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Potential estimates and gradient boundedness for
nonlinear parabolic systems

Tuomo Kuusi and Giuseppe Mingione

Abstract. We consider a class of parabolic systems and equations in
divergence form modeled by the evolutionary p-Laplacean system

ue — div(|Dul? "> Du) = V(x, ),

and provide L°°-bounds for the spatial gradient of solutions Du via nonlin-
ear potentials of the right hand side datum V. Such estimates are related
to those obtained by Kilpelainen and Maly [22] in the elliptic case. In turn,
the potential estimates found imply optimal conditions for the bounded-
ness of Du in terms of borderline rearrangement invariant function spaces
of Lorentz type. In particular, we prove that if V € L(n + 2,1) then
Du € L., where n is the space dimension, and this gives the borderline
case of a result of DiBenedetto [5]; a significant point is that the condition
V € L(n + 2,1) is independent of p. Moreover, we find explicit forms of
local a priori estimates extending those from [5] valid for the homogeneous
case V = 0.

1. Introduction and results

In this paper we study a class of nonlinear, possible degenerate parabolic systems
and equations, whose main model is given by the evolutionary p-Laplacean system

(1.1) uy — div(|Du|P~2Du) = V(,1).

Our aim is to establish optimal local estimates for the L°°-norm of the spatial
gradient Du of local weak solutions in terms of suitable nonlinear potentials of the
right hand side datum V. The results hereby presented actually cover a large class
of parabolic problems, including for instance all scalar equations in divergence form
of the type

(1.2) ug — diva(Du) = V(x,t)
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under suitable parabolicity and growth assumptions on the vector field a(:), and
more general parabolic systems with so called quasidiagonal structure, that is,
systems of the form

(1.3) uy — div(g(|Du|?)Du) = V(x,t) .

Specifically, we shall consider parabolic problems of the type in (1.2) in a space-
time cylinder @, = Q x (0, 7y), where Q is an bounded domain in R and 7, > 0.
The vector field V is assumed to belong to L?(Q., RY); by eventually letting V = 0
outside Q. we shall assume without loss of generality that V € L?(R"** R¥). The
vector field a: RV™ — RN™ is required to be C''-regular and to satisfy the following
structural conditions:

la(2)] + 10a(2)] (|22 + 52) 7% < L (212 + 2) P02,

(1.4) (r-2)/2
v (22 + )T AR < (Ba(2)A ),

for all A,z € RN" where

2n
n+2°

(1.5) n>2 N>1, s>0, 0<v<L<oo, p>

We immediately observe that the lower bound on p appearing in (1.5) is typi-
cal for the results that we are going to obtain, and essentially appears in all the
gradient bounds for parabolic equations [5]. In fact, the estimates developed in-
clude L*°-bounds for the gradient, which are known to fail if such assumption on p
is not considered. We refer to Chapter 8 of [5] for more results and techniques
in this direction. We moreover recall that in (1.5) the number s stands for the
parabolicity parameter; i.e., if s = 0 we are dealing with a degenerate parabolic
equation/system, while s > 0 the problems is non-degenerate. As a matter of fact,
after re-normalization it is easy to see that the cases one can confine himself to
consider are s = 0 and s = 1.

Solutions u: Q. — RY to (1.2) will be understood in the distributional sense, i.e.

(1.6) / (—u¢ + (a(Du), D)) dxdt :/ Vodadt

* *

is assumed to hold whenever ¢ € C5°(Q.); they will be moreover assumed to
satisfy
(0,72 Wig2 (2, RY)) .

loc

(1.7) ue CU0, 7 L (RN ) N LE
A well-established existence theory for solutions with such a regularity is available;
we address the reader for instance to [5] and [36] and related references. We remark
that the available existence theory provides us with solutions satisfying (1.7).
When dealing with the scalar case, i.e. N = 1, that is when we are considering
a single equation, the assumptions reported in (1.4)—(1.5) will be only ones con-
sidered on the field a(-). Instead, when dealing with the vectorial case N > 1, that
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is when dealing with a system and the solution is vector valued, we in addition
assume the quasidiagonal structure

(1.8) a(z) = g(|2)*)z, ze€RM" when N >1,

where g(-) is nonnegative function such that g € C1((0,00)). We shall thereby
consider parabolic systems as in (1.3). The specific form of the equation in the
vectorial case is sometimes referred to as Uhlenbeck structure [39], after the seminal
work [39] in the elliptic setting. It is worth to remark here that when considering
general parabolic systems as in (1.2), i.e., without assuming further structure pro-
perties as (1.8), solutions are known to exhibit singularities even when V = 0 and
therefore the estimates derived in the following cannot hold true; instead partial
regularity holds and for this we for instance refer to [10], [30] and related references.
The proof of the Hélder continuity of the spatial gradient of solutions to systems
as (1.3) when the right hand side vector field V' is smooth enough, is instead a
fundamental result of DiBenedetto and Friedman [6], [7], [8]. For basic regularity
properties of solutions in the elliptic case we refer for instance to [4], [9], [28], [29]
and [39].

In this paper, by means of a new estimate via nonlinear potentials, amongst the
other things we catch a borderline case of the L°-results of DiBenedetto, finding
optimal conditions on V' to guarantee the local gradient boundedness of Du. See
Remark 1.23.

1.1. Potential estimates

Let us start with the potential estimates. Since the breakthrough of Kilpeldinen
and Maly [22] in the beginning of the 90s, it is known that solutions to nonlinear
and possibly degenerate elliptic equations can be pointwise estimated in terms of
nonlinear Wolff potentials of the type

R = 1/(p—1)
o) whem = [ (AR T e i,

defined for general Borel measures F. Here B(z,p) C R™ denotes the open ball
centered at z*, with radius p. In turn, these are suitable nonlinear versions of
standard Riesz potentials, that is

* |FI(By(a)) do

(1.10) Ig(m*,R)zwg/m(x*,R):/ g Be0n].

0
Such estimates are the analog of those valid for the standard Poisson equation
—/Awu =V obtainable via representation formulas involving the fundamental solu-
tion, and in turn allow to deduce all type of regularity results on solutions from
the behavior of nonlinear potentials. Very recently, the possibility of extending
such pointwise estimates to the gradient level has been observed starting from the
paper [33] for nonlinear elliptic equations with linear growth (p = 2), and then
extended to the general degenerate case in the papers [11], [14] and [15]. In parti-
cular, such estimates allow to get sharp conditions for the gradient boundedness of
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solutions to elliptic problems as — div a(Du) = V in terms of the right hand side
datum V.

The aim of this paper is to provide local L>-estimates for parabolic equations
and systems of the type (1.2)—(1.3), in terms of a nonlinear potential of the right
hand side datum V. More precisely, given a vector field F € L%(Q., R"Y), we define
the nonlinear Riesz type potential PL by

" 1/2 g
(1.11) PF (z*, %) ;:/ (g2][ |F|2dmdt> e
0 Qolx* t*) 0

where Q,(z*,t*) = By(z*) x (t* — 02,t*) denotes the standard parabolic cylinder
with vertex at (z*,¢*) and width ¢ > 0; see next section for the notation adopted
in this paper. The reason why we are calling PZ" a nonlinear Riesz potential is
that PI" exhibits the same scaling properties of the usual Riesz-caloric potential;
that is, the obvious adaptation of the Riesz potential If to the parabolic setting:

T
d
IF (2", t*; ) ::/ Q][ |F|dmdt—Q.
0 ol(x=,t*) 0

In particular, both PX" and If" are independent of p —on the contrary to the Wolff
potential in (1.9)— and Hélder’s inequality gives If'(z*,t*;7) < PE(2*,t*). The
structure of P makes it an obviously good replacement for the standard Riesz
potential in order to derive regularity results for gradient of solutions when the right
hand side is at least of class L2. Indeed, in this paper we obtain potential estimates
for the spatial gradient of solutions in terms of Pf that in turn allow to obtain
optimal gradient boundedness criteria in rearrangement invariant function spaces
that are just as good as those implied by I} for L2-maps F. The matter is anyway
much more complicated than in the elliptic case since when p # 2 the anisotropicity
of the parabolic operators involved forces to use a delicate interaction between
DiBenedetto’s intrinsic geometry, and nonlinear potential techniques. We remark
that since the work of DiBenedetto in the eighties —see [5] for an overview— the
intrinsic geometry viewpoint has proved to be unavoidable in studying parabolic
equations with p-growth; see for instance [25] and [35].

The first result we are going to present is a nonlinear potential estimate in the
degenerate case p > 2.

