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Slant geometry of spacelike hypersurfaces in
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Abstract. We consider a one-parameter family of new extrinsic diffe-
rential geometries on hypersurfaces in hyperbolic space. Recently, the se-
cond author and his collaborators have constructed a new geometry which
is called horospherical geometry on hyperbolic space. There is another
geometry which is the famous Gauss–Bolyai–Robechevski geometry (i.e.,
the hyperbolic geometry) on hyperbolic space. The slant geometry is a
one-parameter family of geometries which connect these two geometries.
Moreover, we construct a one-parameter family of geometries on spacelike
hypersurfaces in de Sitter space.

1. Introduction

We construct one-parameter families of new extrinsic differential geometries on
spacelike hypersurfaces in hyperbolic space and de Sitter space. Recently, the
second author and his collaborators have constructed a new geometry which is
called a horospherical geometry on hyperbolic space (see [5], [6], [7], [9]). Tradition-
ally there is another geometry on hyperbolic space: the non-Euclidean geometry of
Gauss–Bolyai–Lobachevski (i.e., the hyperbolic geometry). We describe now both
geometries in the case of dimension two (i.e., the hyperbolic plane). Let us consider
the Poincaré disk model D2 of the hyperbolic plane, which is an open unit disk in
the (x, y) plane with the Riemannian metric: ds2 = 4(dx2+dy2)/(1−x2− y2)2. It
is conformally equivalent to the Euclidean plane, so that a circle in the Poincaré
disk is also a circle in Euclidean plane. A geodesic in the Poincaré disk is an Eu-
clidean circle perpendicular to the ideal boundary (i.e., the unit circle). If we adopt
geodesics as lines in the Poincaré disk, we have the model of hyperbolic geometry.
We have another class of curves in the Poincaré disk which have an analogous
property with lines in Euclidean plane. A horocycle is an Euclidean circle which is
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tangent to the ideal boundary. We remark that a line in Euclidean plane can
be considered as a limit of circles when the radii tend to infinity. A horocycle
is also a curve obtained as a limit of circles when the radii tend to infinity in
the Poincaré disk. Therefore, horocycles are also an analogous notion of lines. If
we adopt horocycles as lines, what kind of geometry do we obtain? We say that
two horocycles are parallel if they have the common tangent point at the ideal
boundary. Under this definition, the axiom of parallels is satisfied. However, for
any two points in the disk, there are always two horocycles passing through the
points, so that axiom 1 of the Euclidean Geometry is not satisfied. In general
dimension, we call this geometry a horospherical geometry. However, there is
another kind of curves with similar properties to those of Euclidean lines. A curve
in the Poincaré disk is called an equidistant curve if it is a circle whose intersection
with the ideal boundary consists of two points. Generally, the angle between an
equidistant curve and the ideal boundary is φ ∈ (0, π/2]. A geodesic is a special case
of equidistant curve with φ = π/2. A horocycle is not an equidistant curve, but it
is a circle with φ = 0. In this paper, we consider a family of geometries depending
on φ. We call this geometry a slant geometry of hypersurfaces in hyperbolic space.
Moreover, we consider a slant geometry of spacelike hypersurfaces in de Sitter
space.

On the other hand, the Legendrian dualities between pseudo-spheres in Min-
kowski space in [8] were generalized into pseudo-spheres in general semi-Eucli-
dean space in [3], which are called the mandala of Legendrian dualities for pseudo
spheres. These Legendrian dualities have been also extended for one-parameter
families of pseudo-spheres in Lorentz–Minkowski space in [10]. There are some
new applications of such Legendrian dualities. Some basic results of these new ap-
plications on the spacelike hypersurfaces in pseudo-spheres were announced in [10].
In this paper, as one of the applications of the extended mandala of Legendrian du-
alities, we construct one-parameter families of new extrinsic differential geometries
on spacelike hypersurfaces in hyperbolic space and de Sitter space which include
the results of [4] and [12] as special cases. Moreover, we construct a φ-de Sitter
flat geometry of hypersurfaces in hyperbolic space and a φ-hyperbolic flat geometry
of spacelike hypersurfaces in de Sitter space, for φ ∈ [0, π/2]. For hypersurfaces in
hyperbolic space, 0-de Sitter flat geometry is the horospherical geometry (i.e., the
horizontal geometry) and π/2-de Sitter flat geometry is the hyperbolic geometry
(i.e, the vertical geometry). For spacelike hypersurfaces in de Sitter space, we also
say the horizontal geometry for 0-hyperbolic flat geometry and the vertical geom-
etry for π/2-hyperbolic flat geometry. Therefore, we call each of the φ-de Sitter
flat geometry and the φ-hyperbolic flat geometry a slant geometry in hyperbolic
space and de Sitter space, respectively.

In this paper, we only construct the basic framework on the slant geometry
in hyperbolic space and de Sitter space from a contact view point for a fixed
φ ∈ [0, π/2]. Applications of the extended mandala of Legendrian dualities for the
spacelike hypersurfaces not only in hyperbolic space and de Sitter space, but also
in the lightcone, have appeared in [11]. Other results of this new geometry in
hyperbolic space and de Sitter space will appear in future work.
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2. Basic notions

In this section, we give some basic notions related with Lorentz–Minkowski space
and the contact geometry. Let R

n+1 = {(x0, x1, . . . , xn) | xi ∈ R, i = 0, . . . , n}
be an (n + 1)-dimensional vector space. For any vectors x = (x0, x1, . . . , xn) and
y = (y0, y1, . . . , yn) in R

n+1, the pseudo scalar product of x and y is defined by

〈x,y〉 = −x0y0 +
n∑

i=1

xiyi.

The space (Rn+1, 〈, 〉) is called Lorentz–Minkowski (n+1)-space and will be denoted
by R

n+1
1 . We say that a vector x in R

n+1
1 \ {0} is spacelike, lightlike or timelike

if 〈x,x〉 > 0,= 0 or < 0, respectively. The norm of a vector x ∈ R
n+1
1 is defined

by ‖x‖ =
√|〈x,x〉|. For a vector v ∈ R

n+1
1 \ {0} and a real number c, we define

a hyperplane with pseudo normal v by HP (v, c) = {x ∈ R
n+1
1 | 〈x,v〉 = c }. We

call HP (v, c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane
if v is timelike, spacelike or lightlike, respectively. In R

n+1
1 , we have three kinds

of pseudo-spheres which are called hyperbolic n-space, de Sitter n-space and the
(open) lightcone. For any real number c, they are defined respectively by

Hn(−c2) = {x ∈ R
n+1
1 | 〈x,x〉 = −c2},

Sn
1 (c

2) = {x ∈ R
n+1
1 |〈x,x〉 = c2} and

LC∗ = {x ∈ R
n+1
1 \ {0}|〈x,x〉 = 0}.

Instead of Sn
1 (1), we usually write Sn

1 . For φ ∈ [0, π/2], we call Hn(− sin2 φ)
(respectively, Sn

1 (sin
2 φ)) a φ-hyperbolic space (respectively, φ-de Sitter space).

Now, we briefly review some properties of contact manifolds and Legendrian
submanifolds. Let N be a (2n + 1)-dimensional smooth manifold and K be a
tangent hyperplane field on N . Locally, such a field is defined as the kernel of a
1-form α. The tangent hyperplane field K is non-degenerate if α ∧ (dα)n �= 0 at
any point of N. We say that (N,K) is a contact manifold if K is a non-degenerate
hyperplane field. In this case, K is called a contact structure and α is a contact
form. Let φ : N → N ′ be a diffeomorphism between contact manifolds (N,K)
and (N ′,K ′). We say that φ is a contact diffeomorphism if dφ(K) = K ′. Two
contact manifolds (N,K) and (N ′,K ′) are contact diffeomorphic if there exists a
contact diffeomorphism φ : N → N ′. A submanifold i : L ⊂ N of a contact manifold
(N,K) is said to be Legendrian if dim L = n and dix(TxL) ⊂ Ki(x) at any x ∈ L.
A smooth fiber bundle π : E → M is called a Legendrian fibration if its total space
E is furnished with a contact structure and its fibers are Legendrian submanifolds.
Let π : E →M be a Legendrian fibration. For a Legendrian submanifold i : L ⊂ E,
π ◦ i : L → M is called a Legendrian map. The image of the Legendrian map
π ◦ i is called a wavefront set of i which is denoted by W (L). Here, L is called the
Legendrian lift ofW (L). For any z ∈ E, it is known that there is a local coordinate
system (x, y, p) = (x1, . . . , xm, y, p1, . . . , pm) around z such that π(x, y, p) = (x, y)
and the contact structure is given by the 1-form α = dy − ∑m

i=1 pidxi (see 20.3
in [1]).
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Throughout our study, we are interested in the following three double fibrations,
which were given in [8] and [10]:

(1) (a) Hn(−1)× Sn
1 ⊃ Δ1 = {(v,w) | 〈v,w〉 = 0 },

(b) π11 : Δ1 → Hn(−1), π12 : Δ1 → Sn
1 ,

(c) θ11 = 〈dv,w〉|Δ1, θ12 = 〈v, dw〉|Δ1.

(2) (a) Hn(−1)× Sn
1 (sin

2 φ) ⊃ Δ±
21(φ) = {(v,w) | 〈v,w〉 = ± cosφ },

(b) π[φ]±(21)1 : Δ±
21(φ) → Hn(−1), π[φ]±(21)2 : Δ±

21(φ) → Sn
1 (sin

2 φ),

(c) θ[φ]±(21)1 = 〈dv,w〉|Δ±
21(φ), θ[φ]

±
(21)2 = 〈v, dw〉|Δ±

21(φ).

(3) (a) Hn(− sin2 φ)× Sn
1 ⊃ Δ±

31(φ) = {(v,w) | 〈v,w〉 = ± cosφ },
(b) π[φ]±(31)1 : Δ±

31(φ) → Hn(− sin2 φ), π[φ]±(31)2 : Δ±
31(φ) → Sn

1 ,

(c) θ[φ]±(31)1 = 〈dv,w〉|Δ±
31(φ), θ[φ]

±
(31)2 = 〈v, dw〉|Δ±

31(φ).

