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A non-computational approach to
the gradings on j,

Cristina Draper Fontanals

Abstract. The fine group gradings on the exceptional Lie algebra f4 have
previously been determined by means of computational methods. A new
argument is given to prove that there are just four fine gradings on f4.

1. Introduction

There has been a lot of research around the gradings on simple Lie algebras during
the last years. Probably one of the reasons of such activity is that fine gradings
are closely related to the structure of the algebras. To be more precise, gradings
on classical Lie algebras have been studied in [5], [3] and [17] and lately revised
in [15] and [2] to obtain an irredundant list of nonequivalent fine gradings and
nonisomorphic gradings respectively; gradings on g, appear in [9] and [4]; gradings
on 04 are in [12] and [15], jointly with some descriptions in [13]; and gradings on f4
can be found in [11].

In fact, there are descriptions of fine gradings on f4 also in [14] and [10], but
these papers can not assure if the described gradings cover the whole list of fine
gradings. The only proof of this fact appears in [11], and it is a computational-
based proof, quite technical, which needs a precise knowledge of the coordinate
matrices of automorphisms of f4 extending the action of elements in the Weyl group.

It does not happen only in f4, but in general, that it is not a difficult task to
describe gradings (it only requires enough knowledge of the algebra) but it could
be quite difficult to prove that every fine grading is equivalent to one grading
of a determined list. The classical case was the first to be studied because the
authors worked with associative techniques, taking advantage that these algebras
live in matrix algebras. But in the exceptional case several different techniques
have been tested until now. The computational proof in the case of §4 is based in
the fact that the subgroup of automorphisms producing the grading is contained
in the normalizer of a maximal torus of the automorphism group, thus the authors
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worked with a precise matricial description of the elements in such normalizer
(these matricial descriptions can be obtained in [25]).

Our objective in this paper is to provide an alternative proof of the fact that
there are 4 fine gradings on f4 up to equivalence. This proof will not use computa-
tional tools, but the result that the 2-groups of the automorphism group of f4 live
in Spin(9) and hence, after projection (Spin(9) is the universal covering of SO(9))
inside some maximal abelian diagonalizable group of SO(9). But all the gradings
on the Lie algebra so(9) are elementary (induced by the natural module), and can
be easily extracted from [3]. Therefore, in an indirect way, we will also use matrix
methods.

The purpose is to make the paper as selfcontained as possible. It is organized
as follows. We will work over an algebraically closed field K of characteristic zero,
although this hypothesis could have been relaxed. Section 2 contains the inter-
pretation of the gradings in terms of algebraic groups, in particular of the fine
gradings by means of MAD-groups. There are also several useful results about
the structure of the MAD-groups of an automorphism group of a semisimple Lie
algebra, applicable not only to f4. Probably the most interesting result in this part
is that every MAD-group (different from the maximal torus) contains a nontoral
p-group for certain prime p, which must be 2 or 3 in the f4-case. Afterwards we
exhibit in Section 3 some natural descriptions of the four fine gradings on f4. The
objective will be to prove, in Section 6, that these are all the fine gradings on f4
up to equivalence. The machinery is developed in Section 4 and Section 5, devoted
to 2-groups and 3-groups respectively. The key point is that if the MAD-group
is not isomorphic to Z3, then it contains an order 2 automorphism fixing a subal-
gebra of type by and hence it lives in its centralizer, which is the spin group. In
order to compute the MAD-groups of Spin(9), we provide a concrete description
of this spin group, then of the projections of some of its elements in the orthogonal
group O(9) = aut(by), which allows us to work with the MAD-groups of O(9).
We also enclose the model of f4 based on by in order to get a precise descrip-
tion of the relationship between aut(bs) and aut(fs). A similar development, but
less detailed, is done in Section 5 to extract the information about the 3-groups
from SL(3) xz, SL(3).

2. Generalities on gradings

2.1. Basic definitions

Let £ be a finite-dimensional Lie K-algebra. The term grading will always mean
group grading, that is, a decomposition in vector subspaces £ = ®geaLy where G
is a finitely generated abelian group and the homogeneous spaces verify [L4, Lp,] C
Ly, for any g,h € G (denoting by juxtaposition the product in G). We also
assume that G is generated by Supp(G) := {g € G | L, # 0}, called the support
of the grading.

Given two gradings £ = ®4eqUy and L' = PpenVy, we shall say that they
are 1somorphic if there are a group isomorphism o: G — H and an isomorphism
@: L — L' such that p(Uy) =V, for any g € G. The above two gradings are
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said to be equivalent if there are a bijection o: Supp(G) — Supp(H) and an
isomorphism ¢: £ — L' such that p(Uy) = V(4 for any g € Supp(G). The
first grading is a refinement of the second one if there are a surjective map
o: Supp(G) — Supp(H) and an isomorphism ¢: £ — £’ such that o(Uy) C V(g
for any g € Supp(Q).

A grading is fine if its unique refinement is the given grading. Our objective
will be to classify fine gradings on f4 up to equivalence.

2.2. Group techniques

The gradings on £ can be seen as the simultaneous diagonalizations relative to
quasitori of the group of automorphisms aut(£). If £ = $oeql, is a G-grading,
the map ¢: X(G) = hom(G,K*) — aut(L£), mapping each a € X(G) to the
automorphism ¢: L — L given by L, 3 z — ¢(x) := ag)z, is a group ho-
momorphism. Since G is finitely generated, then ¢(X(G)) is a quasitorus. And
conversely, if @) is a quasitorus and ¥: @ — aut(£) is a homomorphism, (Q) is
formed by semisimple automorphisms and we have a X(Q)-grading £ = ©gex(0)Ly
given by L, = {z € V | ¢(¢)(z) = g(q)z Yq € Q}, with X(Q) a finitely generated
abelian group.

A grading is fine if and only if the quasitorus producing the grading is a maximal
abelian subgroup of semisimple elements, usually called a MAD (“maximal abelian
diagonalizable” )-group. It is convenient to observe that the number of conjugacy
classes of MAD-groups of aut(£) coincides with the number of equivalence classes
of fine gradings on L.

We would like to dive a little bit in the structure of these MAD-groups, for
purposes not only for this paper, but for other Lie algebras.

2.3. Structure of a MAD-group

We study now the MAD-groups of aut(£) =: G, for £ a finite-dimensional semisim-
ple Lie K-algebra. Of course there is always at least one MAD-group, the maximal
torus formed by the automorphisms fixing a Cartan subalgebra (all the maximal
tori are conjugated). Any other MAD-group @ has to be nontoral (that is, not
contained in a torus). Moreover, as any quasitorus, this @ is the direct product of
a torus by a finite subgroup of G. The purpose of this section is to prove that @
contains a nontoral p-group for some prime p, that is, if we write the finite sub-
group as a direct product of p;-groups for different primes p;, some of the factors
are nontoral. We have the conjecture that all the factors are nontoral.

Recall first a pair of facts which help to check torality. We enclose the proofs
for the seek of completeness.

Lemma 2.1 (Theorem 8.2.(3) in [1]). Let G be a linear algebraic group over an
algebraically closed field. Assume that G is a connected reductive group such that its
commutator subgroup is simply connected. If Q is a subquasitorus of G generated
by at most two elements, then Q is toral.
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Proof. Take Q = (f1, f2), and consider Z the centralizer of f; in G, which is
connected by Theorem 3.5.6, page 93, of [7]. As any semisimple element in a
connected group belongs to a torus, there is a maximal torus T of Z such that
fo € Z. But fi1 is in the center of Z and hence in all the maximal tori of Z, so

that (f1, f2) CT and Q C T O

Lemma 2.2 (Lemma 2 in [12]). If T is a torus of G and H is a toral subgroup
of G commuting with T, then HT is toral.

