(x, h)P dz < af_l (Qf,(f’;alt))p
1, |hl<t

With the help of Minkowski’s inequality, the change of variable v := a;t
(see (4.10) and (4.11)), and Proposition 3.25(i), we obtain that

o (2p— 1/(ap) (1
Uy < e Myp(f) (o @0) T <eallf sy, ol
l

where oo = min(1, ¢/p). The rest can be completed as in (4.16), see also (2.4) for
the third condition.

Now we treat the estimate of US. Let us observe that

sup |f/(g(x + 1) + f'(29(2) — gz + h)) = 2 f(9(x))] < (59l -

|n|<t

Using the fact that |},| < 2t, and the estimate
i\ VP
(s lg?) ™" < lgllsvy <clgllsg,,
1 1t

we get that

e () ([ (D)

< ea Mg P2 (f7) gl sz, llg'llac /P

p,q

The last inequality is obtained by the change of variable v := ||¢’||oot With respect
to t. We conclude by Proposition 3.25(i) and the embedding B} , < Bé;él/p) .

Estimate of Uy. This can be done as the estimate of U, .

Estimate of Us. This is the more delicate part of the present subsection. We
consider a parameter v > p. By Hélder’s inequality, it holds that

1/p 1/v
(/ sup |A5(x,h)|pdx> < |lg'|l~ /") (/ sup Ag(z, h) dx) ;
R

[h|<t R |h|<t

where

Ag(z,h) =g (@) |f'(9(x)) — f'(29(x — h) — g(z — 2h))|".



COMPOSITION OPERATORS ON BESOV ALGEBRAS 261

It holds that
Us < |lg'lly~®/") (U + UL,

U = / t~ q Z/ sup Ag(z h)dm)q/v %)1/11)
o ,

, Ih|<t

where

and Uy is defined similarly, by replacing I}, by I}/;.

For brevity, we put g := 1 — (1/p), and we begin with the estimate of UY.
Clearly for every x € I, {7t, it holds that

sup [g(z — 20) + g(2) — 2g( — )| < e min (tar, 14 g pe )
[n|<t <

Then, by the change of variable y := g|7,(x), we have

(4.21) / sup Ag(z,h)dz < cal ™' {Q}, (f’;cmin (tas, tﬁH”gHngf;oD }U.

1/, |h|<t

Now we require the following condition on v:
1

(4.22) ~<1-8.
v

(Let us notice that (4.22) implies v > p). Then, the embedding B}, , — BE:;(]UU)
implies that

(4.23) QLf32) < cllf s, 4 vz >0,

We put A := || g| gs+1 . By (4.23) we conclude
v
S {oi(rie min(ta, 1 a)) | <
1
2l 5 ( Z a? M (tap) Pt 4 Z affl(tﬂJrlA)ﬁvH)

l:(a;<tPA) L:(a;>tBA)

IN

IN

eall flgy (D ap) (177 (tP A)PY 4 gD i =0 47 ),
2q .
From (4.21) and the inequalities

1/p
(4.24) (Do) " <eliglsy <ealigllsz,

l

we deduce that

2 Z/ sup Ao(e, h)de < c |/, gl 357 17+
. Ih<t
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Concerning the estimate of U, we will proceed as for Uj'. Using embeddings (4.19)
and B2, < BStL | we deduce that

00,007

sup | f'(9(«)) — f'(2g(z — h) —g(x = 2n))| < ¢ lls, 9l 52 tB .

|h|<t p.q
By (4.24) and by |I}',[ < 2t, it holds that
(4.26) Z/ sup Ao(z, ) dw < ¢l gl tr ¢,
i nl<t Py

By (4.25) and (4.26), we can conclude that (4.18) holds, for j = 5, if v satisfies
1
(4.27) 62+ﬂ+5>1.

Finally, the property 0 < 5 < 1 leads to the realization of (4.22) and (4.27)
simultaneously.

