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Composition operators on Besov algebras

Madani Moussai

Abstract. We study the composition operator Tf (g) := f ◦ g on Besov
spaces Bs

p,q(R). In the case 1 < p < +∞, p ≤ q ≤ +∞ and s > 1 + (1/p)
we will prove that the operator Tf takes Bs

p,q(R) into itself if and only if
f(0) = 0 and f belongs locally to Bs

p,q(R).

1. Introduction

For a Borel function f : R → R, we are interested in the associated nonlinear
composition operator Tf : g → f ◦ g on the Besov space Bs

p,q(R) into itself. The
Superposition Operator Problem (S.O.P.) for a given real valued function space E
consists in the full characterization of functions f such that Tf (E) ⊂ E. The
following results are well known:

• If 1 < p < +∞, s > n/p and f ∈ C∞(R), then Tf takes the Bessel poten-
tial spaces Hs

p(R
n) (resp. Bs

p,q(R
n)) into itself, see e.g. Meyer [12], (resp.

Peetre [13]).

• Dahlberg [9] proved that for 1 ≤ p ≤ +∞ and 1 + (1/p) < m < n/p (m
integer), if Tf maps the Sobolev spaces Wm

p (Rn) into itself, then f is a
linear function. Also, after the work of Marcus and Mizel [11] on W 1

p (R
n),

Bourdaud [2] proved that for either m ≥ 2 and mp > n, or m = n ≥ 2 and
p = 1, the operator Tf mapsWm

p (Rn) into itself if and only if f ∈ Wm,�oc
p (R).

• The result of Dahlberg has been extended to Bs
p,q(R

n). More precisely, for
1 ≤ p, q ≤ +∞ and either 1 + (1/p) < s < n/p, or 1 + (1/p) = s < n/p and
1 < q ≤ +∞, if the operator Tf acts on Bs

p,q(R
n) then f(t) = ct for some

real c, see e.g. [15] and [16].

The characterization of those functions f such that Tf acts onBs
p,q(R

n) requires
to investigate the necessary conditions. In this sense, we recall the following two
results:
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(r1) Let s > 0 and 1 ≤ p, q ≤ +∞. If Tf takes Bs
p,q(R

n)∩L∞(Rn) to Bs
p,∞(Rn),

then f is locally Lipschitz continuous, i.e., f ∈ W 1,�oc
∞ (R).

(r2) Let s > 0 and 1 ≤ p, q ≤ +∞. If Tf takes the Schwartz space S(Rn) to
Bs

p,q(R
n), then f ∈ Bs,�oc

p,q (R).

In (r1) we have chosen Bs
p,∞(Rn) since the embedding Bs

p,q(R
n) ↪→ Bs

p,∞(Rn)
is satisfied for all q ≥ 1. Result (r1) is proved in [16] or [1] for instance; the proof
of (r2) can be found in 5.3.1–Theorem 2 of [16]. Now (r1) and (r2) lead to the
following conjecture:

Conjecture 1.1. Let f : R → R. The composition operator Tf takes the space
Bs

p,q(R
n) ∩ L∞(Rn) into Bs

p,q(R
n) if only if the following three conditions hold:

(i) f(0) = 0 , (ii) f ∈ W 1,�oc
∞ (R) , (iii) f ∈ Bs,�oc

p,q (R) .

The necessity of (i) is obvious in case p < +∞ and can be obtained by testing f
on the zero function. However (ii) and (iii) can be simplified in the following
subcases:

- If s > 1 + (1/p), then Bs
p,q(R) ↪→ W 1

∞(R), hence the condition (ii) can be
dropped.

- If 0 < s < 1, then W 1,�oc
∞ (R) ↪→ W 1,�oc

p (R) ↪→ Bs,�oc
p,q (R), hence the condi-

tion (iii) can be dropped. The above conjecture has been proved in this case,
see Bourdaud [3].

In this paper we are interested in the case of Besov spaces on R, when the
parameters s and p satisfy the condition s > 1+ (1/p). We will establish superpo-
sition theorems in which the functions f , associated to the composition operator,
belong locally to Besov space. The proof of this result relies on sharp estimates
using a weaker condition for f , that is f ′ ∈ L∞(R) ∩ Ḃs−1

p,q (R), where the dotted
space represents the homogeneous space. Notice that we will use, in particular,
embeddings in Besov space, and some properties of Wiener space BVp(R) of func-
tions of bounded p -variation [20]. The method presented here has been used in
case of Lizorkin–Triebel spaces [8].

For more information about S.O.P., we refer the reader to the different works of
Bourdaud and his collaborators ([2], [3], [4] and [5] for example), and the papers [6]
and [7] in which we have partially solved the S.O.P. in both Besov and Lizorkin–
Triebel spaces.

Notation and plan of the paper

We work with functions defined on the Euclidean space R
n. However, in Sec-

tions 4-6 we will omit R in the notation, since all the functions are defined on the
real line R, and assumed to be real valued. For s ∈ R, [s] denotes the greatest
integer less than or equal to s. With ‖ · ‖p we denote the Lp-norm on R

n. We de-
note by Cb(R

n) the Banach space of bounded continuous functions on R
n, endowed

with the supremum, and by Cub(R
n) the Banach space of bounded and uniformly
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continuous functions on R
n. We denote by C0(R

n) the Banach subspace of Cb(R
n)

with 0 limiting value at infinity. Let D(Rn) (respectively, S(Rn) and S ′(Rn)) de-
note the C∞-functions with compact support (respectively, the Schwartz space of
all rapidly decreasing C∞-functions and its topological dual) on R

n. We define
the difference operators by Δhf := Δ1

hf = f(·+ h)− f and Δm
h f := Δh(Δ

m−1
h f),

m = 2, 3, . . . , h ∈ R
n.

We denote by ρ a (cut-off) function in D(Rn), such that

(1.1) 0 ≤ ρ ≤ 1, ρ(x) = 1 for |x| ≤ 1, ρ(x) = 0 for |x| ≥ 3/2.

We put ρt(x) := ρ(x/t), t > 0. The function ρ depends on n.
If E is a Banach function space on R

n we denote by E�oc the collection of all
functions f such that ϕf ∈ E for all ϕ ∈ D(Rn).

A mapping T : E → E is called sublinear if there exists a constant c > 0 such
that

‖Tf‖E ≤ c (1 + ‖f‖E) , ∀f ∈ E .

Throughout the paper, constants c, c1, . . . are strictly positive and depend only
on the fixed parameters n, s, p and q; their values may vary from line to line.

The paper is organized as follows. In Section 2 we formulate the main results,
and add a short comment. In Section 3, we first collect in Subsections 3.2–3.3 the
needed properties of the homogeneous and inhomogeneous Besov spaces. Secondly,
as L∞(Rn) ∩ Ḃs

p,q(R
n) plays an important role in this work, we give, in Subsec-

tion 3.4, an explicit characterization of this space. Section 4 is devoted to the proof
of the sharp estimate of composition operators, which will be given according to
the cases 1 + (1/p) < s < 2, and s = 2, and 2 < s ≤ 2 + (1/p), and is the essential
part of the paper. In Section 5 we give the proof of our main results. Finally, the
optimality of the exponent s− (1/p), which appears in the right hand side of the
sharp estimate, will be studied in Section 6.

2. Statement of the main results

Our main results on the S.O.P. consist of the following two theorems:

Theorem 2.1. Let 1 < p < +∞, p ≤ q ≤ +∞ and s > 1 + (1/p).

(i) For a Borel measurable function f : R → R the composition operator Tf acts
on Bs

p,q(R) if and only if f(0) = 0 and f ∈ Bs,�oc
p,q (R).

(ii) If f(0) = 0 and f ∈ Bs,�oc
p,q (R), then the operator Tf : Bs

p,q(R) → Bs
p,q(R) is

bounded but not sublinear, unless f itself is linear.

We introduce the space of all functions in L∞(R) ∩ Ḃs
p,q(R), which is denoted

by Bs
p,q(R) and defined by

‖f‖Bs
p,q(R)

:= ‖f‖∞ + ‖f‖Ḃs
p,q(R)

< +∞ .
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Theorem 2.2. Let s, p, q be real numbers as in Theorem 2.1. Then there exists
a constant c > 0 such that the inequality

(2.1) ‖(f ◦ g)′‖Bs−1
p,q (R) ≤ c‖f ′‖Bs−1

p,q (R)

(
‖g‖Bs

p,q(R)
+ ‖g‖s−(1/p)

Bs
p,q(R)

)
holds for all functions f such that f ′ ∈ Bs−1

p,q (R), and all g ∈ Bs
p,q(R).

As an immediate consequence we have the following corollary:

Corollary 2.3. Let s, p, q be real numbers as in Theorem 2.1.

(i) There exists a constant c > 0 such that the inequality

(2.2) ‖ f ◦ g ‖Bs
p,q(R)

≤ c ‖f ′‖Bs−1
p,q (R)

(
‖g‖Bs

p,q(R)
+ ‖g‖s−(1/p)

Bs
p,q(R)

)
holds for all functions f : R → R such that f ′ ∈ Bs−1

p,q (R) and f(0) = 0, and
all g ∈ Bs

p,q(R).

(ii) There exists a constant c > 0 such that the inequality (2.2) holds for all
functions f ∈ Bs,�oc

p,q (R) satisfying f(0) = 0 and all g ∈ Bs
p,q(R), with

‖(f ρ‖g‖∞)′‖Bs−1
p,q (R) instead of ‖f ′‖Bs−1

p,q (R).

Remark 2.4. Let s, p, and q be as in Theorem 2.1. Let M be a bounded set in
Bs

p,q(R). Then from the continuous embedding Bs
p,q(R) ↪→ Cb(R) we conclude that

M is bounded in Cb(R) as well. Now it follows immediately from Corollary 2.3(ii)
and Theorem 2.1 that acting conditions and boundedness are equivalent. Indeed,
under the conditions of Theorem 2.1, the following assertions are equivalent:

(i) Tf satisfies the acting condition Tf (B
s
p,q(R)) ⊂ Bs

p,q(R).

(ii) Tf maps bounded sets in Bs
p,q(R) into bounded sets in Bs

p,q(R).

(iii) f ∈ Bs,�oc
p,q (R) and f(0) = 0.

Remark 2.5. The study of the case p > q requires supplementary conditions
involving the parameter q. We will prove the above results under the following
general conditions: 1 < p < +∞, 1 ≤ q ≤ +∞, s > 1 + (1/p) and

either: [s] ≥ 1 , s− [s] > (1/p) ,
p

q
+

1

p
− 1 ≤ s− [s] ,(2.3)

or: [s] ≥ 2 , s− [s] ≤ (1/p) ,
p

q
+

1

p
− 2 ≤ s− [s] ,(2.4)

or: [s] ≥ 2 , 0 < s− [s] ≤ (1/p) ,
2

p
− 1 ≤ s− [s] .(2.5)

Notice that (2.3), (2.4) and (2.5) are reduced to the condition s > 1 + (1/p)
when p ≤ q.

