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Some examples of C*° extension
by linear operators

Charles Fefferman and Fulvio Ricci

Abstract. For two kinds of sets X in R"™, we prove the existence of
linear continuous operators extending C'* functions on X to C* functions
on R™. The sets we consider are: (a) sequences of points in the real line
converging to 0 at a polynomial rate, (b) flag-shaped sets in the plane,
which are unions of half-lines with slopes as in (a).

Introduction

Given a subset X of R™, set Zx = {f € C(R") : f|, = 0}, and let C*(X) =
C>*(R™)/Zx be the space of C*°-functions restricted to X, endowed with the
quotient topology. For notational convenience, we will not assume that X is closed;
nevertheless, C>°(X) = C*>(X). If X is bounded, C*°(X) has the structure of a
Fréchet space, defined by the quotient norms of D™ (X) = D™(B)/{f : fi, = 0},
m € N, where B is any closed ball containing X in its interior.

Definition 0.1. We call C*° extension operator a continuous linear operator
E: C®(X) — C™(R") such that (E£p)|, = ¢ for every p € C*(X).

This is equivalent to saying that Zx admits a closed complementary subspace
in C*(R"), namely £(C>(X)).

For finite orders of differentiability, C. Fefferman proved the existence of C*
extension operators for every k and every X, with a norm which only depends on k
and on the dimension of the ambient space [4].

On the contrary, there are examples of sets which do not admit C'*° extension
operators. The simplest example is the set of pairs (x,y) with 2 > 0 and |y| < e~1/*
in R? [9].

The earliest result on the existence of a C*° extension operator is due to R.T.
Seeley [7] for half-spaces, followed by E. M. Stein’s result for Lipschitz domains [8].
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In [5], J. Mather improved a theorem of G. Schwarz in [6] —stating that every
C>-function f(x) on R™, invariant under a compact group K of linear transforma-
tions, can be expressed by a C*°-function g(p1(),...,pk(z)) in the fundamental
K-invariant polynomials p; — by showing that g can be chosen to depend linearly
and continuously on f. In other words, a C'°° extension operator exists for the set
X C R¥ which is the image in R¥ of the Hilbert map P = (p1, ..., px).

More recent results are due to E. Bierstone [2] for Hélder domains and suban-
alytic sets with dense interior, and to E. Bierstone and G. Schwarz [3] for Nash
subanalytic sets.

Despite this long history, various basic questions appear, to the best of our
knowledge, to have been disregarded in the literature.

In this paper we first construct a C* extension operator for a class of sets X
consisting of a sequence of points in the line converging to the origin at a polynomial
rate, e.g., X = {1/n%n > 0}, a > 0. This result is then used to construct a C*>°
extension operator on fan-shaped subsets of R?, i.e. unions of infinitely many half-
lines emanating from the origin, with slopes in one of the sets X C R described
above.

The motivation for this problem came from questions in harmonic analysis,
related to the characterization of the spherical Fourier transforms of Ug-invariant
Schwartz functions on the (2d 4 1)-dimensional Heisenberg group [1]. The domain
on which these spherical Fourier transforms are defined is the so-called Heisenberg
fan in R? (corresponding to the choice of (2n + d)~! for the slopes of the half-
lines). From this point of view, the existence of a C'*° extension operator on the
Heisenberg fan provides an analogue of Mather’s theorem, giving a partial answer
to a question left open in [1].

1. Sequences of points in the line

In this section we prove the following theorem.

Theorem 1.1. Let (A, )nen be a positive sequence, monotonically converging to 0,
with Ay — Apy1 ~n~%"1 for some a > 0. Then the set X = {\, : n € N} admits
a C™ extension operator. The same holds for the union X = X1 U (—X3) of two
sets X1 and X9 as above.

We give the proof for the set X = {1/n: n > 0}, leaving the details for the
general case to the reader.

We begin by decomposing X dyadically. For v € N, we set [, = [27v~1 277 F1]
and X, = X NI,. We first define extension operators on each X, .

Proposition 1.2. Let m be a positive integer with m < #X,. There exists a
linear operator &, ., mapping functions on X, to C*-functions on I, and such
that, for every function ¢ on X,,

(1) (5U,m<p)|x,, =@
(ii) if ¢ = Py, , with P a polynomial of degree at most m, then &, m(p) = P;
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(iii) for every k,
dlc

(1-1) gcne%}f dx—k(gu,m@) (l‘) < Cm,k22uk II)I(Z?,JX |<P| )

with Cy, 1 independent of v.
The proof makes use of the following simple lemma.