Here, π11(v,w) = v, π12(v,w) = w, π[φ]±(ij)1(v,w) = v and π[φ]±(ij)2(v,w) = w,

for (i, j) = (2, 1) and (3, 1). Moreover, 〈dv,w〉 = −w0dv0 +
∑n

i=1 widvi and
〈v, dw〉 = −v0dw0 +

∑n
i=1 vidwi are one-forms on R

n+1
1 × R

n+1
1 . We remark that

θ−1
11 (0) and θ

−1
12 (0) (respectively, θ[φ]

±
(ij)1

−1
(0) and θ[φ]±(ij)2

−1
(0)) define the same

tangent hyperplane field denoted byK1 (respectively,K[φ]±ij) over Δ1 (respectively,

Δ±
ij(φ)). In [10], the following theorem was shown:

Theorem 2.1. Under the same notations as those of the previous paragraph,
(Δ1,K1) and (Δ±

ij(φ),K[φ]±ij) ((i, j) = (2, 1), (3, 1)) are contact manifolds such

that π1k and π[φ]±(ij)k (k = 1, 2) are Legendrian fibrations. Moreover, these contact

manifolds are contact diffeomorphic to each other.

This theorem is a part of the assertions of Theorem 3.2 in [10]. Actually,
we also have contact manifolds (Δ±

ij(φ),K[φ]±ij) for (i, j) = (1, 2), (1, 3), (1, 4),
(2, 1), (2, 3), (2, 4), (3, 1), (3, 2), (3, 4), (4, 1), (4, 2), (4, 3) in [10]. We remark that
Sn
1 (sin

2 0) \ {0} = Hn(− sin2 0) \ {0} = LC∗. Suppose that we have a Legendrian
immersion Lij [φ] : U → Δ±

ij(φ) with the form Lij [φ](u) = (L1(u), L2(u)) . Then

we say that L1(u) and L2(u) are the Δ±
ij(φ)-dual. Especially, we say that L2(u) is

the φ-de Sitter dual of L1(u) if L1(u) and L2(u) are the Δ±
21(φ)-dual and L1(u) is

the φ-hyperbolic dual of L2(u) if L1(u) and L2(u) are the Δ±
31(φ)-dual.

3. Slant geometry of hypersurfaces in hyperbolic space

In this section, we establish a new extrinsic differential geometry on hypersurfaces
in hyperbolic space with respect to the φ-de Sitter duals as an application of the
extended mandala of Legendrian dualities. We call this geometry a φ-de Sitter flat
geometry. Since all submanifolds in hyperbolic space are spacelike, we consider
general hypersurfaces here.
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Let Xh : U → Hn(−1) be an embedding, where U ⊂ R
n−1 is an open subset

and MH = Xh(U). We define the following unit normal vector field along MH :

Xd(u) =
Xh(u) ∧Xh

u1
(u) ∧ · · · ∧Xh

un−1
(u)

‖Xh(u) ∧Xh
u1
(u) ∧ · · · ∧Xh

un−1
(u)‖ .

It is known that we have a Legendrian embedding L1 : U → Δ1 defined by L1(u) =
(Xh(u),Xd(u)) (cf. [8], [10]). Now, we define N

d
±[φ] : U → Sn

1 (sin
2 φ) by

N
d
±[φ](u) = cosφXh(u)±Xd(u).

We also define an embedding L21[φ] : U → Δ−
21(φ) by

L21[φ](u) = (Xh(u),Nd
±[φ](u)).

Let us consider the contact manifold (Δ−
21(φ),K[φ]−21) and the contact diffeomor-

phism Ψ−
1(21) : Δ1 −→ Δ−

21(φ) defined by

Ψ−
1(21)(v,w) = (v, cosφv ±w) .

Since Ψ−
1(21) is a contact diffeomorphism, L21[φ] = Ψ−

1(21) ◦ L1 is a Legendrian

embedding. Consequently, we have 〈dXh(u),Nd±[φ](u)〉 = L21[φ]
∗θ[φ]−(21)1 = 0.

This means that N
d
±[φ](u) can be considered as a normal vector of MH at p =

Xh(u). Hence, Nd
±[φ] is the φ

±-de Sitter dual of Xh(U) = MH . We remark that

N
d
±[0](u) = Xh(u)±Xd(u) is the hyperbolic Gauss indicatrix and N

d
±[π/2](u) =

±Xd(u) is the de Sitter Gauss indicatrix introduced in [4]. Moreover, we have
〈Xh(u), dNd±[φ](u)〉 = 〈dXh(u),Nd±[φ](u)〉 = 0. By a straightforward calculation,

we also have 〈Xd(u), dNd
±[φ](u)〉 = 0. Since {Xh,Xd,Xh

u1
, . . . ,Xh

un−1
} is a basis

of TpR
n+1
1 and

TpM
H =

〈
Xh

u1
(u), . . . ,Xh

un−1
(u)

〉
R
,

dNd
±[φ](u) can be considered as a linear transformation on TpM

H .

We consider a hypersurface HQH(n, c) in hyperbolic space Hn(−1) defined by

HQH(n, c) = HP (n, c) ∩Hn(−1).

We say that HQH(n, c) is a hyperquadric in hyperbolic space. We respectively say
that HQH(n, c) is hypersphere (or, elliptic hyperquadric), equidistant hypersurface
(or, hyperbolic hyperquadric) and hyperhorosphere (or, parabolic hyperquadric) if
n is timelike, spacelike and lightlike. A hyperbolic hyperquadric with c = 0 is
called a hyperplane. If c = − cosφ and n ∈ Sn

1 (sin
2 φ) for φ ∈ [0, π/2], we call

HQH(n,− cosφ) a φ-flat hyperbolic hyperquadric which is a hyperhorosphere if
φ = 0 and a hyperplane if φ = π/2. It is easy to show the following proposition:

Proposition 3.1. If one of the φ±-de Sitter duals N
d±[φ] of MH = Xh(U) is a

constant map, then MH is a subset of a φ±-flat hyperbolic hyperquadric.
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We only remark that MH is a subset of HQH(n,− cosφ) for n = N
d±[φ](u).

Therefore, HQH(n,− cosφ) is a candidate of the flat model hypersurfaces in the
geometry on hypersurfaces in hyperbolic space such that Nd

±[φ] plays a similar role
to the Gauss map for a hypersuface in Euclidean space. We call such a geometry
a slant geometry of hypersurfaces in hyperbolic space. It is the horospherical geo-
metry ([4], [7]) if φ = 0, and the hyperbolic geometry if φ = π/2. Consequently,
we call the horospherical geometry and the hyperbolic geometry, the horizontal
geometry and the vertical geometry, respectively.

Now, we define a linear transformation Sd
±[φ](p) = −dNd

±[φ](u) : TpM
H →

TpM
H for p = Xh(u). We call Sd

±[φ](p) a φ±-de Sitter shape operator of MH at

p = Xh(u). Under the identification of U andMH through the embedding Xh, the
derivative dXh(u0) is the identity mapping idTpMH on TpM

H , where p = Xh(u0).
We have the following relation:

dNd
±[φ](u0) = cosφ idTpMH ± dXd(u0).

Therefore, we have the linear transformation Sd±[φ] (p) = − cosφ idTpMH ± Ad(p),

where Ad(p) = −dXd(u0). The linear transformation Ad(p) is called a de Sitter
shape operator in [4]. It follows that Sd

±[φ] (p) and Ad(p) have the same eigenvec-
tors. We denote the eigenvalues of Sd±[φ] (p) and Ad(p) by κd±[φ] (p) and κd (p),
respectively. Moreover, we have a relation κd±[φ] (p) = − cosφ ± κd (p) . We call
κd±[φ] (p) and κd (p) , a φ-de Sitter principal curvature and a de Sitter principal

curvature of MH = Xh(U) at p = Xh(u0), respectively. We give the following
definitions of the curvatures of MH = Xh(U) at p = Xh(u0):

Kd
±[φ] (u0) = detSd

±[φ] (p) ; φ±-de Sitter Gauss–Kronecker curvature,

Hd
±[φ] (u0) =

1

n− 1
TraceSd

±[φ] (p); φ±-de Sitter mean curvature.

We remark that the 0-de Sitter Gauss–Kronecker (respectively, mean) curvature
is the hyperbolic Gauss–Kronecker (respectively, mean) curvature and the π/2-de
Sitter Gauss–Kronecker (respectively, mean) curvature is the de Sitter Gauss–
Kronecker (respectively, mean) curvature which are defined in [4].

Since Xh
ui

(i = 1, . . . , n− 1) are spacelike vectors, the induced Riemannian

metric (the first fundamental form) on MH = Xh(U) is given by

ds2 =
n−1∑
i,j=1

gHij dui duj ,

where gHij (u) =
〈
Xh

ui
(u),Xh

uj
(u)

〉
for any u ∈ U . We also define the φ±-de Sitter

second fundamental invariant by

hD± [φ]ij (u) =
〈− (

N
d
±[φ]

)
ui
(u),Xh

uj
(u)

〉
for any u ∈ U . If we denote hij (u) =

〈− Xh
ui
(u),Xd

uj
(u)

〉
, then we have the

following relation:

hD± [φ]ij (u) = − cosφ gHij (u)± hij (u) .
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Proposition 3.2. Under the above notations, we have the following φ±-de Sitter
Weingarten formula:

(
N

d
±[φ]

)
ui

= −
n−1∑
j=1

hD± [φ]ji X
h
uj
,

where (
hD± [φ]ji

)
=

(
hD± [φ]ik

)(
(gH)kj

)
and

(
(gH)kj

)
=

(
gHkj

)−1
.

Proof. Since
(
N

d
±[φ]

)
ui

is a tangent vector of TpM
H , there exist real numbers Γj

i

such that (
N

d
±[φ]

)
ui

=

n−1∑
j=1

Γj
iX

h
uj
.

By definition, we have

−hD± [φ]iβ =

n−1∑
α=1

Γα
i

〈
Xh

uα
,Xh

uβ

〉
=

n−1∑
α=1

Γα
i g

H
αβ.

Hence, we have

−hD± [φ]ji = −
n−1∑
β=1

hD± [φ]iβ(g
H)βj =

n−1∑
β=1

n−1∑
α=1

Γα
i g

H
αβ(g

H)βj = Γj
i .