Remark 2.6. Let 1 ≤ p, q ≤ +∞ and s > 1 + (1/p). For any function f : R → R

the question is to prove that the operator Tf is bounded on Bs
p,q(R) if and only if

f(0) = 0 and f ∈ Bs,�oc
p,q (R). The present article gives an almost complete answer

to this question.
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A comment. In [7], under conditions (2.3) or

[s] ≥ 2 , s− [s] ≤ (1/p) ,
p

q
+

1

p
− 2 ≤ s− [s] , s− [s] /∈ Jp ,(2.6)

where Jp denotes the following intervals

Jp :=

⎧⎨
⎩

[
1
p − 1

2 −
√

1
p − 3

4 ,
1
p − 1

2 +
√

1
p − 3

4

]
if 1 < p ≤ 4

3 ,

∅ if p > 4
3 ,

it has been proved that

(2.7) ‖ f ◦ g ‖Bs
p,q(R)

≤ c ‖f ′‖Bs−1
p,q (R)

(
‖g‖Bs

p,q(R)
+ ‖g‖s−(1/p)

Bs
p,q(R)

)
,

for all g ∈ Bs
p,q(R), and all functions f : R → R such that

f ′ ∈ Bs−1
p,q (R) , f(0) = f ′(0) = · · · = f (m)(0) = 0

for m := −[(1/p) − s] − 2. By Theorem 2.2, in case m ≥ 1, we weaken the third
condition in (2.6) and eliminate the restriction s− [s] /∈ Jp . Also, we do not need
the assumption

f ′(0) = · · · = f (m)(0) = 0 .

The basic idea is to replace condition f ′ ∈ Bs−1
p,q (R) by a weaker one, namely

f ′ ∈ Bs−1
p,q (R).

3. The Besov spaces

First we introduce some further notations. We denote by P∞(Rn) the set of all
polynomials on R

n, and by S∞(Rn) the set of all u ∈ S(Rn) such that 〈f, u〉 = 0
for all f ∈ P∞(Rn). For all f ∈ S ′(Rn), we denote by [f ] the equivalence class
of f modulo P∞(Rn). The mapping which takes any [f ] to the restriction of
f to S∞(Rn) turns out to be a vector space isomorphism from S ′(Rn)/P∞(Rn)
onto S ′

∞(Rn). For this reason, S ′
∞(Rn) is called the space of distributions modulo

polynomials.

3.1. The Littlewood–Paley setting

We consider the cut-off function ρ, see (1.1). We define

γ(ξ) := ρ(ξ)− ρ(2ξ) , ∀ξ ∈ R
n .

Then γ is supported in the compact annulus 1/2 ≤ |ξ| ≤ 3/2, and the following
identities hold: ∑

j∈Z

γ(2jξ) = 1 , ∀ξ ∈ R
n \ {0} ,

ρ(ξ) +
∑
j≥1

γ(2−jξ) = 1 , ∀ξ ∈ R
n .
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For any j ∈ Z, we introduce the pseudodifferential operators Sj := ρ(2−jD)
and Qj := γ(2−jD). It is clear that Sj is defined on S ′(Rn) and that Qj is
defined on S ′

∞(Rn). All these operators take values in the space of analytical
functions of exponential type, see the Paley–Wiener Theorem. The Littlewood–
Paley decompositions of a tempered distribution are described in the following well
known statements:

Proposition 3.1. (i) For every f ∈ S∞(Rn) (resp. S ′∞(Rn)), it holds that

(3.1) f =
∑
j∈Z

Qjf ,

in S∞(Rn) (resp. S ′
∞(Rn)).

(ii) For every f ∈ S(Rn) (resp. S ′(Rn)) and every k ∈ Z, it holds that

(3.2) f = Skf +
∑
j>k

Qjf ,

in S(Rn) (resp. S ′(Rn)).

Remark 3.2. According to Young’s inequality in Lp(R
n), the families of operators

{Sj}j∈Z and {Qj}j∈Z constitute bounded subsets of the normed space L(Lp(R
n)),

for any p ∈ [1,+∞].

3.2. Basic facts on homogeneous Besov spaces

3.2.1. Definition and some properties.

Definition 3.3. Let s ∈ R and p, q ∈ [1,∞]. The homogeneous Besov space
Ḃs

p,q(R
n) is the set of distributions modulo polynomials f such that

‖f‖Ḃs
p,q(R

n) :=
(∑

j∈Z

(2sj‖Qjf‖p)q
)1/q

< +∞ .

Proposition 3.4. Let a, b be real numbers such that 0 < a < b. Let (uj)j∈Z be a
sequence in S ′(Rn) such that supp ûj ⊆ {ξ : a2j ≤ |ξ| ≤ b2j} and

A :=
(∑

j∈Z

(
2js‖uj‖p

)q)1/q

< +∞.

(i) The series
∑

j∈Z
uj converges in S ′∞(Rn), and satisfies

(3.3)
∥∥∥∑
j∈Z

uj

∥∥∥
Ḃs

p,q(R
n)

≤ cA ,

where c depends only on n, s, p, q, a and b.

(ii) In the case s > 0, the same conclusion holds for a = 0; when s < 0, the same
conclusion holds for b = +∞.
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We will exploit the following lemma, a classical consequence of Taylor’s formula.

Lemma 3.5. (i) If f ∈ S(Rn), then ‖Qjf‖p = O(2−jN ) as j → +∞, for all N ∈N.

(ii) If f ∈ S∞(Rn), then ‖Sjf‖p and ‖Qjf‖p are O(2jN ) as j → −∞, for all N ∈N.

Proof of Proposition 3.4.

Step 1: Convergence in S ′∞(Rn). Let f ∈ S∞(Rn).

Substep 1.1: The case s > 0. We assume that ûj is supported by the ball
|ξ| ≤ b2j. There exists an integerm, depending only on b, such that Sj+m(uj) = uj ,
hence 〈uj, f〉 = 〈uj , Sj+mf〉, for all j ∈ Z. By Lemma 3.5,

‖Sj+mf‖p′ ≤ c(f) min(1, 2jN ), ∀j ∈ Z ,

where N is arbitrarily large. By assumption and by Hölder’s inequality, we obtain

(3.4)
∑
j∈Z

|〈uj, f〉| ≤ c1(f)A .

Substep 1.2: The case s < 0. Now we assume that ûj is supported by the set
|ξ| ≥ a2j. There exists an integer m, depending only on a, such that Sj+m(uj) = 0,
hence 〈uj , f〉 = 〈uj , f −Sj+mf〉, for all j ∈ Z. By Lemma 3.5 and Proposition 3.1,
we deduce

‖Sj+mf − f‖p′ ≤ c(f)min
(
1, 2−jN

)
, ∀j ∈ Z ,

where N is arbitrarily large. We obtain (3.4) as in Substep 1.1.

Substep 1.3: The case s = 0. There exist integers m1,m2, depending only on a
and b, such that Qk(uj) = 0 except perhaps for m1 < j − k < m2. Then

〈uj , f〉 =
∑

m1<m<m2

〈uj , Qj−mf〉 .

We conclude using Lemma 3.5, as in the preceding substeps.

Step 2: We turn to prove estimate (3.3). Let u :=
∑

j∈Z
uj. By Step 1, we have

Qku =
∑

k+m1<j<k+m2

Qk(uj) .

where m1 ∈ Z ∪ {−∞}, m1 = −∞ iff b = +∞, m2 ∈ Z ∪ {+∞}, m2 = +∞ iff
a = 0. By Remark 3.2,

2ks‖Qku‖p ≤ c
∑

k+m1<j<k+m2

2(k−j)s 2js ‖uj‖p .

In all cases, we have

B :=
∑

m1<l<m2

2−ls < +∞ .

Then, applying Young’s inequality in lq(Z), we obtain(∑
k∈Z

(
2ks‖Qku‖p

)q)1/q

≤ cAB .
�
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Remark 3.6. Proposition 3.4 is a variant of the classical Nikol’skij representation
method, see Proposition 2.3.2 (1), page 59, of [16], or [19].

Theorem 3.7. Let s ∈ R and p, q ∈ [1,∞]. Ḃs
p,q(R

n) is a Banach space, and the
following chain of continuous embeddings holds:

S∞(Rn) ↪→ Ḃs
p,q(R

n) ↪→ S ′
∞(Rn) .

The above properties are easy consequences of Proposition 3.4, Lemma 3.5,
and the completeness of vector valued Lp spaces. Using again Proposition 3.4, we
derive the following three propositions. The first one explains why our spaces are
called homogeneous.

Proposition 3.8. Let s∈ R and p, q ∈ [1,∞]. Then there exist constants c1, c2 > 0
such that

(3.5) c1‖f‖Ḃs
p,q(R

n) ≤ λ(n/p)−s‖f(λ(·))‖Ḃs
p,q(R

n) ≤ c2‖f‖Ḃs
p,q(R

n)

for all f ∈ Ḃs
p,q(R

n) and all λ > 0.

Remark 3.9. It follows immediately from Proposition 3.8 that we can renorm
Ḃs

p,q(R
n) in such a way that c1 = c2 = 1 in (3.5).

Proposition 3.10. Let s ∈ R and p, q ∈ [1,∞]. A member f of S ′
∞(Rn) belongs

to Ḃs
p,q(R

n) if and only if its first order derivatives ∂�f belongs to Ḃs−1
p,q (Rn),

(	 = 1, . . . , n). Moreover
∑n

�=1 ‖∂�f‖Ḃs−1
p,q (Rn) is an equivalent norm in Ḃs

p,q(R
n).

Proposition 3.11. The continuous embedding Ḃs1
p1,q(R

n) ↪→ Ḃs2
p2,q(R

n) holds for
all parameters s1, s2 ∈ R and p1, p2, q ∈ [1,∞] such that

s1 − n

p1
= s2 − n

p2
and p2 ≥ p1 .

3.2.2. Duality. We start by introducing the following notations. For p ∈ [1,∞],
we denote by p′ its conjugate exponent, that is, (1/p) + (1/p′) = 1. If E is any
vector space, we denote by cc(Z, E) the set of sequences (uj)j∈Z ∈ EZ such that
uj = 0, except for a finite number of indexes j, and by c0(Z, E) the set of sequences
(uj)j∈Z ∈ EZ such that lim|j|→+∞ ‖uj‖E = 0.

Any homogeneous Besov space is the dual space of a separable Banach space.
More precisely, we have the following:

Theorem 3.12. Let s ∈ R, 1 < p < +∞ and 1 ≤ q ≤ +∞. Then the homogeneous
Besov space Ḃs

p,q(R
n) is the set of f ∈ S ′

∞(Rn) such that

(3.6) Ns
p,q(f) := sup{ |〈f, g〉| : g ∈ S∞(Rn) , ‖g‖Ḃ−s

p′,q′ (R
n) ≤ 1 } < +∞ .

Moreover Ns
p,q is an equivalent norm in Ḃs

p,q(R
n). Consequently Ḃs

p,q(R
n) can be

identified as the dual space of the closure of S∞(Rn) in Ḃ−s
p′,q′(R

n).
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Proof. Although the proof is essentially the same as for inhomogeneous Besov
spaces (see, for instance, §2.11 in Triebel’s [17]), we outline it below for the conve-
nience of the reader.