Proof. Let Z be the centralizer of H in aut(£) = G. As H is toral, there is a
maximal torus 77 of aut(£) such that H C 7’. Hence 7' C Z and it is also a
maximal torus of Z. But T C Z so that there is p € Z such that pTp~—' C T".
Consequently p(HT)p~! = HpTp~' ¢ HT' C (T")> C T’ and HT is contained in
the torus p~17"p. O

It is very useful to recall the version in [26] (Theorem 3.15, page 92) of the
Borel-Serre Theorem, which in particular implies that every quasitorus of G is
contained in the normalizer of some maximal torus. But we will need a slightly
improved version of this result (which also generalizes Proposition 7 of [11]).

Lemma 2.3. If Hy is a toral subgroup of G and Hs is a diagonalizable subgroup
of G which commutes with Hy, then there is a mazimal torus T of G such that
Hy, C T and Hy is contained in the normalizer N(T').

Proof. Let Z = Centg(Hy). As Hy is toral, there is a torus T} of G such that
H, c Ty C Z. As T is connected and it contains 1g, then 77 C Z,, where Zj
denotes the connected component of Z containing the unit. Now we apply the
previously cited theorem (Theorem 3.15, page 92, of [26]) to Hs, a diagonalizable
subgroup of Z, so that there is a maximal torus T of Z such that Hy C N(T).
Note also that H; C T because H; is in the center of Zj, and precisely the set of
semisimple elements of Z; coincides with the intersection of all the maximal tori
of Zy (one of them is our T'), according to Corollary 11.1 of [6]. O

Lemma 2.4. If a prime p does not divide the order of the Weyl group of L, then
every abelian p-group H < G is toral.

Proof. The elements in H have order a power of p, so that they are semisimple
and, as in the previous lemma, there is a maximal torus 7" such that H C N(T)).
Let us check that any f € H verifies that f € T. Let us take 7: N(T') — N(T")/T
the projection onto the semidirect product of the Weyl group and the group of
diagram automorphisms. The order of m(f) must be a divisor of the order of f,
certain p* for some k € N. But also the order of 7(f) divides the order of the Weyl
group, which is coprime to p*. So 7(f) =1 and f € T. O

We will use a pair of times the following trivial result.

Lemma 2.5. If T is a torus and Hy and Hs are finite groups of coprime orders
such that Hy commutes with T and Hy C T x Hs, then Hy is contained in T .

Proof. 1t is clear, since the projection of H; in Hy must be trivial. O
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Lemma 2.6. If T is a mazimal torus of G, and f € N(T') is an element of order
r € N, then the set T') of the elements in T commuting with f is equal to SH
for some subtorus S of T and a subgroup H C {t € T | t* = 1g} such that
SNH={lg}.

Proof. Recall that we have an action N(T) x T — T,(g,t) + g -t = gtg~'.
Hence we can write T/ = {t € T | ft =tf} ={t € T | f-t =1t}. Asitisa
diagonalizable group (a quasitorus), there are a subtorus S and a finite group H
such that 7 = SH and SN H = {15}.

Note that the map s: T — T given by s(t) = 7/—, f* - t is an algebraic group
homomorphism, so that s(7T') is a subtorus of T. As t(f - s(t)) = 7l_of* -t =
s(t)(f"-t) and f = 1g, we get that s(t) € T). Hence the torus s(7) must
be contained in the only maximal torus of 77, that is, S. Let us check now
that if ¢t € H then t" = 1g. Indeed, as f -t = t, we have s(t) = t", so that
t"e HNs(T)c HNS = {l¢}. O

Lemma 2.7. If Hy and Hy are toral subgroups of G which commute, of coprime
orders r and s respectively, then the group HyHs is toral.

Proof. As in Lemma 2.3, there is a torus T such that Hy C T and Hy C N(T).
We can take Hy = ({f1,..., fm}) for certain generators f;. Call s; the order of f;,
which is a divisor of s. By Lemma 2.6 and the notations therein, H; C T =
{t € T | tfi = fit} and it coincides with T4V} for some T; subtorus of T and
a subgroup V3 C {t € T | t** = 1}, with T3 N V4 = {1}. As the cardinal of V}
divides s;9™7T it also divides s9™ 7 and hence this cardinal is coprime to r (recall
that ged(r,s) = 1). Then, by applying Lemma 2.5, we get that H; C Ty. Now T
is a torus and ({f1}) is toral (it is contained in Hs) commuting with T3, so, by
Lemma 2.2 we get that T7({ f1}) is toral and hence Hy ({f1}) is toral too. Now the
process begins again. By Lemma 2.3, there is a torus 7" such that Hy U{f1} C T’
and Hy C N(T"). Hence HyU{f1} C T2) = {t € T | tfos = fot}, which, according
to Lemma 2.6, coincides with T5V5 for some subtorus 75 of 77 and a subgroup
Vo C {t € T | t*2 = 1} such that T, N Vo = {1}. Taking into account that the
order of Hj is r, coprime to the cardinal of V5 (which is a divisor of a power of s),
we can apply Lemma 2.5 to conclude that Hy C To. We get that (Ts, fi1, f2) is
toral by applying Lemma 2.2 to the torus T and to the toral subgroup (f1, f2),
which commutes with T5. As (Hz, f1, f2) is contained in (T4, f1, f2), it is also toral.
The application of lemmas 2.3, 2.6, 2.5 and 2.2 allows to conclude the torality of
(HyU{f; | g =1,...,i}) from the one of (Hy U{f; | j =1,...,i—1}), so an
induction argument ends the proof. O

Hence,
Corollary 2.8. If H; is a finite toral p;-subgroup of G for each i € {1,...,s},

with p; prime and p; # p; if i # j, and the group generated by Hy U --- U Hy is
abelian, then such group is toral.

Some immediate consequences are the following, for general Lie algebras and
for our concrete case:
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Corollary 2.9. Any nontoral quasitorus of G contains a nontoral finite p-group
for some prime p.

Proof. Take into account that such quasitorus is a direct product T'x Hy X -+ - X Hy
of a torus T and some finite abelian p;-groups H; (p; prime) such that p; # p;
if 1 # j. Now apply Lemma 2.2 and the previous corollary. O

Remark 2.10. We could think that every nontoral quasitorus of G contains a
nontoral elementary p-group for some prime p. This result would be relevant
for the study of the gradings on the remaining exceptional Lie algebras (type ¢),
because there is a lot of information about elementary p-groups (the maximal ones
are detailed in [16] and for p = 3 in [1]). But that conjecture is not true: take,
for instance, the quasitorus Q = ({t_11,-1.1,1,-1,-1,1,0105t1,1,1,: }) = Z3 X Zy
(notations as in [11]). It is nontoral, but every proper subquasitorus is toral, in
particular that one isomorphic to Z3.

Corollary 2.11. Any abelian p-subgroup of aut(f4) is toral if p > 3. Any nontoral
quasitorus of aut(fs) contains either a finite nontoral 2-group or a finite nontoral
3-group.

Proof. 1t is a consequence of Corollary 2.9 and Lemma 2.4, because the cardinal
of the Weyl group is 1152 = 2732, with 2 and 3 the only prime divisors. O

We will need to precise a little more for the fs-case. Although we have not
achieved to prove that any quasitorus of aut(£) is product of a torus times several
p;-nontoral groups, what is true is the next result.

Proposition 2.12. If Q =T x P x R is a MAD-group of G = aut(L), for L
a finite-dimensional semisimple Lie algebra, with T a torus, R a finite nontoral
p-group (p prime) and P a nontrivial toral group of order coprime to p, then R
contains a proper mnontoral subquasitorus.

Proof. Take R’ a maximal toral subquasitorus of R. By Lemma 2.7 and Lemma 2.2,
the subquasitorus T'x P x R’ of () is also toral, and according to Lemma 2.3, there

is a maximal torus 7" of G such that Tx PxR' C T’ and R = (R' U {f1,..., fr}) C
N(T") with (R"U{f1,..., fi}) S(R'U{f1,..., fixa}) foralli=1,...,r —1. Note
that the quasitorus generated by R’ U {f;} is nontoral for all ¢ = 1,...,7. We
have only to prove that » > 2. But if » = 1, the maximality of ) implies that
(T")) =T x P x R', a contradiction with Lemma 2.6. O

Corollary 2.13. Any MAD-group of aut(f4) which does not contain a nontoral
3-group is T X Ry X R, where T is a torus, R is a finite toral group of odd order
and Ry is a finite nontoral 2-group, and either R is trivial or Rs has at least four
direct factors.

