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Slant geometry of spacelike hypersurfaces in
hyperbolic space and de Sitter space

Mikuri Asayama, Shyuichi [zumiya, Aiko Tamaoki
and Handan Yildirim

Abstract. We consider a one-parameter family of new extrinsic diffe-
rential geometries on hypersurfaces in hyperbolic space. Recently, the se-
cond author and his collaborators have constructed a new geometry which
is called horospherical geometry on hyperbolic space. There is another
geometry which is the famous Gauss-Bolyai-Robechevski geometry (i.e.,
the hyperbolic geometry) on hyperbolic space. The slant geometry is a
one-parameter family of geometries which connect these two geometries.
Moreover, we construct a one-parameter family of geometries on spacelike
hypersurfaces in de Sitter space.

1. Introduction

We construct one-parameter families of new extrinsic differential geometries on
spacelike hypersurfaces in hyperbolic space and de Sitter space. Recently, the
second author and his collaborators have constructed a new geometry which is
called a horospherical geometry on hyperbolic space (see [5], [6], [7], [9]). Tradition-
ally there is another geometry on hyperbolic space: the non-Euclidean geometry of
Gauss—Bolyai-Lobachevski (i.e., the hyperbolic geometry). We describe now both
geometries in the case of dimension two (i.e., the hyperbolic plane). Let us consider
the Poincaré disk model D? of the hyperbolic plane, which is an open unit disk in
the (x,y) plane with the Riemannian metric: ds? = 4(dz?+dy?)/(1 —2? —y?)% Tt
is conformally equivalent to the Euclidean plane, so that a circle in the Poincaré
disk is also a circle in Euclidean plane. A geodesic in the Poincaré disk is an Eu-
clidean circle perpendicular to the ideal boundary (i.e., the unit circle). If we adopt
geodesics as lines in the Poincaré disk, we have the model of hyperbolic geometry.
We have another class of curves in the Poincaré disk which have an analogous
property with lines in Euclidean plane. A horocycle is an Euclidean circle which is
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tangent to the ideal boundary. We remark that a line in Euclidean plane can
be considered as a limit of circles when the radii tend to infinity. A horocycle
is also a curve obtained as a limit of circles when the radii tend to infinity in
the Poincaré disk. Therefore, horocycles are also an analogous notion of lines. If
we adopt horocycles as lines, what kind of geometry do we obtain? We say that
two horocycles are parallel if they have the common tangent point at the ideal
boundary. Under this definition, the axiom of parallels is satisfied. However, for
any two points in the disk, there are always two horocycles passing through the
points, so that axiom 1 of the Euclidean Geometry is not satisfied. In general
dimension, we call this geometry a horospherical geometry. However, there is
another kind of curves with similar properties to those of Euclidean lines. A curve
in the Poincaré disk is called an equidistant curve if it is a circle whose intersection
with the ideal boundary consists of two points. Generally, the angle between an
equidistant curve and the ideal boundary is ¢ € (0,7/2]. A geodesic is a special case
of equidistant curve with ¢ = 7/2. A horocycle is not an equidistant curve, but it
is a circle with ¢ = 0. In this paper, we consider a family of geometries depending
on ¢. We call this geometry a slant geometry of hypersurfaces in hyperbolic space.
Moreover, we consider a slant geometry of spacelike hypersurfaces in de Sitter
space.

On the other hand, the Legendrian dualities between pseudo-spheres in Min-
kowski space in [8] were generalized into pseudo-spheres in general semi-Eucli-
dean space in [3], which are called the mandala of Legendrian dualities for pseudo
spheres. These Legendrian dualities have been also extended for one-parameter
families of pseudo-spheres in Lorentz—Minkowski space in [10]. There are some
new applications of such Legendrian dualities. Some basic results of these new ap-
plications on the spacelike hypersurfaces in pseudo-spheres were announced in [10].
In this paper, as one of the applications of the extended mandala of Legendrian du-
alities, we construct one-parameter families of new extrinsic differential geometries
on spacelike hypersurfaces in hyperbolic space and de Sitter space which include
the results of [4] and [12] as special cases. Moreover, we construct a ¢-de Sitter
flat geometry of hypersurfaces in hyperbolic space and a ¢-hyperbolic flat geometry
of spacelike hypersurfaces in de Sitter space, for ¢ € [0, 7/2]. For hypersurfaces in
hyperbolic space, 0-de Sitter flat geometry is the horospherical geometry (i.e., the
horizontal geometry) and m/2-de Sitter flat geometry is the hyperbolic geometry
(i.e, the vertical geometry). For spacelike hypersurfaces in de Sitter space, we also
say the horizontal geometry for 0-hyperbolic flat geometry and the vertical geom-
etry for m/2-hyperbolic flat geometry. Therefore, we call each of the ¢-de Sitter
flat geometry and the ¢-hyperbolic flat geometry a slant geometry in hyperbolic
space and de Sitter space, respectively.

In this paper, we only construct the basic framework on the slant geometry
in hyperbolic space and de Sitter space from a contact view point for a fixed
¢ € [0, 7/2]. Applications of the extended mandala of Legendrian dualities for the
spacelike hypersurfaces not only in hyperbolic space and de Sitter space, but also
in the lightcone, have appeared in [11]. Other results of this new geometry in
hyperbolic space and de Sitter space will appear in future work.
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2. Basic notions

In this section, we give some basic notions related with Lorentz—Minkowski space
and the contact geometry. Let R"*! = {(zg,21,...,2,) | 2; € R, i = 0,...,n}
be an (n + 1)-dimensional vector space. For any vectors @ = (xg,x1,...,2,) and
y = (Y0,Y1,--.,Yn) in R**1 the pseudo scalar product of x and y is defined by

n
(z,y) = —@oyo + Z TiYi-

i=1
The space (R"+1, (,)) is called Lorentz—Minkowski (n+1)-space and will be denoted
by R7T'. We say that a vector = in RT™\ {0} is spacelike, lightlike or timelike
if (x,x) > 0,= 0 or < 0, respectively. The norm of a vector & € R7™! is defined
by ||z|| = v/|{x, x)|. For a vector v € R} \ {0} and a real number ¢, we define
a hyperplane with pseudo normal v by HP(v,c) = {x € R | (z,v) = ¢ }. We
call HP (v, c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane
if v is timelike, spacelike or lightlike, respectively. In R?H, we have three kinds
of pseudo-spheres which are called hyperbolic n-space, de Sitter n-space and the
(open) lightcone. For any real number ¢, they are defined respectively by

H"(=?) = {z e R{| (z,2) = —*},
S1(c?) = {x e RT™ |(x,x) = ¢*} and
LC* = {a € R\ {0}|(m, z) = 0}

Instead of SP(1), we usually write S7". For ¢ € [0,7/2], we call H"(—sin? ¢)
(respectively, S} (sin ¢)) a ¢-hyperbolic space (respectively, ¢-de Sitter space).

Now, we briefly review some properties of contact manifolds and Legendrian
submanifolds. Let N be a (2n + 1)-dimensional smooth manifold and K be a
tangent hyperplane field on N. Locally, such a field is defined as the kernel of a
1-form «. The tangent hyperplane field K is non-degenerate if o A (da))™ # 0 at
any point of N. We say that (N, K) is a contact manifold if K is a non-degenerate
hyperplane field. In this case, K is called a contact structure and « is a contact
form. Let ¢: N — N’ be a diffeomorphism between contact manifolds (N, K)
and (N'; K'). We say that ¢ is a contact diffeomorphism if d¢(K) = K'. Two
contact manifolds (N, K) and (N', K') are contact diffeomorphic if there exists a
contact diffeomorphism ¢: N — N’. A submanifold ¢: L C N of a contact manifold
(N, K) is said to be Legendrian if dim L =n and di,(T,L) C K, at any = € L.
A smooth fiber bundle 7: E — M is called a Legendrian fibration if its total space
E is furnished with a contact structure and its fibers are Legendrian submanifolds.
Let w: E — M be a Legendrian fibration. For a Legendrian submanifold i: L C E,
moi: L — M is called a Legendrian map. The image of the Legendrian map
moiis called a wavefront set of i which is denoted by W (L). Here, L is called the
Legendrian lift of W (L). For any z € E, it is known that there is a local coordinate
system (x,y,p) = (1,..., Tm, Y, D1, - .., Pm) around z such that 7(z,y,p) = (z,y)
and the contact structure is given by the 1-form o = dy — Z;leid:ni (see 20.3
in [1]).
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Throughout our study, we are interested in the following three double fibrations,
which were given in [8] and [10]:

(1) (a) H*(=1) x ST 2 Ar = {(v,w) | {v,w) =0},
b A1—>H”( ) 7T12'A1—)S”
(C 911 = <d’U 'w)|A1, 912 = <’U d'w>|A1

(b) m
)
(2) (a) H"(=1) x S7(sin® ¢) D A5 (¢) = {(v,w) | (v,w) = £cos o},
(b)
)

3

b) 7(¢]50)  A51(8) = H™(=1), m(@] 5, : A31(¢) = S} (sin’ ¢),
(c) 0[5y = (dv, w)|AZ,(8), 0[6] 1), = (v, dw)| A (¢).