We introduce a radial function γ̃ ∈ D(Rn \ {0}) such that γ̃γ = γ, and we

define Q̃j := γ̃(2−jD). Then we can define a duality bracket between Ḃs
p,q(R

n)

and Ḃ−s
p′,q′(R

n) by means of the following:

� f, g� :=
∑
j∈Z

〈Qjf, Q̃jg〉 .

Using Propositions 3.1 and 3.4, we obtain that

� f, g� = 〈f, g〉 , ∀f ∈ Ḃs
p,q(R

n) , ∀g ∈ S∞(Rn) ,

|� f, g�| ≤ c‖f‖Ḃs
p,q(R

n) ‖g‖Ḃ−s

p′,q′ (R
n) , ∀f ∈ Ḃs

p,q(R
n) , ∀g ∈ Ḃ−s

p′,q′(R
n) .

By the above two relations, we conclude that any f ∈ Ḃs
p,q(R

n) satisfies the prop-
erty (3.6), with Ns

p,q(f) ≤ c‖f‖Ḃs
p,q(R

n).

Assume conversely that f satisfies the property (3.6). Let use define

L((gj)j∈Z) :=
〈
f,
∑
j∈Z

2−sjQ̃jgj

〉
, ∀(gj)j∈Z ∈ cc(Z,S∞(Rn)) .

We set E = Lp′(Rn), if p′ < ∞, and E = C0(R
n), if p′ = ∞. By Proposition 3.4,

we see that L extends as a continuous linear form on lq′(Z, E) if q′ < ∞, and
on c0(Z, E) if q′ = ∞, and that ‖L‖ ≤ c1N

s
p,q(f) in the respective dual spaces.

By classical duality properties of vector valued Lp spaces, there exists a sequence
(fj)j∈Z such that ‖(fj)j∈Z‖lq(Z,E′) ≤ c1N

s
p,q(f) and

L((gj)j∈Z) =
∑
j∈Z

〈fj , gj〉 , ∀(gj)j∈Z ∈ cc(Z,S∞(Rn)) .

The above identity implies that

f =
∑
j∈Z

2−sjQjfj .

Then Proposition 3.4 and Remark 3.2 give us

‖f‖Ḃs
p,q(R

n) ≤ c2

(∑
j∈Z

‖Qjfj‖qp
)1/q

≤ c3N
s
p,q(f) ,

and the proof is finished. �

Next we turn to the Fatou property:

Proposition 3.13. Let s ∈ R and p, q ∈ [1,∞]. Let f ∈ S ′
∞(Rn). Let (uk)k≥0

be a bounded sequence in Ḃs
p,q(R

n) such that limk→+∞ uk = f in S ′
∞(Rn) . Then

f ∈ Ḃs
p,q(R

n) and
‖f‖Ḃs

p,q(R
n) ≤ c lim inf

k→+∞
‖uk‖Ḃs

p,q(R
n) .
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Proof. If 1 < p < +∞, the assertion follows immediately from Theorem 3.12.
In the cases p = 1 and p = +∞, the proof given by Franke [10] for the case
of inhomogeneous Besov spaces can be easily extended to hold for homogeneous
spaces (see Proposition 3.18 below). �

3.3. Inhomogeneous Besov spaces

By using the inhomogeneous Littlewood–Paley decomposition (3.2) instead of the
homogeneous one (3.1), we obtain the inhomogeneous, or ordinary, Besov spaces:

Definition 3.14. Let s ∈ R and p, q ∈ [1,∞]. The inhomogeneous Besov space
Bs

p,q(R
n) is the set of tempered distributions f such that

‖f‖Bs
p,q(R

n) := ‖S0f‖p +
(∑

j≥1

(2sj‖Qjf‖p)q
)1/q

< +∞ .

The properties of the homogeneous spaces listed in Subsections 3.2.1 and 3.2.2
have well known counterparts for the inhomogeneous ones, see Triebel [17]. Except
for s = 0, the latter can be easily deduced from the former. Indeed we have the
following:

Proposition 3.15. Let s > 0 and 1 ≤ p, q ≤ +∞. Then it holds

Bs
p,q(R

n) = {f ∈ Lp(R
n) : [f ] ∈ Ḃs

p,q(R
n)}.

Moreover ‖f‖p + ‖f‖Ḃs
p,q(R

n) is an equivalent norm in Bs
p,q(R

n).

For s < 0, Bs
p,q(R

n) coincides with Lp(R
n) + Ḃs

p,q(R
n), as a set, and as a

Banach space. By contrast, there is no embedding relations between Ḃ0
p,q(R

n) and
B0

p,q(R
n), except for p = q = 2 (then both coincide with L2(R

n)).

3.3.1. Characterization by differences. First, for brevity we will use the fol-
lowing notation. For a measurable function f on R

n we put

(3.7) M s,m,u
p,q (f) :=

(∫ ∞

0

t−sq

(∫
Rn

(
t−n

∫
|h|≤t

|Δm
h f(x)|u dh

)p/u

dx

)q/p
dt

t

)1/q

.

Now, according to Triebel (see Theorem 3.5.3, page 194, in [18]), we have an
equivalent norm on Bs

p,q(R
n) via difference operators at our disposal.

Proposition 3.16. Let 1 ≤ p, q, u ≤ +∞. Let 0 < s < m for some integer m ≥ 1.
Assume

(3.8) s > n
(1
p
− 1

u

)
.

Then a function f ∈ Lp(R
n) belongs to Bs

p,q(R
n) if and only if M s,m,u

p,q (f) < +∞ .
Moreover, ‖f‖p + M s,m,u

p,q (f) is an equivalent norm in Bs
p,q(R

n). This assertion

remains true if, in the expression of the term M s,m,u
p,q (f), one replaces

∫∞
0

. . . dt

by
∫ a

0 . . . dt for any fixed a > 0.
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Remark 3.17. Using Theorem 2.3.8 of [17], we can replace s and f by s− k and
∂k
� f (	 = 1, . . . , n) for some integers k ≥ 0, respectively, in Proposition 3.16.

3.3.2. The Fatou property.

Proposition 3.18. Let s ∈ R and p, q ∈ [1,∞]. Let (uk)k≥0 be a bounded sequence
in Bs

p,q(R
n) converging to f in S ′(Rn). Then f ∈ Bs

p,q(R
n) and

‖f‖Bs
p,q(R

n) ≤ c lim inf
k→+∞

‖uk‖Bs
p,q(R

n) .

Proof. See [10]. �

3.4. Besov algebras

3.4.1. Definition and some properties. For s ∈ R and p, q ∈ [1,∞] we intro-
duce the function space

Bs
p,q(R

n) := {f ∈ L∞(Rn) : [f ] ∈ Ḃs
p,q(R

n)}
and we endow it with its natural norm, i.e.,

‖f‖Bs
p,q(R

n) := ‖f‖∞ + ‖f‖Ḃs
p,q(R

n) .

It will turn out that Bs
p,q(R

n) is a Banach algebra for the pointwise product for
any s > 0, see Subsection 3.4.3 below. In that case, we will refer to these spaces
as the Besov algebras.

Theorem 3.19. Bs
p,q(R

n) is a Banach space, and the following chain of continuous
embeddings holds:

(3.9) S∞(Rn) ↪→ Bs
p,q(R

n) ↪→ S ′(Rn) .

Proof. It follows from Theorem 3.7 and Lemma 3.5. �

Remark 3.20. In the case s > 0, the left hand side embedding in (3.9) can be
improved in the sense that S(Rn) is embedded into Bs

p,q(R
n). This follows from

Bs
p,q(R

n) ↪→ Ḃs
p,q(R

n).

The following alternative description of certain multi-dimensional Besov alge-
bras is also of interest. We show that Besov algebras can be viewed as substitutes
of inhomogeneous Besov spaces, in case the latter are themselves algebras.

Proposition 3.21. Let 1 ≤ p, q ≤ +∞.

(i) For s > n/p, we have

Bs
p,q(R

n) ↪→ Bs
p,q(R

n) = Ḃs
p,q(R

n) ∩ Cub(R
n) ↪→ Bs−(n/p)

∞,q (Rn) .

(ii) For s > 1 + (n/p), it holds that

Bs
p,q(R

n) = {f ∈ L∞(Rn) : ∂�f ∈ Bs−1
p,q (Rn) , 	 = 1, . . . , n} ,

and ‖f‖∞ +
∑n

�=1 ‖∂�f‖Bs−1
p,q (Rn) is an equivalent norm in Bs

p,q(R
n).
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Proof. Step 1: Proof of (i). The first embedding follows from Proposition 3.15 and
the Sobolev type embedding Bs

p,q(R
n) ↪→ Cb(R

n). The second one follows from
Proposition 3.11.

By (3.2), any function in Ḃs
p,q(R

n) is the sum of a function of Bs
p,q(R

n) and an

entire function of exponential type. Thus in case s > n/p, Ḃs
p,q(R

n) is embedded
into C(Rn).

Step 2: Proof of (ii). By Proposition 3.10, it suffices to establish the inequality

(3.10) ‖∂�f‖∞ ≤ c ‖f‖Bs
p,q(R

n) , ∀f ∈ Bs
p,q(R

n) .

To prove (3.10) we observe, by (i), that ∂�f ∈ B
s−1−(n/p)
∞,q (Rn). Now we use

the inequality
‖∂�f‖Bs−1−(n/p)

∞,q (Rn)
≤ c ‖f‖

B
s−(n/p)
∞,q (Rn)

,

and we again apply (i). Notice that the last inequality can be easily obtained by
means of Bernstein’s inequality. We omit the details. �

For the following assertion, we need first to introduce the notion of distributions
vanishing at the infinity, cf. Definition 6 in [5].

Definition 3.22. A tempered distribution f ∈ S ′(Rn) is said to vanish at infinity
in the weak sense if

lim
λ→0

f
( .

λ

)
= 0 in S ′(Rn).

Example of such distributions are the functions f ∈ C0(R
n), the functions ∂�f

such that f ∈ Cb(R
n) and the functions f ∈ Lp(R

n) for 1 ≤ p < +∞.

Proposition 3.23. Let s > max(1, n/p) and 1 ≤ p, q < +∞. Let v be a real
number satisfying

(3.11) max
( 1

n

(
1 +

n

p
− s

)
, 0

)
<

1

v
<

1

sp
.

Then there exists a constant c > 0 such that ‖∂�f‖v ≤ c ‖f‖Bs
p,q(R

n) for all f ∈
Bs
p,q(R

n), (	 = 1, . . . , n).

Proof. Without loss of generality, we can assume that q = +∞. Let us set

f1 :=
∑
j≤0

Qjf , f2 :=
∑
j>0

Qjf .

Notice that f2 is a distribution, while f1 a distribution modulo polynomials. By
Proposition 3.4, it holds that ‖f2‖Ḃs

p,∞(Rn) ≤ c ‖f‖Ḃs
p,∞(Rn).

Since ‖Qjf‖p ≤ c 2−sj‖f‖Ḃs
p,∞(Rn), the series

∑
j>0 Qjf converges in Lp(R

n).