This completes the proof of the φ±-de Sitter Weingarten formula. �

As a corollary of the above proposition, we obtain an explicit expression of
the φ±-de Sitter Gauss–Kronecker curvature by Riemannian metric and the φ±-de
Sitter second fundamental invariant.

Corollary 3.3. Under the same notations as in the above proposition, the φ±-de
Sitter Gauss–Kronecker curvature is given by

Kd
±[φ] =

det
(
hD± [φ]ij

)
det

(
gHαβ

) .

Proof. By the φ±-de Sitter Weingarten formula, the representation matrix of the
φ±-de Sitter shape operator with respect to the basis{

Xh
u1
(u), . . . ,Xh

un−1
(u)

}
is (

hD± [φ]ji
)
=

(
hD± [φ]iβ

) (
(gH)βj

)
.

It is obvious from this fact that

Kd
±[φ] = detSd

±[φ] = det
(
hD± [φ]ji

)
= det

((
hD± [φ]iβ

) (
(gH)βj

))
=

det
(
hD± [φ]ij

)
det

(
gHαβ

) .

This competes the proof. �
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It has been given in [4] that a point u ∈ U or p = Xh(u) is an umbilic
point if Ad(p) = κd (p) idTpMH . Since Sd

±[φ](p) and Ad(p) have the same eigen-

vectors, a point u ∈ U or p = Xh(u) is an umbilic point if and only if Sd
±[φ](p) =

κd±[φ](p)idTpMH . We also say that MH = Xh(U) is totally umbilic if all points of

MH are umbilic. The classification of totally umbilic hypersurfaces in hyperbolic
space is well-known (see [4]). Here, we interpret the classification of totally umbilic
hypersurfaces in hyperbolic space by using the φ±-de Sitter principal curvature.

Proposition 3.4. Suppose thatMH =Xh(U) is totally umbilic for fixed φ∈[
0, π2

]
.

Then κd±[φ] (p) is constant κd±[φ]. Under this condition, we have the following
classification:

(1) Assume that κd±[φ] �= 0.

(a) If 0 < |κd±[φ]+cosφ| < 1, then MH is a part of hyperbolic hyperquadric.

(b) If 1 < |κd±[φ] + cosφ|, then MH is a part of elliptic hyperquadric.

(c) If |κd±[φ] + cosφ| = 1, then MH is a part of parabolic hyperquadric.

(d) If κd±[φ] + cosφ = 0, then MH is a part of flat hyperbolic hyperquadric.

(2) If κd±[φ] = 0, then MH is a part of φ-flat hyperbolic hyperquadric.

We remark that ±κd (p) = κd±[φ]+cosφ and the assertions directly follow from
Proposition 2.3 in [4].

We say that p = Xh(u) is a φ±-de Sitter parabolic point if Kd
±[φ] (u) = 0

and a φ±-de Sitter flat point if it is an umbilic point and Kd±[φ] (u) = 0 which
are equivalent to the condition that the condition (2) in the above proposition is
satisfied.

4. φ-de Sitter height functions

We define a family of functions

HD
φ : U × Sn

1 (sin
2 φ) → R

by HD
φ (u,v) = 〈Xh(u),v〉 + cosφ. We call HD

φ a φ-de Sitter height function on

MH = Xh(U).

Proposition 4.1. Let HD
φ : U × Sn

1 (sin
2 φ) → R be a φ-de Sitter height function

on MH = Xh(U). Then

(1) HD
φ (u,v) = 0 if and only if (Xh(u),v) ∈ Δ−

21(φ).

(2) HD
φ (u,v) =

∂HD
φ

∂ui
(u,v) = 0 (i = 1, . . . , n− 1) if and only if v = N

d
±[φ](u).
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Proof. The assertion (1) follows from the definition of HD
φ and Δ−

21(φ).

(2) There exist real numbers λ, μ, ξ1, . . . , ξn−1 such that v = λXh + μXd +∑n−1
j=1 ξjX

h
uj
. Since

〈
Xh,Xd

〉
= 〈Xh

ui
,Xh〉 = 0, we obtain 0 = HD

φ (u,v) =

−λ + cosφ, so that v = cosφXh + μXd +
∑n−1

j=1 ξjX
h
uj
. It follows from the

fact
∂HD

φ

∂ui
(u,v) =

〈
Xh

ui
,v

〉
that we have 0 =

∑n−1
j=1 ξjg

H
ij . Since gHij is positive

definite, we have ξj = 0 (j = 1, . . . , n− 1). Moreover, we have sin2 φ = 〈v,v〉 =
− cos2 φ+ μ2. Therefore, μ = ±1. This means that v = N

d±[φ](u). Thus, the proof
is completed. �

Now, we study the extrinsic differential geometry of MH = Xh(U) by using
N

d
±[φ] as the Gauss map of a hypersurface in Euclidean space.

We denote by Hess
(
hDφ,v0

)
(u0) the Hessian matrix of the φ-de Sitter height

function hDφ,v0(u) = HD
φ (u,v0) at u0.

Proposition 4.2. Let Xh : U → Hn(−1) be a hypersurface in hyperbolic space
and v0 = N

d±[φ](u0). Then we have the following:

(1) p = Xh(u0) is a parabolic point if and only if detHess
(
hDφ,v0

)
(u0) = 0.

(2) p = Xh(u0) is a flat point if and only if rankHess
(
hDφ,v0

)
(u0) = 0.

Proof. By definition, we have hDφ,v0(u0) =
〈
Xh (u0) ,v0

〉
+ cosφ. Using this equa-

tion, we get

∂2hDφ,v0
∂ui∂uj

(u0) =
〈
Xh

uiuj
(u0),v0

〉
= cosφ

〈
Xh

uiuj
(u0),X

h(u0)
〉±〈

Xh
uiuj

(u0),X
d(u0)

〉

= − cosφ
〈
Xh

ui
(u0),X

h
uj
(u0)

〉∓ 〈
Xh

ui
(u0),X

d
uj
(u0)

〉
= − cosφ gHij (u0)± hij(u0) = hD± [φ]ij(u0).

This means that Hess
(
hDφ,v0

)
(u0) =

(
hD± [φ]ij(u0)

)
. Hence, we obtain

Kd
±[φ](u0) =

det
(
hD± [φ]ij(u0)

)
det

(
gHαβ(u0)

) =
detHess

(
hDφ,v0

)
(u0)

det
(
gHαβ(u0)

) .

As a result, the first assertion follows from this formula.
For the second assertion, by the φ-de Sitter Weingarten formula, p = Xh(u0)

is an umbilic point if and only if there exists an orthogonal matrix A such that
At

(
hD± [φ]αi

)
A = κd±[φ]I. Therefore, we have

(
hD± [φ]αi

)
= Aκd±[φ]A

t = κd±[φ]I,

so that
Hess

(
hDφ,v0

)
=

(
hD± [φ]ij

)
=

(
hD± [φ]αi

) (
gHαj

)
= κd±[φ]

(
gHij

)
.

Thus, p is a flat point (i.e., κd±[φ](u0) = 0) if and only if rankHess
(
hDφ,v0

)
(u0) = 0.

�
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5. The φ-de Sitter dual as a wave front

In order to investigate the φ-de Sitter dual of a hypersurface in hyperbolic space as
a wave front set, we give a quick review on the Legendrian singularity theory due
to Arnol’d–Zakalyukin [1], [16]. Let π : PT ∗(M) →M be the projective cotangent
bundle over an n-dimensional manifold M. This fibration can be considered as a
Legendrian fibration with the canonical contact structure K on PT ∗(M). Now,
we review geometric properties of this space. Let us consider the tangent bundle
τ : TPT ∗(M) → PT ∗(M) and the differential map dπ : TPT ∗(M) → TM of π.
For any X ∈ TPT ∗(M), there exists an element α ∈ T ∗(M) such that τ(X) = [α].
For an element V ∈ Tx(M), the property α(V ) = 0 does not depend on the choice of
representative of the class [α]. Thus, we can define the canonical contact structure
on PT ∗(M) by K = {X ∈ TPT ∗(M)|τ(X)(dπ(X)) = 0}. For a local coordinate
neighbourhood (U, (x1, . . . , xn)) on M, we have a trivialization PT ∗(U) ∼= U ×
P (Rn−1)∗ and we call ((x1, . . . , xn), [ξ1 : · · · : ξn]) homogeneous coordinates, where
[ξ1 : · · · : ξn] are homogeneous coordinates of the dual projective space P (Rn−1)∗.
It is easy to show that X ∈ K(x,[ξ]) if and only if

∑n
i=1 μiξi = 0, where dπ(X) =∑n

i=1 μi
∂

∂xi
. It is known that any Legendrian fibration is locally equivalent to

π : PT ∗(M) →M , (cf. Part III of [1]).
The main tool of the theory of Legendrian singularities is the notion of generat-

ing families. Since we only consider local properties, we may assume thatM = R
n.

Let F : (Rk×R
n,0) → (R,0) be a function germ. We say that F is a Morse family

of hypersurfaces if the map germ

Δ∗F =
(
F,
∂F

∂q1
, . . . ,

∂F

∂qk

)
: (Rk × R

n,0) → (R× R
k,0)

is non-singular, where (q, x) = (q1, . . . , qk, x1, . . . , xn) ∈ ( Rk × R
n,0).

In this case, we have a smooth (n− 1)-dimensional submanifold germ Σ∗(F ) =
(Δ∗F )−1(0) and a map germ LF : (Σ∗(F ),0) → PT ∗

R
n defined by

LF (q, x) =
(
x,

[ ∂F
∂x1

(q, x) : · · · : ∂F
∂xn

(q, x)
])

which is a Legendrian immersion germ. Then we have the following fundamental
theorem of Arnol’d–Zakalyukin [1], [16].

Proposition 5.1. All Legendrian submanifold germs in PT ∗
R

n are constructed
by the above method.

We call F a generating family of LF (Σ∗(F )). Consequently, the wave front is

W (LF ) =
{
x ∈ R

n | ∃ q ∈ R
k s.t. F (q, x) =

∂F

∂qi
(q, x) = 0, i = 1, . . . , k

}
.