Theorem 1.1. Under the assumptions (1.4), let u be a distributional solution as
in (1.6)~(1.7) to the equation (1.2), or to the system (1.3) with a(z) = g(|z|?)z;
assume also that p > 2. Then, for every £ € (0,1] there exists a constant c,
depending only on n, N,p, L,v,{ such that

B 1/2¢
1Dl < ¢ (£ (1Dul+ 9" |DuP* do i)
(1.12) o8

2
+e| P72 g, +cls +1)

holds for every parabolic cylinder Q, C Q..
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For the subquadratic case we instead have the following:

Theorem 1.2. Under the assumptions (1.4), let u be a distributional solution as
in (1.6)~(1.7) to the equation (1.2), or to the system (1.3) with a(z) = g(|z|?)z;
assume also that

2n
1.13 2>p> ——.
( ) =P n+ 2

Then, for every { satisfying

(1.14)

there exists a constant ¢, depending only on n, N,p, L,v,{, such that

o0 2/[46—n(2—p)]
[ Dul[1(q, ») < C( |Dul|*" dx dt)
Q’V‘

4/[(n+2)p—2n
+ellPyY A3 e (s + 1)

(1.15)

holds for every parabolic cylinder Q, C Q..

Remark 1.16. We remark that the global outcome of Theorems 1.1-1.2 is that
in any case p > 2n/(n + 2) it holds

(1.17) PV € L™ = Du <€ L{5.(Q.) .

A significant point here is that condition (1.17) is independent of p, in that the
exponent p does not appear in the definition of the potential PY .

Remark 1.18. Condition (1.14) is of course non-void provided n(2 — p)/2 < p,
and this is exactly guaranteed by assuming (1.13). Observe that by taking £ = p/2
in (1.15) we in particular obtain

2/[(n+2)p—2n]
IDuls~a, < e (1D da)

+c HP,YHi/O[O(&;Q))p_%] +e(s+1).

(1.19)

Remark 1.20. The form of the estimates presented in Theorems 1.1 and 1.2 is
in a certain sense optimal, as in the case V = 0 it allows to recover the sharp
interpolated L* bounds of DiBenedetto [5]; related bounds in L? are available
in [1]. Indeed, for solutions to the evolutionary p-Laplacean system

uy — div(|DulP~?Du) = 0,

estimate valid (see Theorem 5.1 in Chapter 8 of [5]) for the case p > 2 reads as

1/2¢
(1.21) ||DuHLoo(QT/2)§C(][ |Du|p—2+2zdxdt) +1
Qr
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for every ¢ € (0,1], where ¢ = ¢(n, N,p,v, L, ¢), while in the case (1.13) estimate
in Theorem 5.2 in Chapter 8 of [5] gives

y 1/[4t=n(2-p)]
(1.22) |Dull <@, < [Dul* dudt) 41
Qr

whenever 2¢ > n(2 — p)/2 holds. Estimates (1.21)—(1.22) are now a consequence
of (1.12) and (1.15), respectively.

An interesting point in our approach to estimates (1.12) and (1.15) is that it
allows for one-step proof of the gradient bounds. Indeed, estimates as (1.21)—(1.22)
are usually obtained in three steps: i.e., first Moser’s iteration technique to prove
that Du € L9 for every q < oo, then De Giorgi’s to prove Du € L°, and finally
interpolation to allow the variability of the exponent ¢. On the contrary, we here
achieve the general interpolated form in (1.12)—(1.15) in one step, via a suitable
scheme of self-improving estimates and a variant of De Giorgi’s iteration technique.
Our strategy is to first achieve a very preliminary form of pointwise estimates via
certain potentials that still involve the solution in a way that takes into account
the intrinsic geometry of the problem. Then, in the second step, we switch from
intrinsic potentials to non-intrinsic ones.

We finally remark that the exponent 4 /[(n+2)p—2n] appearing in the right hand
side of (1.15) is typical of subquadratic estimates in parabolic problems —see [5]
again— and indicates the asymptotic failure of the estimate when p— 2n/(n + 2).
Indeed, when p < 2n/(n + 2) finite time blow-up maybe expected. See also Re-
mark 1.27 below.

1.2. Function spaces criteria

The estimates of Theorems 1.1 and 1.2 allow to get several boundedness criteria
for Du in terms of V; here we shall present a few basic ones regarding borderline
function spaces. The heuristic is now the following: as described before Theo-
rem 1.1, the nonlinear potential PI is strongly related to the Riesz caloric poten-
tial I in that they essentially exhibit the same scaling properties. In turn this
implies that PZ allows to recover the same conditions for gradient boundedness
implied by I, as for instance the borderline ones using Lorentz spaces (we refer
to Section 2.2 below for the relevant definitions). Specifically, we recall that in the
elliptic case —Au = V we have that |Du| = < |1} ||z~ and this in turn implies
Lorentz space regularity conditions: V' € L(n, 1) is sufficient to conclude with the
gradient boundedness. Here we see that the potential PL allows for completely
similar conclusions in the parabolic case, where by elementary scaling consideration
the right space with L(n, 1) has to be replaced is L(n + 2,1). Indeed, we have:

Theorem 1.3. Under the assumptions (1.4), let u be a distributional solution as
in (1.6)~(1.7) to the equation (1.2), or to the system (1.3) with a(z) = g(|2|*)z. If
Ve L(n+2,1) locally in Q., then Du € LS (Q.).
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Remark 1.23. Theorem 1.3 provides us with an optimal borderline case of the
L*°-result in Section 1-(ii), Chapter VIII, of [5], where it is proved that

Ve L' — Du e L(Q,)

whenever £ > 0. In fact we recall that L"*2T¢ C L(n+2,1). We explicitly remark
that a significant point of Theorem 1.3 is that the space L(n+ 2, 1) needed for the
gradient boundedness is independent of p.

The next result tells us that when V(+) has a special structure, and in particular
when it is time-independent, we get closer to the elliptic case; see also Remark 1.27
for more explanations and comments.

Theorem 1.4. Under the assumptions (1.4), let u be a distributional solution as
n (1.6)~(1.7) to the equation (1.2), or to the system (1.3) with a(z) = g(|z|?)z;
assume also that n > 2. If

(1.24) Vix,t) = Vi(x)Va(t),

where Vi € L(n,1) and Vo € L locally in  and (0,7.) respectively, then Du €
LiSe(Qx)-

As mentioned, we remark that the limiting role of the space L(n,1) already
appears when looking at Poisson —Awu = V: It happens that V € L(n,1) is a
sharp condition for the gradient boundedness, while the weaker V' € L™ is not
sufficient. Moreover, when V € L? for some ¢ > n, then the gradient is Holder
continuous. We refer to [32], [33] and [34] for a more detailed description of the
setting and for further references.

Remark 1.25. We observe that by looking at the proof of Theorems 1.3-1.4 it
is not difficult to see that it is also possible to have explicit local estimates of
|| Du|| Lo, in terms of the norms ||V (n42,1) and [[Vi]|z(n1)l|V2|lLe, respectively.

1.3. Refined bounds

Considering the case of Theorem 1.4 we observe that when V'(+) is time independent
—or equivalently is of the form (1.24) with V5(t) being a locally bounded function—
estimate (1.12) can be slightly improved in that a better exponent is allowed for
the potential.

Theorem 1.5. Under the assumptions (1.4), let u be a distributional solution as
in (1.6)~(1.7) to the equation (1.2), or to the system (1.3) with a(z) = g(|z|?)z;
assume also that p > 2 and that V(z,t) = V(). Then, for every £ € (0, 1] there
exists a constant ¢, depending only on n, N,p, L, v, ¢ such that

1/2¢
||D'LLHLOO(QT/2) <c (][ (|Du| + S)P*2 |Dul* da dt)
(1.26) Q.

1 —1
+e|[PY A +els+1)

holds for every parabolic cylinder Q, C Q..
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Remark 1.27. The occurrence of the smaller exponent 1/(p — 1) instead of 2/p
in (1.26), when V(-) is time independent, is not surprising. Indeed, this is exactly
the parabolic version of the elliptic estimate in [14]. Thinking of the asymptotic
profile —that is of course possible when V' (z,t) is independent of ¢ — estimate (1.26)
reduces to the elliptic one in [14]. We observe that apparently it is not possible to
derive the same estimate in the case p < 2. This seems to be linked to the fact that
when p < 2 the diffusivity of the equation weakens up to the stage that it becomes
insufficient to prevent a blow-up when p < 2n/(n + 2). In turn a finite time blow-
up of the gradient may already occur when V' (z,t), which acts as a source term, is
time independent, so that it makes no sense to talk about stationary solutions. The
exponent 4/[(n + 2)p — 2n] appearing in (1.19) therefore reflects the tendency of
the estimate to deteriorate when p approaches the borderline exponent 2n/(n+ 2).

1.4. Plan of the paper and technical novelties

This is now as follows: in Section 2 we recall the basic notation and a number
of basic properties of Lorentz spaces; in particular, we establish a few elementary
but useful inequalities linking such spaces to the nonlinear potential introduced
in (1.11).

In Section 3 we build up an approximation scheme aimed at reducing the proof
of the regularity results to a priori estimates valid for a priori regular solutions.
This involves a certain number of rather standard arguments and the proofs will
be at this stage mostly sketched.