By Proposition 3.15 we conclude that

‖f2‖Bs
p,∞(Rn) ≤ c ‖f‖Ḃs

p,∞(Rn) .
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By the classical Sobolev embedding, Bs
p,∞(Rn) ↪→ W 1

v (R
n) if s−(n/p) > 1−(n/v)

and p < v, see, e.g., Corollary 2, page 36 in [16]. Thus we conclude that

(3.12) ‖∂�f2‖v ≤ c ‖f‖Ḃs
p,∞(Rn)

under condition (3.11).
We turn to the estimate of f1. By Bernstein’s inequality, and by the assump-

tion p < v, it holds that

‖∂�(Qjf)‖v ≤ c1 2
j ‖Qjf‖v

≤ c1 2
j ‖Qjf‖p/vp ‖Qjf‖1−(p/v)

∞

≤ c2 2
j(1−(sp/v)) ‖f‖p/v

Ḃs
p,∞(Rn)

‖f‖1−(p/v)
∞ .

By the assumption v > sp, the series
∑

j≤0 ∂�(Qjf) converges in Lv(R
n). If we

denote its sum by g, then

(3.13) ‖g‖v ≤ c ‖f‖Bs
p,∞(Rn)

under condition (3.11).
The assumption s > n/p yields f ∈ Cb(R

n), see Proposition 3.21(i). By (3.1),
we know that ∂�f and g + ∂�f2 differ by a polynomial. Since both tend to 0 at
infinity, in the weak sense, we conclude that they coincide. By combining (3.12)
and (3.13), we obtain the desired estimate. �

Remark 3.24. Proposition 3.23 is also valid in case p = v = +∞. See the proof
of (3.10).

3.4.2. Characterization by differences. According to Triebel (see [18], Theo-
rem 3.5.3, page 194), we can describe Bs

p,q(R
n) by difference operators, as the

inhomogeneous Besov space, see Subsection 3.3.1. We will use the notation M s,m,u
p,q

defined by formula (3.7).

Proposition 3.25. Let 1 ≤ p, q, u ≤ +∞.

(i) Let 0 < s < m, for some integer m ≥ 1. Assume (3.8). Then there exists a
constant c > 0 such that M s,m,u

p,q (f)≤c ‖f‖Ḃs
p,q(R

n) holds for all f ∈Bs
p,q(R

n).

(ii) Let max(1, n/p) < s < m+1, for some integer m ≥ 1. Assume (3.8) with s−1
instead of s. Then there exists a constant c > 0 such that M s−1,m,u

p,q (∂�f) ≤
c ‖f‖Ḃs

p,q(R
n) holds for all f ∈ Bs

p,q(R
n), (	 = 1, . . . , n).

Proof. (i) By Propositions 3.15 and 3.16, it holds that

(3.14) M s,m,u
p,q (f) ≤ c

(
‖f‖p + ‖f‖Ḃs

p,q(R
n)

)
, ∀f ∈ Bs

p,q(R
n) .

We replace now f by f(λ(·)), for any λ > 0, in (3.14). Using Proposition 3.8,
dividing by λs−(n/p), and letting λ → +∞, we obtain

(3.15) M s,m,u
p,q (f) ≤ c ‖f‖Ḃs

p,q(R
n) , ∀f ∈ Bs

p,q(R
n) .
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Now we take f ∈ Bs
p,q(R

n), and we set gk := f − S−kf + S−kf(0) for k ≥ 0. Then
the sequence (gk)k≥0 has the following properties:

• ‖gk − S−kf(0)‖Ḃs
p,q(R

n) ≤ c‖f‖Ḃs
p,q(R

n), see Proposition 3.4.

• gk − S−kf(0) ∈ Bs
p,q(R

n); indeed the assumption f ∈ Ḃs
p,q(R

n) yields Qjf ∈
Lp(R

n) for all j ∈ Z, then by Hölder’s inequality it holds that

‖gk − S−kf(0)‖p ≤
−1∑

j=−k+1

‖Qjf‖p +
∑
j≥0

2−sj (2sj‖Qjf‖p)

≤
−1∑

j=−k+1

‖Qjf‖p + c ‖f‖Ḃs
p,q(R

n) .

• gk tends to f pointwise; indeed by Bernstein’s inequality, the following holds:

|Skf(x)− Skf(0)| ≤ |x| ‖∇(Skf)‖∞ ≤ c 2k|x| ‖f‖∞ , ∀x ∈ R
n ,

hence limk→−∞(Skf − Skf(0)) = 0 uniformly on all compact subsets of Rn,
that implies the desired conclusion.

Then applying (3.15) to gk − S−kf(0), we obtain

M s,m,u
p,q (gk) = M s,m,u

p,q (gk − S−kf(0)) ≤ c ‖f‖Ḃs
p,q(R

n) , ∀k ≥ 0 .

By a repeated use of Fatou’s Lemma, we deduce the result.

(ii) As in (3.14), combining Propositions 3.15 and 3.16, and Remark 3.17, we
obtain

(3.16) M s−1,m,u
p,q (∂�f) ≤ c (‖f‖p + ‖f‖Ḃs

p,q(R
n)) , ∀f ∈ Bs

p,q(R
n) .

With an elementary changes of variable, we get

M s−1,m,u
p,q

(
∂�(f(λ ·))

)
= λs−(n/p) M s−1,m,u

p,q (∂�f) , ∀λ > 0 .

Replacing f by f(λ ·) in (3.16), using Proposition 3.8, and again dividing by
λs−(n/p) and letting λ → +∞, we obtain

(3.17) M s−1,m,u
p,q (∂�f) ≤ c ‖f‖Ḃs

p,q(R
n) , f ∈ Bs

p,q(R
n) .

Now consider any function f ∈ Bs
p,q(R

n). Let us define

fk :=
k∑

j=−k+1

Qjf , ∀k ≥ 1 .

The assumption f ∈ Ḃs
p,q(R

n) implies Qjf ∈ Lp(R
n) for all j, hence fk ∈ Lp(R

n).
Now, by Proposition 3.4 it holds that

(3.18) ‖fk‖Ḃs
p,q(R

n) ≤ c ‖f‖Ḃs
p,q(R

n) , ∀k ≥ 1 .
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We deduce that fk ∈ Bs
p,q(R

n). Then combining (3.17) and (3.18), we derive

(3.19) M s−1,m,u
p,q (∂�fk) ≤ c ‖f‖Ḃs

p,q(R
n) , ∀k ≥ 1 .

By definition, it holds that

∂�fk =

k∑
j=−k+1

Qj(∂�f) , ∀k ≥ 1 .

Let v be a real number satisfy (3.11). It follows, from Proposition 3.23, that
∂�fk → ∂�f in Lv(R

n). Taking a subsequence if necessary, and applying twice
Fatou’s Lemma in (3.19), we deduce the desired estimate. �

3.4.3. The algebra property. As mentioned above, we are now turning to the
algebra property of Bs

p,q(R
n).

Theorem 3.26. For s > 0, Bs
p,q(R

n) is a unital Banach algebra for the pointwise
product.

The main ingredient of the proof is the following paraproduct estimate, a
straightforward consequence of Proposition 3.4:

Lemma 3.27. Assume s > 0 and m ∈ Z. For all f ∈ L∞(Rn) and all g ∈
Ḃs

p,q(R
n), let us define

πm(f, g) :=
∑
j∈Z

(Sj−mf)(Qjg) .

Then πm is a continuous bilinear application from L∞(Rn)×Ḃs
p,q(R

n) to Ḃs
p,q(R

n).

Proof of Theorem 3.26. Let us take f, g in Bs
p,q(R

n). By an Abel transform, we
deduce that

(3.20)

j∑
k=−j

(Skf)(Qkg) +

j−1∑
k=−j

(Skg)(Qk+1f) = (Sjf)(Sjg)− (S−jf)(S−j−1g),

for all j > 0. We claim that

lim
j→−∞

(Sjf)(Sj−1g) = 0 in S ′
∞(Rn) .

Indeed, for u ∈ S∞(Rn), we have

〈(Sjf)(Sj−1g), u〉 = 〈(Sjf)(Sj−1g), Sj+2u〉 .
Then our claim follows from Lemma 3.5 and Remark 3.2. On the other hand, we
have classically |Sjf(x)| ≤ ‖f‖∞, for all x ∈ R

n and j ∈ Z, and Sjf(x) → f(x) as
j → +∞ for almost every x ∈ R

n. By the Dominated Convergence Theorem, we
deduce that

lim
j→+∞

(Sjf)(Sjg) = fg in S ′(Rn) .
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Now taking j → +∞ in (3.20), we obtain

π0(f, g) + π1(g, f) = [fg] in S ′
∞(Rn) .

Using Lemma 3.27, we conclude that

‖[fg]‖Ḃs
p,q(R

n) ≤ c
(
‖f‖∞‖g‖Ḃs

p,q(R
n) + ‖g‖∞‖f‖Ḃs

p,q(R
n)

)
,

the desired estimate. �

4. Proof of Theorem 2.2

4.1. Some reduction arguments

Theorem 2.2 can be obtained from the following assertion: The estimate (2.2)
holds for all parameters s, p, q and all functions f and g satisfying the following
conditions:

(i) 1 < p < +∞, 1 ≤ q ≤ +∞, 1 + (1/p) < s ≤ 2 + (1/p), and either (2.3)
or (2.4) or (2.5);

(ii) f is of class C2, f ′ ∈ Bs−1
p,q and f(0) = 0;

(iii) g is real analytic and g ∈ Bs
p,q.

Step 1: Let us prove inequality (2.2) for all functions f and g such that f ′ ∈
Bs−1
p,q , f(0) = 0 and g ∈ Bs

p,q.

We use the operators Sj introduced in Subsection 3.1. Then gj := Sjg is real
analytic, gj → g in Lp, and by translation invariance of Bs

p,q, it holds that

(4.1) ‖gj‖Bs
p,q

≤ c ‖g‖Bs
p,q

, ∀j ≥ 0 .

Applying the embedding Bs−1
p,q ↪→ Cub, see Proposition 3.21(i), and some standard

computations, we obtain that

(4.2) lim
j→+∞

‖(Sjf)
′ − f ′‖∞ = 0 and ‖Sjf − f‖∞ ≤ c 2−j‖f ′‖∞ .

Let us define fj := Sjf − Sjf(0)ρ, see (1.1) for the definition of function ρ. Then
fj is a C∞ function such that fj(0) = 0 and

(4.3) ‖f ′
j‖Bs−1

p,q
≤ c

(
‖f ′‖Bs−1

p,q
+ |Sjf(0)|

)
.

Since limj→+∞ Sjf(0) = f(0) = 0, the estimate (4.2) implies that

(4.4) lim
j→+∞

‖f ′
j − f ′‖∞ = 0 .
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Now suppose that the inequality (2.2) is satisfied under the assumptions (i), (ii)
and (iii). Then using (4.1) and (4.3), we obtain

(4.5) ‖ fj ◦ gj ‖Bs
p,q

≤ c (‖f ′‖Bs−1
p,q

+ |Sjf(0)|)
(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

Bs
p,q

)
.