Proof. 1t is enough to apply the previous proposition jointly with Corollary 2.11
and Lemma 2.1, since aut(f4) is simply connected. O

In the last section we will prove that the group R in Corollary 2.13 has neces-
sarily to be trivial.
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3. Description of gradings on f4

There are four fine gradings on f4 described in [11] and in [10]. We enclose here a
description of each of them for the seek of completeness, since our main aim is to
prove that they are essentially all the possible fine gradings on f4. These descrip-
tions would also work for arbitrary (algebraically closed) fields of characteristic
different from 2 or 3. All the gradings on the symmetric composition algebras, as
well as the different constructions used for f4, can be found in detail in Sections 4
and 5 of [14].

Given a symmetric composition algebra (C,#,b) of dimension 8, consider the
orthogonal Lie algebra

o(C,b)={d e Eﬂr(ld(C') | b(d(z),y) + b(x,d(y)) = 0 Va,y € C},

and the subalgebra of o(C, b)® (with componentwise multiplication) defined by
tei(C, %,b) = {(do, d1,ds) € o(C,b)* | do(z % y) = dy(z) % y + x % da(y) Yo,y € C},
called the triality algebra. One can form the Z3-graded Lie algebra

L =ti(C,*,b) @ 1p(C) @ 11(C) ® 12(C),

where the bracket is given by
e ti(C, x,b) is a Lie subalgebra of L,

* [(do,d1,d2), ti(7)] = ti(di(x)),

e [1i(x), tit1(y)] = tita(z *x y) (indices modulo 3),

o [ui(x),uily)] = Hi(tx,y),
being t, , the element in tvi(C, *, b) defined by

1 1
toy = (cfgﬂ,y, 3 b(x,y)ide — raly, 3 b(z,y)ide — lxry>,

with 0,,(2) = bz, 2)y — b(y, 2)z, 72(2) = zxz and I (2) = xx z for all z,y, 2z € C;
and where 6 denotes the order 3 automorphism of tvi(C, *, b) given by 0(dy, d1,ds) :=
(d2, dp, dy1). This algebra is of type f4 independently of the considered 8-dimensional
symmetric composition algebra C'. There are two of such algebras up to isomor-
phism: the Okubo algebra Ok and the para-Hurwitz algebra pH. The algebra
Ok has a natural Z3-grading (coming from the nontoral Z3-grading on the matrix
algebra Matsy3(KK)) and the algebra pH has a natural Z3-grading (coming from
the Z3-grading on the octonion algebra). So, we can consider on £ 2 fy:

A Z*-grading given by the root decomposition on £ relative to a Cartan subal-
gebra.

A Z3-grading obtained by combining the Z2-grading on Ok with the Zs-grading
on L induced by the triality automorphism 6.
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A Z3-grading obtained by combining the Z3-grading on pH with the following
Z3-grading on L: Lgg = ti(C,%,b), Lot = 10(C), L5 = 11(C) and
L1y = 12(0).

A 73 x Z-grading. Consider the Albert algebra J = K3 ® 19(C) @ 11(C) @ 12(C)
with the product described in Theorem 5.15 of [14], where C is the para-
Hurwitz algebra pH. Such algebra [J has a Z-grading produced as the simul-
taneous diagonalization relative to 2[r, (1), 7(1,0,0)] € Der(J) (r, denotes the
multiplication operator in [J). It is compatible with the Z3-grading on pH,
and it induces the corresponding grading on Der(J) = {4.

4. 2-groups of aut(f4)

Taking in mind Corollary 2.13, our programme will be: First we will try to obtain
all the information about the 2-groups of aut(f4) by means of the spin group, and
afterwards we will extract the information about the 3-groups from the special
linear groups.

4.1. Spin group

Let V' be a 9-dimensional K-vector space endowed with a nondegenerate quadratic
form q: V' — K. Let b,: V x V — K be the associated symmetric bilinear form
given by b, (z,y) = %(q(m +9y) —q(z) — q(y)). Recall that the orthogonal group
is O(V,q) = {f € gl(V) | by(z,y) = by(f(x), f(y))Ve,y € V} and the special
orthogonal group is SO(V,q) = {f € O(V,q) | det(f) = 1}.

It is well known that the spin group is the universal covering of the special
orthogonal group. A treatment of spin groups valid for our context can be found
in Chapter IV of [23]. Let us concrete a description suitable for our purposes.

Let T(V) = 302, V" be the associative tensor algebra. Let I be the ideal of
T(V) generated by {v® v —¢q(v)1 | v € V}. The Clifford algebra is the (unital)
associative algebra given by the quotient

CiV,q) =T(V)/I

and CI(V, q)~ is, as always, the same vector space endowed with the bracket [z, y] =
zy —yx. Let
p: GV, q) — CI(V, q)

be the automorphism which extends p(v) = —v for v € V. As p is an order 2
automorphism, it induces a Zs-grading on the Clifford algebra, with even and odd
parts denoted respectively by C1(V, q)5 and CI(V, q);. If we denote by C1(V, ¢)* the
group of invertible elements in the Clifford algebra, the Clifford group is defined by

L(V,q) := {x € CUV,q)* | p(x)Va~" C V}.
Obviously we can consider the group homomorphism

p:I(V,q) — GL(V)
x = plx); plx)(v) = plz)ve™! Yo e V.
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As g(pu(z)vr=t) = g(v) for any v € V, we actually have a representation p: I'(V, q)
— O(V,q). Any v € V such that ¢(v) # 0 is invertible, and —vwv™! = (wv —
2by(v,w))v™t = w — 2by(v, w)/by(v,v)v, hence v € T'(V,q) and p(v) is the re-
flection relative to the hyperplane orthogonal to v. According to the Cartan—
Dieudonné Theorem, every isometry of V is composition of reflections relative
to hyperplanes orthogonal to nonisotropic vectors, so that p(I'(V,q)) = O(V,q),
I'(Viq) = {Mup...up | A € K u; € Vog(u;) # 0,7 > 0} and ker(p) = K*
(= K\ {0}). As det(p(v)) = —1, we also conclude that p(T'(V,q) N CI(V,q)5) =
SO(V,q) and T'(V,q) N CUV, q)5 = {Auy ... uar | A € K u; € V,q(u;) # 0,r > 0}.
Hence we have the following short exact sequences:

1—-K* =>T(V,q) = O(V,q) — 1,

1= K* = T(V,q) nClV, q)5 — SO(V,q) — 1.