In Section 4, we shall prove a basic (weighted) Caccioppoli type estimate
(see (4.2) below) valid for the function v := |Du|?. As explained later, the va-
lidity of such an energy estimate stems from the fact that when the right hand
side V is equal to zero, the quantity v = |Dul|? turns out to be a subsolution of
a suitable parabolic equation of porous medium type [24]. This fact, originally
observed by Uhlenbeck in the elliptic case [39] and going back to Bernstein in the
linear case, extends to parabolic systems as well, see [5]. A side effect of this prop-
erty of v = |Du|? is that, although the function v ceases to be a subsolution when
V' 2 0, we can still prove an energy inequality for it, that in turn reduces to the
one that v would automatically satisfy, when V' = 0, as a subsolution of a linear
parabolic equation. This fact holds in the scalar case N = 1 while in the general
vectorial case it holds provided the structure assumption (1.8) is considered. It is
worth to point out at this stage that, following a traditional path going back to the
classical De Giorgi’s paper [3], all the remaining proofs of the paper will use the
fact that v satisfies (4.2), and the fact that u is a solution will not be anymore used.

In Section 5 we show how to apply the Caccioppoli’s type inequality (4.2) to
derive intrinsic potential estimates for v, namely (5.11) and (5.26). This means that
the resulting estimates will not involve a potential of the right hand side PV, but
rather a intrinsic potential of the type (2.2) below, that is sz, where both k and V
depend on v itself. The reason for this occurrence is that the energy estimate (4.2)
turns out to be a weighted one when p # 2, with a weight of the type (s24v)®P=2)/2
that is naturally linked to the structure of the p-Laplacean operator. In turn this



POTENTIAL ESTIMATES AND GRADIENT BOUNDEDNESS 543

is a typical fact when dealing with the evolutionary p-Laplacean operator, which
clearly exhibits a space/time anisotropicity when p # 2.

In Section 6 we finally use properly scaling and iteration argument to set us
free from the intrinsic potentials used, finally achieving the proof of the results. In
Section 7 we outline some possible refinements concerning more general equations
and systems of the type

(1.28) ug — diva(z, t,u, Du) = b(z, t,u, Du) .

2. Preliminary results and notation

2.1. Notation

In this paper we follow the usual convention of denoting by ¢ a general constant
larger (or equal) than one, possibly varying from line to line; special occurrences
will be denoted by ¢1, etc.; relevant dependence on parameters will be emphasized
using parentheses. Again following a standard convention we shall denote by x
the indicator function of a set A. Moreover, given a real valued function g and a
real number k, we shall denote

(9 — k)4 :=max{g — k,0}.

With A € R"™! being a measurable subset with positive measure, and with
g: A — R* being a measurable map, we shall denote its average by

1
][g(m,t)dmdt = —/ g(z,t)dxdt,
A 1Al Ja

|A| being the Lebesgue measure of A. In the rest of the paper, when considering
function spaces of vector valued, i.e., taking values in R* with & > 1, such as
Whr(Q,R¥),CO(Q,R¥), etc, when not essential in the context we shall omit de-
noting R¥ thereby simply denoting WP (Q), C°(Q), etc.

We shall denote in a standard way

B.(z*):={z eR" : [zr —a*| <r}

the open ball with center z* and radius r > 0; when not important, or clear from
the context, we shall omit denoting the center as follows: B, = B,.(z*). Moreover,
when more than one ball will come into the play, they will always share the same
center unless otherwise stated. We shall also denote B = By = B1(0); more in
general, when no confusion will arise or when the specific radius or center will
not be important we shall abbreviate by B any ball under consideration. When
referring to a certain ball B C R™, we shall often indicate by r(B) its radius. As
usual, the standard parabolic cylinders with are defined as

Qr(z*,t*) = B.(z*) x (t* —r?,17).
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Beside the usual parabolic cylinder we shall it useful to define the intrinsic cylinders
of the type

(2.1) Qrr(x*,t*) = By(x*) x (t* — k= P=2/2:2 ) k- >0,

for (z*,t*) € R™™1; obviously Q.(x*,t*) = Q,1(z*,t*). The use of the word
intrinsic stems from the fact that such cylinders will be used in a context where
the number k depends on the behavior of the solutions on the same cylinder. This
terminology has been introduced by DiBenedetto in [5]. As for the balls, when the
vertex will not be important in the context, or when all the cylinders will share
the same vertex, we shall simply denote Q,(z*,t*) = Q, or Q, x(z*,t*) = Qr k.

Accordingly, beside the potential defined in (1.11), for an L2-integrable map
F: Q. — RY we define the intrinsic nonlinear potential Pf’jk as

* gk " 1/2 dQ
(2.2) Pr, (2" 1 ):/ (92][ (P drdr) %
0 Qo (z*,t*) 0

We obviously have P, = PF.

We now recall a few basic consequences of the assumptions in (1.4). It is stan-
dard to check that the ellipticity property in (1.4) implies the following strong
form of monotonicity:

(2.3) M|zl + |22 + 1) P22z — ) < (alz2) — alz1), 22 — 1),

where ¢ = c(n, p,v) > 0, and whenever z;, 2o € RN™, Finally, we recall a standard
iteration lemma whose proof can be for instance found in [17].

Lemma 2.1. Let £ > 0 and 0 < § < 1. Suppose that the function ¢: (0,1] — [0, 00)
s finite and satisfies

(2.4) d(o’) < d¢(o) + (0%,)5 + B

whenever 0 < r/2 < o’ < o <r. Then there is a constant ¢ depending only on &
and § such that

cA
(b(’l“/Q) < 7“_5 +cB.
The next elementary lemma is taken from [2].

Lemma 2.2. For every p € [1,00) and s > 0 there is a constant ¢ depending only
on k and p such that the following inequality

(€1 + 5272 < e(jwl® + 822 + c(|w]* + ¢ + s2) P22 )¢ — w]?

holds whenever &,w € R¥.
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2.2. Lorentz spaces and nonlinear potentials

We start recalling a few basic definitions concerning Lorentz spaces. Let F': Q. —
RY be a measurable map, and let preliminary extend F to R™*! by letting F' = 0
outside Q.. We assume [{z € Q. : |F(z)| > t}| < oo for ¢ > 0. The decreasing
rearrangement F™*: [0, 00] — [0, 0] of F is defined as the (unique) non-increasing,
right continuous function which is equi-distributed with |F'(+)|, that is,

F*(s):=sup {h>0: [{z € R"™" : |[F(2)| > h}| > s}.

Now, the usual definition of the Lorentz space L(v, ¢)(Q+) = L(7, q), for v € (0, 00)
and ¢ € (0, 00) prescribes that

(25) Fla= (2 [7 (Foe7)" %) " <cc.

Y 0

The local version of Lorentz spaces is defined in the usual way by saying that
F € L(v,q) locally in Q. iff xaF € L(~,q) for every open subset A € Q..

Lorentz spaces refine the standard Lebesgue spaces and it follows from the
definition that L(v,v) = L". For more on Lorentz spaces we refer for instance
to [37]. A classical fact due to Hunt [19] states that when considering the maximal
operator of F* it is possible to obtain a quantity, in fact equivalent to the one
in (2.5) when v > 1, that defines a norm in L(v,q). More precisely, defining for
s > 0 the following maximal operator:

1 s

(2.6) Fo(s) = & / F(t) dt
5 Jo

for ¢ < oo, the quantity

||F\ N = (%/OOO (F**(Q)Ql/ﬂ/)q d—;)l/q

is such that
(2.7) [Flyg < 1 Fllv,g < e(v,@)[Fly,q for y>1,
see for instance Theorem 3.21 in [37]. The following inequality, which is a straight-

forward corollary of the definition of rearrangement of a function, holds whenever
A C Q. is a measurable set:

|A]
(2.8) /A|F(:E,t)| dxdt < /0 F*(s)ds.

In this paper we shall consider essentially two Lorentz spaces, that are L(n +2,1)
in R"*! and L(n,1) in R™. In this respect we briefly describe a connection between
such spaces and the nonlinear potential defined in (1.11).
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Lemma 2.3. Let F € L?>(R""1 RYN); for every r > 0 it holds that

n+2

wnr . 12 d
(2.9) P~ < 01/0 ((|F|2) (0)0*/¢ L+2)) _9,

0

where the constant ¢y depends only on n and w, denotes the measure of the unit
ball in R™. In particular,

(2.10) FecLn+21)=PFer>.

Proof. Observe that (2.8) implies

2 n+2

CQ wng * *k
7 f PP de dt < / (IF[2) ()ds < (1 F )™ (wno™?)
Q,_,(a:*,t*) 0

Wn Qn+2

Therefore we also have
F/ x 4% " 2\ k% n+2 1/2
PIG ) < [ [IPP) (e de

and (2.9) follows changing variables in the previous inequality since the point
(x*,t*) is arbitrary. Finally, the implication in (2.10) is a consequence of the fact
that F € L(n+2,1) iff |F|? € L((n +2)/2,1/2), together with (2.7). O

A completely similar proof gives the following:

Lemma 2.4. Let F € L>(R"*1 RY) be time independent, and let n > 2. If F €
L(n,1) then PE € L>°. The same holds if F(x,t) = F\(z)Fy(t) with Fy € L(n,1)
and Fy € L*°.