We also denote DF =W (LF ) and call it the discriminant set of F.
Let us consider a point v = (v0, v1, . . . , vn) ∈ Sn

1 (sin
2 φ). Then we have that

(v1, . . . , vn) �= (0, . . . , 0). Without loss of generality, we suppose that v1 > 0. We
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choose the local coordinate neighbourhood system (V 1
+, U

1, ψ), where

V 1
+ = {v ∈ Sn

1 (sin
2 φ) | v1 > 0 },

U1 =
{
(x1, . . . , xn) ∈ R

n | x21 −
n∑

i=2

x2i + sin2 φ > 0
}

and ψ : V 1
+ → U1 is induced by the canonical projection. We consider the projective

cotangent bundle π : PT ∗(Sn
1 (sin

2 φ)) → Sn
1 (sin

2 φ) with the canonical contact
structure. By using the above coordinate system, we have a trivialization as follows:

Φ : PT ∗(V 1
+) ≡ V 1

+×P (Rn−1)∗ ; Φ
([ n∑

i=1

ξidvi

])
= ((v0, v1, . . . , vn), [ξ1 : · · · : ξn]).

On the other hand, we define the mapping

Ψ : Δ−
21(φ)|(Hn(−1)× V 1

+) → V 1
+ × P (Rn−1)∗

by
Ψ(v,w) =

(
w, [−v0w1 + v1w0 : v2w1 − v1w2 : · · · : vnw1 − v1wn]

)
.

For the canonical contact form θ =
∑n

i=1 ξidxi on PT
∗(V 1

+), we get

Ψ∗θ = ((−v0w1 + v1w0) dw0 + (v2w1 − v1w2) dw2

+ · · ·+ (vnw1 − v1wn) dwn)|Δ−
21(φ)

= w1(−v0dw0 + v1dw1 + · · ·+ vndwn)|Δ−
21(φ)

= w1〈v, dw〉|Δ−
21(φ) = w1θ[φ]

−
(21)2,

where w1 =
√
w2

0 −
∑n

i=2 w
2
i + sin2 φ. Thus, Ψ is a contact morphism.

Proposition 5.2. The φ-de Sitter height function HD
φ : U × Sn

1 (sin
2 φ) → R is a

Morse family of hypersurfaces.

Proof. We consider the local coordinate neighborhood V 1
+. For any v = (v0, v1, . . . ,

vn) ∈ V 1
+, we have v1 =

√
v20 −

∑n
i=2 v

2
i + sin2 φ, so that

HD
φ (u,v) = −x0(u)v0 + x1(u)

(
v20 −

n∑
i=2

v2i + sin2 φ
)1/2

+ x2(u)v2 + · · ·+ xn(u)vn + cosφ,

where Xh(u)=(x0(u), . . . , xn(u)). We define a mapping

Δ∗HD
φ : U × Sn

1 (sin
2 φ) → R× R

n−1

by Δ∗HD
φ =

(
HD

φ ,
∂HD

φ

∂u1
, . . . ,

∂HD
φ

∂un−1

)
. We have to prove that Δ∗HD

φ is non-singular

at any point on Σ∗(HD
φ ) = (Δ∗HD

φ )−1(0).
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By exactly the same reason as the proof of Proposition 4.2 in [4], it is enough
to show that detA �= 0, where

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

−x0 +
v0
v1

x1 x2 − v2
v1

x1 · · · xn − vn
v1

x1

−x0u1 +
v0
v1

x1u1 x2u1 − v2
v1

x1u1 · · · xnu1 − vn
v1

x1u1

...
...

...
...

−x0un−1 +
v0
v1

x1un−1 x2un−1 − v2
v1

x1un−1 · · · xnun−1 − vn
v1

x1un−1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

We can also show that detA �= 0 for any (u,v) ∈ Σ∗(HD
φ ) by the same calculations

as those in the proof of Proposition 4.2 in [4].
If we adopt the other local coordinates, we obtain similar calculations to the

above. This completes the proof. �

Theorem 5.3. For any hypersurface Xh : U → Hn(−1), the φ-de Sitter height
function HD

φ : U × Sn
1 (sin

2 φ) → R of MH = Xh(U) is a generating family of the

Legendrian immersion L21[φ](U) ⊂ Δ−
21(φ) with respect to the Legendrian fibration

π[φ]−(21)2 : Δ
−
21(φ) → Sn

1 (sin
2 φ).

Proof. We remember the contact morphism

Ψ : Δ−
21(φ)|(Hn(−1)× V 1

+) → V 1
+ × P ( Rn−1)∗.

Since the φ-de Sitter height function HD
φ : U × V 1

+ → R is a Morse family of
hypersurfaces, we have a Legendrian immersion

LHD
φ

: Σ∗(HD
φ ) → V 1

+ × P (Rn−1)∗

defined by

LHD
φ
(u,v) =

(
v,

[∂HD
φ

∂v0
:
∂HD

φ

∂v2
: · · · : ∂H

D
φ

∂vn

])
,

where v = (v0, . . . , vn) and v1 =
√
v20 −

∑n
i=2 v

2
i + sin2 φ. By Proposition 4.1,

we get
Σ∗(HD

φ ) = {(u,Nd
±[φ](u)) ∈ U × V 1

+ | u ∈ U}.

Since v = N
d
±[φ](u) and v1 =

√
v20 −

∑n
i=2 v

2
i + sin2 φ, we obtain

∂HD
φ

∂v0
(u,Nd

±[φ](u)) = −x0(u) + n±
0 (u)

n±
1 (u)

x1(u),

∂HD
φ

∂vi
(u,Nd

±[φ](u)) = xi(u)− n±
i (u)

n±
1 (u)

x1(u),

where i = 2, . . . n, Xh(u) = (x0(u), . . . , xn(u)) and N
d±[φ](u)=(n±

0 (u), . . . , n
±
n (u)).

It follows that
LHD

φ
(u,Nd

±[φ](u)) = (Nd
±[φ](u), [ξ]),
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where

[ξ] = [−x0(u)n±
1 (u) + n±

0 (u)x1(u) : x2(u)n
±
1 (u)− n±

2 (u)x1(u)

: xn(u)n
±
1 (u)− n±

n (u)x1(u)].

Therefore, we have Ψ ◦ L21[φ](u) = LHD
φ
(u). This means that HD

φ is a generating

family of L21[φ](U) ⊂ Δ−
21(φ) with respect to the Legendrian fibration π[φ]−(21)2 :

Δ−
21(φ) → Sn

1 (sin
2 φ). This completes the proof. �

6. Contact with φ-de Sitter flat hyperquadrics

In this section, we consider the contact of hypersurfaces in hyperbolic space with
φ-de Sitter flat hyperquadrics. For our purpose, we briefly review the theory of
contact due to Montaldi [14]. Let Xi and Yi (i = 1, 2) be submanifolds of Rn with
dimX1 = dimX2 and dim Y1 = dimY2. We say that the contact of X1 and Y1 at
y1 is the same type as the contact of X2 and Y2 at y2 if there is a diffeomorphism
germ Φ: (Rn, y1) → (Rn, y2) such that Φ(X1) = X2 and Φ(Y1) = Y2. In this case,
we write K(X1, Y1; y1) = K(X2, Y2; y2). It is clear that in the definition, Rn can be
replaced by any manifold. In [14], Montaldi gives a characterization of the notion
of contact by using the terminology of singularity theory. Let f, g : (Rn, 0) →
(Rp, 0) be map germs. We say that f and g are K-equivalent if there exists a
diffeomorphism germ φ : (Rn, 0) → (Rn, 0) such that I(f ◦φ) = I(g), where I(f) =
〈f1, . . . , fp〉 En

is the ideal generated by the component function germs f1, . . . , fp
of f (i.e., f = (f1, . . . , fp)) in the local ring En = {h | h : (Rn, 0) → R } of function
germs at 0.

Theorem 6.1. Let Xi and Yi (i = 1, 2) be submanifolds of Rn with dimX1 =
dimX2 and dimY1 = dim Y2. Let gi : (Xi, xi) → (Rn, yi) be immersion germs
and fi : (R

n, yi) → (Rp, 0) be submersion germs with (Yi, yi) = (f−1
i (0), yi). Then

K(X1, Y1; y1) = K(X2, Y2; y2) if and only if f1 ◦ g1 and f2 ◦ g2 are K-equivalent.

Now, we consider the function HD
φ : Hn(−1) × Sn

1 (sin
2 φ) → R defined by

HD
φ (u,v) = 〈u,v〉 + cosφ. For any v0 ∈ Sn

1 (sin
2 φ), we denote (hDφ )v0(u) =

HD
φ (u,v0) and we have the φ-de Sitter flat hyperquadric

(hDφ )−1
v0 (0) = HP (v0,− cosφ) ∩Hn(−1) = DHQH(v0,− cosφ).

For any u0 ∈ U, we consider the spacelike vector v0 = N
d
±[φ](u0). Then we have

(hDφ )v0 ◦Xh(u0) = HD
φ ◦ (Xh × idSn

1 (sin2 φ))(u0,v0) = HD
φ (u0,N

d
±[φ](u0)) = 0.

By Proposition 4.1, we also have the following relations for i = 1, . . . , n− 1 :

∂
(
(hDφ )v0 ◦Xh

)
∂ui

(u0) =
∂HD

φ

∂ui
(u0,N

d
±[φ](u0)) = 0.
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This means that the φ-de Sitter flat hyperquadric

(hDφ )−1
v0 (0) = HQH(v0,− cosφ)

is tangent to MH = Xh(U) at p = Xh(u0). We call HQH(v0,− cosφ) the tangent
φ-de Sitter flat hyperquadric of MH = Xh(U) at p = Xh(u0) (or, u0), which we
write TDHQ[φ](M

H , p) (or, TDHQ[φ](X
h, u0)).

We have tools for the study of the contact between hypersurfaces and φ-de
Sitter flat hyperquadrics. Let (Nd±[φ])i : (U, ui) → (Sn

1 (sin
2 φ),vi), i = 1, 2, be

φ-de Sitter dual germs of hypersurface germs (Xh)i : (U, ui) → (Hn(−1),ui). We
say that (Nd±[φ])1 and (Nd±[φ])2 are A-equivalent if there exist diffeomorphism

germs φ : (U, u1) → (U, u2) and Φ: (Sn
1 (sin

2 φ),v1) → (Sn
1 (sin

2 φ),v2) such that
Φ ◦ (Nd±[φ])1 = (Nd±[φ])2 ◦ φ. We remark that the A-equivalence preserves the
singularities of the both map-germs.