The spin group lives inside the even part of the Clifford group. Take the spinor
norm N: I'(V,q) — K* given by N(z) = p(a*)z, where * is the involution given
by v* = v for any v € V. In particular, N(v) = —¢q(v). The spin group is defined as
Spin(V, q) = {z € T(V,q)NCL(V,q)5 | N(z) = 1}. As N(Quy ... uz,) = X272 q(u;)
and K is algebraically closed, we can scale to get

Spin(V, q) = {iﬂ'filui | u; €V, q(u;) =1},

and now it is clear that plgpin(v,q): Spin(V, q) — SO(V, q) is still an epimorphism,
with kernel {£1} = Z,. From now on p will denote this restriction p|gpin(v,q)-

4.2. Distinguished elements in the spin group

Let us focus our attention on some remarkable elements in the Clifford and spin
groups, which will be of special relevance for our description of the MAD-groups

of Spin(V, q). Let

B:= {603U1>U2>U3,U4,01,02,U3,U4}
be a K-basis of V' such that the matrix of b, relative to B is (
denote also by

oo~

0 0
0 ). We
Iy 0

e1=s(ur+v1), es=(uztv2), es=5(us+vs), er = 5(ua+ua),
er = ﬁ(ul —v1), e4= ﬁ(uz — vg), \/;i(us —vg), eg= E(M — vg),

where i € K is a primitive fourth root of the unit (i* = —1). Thus, the matrix of b,

relative to the basis

F

[
B = {60761,62763764,65766’67768}

is the identity matrix Iy. Observe first that q( s (Bu; + vz)) =1 for any g € K*,

i=1,2,3,4 ({e1,...,es} are particular cases) If we denote by [f]p the matrix
associated to f € O(V, q) with respect to the base B’, when computing the matrix
related to p( (ﬁuz v;)), the block corresponding to {eg;_1,e2;} C B’ is
2_ L 2 _ L
)
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Hence the matrix related to the image of
1 1 1 1 1 .
(E(ﬁui + EW)) (75(1% + 'Ui)) =3 (ﬁuz‘vz‘ + Eviui) € Spin(V, q)
has a block of the form
1/ B+45 (B2 5)
Sg:=RgRi == . . " ).
pmT T (1(/32;—2) B+ 3 >
Thus the element

1 1 1 1 1
SaBse = — (aulvl + —v1u1> (61@1}2 + —v2u2> (6U3vg + —113U3> <6U4’U4 + —’U4’LL4>
16 « 153 § €

1 0 0 0 0

belongs to Spin(V, ) and [p(sagse)] s = ( T ) Moreover,
0 0 0 Al Se

(41) T: {Saﬁée | a»ﬂ,éveer}

is a torus of Spin(V, ¢), since SagseSa’g/s'e’ = Saa’BE66 e’ -
On the other hand, p(e;)(e;) = (—1)%ie; for §;; the Kronecker symbol, so that

(4.2) d; := [p(e;)] B = diag{(—1)"};=0, .

is the diagonal matrix of size 9 whose entries in the diagonal are all 1’s up to
one —1 in the ith position. Hence e;e; € Spin(V, ¢) and [p(e;e;)|p = did;.

4.3. Model of §4, based on by

We describe in this subsection the Zg-grading on f4 such that Spin(V, ¢) is precisely
the subgroup of automorphisms preserving the grading. This kind of gradings on f4
whose even part type is by is well known, appearing for instance in [19].

With the notations of subsections 4.1 and 4.2, the orthogonal algebra

so(V,q) = {f € gl(V) | by(f(z),y) + bg(z, f(y)) =0 Vz,y € V}}

is a Lie algebra of type by. The space W = span(uy,...,us) is a totally isotropic
subspace of V. Consider the exterior algebra

S:=AW =KW aA>(W)aA3W)o A W)

with the Z-grading given by |z| = n if x € A™(W). Thus End(S) =: E = @pezEn
is also Z-graded, for E, = {f € End(S) | f(A™(W)) C A™t™(W) Vm € N}. Let
us recall how so(V, ¢q) acts on the 16-dimensional vector space S, following §8.A
of [24]. First consider the map

~v: V — End(AW)
given by ~
vy(Aeg +u+v) =M+ 1, +d,

where v € W, v € span{vy,...,vs) (which can be identified to W* by means of
v by(v,—)), and
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o I € Ey is the map producing the Z,-grading on S, that is, j|ﬂ<e9/\2(W)e9/\4(W)
=id and I|ygrsw) = —id.

e The map l,: AW — AW is given by l,,(w) =uAw if w € S. Thus I, € E.

e The map d, is defined on A"(WW) by induction on the degree n: d,(1) = 0,
dy(w) = 2by(v, w)1 for w € W and d,(z Ay) = dy(z) Ay + (=1)1%lz A dy(y)
if z,y € U2 _o A™ (W). In particular d, € E_;.
It is clear that v(z)? = ¢(z)idaw for any & € V, so that v induces a homomor-
phism of associative algebras 4 from Cl(V,q) to End(AW), and, in particular, a
homomorphism of Lie algebras from Cl(V,q)~ to gl(AW) (which turns out to be
an isomorphism).
As we have a monomorphism ¢: so(V,q) — CI(V,q)~ given by by(a, —)c —
by(c, —)a — —1[a, c], the composition

iz s0(V, q) — gl(AW)

provides a representation of the Lie algebra so(V,q). We know that this so(V, g)-
module AW is the spin module, that is, it is irreducible with maximal weight A4
(A\i the fundamental weights). Indeed, h = (h; | i =1,...,4) is a Cartan subal-
gebra of so(V, q) for h; := bg(vs, —)u; — bg(ui, —)v;. This element acts on AW as
Y(=1vi, ui]) = L(lu,dv, — dy, L), in other words

— lujl/\'”/\fu‘jr lfle{]l,h??"}
(43) hi~(’u,j1/\~-~/\ujr)_{ i%ujl/\"'/\ujr 1f1¢{]1,,]r}
Note that a set of simple roots of by relative to the Cartan subalgebra b is given by
a1(h) = w1 —wa, aa(h) = wo—ws, as(h) = ws—wy, ag(h) = wy, if h = Z?Zl wih; is
a generic element in h. Now a maximal vector in AW is s = u3 Aug Aus Auy, since
it is annihilated by L, for all @ € ®*. That means that the maximal weight ) is
given by h-s = A(h)s, so that A = Z?zl m;\i, where m; = hq, s for hy, = hi—hit1
(1 <3), ha, = 2h4. Equation (4.3) gives that such maximal weight is A = A4.

Now we construct
L=L®D L =s0(V,q) & (AW)

with the product given by
e s0(V,q) is a Lie subalgebra.

e If f €s0(V,q) and s € AW, we define [f, s] = F¢(f)(s), that is, L5 acts in L7
by means of the spin action.

e There is, up to scalar, an unique so(V, ¢)-invariant map AW x AW — so(V, q)
(there is only one module of type V' (A2) in the decomposition into irreducible
submodules of V(A1) ® V(A4)). To fix a scalar, we have fixed an so(V, q)-
invariant symmetric bilinear form (:|-): AW x AW — K (also determined
up to scalar) and we have taken the dualized action of the previous one: if
s, 8" € AW, we take [s, s'] € so(V, ¢q) the only element satisfying tr([s, s'] f) =
([f,s]|s") for all f € so(V,q).



284 C. DRAPER FONTANALS

This Zs-graded Lie algebra L is simple of type f4. We call ¢ the grading automor-
phism:
(4'4) 90|so(V,q) = id, 30|/\W = —id.

The aim of this subsection is to prove next that the centralizer of ¢ in the
automorphism group of f4 is just the group Spin(V, ¢). As usual, Ad: SO(V,q) —
gl(so(V, q)) will denote the adjoint map given by Ad A(f) = AfA~! for any A €
SO(V,q), f €so(V,q) = ba.

Proposition 4.1. If € Spin(V, q), the map Vz: fa — fa given by Velsov,g) =
Ad p(x) and Y. |aw = (), is an automorphism of the Lie algebra f4; and the map

¥ Spin(V, q) = Centaug(y,) ()
given by x > 1y s a group isomorphism.

Proof. Check first that 1, is an automorphism, so that 1 is well defined. Take
s,s' € S and f = by(a,—)b—by(b,—)a € by, for a,b € V. As [f,s] = F(f)(s) =
(= %la,b])(s), then wx[f, s = 3(—zala, b])(s). But ¢u(f) = p(x)fp(x)~", so that

e (), els)] = Aulo@) () Va(a)(s) = 7( — Flo(w)a, pla)bler) (5).