3. Approximation and preliminary reduction to a priori esti-
mates

In this section we show how to reduce the proof of the theorems stated in the
Introduction to the case the solutions considered are supposed to enjoy additional
regularity properties. Specifically after the results in this section we shall show
how to reduce the case that the solution u considered is such that

(31)  u€ Lie(0, s W (QRY) N W (U RY)),  Du e O (Qu, RM™)

for some a € (0, 1]. The procedure is rather standard and similar approximation
methods useful in the present regularity setting are described both in the elliptic
and in the parabolic setting for instance in [14] and [16]. For this reason we shall
sketch several parts of the proofs, describing in detail only those needing additional
explanations.
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3.1. Approximation in the scalar case

We start explaining the approximation procedure in the scalar case N = 1. First of
all let us remark that, since the estimates of Theorems 1.1-1.5 are local in nature,
up to consider smaller cylinders of the type ' x (0,7, — o), with Q' € ) being a
Lipschitz subdomain and o € (0,7, ), we can in the following assume that

u € C°0,7,; L3(Q)) N LP(0, 7 WHP(Q))

and that Q is itself Lipschitz regular. Yet, we recall that up to letting V = 0
outside Q., we shall assume that V € L2(R"*1).

We start mollifying the vector field a(-) and truncate the source term V(-) as
follows. Let € > 0 and let 6. € C§°(B<(0)) be a standard mollifier with B.(0) C R",
such that [, 0-(z) dz = 1. Define

0e(e) = [ 0u(e—ypaly) dy.
Then a.(+) is clearly a smooth vector field and, moreover, the following structural
conditions hold:

)1/2 (p—1)/2

ja=(2)| + 9ac(=)] (12 +52) /> < e (12 + 52)
(1A +2) TR < (@aa(2)A )

whenever z, A € R", with a constant ¢ > 1 depending only n,p, v, L but not on ¢;
for this see also [14], [16]. Here,

(3.2) se=s+e>0.

By using (1.4); and mean value theorem,

la(y) — ()| < |y — 2| sup [9a(€)] < eclz| sup (jg[> + %)
£€B:(2) £E€B:(z)
< ec (|Z|2 +s§)(P*1)/2
for all y € B.(z). It thus follows that
(3.3) la(2) — ac(2)| < ec (|22 + s2) 7Y%,

Moreover, we truncate V' as
(1 1
V. = mm{—,max{ — —,V}} € L>®(Qx).
€ €

We now define u. € C°(0, 7.; L?(Q)) N LP (0, 7.; WHP(€)) as the unique solution
to the following Cauchy—Dirichlet problem:

(3.4) {(ug)t —div ac(Dus) =V in Q.
U =u on OpQx.
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Here 0,0, stands for the parabolic boundary of @, i.e.,
FpQx = (2 x{0}) U (92 x [0,7.]).

The lateral boundary values are taken in sense of traces, i.e., it holds that u. — u
S Lp(O,T*;WOl P(€2)), and initial values are taken continuously in L2, that is,
l(ue —u)(-,t)||L2) — 0 as t | 0. Such a solution wu. exists by standard exis-
tence theory, see [36]. The nondegeneracy/nonsingularity of the equation of (3.4)
and boundedness of V. guarantee, by standard regularity theory [5], that

ue € L3, (0, 7; W22(Q) N CY(Q.), Du. € CO%(Q.)

loc

holds for some « € (0,1).

In the following, by {u.} we shall actually mean a sequence {u., }, where
en, — 0; moreover, at the end of the proof of the next lemma, we shall pass to
subsequences, that will be still denoted, for the sake of simplicity, by {u.}.

Lemma 3.1. Under the assumptions of Theorems 1.1-1.5, up to a non-relabeled
subsequence, we have that

(3.5) u. —u  strongly in LY _(0,7.; WHP(Q)).

loc

In particular, if the solutions u. satisfy a priori estimates in (1.12), (1.15)
and (1.26) uniformly with respect to € > 0, then so does u.

Proof. Extend first u. — u to be zero outside the set Q x (0,7.) and let g, €
C§°(—=h,h), h > 0, be a standard symmetric mollifier, such that fR opdt = 1.
Denote in short

ol (t) = / on(t — s)w(s) ds

for any integrable function w. Let us subtract the equations (1.2) and (3.4);
and eventually test with ¢, = [[u — uc]pbnln, and ¢ = ¢o = (u — u.)f, where
O, = (T« —t — 2h)4 /(7% — 2h), 0 < h < 7../4, and

(3.6) 0=00= (T —t)4/Tx.
We then have ¢, € W, ""(Q.) and
/ (a(Du) — ac(Du), Dép) da dt

(3.7) -
:/ V= V)on dacdtJr/ (u—u.)(dn) du dt.

Let us estimate the terms appearing on the right hand side of the previous
inequality. First, Fubini’s theorem and integration by parts implies

/*(u—ug)(@b)tdl‘dt _ %/*[u—ug],%(ﬁh)t do dt = —mH[u—ug]hniz(Q*).
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Moreover,

[ = Vosndede] < IV~ Voo = wlalli=ca.

holds again by Fubini’s theorem and then by Hélder’s inequality. Thus Young’s
inequality yields

Te — 2h 1
| [ w=voomasar) < E2W VIR .y + g el

Combining these, we obtain

. Ta
hmsup(/ (V—=V.)on d:ﬂdtJr/Q (u—ue)(on)t d:cdt) < EHVngH%%Q*).

h—0

Furthermore, since u.,u € LP(0,7.; W1?(2)), we have by the LP-convergence of
mollifiers that

(a(Du) — az(Due), Dpp) — {a(Du) — ac(Due), Do)

in L'(Q.) as h — 0. Thus we conclude with

. . Tx
(3.8) hmsup/ (a(Du) — ae(Due), D¢) dxdt < limsup EHV - VEH%Z(Q*) =0.
e—0 . e—0

We now rewrite the integrand in (3.8) as

<a(Du)— Qe (Dug), D¢>

(3.9) — (a(Du) — a(Du.), D) + (a(Duz) — ac(Du), Dg) -

Using (3.3) we conclude
(3.10)  (a(Du.) — ac(Du.), Du— Du.) < ec (|Duc|? + 52)? ™2 D(u - u.)|.
On the other hand, (2.3) implies
(3.11) c{a(Du) — a(Du.), Du— Du) > (|Dul? + | Duc | + s2) "2 | D(u — u.) 2
for all p > 1. The last inequality together with Lemma 2.2 further gives
|Ducl? < (s + |Dul? 4+ (a(Du) — a(Due), Du — Du.))
and in view of (3.9) and (3.10), by using Young’s inequality, we also have
(3.12) |DuclP < ¢(s? + |Dul? 4+ (a(Du) — a-(Duc), Du — Du,))

for sufficiently small e. Thus, by (3.8) and the previous estimate, we conclude with

/ |Du5|p9dxdt§c(s§+/ |Du|pdmdt+||V—V5||%2(Q*)).
Qx

*
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This, on the other hand, together with (3.10), readily implies
(3.13) / (a(Dug) — as(Dug), D¢) dzdt — 0
as € — 0. Therefore (3.8), (3.9), and (3.11) yield

lim [ (|Duf? + |Ducl? + 52) "2 | D(u — u.)|?0 dz dt = 0.
Q.

e—0
In the case p > 2 we immediately obtain that
(3.14) Du. — Du in LP(Q.).
In the case p < 2 we obtain the same by Hoélder’s inequality:

(2—-p)/
D(u —ug)POdx dt < Dul? + |Du.|? + s2 p/29dxdt nr
| :

Q« Q-+

2/
X (/ (|Duf® + |Duc]* + s )(p 22 |D(u — u.)|?0 dx dt) "0
Q=

as € — 0 since the first term on right is bounded by (3.11) and the second one con-
verges to zero by (3.13). Now (3.14) follows again taking into account the definition
of 0 in (3.6), and using a standard diagonal argument. In turn, Sobolev’s embed-
ding theorem implies the convergence of u. to u in LP and we conclude with (3.5).
We finally conclude showing how to pass to the limit in estimate (1.12), applied
to u.. The proof for the a priori estimates of Theorems 1.2 and 1.5 is completely
similar. Assuming the uniform validity of (1.12) for u., noting that P): < PV,
using lower semicontinuity in order to deal with the left hand side and the strong
convergence for the gradients in LP to treat the right hand one, we have

[1DullLoe(q, o) < Hmnf{| Ducl| Lo (q, )

1/2¢
< climsup (][ (|IDuc| + $)7~2 | Duc|* da dt) + c||PV||2/p ) Fe(s+1)
Qr

e—0

1/2¢
< c(][ (IDu| + 5)7~2 [ Du|2 dxdt) el PY 22 g +els +1).
Qr

Note that to conclude the converge of the right hand side integrals it is essential to
have that p — 24 2¢ < p. The proof for estimates (1.15) and (1.26) is completely
similar. In the case of (1.15) we have of course to assume that 2¢ < p. O

3.2. Approximation in the vectorial case

Here we pass to examine the vectorial case N > 1. The only different point with
respect to the scalar case is that the regularized vector fields a.(-) have to be
constructed in such a way that the additional structure condition (1.8) is also



POTENTIAL ESTIMATES AND GRADIENT BOUNDEDNESS 551

satisfied. To this aim we recall a technique already used in Lemma 3.2 of [16].
For € > 0 we define

(3.15) ac(2) :== g (|2]*)z, where g.(t) :=g(e*+1).