In order to understand the geometric meanings of the A-equivalence among the
φ-de Sitter dual germs, we need the theory of Legendrian equivalence [1], [16], [17] .
Let i : (L, p) ⊂ (PT ∗

R
n, p) and i′ : (L′, p′) ⊂ (PT ∗

R
n, p′) be Legendrian immersion

germs. Then we say that i and i′ are Legendrian equivalent if there exists a contact
diffeomorphism germ H : (PT ∗

R
n, p) → (PT ∗

R
n, p′) such that H preserves fibers

of π and H(L) = L′. A Legendrian immersion germ i : (L, p) ⊂ PT ∗
R

n (or, a
Legendrian map π◦i) at a point is said to be Legendrian stable if for every map with
the given germ there is a neighbourhood in the space of Legendrian immersions (in
the Whitney C∞ topology) and a neighbourhood of the original point such that
each Legendrian immersion belonging to the first neighbourhood has a point in the
second neighbourhood at which its germ is Legendrian equivalent to the original
germ.

Since the Legendrian lift i : (L, p) ⊂ (PT ∗
R

n, p) is uniquely determined on the
regular part of the wave front W (i), we have the following simple but significant
property of Legendrian immersion germs [17]:

Proposition 6.2. Let i : (L, p) ⊂ (PT ∗
R

n, p) and i′ : (L′, p′) ⊂ (PT ∗
R

n, p′) be
Legendrian immersion germs such that the representatives of both of the germs are
proper mappings and the regular sets of the projections π ◦ i and π ◦ i′ are dense.
Then i and i′ are Legendrian equivalent if and only if the wave front sets W (i) and
W (i′) are diffeomorphic as set germs.

The assumption in the above proposition is a generic condition for i and i′.
Specially, if i and i′ are Legendrian stable, then these satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of generating
families. We consider the unique maximal ideal Mn = {h ∈ En | h(0) = 0} of the
local ring En. Let F,G : (Rk × R

n,0) → (R,0) be function germs. We say that F
and G are P -K- equivalent if there exists a diffeomorphism germ Ψ : (Rk×R

n,0) →
(Rk × R

n,0) of the form Ψ(x, u) = (ψ1(q, x), ψ2(x)) for (q, x) ∈ (Rk × R
n,0) such

that Ψ∗(〈F 〉 Ek+n
) = 〈G〉 Ek+n

. Here, Ψ∗ : Ek+n → Ek+n is the pull back R-algebra
isomorphism defined by Ψ∗(h) = h ◦Ψ .
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Let F : (Rk ×R
n,0) → (R,0) be a function germ. We say that F is a K-versal

deformation of f = F | Rk × {0} if

Ek = Te(K)(f) +
〈 ∂F
∂x1

|Rk × {0}, . . . , ∂F
∂xn

|Rk × {0}
〉
R

,

where

Te(K)(f) =
〈 ∂f
∂q1

, . . . ,
∂f

∂qk
, f

〉
Ek

,

(See [13]). The main result in Arnol’d–Zakalyukin’s theory [1], [16] is the following:

Theorem 6.3. Let F,G : (Rk×R
n,0) → (R, 0) be Morse families of hypersurfaces.

Then:

(1) LF and LG are Legendrian equivalent if and only if F and G are P -K-equi-
valent.

(2) LF is Legendrian stable if and only if F is a K-versal deformation of F |
R

k × {0}.
Since F and G are function germs on the common space germ (Rk ×R

n,0), we
do not need the notion of stably P -K-equivalences under this situation (cf. [1]).

If both of the regular sets of (Nd
±[φ])i (i = 1, 2) are dense in (U, ui), it follows

from Proposition 6.2 that (Nd±[φ])1 and (Nd±[φ])2 are A-equivalent if and only if
the corresponding Legendrian immersion germs L1

21[φ] : (U, u1) → (Δ−
21(φ), z1)

and L2
21[φ] : (U, u2) → (Δ−

21(φ), z2) are Legendrian equivalent. This condition is
also equivalent to the condition that two generating families (HD

φ )1 and (HD
φ )2 are

P -K-equivalent by Theorem 6.3. Here, (HD
φ )i : (U × Sn

1 (sin
2 φ), (ui,vi)) → R are

the φ-de Sitter height function germs of (Xh)i.

On the other hand, if we denote (hDφ i,vi)(u) = (HD
φ )i(u,vi), then we have

(hDφ i,vi)(u) = (hDφ )vi ◦ (Xh)i(u). By Theorem 6.1, for pi = (Xh)(ui)

K((MH)1, TDHQ((M
H)1, p1), p1) = K((MH)2, TDHQ((M

H)2, p2), p2)

if and only if (hDφ 1,v1) and (hDφ 2,v2) are K-equivalent.

Theorem 6.4. Let (Xh)i : (U, ui) → (Hn(−1), pi) (i = 1, 2) be hypersurface germs
such that the corresponding Legendrian map germs

(Nd
±[φ])i = π[φ]−(21)2 ◦ Li

21[φ] : (U, ui) → (Sn
1 (sin

2 φ),vi)

are Legendrian stable. Then the following conditions are equivalent:

(1) (Nd
±[φ])1 and (Nd

±[φ])2 are A-equivalent.

(2) ((Nd±[φ])1(U), z1) and ((Nd±[φ])2(U), z2) are diffeomorphic as set germs.

(3) L1
21[φ] : (U, u1) → (Δ−

21(φ), z1) and L2
21[φ] : (U, u2) → (Δ−

21(φ), z2) are Legen-
drian equivalent.
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(4) (HD
φ )1 and (HD

φ )2 are P -K-equivalent.

(5) (hDφ 1,v1) and (hDφ 2,v2) are K-equivalent.

(6) K((MH)1, TDHQ((M
H)1, p1), p1) = K((MH)2, TDHQ((M

H)2, p2), p2).

Proof. By the previous arguments (mainly from Theorem 6.1), it has been already
shown that conditions (5) and (6) are equivalent. By Theorem 6.3, conditions (3)
and (4) are equivalent. By definition, condition (4) implies condition (5). Suppose
that (Nd

±[φ])i are Legendrian stable. By the uniqueness result of the P -K-versal
deformation, condition (5) implies condition (4). Moreover, by Proposition 6.2 and
Theorem 6.3, conditions (1), (2) and (3) are equivalent. �

7. Surfaces in hyperbolic 3-space

In this section, we consider a classification of singularities of φ-de Sitter dual Nd
±[φ]

for a fixed φ ∈ [0, π/2], when n = 3. By the standard arguments of the jet-
transversality theorem of Wasserman (cf., [4], [15]), we have the following theorem:

Theorem 7.1. There exists an open dense subset O ⊂ Emb(U,H3(−1)) such that
for any Xh ∈ O, the following conditions hold:

(1) The φ-de Sitter parabolic set (Kd±[φ])−1(0) is a regular curve. We call such
a curve the φ-de Sitter parabolic curve.

(2) The φ-de Sitter dual Nd
±[φ] along the φ-de Sitter parabolic curve is a cuspidal

edge except at isolated points. At these points, Nd
±[φ] is a swallowtail.

Here, a map germ f : (R2,a) → (R3, b) is called a cuspidal edge if it is A-equi-
valent to the germ (u1, u

2
2, u

3
2) (see Figure 1) and a swallowtail if it is A-equivalent

to the germ (3u41 + u21u2, 4u
3
1 + 2u1u2, u2) (see Figure 1).

Figure 1: Cuspidaledge (left) and swallowtail (right).

The assertion of Theorem 7.1 can be interpreted that the Legendrian lift L21[φ]
of the φ-de Sitter dual Nd±[φ] of X

h ∈ O is Legendrian stable at each point. We
can give the geometric meanings of cuspidal edges and swallowtails of the φ-de
Sitter dual Nd±[φ] analogous to the results of Banchoff et al., [2], [4]. We only give
the following corollary without the proof.
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Corollary 7.2. Let O be the open and dense set in Emb(U,H3(−1)) given by
Theorem 7.1. For Xh ∈ O, we have the φ-de Sitter height function hdφ,v0 with

v±
0 = N

d
±[φ](u0). Then we have the following:

(1) Suppose that u0 is a φ±-de Sitter parabolic point of Xh. Then the following
conditions are equivalent:

(a) N
d
±[φ] has the cuspidal edge at u0.

(b) The tangent φ±-de Sitter flat indicatrix is an ordinary cusp, where a
curve C ⊂ R

2 is called an ordinary cusp if it is diffeomorphic to the
curve given by {(u1, u2) | u21 − u32 = 0 }.

(2) Suppose that u0 is a φ±-de Sitter parabolic point of Xh. Then the following
conditions are equivalent:

(a) N
d
±[φ] has the swallowtail at u0.

(b) The tangent φ±-de Sitter flat indicatrix is a point or a tachnodal, where
a curve C ⊂ R

2 is called a tachnodal if it is diffeomorphic to the curve
given by {(u1, u2) | u21 − u42 = 0 }.

The pictures of an ordinary cusp and a tachnodal are given in Figure 2.

1 2 3 4 5 6 7 8

-15

-10

-5

5

10

15

Figure 2: Ordinary cusp (left) and tachnodal (right).

We can study more detailed properties of the surfaces in hyperbolic 3-space.
The bifurcations of the singularities of φ±-de Sitter dual Nd

±[φ] depending on φ are
specially interesting. Nevertheless, we stop here. These will be discussed in the
forthcoming papers.

8. Hyperbolic Monge forms and examples

In order to give examples of hypersurfaces in hyperbolic space, we review the notion
of hyperbolic Monge form which was introduced in [4].

We consider a function f(u1, . . . , un−1) with f(0) = 0 and fui(0) = 0. Then we
have a hypersurface in Hn

+(−1) defined by

Xh
f (u1, . . . , un−1) =

(√
f2(u1, . . . , un−1) + u21 + · · ·+ u2n−1 + 1,

f(u1, . . . , un−1), u1, . . . , un−1

)
.
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We can easily calculate that Xh
f (0) = (1, 0, . . . , 0) and Xd

f (0) = (0,−1, 0, . . . , 0),

therefore N
d±[φ](0) = (cosφ,∓1, 0, . . . , 0). We call Xh

f a hyperbolic Monge form
(briefly, H-Monge form). In [4], it was shown that any hypersurface in Hn(−1) is
locally given by the H-Monge form. For the lightlike vector v±

0 = (1,∓1, 0, . . . , 0),
we consider the hyperhorosphere HS(v±

0 ,−1). Then we have the following H-
Monge form of HS(v±

0 ,−1) :

h±(u1, . . . , un−1) =

(
u21 + · · ·+ u2n−1 + 2

2
,∓u

2
1 + · · ·+ u2n−1

2
, u1, . . . , un−1

)
.