The elementary inequality

‖f ◦ g − fj ◦ gj‖p ≤ ‖f ′‖∞‖g − gj‖p + c ‖f ′ − f ′
j‖∞‖g‖p , ∀j ≥ 0 ,

complemented by (4.4), yields the convergence of the sequence (fj ◦ gj)j≥0 in Lp.
Hence, we can apply the Fatou property in (4.5) (see Proposition 3.18). Using
again limj→+∞ Sjf(0) = 0, we conclude that the inequality (2.2) holds.

Step 2: Let us prove the inequality (2.1) for all functions f and g such that
f ′ ∈ Bs−1

p,q , f(0) = 0 and g ∈ Bs
p,q.

Indeed, by the embedding Bs−1
p,q ↪→ Cb, Propositions 3.10 and 3.15, and Step 1,

we find

‖ (f ◦ g)′ ‖Bs−1
p,q

= ‖ (f ◦ g)′ ‖∞ + ‖ (f ◦ g)′ ‖Ḃs−1
p,q

≤ ‖ f ′ ‖∞ ‖ g′ ‖∞ + c1 ‖ f ◦ g ‖Bs
p,q

≤ c2 ‖ f ′ ‖Bs−1
p,q

(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

Bs
p,q

)
.

Step 3: Since (f ◦ g)′ = ((f − f(0)) ◦ g)′, then the inequality (2.1) holds in the
general case.

Step 4: Argument of the restriction on the parameters. We assume that (2.1)
holds under the restriction (i), and prove it for general s by induction on [s].

Assume that f ′ ∈ Bs
p,q and g ∈ Bs+1

p,q . Then using Theorem 3.26, the induc-
tion assumption, Proposition 3.21(ii), Remark 3.17 and the embeddings Bs+1

p,q ↪→
Bs

p,q ↪→ Bs
p,q, we deduce

‖(f ◦ g)′‖Bs
p,q

≤ c1 ‖f ′ ◦ g‖Bs
p,q

‖g′‖Bs
p,q

≤ c2

(
‖f ′ ◦ g‖∞ + ‖(f ′ ◦ g)′‖Bs−1

p,q

)
‖g‖Bs+1

p,q

≤ c3

(
‖f ′‖∞ + ‖f ′′‖Bs−1

p,q

(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

Bs
p,q

))
‖g‖Bs+1

p,q

≤ c4 ‖f ′‖Bs
p,q

(
‖g‖Bs+1

p,q
+ ‖g‖s+1−(1/p)

Bs+1
p,q

)
.

The last inequality follows from ‖g‖2
Bs+1

p,q
≤ ‖g‖Bs+1

p,q
+ ‖g‖s+1−(1/p)

Bs+1
p,q

.

4.2. Details of the proof

First, we begin with some notations. For all measurable function f on R
n, all

m ∈ N \ {0} and all t > 0, we set

Ωm
p (f ; t) :=

(∫
R

sup
|h|≤t

|Δm
h f(x)|pdx

)1/p

.



256 M. Moussai

The Hardy–Littlewood maximal function Mg of a locally integrable function g
is defined as

Mg(x) := sup
1

|I|
∫
I

|g(y)| dy , x ∈ R ,

where the supremum is taken with respect to all intervals I containing x. Here |I|
means the length of the interval I.

For any function g : R → R, we denote by νp(g) the supremum of numbers

( N∑
k=1

|g(bk)− g(ak)|p
)1/p

,

taken over all finite sets {]ak, bk[ ; k = 1, . . . , N} of pairwise disjoint open intervals.
If νp(g) < +∞, we say that g is a function of bounded p -variation. This notion
was first introduced by N. Wiener [20]. The set of (generalized) primitives of real
functions of bounded p -variation is denoted byBV 1

p (=BV 1
p (R)) and endowed with

the seminorm ‖g‖BV 1
p
defined as the infimum of numbers νp(f), for all functions f

whose g is the primitive, see [4] for further details. We will apply in particular the
Peetre embedding theorem:

(4.6) B
1+(1/p)
p,1 ↪→ BV 1

p , 1 ≤ p < +∞ ;

see Theorem 7, page 112 in [14] or Theorem 5 in [4].

Now under the assumptions (i), (ii) and (iii) of Subsection 4.1 we will prove
the estimate (2.2). For simplicity we define

V (f ; g) := ‖f ′‖Bs−1
p,q

(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

Bs
p,q

)
.

The argument of our proof will be distributed into three subsections, corre-
sponding to the following cases:

(a) 1 + (1/p) < s < 2 , (b) s = 2 , (c) 2 < s ≤ 2 + (1/p) .

In the cases (a) and (b), the proof is essentially given in [6] and [7]. But we
need to replace the right hand side of (2.7) by V (f ; g). We will use the equivalent
norms given by Proposition 3.16 and Remark 3.17. We will first estimate ‖f ◦ g‖p,
but from the assumption f(0) = 0 we will obtain the bound ‖f ′‖∞‖g‖p which is
bounded by cV (f ; g). Secondly, we will estimateM s−1,1,∞

p,q ((f◦g)′), M1,2,∞
p,q ((f◦g)′)

and M s−2,1,1
p,q ((f ◦ g)′′) in the above cases (a), (b) and (c), respectively; see (3.7)

for the definition of M s,m,u
p,q .

4.2.1. The case 1 + (1/p) < s < 2. We will prove the estimate

(4.7) A :=

(∫ ∞

0

(
Ω1

p((f ◦ g)′ ; t)
ts−1

)q
dt

t

)1/q

≤ c V (f ; g) .

We have
Ω1

p((f
′ ◦ g) g′; t) ≤ ‖f ′‖∞ Ω1

p(g
′; t) + U(t) ,
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where

U(t) :=
(∫

R

|g′(x)|p sup
|h|≤t

|Δh(f
′ ◦ g)(x)|p dx

)1/p

.

Thus we are reduced to prove (4.7) with Ω1
p((f ◦ g)′ ; t) replaced by U(t) .

Step 1: Assume that g′ does not vanish. By the Mean Value Theorem and with
a change of variable we find that

U(t) ≤ ‖g′‖1−(1/p)
∞

( ∫
R

|g′(x)| sup
|h|≤t

|Δh(f
′ ◦ g)(x)|p dx

)1/p

≤ ‖g′‖1−(1/p)
∞ Ω1

p(f
′; ‖g′‖∞t) .

With a change of variable with respect to t, we obtain( ∫ ∞

0

(U(t)

ts−1

)q dt

t

)1/q

≤ cM s−1,1,∞
p,q (f ′) ‖g′‖s−(1/p)

∞ .

Hence, the desired estimate holds from Proposition 3.25(i)

Step 2: Assume that the set of zeros of g′ is nonempty. Then it is a discrete
set, whose complement in R is the union of a family (Il) of open disjoint intervals.
For any t > 0 we denote by I ′l,t the set of x ∈ Il whose distance to the boundary
of Il is greater than 2t, and we set

(4.8) I ′′l,t := Il \ I ′l,t , al := sup
Il

|g′| .

Let us notice that I ′l,t is an open interval, possibly empty. In case it is not
empty, we have

(4.9) |g(g−1
|Il (y) + h)− g(g−1

|Il (y))| ≤ alt , ∀y ∈ g(I ′l,t) , ∀h ∈ [−t, t] .

The set I ′′l,t is an interval of length at most 2t, or the union of two such intervals,
and g′ vanishes at one of the endpoints of this or those intervals. Now we introduce

U1(t) :=
(∑

l

∫
I′
l,t

|g′(x)|p sup
|h|≤t

|Δh(f
′ ◦ g)(x)|p dx

)1/p

.

U2(t) is defined in the same way, by replacing I ′l,t by I ′′l,t. A1 and A2 are defined

accordingly, by replacing, in (4.7), Ω1
p((f ◦ g)′; t) by U1(t) and U2(t) respectively.

Estimate of A1. With the change of variable y := g|Il(x), and using (4.9), we
deduce that∫

I′
l,t

|g′(x)|p sup
|h|≤t

|Δh(f
′ ◦ g)(x)|p dx ≤

≤ ap−1
l

∫
g(I′

l,t)

sup
|h|≤t

|f ′(g(g−1
|Il (y) + h))− f ′(y)|p dy

≤ ap−1
l

(
Ω1

p(f
′; alt)

)p

, ∀h ∈ [−t, t] .
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We put α := min(1, q/p). Then it is easy to obtain the following estimate:

(4.10)
∑
l

∫
I′
l,t

|g′(x)|p sup
|h|≤t

|Δh(f
′ ◦ g)(x)|p dx ≤

(∑
l

a
α(p−1)
l

(
Ω1

p(f
′; alt)

)αp)1/α

.

By Minkowski’s inequality w.r.t Lq/(αp)(R
+, dt/t), and by a change of variable

w.r.t. t, we obtain

(4.11) A1 ≤ cM s−1,1,∞
p,q (f ′)

(∑
l

a
α(sp−1)
l

)1/(αp)

.

Now by Proposition 3.25(i) and the fact that g′ vanishes at the endpoints of Il, we
deduce that

(4.12) A1 ≤ c ‖f ′‖Bs−1
p,q

‖g‖s−(1/p)

BV 1
α(sp−1)

.

Estimate of A2. By the properties of I ′′l,t, it holds that

(4.13) |g′(x)| ≤ sup
|h|≤2t

|g′(x)− g′(x+ h)| , ∀x ∈ I ′′l,t .

The elementary inequality |Δh(f
′ ◦ g)(x)| ≤ 2‖f ′‖∞ implies that

U2(t) ≤ 2‖f ′‖∞
(∫

R

sup
|h|≤2t

|g′(x) − g′(x+ h)|pdx
)1/p

≤ 2‖f ′‖∞Ω1
p(g

′; 2t) .

Hence, by Remark 3.17,

(4.14) A2 ≤ c1 ‖f ′‖∞ ‖g′‖Bs−1
p,q

≤ c2 ‖f ′‖∞ ‖g‖Bs
p,q

.

Combining inequalities (4.12) and (4.14), we obtain that

(4.15) ‖f ◦ g‖Bs
p,q

≤ c ‖f ′‖Bs−1
p,q

(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

BV 1
α(sp−1)

)
.

The inequalities s > 1 + (1/p) and p ≤ α(sp − 1), which are equivalent to (2.3),
allow us to deduce the embeddings:

(4.16) Bs
p,q ↪→ B

1+ 1
α(sp−1)

α(sp−1),1 ↪→ BV 1
α(sp−1) (see (4.6)) .

The desired estimate follows from (4.15) and (4.16).