(3) () H"(=sin?¢) x Sf' D A5(9) = {(v,w) | (v,w) = +cos¢},

(b) 7[@]551)1 : A51(8) = H"(—sin? ¢), [0 5,), + A (0) = ST,

(C) 9[¢](i31)1 = <dv’w>|A§1(¢) [ ](31)2 <’U dw>|A31(¢)

Here, m1 (v, w) = v, m2(v,w) = w, W[gb](j;j)l(v,w) = v and W[gb](j;j)z(v,w) = w,
for (i,7) = (2,1) and (3,1). Moreover, (dv,w) = —wodvy + .., w;dv; and
(v, dw) = —vodwy + Z?zl v;dw; are one-forms on R"H X R?H. We remark that
07,1 (0) and 67, (0) (respectively, 9[¢]?;j)171( ) and 9[¢](” 1(0)) define the same
tangent hyperplane field denoted by K (respectively, K[¢]:) over Ay (respectively,
Az?tj (¢)). In [10], the following theorem was shown:

>

S

:t
ij

Theorem 2.1. Under the same notations as those of the previous paragraph,
(A1, Ky) and (Af;(gzﬁ),K[gb];tj) ((1,7) = (2,1),(3,1)) are contact manifolds such
that 715 and ﬂ[gb](j;j)k (k =1,2) are Legendrian fibrations. Moreover, these contact

manifolds are contact diffeomorphic to each other.

This theorem is a part of the assertions of Theorem 3.2 in [10]. Actually,
we also have contact manifolds (A£(¢),K[¢]”) for (i,7) = (1,2),(1,3),(1,4),
(2,1),(2,3), (2,4), (3, 1), (3.2), (3,4), (4,1), (4,2}, (4,3) in [10]. We remark that
Sp(sin?0) \ {0} = H™(—sin?0) \ {0} = LC*. Suppose that we have a Legendrian
immersion L;j[¢] : U — A;‘;(@ with the form £;;[¢](u) = (L1(u), L2(u)). Then
we say that Li(u) and La(u) are the A;tj (¢)-dual. Especially, we say that La(u) is
the ¢-de Sitter dual of L (u) if L;(u) and Ly(u) are the AZ (d)) dual and L (u) is
the ¢-hyperbolic dual of La(u) if Li(u) and La(u) are the A 1 (¢)-dual.

3. Slant geometry of hypersurfaces in hyperbolic space

In this section, we establish a new extrinsic differential geometry on hypersurfaces
in hyperbolic space with respect to the ¢-de Sitter duals as an application of the
extended mandala of Legendrian dualities. We call this geometry a ¢-de Sitter flat
geometry. Since all submanifolds in hyperbolic space are spacelike, we consider
general hypersurfaces here.
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Let X": U — H™(—1) be an embedding, where U € R""! is an open subset
and MY = X"(U). We define the following unit normal vector field along M*:
X"y AXE (A AXE ()

X% u) = .
“ X" (W) A X, (W) A A XS (w)]

It is known that we have a Legendrian embedding £;1: U — A; defined by £41(u) =
(X" (u), X¥(u)) (cf. [8], [10]). Now, we define N4 [¢] : U — S7(sin ¢) by

N [68)(u) = cos X" (u) = X(u).
We also define an embedding La1[¢]: U — A5 (¢) by

L21[¢)(u) = (X" (u), NE[9](w).

Let us consider the contact manifold (Az; (¢), K[¢]5;) and the contact diffeomor-
phism W,y 0 Ay — Ay (¢) defined by
U} o1y (v, w) = (v,cos pv £ w).

Since ‘I’;(21) is a contact diffeomorphism, Lo1[¢] = ‘Il;@l)
embedding. Consequently, we have (dX"(u),N%[¢](u)) = L21[0]"0[¢] 1), = O
This means that N4 [¢](u) can be considered as a normal vector of M at p =
X"(u). Hence, N4 [¢] is the ¢*-de Sitter dual of X" (U) = M*. We remark that
NZ[0](u) = X"(u) = X%(u) is the hyperbolic Gauss indicatrix and N% [r/2](u) =
+X%u) is the de Sitter Gauss indicatrix introduced in [4]. Moreover, we have
(X" (u), dNL[@](u)) = (dX"(u),NL[p](u)) = 0. By a straightforward calculation,
we also have (X ?(u), dN4[¢](u)) = 0. Since {Xh,Xd,le, . .,XZW_l} is a basis
of T,R} and

o Ly is a Legendrian

Un—1

T,M™ = (X3 ()., X0 ()

dN% [¢](u) can be considered as a linear transformation on T, M.

We consider a hypersurface HQ' (n, ¢) in hyperbolic space H™(—1) defined by
HQ"(n,c) = HP(n,c)N H"(-1).

We say that HQH (n, c) is a hyperquadric in hyperbolic space. We respectively say
that HQ™ (n, c) is hypersphere (or, elliptic hyperquadric), equidistant hypersurface
(or, hyperbolic hyperquadric) and hyperhorosphere (or, parabolic hyperquadric) if
n is timelike, spacelike and lightlike. A hyperbolic hyperquadric with ¢ = 0 is
called a hyperplane. If ¢ = —cos¢ and n € SP(sin® ¢) for ¢ € [0,7/2], we call
HQH(n,—cos¢) a ¢-flat hyperbolic hyperquadric which is a hyperhorosphere if
¢ = 0 and a hyperplane if ¢ = 7/2. It is easy to show the following proposition:

Proposition 3.1. If one of the ¢p=-de Sitter duals N%[¢] of M = X"(U) is a
constant map, then M is a subset of a ¢*-flat hyperbolic hyperquadric.
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We only remark that M is a subset of HQ (n, — cos ¢) for n = N [¢](u).
Therefore, HQ™ (n, — cos ¢) is a candidate of the flat model hypersurfaces in the
geometry on hypersurfaces in hyperbolic space such that N4 [¢] plays a similar role
to the Gauss map for a hypersuface in Euclidean space. We call such a geometry
a slant geometry of hypersurfaces in hyperbolic space. It is the horospherical geo-
metry ([4], [7]) if & = 0, and the hyperbolic geometry if ¢ = 7/2. Consequently,
we call the horospherical geometry and the hyperbolic geometry, the horizontal
geometry and the vertical geometry, respectively.

Now, we define a linear transformation S¢[¢](p) = —dN4[¢](u): T,M7 —
T,M* for p = X" (u). We call S¢[¢](p) a ¢=-de Sitter shape operator of M at
p= Xh(u) Under the identification of U and M* through the embedding Xh, the
derivative dX " (ug) is the identity mapping idp, ppu on Ty M H where p = X" (ug).
We have the following relation:

AN [¢](uo) = cos pidy, prr £ dX ¥ (uo).

Therefore, we have the linear transformation S%[¢] (p) = — cos ¢idy, pru £ Aa(p),

where A4(p) = —dX%(ug). The linear transformation Ag(p) is called a de Sitter
shape operator in [4]. Tt follows that S¢[4] (p) and A4(p) have the same eigenvec-
tors. We denote the eigenvalues of S¢[#] (p) and A4(p) by FL[¢] (p) and kg (p),
respectively. Moreover, we have a relation ®L[¢] (p) = —cos¢ + ka4 (p). We call
FL[¢] (p) and kg4 (p), a ¢-de Sitter principal curvature and a de Sitter principal

curvature of M = X"(U) at p = X"(ug), respectively. We give the following
definitions of the curvatures of M = X"(U) at p = X" (uo):

K4[¢] (uo) = det S4[¢] (p); ¢*-de Sitter Gauss—Kronecker curvature,
1
HL[¢] (uo) = 1 Trace S%[¢] (p);  ¢F-de Sitter mean curvature.

We remark that the 0-de Sitter Gauss—Kronecker (respectively, mean) curvature
is the hyperbolic Gauss—Kronecker (respectively, mean) curvature and the w/2-de
Sitter Gauss—Kronecker (respectively, mean) curvature is the de Sitter Gauss—
Kronecker (respectively, mean) curvature which are defined in [4].

Since XZL (i=1,...,n—1) are spacelike vectors, the induced Riemannian
metric (the first fundamental form) on M* = X" (U) is given by

n—1

ds* = Z gg du; du,

ij=1
where gff (u) = <XZ (u), Xﬁj (u)) for any u € U. We also define the ¢*-de Sitter
second fundamental invariant by
h2[6i; (w) = ( — (NL[9]),,, (w). X, ()

for any w € U. If we denote h;j (u) = (— XZ (u),Xﬁj (u)), then we have the

following relation:

h2[¢ij (u) = — cosp g/T (u) £ hij (u).
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Proposition 3.2. Under the above notations, we have the following ¢*-de Sitter
Weingarten formula:

n—1
(Nifg]),, = — > hllel! X3 .
j=1

where

(h2[eF) = (h216)ix) (™)) and  ((9™)M) = (9fF) "

Proof. Since (Ni [(b])u/_ is a tangent vector of T, M there exist real numbers Fg
such that

n—1

j=1
By definition, we have

—hP[¢lip = Zra Zragaﬁ

Hence, we have

n—1ln—1

—hD Z hi lig(g ﬂj = Z Z ngfﬁ(gH)ﬂj = FZ
B=1a=1
This completes the proof of the ¢*-de Sitter Weingarten formula. O

As a corollary of the above proposition, we obtain an explicit expression of
the ¢p*-de Sitter Gauss-Kronecker curvature by Riemannian metric and the ¢*-de
Sitter second fundamental invariant.