Here, we can easily check the relation 〈v±
0 ,h

±(u)〉 = −1.Moreover, we consider the
spacelike vector v±

0 [φ] = (cosφ,∓1, 0, . . . , 0). Then we have the following H-Monge
form of HQH(v±

0 [φ],− cosφ):

XHQH

± [φ](u1, . . . ,un−1) =

( sin2 φ− 1 +
√
1 + sin2 φ(u21 + · · ·+ u2n−1)

sin2 φ
,

± cosφ
(
1−

√
1 + sin2 φ(u21 + · · ·+ u2n−1)

)
sin2 φ

, u1, . . . , un−1

)
,

for φ ∈ (0, π/2].
On the other hand,

XHQH

± [φ] (0) = (1, 0, . . . , 0) = p and (XHQH

± [φ])ui(0) = (Xh
f )ui(0)

for i = 1, 2, . . . , n − 1. This means that TpM
H = Tp(X

HQH

± [φ](U)). Therefore,

XHQH

± [φ](U) = HQH(v±
0 [φ],− cosφ) is the tangent φ±-de Sitter flat hyperquadric

of MH = Xh
f (U) at p = Xh

f (0). It follows that the tangent φ±-de Sitter flat

hyperquadrical indicatrix of the Monge form germ (Xh
f , 0) is given as follows:

(Xh
f )

−1(HQH(v±
0 [φ],− cosφ)) =

{
(u1, . . . , un−1) ∈ U |

± sin2 φf(u1, . . . , un−1) = cosφ

(
1−

√
1 + sin2 φ(u21 + · · ·+ u2n−1)

)}
.

Since the φ-de Sitter height function of Xh
f at v±

0 [φ] is

hD
v±
0 [φ]

(u) = − cosφ
√
f2(u1, . . . , un−1) + u21 + · · ·+ u2n−1 + 1

∓ f(u1, . . . , un−1) + cosφ,

we can calculate the Hessian matrix. Then we have Hess
(
hD
v±
0 [φ]

(0)
)
= ∓Hess (f)(0)

− cosφIn−1.
On the other hand, since f(0) = fui(0) = 0, we may write

f(u1, . . . , un−1) =
κ1
2
u21 + · · ·+ κn−1

2
u2n−1 + g(u1, . . . , un−1),
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where g ∈ M3
n−1 and κ1, . . . , κn−1 are eigenvalues of Hess(f)(0). Under this repre-

sentation, we can easily calculate that Xh
f,uiuj

(0) = (δij , fuiuj (0), 0, . . . , 0). It fol-
lows from this fact that

hD± [φ]ij(0) = δij(− cosφ∓ κi) and g
H
ij (0) = δij .

Therefore, we have κ̄±[φ]i(0) = − cosφ∓ κi and

Kd
±[φ](0) =

n−1∏
i=1

κ̄±[φ]i(0) =
n−1∏
i=1

(− cosφ∓ κi).

The tangent φ±-flat hyperbolic hyperquadrical indicatrix is given by

(Xh
f )

−1(HQH(v±
0 [φ],− cosφ)) =

{
(u1, . . . , un−1) | sin2 φ f2(u1, . . . , un−1)

= − cosφ
( n−1∑

i=1

κ̄±[φ]i(0)u2i ∓ 2 g(u1, . . . , un−1)
)}
.

In the last part of this section we give some examples and draw their pictures
for the case n = 3. In order to draw pictures, we consider the Poincaré ball model.
Let D = {(x1, x2, x3) | x21+x22+x23 < 1 } be the Poincaré ball model of hyperbolic
space. Here, we consider the hyperbolic metric

ds2 =
4(dx21 + dx22 + dx23)

1− x21 − x22 − x23
.

It is known that there is a canonical isometric diffeomorphism Φ :H3
+(−1) → D

given by

Φ(x0, x1, x2, x3) =

(
x1

x0 + 1
,

x2
x0 + 1

,
x3

x0 + 1

)
.

For an H-Monge form

Xh
f (u1, u2) = (

√
f2(u1, u2) + u21 + u22 + 1, f(u1, u2), u1, u2),

the composition Φ ◦Xh
f (u1, u2) is given by

1√
f2(u1, u2) + u21 + u22 + 1

(f(u1, u2), u1, u2) .

Therefore, for any function f(u1, u2) with f(0)= fui(0)= 0, we can draw the
picture of the surface inD. For the φ±-flat hyperbolic quadricHQH(v±

o [φ],−cosφ),
we have

Φ ◦XHQH

± [φ](u1, u2) =

(± cosφ

(
1−

√
1 + sin2 φ(u21 + u22)

)

2 sin2 φ− 1 +
√
1 + sin2 φ(u21 + u22)

,

sin2 φu1

2 sin2 φ− 1 +
√
1 + sin2 φ(u21 + u22)

,
sin2 φu2

2 sin2 φ− 1 +
√
1 + sin2 φ(u21 + u22)

)
.
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The pictures of Φ ◦XHQH

± [φ](U) for φ = π/4 and π/2 are shown in Figure 3.
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Figure 3: φ = π
4
(left), φ = π

2
(right).

Example 8.1. Suppose that

f(u1, u2) =
cosφ

sin2 φ

(
1−

√
1 + sin2 φ(u21 + u22)

)
+

2

3
u31 − u22.

Then κ1 = − cosφ and κ2 = − cosφ − 2, so that we have Kd
+[φ](0) = 0 and

Kd
−[φ](0) = 4 cosφ(cosφ + 1). Therefore, the origin is a φ+-de Sitter parabolic

point for any φ ∈ (0, π/2]. However, κ̄+1 [φ](0) = −1 and κ̄+2 [φ](0) = 0. The tangent
φ+-flat (or, positive φ-flat) hyperbolic hyperquadrical indicatrix is the ordinary
cusp u22 = 2

3u
3
1. Consequently, the φ

+ (or positive φ) -de Sitter dual Nd
+[φ] is a

cuspidal edge at the origin. However, the φ− (or negative φ) -de Sitter dual Nd−[φ]
is non-singular at the origin for φ �= π/2. Since the tangent hyperplane (π/2-flat
hyperbolic quadric) is unique, the negative π/2-de Sitter dual Nd

−[π/2] is also a
cuspidal edge at the origin. The surface and the intersection of it with the positive
φ-de Sitter hyperquadric are depicted in Figure 4.
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Figure 4: φ = π
4
, surface; φ = π

4
, positive; φ = π

4
, negative; φ = π

2
, negative.

Example 8.2. Consider the function

f(u1, u2) =
cosφ

sin2 φ

(
1−

√
1 + sin2 φ(u21 + u22)

)
+ u41 − u22.

Then κ1 = − cosφ and κ2 = − cosφ − 2. By the same reason as the previous
example, the origin is a φ+-de Sitter parabolic point for any φ ∈ (0, π/2] but it is
an H+-parabolic point. The positive φ-flat hyperbolic hyperquadrical indicatrix is
the tachnode u22 = u41. So, the positive φ-de Sitter dual N

d
+[φ] is a swallowtail at the
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origin. However, the negative φ-de Sitter dual Nd−[φ] is non-singular at the origin
for φ �= π/2. By the same reason as the previous example, the negative π/2-de
Sitter dual Nd

−[π/2] is a swallowtail at the origin. The surface and its intersection
with the positive horosphere are also depicted in Figure 5.
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4
, surface; φ = π

4
, positive; φ = π

4
, negative; φ = π

2
, negative.

9. Slant geometry of spacelike hypersurfaces in de Sitter space

In this section, we establish a new extrinsic differential geometry on spacelike
hypersurfaces in de Sitter space with respect to the φ-hyperbolic duals as an ap-
plication of the extended mandala of Legendrian dualities. We call this geometry
a φ-hyperbolic flat geometry. The results are analogous to those of the previous
sections. So, from now on, we omit almost all of the proofs except some special
cases for the assertions.

We consider the contact manifold (Δ+
31(φ),K[φ]+31) and the contact diffeomor-

phism Ψ+
1(31) : Δ1 → Δ+

31(φ) defined by

Ψ+
1(31)(v,w) = (±v + cosφw,w) .

Suppose that Xd : U → Sn
1 is a spacelike embedding. Then we define a map

N
h
±[φ] : U → Hn(− sin2 φ) by

N
h
±[φ](u) = ±Xh(u) + cosφXd(u),

for φ ∈ [0, π/2] and have a map L31[φ] : U → Δ+
31(φ) defined by L31[φ](u) =

(Nh±[φ](u),X
d(u)). Since L31[φ] = Ψ+

1(31) ◦ L1, L31[φ] is a Legendrian embedding,

so that N
h
±[φ](u) can be considered as a normal vector of MD at p = Xd(u).

Moreover, Nh
±[φ](u) is the φ±-hyperbolic dual of Xd(U) = MD. We remark that

N
h±[0](u) = Xd(u)±Xh(u) and N

h
� [π/2](u) = ±Xh(u).

We consider a hypersurface HQD(n, c) in de Sitter space Sn
1 defined by

HQD(n, c) = HP (n, c) ∩ Sn
1 .

We say that HQD(n, c) is a hyperquadric in de Sitter space. We respectively
say that HQD(n, c) is an elliptic hyperquadric, a hyperbolic hyperquadric and a
parabolic hyperquadric (or, de Sitter hyperhorosphere) if n is timelike, spacelike and
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lightlike. An elliptic hyperquadric with c = 0 is called a small elliptic hyperquadric.
If c = cosφ and n ∈ Hn(− sin2 φ) for φ ∈ [0, π/2], we call HQD(n, cosφ) a φ-flat
elliptic hyperquadric which is a hyperhorosphere if φ = 0 and a hyperplane if
φ = π/2. It is easy to show the following proposition.