4.2.3. The case 2 < s < 2+ (1/p). First, we put 6 :=s—1—(1/p) —¢, with
e=0ifs<2+(1/p)and e > 0if s =2+ (1/p). In case € > 0, we take it as small
as we want. The parameter ¢ plays an important role in our computation.

Since f and g are functions of class C2, it holds that

(fog)/l:(fl/og)g/2+(flog)gl/-

Step 1: Estimate of (f' o g)¢”. By Proposition 3.21(i), Bf,;]l is embedded into
. Also, BS_ __ is the space of bounded Hélder continuous functions of order §
(recall 0<d< 1) A straightforward computation leads to

(4.28) 1 ogllss . <ellf s . (L+19'1%) -

By a classical result on multipliers, see Theorem 4.7.1 of [16], and by assumption
0 > s — 2, we deduce that

(4.29) I(f 09) g ps-2 <cllfoglps NI 9"lps2-

Inequalities (4.28) and (4.29) give the desired estimate.

Step 2: Estimate of (f"” o g)g'?. Since 0 < s —2 < 1, see (3.8), we have to
estimate

v ([Tremn( [ (o [ 1o o) a4

by ¢V (f;g). We split the area of integration with respect to h. For x € R, we
define

Q) = {heR:lg@+n|<lg@I},

P(z) = {heR:|g’(x)|<|g'(x+h)|}.
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We put
Qz;t) = Q(x)N[—t,t] and P(x;t):= P(z)N[—t,1t].

On Q(z;t) we will use the elementary identity

An((f"09) g*)(x) = ¢'(x + h)* An(f" 0 g)(x) + f"(9(2)) An(g”)(2),
whereas on P(z; 1) we will use

An((f"09)g”) () = ¢'(x)* An(f" o g)(x) + f"(9(z + h)) Ap(g"?)(2)

instead. Hence U < Uy 4+ Us 4+ Us + Uy, where

vo= (e ([ el a) " )
G 1/%”) oG+ m)An(g™()an) ar) " )
= (e ([ ([ s egmis o nzan) an) " G
ve ([T ([ (o] W)mh( o))l 0Pan) ar) " )

Substep 2.1: Estimate of Us. Using the notation I, Il o Il , and q; of Step 2 in
Subsection 4.2.1, see also (4.8) and (4.9), we write

(4.30) Us < Uz + Uy

where

vie=( /OOO“”)"(; / [ /. . B f"og) @)l G hyan) a) )

and Uy is defined in the same way with [}’, instead of I,

Estimate of Uj. By the assumptions on s (see (2.4) and (2.5)), it follows that

s> % + % or s >1+4 %. Then we consider the following three cases:

e The case q/p > 1. We begin with the elementary inequality
(4.31) g'(@+h)? <lg' @)y (@+h)|, YheQ(),

and we introduce the following changes of variables:

(4.32) y:=gn(x) and ©:=0(h)=g(g, (y) +h) -
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Since |©] < a;t for all h € [—t,1], (see (4.9)), we obtain that

// (fl /Q(m) [AR(f" 0 g) ()| g’ (x + h)? dh)pdgc <

Lt
< affl/ (tfl/ 1
g(1] ;) Qg (w)it)

< 1" (003 ) + ) — )] 19’ (a7} () + )] k) "y
(4.33) <al! /R (fl /|e<alt|A@f”(y)| d@) dy.

We apply Minkowski’s inequality, the change of variable v := q;t, and Proposi-
tion 3.25(ii) to get

iz (S e[, o) a)
< (zl:alsp1>1/p(/ooov(s2)q</R (v’l /@|<U |A@f”(y)|d@>pdy)q/p(i}—v>1/q

B s—(1
S e M;,qQ,l,l(f//) HgHSB‘élp/_pl)

s—(1/p)
B;T‘Il ||gHBVslp—1 ’