Corollary 3.3. Under the same notations as in the above proposition, the ¢pF-de
Sitter Gauss—Kronecker curvature is given by

det (h2[4];;)
det <9a§)

Proof. By the ¢*-de Sitter Weingarten formula, the representation matrix of the
¢*-de Sitter shape operator with respect to the basis

(X0, (),.... X5, (W)}

Un—1

Kilg] =

is
(218} = (h28lis) ((9™)77).
It is obvious from this fact that
det (hg[dﬂzj)
det (gfﬂ) ’

This competes the proof. O

K4[¢] = det S1[g] = det (hE[g]!) = det ((h2[¢]is) ((4")%)) =
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It has been given in [4] that a point u € U or p = X"(u) is an umbilic
point if Aq(p) = k4 (p)idg arm. Since S¢[#](p) and A4(p) have the same eigen-
vectors, a point u € U or p = X" (u) is an umbilic point if and only if S% [4](p) =
7L [6](p )idg, arr. We also say that MH = X"(U) is totally umbilic if all points of

MH are umbilic. The classification of totally umbilic hypersurfaces in hyperbolic
space is well-known (see [4]). Here, we interpret the classification of totally umbilic
hypersurfaces in hyperbolic space by using the ¢*-de Sitter principal curvature.

Proposition 3.4. Suppose that M = X"(U) is totally umbilic for fized ¢ € 0,z2].
Then FL[¢] (p) is constant RL[p]. Under this condition, we have the following
classification:

(1) Assume that FL[¢] # 0.
(a) If 0 < [RL[¢]+cosd| < 1, then MH is a part of hyperbolic hyperquadric.

)
(b) If 1 < |[RL[¢] + cos¢|, then MH is a part of elliptic hyperquadric.
c) If [RL[p] + cos¢| =1, then M is a part of parabolic hyperquadric.
)

(
(d

If ®L[p] +cosp = 0, then M is a part of flat hyperbolic hyperquadric.
(2) If ®L[p] = 0, then M is a part of ¢-flat hyperbolic hyperquadric.

We remark that +r4 (p) = KL[¢] + cos ¢ and the assertions directly follow from
Proposition 2.3 in [4].

We say that p = X"(u) is a ¢F-de Sitter parabolic point if K%[¢](u) = 0
and a ¢*-de Sitter flat point if it is an umbilic point and K%[¢] (v) = 0 which
are equivalent to the condition that the condition (2) in the above proposition is
satisfied.

4. ¢-de Sitter height functions
We define a family of functions
HY: U x S (sin® ¢) = R
by H¢D(u,v) = (X" (u),v) + cos¢. We call H} a ¢-de Sitter height function on
M = xX"U).
Proposition 4.1. Let Hd)D: U x S} (sin? ¢) — R be a ¢-de Sitter height function
on M = X"(U). Then
(1) HP(u,v) =0 if and only if (X" (u),v) € A ().

D
OH,
8’U,i

(2) Hf(u,'u) = (u,v) =0 (i =1,...,n—1) if and only if v = N9 [¢](u).
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Proof. The assertion (1) follows from the definition of H, q? and A (¢).

(2) There exist real numbers A, u, &1,...,&,—1 such that v = AXP 4 ouxd 4+
Z;:ll ijZj. Since (X", X%) = (X"  X") = 0, we obtain 0 = HY (u,v) =
—X + cos¢, so that v = cospX" + pX?+ Y"1 X] . It follows from the

D
fact 88}11: (u,v) = <XZi,v> that we have 0 = Z;le fjgg. Since gg is positive
definite, we have £ = 0 (j =1,...,n —1). Moreover, we have sin? ¢ = (v,v) =
—cos? ¢ + p?. Therefore, u = £1. This means that v = N4 [¢](u). Thus, the proof
is completed. O

Now, we study the extrinsic differential geometry of MH = X h(U ) by using
N4 [¢] as the Gauss map of a hypersurface in Euclidean space.

We denote by Hess(h(ﬁ vo)(UO) the Hessian matrix of the ¢-de Sitter height
function hgvo (u) = Hq? (u,vo) at ug.

Proposition 4.2. Let X": U — H™(—1) be a hypersurface in hyperbolic space
and vy = N4[¢](ug). Then we have the following:
(1) p= X"(ug) is a parabolic point if and only if det Hess(hgvo)(uo) =0.
(2) p= X"(ug) is a flat point if and only if rank Hess(hgvo)(uo) =0.
Proof. By definition, we have h(ﬁvo (ug) = <Xh (uo) ,vo) + cos ¢. Using this equa-
tion, we get
&*hy)
78%85; (up) = <XZluJ (up), v0> = cos ¢)<Xziuj (up), Xh(u0)> + <XZ7uJ (uo), Xd(u0)>
= —cos ¢ (X1, (uo), X, (uo)) F (X1, (uo), X1 (u0))
= —cos ¢ g1 (uo) =+ hij(uo) = hE[¢]i; (uo).

This means that Hess(hD

o) (o) = (h2[¢lij(uo)). Hence, we obtain

K4 (] o) det (hP[¢];(uo))  detHess(hL, ) (uo)
0 f— pr—
+ det (gfﬂ (uo)) det (ggﬁ(uo))
As a result, the first assertion follows from this formula.
For the second assertion, by the ¢-de Sitter Weingarten formula, p = X h(uo)

is an umbilic point if and only if there exists an orthogonal matrix A such that
At (hR[¢]¢) A =L [¢]I. Therefore, we have

(h2[g]7) = ARL[P| A" = R[]I,

so that
Hess (hg.,) = (h21¢lij) = (h216]7) (ga7) = FL9] (95)) -

Thus, p is a flat point (i.e., L[¢](uo) = 0) if and only if rank Hess(hgvo) (ug) = 0.
O
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5. The ¢-de Sitter dual as a wave front

In order to investigate the ¢-de Sitter dual of a hypersurface in hyperbolic space as
a wave front set, we give a quick review on the Legendrian singularity theory due
to Arnol’d-Zakalyukin [1], [16]. Let 7 : PT*(M) — M be the projective cotangent
bundle over an n-dimensional manifold M. This fibration can be considered as a
Legendrian fibration with the canonical contact structure K on PT*(M). Now,
we review geometric properties of this space. Let us consider the tangent bundle
7: TPT*(M) — PT*(M) and the differential map dr : TPT*(M) — TM of .
For any X € TPT*(M), there exists an element o € T*(M) such that 7(X) = [a].
For an element V' € T, (M), the property a(V') = 0 does not depend on the choice of
representative of the class [a]. Thus, we can define the canonical contact structure
on PT*(M) by K = {X € TPT*(M)|r(X)(dn(X)) = 0}. For a local coordinate
neighbourhood (U, (x1,...,2,)) on M, we have a trivialization PT*(U) = U x
PR 1)* and we call ((x1,...,2,),[&1 ¢ : &) homogeneous coordinates, where
[€1: -+ 1 &,] are homogeneous coordinates of the dual projective space P(R™~1)*.
It is easy to show that X € K(, ¢ if and only if Y 1" | p;& = 0, where dn(X) =
Dy “ia%i' It is known that any Legendrian fibration is locally equivalent to
m: PT*(M) — M, (cf. Part IIT of [1]).

The main tool of the theory of Legendrian singularities is the notion of generat-
ing families. Since we only consider local properties, we may assume that M = R".
Let F: (R¥ xR",0) — (R, 0) be a function germ. We say that F is a Morse family
of hypersurfaces if the map germ

oF oF
A*F:(F,—,...,—): R* x R™,0) — (R x R*, 0
o0 o ( ) = ( )
is non-singular, where (¢,z) = (q1,...,qr, T1,...,%,) € (R x R™,0).

In this case, we have a smooth (n — 1)-dimensional submanifold germ X, (F) =
(A*F)~1(0) and a map germ Lp : (X.(F),0) — PT*R" defined by

Lr(g,z) = (fc [g—i(q,fc) P g—i(q,w)})

which is a Legendrian immersion germ. Then we have the following fundamental
theorem of Arnol’d-Zakalyukin [1], [16].

Proposition 5.1. All Legendrian submanifold germs in PT*R™ are constructed
by the above method.