Proposition 9.1. If one of the φ±-hyperbolic duals N
h±[φ] of MD = Xd(U) is a

constant map, then MD is a subset of a φ±-flat elliptic hyperquadric.

We only remark that MD is a subset of HQD(n, cosφ) for n = N
h±[φ](u).

Therefore, HQD(n, cosφ) is a candidate of the flat model hypersurfaces in the
geometry on spacelike hypersurfaces in de Sitter space such that N

h±[φ] plays a
similar role to the Gauss map for a hypersuface in Euclidean space. We call this
geometry a slant geometry of spacelike hypersurfaces in de Sitter space. When
φ = 0, the Legendrian dual is Nh±[0](u) = Xd(u)±Xh(u) which was investigated
by Kasedou [12]. We call this geometry a horizontal geometry of spacelike hyper-
surfaces in de Sitter space. We also call the slant geometry with φ = π/2 a vertical
geometry of spacelike hypersurfaces in de Sitter space.

Now, we study the extrinsic differential geometry of MD = Xd(U) by using
N

h±[φ] as the Gauss map of a hypersurface in Euclidean space. By exactly the same
reasons as in Section 3, dNh

±[φ](u0) can be considered as a linear transformation

on TpM
D, where p = Xd(u0). Under the identification of U and MD through the

embedding Xd, the derivative dXd(u0) is the identity mapping idTpMD on TpM
D.

We have the following relation:

dNh
±[φ](u0) = ±dXh(u0) + cosφ idTpMD .

We call the linear transformations

Sh
±[φ] (p) = −dNh

±[φ](p) : TpM
D → TpM

D

Ah (p) = −dXh(p) : TpM
D → TpM

D,

a φ-hyperbolic shape operator and a hyperbolic shape operator, respectively. We
denote the eigenvalues of Sh±[φ] (p) and Ah (p) by κh±[φ] (p) and κh (p), respec-
tively. Because of the relation Sh

±[φ] (p) = ±Ah(p) − cosφ idTpMD , Sh
±[φ] (p) and

Ah (p) have the same eigenvectors. As a result, we get a relation κh±[φ] (p) =
±κh(p) − cosφ. We call κh±[φ](p) and κh(p), a φ

±-hyperbolic principal curvature

and a principal curvature of MD = Xd(U) at p = Xd(u0), respectively. We give
the following definitions of the curvatures of MD = Xd(U) at p = Xd(u0):

Kh
±[φ] (u0) = detSh

±[φ] (p) ; the φ±-hyperbolic Gauss–Kronecker curvature,

Hh
±[φ] (u0) =

1

n− 1
TraceSh

±[φ] (p) ; the φ±-hyperbolic mean curvature.

We also define the hyperbolic Gauss–Kronecker curvature and the hyperbolic mean
curvature of MD = Xd(U) at p = Xd(u0) by Kh (p) = detAh (p) and Hh (p) =
1

n−1TraceAh (p), respectively. If n = 3, we have a relation Kh
±[φ] = cos2 φ ∓

2 cosφHh +Kh.
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Since Xd
ui

(i = 1, . . . , n− 1) are spacelike vectors, the induced Riemannian me-

tric (the first fundamental form) on MD = Xd(U) is given by

ds2 =

n−1∑
i,j=1

gDijduiduj ,

where gDij (u) =
〈
Xd

ui
(u),Xd

uj
(u)

〉
for any u ∈ U . We also define the φ±-hyperbolic

second fundamental invariant by

hH± [φ]ij (u) =
〈− (

N
h
±[φ]

)
ui
(u),Xd

uj
(u)

〉

for any u ∈ U . If we denote that hij (u) =
〈−Xd

ui
(u),Xh

uj
(u)

〉
, then we have the

following relation:

hH± [φ]ij (u) = − cosφ gDij (u)± hij (u) .

Proposition 9.2. Under the above notations, we have the following φ±-hyperbolic
Weingarten formula:

(
N

h
±[φ]

)
ui

= −
n−1∑
j=1

hH± [φ]jiX
d
uj
,

where
(
hH± [φ]ji

)
=

(
hH± [φ]ik

)(
(gD)kj

)
and

(
(gD)kj

)
=

(
gDkj

)−1
.

As a corollary of the above proposition, we obtain an explicit expression of the
φ±-hyperbolic Gauss–Kronecker curvature by Riemannian metric and the φ-hyper-
bolic second fundamental invariant.

Corollary 9.3. With the notations of the above proposition, the φ±-hyperbolic
Gauss–Kronecker curvature is given by

Kh
±[φ] =

det
(
hH± [φ]ij

)
det

(
gDαβ

) .

We say that a point u ∈ U or p = Xd(u) is an umbilic point if Sh
±[φ] (p) =

κh±[φ] (p) idTpMD . We also say that MD = Xd(U) is totally umbilic if all points

of MD are umbilic. Here, we give a classification of totally umbilic spacelike
hypersurfaces by using the φ±-hyperbolic principal curvature.

Proposition 9.4. Suppose that MD=Xd(U) is totally umbilic for fixed φ ∈[0, π2 ].
Then κh±[φ] (p) is constant κh±[φ]. Under this condition, we have the following
classification:

(1) Suppose that κh±[φ] �= 0.

(a) If 0 < |κh| = |κh±[φ] + cosφ| < 1, then MD is a part of an elliptic
hyperquadric.

(b) If 1 < |κh| = |κh±[φ] + cosφ|, then MD is a part of a hyperbolic hyper-
quadric.
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(c) If |κh| = |κh±[φ] + cosφ| = 1, then MD is a part of a parabolic hyper-
quadric.

(d) If κh = κh±[φ] + cosφ = 0, then MD is a part of a flat elliptic hyper-
quadric.

(2) If κh±[φ] = 0, then MD is a part of a φ-flat elliptic hyperquadric.

In the above classification, the hyperquadric HL(c,−(1+ cosφ)) (φ ∈ [0, π/2])
with κh[φ] = 0 is called a φ-hyperbolic flat hyperquadric. We say that p = Xd(u) is
a φ± -hyperbolic parabolic point if Kh

±[φ
±] (u) = 0 and a φ±-hyperbolic flat point if

it is an umbilic point and Kh±[φ] (u) = 0 which are equivalent to the condition (2).

10. φ-hyperbolic height functions

We define a family of functions

HH
φ : U ×Hn(− sin2 φ) → R

by HH
φ (u,v) = 〈Xd(u),v〉 − cosφ. We call HH

φ a φ-hyperbolic height function on

MD = Xd(U). We have the following proposition:

Proposition 10.1. Let HH
φ : U×Hn(− sin2 φ) → R be a φ-hyperbolic height func-

tion on Xd : U → Sn
1 . Then,

(1) HH
φ (u,v) = 0 if and only if (v,Xd(u)) ∈ Δ+

31(φ).

(2) HH
φ (u,v) =

∂HH
φ

∂ui
(u,v) = 0 (i = 1, . . . , n− 1) if and only if v = N

h
±[φ](u).

We denote the Hessian matrix of the φ-hyperbolic height function hHφ,v0(u) =

HH
φ (u,v0) at u0 by Hess

(
hHφ,v0

)
(u0).

Proposition 10.2. Let Xd : U → Sn
1 be a spacelike hypersurface in de Sitter space

and v0 = N
h
±[φ](u0). Then we have the following:

(1) p = Xd(u0) is a parabolic point if and only if detHess
(
hHφ,v0

)
(u0) = 0.

(2) p = Xd(u0) is a flat point if and only if rankHess
(
hHφ,v0

)
(u0) = 0.

11. The φ-hyperbolic dual as a wave front

In this section, we naturally interpret the φ±-hyperbolic dual of a spacelike hyper-
surface in de Sitter space as a wave front set in the framework of contact geometry.
We also need the theory of Legendrian singularities which has been reviewed in
Section 5.

We consider a point v = (v0, v1, . . . , vn) ∈ Hn(− sin2 φ). Then we have the

relation v0 = ±(
v21 + · · ·+v2n+sin2 φ

)1/2
. Without loss of generality, we choose the

local coordinate neighbourhood V+ = { v ∈ Hn(− sin2 φ) | v0 > 0 } and the cano-
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nical projection onto R
n as a local coordinate system. We consider the projective

cotangent bundle π : PT ∗(Hn(− sin2 φ)) → Hn(− sin2 φ) with the canonical con-
tact structure. By using the above coordinate system, we have a trivialization as
follows:

Φ : PT ∗(V+) ≡ V+×P (Rn−1)∗ ; Φ
([ n∑

i=1

ξidvi

])
=

(
(v0, v1, . . . , vn), [ξ1 : · · · : ξn]

)
.

On the other hand, we define a mapping

Ψ : Δ+
31(φ) → Hn(− sin2 φ) × P ( R

n−1)∗

by Ψ(v,w) = (v, [v0w1 − v1w0 : · · · : v0wn − vnw0]). By exactly the same calcu-
lations as those in Section 5, we have Ψ∗θ = v0θ[φ]

+
(31)1 for the canonical contact

form θ =
∑n

i=1 ξidvi on PT
∗(V+), so that Ψ is a contact morphism. Then we can

give the following proposition:

Proposition 11.1. The φ-hyperbolic height function

HH
φ : U ×Hn(− sin2 φ) → R

is a Morse family of hypersurfaces.

We can also give the following theorem:

Theorem 11.2. For any spacelike hypersurface Xd : U → Sn
1 , the φ-hyperbolic

height function HH
φ : U × Hn(− sin2 φ) → R of MD = Xd(U) is a generating

family of the Legendrian immersion L31[φ](U) ⊂ Δ+
31(φ) with respect to the Legen-

drian fibration π[φ]+(31)1 : Δ
+
31(φ) → Hn(− sin2 φ).

12. Contact with φ-hyperbolic flat hyperquadrics

In this section, we consider the contact of spacelike hypersurfaces in de Sitter
space with φ-hyperbolic flat hyperquadrics. We also use the theory of contact due
to Montaldi [14].

Now, we consider the functionHH
φ : Sn

1×Hn(− sin2 φ) → R defined byHH
φ (u,v)

= 〈u,v〉−cosφ. For any v0 ∈ Hn(− sin2 φ), we denote that (hHφ )v0(u) = HH
φ (u,v0)

and we have a φ -hyperbolic flat hyperquadric (hHφ )−1
v0 (0) = HP (v0, cosφ) ∩ Sn

1 =

HQD(v0, cosφ). For any u0 ∈ U, we consider the timelike vector v0 = N
h
±[φ](u0).