Using (1.4) an (1.8) it is now easy to see that the same (1.4) are satisfied by a.(+)
with s, defined as in (3.2). The rest of the proof proceeds exactly as in the sca-
lar case.

4. A Caccioppoli inequality of porous medium type

In this section we prove a weighted Caccioppoli estimate which is the starting point
of all the later results. More precisely we shall exploit the well-known fact that in
the case of a zero right-hand side V = 0, the quantity v = |Du|? turn out to be a
subsolution of a parabolic equation of porous medium type. The idea is now that,
although the presence of a non-zero right hand side V' does not allow to draw a
similar conclusion, the same principle can be nevertheless used to prove directly
that v satisfies a weighted Caccioppoli type estimate. Such an inequality in turn
coincides with the usual one that v would automatically satisfy as a subsolution
in the case V = 0.

We shall give actually two proofs: the first is for general parabolic equations; the
second one for systems satisfying the quasidiagonal structure condition in (1.3).
By the remarks and the approximation procedure in Section 3 we shall assume
to work with a nondegenerate equation/system, that is the parameter s in (1.4)
is assumed to be larger than zero —and to deal with a smoother solution, more
precisely,

(4.1) w e L20,7.; W22 (Q) N W2 (Q)).

loc loc

In the rest of the section we shall denote by ) a general cylinder of the type
Q = B x (11, 72) C Q. In this case we shall denote T := (71, 72).

Proposition 4.1. Let u be a distributional solution to (1.2) with s > 0, and sat-

isfying the regularity condition in (4.1). Let v = |Du|? and k > 0; let ¢ € C$°(Q)
be nonnegative. Then there is a constant ¢y, depending only on n,p,v, L, such that

esssup/ (v—k)% ¢* dx—i—/(82+v)(”_2)/2|D(v—k)+|2¢2 dx dt
ter JB Q

(4.2) < Cl/Q ((52—#1})(”*2)/2(1}—16)1|D¢|2 + (v—k)% ((¢2)t)+> dx dt
+ ¢ /Q V2¢? da dt ,
where

~ 1-p/4
(4.3) Vi = (52+v) »/ VIX{o>k} -
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Proof. In the following we shall repeatedly use Einstein’s summation convention on
repeated indexes; moreover, we shall denote by ¢ € C3°(Q) a smooth test function
that we will eventually change and choose several times. Actually the choice we
shall make of the functions ¢ will not lead to a C*° choice; on the other hand, by
the assumed regularity of w in (4.1) and usual density arguments, will always lead
to an admissible choice in integral identities where the choice of ¢ will be made.

Finally, note that the usual problem —typical when dealing with parabolic
equations— that consists of considering solutions that are not differentiable with
respect to time can be bypassed as usual by using a smoothing procedure via
mollifiers or via Steklov averages; for this we refer to [5]. It is anyway important
to remark here that, when testing with functions like v = |Du|? or the like, this is
allowed since we are assuming more regularity on the solution, namely (4.1).

Indeed, recalling (4.1), in the weak formulation (1.6) instead of ¢ we insert
D¢, m e {1,...,n}, and integrate by parts to get

/ (= Dystichy+(Don (0 (D)) Dss) dar dt = — / V Dyns da dt.
Q Q

Let us introduce the matrix

" . (ai)Zj (Z)
a;j(z) = W

for z € R™, which is uniformly elliptic in the sense that
(4.4) a(:)l < L, (a(z)AA) = v|Af
hold for all z, A € R™. By using that Dp,a;(Du) = (a;).; (Du)(Dy,ju) we therefore

arrive at
(4.5) / (—mept+(52+|Du|2)<p—2)/2ai7jpmjuDi¢) dmdt:—/ VD da dt .
Q Q

Next, instead of ¢, insert ¢D,,u in (4.5); note that this is one of the points that
has to be justified via the use of mollifiers or Steklov averages. Since

Dm]“(Dl((meu)) = Dy juDyud+DpjuDpuD;¢

and )
*Dmu(QSDmu)t = *5((Dmu)2)t¢7(Dmu)2¢t
hold, integration by parts first yields

1
—/ Dpu(pDpu) da dt = ——/ (Dpu)’¢y dadt
Q 2 Jq

and thus we gain

1
/Q §(Dmu)2¢>td:c dt + /Q (s2+|Du|?)P=2/2G,; i (DypjuDomits+ DomjuDpuD;) da dt

= _/ V(¢Dm77Lu+D77LUD77L¢) dz dt,
Q
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which in turn holds whenever ¢ € C§°(Q). Summing up the previous identity over
m € {1,...,n}, recalling that since v = |Du|? it then follows D;v = 2D, uDyu,
we obtain

I+11:= / (s240)P=D/2G, . DjvD;¢ da dt
Q

+) / (s24+0)P=2/2¢G; . D,y juDpiu da dt
(4.6) m @

1
= E (/ V (¢Dmmu+DpmuD,y,d) dx dt) + 5/ vy d dt
m Q Q

=11+ 1V.

Now we replace ¢ with (v—k);¢? k > 0, and with ¢ > 0; note that this again
requires justification via use of Steklov averages since v does not have time deriva-
tives. We estimate the resulting terms in (4.6), starting by I'V. We get

1 1
v = —/ o(0—k) s 6), dudt = - / (0—k)2 (62, dadt
2Jq 4Jq
We then pass to II; Young’s inequality in turn allows to establish
~ 1
ai i DjvDi((v—k)1¢%) > = |D(v—k) 4?9 —c(v—k) 3| Dol?,
so that

/Q(s?+v)<p2>/2|p(vk)+|2¢2 de dt < c1+c/Q(s2+v)<p2>/2(vk)1|D¢|2dxdt.

Again we have
/ (0 — k)4 (5 + 0)P~2/2| D226 da dit
Q
< c/ (v — k) (s* +0)P2D2G, ;i DyiuDypiud® de dt = c1I .
Q

Combining the last four estimates yields
/(vfk)+(s2+v)(p’2)/2|D2u|2¢2 dz dt
Q
1

(4.7) =1 kP @dudt + [ (240)®22D(0-k)4 P do

Q Q

< c/ ((32+v)(p’2)/2(v7k)1|D<;S|2> de dt + c || .

Q

To estimate |III| we observe that
| DDy (0=k) +6%)| < cv'/26 (ID(v—k) 4] + (v—Fk)+ | Do)
< c(s?0) TPV ((s240) P/ D (0 k) |6

+(s24+0) D4 (v—k). | Dg] )
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and
[(0=k)+8* D] < e/ (v=k) (87 +0) "0 (0—k) 1 (s 4+0) P24 D?u¢?
< (52 40)APV/A S(0—k) 4 (s240) P2/ D2y ¢ .

Using the last two inequalities and again applying Young’s inequality, we obtain,
with € € (0,1),

11| < /Q IV ((0—k)4 8 Dot Dyt Do (v—k) 4 6%)) | d it
<cfe) [ VG ) gy de
+5/Q(32+v)<"—2>/2 ((v—k)+|D*u?¢* + |D(v—k)1[*¢?) da dt
be /Q (2 4+0) P2/ (s— k)2 | D2 da d.

Connecting the above estimates for the terms I,...,IV to (4.7), and choosing
e =¢e(n,p,v, L) > 0 small enough in order to reabsorb terms we have:

j /Q(vk)i(qﬁz)t da dt + /Q(s2+v)(”2>/2ID(v/’<7)+|2<152 dz dt

(4.8)
Sc/(52+v)<P—2)/2(u—k)i|D¢|2da;dt+c/ Vi2¢? da dt .
Q Q

We now take now 7 € T, and in (4.8) replace by ¢? with ¢%6;, where 0; :=
(X(=o0,7) * ®;), where {®;} is a sequence of standard smooth and unidimensional
mollifiers. We obviously have that 6; — X(_oc,r) as j — oo, and 6; are smooth;
letting 7 — oo in the corresponding version of (4.8) we gain

/ (52-40) P=D/2| D(v—k) 4 [262 da dt + / [(v—k)2 6]z, 7) do
Bx{t<t} B

(4.9) < C/Q ((s2+v)(p_2)/2(v—k)2+|D¢|2 + (v—k)% ((¢2)t)+) dx dt
+c/ V22 da dt .
Q
Being 7 € T arbitrary in the previous inequality (4.2) follows. O

The previous result has a full analog in the case we are dealing with solutions
for parabolic systems under the additional structure conditions reported in (1.8).