<c|f|

We conclude with the help of the embedding B, , — BVslp 1-

e The case q/p < 1 and s > % + %. Proceedlng as above we arrive at the

inequality (4.33), i.e

: (Zz: {af_l/R (t_l /|@<alt Ao f (W)l d@)pdy}Q/p)P/'J_

Hence,

Uz < (Z/OOO t—(s—Q)Q{af*1 /R (t—l /@lgalt Ao f" ()] d@>de}q/p %)Uq

a/p dv)l/q

(Z a(s— <1/p)>>1/q</0 ~(s— 2>q(/R(U7 /|@<v|A@f”(y)|d@>pdy) ~

<e Msf2,1,1( //)H ”6 (1/10)

—(1/p))
1/17)

<02Hf | (1/1))

Bo g ”gHBV

By the assumptions on s, B, , < BVql(Sf(1 /) - The desired estimate follows.
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e The case s > 14 (2/p). Let us consider a number u > 1. Using the changes
of variables of (4.32), we obtain that

// (fl /Q(m) [AR(f" 0 g) ()| g’ (x + h)? dh)pdgc <

Lt
Ju
<o (7] 1meg@l g e+ P an) " s
it Q(z3t)

p/u
<cf (e JAr g @Iy @ g e+ midn)” ds
it Q(z;t)

/u
gcal@*(”“””*l/ (fl/ Ao f” (y)|* d@)p dy .
R |@\§alt

Using the elementary inequality

ar < |9 [l

in the integral with respect to ©, we immediately get that

Ui <y (zl:al(z_(l/u))P—1>l/p</()oo 4= (s=2)q
/ / /
. (/]R (til /|e<t|g’loo |A@fﬂ(y>|Ud@>p udy>q p %)1 q

5— u s— u 2—(1 1
< e My () g3 O gl P

Assumption s > 1+ (2/p) allows to choose u such that 1 —§ < 1/u <1—(1/p).
Then p < (2 — L)p — 1. The desired estimate follows.

Estimate of U . By definition of Q(x), we can write
(4.34) Uy <UL+ 204

where

r=(f e (s, /% 1t e nan) ) )
04 ::(/0 (5= 2)q Z/ 2)Ply (x )|2”dx)q/p %)1/11.

Estimate of U}. We introduce a parameter v > p whose value will be fixed
later. We put

(4.35)

|
S| =

1
w

T
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We define o := (p + 1)/v, and write
-1 " ! 2 P
[ [ i+ m)lg o 1 an) o <
i Q(z;3t)
2 Jw — v — o P
<™ [ g (0 [ 18 e s )l e winan) e
e x:t
2 Jw — v @ p
<o’ [l @ (M7 o gl lg 1)) ) do.
Lt
Applying Holder’s inequality twice and the estimate (4.13), it holds that
2w —(1/o)w p/w o v p/v
St ( / @0 0ean)™ ([ (a7 egllg 1) @) ar) " <
l Il//t Il/,/t
(et [, o 1= -0/
1

bl <2t

(3 / M(f" 0 gllg' ) @) ar)"

p/w p/w
< (X)) (ASMW@@+ij@WFWWWM>

1 [n|< 2t

<[[1f"ogllg

p/w

g

where the last estimate follows from the Hardy-Littlewood maximal inequality
in L,. We define

s—2 1 1
(4.36) S1i= 71 P (1—;)11), q1 = (1——>q.

Applying Proposition 3.16, the estimate

o Jwdi\ 1/ a
([ e[ swlg@+m-gapan)”F)"
0 R t

[n|<2t

holds under the condition 1/w < s —2 <1 — (1/v), i.e., if and only if
1
(4.37) 1—6<;<3—5.

Thus we obtain
l/v) )

Uy < celllf” o gllg'1* 1o gl

Since av — 1 = p, it holds that

115" oalls" o < (St |

1 v /v " p/v
£ ) < o gl -
1 g(I1) r
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To conclude, we need the embeddings
s 1 571 s
(4.38) By =BV, . By <= Byla

together with the estimate

(4.39) 1l < ellf]

The first embedding in (4.38) follows from s > 1+ (1/p), and the second from

s—1 .
BPMI

(4.40) 52111(5—1+%).

v

According to Proposition 3.23, inequality (4.39) follows from
1 1

4.41 1-0< =< .