Then we have

(hHφ )v0 ◦Xd(u0) = HH
φ ◦ (Xd × idHn(− sin2 φ))(u0,v0) = HH

φ (u0,N
h
±[φ](u0)) = 0.

By Proposition 9.1, we also have the following relations for i = 1, . . . , n− 1 :

∂
(
(hHφ )v0 ◦Xd

)
∂ui

(u0) =
∂HH

φ

∂ui
(u0,N

h
±[φ](u0)) = 0.
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This means that the φ-hyperbolic flat hyperquadric

(hHφ )−1
v0 (0) = HQD(v0, cosφ)

is tangent to MD = Xd(U) at p = Xd(u0). In this case, we call HQD(v0, cosφ)
the tangent φ-hyperbolic flat hyperquadric of MD = Xd(U) at p = Xd(u0) (or,
u0), which we write THHQ[φ](M

D, p) (or, THHQ[φ](X
d, u0)).

We have tools for the study of the contact between spacelike hypersurfaces and
φ-hyperbolic flat hyperquadrics. Let (Nh

±[φ])i : (U, ui) → (Hn(−sin2 φ), vi) (i =

1, 2) be φ-hyperbolic dual germs of spacelike hypersurface germs (Xd)i : (U, ui) →
(Sn

1 ,ui). We can also understand the geometric meanings of the A-equivalence
among the φ-hyperbolic dual germs as an application of the theory of Legendrian
singularities [1], [16], [17].

If both of the regular sets of (Nh
±[φ])i (i = 1, 2) are dense in (U, ui), it follows

from Proposition 6.2 that (Nh±[φ])1 and (Nh±[φ])2 are A-equivalent if and only if

the corresponding Legendrian immersion germs L1
31[φ] : (U, u1) → (Δ+

31(φ), z1)
and L2

31[φ] : (U, u2) → (Δ+
31(φ), z2) are Legendrian equivalent. This condition is

also equivalent to the condition that two generating families (HH
φ )1 and (HH

φ )2 are

P -K-equivalent by Theorem 6.3. Here, (HH
φ )i : (U × Hn(− sin2 φ), (ui,vi)) → R

are the φ-hyperbolic height function germs of (Xd)i.

On the other hand, if we denote (hHφ i,vi)(u) = (HH
φ )i(u,vi), then we have

(hHφ i,vi)(u) = (hHφ )vi ◦ (Xd)i(u). By Theorem 6.1, for pi = (Xd)(ui)

K((MD)1, THHQ((M
D)1, p1), p1) = K((MD)2, THHQ((M

D)2, p2), p2)

if and only if (hHφ 1,v1) and (hHφ 2,v2) are K-equivalent.

Theorem 12.1. Let (Xd)i : (U, ui) → (Sn
1 , pi) (i = 1, 2) be spacelike hypersurface

germs such that the corresponding Legendrian map germs

(Nh
±[φ])i = π[φ]+(31)1 ◦ Li

31[φ] : (U, ui) → (Hn(− sin2 φ),vi)

are Legendrian stable. Then the following conditions are equivalent:

(1) (Nh
±[φ])1 and (Nh

±[φ])2 are A-equivalent.

(2) ((Nh
±[φ])1(U), z1) and ((Nh

±[φ])2(U), z2) are diffeomorphic as set germs.

(3) L1
31[φ] : (U, u1) → (Δ+

31(φ), z1) and L2
31[φ] : (U, u2) → (Δ+

31(φ), z2) are Legen-
drian equivalent.

(4) (HH
φ )1 and (HH

φ )2 are P -K-equivalent.

(5) (hHφ1,v1) and (hHφ2,v2) are K-equivalent.

(6) K((MD)1, THHQ((M
D)1, p1), p1) = K((MD)2, THHQ((M

D)2, p2), p2).
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13. De Sitter Monge forms and examples

In [12], Kasedou introduced the notion of de Sitter Monge forms for spacelike
hypersurfaces in de Sitter space.

We consider a function f(u1, . . . , un−1) with f(0) = 0 and fui(0) = 0. Then we
have a spacelike hypersurface in Sn

1 defined by

Xd
f (u1, . . . , un−1) =

(
− f(u1, . . . , un−1),

−
√
f2(u1, . . . , un−1) + u21 + · · ·+ u2n−1 + 1, u1, . . . , un−1

)
.

We can easily calculate that Xd
f (0) = (0,−1, 0, . . . , 0) and Xh

f (0) = (1, 0 . . . , 0),

therefore Nh
±[φ](0) = (±1,− cosφ, 0, . . . , 0).We callXd

f a spacelike de Sitter Monge
form (briefly, spacelike D-Monge form). In [12], it was shown that any spacelike
hypersurface in Sn

1 is locally given by the spacelike D-Monge form.

For the timelike vector v±
0 [φ] = (±1,− cosφ, 0, . . . , 0), we have the spacelike

D-Monge form of the φ-flat de Sitter hyperquadric HQD(v±
0 [φ], cosφ):

XHQD

± [φ](u1, . . . , un−1) =

(∓ cosφ
(
1−

√
1− sin2 φ(u21 + · · ·+ u2n−1)

)
sin2 φ

,

1− sin2 φ−
√
1− sin2 φ(u21 + · · ·+ u2n−1)

sin2 φ
, u1, . . . , un−1

)
,

for φ ∈ (0, π/2].
On the other hand,

XHQD

± [φ](0) = (0,−1, 0, . . . , 0) = p and (XHQD

± [φ])ui (0) = (Xd
f )ui(0),

for i = 1, 2, . . . , n − 1. This means that TpM
D = Tp(X

HQD

± [φ](U)). Therefore,

XHQD

± [φ](U) = HQD(v±
0 [φ], cosφ) is the tangent φ-hyperbolic flat elliptic hyper-

quadric of MD = Xd
f (U) at p = Xd

f (0). It follows from this fact that the tangent

φ-flat hyperquadrical indicatrix of the spacelike D-Monge form germ (Xd
f , 0) is

given as follows:

(Xd
f )

−1(HQD(v±
0 [φ], cosφ)) =

{
(u1, . . . , un−1) ∈ U |

± sin2 φf(u1, . . . , un−1) = cosφ

(
1−

√
1− sin2 φ(u21 + · · ·+ u2n−1)

)}
.

Since the φ-hyperbolic height function of Xd
f at v±

0 [φ] is

hH
v±
0 [φ]

(u) = cosφ
√
f2(u1, . . . , un−1)− u21 − · · · − u2n−1 + 1

± f(u1, . . . , un−1)− cosφ,
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we can calculate the Hessian matrix. Then we have

Hess
(
hH
v±
0 [φ]

(0)
)
= ±Hess (f)(0)− cosφIn−1.

On the other hand, since f(0) = fui(0) = 0, we may write

f(u1, . . . , un−1) =
κ1
2
u21 + · · ·+ κn−1

2
u2n−1 + g(u1, . . . , un−1),

where g ∈ M3
n−1 and κ1, . . . , κn−1 are eigenvalues of Hess(f)(0). Under this re-

presentation, we can easily calculate that Xd
f,uiuj

(0) = (−fuiuj (0), δij , 0, . . . , 0). It
follows from this fact that

hH± [φ]ij(0) = δij(− cosφ± κi) and gDij (0) = δij .

Therefore, we have κ̄±[φ]i(0) = − cosφ± κi and

Kh
±[φ](0) =

n−1∏
i=1

κ̄±[φ]i(0) =
n−1∏
i=1

(− cosφ± κi).

The tangent φ±-flat elliptic hyperquadrical indicatrix is given by

(Xd
f )

−1(HQD(v±
0 [φ], cosφ)) =

{
(u1, . . . , un−1) | sin2 φf2(u1, . . . , un−1)

= cosφ(

n−1∑
i=1

κ̄±[φ]i(0)u2i ± 2g(u1, . . . , un−1))
}
.

In the last part of this section, we give some examples for the case n = 3. By
the same reason as in Section 7, we can show that the φ±-hyperbolic dual Nh

±[φ] is
the cuspidal edge or the swallowtail for a generic spacelike surface MD ⊂ S3

1 . The
corresponding tangent φ±-flat elliptic hyperquadric indicatrices are the ordinary
cusp for the cuspidal edge and the tachnodal for the swallowtail.

Example 13.1. Suppose that

f(u1, u2) =
cosφ

sin2 φ

(
1−

√
1− sin2 φ(u21 + u22)

)
+

2

3
u31 − u22.

Then κ1 = cosφ and κ2 = − cosφ − 2, so that we have Kh
+[φ](0) = 0 and

Kh
−[φ](0) = 4 cosφ(cosφ − 1). Therefore, the origin is a φ+-hyperbolic parabolic

point for any φ ∈ [0, π/2]. However, κ̄+[φ]1(0) = 0 and κ̄−[φ]2(0) = 2. The positive
tangent φ-flat elliptic hyperquadrical indicatrix is the ordinary cusp u22 = 2

3u
3
1.

Consequently, the positive φ-hyperbolic dual Nh
+[φ] is a cuspidal edge at the ori-

gin. However, the negative φ-hyperbolic dual Nh
−[φ] is non-singular at the origin for

φ �= π/2. Since the tangent small elliptic hyperquadric (π/2-flat elliptic quadric)
is unique, the negative π/2-hyperbolic dual Nh−[π/2] is also a cuspidal edge at the
origin.
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Example 13.2. Consider the function

f(u1, u2) =
cosφ

sin2 φ

(
1−

√
1− sin2 φ(u21 + u22)

)
+ u41 − u22.

Then κ1 = cosφ and κ2 = cosφ − 2. By the same reason as the previous example
the origin is a φ+-hyperbolic parabolic point for any φ ∈ (0, π/2].

The positive φ-flat elliptic hyperquadrical indicatrix is the tachnode u22 = u41.
So, the positive φ-hyperbolic dual Nh

+[φ] is a swallowtail at the origin. However,
the negative φ-hyperbolic dual Nh

−[φ] is non-singular at the origin for φ �= π/2. By
the same reason as the previous example,the negative π/2-hyperbolic dual Nh−[π/2]
is a swallowtail at the origin.
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