Taking into account that p(z)ax = p(z)az™ x = za (since plspin(v,q) = id), we get

b (S, 81) = [P (f)s ¢ (8)]-

«(
On the other hand, 5(2) ~'[f, 7(2)(s)] = 3(x) "' 3e(f)7(2)(s) = F(Fr2"[a, bz)(s) =
[p(x)~ fp(z), 5], so that, as (-|-) is Spin(V, q)- 1nvar1ant

tr([vz(s), ¥ (s)]f)

([f, ()]l (s)) = ((2) T f A (@ J)lls")
([o(x) =" fp(), s]|s ) = te((s, Jp(x) " fp(a))
tr(p(a)[s, sJp(x) 1 F) = tr( (s, )

(

and, as f is arbitrary, consequently [t0,(s), ¥(s")] = ¥ ([s, s']). We have proved,
then, that 1, € aut(fs).

Now note that if F' € Centyys,) () such that Flp, = ide,, then F' € {idy,, ¢}
Indeed, F|s € homy, (5, S) = Kidg by Schur’s Lemma, so there is 5 € K such that
F|s = fidg, but, as [S,S] = by, that scalar § € {1, —1} and so F is respectively
{id, p}. Let us see the epimorphic character of ¢: if F' € Centyye(s,) (), we can
find x € Spin(V, ¢q) such that ¢, = F. Indeed, as F' commutes with ¢, it preserves
the Zsy-grading, so we can consider the restriction F|p, € aut(by) = Ad(SO(V,q)).
Hence there is A € SO(V, q) such that AdA = Flp,. Take x € p~1(A), so that
p~H(A) = {£x}. Thus F~!o,|s, = idp, and, as above, F~t o), € {id = 1,
@ =1_1}. Hence F € {t,,¥_,}.

Finally let us check that v is injective. If 1, = idy,, then Ad p(z) = ids,, and
plx)f = fp(x) for all f € so(V,q). Thus p(z) = idy and x € ker(p) = {£+1}. The
possibility # = —1 does not occur since ¥_; = ¢ # idy,. O
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4.4. Every 2-group lives in Spin(V, q)

We would like to prove that every MAD-group with a nontoral 2-group con-
tains some automorphism conjugated to the automorphism ¢ described in Equa-
tion (4.4), that is, some automorphism whose fixed subalgebra is of type by. I ac-
knowledge A. Viruel for the communication of this result. For its proof, first recall
a well known fact.

Lemma 4.2 (Lemma 3.1 in [21]). Fiz a mazimal torus T C aut(L) for L a
semisimple Lie algebra, and an element f € T. Let W = Nauy(e)(T)/T and
Wy = Neent(r)(T)/T be the Weyl groups of aut(L) and of the centralizer Cent(f),
respectively. Then the number of elements in T conjugate (in aut(L)) to f is just
the Weyl group index [W : Wy].

Proof. Recall that two elements in T are conjugate in aut(£) if and only if they
are conjugate in Naue(z) (7). Thus the set of elements in T' conjugate to f € T
is just {ofo"1 | o € Naut(2)(T)}, which is in bijective correspondence with the
set of left classes {wW; | w € W}. Such bijection is given by o fo~! + (oT)Wy.
Note that if two elements 0,0’ € Naue()(T') verify (oT)Wy = (o'T)Wy, there is
¢ € Ngent(s)(T) such that o'~toT = T, hence 0’1o C Cent(f)T C Cent(f) so
that ofo~' =o' fo'~1. O

Thus, if Waut(f4) = Naut(f4)(T)/T and WSpin(V,q) = Nspin(V,q) (T)/T, then the
index [Waue(sy) @ Wspin(v,q)] is computed easily by counting in any maximal torus
of aut(f4) how many elements are fixing a subalgebra of type bs. Recall from [22]
that there are two conjugacy classes of order 2 automorphisms in aut(fs), charac-
terized by fixing subalgebras of type by and ¢35 @ a;, whose dimensions are 36
and 24 respectively. If h is a Cartan subalgebra, f4 = h @ (PocaLa) denotes the
decomposition in root spaces relative to h and A = {a;}%_; is a set of simple
roots of ®, a maximal torus can be described as {tz .. | 2,9, 2, u € K*}, where
t =t y,2u is the automorphism determined by t|y = id, t[z,, = zid, t[z,, = yid,
tlL,, = zid and t[z,, = uid. As the eigenvalues are

(1,1,1,1) U (u, 2 y,m zu yz my,myz yzu Y22, J:yzu yz U J:yz myz u, yz2u?,
22 9o 2,3,2 2,3 4 2)i1

xy?2?, xy?22u, xy2?u?, oy 2u, vy 22u?, vy 2l vy 2, oyl 2?2y 2t
the only choices of (z,y, z,u) € {£1}* providing a list with 36 1’s and 16 —1’s are
(1,1,1,-1),(1,1,—1,1) and (1,1,—1,—1). Hence, according to Lemma 4.2, the
index of the Weyl group of Spin(V, ¢) in the Weyl group of aut(fs) is 3 (of course
this is known in the literature, see, for instance, page 248 of [20]). A consequence
is the following.

Proposition 4.3. If a quasitorus Q of aut(f4) is the direct product of a torus T
and a 2-group, then Q is conjugated to a subquasitorus of Spin(V, q).

Proof. By Lemma 2.3, we can change ) by one of its conjugated quasitori such
that T C 7 and @ C Naug(j,)(7), where T is the maximal torus of Spin(V,q)
defined in Equation (4.1), which is also a maximal torus of aut(fs) through the
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map ¢ defined in Proposition 4.1. Denote by p: Waue(s,) — Waut(5)/ Wspin(v,q)
the projection onto the set of left classes. Let f be an element in . We can
take f = fot with ¢t € 7 and fo € Naut(s,)(7) of order a power of 2. Thus fo7 €
Waut(ss) and its projection p(foT) € Waug(s,)/Wspin(v,q) has order a power of 2.
But [Waue(sa) © Wspin(v,g)] = 3, so that p(foT) = 1 and there is f1 € Nspin(v,q)(T)
such that fo7 = f1T. Hence f € foT = /1T C Spin(V,q). O

In other words, such @ < aut(fs) commutes with an automorphism conjugated
to ¢ which fixes a subalgebra of type by, and hence it is contained in a MAD-group
of Spin(V,q). We will compute these MAD-groups by taking advantage of the
knowledge of the MAD-groups of SO(V, q), since the map p: Spin(V, q) — SO(V, q)
will allow us to use that information.

4.5. MAD-groups of SO(9)

According to [3], every grading on the Lie algebra so(V, ¢) & by is elementary, which
means induced by the natural module V. Let us explain a little bit more about this
concept. If we choose an arbitrary (finitely generated and abelian) group G, and
take a decomposition V' = @4ecV; as a sum of vector subspaces (possibly some
of them zero), we have a G-grading induced on gl(V) = £ = $4eaL, given by
Lo={fe€gl(V)]|f(Vh) C VyenVh € G} (although G is not necessarily generated
by the support). Such grading induces a G-grading on so(V,q) = g provided
g = Dgec(gN Ly). We will describe this kind of gradings simply by assigning a
degree in GG to each element in some convenient basis of V.

Following the arguments in [3] or [17], it is easy to conclude that there are five
fine gradings on so(V, ¢), over the universal grading groups (see [9] for the definition
and details) Z*, Z3 x 73, 7* x 73, 7 x S and Z§, induced by the following choices
of basis and assignments of degree on the vector space V:

e The Z*-grading induced by

eo — (0000)
up — (1000)  wg > (0100)  wug > (0010)  wuy > (0001)
vy > (—=1000) vy — (0—100) w3 — (00 —10) vy — (000 —1).

e The Z3 x Z2-grading induced by
co — (000TT) €1 s (00010) €5~ (0000T)
us 5 (10000)  ws — (01000)  uq — (00100)
va = (=10000) w3 — (0—1000) w4 — (00 —100).

o The Z? x Zj-grading induced by
ep — (001111)
e1 > (00T000) s s (000100) €5~ (000010) €4 s (000001)
ug > (100000) w3 > (—100000) g s (010000) w4 — (0 —10000).
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e The Z x Z§-grading induced by

€6 — (0000001) uy > (1000000) w4 — (—1000000).

e The Z§-grading induced by

e — (00000100) ez — (00000010) es — (00000001).