(441) v (s—1)p

Combining (4.37), (4.40) and (4.41), we see that the number v must satisfy

1 6<1< (1 ! ! 3 )
- — < min — . 3-3s]).
v 146" (s—1)p’ ’

The existence of such a number follows from the conditions s > 2, p > 1 and
0 <6 < 1. Since (4.37) implies 2 — (1/v) < s — (1/p), it holds that

U7 < el gy 95" < exVifig).

Estimate of UY . Using Holder’s inequality (with v and w, see (4.35)) and (4.13),
we obtain that

[ 15 e P g @ ar <

Il,t

= a}”/l " (g(@))I? |g' ()P sup [g'(v+h) —g' (@)@ da
1" t

It [h|<
p/v p/w
<af ([ rera) ([ s 19— g @)1 do)
g(I}’,) 1", |hl <2t
p/w
<af 17712 ( [ sup 1o+ h)— g/ @)| - da)
R |h|< 2t
So -
g <ellfllo lglavy gl

where s1, p1 and ¢; are defined in (4.36). Now the estimate of U} can be obtained
as that of UY. We omit the details.

Substep 2.2: Estimate of Uy. We write Uy < Uj + UY/, as in (4.30), where U}
and U} are the corresponding terms with respect to the decomposition using the
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families {1}, }; and {I}’; },, respectively.
- In the estimate of Uj, we just replace (4.31) by

g'(@)* <|g'(@)lg'(@+h)|, VheP).

- As in (4.34), we decompose Uy < U{ + 2 Uy, where

Uy = (/Ooot—(s—2)q(z / (t_l/p(m) 1" (g(z + h))|g ()2 dh)pdx)Q/p%)l/q
Ul = (/ (5= 2)q Z/ e )|2pd$)Q/p %)1/(1'
0

Then the estimate of Uy (resp. Uj() is similar to that of U} (resp. UY).

Substep 2.3: Estimate of Uy. Let 0 < o < 1. Using notation (4.35) and Hélder’s
inequality with (1 —a) + a =1, we obtain

/R (fl /Q(x;t) " (9(2))| |1AR(g") ()] dh)pdgg <
=0 /]R <t71 /Q(x;t) lg'(x +h) — g (@)~ dh>p|f”(g(x))|p g/ () [P0 da

t w(l—c) p/w , ,
<a([ (00 [ warm-g@lan)" " a) e g g .
R

—t

Arguing as in the estimate of UY , we deduce that

1+« v
(1.42) U < el ol " g
where
s—2
(443) S1 = ’ p1 = (1 - a)w, q1 = (1 - a)q,

l—«a
under condition 0 < s; < 1 and p; > 1. The first condition is equivalent to
(4.44) a<3-—s,

the second will be satisfied by the future choice of v. Now we need the esti-
mate (4.39) for || f”||,; this follows from condition (4.41). We need also the em-
beddings By, Ley B, and By < BV(HQ)” 1> which come from

1
(4.45) 0>s1——, p=>p, p<(l+a)v—1.
P1

Combining (4.41) and (4.45), we obtain the following condition for 1/v:

1+« 1 >

« 1 .
(4.46) max(176,;><;<m1n(1fa6,m,(8_1)p
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Notice that (3 — s)(s — 1) < 1 for s # 2. Hence (4.44) implies a < 25 and

g<min(1—oz(5
p

1
’m)a

While a ﬁ;‘ follows by a < 1 < p. Inequality 1 —6 < 1 — «d follows from a < 1,
while 1 o< (= 1)p was observed in the estimate of UY. Inequality 1 — ¢ < 1%

. . 1+p
is equivalent to

(4.47) p—(p+1)i<a.

The condition s > 2 guarantees the compatibility between (4.44) and (4.47). Thus
it is possible to find v satisfying (4.46). For such a v, we obtain that

(4.48) U < e || f |l B < e V(fig).

The last inequality follows from 1 — ¢ < 1/v.