We call F' a generating family of Lp(X.(F)). Consequently, the wave front is

W(Lr) = {w €R" |IgeR¥ sit. Fg,2) = or

aqi(q,:t):O, i=1,...,k }

We also denote Dp = W (Lp) and call it the discriminant set of F.
Let us consider a point v = (vg,v1,...,v,) € S?(sin? ¢). Then we have that
(v1,..., vp) # (0,...,0). Without loss of generality, we suppose that v; > 0. We
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choose the local coordinate neighbourhood system (Vﬁ, U, ), where

V}!={veStsin®¢) | vi >0},

Ul = {(ml,...,xn) e R" | x%—Zw?+sin2¢>0}
i=2

and ¥: Vﬁ — U is induced by the canonical projection. We consider the projective
cotangent bundle 7: PT*(S7(sin? ¢)) — S (sin® ¢) with the canonical contact
structure. By using the above coordinate system, we have a trivialization as follows:

®: PT*(V!) = VI x P(R™Y)* ([Zfldsz (V0,01 -y 0m), [E1 5 -+ €n])-

On the other hand, we define the mapping
WA ()|(H"(—1) x V) = VI x P(R"1)*
by
U(v,w) = (w, [—vow1 + viwg : VoW — VW : e VWY — vlwn]).
For the canonical contact form 0 = "7 | &da; on PT*(V}), we get
U0 = ((—U0w1 + vlwo) dwgy + (Uzwl — Ulwg) dwo
+ o (Vnwr — viwn) dwn )| Az (9)
= w1 (—vodwo + vidwy + - - - + v dwy)| A (@)
= w1 (v, dw)|As; (¢ )—wle[(b](_m)w

where w, = \/wg =3 L w? + sin? ¢. Thus, U is a contact morphism.

Proposition 5.2. The ¢-de Sitter height function Hf: U x Sp(sin?¢) = R is a
Morse family of hypersurfaces.

Proof. We consider the local coordinate neighborhood V1 For any v = (vo,v1,. ..,

vy) € V!, we have v; = \/’UO S, v? +sin? ¢, so that

Hf(u,'u) = —xo(uw)vg + 21 (u (vo Zv + sin ¢) i
+ xo(u)vy + -+ + xn(u)vn + cos ¢,
where X" (u)=(zo(u), ..., z,(u)). We define a mapping
A*HP : U x Sf(sin® ¢) — R x R
p OHY oHJ

by A*Hq? = (Hd) TR 8%71). We have to prove that A*Hg is non-singular
at any point on 2*(Hq?) = (A*Hf)’l(O).
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By exactly the same reason as the proof of Proposition 4.2 in [4], it is enough
to show that det A # 0, where

Vo V2 Un
—Zo+ —x1 T2 — —T1 Tn — —T1

U1 ) )

% Un

—Tou; + —T1u, T2uy — Tluy Tnup — —Lluy
A= ! v
Vo V2 Un
—TO0u,, 1 + —Tlu, T2u,y 1 — T Xlu, g e Tnuy g — " LTlu, 1
V1 V1 U1

We can also show that det A # 0 for any (u,v) € X, (H, q? ) by the same calculations
as those in the proof of Proposition 4.2 in [4].

If we adopt the other local coordinates, we obtain similar calculations to the
above. This completes the proof. O

Theorem 5.3. For any hypersurface X v - H™(—1), the ¢-de Sitter height
function Hd)D: U x SP(sin?¢) = R of M = X"(U) is a generating family of the
Legendrian immersion La1[9](U) C Ay (¢) with respect to the Legendrian fibration
76 31)2: A (8) — S7(sin? ).

Proof. We remember the contact morphism
W Ag (@)(H™(=1) x Vi) = Vi x P(R™H)".

Since the ¢-de Sitter height function H¢D : U x V+1 — R is a Morse family of
hypersurfaces, we have a Legendrian immersion

Lyp : SL(HP) = VI x P(R"1)*

defined by

8Hf'8Hf' 'GHfD’

L:Hf(u’v):(v’{ﬁvo “ovy T B,

where v = (vg,...,v,) and v; = \/’U(Q) — 3" ,v? +sin® ¢. By Proposition 4.1,
we get
So(H) = {(u,NL[¢)(u)) €U x V{ [u e U}.

Since v = N4 [¢](u) and v; = \/U(Q) — 3, v? +sin” ¢, we obtain

3

oHP nZ (u)

o NL[6]() = —zou) + 2, )
8HD ni u

T 0 NE[0]) = () = T ),

where i = 2,...n, X" (u) = (x0(u), ..., zn(u)) and N&[¢](u) = (ng (u), . .., nf(u)).
It follows that
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where

[€] = [~zo(u)ni (u) + ng (w)zr (u) : @2(w)ng (u) — ny (u)a (u)

L (w)ng (u) — gy (w)z (u)).

Therefore, we have W o Lo [¢](u) = ‘CHf (u). This means that Hf is a generating

family of L1[¢](U) C A3;(¢) with respect to the Legendrian fibration 7[¢] ), :

Ay, (¢) — Sj(sin? ¢). This completes the proof. O

6. Contact with ¢-de Sitter flat hyperquadrics

In this section, we consider the contact of hypersurfaces in hyperbolic space with
¢-de Sitter flat hyperquadrics. For our purpose, we briefly review the theory of
contact due to Montaldi [14]. Let X; and Y; (i = 1,2) be submanifolds of R” with
dim X; = dim X5 and dim Y7 = dim Y5. We say that the contact of X; and Y7 at
y1 is the same type as the contact of X5 and Ys at yo if there is a diffeomorphism
germ ®: (R", y1) — (R™, y2) such that &(X;) = Xy and ®(Y7) = Ya. In this case,
we write K (X1,Y1;y1) = K(X2,Y2;y2). It is clear that in the definition, R™ can be
replaced by any manifold. In [14], Montaldi gives a characterization of the notion
of contact by using the terminology of singularity theory. Let f,g: (R™,0) —
(RP,0) be map germs. We say that f and g are K-equivalent if there exists a
diffeomorphism germ ¢: (R™,0) — (R™,0) such that I(fo¢) = I(g), where I(f) =
(fi,..., fp) €, is the ideal generated by the component function germs f1,..., fp
of f (ie., f=(f1,--.,fp)) inthelocal ring &, = {h | h : (R",0) — R } of function
germs at 0.

Theorem 6.1. Let X; and Y; (i = 1,2) be submanifolds of R™ with dim X; =
dim X5 and dimY; = dimYa. Let g;: (Xi,2;) — (R™,y;) be immersion germs
and fi: (R™,y;) — (RP,0) be submersion germs with (Y;,y;) = (f;2(0),v:). Then

(3

K(X1,Y1;y1) = K(Xo,Ya;92) if and only if f1 0 g1 and fa 0 go are K-equivalent.

Now, we consider the function "Hg . H"(—1) x S}(sin®¢) — R defined by
HE (u,v) = (u,v) + cos¢. For any vy € S7(sin®¢), we denote (h7)y,(u) =
"Hg(u, vp) and we have the ¢-de Sitter flat hyperquadric

(06 ), (0) = HP(vo, —cos¢) N H"(~1) = DHQ" (vo, — cos ).
For any ug € U, we consider the spacelike vector vg = N4 [¢](ug). Then we have

(hg)vo o Xh(UQ) = 'Hg o (Xh X idS{"(sinQ ¢))(U0,'U()) = Hg(UQ,Ni[¢](Uo)) = 0.

By Proposition 4.1, we also have the following relations for i =1,...,n —1:
A((HhP)vg o X" oMy
2000 X7 (1) = 248 (g, N2 6 (ua)) = 0.
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This means that the ¢-de Sitter flat hyperquadric
(05)5, (0) = HQ (vg, — cos ¢)

is tangent to M7 = X"(U) at p = X" (uo). We call HQ™ (vo, — cos ¢) the tangent
¢-de Sitter flat hyperquadric of MY = X"(U) at p = X" (uo) (or, ug), which we
write Tpuql¢](M*,p) (or, Tomq[#](X", uo)).

We have tools for the study of the contact between hypersurfaces and ¢-de
Sitter flat hyperquadrics. Let (N%[@])i: (U, u;) — (S (sin®¢),v;), i = 1,2, be
¢-de Sitter dual germs of hypersurface germs (X");: (U, u;) — (H"(—1),u;). We
say that (N4[#]); and (NZL[¢])2 are A-equivalent if there exist diffeomorphism
germs ¢: (U,u1) — (U,uz) and ®: (S7(sin? ¢),v1) — (S7(sin? ¢),vs) such that
® o (NL[¢])1 = (NL[¢])2 0 . We remark that the A-equivalence preserves the
singularities of the both map-germs.

In order to understand the geometric meanings of the A-equivalence among the
¢-de Sitter dual germs, we need the theory of Legendrian equivalence [1], [16], [17] .
Let i: (L,p) C (PT*R",p) and i’: (L',p’) C (PT*R",p’) be Legendrian immersion
germs. Then we say that ¢ and i’ are Legendrian equivalent if there exists a contact
diffeomorphism germ H : (PT*R™, p) — (PT*R"™,p’) such that H preserves fibers
of m and H(L) = L'. A Legendrian immersion germ i : (L,p) C PT* R" (or, a
Legendrian map moi) at a point is said to be Legendrian stable if for every map with
the given germ there is a neighbourhood in the space of Legendrian immersions (in
the Whitney C° topology) and a neighbourhood of the original point such that
each Legendrian immersion belonging to the first neighbourhood has a point in the
second neighbourhood at which its germ is Legendrian equivalent to the original
germ.