The induced gradings on so(V, q) coincide with the gradings produced as the
simultaneous diagonalizations relative to the following MAD-groups of SO(V,q)
(respectively), where we are identifying the elements in SO(V, ¢) with their matrices
relative to the base B’ (notations as in Subsection 4.2):

1 0 0 0 0
0 Sa 0 0 0 5 KX
. = 0o o0 Sz 0 0 o €E
Ql o o 0[ sy o | ,ﬂ7 ) )
0o o 0 0 Se

)I6ec k],

o Qs = ({dody, dods, dods, doda, dods, dods, (7 &) | e € KX},

.
%)
—~
—N
/N
C‘OI
-
C‘IO
~
J oo
~—
7N

Q3 = <{d0d1,d0d2,d0d3,d0d4, (Ig SZ& Sg

€

Qs = ({dody, dodz, dods, dody, dods, dods, dody7, dods}).

4.6. MAD-groups of Spin(9)

If @ is a MAD-group of Spin(V, ¢), that is, a maximal abelian subgroup of semisim-
ple elements, its image p(Q) is also abelian and formed by semisimple elements,
so that it lives in a MAD-group of SO(V,¢) and there are f € SO(V,q) and i €
{1,...,5} such that p(Q) C fQif~!. By replacing Q with ¢g='Qg for g € p~1(f),
we can assume without loss of generality that such Q C p~1(Q;). But it is easy to
have concrete descriptions of generators of the group p~1(Q;), taking into account
that p(ege;) = dod;, according to Equation (4.2):

° p_l(Ql) - {Saﬁée | Oé,ﬂ,(s,G S Kx} = Ta

o p HQ2) = ({*eoer, tegea, sipse | 8,6, € KX},

e p H(Q3) = ({Feper, Tegea, Teges, epeq, s116c | 0, € € KX},

o p7H(Q4) = ({Feper, Tegea, £eges, epeq, Feges, £epes, s111e | € € KXY,
o p7H(Qs5) = ({Feoer, Tepea, Teges, Heges, £eges, £epes, feger, Fepes ).
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Note that these groups p~1(Q;) < Spin(V,q) are not abelian if i # 1, whereas
p~1(Q1) is a 4-dimensional maximal torus of Spin(V, q). The following considera-
tions about some of their elements will be useful for us:
(i) The element e;e; has order 4 if i # j ((e;ej)? = —1), and e;e;exe; has order 2
if 7, j, k, [ are distinct.

ii) If 4,5,k are distinct indices, e;e; anticommutes with e;er. More generally,
J

(eiy --ei)(ejy ---€5,) = (=1)"(ej, ...ej.)(ei --.ei,) if m is the cardinal of
the set {i1,...,is} N {j1,...,Jr}

(iii) If some sagsc is in certain p=!(Q;), then it belongs to the center of such
p~HQi). In particular —1 = s_1111 = $1-111 = S11-11 = S111-1 belongs to
the center of p~1(Q;) for all i.

Lemma 4.4. If o is a permutation of J = {0,1,...,8}, there is x € Spin(V, q)
such that zejz~' € {£eo(jy} forall j € J.

Proof. Tt is enough to check the result for one transposition. For o = (1,2), note
that .

851116185_1111 = €2,

S€111€25¢111 = —€1,

56111€j5¢117 = €5

for any j € J\ {1,2}, where ¢ is a square root of i (¢ = 1). Observe also

7 3 5 7 3 5 e
that sg111 = (e+¢ )+(£2 +&)eiee g4 that the element $+¢ )+(§2 +&eie; ¢ Spin(V, q)
works for interchanging an arbitrary pair of indices {4, j} C J. O

Thus,

Theorem 4.5. If Q is a MAD-group of Spin(V, q), then it is conjugated to one of
the following quasitori:

((l) Pl = T;
(b) P2 = <{€1€26364,61626566,60616365,8111E | (S KX}> = Z% X KX,
(¢) Ps={{—1,e1eae3e4, 1606566, c102¢7€8, €1€30507}) = 75,

Remark 4.6. Note that these P;’s are actually MAD-groups of Spin(V,¢q). To
be sure we have only to check that P, is not subconjugated to P, = T, that is,
that Py = ({ejesesey, e1ezese6, coereses}) is a nontoral group isomorphic to Z3.
This is equivalent to proving that p(Pj) is a nontoral group of SO(V,q). Identi-
fying the elements in so(V,q) and SO(V,q) with their matrices relative to B’, a
straightforward computation shows that the set of skewsymmetric matrices of size 9
which commute with ({d1dadsdy, d1dadsds, dodrdsds}) is the 1-dimensional space
{(@ij)ij=0...8 | ars = —ag7, a;; = 0 otherwise}. Thus the fixed component by the
diagonalization produced by p(Pj) has dimension strictly less than 4 (precisely 1),
so that it does not contain a Cartan subalgebra and the grading is nontoral (see
page 94 of [9]).
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Proof of Theorem 4.5. We can suppose that @) is an abelian subgroup of some
p~1(Q;). Note also that —1 € @ by maximality of @Q, since (—1,Q) is always
abelian and diagonalizable.

If i = 1, then Q = p~1(Q1) = T by maximality (7 is already abelian).

If i = 2, then {sigsc | B,0,¢ € K*} € Q C {s185¢} - {eoe1, eoe2,e1e2,1}.
Necessarily there is an element x € {egeq, eges, e1e2} belonging to Q). But no other
element in that set commutes with x, hence Q = {s1s5¢} - {1,2}. We can assume
that = ejes = s_i111, because of the previous lemma. But then @@ € 7, which
contradicts the maximality of Q.

If i = 3, then {s115¢ | 0,¢ € K*} € Q C {s115¢} - ({eie; | 4,5 = 0,1,...,4}).
There is £ = (21,...,2,) With 2; = a;1...0ipn,, aij € {€0,...,ea}, n; even,
such that @ = {si1sc} - {z1,...,2-}) and each z; ¢ {sii5¢} - {z1,...,2;-1}).
Among the possible T verifying such conditions, choose one such that the at-
tached . = (ny,...,n,) € N” is minimum in UgsenyN® with the lexicographical
order. In particular ny < --- < n,, taking into account that for any permutation
0 €8, 7 = (o1, - -, To(r)) verifies the same conditions as Z. Indeed, assume
that z,(;) € {s116c} - {Zo(1), -+ To(j—1)}). Thus mg.(j) = sude:cjl(l) .. .xzj(;il)
for some d,e € K* and s; € {0,1}, since 22 = (—1)= € {£1}. Now we choose
ke {1,...,7 — 1} such that o(k) is the greatest index with s; # 0 (necessarily
o(k) > o(j) and s = 1) and then z, ) = £5110e7],) ...jj’zk) . -3321&1_1)330(;') €
{s116¢} - ({1, ..., Zo(k)—1}), a contradiction. As Spin(V, ¢) is a simply connected
group, Lemma 2.1 and Lemma 2.2 can be applied to get that r > 3. If ny = 2,
then we can assume that z; = ejes by Lemma 4.4, because the element used for
conjugating does not change s115¢. In the same way we can assume that zo = egey
if ng = 2 (and o2 = ejesezey if ny = 4, but then 7 would not be minimal). But
now there is no possibility for zs (it should have an even -not 2- number of indices
in common with {1,2} and with {3,4}). If n; = 4, then we can assume that
r1 = eiegezey but there is no xo with the required conditions.