Substep 2.4: Estimate of Us. Let 0 < a < 1 and 1 <wv; < v (see (4.35) for the
definition of v). We put
1 1

— =1-—.
w1 U1
Using the following elementary inequality:
[An(g?) (@) < clg' (@ + )" |Ang/ (2)]'7%,  Vh e P(x),

and by Holder inequality applied three times (in particular with (1 — «) + a = 1),
we obtain that

L[ 1 ma @l an) a <
p/w1

<o [ (el Prerw)” (o f tt [Ang' (@)1= dn)" " do

Z:ﬁ ( / (¢ / tt g @ an) )"

Using the notation (4.43) for s1, p1 and g1, it holds that

<o | MU0 g)lg' o1

Uz<c|l(f"og)lg

Now we choose a number v as in (4.46). An analogous estimate to the one obtained
for Uy (see (4.42) and (4.48)) allows us to get that Uy < ¢ V(f;g). Notice that the

condition

1 1
—— —<s <1
P1 wq

is guaranteed by (4.44) and 1 — ¢ < 1/v.
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5. Proof of Theorem 2.1 and Corollary 2.3

5.1. Proof of Corollary 2.3

Using Propositions 3.15, 3.10, 3.21(ii), Theorem 2.2 and condition f(0) = 0, we
derive

1f o gll 5

P,q

<a(lfogl+1(fo9)ls )
< o1 lscllglly + 15

< csl|f'|

s—(1

P,q

s—(1
st (lollsg, + 19l ")

This proves (i).

We now prove (ii). It holds that fog = (fp:) og for ¢ := ||g]|ee. By the
embedding B;;l — B;;l, see Proposition 3.21(i), and by the assumption on f, it
holds that
Bs < +400.

p,q

1o g < ell(Foe) g < el fd

Since (fp¢)(0) = 0, the desired inequality follows from (i).

5.2. Proof of Theorem 2.1

Proof of (i). As mentioned in the Introduction, the necessity of f(0) = 0 and
fe B;;goc is well known. The sufficiency part of Theorem 2.1 is an immediate
consequence of Corollary 2.3 (ii).

Proof of (ii). Boundedness follows immediately from the embedding B, , < C,
see Proposition 3.21(i) and Corollary 2.3(ii). The fact that T is not sublinear,
except in case f is linear, has been proved in Proposition 11 of [4]; this statement
follows also from Proposition 6.1 (see below) and a homogeneity argument.

6. Optimality of the estimates

From the condition s — (1/p) > 1, the inequality (2.2) implies that

)8*(1/17) .

(6.1) 1fogllss, SC”f"BZ:Il (1+ l9llB;.,

Now the exponent s — (1/p) in (6.1) is optimal except if f is a polynomial.
Indeed we have the following statement:

Proposition 6.1. Let 0 < a < s — (1/p) and let N be any seminorm on D. If f
is a continuous function such that, for some constant ¢ = ¢(f) > 0, the inequality

(6.2) |fogl

By, < c(1+N(g)"

holds for all g € D, then f is a polynomial of degree < s.
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Proof. We use the same argument as in the proofs of Propositions 11 and 12 in [4].
Let us consider the integer m > 1 such that m — 1 < s < m. Let us define p € D
by ¢(x) := zp(x), Vo € R, see (1.1) for the definition of p. Then it holds that
(foap)(x) = f(ax) for all x € [-1,1] and all a > 0. Hence,

(6.3) A'(foap)(x)=Alf(ax), Vze[-1/2,1/2], VL€ [0,1/2m], Ya > 0.

From the embedding B; , < B; ., (6.2) and (6.3), we deduce that

p,007

a/2 1/p
(/ |Af‘f(x)|pdx) <ca®tW/P) =5y vt €]0,1], Ya > 2m.
—a/2

Applying the assumption on «, and taking a — +oco, we obtain that
A" f(z) =0 ae., Vte€|o,1].

Then, using a standard argument, we deduce that f is a polynomial of degree at
most m — 1. O
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