Since the Legendrian lift ¢ : (L, p) C (PT*R™, p) is uniquely determined on the
regular part of the wave front W (i), we have the following simple but significant
property of Legendrian immersion germs [17]:

Proposition 6.2. Let i: (L,p) C (PT*R™,p) and i': (L',p’") C (PT*R™,p’) be
Legendrian immersion germs such that the representatives of both of the germs are
proper mappings and the reqular sets of the projections woi and wo i’ are dense.
Then i and i’ are Legendrian equivalent if and only if the wave front sets W (i) and
W (i') are diffeomorphic as set germs.

The assumption in the above proposition is a generic condition for 7 and 7’.
Specially, if 7 and i’ are Legendrian stable, then these satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of generating
families. We consider the unique maximal ideal M, = {h € &, | h(0) = 0} of the
local ring &,. Let F,G : (R¥ x R",0) — (R, 0) be function germs. We say that F
and G are P-K- equivalent if there exists a diffeomorphism germ ¥ : (R¥ x R", 0) —
(R* x R™, 0) of the form W (x,u) = (¢1(q,z),w2(x)) for (¢,x) € (R* x R, 0) such
that U*((F) ¢,,..) = (G) ¢,.,. Here, ¥* : Epry — Epyyp is the pull back R-algebra
isomorphism defined by U*(h) = ho U .
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Let F: (R¥ x R",0) — (R, 0) be a function germ. We say that F is a K-versal
deformation of f = F| R* x {0} if

& = T.(R)(1) + (g [B x {0}.... SR x {0}) |

where - o8 of
6( )<f)_<3_(h”3_qk’ >£k’

(See [13]). The main result in Arnol’d-Zakalyukin’s theory [1], [16] is the following:

Theorem 6.3. Let F,G: (RFxR"™,0) — (R,0) be Morse families of hypersurfaces.
Then:

(1) Lp and L are Legendrian equivalent if and only if F and G are P-K-equi-
valent.

(2) Lr is Legendrian stable if and only if F is a K-versal deformation of F |
R* x {0}.

Since F and G are function germs on the common space germ (R x R™,0), we
do not need the notion of stably P-K-equivalences under this situation (cf. [1]).

If both of the regular sets of (N4 [#]); (i = 1,2) are dense in (U, u;), it follows
from Proposition 6.2 that (N%[¢]); and (N4 [¢])s are A-equivalent if and only if
the corresponding Legendrian immersion germs £3,[¢] : (U,u1) — (A3 (), 21)
and £2,[¢] : (U,u2) — (A5 (¢), 22) are Legendrian equivalent. This condition is
also equivalent to the condition that two generating families (H}); and (#[)2 are

P-K-equivalent by Theorem 6.3. Here, (”H¢D)i (U x S7(sin? @), (us,v;)) — R are
the ¢-de Sitter height function germs of (X");.

On the other hand, if we denote (hgi,w)(u) = (H})i(u,v;), then we have

(hgi,w)(u) = (bf)m o (Xh)z(u) By Theorem 6.1, for p; = (Xh)(uz)

K((M™)1, Toao(M™)1,p1),p1) = K(M™)2, Toug((M™)2,p2), p2)

if and only if (hgl,vl) and (hgzﬂ,Q) are KC-equivalent.

Theorem 6.4. Let (X");: (U,u;) — (H™(—1),p;) (i = 1,2) be hypersurface germs
such that the corresponding Legendrian map germs

(NL[6]): = 7[d] gayp © L[] : (U wi) — (ST (sin® ), v5)
are Legendrian stable. Then the following conditions are equivalent:
(1) (N4[g])1 and (NL[4])2 are A-equivalent.
(2) (NL[¢])1(U),z1) and ((NL[¢])2(U),22) are diffeomorphic as set germs.

(3) L31[¢] : (U,ur) = (Ag1(9), 21) and L3,[¢] : (U, uz) — (Ag1(¢), 22) are Legen-
drian equivalent.
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(4) (Hf)l and (Hf)g are P-K-equivalent.
(5) (hgl,,ul) and (hgg,w) are K-equivalent.
(6) K(M™)1, Toug((M™)1,p1),p1) = K(M™)2, Tou((M*)2,p2), p2).-

Proof. By the previous arguments (mainly from Theorem 6.1), it has been already
shown that conditions (5) and (6) are equivalent. By Theorem 6.3, conditions (3)
and (4) are equivalent. By definition, condition (4) implies condition (5). Suppose
that (N4[¢]); are Legendrian stable. By the uniqueness result of the P -K-versal
deformation, condition (5) implies condition (4). Moreover, by Proposition 6.2 and
Theorem 6.3, conditions (1), (2) and (3) are equivalent. O

7. Surfaces in hyperbolic 3-space

In this section, we consider a classification of singularities of ¢-de Sitter dual N4 [¢]
for a fixed ¢ € [0,7/2], when n = 3. By the standard arguments of the jet-
transversality theorem of Wasserman (cf., [4], [15]), we have the following theorem:

Theorem 7.1. There exists an open dense subset O C Emb (U, H?(—1)) such that
for any X" € O, the following conditions hold:

(1) The ¢-de Sitter parabolic set (K$[¢])~1(0) is a regular curve. We call such
a curve the ¢-de Sitter parabolic curve.

(2) The ¢-de Sitter dual N4 [@] along the ¢-de Sitter parabolic curve is a cuspidal
edge except at isolated points. At these points, Ni [¢] is a swallowtail.

Here, a map germ f : (R?,a) — (R3,b) is called a cuspidal edge if it is A-equi-
valent to the germ (uq,u3,u3) (see Figure 1) and a swallowtail if it is A-equivalent
to the germ (3uf + u3uz, 4u? + 2ujuz, us) (see Figure 1).

FIGURE 1: Cuspidaledge (left) and swallowtail (right).

The assertion of Theorem 7.1 can be interpreted that the Legendrian lift L£o1[¢]
of the ¢-de Sitter dual N4 [¢] of X" € O is Legendrian stable at each point. We
can give the geometric meanings of cuspidal edges and swallowtails of the ¢-de
Sitter dual N4 [¢] analogous to the results of Banchoff et al., [2], [4]. We only give
the following corollary without the proof.
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Corollary 7.2. Let O be the open and dense set in Emb(U, H*(—1)) given by
Theorem 7.1. For X" € O, we have the ¢-de Sitter height function hg,vo with

v = N%[¢](ug). Then we have the following:
(1) Suppose that ug is a ¢*-de Sitter parabolic point of X" Then the following
conditions are equivalent:
(a) N4.[¢] has the cuspidal edge at ug.

(b) The tangent ¢p=-de Sitter flat indicatriz is an ordinary cusp, where a
curve C C R? is called an ordinary cusp if it is diffeomorphic to the
curve given by {(u1,uz) | u3 —uj =0 }.

(2) Suppose that ug is a ¢*-de Sitter parabolic point of X", Then the following
conditions are equivalent:
(a) N4[¢] has the swallowtail at ug.

(b) The tangent ¢*-de Sitter flat indicatriz is a point or a tachnodal, where
a curve C' C R? is called o tachnodal if it is diffeomorphic to the curve
given by {(u1,u2) | u3 —uj =0 }.

The pictures of an ordinary cusp and a tachnodal are given in Figure 2.
15
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3 4 5 6 7 8
-5

-10
-15

FIGURE 2: Ordinary cusp (left) and tachnodal (right).

We can study more detailed properties of the surfaces in hyperbolic 3-space.
The bifurcations of the singularities of ¢=-de Sitter dual N4 [¢] depending on ¢ are
specially interesting. Nevertheless, we stop here. These will be discussed in the
forthcoming papers.

8. Hyperbolic Monge forms and examples

In order to give examples of hypersurfaces in hyperbolic space, we review the notion
of hyperbolic Monge form which was introduced in [4].