Lemma 1.3. Let I be an interval and E C I a set of m+ 1 points, almost equally
spaced (i.e., the distance between two consecutive points in E is comparable to
[I|/m). Given ¢ : E — C, let P be its Lagrange interpolation polynomial,

P =Y et) J[ =L

teE t' € E\{t}

Then P depends linearly on ¢ and, for every m < m,

(1.2) max |P™) ()] < A |T|™™ max || .
e
Proof. Linearity is obvious. To prove (1.2), we can assume, by scaling and trans-
lation invariance, that I = [0, 1]. Since |t —t'| > d/m for any ¢ # ¢’ in E, it follows
easily that, for x € I,
[P (2)] < Apymax o).
O

Proof of Proposition 1.2. There exists § > 0, independent of v, such that the
distance between two consecutive points of X, is greater than 6272V,
Denoting by 1 a fixed C*°-function supported on [—1, 1] with n(0) = 1, we set,
fort e X,,
ne(z) = 77((5_122”(m — t)) .

Then 7; vanishes at all points of X, other than ¢, n,(¢t) = 1, and there are
constants B,,, such that

(1.3) max | (x)] < B2,

m’/’<m

for every x and m.
Let Y, be a subset of X, consisting of m+ 1 almost equally spaced points in I,,.
Given a function ¢ defined on X,, let P, be the Lagrange interpolation poly-
nomial of ¢, and set

(1.4) (Evme)@) = Pola) + D (p(t) = Polt)) mila)
teX,

It is clear that &, ,, is linear, that &, ¢ is C*°, and that (i), (ii) hold.
Since P, has degree at most m, (iii) follows easily from (1.2) and (1.3). O
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We glue together these dyadic extensions operators by fixing a partition of

unity
(o)
=30
v=0

n (0,1], with 6, (x) = 0(2¥z) smooth and supported in I,.
Given a sequence (m,),>o of integers satisfying the assumption of Proposi-
tion 1.2, we define, for ¢ : X — C,

(1.5) 29 Evim,, (P15, ) (@)

By Proposition 1.2 and finite overlapping, E¢ is a C*°-function on (0, 1].

Proposition 1.4. The integers m, can be chosen increasing to infinity slowly
enough that, for every k and every C***1_function f on [0,1], E(fix) 1s C* on [0,1]
and

Hg(f\x)”Ck < Cll fllgzrsr-

Proof. By Cp, ;; we denote the constants in Proposition 1.2, assuming, as we may,
that they are increasing in both indices.

Denote by T' the Taylor polynomial of f at 0 of order 2k. Given a sequence
(my)y>0 increasing to infinity, fix vy = vp(k) such that m,, > 2k. By Proposi-
tion 1.2, &, m, (T, ) = T for v > vy, and therefore

(x): Z 9,,(:[ v,m,, flx Z 0 Vmu f T)\xl,)( )

+T(2)0, (x)
= s1(x) + s2(2) + s3(2) ,

where

v>vg

The s; term contains a finite sum and is in fact C*° on the whole line. By (1.1)
and (1.3), for j <k,

dn d]2
CRCES Dol (7= E [T TE

v<vo j1+j2=j
< @ Cmyg 1227 flloo

The s3 term equals T in a right neighborhood of 0 and its j-th derivative is
smaller than «;2770|| f|| czx.
Consider now the crucial term sy and single out the vr-th summand. Since
k <m, and
|f (@) = T(x)| < ag || fllgomer [z,
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for 7 < k we have

&
dai

(60(2) (v, (f = T)1x, )(w))| <
< 3 (D500 15 (- T )

Jit+je2=j

< arCm, i II)I(aX|f - T E QVI192Vi2
i J1tja=j

< g Cm,,,k 22”j_y(2k+1) ||f||c2k+1
< ag O, k 27V|‘f”c2k+1 .

Choosing the m, growing to infinity so slowly that

max Cpm, < QV/2
2m<m,

we can sum on v and conclude the proof. O

Proposition 1.4 shows that € is an extension operator from C*(X) to C* ([0, 1]).
We can conclude the proof of Theorem 1.1 using Seeley’s theorem [7] to extend
functions from [0, 1] to R.

2. Fans in R?

If X is a set as in Theorem 1.1, we set
FX:{(:c,y) Y=z, x>0, )\n€X}CR2.
Theorem 2.1. Fx admits a C* extension operator.
As a model set, we take
F:{(m,y):y:m/n, x>0, n>0}.

We denote by £X a fixed extension operator as in (1.5), satisfying the estimates
of Proposition 1.4. We split F' into dyadic pieces F,, by restricting the x-variable
to the intervals I, = [27V~1, 277 F1] with v € Z.