Proposition 4.2. Let u be a vector valued solution to (1.3) with s > 0, under the
assumptions (1.4) with a(z) = g(|z|?)z, and enjoying the regularity in (4.1). Let
v=|Dul?, k>0 and ¢ € C*(Q). Then there is a constant c1, depending only on
n, N,p,v, L, such that inequality (4.2) holds with Vie defined as (4.3).
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Proof. The proof is in several respects similar to that of the previous proposition
valid for general equations, nevertheless we give the full details for the sake of
readability. The weak formulation (1.6) component-wise now reads as

/(fuaquJra?(Du)Digzﬁa) dacdt:/ Vep® dx dt,
Q Q
where € {1,...,N}. Instead of ¢%*, we insert D,,¢%, m € {1,...,n}, and
integrate by parts to get
(4.10) / (—Dot® b4+ (Do (0 (D)) Did®) dav dt = — / VD, da dt.
Q Q

Note that (1.8) implies
0,507 (2) = 9(|2*)3i;005 + 20/ (|2)27]
where §;; denotes the usual Kronecker’s symbol; therefore

(411)  Dyu(af (D) = g(|Dul) Dinu® + 29/ (1Duf?) Y- Dy Dy Do
7,8

For later convenience we again introduce the following matrix, which turns out to
be uniformly elliptic in the sense of (4.4):

0,042 (Du(z, 1))
(1 Dulz, ) D72

aioj;‘ﬁ (iC, t) =

Next, by (1.4) we notice that

> /Q(g(|Du|2)5ij5a5—|—2g'(|Du|2)Diu°‘Djuﬂ)DiFaDjFﬂ dx dt
(4.12) bgronf

1 _
> E/ (s2 + |Du®) "% | DFP? du dt
Q

holds for all vector fields F € LP(0,7.; W12(Q;R™)). Similarly, on the diagonal
« = 3, the inequality

> : (9(|Dul*)8;; + 2¢'(|Dul?) Diu® Dju) D; FOD; F* da dt
(4.13)  Bio

1 _
> E/ (52 + |Du®) "% | DFP? du dt
Q

holds.
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Using (4.11) in (4.10) yields
I* = —/ VD™ do dt :/ (=D u® @+ (D (a3 (Du)))D;¢™) da dt
Q Q

/Dmu‘%t dmdt—l—Z/ 2¢' (| Dul?) jmuBD u? Dju® D¢ da dt
.5,
+Z/ g(|Du)?)Dipu® D da dt
; JQ
K3
= I+ IS+ IS

Replacing then ¢ with D,,,u®(v — k)4 62, ¢ € C5°(Q), k > 0, after summation we
have

Z/ VoD, ¢ d dt = Z/ VoD mu® (v—k) 4 ¢? da dt

m,x

_Z/ VO Dyt Dy (v—k) 1. 62 dae dt

m,x
-> / 2VESD pu (v—k) y Dy da dt
m,a Q
=L+ 1+ 13
with ¢® = D,,u®(v — k) ¢?. Therefore we ultimately obtain

(4.14) Lt L+1Is=>Y (Y + 15 + II3) .

«

We now treat the terms in the right hand side of (4.14). First, recalling that
v = |Dul?, integration by parts yields

1
(4.15) II, = —Z/ Dy u®(Dpu® (v—k) 4 %), da dt = —Z/(u—k)i(a;?)t dz dt.
m,x Q Q
Next, we have

L= Y /Zg’(|Du|2)Djmu6Dju6Diu“Di(Dmuo‘(v—k)+¢2)dmdt

irjomaonB” @
= Z /29’(|Du|2)DjmuﬁDjuﬁDiuaDimua(v—k;)+¢2 dx dt
i,5,m,a,3
+ Z / |Du|) JmuﬁDjuﬁDiuaDmuo‘Di(v—k)+¢2dxdt
i,4,m,of3

+ > / "(|Duf?) Dy DjuP Dju® Dpu® (v—k) 4 ¢ Dich daz dt
i,j,m,a, 3
=11 +1lro + I3,
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and

I3 = Z / |Du| )Dimu® Dy (D (v— k)+¢ ) dx: dt

-3 / (1DuP) Dy s® D (v k) 4 62 div i
+ Z/ (|IDu|?) Dy s Dpyu® D (v—k) 4 ¢ daz dit

+ > / 29(|Duf?) Dipnu® Dyyu® (v—k) 1 ¢ Db da it

'Lma

=31+ 139+ 133.

After rewriting the sum of integrands of Il ; and II3; as

(v—k) 1 ¢? Z g(|Dul?*)8:560s + 29 (| Dul?) DjuP Dju® ) Djmu P Dimu®,

i,3,m,, 8

we appeal to the ellipticity condition (4.12) and conclude with

1
(4.16) Iy + IT3; > = / (v—F) 4 (s240)P~2/2| D%u|?¢? du dt.
&
Q
Furthermore, since
(4.17) Dy(v=k)1 = Do (|Dul* = k) = 2x(usry D Djmu” Dy,

7.8

we obtain

o= / 29/ (|Duf2) Dsus® Dyes® Dy (v— k) 1 Di (v—k) 62 da dt

i,m,o
and

113 2 = Z 6zm/ |Du| ) (U_k)+Di(U_k)+¢2 dx dt.
’L m
Thus (4.13) implies
1
(4.18) Iy + 139 > = / (s +0) P22 | D(v—k), |?¢? dz dt .
c
Q
Using again (4.17) and Young’s inequality, we also obtain
[IL33] + |II35] < c/ (s240)P=D/2| D(v—k) 1 |(v—k)+ | Do| ¢ du dt
Q
<c / (52-40) P22\ D(v—k) + 262z dt + c(c) / (240)P2/2 (s— k)2 | Do[2da dt,
Q Q

where € € (0,1).



558 T. Kuust AND G. MINGIONE

Combining the last inequality with (4.16) and (4.18), recalling (4.15), and
choosing € = e(n, N, p, v, L) small enough in order to reabsorb terms, we arrive at

(4.19) Ty + Iy + IIy
> fi/(vfk)Q(q@)t dmdtJr/(32+v)(p_2)/2|D(v7k)+|2¢>2d9cdt
Q Q
+ / (0—k) 1 (5240) P=2/2| D2u 262 d dt— / (240)P2/2 (s— k)2 | D2 dar dt,
Q Q

for ¢ = ¢(n, N,p,v, L). Furthermore, again by Young’s inequality, we obtain

L=Yrr< c/ V|| D2u|(v—k) 1 62 da dt
o Q

<c / (v—k) 4 (s240) P~ 2/2| D202 dar it + () / V262 du dt.
Q Q
Similarly, we find
L=YIg< e/ (8240)P=D/2| D(v—k) , [262 da dt + c(a)/ V262 du dt
a Q Q
and
I:=Y"Ig < C/ (s24+0)P=D/2(y—k)2 | Do |* dz dt + c/ V2§? da dt,
o Q Q
where we recall that, as in (4.3), it is Vi = (82+U)1_p/4 VIX{o>k -

Merging the last three inequalities with (4.19) and (4.14), finally choosing &
small in order to reabsorb terms, we conclude with

i/Q(vk)z(qu)t dmdt+/62(82+v)(1’2)/2|p(vk)+|2¢2dﬂcdt

< c/ (52+v)<P—2>/2(u—k)1|D¢|2da;dt+c/ V2¢? du dt.
Q Q

The statement now follows as after (4.8). O

5. Intrinsic potential estimates

In this section, following a strategy that goes back to the fundamental paper of De
Giorgi [3], all the a priori estimates for solutions will be obtained as a consequence
of the sole Caccioppoli inequality in Propositions 4.1 and 4.2. For this reason,
the proofs below do not distinguish between the scalar (N = 1) and the vectorial
case (N > 1). What we are actually going to do is to give statements valid for
general functions v satisfying an immediate corollary of inequality (4.2), that is
inequality (5.5) in Proposition 5.1 below. Then, in the next section we shall apply
the results obtained with the peculiar choice v = | Du|?, thereby proving the results
for solutions to general equations and systems as (1.2).
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5.1. Further preliminary estimates

A useful feature of reverse Holder’s inequalities is their self-improving property.
We shall in the following need to use this fact when the reverse integral inequality
will be considered —in the context of inequalities as (5.5) below— with respect to
a measure involving the solution itself, and more precisely

1 /824|Dul?\ (P=2)/2 1 /5240y (P—2)/2
d t)i= —(—m - (2
Hlet) IQ|< k ) |Q|< )

k
for suitable parabolic cylinders Q and numbers k > 0. For this reason the following
result is stated in full generality with respect to a general measure; the proof is
an adaptation of the one in [18], and we report it in full extent for the sake of
completeness.

dx dt ,

Lemma 5.1. Let u be a nonnegative Borel measure with finite total mass. Let
0<g<p<s<+ooand §,M >0, and let (oU), be a family of open sets with
the property

dUcCoUcC1U=U

whenever 0 < o/ < o < 1. Suppose that w € LP(U; ) is a non-negative function
satisfying

(5.1) (/U/Uws d,u)l/s < (0_6700,)5</0U wpd,LL)l/erM

for all 1/2 < o' < o < 1. Then there is a positive constant ¢ depending only on
co, &, 8, p, and q such that

(5.2) (/UUwS d,u)l/s < ﬁ[(/ljwqd,uy/quM}

for all0 < o < 1, where
I §p(s - (J)
(s —p)