We consider a function f(uq,...,u,—1) with f(0) =0 and f,,(0) = 0. Then we
have a hypersurface in H} (—1) defined by

X?(ul,"',unfl) = (\/fz(ul,"'vunfl) +u% + o +u%71 + 17

f(ul, e ,un_l),ul, e ,’U,n_1>.
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We can easily calculate that X?(O) = (1,0,...,0) and X;lc(O) = (0,-1,0,...,0),
therefore N4[¢](0) = (cos¢,¥1,0,...,0). We call X? a hyperbolic Monge form
(briefly, H-Monge form). In [4], it was shown that any hypersurface in H™(—1) is
locally given by the H-Monge form. For the lightlike vector v§ =(1,FL,0,...,0),
we consider the hyperhorosphere HS (vg, —1). Then we have the following H-
Monge form of HS('USZ, -1):

w24 u? 2 w2
hi(ulw"vunfl): 1 nod , ! n_lvulv"',unfl .
2 2
Here, we can easily check the relation (v, h* (u)) = —1. Moreover, we consider the
spacelike vector v§ [¢] = (cosp, F1,0,...,0). Then we have the following H-Monge
form of HQM (vE[¢], — cos ¢):

sin? g — 1+ /14 sin® g(uf + -+ u2_y)
sin? ¢
+cos¢ (1 — \/1 +sin? ¢(u? + - - +ui_1)>
,Ul,---;un—1>a

sin ¢

)

XL G, ) = (

for ¢ € (0,7/2].
On the other hand,

X [6](0) = (1,0,...,0) =p and (X" [¢]).(0) = (X")..,(0)

for i = 1,2,...,n — 1. This means that T,M" = Tp(XgQH[qS](U)). Therefore,
XiIQH [0](U) = HQM (vE[¢], — cos ¢) is the tangent ¢*-de Sitter flat hyperquadric
of MH = X?(U) at p = X?(O) It follows that the tangent ¢*-de Sitter flat
hyperquadrical indicatrix of the Monge form germ (X ?, 0) is given as follows:

(X (HQY (v (4], — cos 6)) = {(ul,...,um) cu|

+sin ¢f (uy, ..., Un_1) = cos ¢ (1 - \/1 + sin? ¢ (u? +~~~+u%1)) }

Since the ¢-de Sitter height function of X ? at v ¢ is

h%[¢](u) = —cosd)\/fZ(ul,...,un,l) +ud+fud | +1

F f(ur, ... Un—1) + cos o,

we can calculate the Hessian matrix. Then we have Hess (h% (4] (0)) = FHess (f)(0)

—cospl,_1.
On the other hand, since f(0) = fu,(0) = 0, we may write

K Fop—
f(ul,...,un_l):—lu%—i—~-~+ "2 L

2 113171 +g(U1,---,Un_1),
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where g € M3 _| and k1, ..., k,_1 are eigenvalues of Hess(f)(0). Under this repre-
sentation, we can easily calculate that X?uluj (0) = (dij, fusu; (0),0,...,0). It fol-
lows from this fact that

hg[(ﬁ]” (0) = 6”-(7 COSd) F ﬂi) and gg(O) = (S”

Therefore, we have £*[¢];(0) = — cos¢ F x; and
n—1 n—1
E4[¢](0) = [ #*161:(0) = [] (—cos & F ra).
i=1 i=1

The tangent ¢*-flat hyperbolic hyperquadrical indicatrix is given by

(X)) HQH (0 10], — o)) = {(ur, - un-1) | 5”6 (s, . 1)

- —cos¢(§ﬁi[¢]i(o) ui F 2g(us, .. "“"—1)) }

In the last part of this section we give some examples and draw their pictures
for the case n = 3. In order to draw pictures, we consider the Poincaré ball model.
Let D = {(z1,72,23) | 23+ 23+ 23 < 1 } be the Poincaré ball model of hyperbolic
space. Here, we consider the hyperbolic metric

 A(da? + da3 + da3)

ds* =
2 _ 2 _ .2
1 -2 — a5 — 23

It is known that there is a canonical isometric diffeomorphism ®: H3(—1) — D

given by
Z1 ] x3
D(xg, x1,22,23) = .
(07 1,42, 3) <$0+17$0+1,J)0+1>

For an H-Monge form

X (ur,uz) = (\/fQ(Ulaw) +ui +u3 41, f(ur, uz), 1, ug),

the composition ® o X;ﬁ(ul, ug) is given by
1
\/f2(u1,u2) +u? +us+1

Therefore, for any function f(u1,u2) with f(0)= f,,(0) = 0, we can draw the
picture of the surface in D. For the ¢*-flat hyperbolic quadric HQ (vE[¢], —cos ¢),
we have

(f(ul,UQ),ul,UQ)-

+cos ¢ (1 - \/1 + sin? p(u? + u%))

2sin% ¢ — 1 + \/1+sin2¢(u% +u?)

)

B0 X9 (g](uy, ug) = (

sin? U sin? ous

25in2¢—1+\/1+sin2¢(u%+u§) 251n2¢—1—|—\/l—l—sinQ(b(uf—i—u%))
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The pictures of ® o XfQH [¢](U) for ¢ = /4 and 7/2 are shown in Figure 3.
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Example 8.1. Suppose that

flur, ) = <557 (1 — 1+ sin? o(ut + u3>) 2t -,
sin“ ¢ 3

Then k1 = —cos¢ and Ky = —cos$ — 2, so that we have K¢[¢](0) = 0 and
K4[¢](0) = 4cos¢(cos¢ + 1). Therefore, the origin is a ¢*-de Sitter parabolic
point for any ¢ € (0, 7/2]. However, &/ [¢](0) = —1 and &3 [¢](0) = 0. The tangent
¢+-flat (or, positive ¢-flat) hyperbolic hyperquadrical indicatrix is the ordinary
cusp us = %u? Consequently, the ¢* (or positive ¢) -de Sitter dual N‘j_ [¢9] is a
cuspidal edge at the origin. However, the ¢~ (or negative ¢) -de Sitter dual N¢ [¢]
is non-singular at the origin for ¢ # 7/2. Since the tangent hyperplane (7/2-flat
hyperbolic quadric) is unique, the negative m/2-de Sitter dual N%[r/2] is also a
cuspidal edge at the origin. The surface and the intersection of it with the positive
¢-de Sitter hyperquadric are depicted in Figure 4.

0 0.582 025 0.5 025

FIGURE 4: ¢ = 7, surface; ¢ = 7, positive; ¢ = 7, negative; ¢ = 5, negative.

Example 8.2. Consider the function

cos .
flur,ug) = —— 2<Z5 (1 — \/1 + sin? ¢ (u? +u%)> +uf — ul.
sin” ¢
Then k1 = —cos¢ and Ky = —cos¢ — 2. By the same reason as the previous

example, the origin is a ¢*-de Sitter parabolic point for any ¢ € (0,7/2] but it is
an Ht-parabolic point. The positive ¢-flat hyperbolic hyperquadrical indicatrix is
the tachnode u3 = uj. So, the positive ¢-de Sitter dual N% [¢] is a swallowtail at the
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origin. However, the negative ¢-de Sitter dual N? [¢] is non-singular at the origin
for ¢ # mw/2. By the same reason as the previous example, the negative m/2-de
Sitter dual N9 [/2] is a swallowtail at the origin. The surface and its intersection
with the positive horosphere are also depicted in Figure 5.

FIGURE 5: ¢ = 7, surface; ¢ = 7, positive; ¢ = 7, negative; ¢ = 7, negative.

9. Slant geometry of spacelike hypersurfaces in de Sitter space

In this section, we establish a new extrinsic differential geometry on spacelike
hypersurfaces in de Sitter space with respect to the ¢-hyperbolic duals as an ap-
plication of the extended mandala of Legendrian dualities. We call this geometry
a ¢-hyperbolic flat geometry. The results are analogous to those of the previous
sections. So, from now on, we omit almost all of the proofs except some special
cases for the assertions.

We consider the contact manifold (A, (¢), K[¢]3;) and the contact diffeomor-
phism \Il;r(m) : A1 — A, (¢) defined by

\I/+

1(31)('0,11)) = (£v + cospw, w) .

Suppose that X¢: U — ST is a spacelike embedding. Then we define a map
NA [¢]: U — H"(—sin® ¢) by

N [9](u) = +X" (u) + cos ¢ X (u),
for ¢ € [0, 77/ ] and have a map L31[¢] : U — A (¢) defined by L31[¢](u) =
(N"[¢](u), X(u)). Since L3;[¢] = ‘111"(31) o Ly, L31[¢] is a Legendrian embedding,
so that N%[¢](u) can be considered as a normal vector of MP at p = X%(u).
Moreover, Ni [(b]( ) is the ¢~ -hyperbolic dual of X*(U) = MP. We remark that
NE[0](u) = X*(u) = X" (u) and N}[r/2](u) = + X" (u).
We consider a hypersurface HQP (n, c) in de Sitter space S defined by

HQP(n,c) = HP(n,c)N ST

We say that HQP(n,c) is a hyperquadric in de Sitter space. We respectively
say that HQP(n,c) is an elliptic hyperquadric, a hyperbolic hyperquadric and a
parabolic hyperquadric (or, de Sitter hyperhorosphere) if n is timelike, spacelike and
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lightlike. An elliptic hyperquadric with ¢ = 0 is called a small elliptic hyperquadric.
If ¢ = cos¢ and m € H"(—sin? ¢) for ¢ € [0, 7/2], we call HQP (n,cos ¢) a ¢-flat
elliptic hyperquadric which is a hyperhorosphere if ¢ = 0 and a hyperplane if
¢ = /2. Tt is easy to show the following proposition.

Proposition 9.1. If one of the ¢*-hyperbolic duals N[¢] of MP = Xd(U) s a
constant map, then MP is a subset of a ¢*-flat elliptic hyperquadric.