4.2.2. The case s = 2. Instead of the second order difference operator Δ2
h, we

will use its symmetric counterpart, namely we put Δ̃2
hf(x) := Δ2

hf(x − h). Then
we can write

Δ̃2
h((f

′ ◦ g)g′)(x) = A1(x, h) +A2(x, h) +
1

2

5∑
j=3

(
Aj(x, h) +Aj(x,−h)

)
,
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where the Aj ’s are defined by:

A1(x, h) := f ′(g(x+ h)) Δ̃2
h(g

′)(x),

A2(x, h) := (g′(x)− g′(x− h))
(
f ′(g(x+ h))− f ′(g(x− h))

)
,

A3(x, h) := g′(x)
(
f ′(g(x+ h)) + f ′(2 g(x)− g(x+ h))− 2 f ′(g(x))

)
,

A4(x, h) := (g′(x)− g′(x+ h))
(
f ′(g(x+ h))− f ′(2g(x)− g(x− h))

)
,

A5(x, h) := g′(x + h)
(
f ′(g(x+ h))− f ′(2g(x)− g(x− h))

)
.

It suffices to prove

(4.17) Uj :=
( ∫ 1

0

t−q
( ∫

R

sup
|h|≤t

|Aj(x, h)|p dx
)q/p dt

t

)1/q

≤ cV (f ; g)

for j = 1, . . . , 5. In most cases, the above estimate will follow from

(4.18)
( ∫

R

sup
|h|≤t

|Aj(x, h)|p dx
)1/p

≤ c tα V (f ; g) for some α > 1 .

Estimate of U1. This is obvious since f ′ ∈ L∞ .

Estimate of U2. Using the embeddings

(4.19) B1
p,q ↪→ B1−(1/p)

∞,∞ , B1
p,q ↪→ Bγ

p,∞ (for 0 < γ < 1) ,

see Propositions 3.11 and 3.21(i), we derive

(4.20)
( ∫

R

sup
|h|≤t

|A2(x, h)|p dx
)1/p

≤ c (t ‖g′‖∞)1−(1/p)‖f ′‖B1
p,q

Ω1
p(g

′; t).

Choose 1/p < γ < 1 (which follows by p > 1), we obtain, in the right hand side
of (4.20), the bound

c t1−(1/p)+γ ‖ g ‖1−(1/p)
B2

p,q
‖g′‖Bγ

p,∞ ‖f ′‖B1
p,q

.

We conclude that (4.18) holds for j = 2.

Estimate of U3. As in Step 1 of Subsection 4.2.1, we first assume that g′(x) �= 0
for all x ∈ R. Then we obtain( ∫

R

sup
|h|≤t

|A3(x, h)|pdx
)1/p

≤ ‖g′‖1−(1/p)
∞

(∫
R

|g′(x)| sup
|u|≤t ‖g′‖∞

|(Δ̃2
uf

′)(g(x))|pdx
)1/p

≤ ‖g′‖1−(1/p)
∞ Ω2

p(f
′; t‖g′‖∞) .

The estimate (4.17), for j = 3, follows by the change of variable v := ‖g′‖∞t with
respect to t and Proposition 3.25(i).
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We turn now to the general case. We use the notation Il, I
′
l,t, I

′′
l,t and al of (4.8).

Then U3 ≤ U ′
3 + U ′′

3 , where

U ′
3 :=

( ∫ 1

0

t−q
(∑

l

∫
I′
l,t

sup
|h|≤t

|A3(x, h)|p dx
)q/p dt

t

)1/q

,

and U ′′
3 is similar to U ′

3, with I ′′l,t instead of I ′l,t. To estimate U ′
3, we argue as in

estimate of A1 of Subsection 4.2.1, see in particular (4.9). It holds that∫
I′
l,t

sup
|h|≤t

|A3(x, h)|p dx ≤ ap−1
l

(
Ω2

p(f
′; alt)

)p

.

With the help of Minkowski’s inequality, the change of variable v := alt
(see (4.10) and (4.11)), and Proposition 3.25(i), we obtain that

U ′
3 ≤ c1 M

1,2,∞
p,q (f ′)

(∑
l

a
α (2p−1)
l

)1/(αp)

≤ c2 ‖f ′‖B1
p,q

‖g‖2−(1/p)

BV 1
α (2p−1)

,

where α = min(1, q/p). The rest can be completed as in (4.16), see also (2.4) for
the third condition.

Now we treat the estimate of U ′′
3 . Let us observe that

sup
|h|≤t

|f ′(g(x+ h)) + f ′(2 g(x)− g(x+ h))− 2 f ′(g(x))| ≤ Ω2
∞(f ′; t‖g′‖∞) .

Using the fact that |I ′′l,t| ≤ 2t, and the estimate

(∑
l

sup
I′′
l,t

|g′|p
)1/p

≤ ‖g‖BV 1
p
≤ c ‖g‖B2

p,q
,

we get that

U ′′
3 ≤ c1

(∑
l

sup
I′′
l,t

|g′|p
)1/p (∫ ∞

0

(Ω2
∞(f ′; t‖g′‖∞)

t1−(1/p)

)q dt

t

)1/q

≤ c2 M
1−(1/p),2,∞
∞,q (f ′) ‖g‖B2

p,q
‖g′‖1−(1/p)

∞ .

The last inequality is obtained by the change of variable v := ‖g′‖∞t with respect

to t. We conclude by Proposition 3.25(i) and the embedding B1
p,q ↪→ Ḃ

1−(1/p)
∞,q .

Estimate of U4. This can be done as the estimate of U2 .

Estimate of U5. This is the more delicate part of the present subsection. We
consider a parameter v > p. By Hölder’s inequality, it holds that(∫

R

sup
|h|≤t

|A5(x, h)|p dx
)1/p

≤ ‖g′‖1−(p/v)
p

( ∫
R

sup
|h|≤t

A6(x, h) dx
)1/v

,

where
A6(x, h) := |g′(x)|p ∣∣f ′(g(x)) − f ′(2g(x− h)− g(x− 2h))

∣∣v .
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It holds that
U5 ≤ ‖g′‖1−(p/v)

p (U ′
5 + U ′′

5 ) ,

where

U ′
5 :=

( ∫ 1

0

t−q
(∑

l

∫
I′
l,t

sup
|h|≤t

A6(x, h) dx
)q/v dt

t

)1/q

,

and U ′′
5 is defined similarly, by replacing I ′l,t by I ′′l,t.

For brevity, we put β := 1 − (1/p), and we begin with the estimate of U ′
5.

Clearly for every x ∈ I ′l,t, it holds that

sup
|h|≤t

|g(x− 2h) + g(x)− 2g(x− h)| ≤ c min
(
t al, t

β+1 ‖g‖Bβ+1
∞,∞

)
.

Then, by the change of variable y := g|Il(x), we have

(4.21)

∫
I′
l,t

sup
|h|≤t

A6(x, h) dx ≤ c ap−1
l

{
Ω1

v

(
f ′; cmin

(
tal, t

β+1‖g‖Bβ+1
∞,∞

))}v

.

Now we require the following condition on v:

(4.22)
1

v
< 1− β .

(Let us notice that (4.22) implies v > p). Then, the embedding B1
p,q ↪→ Bβ+(1/v)

v,∞
implies that

(4.23) Ω1
v(f

′; z) ≤ c ‖f ′‖B1
p,q

zβ+(1/v) , ∀z > 0 .

We put A := ‖ g ‖Bβ+1
∞,∞

. By (4.23) we conclude

∑
l

ap−1
l

{
Ω1

v

(
f ′; c1 min(t al, t

β+1A)
)}v

≤

≤ c2‖f ′‖vB1
p,q

( ∑
l : (al≤tβA)

ap−1
l (t al)

βv+1 +
∑

l : (al>tβA)

ap−1
l (tβ+1A)βv+1

)

≤ c2‖f ′‖vB1
p,q

(∑
l

apl

)(
tβv+1(tβA)βv + t(β+1)(βv+1)Aβv+1(t−βA−1)

)
.

From (4.21) and the inequalities

(4.24)
(∑

l

apl

)1/p

≤ c1 ‖g‖BV 1
p
≤ c2 ‖g‖B2

p,q
,

we deduce that

(4.25)
∑
l

∫
I′
l,t

sup
|h|≤t

A6(x, h) dx ≤ c ‖f ′‖vB1
p,q

‖g‖βv+p
B2

p,q
t(β

2+β)v+1 .
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Concerning the estimate of U ′′
5 , we will proceed as for U ′′

3 . Using embeddings (4.19)
and B2

p,q ↪→ Bβ+1
∞,∞, we deduce that

sup
|h|≤t

|f ′(g(x)) − f ′(2g(x− h)− g(x− 2h))| ≤ c ‖f ′‖B1
p,q

‖g‖βB2
p,q

tβ
2+β .

By (4.24) and by |I ′′l,t| ≤ 2t, it holds that

(4.26)
∑
l

∫
I′′
l,t

sup
|h|≤t

A6(x, h) dx ≤ c ‖f ′‖vB1
p,q

‖g‖βv+p
B2

p,q
t(β

2+β)v+1 .

By (4.25) and (4.26), we can conclude that (4.18) holds, for j = 5, if v satisfies

(4.27) β2 + β +
1

v
> 1 .

Finally, the property 0 < β < 1 leads to the realization of (4.22) and (4.27)
simultaneously.

4.2.3. The case 2 < s ≤ 2 + (1/p). First, we put δ := s− 1− (1/p)− ε, with
ε = 0 if s < 2+ (1/p) and ε > 0 if s = 2+ (1/p). In case ε > 0, we take it as small
as we want. The parameter δ plays an important role in our computation.

Since f and g are functions of class C2, it holds that

(f ◦ g)′′ = (f ′′ ◦ g) g′2 + (f ′ ◦ g) g′′ .
Step 1: Estimate of (f ′ ◦ g) g′′. By Proposition 3.21(i), Bs−1

p,q is embedded into

Bδ∞,∞. Also, Bδ∞,∞ is the space of bounded Hölder continuous functions of order δ
(recall 0 < δ < 1). A straightforward computation leads to

(4.28) ‖ f ′ ◦ g ‖Bδ∞,∞ ≤ c ‖f ′‖Bδ∞,∞

(
1 + ‖g′‖δ∞

)
.

By a classical result on multipliers, see Theorem 4.7.1 of [16], and by assumption
δ > s− 2, we deduce that

(4.29) ‖ (f ′ ◦ g) g′′‖Bs−2
p,q

≤ c ‖ f ′ ◦ g ‖Bδ∞,∞ ‖ g′′‖Bs−2
p,q

.

Inequalities (4.28) and (4.29) give the desired estimate.

Step 2: Estimate of (f ′′ ◦ g) g′2. Since 0 < s − 2 < 1, see (3.8), we have to
estimate

U :=

(∫ ∞

0

t−(s−2)q
(∫

R

(
t−1

∫ t

−t

|Δh((f
′′ ◦ g)g′2)(x)|dh

)p

dx
)q/p dt

t

)1/q

by cV (f ; g). We split the area of integration with respect to h. For x ∈ R, we
define

Q(x) :=
{
h ∈ R : |g′(x + h)| ≤ |g′(x)|

}
,

P (x) :=
{
h ∈ R : |g′(x)| < |g′(x+ h)|

}
.
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We put

Q(x; t) := Q(x) ∩ [−t, t] and P (x; t) := P (x) ∩ [−t, t] .