1/p
T := sup {(1 - 0)5(1/‘9—1)(/ w? du) },
1/2<0<1 oU

where 0 < 0 < 1 satisfies

Proof. Define

(5:3) ="+

By (5.1) we have

(1- 0)5/9(/0[] W du>1/s

£(1/6-1)

1 1/p

< 28/9, (1 - ;0> (/ whdp) 4 (1= 0)¢M < 2900w+ M
1+JU

2
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for all 1/2 < o < 1. For every € > 0, we find 7 = g(e) € (1/2,1) such that

W< (- 5)5<1—e>/9(/

o

1/p
wP du) +e.
Holder’s and Young’s inequalities, and (5.3), then give

W< (- 5)&170)/0(/

oU

<(1- 5)5(1_@/9(/ w® du)“"’)/s(/ W du)(’/q Le
cU oU

)7 (f

o

1 1/q
\I/+—M+c(/ wqd,u> +e€.
2 U

wP1=0)qP? d,u) v +e

IA A

N =
[N}
o
S~
<
S
S
+
=

Therefore,

\IISMJrc(/~ wqdu)l/quQeﬁMJrc(/

1/q
w? d,u) + 2¢
o U

follows. But since

s /s coW ¢ p 1/a

we obtain the result after letting ¢ — 0. O

For the rest of the paper we shall fix the following numbers:

2n

(5.4) y=2-2/k>1, K= n—2
4 if n=2.

if n> 2,

The next lemma exploits a basic consequence of the Caccioppoli inequalities found
in Propositions 4.1 and 4.2.

Proposition 5.1. Let v € C°(Q.) be a nonnegative function satisfying (4.2) with

s > 0 in the cylinder Q@ = B x T C Q.. Then there is a new constant ¢ depending
only on n,p and the constant ¢1 appearing in (4.2), such that

(5.5) (][ (52—1—1})([)_2)/2(1}—/6)?(?27dxdt)l/w
Q

< er(BPT ]{2 [(0=12 ((24+0) "2 Do+ ((62)), ) +V2 | da )

holds for all ¢ € C§°(Q) and k > 0, where v has been defined in (5.4).
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Proof. To begin with, we denote m = (p — 2)/2, and then use the identity
(s2+v)m (U*k)i(2_2/ﬁ)¢2(272/'{)
K2/K —2/k
= ((s>0)" 2 (v=k)40)™" (k) 3.0%) 2/,

together with Holder’s inequality, as follows:

(5.6) ][ (s24+0)™ (v—k)3C 2 222/ g gt
QR

< ][T (( ][B ((82+v)m/2(v7k)+¢>ndm>2/ﬁ( ]{9 (v—k)2 ¢? dx)H/ K)dt.

Applying Sobolev’s inequality, we further have

(]{3 ((52—1—1})7”/2(v—k;)_ir(ﬁ)l’€ dx) v

(5.7)
<ar(B  |D((0)" 2 0=k) ) do.

The straightforward calculation

|D((32+v)m/2(vfk)+¢)|2
< 2(82+U)m|D(v—k)+|2¢2 <1+ (%)2 ((:2_412);2

< e(s7+0)"|D(v=k)+[*¢” + c(s”+v)" (v—k)} | Dl

) 2 0)™ (k)2 | Do

together with the Caccioppoli estimate (4.2), implies

][|D(<52+“)m/2(v—k)+¢)|2dmdt
(5.8) Q )
= C]{? [(”*k)i ((52“’)’"ID¢>I2 + ((¢2)t)+> + V,f] da dt,

where V, has been defined in (4.3). Moreover, again (4.2) gives

ess sup][ (v—k)% ¢* dx
(5.9) teT JB

< c|T|][Q ()2 (o)™ 1D + (8):),) + V2] dedr
Inserting (5.8)—(5.9) in (5.6) and (5.7) completes the proof. O

5.2. Estimates in the case p > 2

The result we are proving here is a general pointwise estimate valid for any func-
tion v satisfying (5.5), in terms of a nonlinear potential of the functions V. More
precisely, by eventually taking v = | Dul|?, in this first step we obtain a bound which
still involves the solution w in the right hand side with a dependence that becomes
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dangerous in the degenerate case s = 0 (of course here we are assuming that s > 0,
but the estimate worsens when s approaches zero). Moreover, the estimate involves
a free parameter k > 0, used to achieve a sort of intrinsic scaling in the estimate. In
this respect we shall use intrinsic cylinders —we are here adopting the terminology
introduced by DiBenedetto [11] - of the type @, x(z*,t*) defined in (2.1). Needless
to say, every such cylinder is of course assumed to be contained in the starting
cylinder Q.. In the following we shall consider intrinsic potentials of the type Pfi i
introduced in (2.2).

Theorem 5.1. Let

2n

(5.10) 0<l<2y=4—-4/k, Ki=4{n—2
4 ifn=2,

ifn > 2,

and let v € CY(Q.) be a non-negative function satisfying (4.2) for every cylinder
Q C Q.; assume also that p > 2 and s > 0. Then there exists a constant c,
depending only on £ and n,p,cy1, such that

<32+v>(P—2)/2

v(x* ) <k +c <][
(5.11) Qritent) K

+ ek~ PmAPYE (2¥,17)

1/¢
(v — k) da dt)

holds for all k > 0 such that Qr p(x*,1t*) C Q., where
(5.12) Vi = [VI(s24+0) P4 X (osry-

Proof. In the following, when not differently specified, the symbol ¢ will denote a
constant depending only on n,p, c1.

Step 1: Decay estimate. With Q, (2™, t*) being the cylinder in question, denote
in short

(5.13) 0Q; = 0B; x 0Tj = By, (z*) x (t* — k™™ (01;)%,t*),
where

m:”Q;z, kh=k>0, 0<o<1,
(5.14) ‘

Ty =55, J=-10,1,...,
and, for 1/2 <o’ < o <1, we choose cutoff functions ¢; € C§°(0Q;), 0 < ¢; <1,
such that ¢; =1 in ¢’Q; and
4 4k™

(5.15) 1Dg; < ————5 and (¢)+ <

(o —0o') ?"j((T*(T').

Let {k;} be a nondecreasing sequence to be chosen later, and such that k; > k
holds for every 7 € N. Then, obviously,

(0=k;)2 (@) s < ——

— (® )™ (v—Fk;)2 .
’I"j((ff(fl)( +) ( k])+
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Note that the assumption p > 2 is needed here. Inequality (5.5) then yields

][’Q | (s240)™ (v—k;)3 da dt

2=

(5.16) <c2 ][ {(serv)m%Jrrzf/ﬂ da dt '
— T\ s, (0—on2 " 07F

—k. 2 . Y
— ¢ km(1=7) [(S%ﬂ,)mw + r?v]f} dx dt
oQ (c—0o J

2
: )

for all k;. Thus we arrive at

/ (szk v>m(vfkj)3_v dx dt
o'Q;
<C<~;O'Qj |:(82k v>7n((;')—k;2§_2 ]:§L~/3:| dmdt>’y7

which holds for a constant ¢ depending only on n,p, ¢1, and whenever 1/2 < o’ <
o < 1. By defining the Borel measure

(5.17)

2
dp(z,t) = @(s +uv

)mdmdt

and denoting

2

re ~
(5.18) M:k—jn QV,fdxdt, w= -k}, Q=Qq,,

inequality (5.17) takes the form

1/~ c
o’'Q oQ

for 1/2 < ¢’ <o < 1. Since v > 1 by (5.4), we can apply Lemma 5.1 and therefore

it follows that
1/~ 1/¢
(/ w“’du) Sc(f)[(/ wédu) +M}
3Q Q
for all 0 < ¢ < . Rewriting this in the original notation, that is (5.18), gives
2 m 1/~
(][ (2 H)) (v—Fy)2 didt)
Qj+1 k

82+”U m ’ 2/¢ C?“2- ~
< 5. Ty 2
_c(][_( - ) (v kj)+d:cdt> +km][Qdexdt,

J J

(5.19)
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which holds whenever 0 < ¢ < 2v; the constant ¢ depends on n, p,c¢; and £. Next,
we observe that

(v=kj) ¥ > (v—kj1)§ (kj1—k;) 27"

and by denoting

Y; = (][QJ (82]—:1})m(v—k;j)fF dx dt) 1/,6 M; = c(]:—i ][Qj V2 dxdt) 1/2,

inequality (5.19) becomes, after taking the square root,

(520) (ijrl*kj)lie/(zV)Yfng’Y) < CY} + Mj.

Step 2: Iteration. We here use a variant of a method introduced by Kilpeldinen
and Maly in [22]. Define k;’s inductively as

Y,

5.21 kigi=kj+-L, ko=k, j=01,..., §>0.
J J 6

This obviously defines a nondecreasing sequence. Assume first that

1
(5.22) kv = ki1 2 5 (ki1 = )

holds for a certain index 7 > 0. It then follows that
(kj 1=y COYHED = 68O (g g =y ) O (g ) )
(6/2)% ) (kj1—k;).