We only remark that MP is a subset of HQP (n,cos¢) for n = Nk [¢](u).
Therefore, HQP (n,cos¢) is a candidate of the flat model hypersurfaces in the
geometry on spacelike hypersurfaces in de Sitter space such that N [¢] plays a
similar role to the Gauss map for a hypersuface in Euclidean space. We call this
geometry a slant geometry of spacelike hypersurfaces in de Sitter space. When
¢ = 0, the Legendrian dual is N [0](u) = X%(u) = X" (u) which was investigated
by Kasedou [12]. We call this geometry a horizontal geometry of spacelike hyper-
surfaces in de Sitter space. We also call the slant geometry with ¢ = 7/2 a vertical
geometry of spacelike hypersurfaces in de Sitter space.

Now, we study the extrinsic differential geometry of MP = X d(U) by using
N” [¢] as the Gauss map of a hypersurface in Euclidean space. By exactly the same
reasons as in Section 3, dN[¢](ug) can be considered as a linear transformation
on T,MP, where p = Xd(uo). Under the identification of U and MP through the
embedding X ¢, the derivative dX d(uo) is the identity mapping idg, 0 on T, M D,
We have the following relation:

AN [¢](uo) = £d X" (uo) + cos pidy, yo .
We call the linear transformations

Sig] (p) = —dNL[¢](p) : T,MP — T,MP
Ay (p) = —dX"(p) : T,MP — T,MP,

a ¢-hyperbolic shape operator and a hyperbolic shape operator, respectively. We
denote the eigenvalues of S%[#] (p) and Ay (p) by &1[¢] (p) and x (p), respec-
tively. Because of the relation S%[¢] (p) = +An(p) — cos ¢idy, ap, Sh#] (p) and
A (p) have the same eigenvectors. As a result, we get a relation &[¢] (p) =
4 (p) — cosp. We call B [#](p) and kn(p), a ¢&-hyperbolic principal curvature
and a principal curvature of MP = Xd(U) at p = Xd(uo), respectively. We give
the following definitions of the curvatures of MP = X“(U) at p = X%(uo):

K"[¢] (uo) = det S[¢] (p);  the ¢*-hyperbolic Gauss—Kronecker curvature,

1
H"[¢] (uo) = 1 Trace S%[¢] (p); the ¢E-hyperbolic mean curvature.

We also define the hyperbolic Gauss—Kronecker curvature and the hyperbolic mean
curvature of MP = XUU) at p = X%(ug) by K" (p) = det A, (p) and H" (p) =
ﬁTrace Ap, (p), respectively. If n = 3, we have a relation K%[¢] = cos®¢ F
2cos ¢ H" + K"
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Since X ﬁi (1t =1,...,n— 1) are spacelike vectors, the induced Riemannian me-
tric (the first fundamental form) on MP = Xd(U) is given by

n—1
ds? = Z ggduiduj,
ij=1
where g (u) = <Xﬁ (u), Xﬁj (u)) for any u € U. We also define the ¢*-hyperbolic
second fundamental invariant by

B8y (w) = ( — (NL[g)), (w), X2, (w)

for any u € U. If we denote that h; (u) = ( — Xﬁi (u), XZj (u)), then we have the
following relation:

R [@ij (u) = —cosd g} (u) & hij (u) .

Proposition 9.2. Under the above notations, we have the following ¢* -hyperbolic
Weingarten formula:

n—1
(Nifg]),, = — > hif[el X5 .
j=1

where (hg[qﬁ]f) = (hZ[8lir) ((¢")*) and ((9P)%) = (glgj)il

As a corollary of the above proposition, we obtain an explicit expression of the
¢*-hyperbolic Gauss—Kronecker curvature by Riemannian metric and the ¢-hyper-
bolic second fundamental invariant.

Corollary 9.3. With the notations of the above proposition, the ¢*-hyperbolic
Gauss—Kronecker curvature is given by

hia _ det (hg[d)]u)
Ki[¢]= ——FF5~—
det (ga ﬂ)

We say that a point u € U or p = X%(u) is an umbilic point if S%[¢] (p) =
EL[#] (p) idz, ar0. We also say that MP = Xd(U) is totally umbilic if all points
of MP are umbilic. Here, we give a classification of totally umbilic spacelike
hypersurfaces by using the ¢*-hyperbolic principal curvature.

Proposition 9.4. Suppose that MP =X (U) is totally umbilic for fired ¢ €0, Z].
Then ®L[¢] (p) is constant BL[p]. Under this condition, we have the following
classification:

(1) Suppose that F'L[¢] # 0.
(a) If 0 < |kn| = |FL[¢] + cosg| < 1, then MP is a part of an elliptic
hyperquadric.

(b) If 1< |kn| = [F[¢] + cos |, then MP is a part of a hyperbolic hyper-
quadric.



394 M. AsAvyAMA, S. IzumivyA, A. TAMAOKI AND H. YILDIRIM

(¢) If |kn| = |FL[¢] + cos¢| = 1, then MP is a part of a parabolic hyper-
quadric.
(d) If kyn = FlL[@] +cosg = 0, then MP is a part of a flat elliptic hyper-
quadric.
(2) If B[] = 0, then MP is a part of a ¢-flat elliptic hyperquadric.

In the above classification, the hyperquadric H L(¢, —(1 + cos ¢)) (¢ € [0,7/2])
with 7"[¢] = 0 is called a ¢-hyperbolic flat hyperquadric. We say that p = X%(u) is
a ¢ -hyperbolic parabolic point if KR [¢F] (u) = 0 and a ¢*-hyperbolic flat point if
it is an umbilic point and K% [¢] (u) = 0 which are equivalent to the condition (2).

10. ¢-hyperbolic height functions

We define a family of functions
Hi':U x H"(—sin® ¢) - R
by Hf(u,'v) = (Xd(u),'v> — cos ¢. We call Hf a ¢-hyperbolic height function on
MP =X d(U ). We have the following proposition:
Proposition 10.1. Let Hf: U x H"(—sin? ¢) — R be a ¢-hyperbolic height func-
tion on X%: U — S}. Then,
(1) Hf (u,v) =0 if and only if (v, X% (u)) € AF, (¢).

OHH
H _ [
(2) Hff (u.v) = —

(u,v) =0 (i =1,...,n — 1) if and only if v = N [¢](u).

u;
We denote the Hessian matrix of the ¢-hyperbolic height function hf v (u) =
Hf (u,vpo) at ug by Hess(hg{vo)(uo).

Proposition 10.2. Let XU ST be a spacelike hypersurface in de Sitter space
and vo = N1 [¢](ug). Then we have the following:

(1) p= X%uo) is a parabolic point if and only if det Hess(hgvo)(uo) =0.

(2) p= X%uo) is a flat point if and only if rank Hess(hgvo)(uo) =0.

11. The ¢-hyperbolic dual as a wave front

In this section, we naturally interpret the ¢p=-hyperbolic dual of a spacelike hyper-
surface in de Sitter space as a wave front set in the framework of contact geometry.
We also need the theory of Legendrian singularities which has been reviewed in
Section 5.

We consider a point v = (vo,v1,...,v,) € H"(—sin?¢). Then we have the
relation vg = + (vf +oet02 +sin? d)) 1/2. Without loss of generality, we choose the
local coordinate neighbourhood Vi, = {v € H"(—sin?¢) | v > 0} and the cano-
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nical projection onto R™ as a local coordinate system. We consider the projective
cotangent bundle 7: PT*(H"(—sin? ¢)) — H™(—sin® ¢) with the canonical con-
tact structure. By using the above coordinate system, we have a trivialization as
follows:

®: PT*(V,) = Vi x P(R"1)* ; @([Zn:&dvl}) - ((vo,vl,...,vn),[& e gn]).

On the other hand, we define a mapping
U A () — H"(—sin? ¢) x P( R"™ 1)

by ¥(v,w) = (v, [vowr — viwp : -+ : Vow, — Vywo]). By exactly the same calcu-
lations as those in Section 5, we have ¥*0 = v09[¢]§1)1 for the canonical contact
form 0 =Y | &dv; on PT*(V,), so that ¥ is a contact morphism. Then we can

give the following proposition:
Proposition 11.1. The ¢-hyperbolic height function
Hi':U x H"(—sin® ¢) - R
is a Morse family of hypersurfaces.
We can also give the following theorem:

Theorem 11.2. For any spacelike hypersurface XU - ST, the ¢-hyperbolic
height function Hf: U x H"(—sin?¢) — R of MP = XUU) is a generating
family of the Legendrian immersion L31[8)(U) C A%, (¢) with respect to the Legen-

drian fibration W[(ﬁ]gl)l : A (¢) — H"(—sin? ¢).

12. Contact with ¢-hyperbolic flat hyperquadrics

In this section, we consider the contact of spacelike hypersurfaces in de Sitter
space with ¢-hyperbolic flat hyperquadrics. We also use the theory of contact due
to Montaldi [14].

Now, we consider the function "Hf . SPx H"(—sin? ¢) — R defined by Hg(u, v)
= (u,v)—cos ¢. For any vy € H"(—sin® ¢), we denote that (%), (w) = HL (u, vo)
and we have a ¢ -hyperbolic flat hyperquadric (bg);ol (0) = HP(vg,cos ) N ST =
HQP (vg,cos ¢). For any ug € U, we consider the timelike vector vy = N2 [¢](uo).
Then we have

(65 )0y 0 X% (o) = HE o (X X id g (— sin2 ) (w0, v0) = HE (w0, NI [8] (ug)) = 0.