On Q(x; t) we will use the elementary identity

Δh((f
′′ ◦ g) g′2)(x) = g′(x+ h)2 Δh(f

′′ ◦ g)(x) + f ′′(g(x))Δh(g
′2)(x),

whereas on P (x; t) we will use

Δh((f
′′ ◦ g) g′2)(x) = g′(x)2 Δh(f

′′ ◦ g)(x) + f ′′(g(x+ h))Δh(g
′2)(x)

instead. Hence U ≤ U1 + U2 + U3 + U4, where

U1 :=
(∫ ∞

0

t−(s−2)q
( ∫

R

(
t−1

∫
Q(x;t)

|f ′′(g(x))||Δh(g
′2)(x)|dh

)p

dx
)q/p dt

t

)1/q

,

U2 :=
(∫ ∞

0

t−(s−2)q
( ∫

R

(
t−1

∫
P (x;t)

|f ′′(g(x+ h))||Δh(g
′2)(x)|dh

)p

dx
)q/p dt

t

)1/q

,

U3 :=
(∫ ∞

0

t−(s−2)q
( ∫

R

(
t−1

∫
Q(x;t)

|Δh(f
′′ ◦ g)(x)|g′(x+ h)2dh

)p

dx
)q/p dt

t

)1/q

,

U4 :=
(∫ ∞

0

t−(s−2)q
( ∫

R

(
t−1

∫
P (x;t)

|Δh(f
′′ ◦ g)(x)|g′(x)2dh

)p

dx
)q/p dt

t

)1/q

.

Substep 2.1: Estimate of U3. Using the notation Il, I
′
l,t, I

′′
l,t and al of Step 2 in

Subsection 4.2.1, see also (4.8) and (4.9), we write

(4.30) U3 ≤ U ′
3 + U ′′

3

where

U ′
3 :=

(∫ ∞

0

t−(s−2)q
(∑

l

∫
I′
l,t

(
t−1

∫
Q(x;t)

|Δh(f
′′◦g)(x)|g′(x+h)2dh

)p

dx
)q/p dt

t

)1/q

,

and U ′′
3 is defined in the same way with I ′′l,t instead of I ′l,t.

Estimate of U ′
3. By the assumptions on s (see (2.4) and (2.5)), it follows that

s ≥ p
q + 1

p or s > 1 + 2
p . Then we consider the following three cases:

• The case q/p ≥ 1. We begin with the elementary inequality

(4.31) g′(x+ h)2 ≤ |g′(x)| |g′(x+ h)| , ∀h ∈ Q(x) ,

and we introduce the following changes of variables:

y := g|Il(x) and Θ := Θ(h) = g(g−1
|Il (y) + h)− y .(4.32)
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Since |Θ| ≤ al t for all h ∈ [−t, t], (see (4.9)), we obtain that∫
I′
l,t

(
t−1

∫
Q(x;t)

|Δh(f
′′ ◦ g)(x)| g′(x+ h)2 dh

)p

dx ≤

≤ ap−1
l

∫
g(I′

l,t)

(
t−1

∫
Q(g−1

|Il
(y);t)

× |f ′′(g(g−1
|Il (y) + h))− f ′′(y)| |g′(g−1

|Il (y) + h)| dh
)p

dy

≤ ap−1
l

∫
R

(
t−1

∫
|Θ|≤alt

|ΔΘf
′′(y)| dΘ

)p

dy .(4.33)

We apply Minkowski’s inequality, the change of variable v := alt, and Proposi-
tion 3.25(ii) to get

U ′
3 ≤

(∑
l

ap−1
l

{∫ ∞

0

t−(s−2)q
( ∫

R

(
t−1

∫
|Θ|≤alt

|ΔΘf
′′(y)| dΘ

)p

dy

)q/p
dt

t

}p/q)1/p

≤
(∑

l

asp−1
l

)1/p( ∫ ∞

0

v−(s−2)q
( ∫

R

(
v−1

∫
|Θ|≤v

|ΔΘf
′′(y)|dΘ

)p

dy

)q/p
dv

v

)1/q

≤ c1 M
s−2,1,1
p,q (f ′′) ‖g‖s−(1/p)

BV 1
sp−1

≤ c2 ‖f ′‖Bs−1
p,q

‖g‖s−(1/p)

BV 1
sp−1

.

We conclude with the help of the embedding Bs
p,q ↪→ BV 1

sp−1.

• The case q/p < 1 and s ≥ p
q + 1

p . Proceeding as above we arrive at the

inequality (4.33), i.e.,∑
l

ap−1
l

∫
R

(
t−1

∫
|Θ|≤alt

|ΔΘf
′′(y)| dΘ

)p

dy ≤

≤
(∑

l

{
ap−1
l

∫
R

(
t−1

∫
|Θ|≤alt

|ΔΘf
′′(y)| dΘ

)p

dy
}q/p)p/q

.

Hence,

U ′
3 ≤

(∑
l

∫ ∞

0

t−(s−2)q
{
ap−1
l

∫
R

(
t−1

∫
|Θ|≤alt

|ΔΘf
′′(y)| dΘ

)p

dy
}q/p dt

t

)1/q

≤
(∑

l

a
q(s−(1/p))
l

)1/q(∫ ∞

0

v−(s−2)q
(∫

R

(
v−1

∫
|Θ|≤v

|ΔΘf
′′(y)|dΘ

)p

dy

)q/p
dv

v

)1/q

≤ c1 M
s−2,1,1
p,q (f ′′) ‖g‖s−(1/p)

BV 1
q(s−(1/p))

≤ c2 ‖f ′‖Bs−1
p,q

‖g‖s−(1/p)

BV 1
q(s−(1/p))

.

By the assumptions on s, Bs
p,q ↪→ BV 1

q(s−(1/p)) . The desired estimate follows.
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• The case s > 1 + (2/p). Let us consider a number u > 1. Using the changes
of variables of (4.32), we obtain that∫

I′
l,t

(
t−1

∫
Q(x;t)

|Δh(f
′′ ◦ g)(x)| g′(x+ h)2 dh

)p

dx ≤

≤ c

∫
I′
l,t

(
t−1

∫
Q(x;t)

|Δh(f
′′ ◦ g)(x)|u |g′(x+ h)|2u dh

)p/u

dx

≤ c

∫
I′
l,t

(
t−1

∫
Q(x;t)

|Δh(f
′′ ◦ g)(x)|u|g′(x)|2u−1|g′(x+ h)|dh

)p/u

dx

≤ c a
(2−(1/u))p−1
l

∫
R

(
t−1

∫
|Θ|≤alt

|ΔΘf
′′(y)|u dΘ

)p/u

dy .

Using the elementary inequality

al ≤ ‖g′‖∞
in the integral with respect to Θ, we immediately get that

U ′
3 ≤ c1

(∑
l

a
(2−(1/u))p−1
l

)1/p(∫ ∞

0

t−(s−2)q

·
(∫

R

(
t−1

∫
|Θ|≤t ‖g′‖∞

|ΔΘf
′′(y)|u dΘ

)p/u

dy
)q/p dt

t

)1/q

≤ c2 M
s−2,1,u
p,q (f ′′) ‖g′‖s−2+(1/u)

∞ ‖g‖2−(1/u)−(1/p)

BV 1
(2−(1/u))p−1

.

Assumption s > 1 + (2/p) allows to choose u such that 1− δ < 1/u ≤ 1 − (1/p) .
Then p ≤ (2 − 1

u )p− 1. The desired estimate follows.

Estimate of U ′′
3 . By definition of Q(x), we can write

(4.34) U ′′
3 ≤ U ′′

7 + 2U ′′
8

where

U ′′
7 :=

( ∫ ∞

0

t−(s−2)q
(∑

l

∫
I′′
l,t

(
t−1

∫
Q(x;t)

|f ′′(g(x + h))|g′(x+ h)2dh
)p

dx
)q/p dt

t

)1/q
,

U ′′
8 :=

( ∫ ∞

0

t−(s−2)q
(∑

l

∫
I′′
l,t

|f ′′(g(x))|p|g′(x)|2p dx
)q/p dt

t

)1/q

.

Estimate of U ′′
7 . We introduce a parameter v > p whose value will be fixed

later. We put

(4.35)
1

w
:=

1

p
− 1

v
.
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We define α := (p+ 1)/v, and write∫
I′′
l,t

(
t−1

∫
Q(x;t)

|f ′′(g(x+ h))| g′(x+ h)2 dh
)p

dx ≤

≤ a
p2/w
l

∫
I′′
l,t

|g′(x)|p−(p/v)
(
t−1

∫
Q(x:t)

|f ′′(g(x+ h))||g′(x+ h)|αdh
)p

dx

≤ a
p2/w
l

∫
I′′
l,t

|g′(x)|p−(p/v)
(
M(|f ′′ ◦ g| |g′|α)(x)

)p

dx .

Applying Hölder’s inequality twice and the estimate (4.13), it holds that

∑
l

a
p2/w
l

(∫
I′′
l,t

|g′(x)|(1−(1/v))wdx
)p/w( ∫

I′′
l,t

(
M(|f ′′ ◦ g||g′|α)(x)

)v

dx
)p/v

≤

≤
(∑

l

apl

∫
I′′
l,t

sup
|h|≤ 2t

|g′(x+ h)− g′(x)|(1−(1/v))wdx
)p/w

×
(∑

l

∫
I′′
l,t

(
M(|f ′′ ◦ g||g′|α)(x)

)v

dx
)p/v

≤ c
(∑

l

apl

)p/w(∫
R

sup
|h|≤ 2t

|g′(x+ h)− g′(x)|(1−(1/v))w dx
)p/w

×‖ |f ′′ ◦ g| |g′|α ‖pv ,
where the last estimate follows from the Hardy–Littlewood maximal inequality
in Lv. We define

(4.36) s1 :=
s− 2

1− 1
v

, p1 :=
(
1− 1

v

)
w , q1 :=

(
1− 1

v

)
q .

Applying Proposition 3.16, the estimate(∫ ∞

0

t−(s−2)q
(∫

R

sup
|h|≤ 2t

|g′(x+ h)− g′(x)|p1dx
)q/w dt

t

)1/q1 ≤ c‖g′‖Bs1
p1,q1

holds under the condition 1/w < s− 2 < 1− (1/v), i.e., if and only if

(4.37) 1− δ <
1

v
< 3− s .

Thus we obtain

U ′′
7 ≤ c ‖ |f ′′ ◦ g| |g′|α ‖v ‖g‖p/wBV 1

p
‖g′‖1−(1/v)

B
s1
p1,q1

.

Since αv − 1 = p, it holds that

‖ |f ′′ ◦ g| |g′|α ‖v ≤
(∑

l

apl

∫
g(Il)

|f ′′(z)|v dz
)1/v

≤ ‖f ′′‖v ‖g‖p/vBV 1
p
.
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To conclude, we need the embeddings

(4.38) Bs
p,q ↪→ BV 1

p , Bs−1
p,q ↪→ Bs1

p1,q1

together with the estimate

(4.39) ‖f ′′‖v ≤ c ‖f ′‖Bs−1
p,q

.