Lemma 2.2. Let Y = Iy x {1/n :n > 0} and R = Iy x [0,1]. Given an inte-
ger m, there exists a linear operator &, mapping ¢ € C>®(Y) into C*°(R) with
the following properties:

(i) (Eme)y = s
(ii) if P is a polynomial of degree at most m in each variable, then &,,(P|, ) = P;
(iii) for every f € C*®(R) and every (a,az) € N2,

(21) (;2/??3 |83?18525m(f\y)(x7y)| < Cm,|oc\”f”02\a\+1 .



302 C. FEFFERMAN AND F. Riccr

Proof. Fix the grid (tj,ux) = (j/2m,1/k) with m < j, k < 2m and let

vy) =Y plt; ur) H ] jk —
7.k

J #J ti K'#k

be the Lagrange interpolation polynomial of a given function ¢ restricted to the
grid. With ¢, (y) = o(z,y), we set

(Em@)(2,y) = Pola,y) + (EX(0 = Po)a) ()
Then (i) and (ii) are obviously satisfied. As to (iii), observe that, for ¢ = f| ,
851<5X(50 —Pp)s) = 8X(a§”(90 - Pw))gﬂ )
by the continuity of £X and the smoothness of f. Therefore, for (z,7) € R,
1021022 £, 9)] < Py llcren + [€X (02 (6 = Po)).[| o

< Am”f”CO + Coéz || (agl (4,0 - P)QD))QKHCZ"‘ZJrl
< C1m,\oz| HfHCZ\aHl )

by Proposition 1.4. O

For v € Z, the map
Uy (z,y) = (27"5,27"zy)
maps Y onto the dyadic piece F,, of F and R onto the trapezoid
R, ={(z,y):x€l,, y<a}

We define &, : C°(F,) — C*°(R,) by conjugating &,, by ¥,, i.e.,

Evmep(x,y) = (gm(@ o ‘I/y)) (QVl‘, %) .

Lemma 2.3. The following properties hold for ¢ € C=(F,):

() (EvmP)is, = s

(ii) if P is a polynomial of degree at most m, then &, (P, ) = P;
(iii) for every f € C*°(R,) and every a = (a1, az) € N?,

(2:2) max 091052 Eym (f1,) (@, 9)| < Craja 21| fll cztars -
(z,y)ER,

Proof. Tt follows directly from Lemma 2.2. To prove (ii) it must be observed that
if a polynomial P(xz,y) has degree at most m, then P(z,zy) has degree at most m
in each separate variable. For v = 1, (2.2) is an obvious consequence of the fact
that ¥, is a diffeomorphism of R onto R;. By scaling, the conclusion follows for
general v. O
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We can now proceed as in the previous section. Given a sequence (my),>o of
positive integers, we define, for ¢ € C(F),

Ze uml, <P|F)=Ty +Ze u0(¢|pu)(m,y)

v>0 v<0
=&Y p(x,y) +E ¢(z,y),

where {0, },¢cz is a partition of unity on the positive half-line with 6, (z) = 6(2"x)
smooth and supported in I,. It is quite clear that (£¢)|, = ¢ and that £ is
continuous. For £ we have the following analogue of Proposition 1.4.

Proposition 2.4. The integers m, can be chosen increasing to infinity slowly
enough that, for every f € C*°(R?), ET(f|,) is C> and, for every k, there is Cj,
such that ||8+(f|F)||Ck < Ck||f||03k+2.

Proof. We proceed as in the proof of Proposition 1.4, borrowing the same notation
from there. Let Cy, ; be the constants in Proposition 2.3, assumed to be increasing
in both indices.

By T we denote the Taylor polynomial of f at 0 of order 3k+1. We now choose
vo = vo(k) such that m,, > 3k + 1. Then,

5+f‘F(.Z‘)= Z 9 l/m,, f| Ze le/ f T) )(.Z‘,y)

0<v<yg v>vg
+T(2,9)0.,(2)
= s1(x) + s2(x) + s3(x).

Once again, the crucial term is so. For |a| < k, the v-th summand in s, satisfies
the estimate

!331652 (91/(-1') (gu,m,, (f — T)‘FV)(Z') y)) ‘ <
< > ((;11) 1057 (]| 022022 (Epm,, (f — Ty, ) (@, 9)]

Jit+jz=a1
< Ag Cony i 219V |1 f = Tl cnss

by Lemma 2.3. But, for || <2k +1 and (z,y) € Ry,
10720, (f (w,y) = T(w,y))| < Ay ||l gonsn 27 EFF2710D,
so that

02405 (6(2)(Evam, (F = T)11, )& 9)) | £ AL Con 027 v

As before, it is sufficient to choose the m, growing to infinity so slowly that
Cm,,,k < 2,//2_ O

This gives an extension operator from C*(F) to C>(5), S = (U, Rv) , and
an application of Stein’s theorem [8] allows to conclude the proof of Theorem 2.1.
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