By Proposition 9.1, we also have the following relations for i = 1,...,n —1:
(0] ), 0 X1 oHY
2Oe oo 0 X () = Po (0 N fgue)) = 0.
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This means that the ¢-hyperbolic flat hyperquadric
(0§ )5, (0) = HQP (w0, cos ¢)

is tangent to MP = X*(U) at p = X?(up). In this case, we call HQP (vg, cos ¢)
the tangent ¢-hyperbolic flat hyperquadric of MP = X*(U) at p = X%(ug) (or,
up), which we write T q[d](MP,p) (or, Tarol¢](X?, uo)).

We have tools for the study of the contact between spacelike hypersurfaces and
¢-hyperbolic flat hyperquadrics. Let (N%[¢]);: (U,u;) — (H"(—sin’ ¢), v;) (i =
1,2) be ¢-hyperbolic dual germs of spacelike hypersurface germs (X%);: (U, u;) —
(ST, u;). We can also understand the geometric meanings of the A-equivalence
among the ¢-hyperbolic dual germs as an application of the theory of Legendrian
singularities [1], [16], [17].

If both of the regular sets of (N% [#]); (i = 1,2) are dense in (U, u;), it follows
from Proposition 6.2 that (N%[¢]); and (N%[¢])s are A-equivalent if and only if
the corresponding Legendrian immersion germs L3, [#] : (U, u1) — (A, (¢),21)
and £3,[¢] : (U,ua) — (AF,(¢),22) are Legendrian equivalent. This condition is
also equivalent to the condition that two generating families (H, f )1 and (H, f )2 are

P-K-equivalent by Theorem 6.3. Here, (Hf)z (U x H™(—sin® ¢), (ui,v;)) — R
are the ¢-hyperbolic height function germs of (X d)i.

On the other hand, if we denote (hf“,)(u) = (Hf)i(u,vi), then we have
(hF50)(w) = (67 ), 0 (X);(u). By Theorem 6.1, for p; = (X%)(u;)

K((MP)1, Taao((MP)1,p1),p1) = K(MP)2, Targ(MP)2,p2), p2)

if and only if (hflﬁvl) and (hggmz) are K-equivalent.

Theorem 12.1. Let (X%);: (U,u;) — (S7,pi) (i = 1,2) be spacelike hypersurface
germs such that the corresponding Legendrian map germs

(NL[9]): = 7l6lfyy), © Liald] : (Usws) — (™ (= sin® 6), v7)

are Legendrian stable. Then the following conditions are equivalent:
(1) (NA[#])1 and (N [4])2 are A-equivalent.
(2) ((NL[g])1(U),21) and ((N2[¢])2(U), 22) are diffeomorphic as set germs.

(3) Li1[e]: (U,ur) = (A31(9), 21) and L5,[9]: (U, uz) — (A31(9), 22) are Legen-
drian equivalent.

(4) (H[)1 and (HJ')2 are P-K-equivalent.
(5) (hflm) and (hf2,v2) are K-equivalent.

(6) K((MP)1, Turg((MP)1,p1),p1) = K(MP)2, T ((MP)2,p2), p2)-
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13. De Sitter Monge forms and examples

In [12], Kasedou introduced the notion of de Sitter Monge forms for spacelike
hypersurfaces in de Sitter space.

We consider a function f(uq,...,u,—1) with f(0) =0 and fy,(0) = 0. Then we
have a spacelike hypersurface in ST defined by

chl(ula---aun—l) = ( - f(ula---aun—l)a

— \/fQ(ul,...,un,l)+u§+~~~+u%71+1,u1,...,un,1>.

We can easily calculate that X?(O) = (0,-1,0,...,0) and X?(O) = (1,0...,0),
therefore N [¢](0) = (£1, — cos ¢, 0, . .., 0). We call chl a spacelike de Sitter Monge

form (briefly, spacelike D-Monge form). In [12], it was shown that any spacelike
hypersurface in S7 is locally given by the spacelike D-Monge form.

For the timelike vector 'voi[gzﬁ] = (£1,—c0s¢,0,...,0), we have the spacelike
D-Monge form of the ¢-flat de Sitter hyperquadric HQP (vE[¢], cos ¢):

Fcosp (1 - \/1 —sin® p(u? + -+ + U%—l))

sin® ¢

)

X9 (Bl(ur, . 1) = (

1—sin?¢— \/1—sin2¢(u%+~-~+u%_1)
) aula"'aun—l)a
sin” ¢
for ¢ € (0,7/2].
On the other hand,
XH97[6)(0) = (0,-1,0,...,0) = p and (X TP [¢])u, (0) = (X$)u, (0),

for i = 1,2,...,n — 1. This means that T,MP = Tp(XiIQD [¢](U)). Therefore,
XfQD [0](U) = HQD(voi[gzﬁ], cos ¢) is the tangent ¢-hyperbolic flat elliptic hyper-
quadric of MP = X‘}(U) at p= X‘}(O). It follows from this fact that the tangent

¢-flat hyperquadrical indicatrix of the spacelike D-Monge form germ (X ?,0) is
given as follows:

(X~ (HQP (v ], cos 6)) = {<u1, e tn) €U |

+sin® ¢f (uy, ..., Un_1) = cos (1 - \/1 — sin® ¢(u? +~~.+u%1)) }

Since the ¢-hyperbolic height function of X jlc at voi[gzﬁ] is

h%[¢](u) = Cosqﬁ\/f?(ul,...,un,l) —u? = —u? 41
+ flur, ... Up_1) — cOS P,
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we can calculate the Hessian matrix. Then we have
Hess (k" . (0)) = £Hess (£)(0) — cos ¢I,,_1.
Ch) [d)]

On the other hand, since f(0) = fu,(0) = 0, we may write

K Fop—
f(ula ce aun—l) = éuf R n2 1“?1,1 + g(ula cee aun—l)a
where g € M2 _| and k1,...,k,_1 are eigenvalues of Hess(f)(0). Under this re-

presentation, we can easily calculate that X?,uiuj (0) = (= fuiu; (0),0i5,0,...,0). It
follows from this fact that

hg[gﬁ]” (0) = (Sij(f COS (,ZS :l: Iﬁ:i) and g,g (0) = 6”
Therefore, we have #*[¢];(0) = — cos¢ & x; and

n—1 n—1

K% [g](0) = [] #*[¢1i(0) = [] (- cos¢ £ k).

i=1 =1

The tangent ¢F-flat elliptic hyperquadrical indicatrix is given by

(X)) HQP (Wi 1d], cos6)) = {(un, .+, un1) | sin? &f (ur, .o, n 1)
n—1

= CoS (b(z RE[@)i (0)u? £ 2g(uy, . . . tun_1)) }

In the last part of this section, we give some examples for the case n = 3. By
the same reason as in Section 7, we can show that the ¢*-hyperbolic dual N% [¢] is
the cuspidal edge or the swallowtail for a generic spacelike surface MP C S3. The
corresponding tangent ¢*-flat elliptic hyperquadric indicatrices are the ordinary
cusp for the cuspidal edge and the tachnodal for the swallowtail.

Example 13.1. Suppose that

flug,uz) = % (1 - \/1 — sin? ¢(u? +u§)) + gu‘(f — 3.
sin” ¢ 3
Then k1 = cos¢ and Ky = —cosd — 2, so that we have K/ [¢](0) = 0 and
K"[¢](0) = 4cos¢(cos ¢ — 1). Therefore, the origin is a ¢T-hyperbolic parabolic
point for any ¢ € [0, 7/2]. However, £1[#]1(0) = 0 and £~ [¢]2(0) = 2. The positive
tangent ¢-flat elliptic hyperquadrical indicatrix is the ordinary cusp u3 = %u‘f
Consequently, the positive ¢-hyperbolic dual NZ [¢] is a cuspidal edge at the ori-
gin. However, the negative ¢-hyperbolic dual N” [¢] is non-singular at the origin for
¢ # /2. Since the tangent small elliptic hyperquadric (7/2-flat elliptic quadric)
is unique, the negative 7/2-hyperbolic dual N” [r/2] is also a cuspidal edge at the

origin.
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Example 13.2. Consider the function

f(ul,ug) = @(1 — \/1 — sin2 (b(’u,% + u%) > + u‘ll — u%
sin” ¢
Then k1 = cos ¢ and ke = cos ¢ — 2. By the same reason as the previous example
the origin is a ¢+ -hyperbolic parabolic point for any ¢ € (0, 7/2].

The positive ¢-flat elliptic hyperquadrical indicatrix is the tachnode u2 = uj.
So, the positive ¢-hyperbolic dual NZ [¢] is a swallowtail at the origin. However,
the negative ¢-hyperbolic dual N” [¢] is non-singular at the origin for ¢ # 7/2. By
the same reason as the previous example,the negative 7 /2-hyperbolic dual N* [r /2]
is a swallowtail at the origin.
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