The first embedding in (4.38) follows from s > 1 + (1/p), and the second from

(4.40) δ ≥ 1

1− 1
v

(
δ − 1 +

1

v

)
.

According to Proposition 3.23, inequality (4.39) follows from

(4.41) 1− δ <
1

v
<

1

(s− 1)p
.

Combining (4.37), (4.40) and (4.41), we see that the number v must satisfy

1− δ <
1

v
< min

(1
p
,

1

1 + δ
,

1

(s− 1)p
, 3− s

)
.

The existence of such a number follows from the conditions s > 2, p > 1 and
0 < δ < 1. Since (4.37) implies 2− (1/v) < s− (1/p), it holds that

U ′′
7 ≤ c1 ‖f ′‖Bs−1

p,q
‖g′‖2−(1/v)

Bs−1
p,q

≤ c2 V (f ; g) .

Estimate of U ′′
8 . Using Hölder’s inequality (with v and w, see (4.35)) and (4.13),

we obtain that∫
I′′
l,t

|f ′′(g(x))|p |g′(x)|2p dx ≤

≤ apl

∫
I′′
l,t

|f ′′(g(x))|p |g′(x)|p/v sup
|h|≤ 2t

|g′(x+ h)− g′(x)|p−(p/v) dx

≤ apl

(∫
g(I′′

l,t
)

|f ′′(z)|v dz
)p/v

·
( ∫

I′′
l,t

sup
|h|≤2t

|g′(x+ h)− g′(x)|(1−(1/v))w dx
)p/w

≤ apl ‖f ′′‖pv
(∫

R

sup
|h|≤ 2t

|g′(x+ h)− g′(x)|(1−(1/v))w dx
)p/w

.

So
U ′′
8 ≤ c ‖f ′′‖v ‖g‖BV 1

p
‖g′‖1−(1/v)

B
s1
p1,q1

where s1, p1 and q1 are defined in (4.36). Now the estimate of U ′′
8 can be obtained

as that of U ′′
7 . We omit the details.

Substep 2.2: Estimate of U4. We write U4 ≤ U ′
4 + U ′′

4 , as in (4.30), where U ′
4

and U ′′
4 are the corresponding terms with respect to the decomposition using the
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families {I ′l,t}l and {I ′′l,t}l, respectively.
- In the estimate of U ′

4, we just replace (4.31) by

g′(x)2 ≤ |g′(x)| |g′(x+ h)| , ∀h ∈ P (x) .

- As in (4.34), we decompose U ′′
4 ≤ U ′′

9 + 2U ′′
10 where

U ′′
9 :=

(∫ ∞

0

t−(s−2)q
(∑

l

∫
I′′
l,t

(
t−1

∫
P (x;t)

|f ′′(g(x+ h))|g′(x)2 dh
)p

dx
)q/p dt

t

)1/q

,

U ′′
10 :=

(∫ ∞

0

t−(s−2)q
(∑

l

∫
I′′
l,t

|f ′′(g(x))|p |g′(x)|2pdx
)q/p dt

t

)1/q

.

Then the estimate of U ′′
9 (resp. U ′′

10) is similar to that of U ′′
7 (resp. U ′′

8 ).

Substep 2.3: Estimate of U1. Let 0 < α < 1. Using notation (4.35) and Hölder’s
inequality with (1 − α) + α = 1 , we obtain∫

R

(
t−1

∫
Q(x;t)

|f ′′(g(x))| |Δh(g
′2)(x)| dh

)p

dx ≤

≤ c1

∫
R

(
t−1

∫
Q(x;t)

|g′(x+ h)− g′(x)|1−α dh
)p

|f ′′(g(x))|p |g′(x)|p(1+α) dx

≤ c2

(∫
R

(
t−1

∫ t

−t

|g′(x + h)− g′(x)| dh
)w(1−α)

dx
)p/w

‖ (f ′′ ◦ g) |g′|1+α ‖pv .

Arguing as in the estimate of U ′′
7 , we deduce that

(4.42) U1 ≤ c ‖f ′′‖v ‖g‖1+α−(1/v)

BV 1
(1+α)v−1

‖g′‖1−α
B

s1
p1,q1

where

(4.43) s1 =
s− 2

1− α
, p1 = (1− α)w , q1 = (1− α)q ,

under condition 0 < s1 < 1 and p1 ≥ 1. The first condition is equivalent to

(4.44) α < 3− s ,

the second will be satisfied by the future choice of v. Now we need the esti-
mate (4.39) for ‖f ′′‖v; this follows from condition (4.41). We need also the em-
beddings Bs−1

p,q ↪→ Bs1
p1,q1 and Bs

p,q ↪→ BV 1
(1+α)v−1, which come from

(4.45) δ ≥ s1 − 1

p1
, p1 ≥ p , p ≤ (1 + α)v − 1 .

Combining (4.41) and (4.45), we obtain the following condition for 1/v:

(4.46) max
(
1− δ ,

α

p

)
<

1

v
< min

(
1− αδ ,

1 + α

1 + p
,

1

(s− 1)p

)
.
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Notice that (3− s)(s− 1) < 1 for s �= 2. Hence (4.44) implies α < 1
s−1 and

α

p
< min

(
1− αδ ,

1

(s− 1)p

)
,

while α
p < 1+α

1+p follows by α < 1 < p. Inequality 1− δ < 1−αδ follows from α < 1,

while 1 − δ < 1
(s−1)p was observed in the estimate of U ′′

7 . Inequality 1 − δ < 1+α
1+p

is equivalent to

(4.47) p− (p+ 1)δ < α .

The condition s > 2 guarantees the compatibility between (4.44) and (4.47). Thus
it is possible to find v satisfying (4.46). For such a v, we obtain that

(4.48) U1 ≤ c1 ‖f ′‖Bs−1
p,q

‖g‖2−(1/v)
Bs

p,q
≤ c2 V (f ; g) .

The last inequality follows from 1− δ < 1/v.

Substep 2.4: Estimate of U2. Let 0 < α < 1 and 1 < v1 < v (see (4.35) for the
definition of v). We put

1

w1
:= 1− 1

v1
.

Using the following elementary inequality:

|Δh(g
′2)(x)| ≤ c |g′(x+ h)|1+α |Δhg

′(x)|1−α , ∀h ∈ P (x) ,

and by Hölder inequality applied three times (in particular with (1− α) + α = 1),
we obtain that∫

R

(
t−1

∫
P (x;t)

|f ′′(g(x+ h))| |Δh(g
′2)(x)| dh

)p

dx ≤

≤ c1

∫
R

(
M(|(f ′′ ◦ g) |g′|1+α|v1)(x)

)p/v1 (
t−1

∫ t

−t

|Δhg
′(x)|w1(1−α) dh

)p/w1

dx

≤ c2

∥∥∥M(|(f ′′ ◦ g) |g′|1+α|v1)
∥∥∥p/v1
v/v1

(∫
R

(
t−1

∫ t

−t

|Δhg
′(x)|w1 dh

)(1−α)w/w1

dx
)p/w

.

Using the notation (4.43) for s1, p1 and q1, it holds that

U2 ≤ c ‖ (f ′′ ◦ g) |g′|1+α ‖v ‖g′‖1−α
B

s1
p1,q1

.

Now we choose a number v as in (4.46). An analogous estimate to the one obtained
for U1 (see (4.42) and (4.48)) allows us to get that U2 ≤ c V (f ; g) . Notice that the
condition

1

p1
− 1

w1
< s1 < 1

is guaranteed by (4.44) and 1− δ < 1/v.
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5. Proof of Theorem 2.1 and Corollary 2.3

5.1. Proof of Corollary 2.3

Using Propositions 3.15, 3.10, 3.21(ii), Theorem 2.2 and condition f(0) = 0, we
derive

‖f ◦ g‖Bs
p,q

≤ c1

(
‖f ◦ g‖p + ‖(f ◦ g)′‖Ḃs−1

p,q

)
≤ c2

(
‖f ′‖∞‖g‖p + ‖f ′‖Bs−1

p,q

(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

Bs
p,q

))
≤ c3‖f ′‖Bs−1

p,q

(
‖g‖Bs

p,q
+ ‖g‖s−(1/p)

Bs
p,q

)
.

This proves (i).

We now prove (ii). It holds that f ◦ g = (f ρt) ◦ g for t := ‖g‖∞. By the
embedding Bs−1

p,q ↪→ Bs−1
p,q , see Proposition 3.21(i), and by the assumption on f , it

holds that
‖(fρt)′‖Bs−1

p,q
≤ c‖(fρt)′‖Bs−1

p,q
≤ c‖fρt‖Bs

p,q
< +∞ .

Since (fρt)(0) = 0, the desired inequality follows from (i).

5.2. Proof of Theorem 2.1

Proof of (i). As mentioned in the Introduction, the necessity of f(0) = 0 and
f ∈ Bs,�oc

p,q is well known. The sufficiency part of Theorem 2.1 is an immediate
consequence of Corollary 2.3 (ii).

Proof of (ii). Boundedness follows immediately from the embedding Bs
p,q ↪→ Cb,

see Proposition 3.21(i) and Corollary 2.3(ii). The fact that Tf is not sublinear,
except in case f is linear, has been proved in Proposition 11 of [4]; this statement
follows also from Proposition 6.1 (see below) and a homogeneity argument.

6. Optimality of the estimates

From the condition s− (1/p) > 1, the inequality (2.2) implies that

(6.1) ‖f ◦ g‖Bs
p,q

≤ c‖f ′‖Bs−1
p,q

(
1 + ‖g‖Bs

p,q

)s−(1/p)

.

Now the exponent s − (1/p) in (6.1) is optimal except if f is a polynomial.
Indeed we have the following statement:

Proposition 6.1. Let 0 < α < s− (1/p) and let N be any seminorm on D. If f
is a continuous function such that, for some constant c = c(f) > 0, the inequality

(6.2) ‖f ◦ g‖Bs
p,q

≤ c
(
1 +N(g)

)α
holds for all g ∈ D, then f is a polynomial of degree ≤ s.
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Proof. We use the same argument as in the proofs of Propositions 11 and 12 in [4].
Let us consider the integer m ≥ 1 such that m− 1 ≤ s < m. Let us define ϕ ∈ D
by ϕ(x) := xρ(x), ∀x ∈ R, see (1.1) for the definition of ρ. Then it holds that
(f ◦ aϕ)(x) = f(ax) for all x ∈ [−1, 1] and all a > 0. Hence,

(6.3) Δm
t (f ◦ aϕ)(x) = Δm

atf(ax) , ∀x ∈ [−1/2, 1/2], ∀t ∈ [0, 1/2m], ∀a > 0.

From the embedding Bs
p,q ↪→ Bs

p,∞, (6.2) and (6.3), we deduce that

(∫ a/2

−a/2

|Δm
t f(x)|pdx

)1/p

≤ c aα+(1/p)−sts , ∀t ∈]0, 1] , ∀a > 2m.

Applying the assumption on α, and taking a → +∞, we obtain that

Δm
t f(x) = 0 a.e. , ∀t ∈]0, 1] .

Then, using a standard argument, we deduce that f is a polynomial of degree at
most m− 1. �
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