If i = 4, we have a similar situation: {sjj1c | € € K*} € Q C {s111¢} -
({eie; | 4,7 = 0,1,...,6}), so that we can take @ = {si11c} - ({z1,...,2,}) for
certain z; € Spin(V, ¢)\{s111¢}- ({z1,...,2j-1}) product of n; € {2,4, 6} elements
in {eg,...,es}. Again the r > 3 generators have been chosen such that 7 =
(n1,...,ny) is minimum, and, in particular, ny < -+ < n,. If n; = ng = 2, then
we can assume that z; = ejes = s_j111 and that x5 = ezey, again by Lemma 4.4.
As the e;’s involved in x5 are only eg, e5, e (otherwise there would be another z’
with n§ < ng so that 7/ = (n1,n2,n%,...) is lesser than 7), this implies that
n3 = 2, so that we can assume that x3 = eseg. But nothing more in p_l(Q4)
commutes with all these elements, hence @ = {s111c} - ({S—i111, S1-i11, S11—i1}),
which is strictly contained in 7T, a contradiction. If ny = 2 and no = 4 we can
assume that x7 = ejes and that zo = ezeseses. Now there is no zg satisfying the
conditions (with at least four e;’s involved, then e; and es would appear and we
could lessen ng3 in 7). Neither there is any possibility with n; = 2 and ny = 6.
Hence n1 = 4. That forces ny = 4 = ng because if some n; = 6, x; would have four
indices in common with x; (there are not enough elements for having only two in
common) and z12; would have only two involved elements (getting 71’ less than 7
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again). So we can assume that z7 = ejeseseq, that zo = ejeseseqs, and that xs
has just two e;’s in common with x; and 2 with 5. These elements cannot be e;
and eg (there is only eg to add) so that there are in x5 one element in {e, e2}, one
element in {es, e4} and one element in {es, e}, and consequently we can assume
that 23 = epereses. Now Py C Q, but the only elements in p~1(Q4) commuting
with P, belong to P, so that P, = Q.

If i = 5, we can take similarly to the previous cases Q@ = ({—1,z1,...,2,}),
where each x; is a product of an even number n; € {2,4,6,8} of elements in
{eo,...,es}, satisfying that z; ¢ ({-1,z1,...,2j-1}), = = (n1,...,n,) mini-
mum, n; < --- < n, and r > 3. If 2 = (2,2,2,...), then we can change the
generators by 1 = ejes, To = egzeq, T3 = eseg and then necessarily ny = 2
and we can take x4y = ereg. Thus nothing more can be added and Q@ C 7. If
n = (2,2,4,...), then we can change the generators into 1 = ejea, x2 = egey,
T3 = esegereg and again nothing more can be added and Q C 7. The choice
n = (2,2,6,...) would not provide 7 minimal. If 7 = (2,4,...), then we can

change the generators into x1 = ejes and zo = eszeqeseq. If ng = 4, we can
take x3 = esegeres, so that also ny = 4 and x4 has two elements in {3,4,5,6}
and two in {5,6,7,8} (none in {1,2}). Thus we can take x4 = egezeser and

necessarily @ = ({—1, ejeq, eseqeseq, esegeres, epeseser ), which is not a MAD-
group, because according to Lemma 4.4 the element = € Spin(V, q) related to the
permutation o = (3 3 2 3 i 7 5 I ) verifies that 2Qa~" is strictly con-
tained in P». Of course the case ng = 6 is not possible and we conclude that
n1 = 4. Now we get that ny = ny = ng = 4 and modify the generators to be ei-
ther (z1,22,x3) = (e1e2e3e4,e1€0€5€6, €1€2€7€8) Or (€1€2€3€4, €1€2€5€6, €1€3€5€7 ).
The generated groups are different, even though both are isomorphic to Z3 as ab-
stract groups, the first one is obviously toral (just contained in T), but the second
one is nontoral according to Remark 4.6 (we talked there about epeieses as in
case 1 = 4, but we can map egejeses into tejeseser without moving eq, ..., eg by
Lemma 4.4). In both cases there is a fourth element in p=(Qs5) commuting with
them: x4 = ejegeser and x4 = ejeqereg respectively, which obviously leads us to
the same ). Now there is no possibility of adding anything else, so that r = 4.

O

Note that ¢ = ¥_1 € ¥(F;) for all i = 1,2,3. They are the only MAD-groups

containing ¢:

Corollary 4.7. If Q is a MAD-group of aut(f4) which contains p, then Q is
congugated to

(a) ¥(P1) = (K*)*,
(b) (Py) = Z3 x K*,
(c) (P3) = Z3.

Proof. As ¢ € @, Q is contained in Cent,y(s,) (), which, according to Proposi-
tion 4.1, coincides with ¢ (Spin(V,¢)). Taking into account that ¢ is an isomor-
phism, Theorem 4.5 gives the result. g
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5. 3-groups of aut(f,)
The objective here is to prove

Theorem 5.1. There is an only nontoral 3-subgroup of aut(f4). It is isomorphic
to Z3 as abstract group. It is a MAD-group.

There are several results in the literature related to this one, as

Proposition 5.2 (Proposition 3.5 in [27], more detailed in Theorem (7.4) of [16]).
There is an only nontoral elementary 3-group of aut(fs). It is isomorphic to Z3
as an abstract group. It is a MAD-group.

The problem is that we cannot conclude Theorem 5.1 from this proposition,
at least not directly, as we observed in Remark 2.10. On the other hand, the
computational methods do not turn out to be difficult for this prime, but precisely
our main aim in this paper is to avoid completely the usage of computer. Thus, we
proceed as in the case of the prime 2, following similar steps: a nontoral 3-group
must contain some order 3 automorphism fixing a subalgebra of type as @ as and
hence it lives in the corresponding centralizer, certain quotient of SL(3)2. Then
we try to use our knowledge of the gradings on matrix algebras.

5.1. Model of §4 based on 2as

Now let V and W be 3-dimensional vector spaces and take
L=LyDL: DL
the Zs-graded Lie algebra given by
Lo=sl(V)@sl(W), L;=V®S* (W), Ly=V*"®S* (W),

where S?(U) denotes the symmetric tensors in U ® U and the product is given in
the following way:

e sl(V) @ sl(W) is a Lie subalgebra.
e The actions of Ly on V ® S?(W) and on V* ® S?(W*) are the natural ones.

¢ We have fixed a nonzero trilinear alternating map det: V. x V x V — K so
that we identify V AV with V* by means of uAv — det(u, v, —). For det™ the
dual map of det, we also identify V* AV* with V. Proceed similarly with .
Now for any w,v € V, w,x € W, f,g € V* h,j € W*, and denoting by f,
the endomorphism f(—)u € gl(V) and by nf = f — ;tr(f)id the projection
on the traceless endomorphisms,

[foh-hu@w- w = hw?rfy+ f(uh(w)Th,,
[u@w- -wovr- -z = (uAV)® (wAz)- (wAz),
[f@h-hgoj-jl = (fAg)@ (RN (hAJF).
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The so described algebra is simple of type f4 (see [8] for details about this and other
constructions of f4). Call ¢ the order 3 grading automorphism. We compute its
centralizer. Note that now the adjoint map denotes Ad: SL(V') — gl(sl(V)) given
by Adx(f) = afa~?! for any x € SL(V), f € sl(V) = az, and similarly for W. For
x € SL(V), y € SL(W), consider the map ¥, ,: f4 — f4 given by ¥, |qv) = Adz,
Ve ylawy = Ady, ¥p y(v@wi - wz) = (z-v) @ (y-wi) - (y -wz) for any v € V and
wy,wp € W, and Vo o (f ®g1-92) = (- f) @ (y-91) - (y - g2) for any f € V* and
g1, 92 € W*, where - denotes the symmetric product as well as the action of SL on
its natural and dual representations.

Proposition 5.3. The map ¥, , is an automorphism of the Lie algebra L = f4
for all x € SL(V') and y € SL(W); and the map

W: SL(V) x SL(W) — Centpyg (s, (¢)

given by (z,y) — W, is a group epimorphism with kernel {(w"idy,w"idw) :
n=0,1,2} 2 Zs, for w a primitive cubic root of the unit.

Proof. Proceed as in the proof of Proposition 4.1 to check that this is a well defined
surjective map, and of course a group homomorphism. Let us compute the kernel.
If ¥,, = idj,, the element  commutes with sl(V'), and hence there is o € K
such that z = aidy. But, as det(x) = 1, necessarily a® = 1. In the same way,
y = Bidw with 8% = 1. Now Uoyle, = aB?id, so that o2 must be equal to 1
and hence a = (. O

5.2. Every 3-group lives in SL(3)2%/Z3

We would like to prove that every nontoral 3-group contains some automorphism
conjugated to ¢.

According to [20], page 248, the index of the Weyl group of Cent,y,)(¢) in
the Weyl group of aut(fs) is 32 (this number can also be easily computed with the
trick described in Lemma 4.2), coprime to 3. Again this fact implies that

Proposition 5.4. If Q is a 3-group of aut(fs), then Q is conjugated to a subqua-
sitorus of Centaye(s,)(@)-

Which can be proved analogously to Proposition 4.3.

5.3. MAD-groups of SL(3)

Proposition 5.5. There are four fine gradings on the algebra sl(3). Their grading
groups are
7%, T xZo, I35, 72

Equivalently, up to conjugation there are four MAD-groups of

aut(sl(3)) = PSL(3) x Zs.
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This result can be concluded from [5], but the gradings are explicitly computed
in [18]. We do not really need a concrete description of all the gradings, it is enough
for our purposes to recall which is the ZZ-nontoral grading. If we denote by

1 0 0 0 0 1
b=10 w 0], c¢c:=1(1 0 0],
0 0 w? 0 10
we can observe that b and ¢ are elements of order 3 in SL(3) that do not commute:
bc = web. On the contrary, their classes in PSL(3) = SL(3)/(wl3) do commute,
and ({b,¢}) = Z2 is a MAD-group of PSL(3), where # denotes the class of the
element x € SL(3) modulo (wl3).

Identify SL(V) and SL(W) with SL(3) by means of their matrices relative to
some fixed bases and also identify
SL(V) x SL(W)) _ SL(3) x SL(3)
(widy,widw)) /  ((wlz,wl3))

Centaut(f4)(¢) =V (

Now consider the projections

_SL3) x SL(3) SL(3)
U ((wls, wis)) (wlz)

given by m1(¥[,,,)) = 7 and m2(¥(,,) = ¥, where [z;y] denotes the class of the
element (7, y) € SL(3) xSL(3) modulo ((wl3,wl3)). Note that they are well defined
because m;(Vyr,wr,]) = wiz = I3.

— PSL(3) =

Proof of Theorem 5.1. Take @ a nontoral 3-group, which can be assumed contained
in Cent,y(s,) (@), so that each m;(Q) is a subquasitorus of aut(sl(3)) which lives
in (K*)2, (K*) x Za, Z3 or Z3 by Proposition 5.5. It is clear, as in Lemma 2.5,
that m;(Q) is contained in (K*)?, K*, id or Z3. But 7; maps nontoral groups into
nontoral groups, so that we can also assume that m;(Q) = ({b,¢}) = Z2. Now, an
arbitrary element in @Q is V.., with z,y € {w"1b"2c"* [ n; = 0,1,2} =: P. Hence
2% = 9% = I3, the element V.., has order 3 and @ is elementary, so that we could
apply Proposition 5.2 to finish our proof. But, again for selfcontainedness, we are

going to prove that
Q = <{\IJ[13;w13]a \I/[b;b]a q’[c;c]}> = Q/-

Take some elements W, € m; ' (b) and ¥y, € m; ' (¢). They commute, so that
[be = web; y1y2] = [cb; yaya] and Y192 = wyayr. In particular, y1 ¢ {I3,wls, w?I3}.
As \II[IS;y]\I/[b;yl]\P[_I;;y] = W[pyy,y-1], We can replace y; by b (the 26 order 3 elements
in P are conjugated in SL(3)). This implies that yo = w™b"2c. As ({V[p.p), Yciyo) })
is toral (arguments as in Lemma 2.1), we can find W1 € @\ ({Ype), Yiciya) 1)
We can assume that a3 = I3 (if 3 = b, replace it by ‘I/[xB;yB]\I/[Qb;b], and do the
same for any of the other possibilities for 2:3). Now, the commutativity condition
forces y3 to commute with b and b"2c, hence y3 € {1,w,w?}13. But y3 # I3, so
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Viwrs) € Q- Thus ({Vir,.0n), Yibp)s Piesprae }) C Q. Note now that the diagonal
matrix p = diag{1,w? 1} € SL(3) verifies that pbp~! = b and pep~! = be, so that
Q' is contained in a quasitorus conjugated to @ (by means of Wiz, or Wiz, ..27),
but Q' is its own centralizer and we are done.

6. MAD-groups of aut(f,)

Lemma 6.1. The automorphisms ¥te epesesesegeres A€ cOnjugated to .

Proof. Recall that any order 2 automorphism in aut(fs4) fixes a subalgebra of type
either by or ¢3 @ a1, so that the conjugacy class is determined by the dimension of
the fixed part of any representative in the class (36 and 24 respectively). Thus we
have only to check that dim Fix(y;) = 36 for

Y1 = welegegaese@ews and Y2 = w—elegege4esege7es = ©1¥.

First note that the restriction to the even part ¢;|s(v,q) =Ad p(e1e2ezeseseseres)
fixes the subalgebra so(V’,q) for V' = span({ey, s, 3, €4, €5, €6, €7, €s}), which is
a Lie algebra of type 04 and dimension 28.

In order to compute the fixed part of ¢;|\w, note that ¥(ere2) = J($[v1, u1]) =
—2i71(h1) and, taking into account Equation (4.3), if s = uj, A--- Awj,,

01(s) = —pa(s) = (2)*hy - (ha - (hg - (hy - 5))) = (—1)mFratnatng

where n;, =0 if i € {j1,..., 4} and n; = 1 otherwise. Hence Z?Zl n; =4 —r and
©1(s) = s just when 7 is even. This means that Fix p; = AgW and Fix ps = A; W,
so that dim Fix p;|aw = 8 and dim Fix ¢; = 36, as desired. O

Theorem 6.2. The fine gradings on §4 are, up to equivalence, the four fine gradings
described in Section 3.

Proof. Take @ a MAD-group of aut(fs) different from the maximal torus. If @
contains a nontoral 3-group R3, then Rj is itself a MAD-group by Theorem 5.1,
and hence @ = R3. Otherwise ) contains Ry a nontoral 2-group by Corollary 2.11.
Let us show that in this case @ is conjugated to either ¢)(Ps) or ¢)(Ps), where P,
and Ps are described in Theorem 4.5. According to Corollary 2.13, we are in
the following situation: @Q = T x Ry X R with T' a torus, Rz a nontoral 2-group
and R a finite group of odd order. Now, by Proposition 4.3, we can assume that
T x Ry C 9(Spin(V, q)) and, by Theorem 4.5, that T x Ry is contained in either
W(Py) 2 Z3 x K* or ¢(P3) 2 Z3. If R is trivial, then Q = T x Ry C ¢(Spin(V, q))
and we have finished by Corollary 4.7. We are also done if ¢ = ¢(—1) € @, since
then @ C Cent,y(s,) () = ¥(Spin(V, q)) (of course in this case R turns out to be
trivial). If R is not trivial, by Corollary 2.13 the 2-group Ry has at least 4 factors.
If Ry C ¢(P,), there is € € K* of order a power of 2 (root of the unit) such that
7Y (Ry) = ({e1eaezeq, e1eaeses, egereses, s111¢f). Thus we have the contradiction
—1 = 51111 € ¥~ 1(R2). The other possibility is that Ry is contained in 1 (P3). As
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(=

1) ¢ Ro, the existence of the four factors forces Ry to be the image under 1 of

({a1e1esezeq, asereseses, azereseres, auereseser ) for certain scalars o € {£1}.
Hence there is a € {£1} such that i(aejeaezesesegeres) = ¢ belongs to Ro.
According to the previous lemma, ¢’ is conjugated to ¢ and this finishes the proof.

d
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