V

Inserting this into (5.20) gives
(6/2) V) (kj1—k;) < e8(kjp1—k;) + M;

with ¢ = ¢(n,p, c1, ). First, since £ < 27, there is small enough § > 0 depending
only on n, p, v, L, and £ such that

L/ s\ e
SSHORS
2 \2

(5.23) kj+1—kj S CMj

leading to

with ¢ = ¢(n, p, ¢1, ). Second, we always have

Yiigin 1 2o\ ‘ 1/¢
k“+2 —k“+1 = = = ][ ( > (U—k'+1) dz dt
J J S ( Qi k J + >

)
c(n, 0) s24+o\"™" /¢
< (][Q( £ mkdedr) " = ey~ k).

(5.24)
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Therefore, under the assumption (5.22) we have (5.23) and yet
kjra —kjp1 < c(kjp — kj) < cMj.
In all cases we conclude
1
kjv2 = ki1 < 5 (kje1 — ky) + e,

whenever 7 > 0. Telescoping the previous inequality gives

> (kjao —kjsr) < (kn — ko) +¢ > M;.
7=0 7=0

Therefore, using also (5.24) repeatedly, we get

jliglok = Z%(kj-m —kjt1) + k1 <ki+ (k1 — ko) + CZ;) M;
j j=

o0 o0
+(2/0)Yo+¢d My=k+cYo+cd M.
j=0 j=0

Since the sequence {k;} is bounded and nondecreasing, the limit above exists and
hence Y converges to zero and we obtain

v(z*,t*) < hmk <k+cYO+cZM
7=0

Observe that at this point we are using that v is continuous. Estimate (5.11) now
follows recalling the definition of Yy to estimate

025, oy (7))

2 (p—2)/2 1/¢
§c<][ (s +v) (vfk)ﬁdmdt>
Qratast) \ K

and observing that, with 7_; = r, it is possible to estimate
N 1/2 [Ti-1 (|
V2 da dt) / 02
r 0

~ 1/2 o
M; = Videdt) < ck™™/?
Z Czkmﬂ ]{gj k4T ) =¢ JEZ:O( o, ;
Ti-1 . 1/2(
k_—m/2 / 2][ V2d d _Q

T - 1/2 ~
= ck~™/2 / (92 ][ V2 da dt) L8 — k= =/ PV (% ).
0 Qoo (@*,t*) 0 ’

The proof is complete. O
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5.3. Estimates in the case p < 2

The singular case p < 2 forces us to use a posteriori information about the gradient.
The scale between the time and space variables will now depend on the supremum
of the gradient, while in turn it is exactly the gradient L°°-norm we are trying
to estimate; this procedure provides a closer linkage between our techniques and
DiBenedetto’s intrinsic geometry approach.

Theorem 5.2. Let £,y and k as in (5.10) and and let v € C°(Q.) be a non-
negative function satisfying (4.2) for every cylinder @ C Q.; assume also that
1<p<2ands>0. Finally, assume that for (x.,t.) € Q. it holds that

Qr (™, t") = By (2") x (t* — k= (p=2) /27“2,t*) C Qs
where k is a positive number such that the intrinsic inequality is satisfied

(5.25) 4k > esssup (32+v).
Qr e (z*,t*)

Then there exists a constant ¢ depending only on n,p,c1 and € such that
1/¢ -
(5.26) v(a*,t*) <k+c (][ (v— k) do dt) + k= @=D/APYE (% 17
Qe (x*,t%) '
where PZ’}c(x*,t*) and Vi are as in (2.2) and (5.12), respectively.

Proof. The proof is a variant of the one developed for Theorem 5.1, and we shall
adopt the notation introduced there; in particular the one in (5.13) and (5.14).
The definitions of @; and k imply

2/7|T|1 1y _ p=—m(1- 1/7)

while on the other hand we notice that

5 m 9 m 2 22
. _ A W (e .7 S <
(527) 4 X{v>k;} = X{v>k;} < k - k k =1

for all k; > k, the first inequality in the previous line being actually a consequence
of (5.25). Furthermore, we choose cut-off functions ¢, € C§°(cQ;) as in the
proof of Theorem 5.1, and in particular such that (5.15) are satisfied; again as for
Theorem 5.1 we take {k;} to be a nondecreasing sequence such that k; > k holds
for every j € N. Substituting estimates into (5.5) and using (5.27) repeatedly,
gives

% ][ (v—Fk;) ¥ dzdt < ][ (s240)™ (v—k;)3) da dt
Qj+1

Qj+1
(5.28) < ckm“*”)(][

(v—F;)3
o, [

(o —onyz ((5H0)" +R7) + 22| dwat)’
< ckm(]{,Qj {((;)_7]60)) + F@Vk} dedt)
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Thus we obtain
5 1/ (v—kj)2 3~
(5.29) (]{IIQ_(vkj)g dz dt) et [m + k—;vﬁ} dz dt

whenever 1/2 < ¢’ < ¢ < 1. proceeding as for Theorem 5.1, after (5.17), by
Lemma 5.1 we conclude

1/ 1/¢ 2 ~
(5.30) (][Q (v—h;)3 do dt) 7gc(][Q (v—k;)2" d dt +C%J[Q V2 du dt
Jj+1 j

J

for all 0 < £ < ~, and ¢ also depends on ¢. The assertion now follows as in the
degenerate case, i.e., as in the proof of Theorem 5.1, but this time without the
weight (s + v)™ inside the integrals. Specifically, this time we define

Y; = (][QJ (v—k;)} do dt) Uf M;:=c (]:—i ][QJ V2 dxdt) 1/2,

where {k;} is defined as in (5.21) with ko := k and proceed as in the Step 2 of the
proof of Theorem 5.1. O

Remark 5.31. In the proof of the previous result no lower bound on p other than
p > 11is needed. This is essentially due to two facts: first we are assuming that v
is already bounded, in such a way that the integral in the right hand side of (5.26)
is always finite; second, the right hand side potential in (5.26) still depends on v in
various ways. Eventually, when setting the estimate free from such a dependence
in the right hand side we shall need (1.5). See the proof of Theorem 1.2 below.

6. Non-intrinsic estimates and proof of the results

In this section we prove the main results concerning solutions of parabolic equations
of the type (1.2) and systems of the type (1.3). The strategy is the following:
thanks to (4.2) and eventually to Proposition 5.5, we shall use estimates (5.11)
and (5.26) with the choice v = |Du|?. Such inequalities are intrinsic in that a
dependence on the solution itself shows up in the potential considered on the
right hand side; we shall then make them non-intrinsic via suitable choices of the
parameter k and some iteration/covering procedures. At this stage the importance
of the lower bound on p in (1.5) appears evident in a rather subtle way. For this
reason, in the applications below of estimates (5.11) and (5.26), all the constants
depending on ¢; appearing in (4.2), will then exhibit the general dependence upon
the data n, N, p, v, L and the interpolation parameter £. We also recall that, due to
the preliminary reduction made in Section 3, we shall confine to prove the results
under the form of a priori estimates, and in particular, for those solutions satisfying
the conditions of Proposition 5.1 with v = |Du|?. In particular, we shall assume
that Du is continuous, and this is legal thanks to the available regularity theory
for solution to smoother equations, see (3.1).
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Remark 6.1. Before going on with the proofs, let us point out an important fact.
Estimates (5.11) and (5.26) have been derived as a priori estimates, i.e., estimates
for a priori continuous and in particular locally bounded functions v. As mentioned
just a few lines above, in order to achieve the proof of the theorems we shall use
them with the choice v = |Du|?> = |Du.|? and then match the resulting a priori
estimates with the result of Lemma 3.1. At this stage we will need that the right
hand sides in the corresponding estimates stay uniformly bounded with respect
to g; for this reason we shall always assume to take ¢ in (5.11) and (5.26) such
that p — 2+ 2¢ < p when p > 2, and in particular in this case we shall take ¢ < 1.
When instead p < 2 then we shall take ¢ such that 2¢ < p; this condition has to
be matched with ¢ > n(2 — p)/4 and altogether we have to assume (1.14). In turn
this is possible exactly when (1.13) is in force.

Proof of Theorem 1.1. We recall we are assuming without loss of generality that
V e L*(R"*, RY), so that we can consider the quantity [P} ||;~(q) on arbitrary
cylinders Q. We distinguish two cases; the first is when 2 < p < 4. We appeal to
estimate (5.11) with v = |Du|?, taking k = 1; this gives, after a few elementary
manipulations

1/2¢
\Du(a*, )] < ¢ (][ (1Dul + )~ |Duf* d dt)
(6.2) Q%)

+ c[PI‘?l(J:*,t*)]l/2 +1.

Estimate (6.2) is obviously valid whenever Q,(z*,t*) C Q,. We start observing
the following inequality:

4—p

Ve * ok 2 \4
Py (2", t7) < C(8+ HD“”L“(Qp(xﬂt*))) p

p (", 17)

1/2¢
(|IDu| + $)*~? | Du* da dt)

p(x*,t*)

that matched with (6.2) gives
(6.3) .

|\ Du(a*, )] < c(][Q

4 * *
+C(S+HDU||LOQ(Qp(x*7t*))) [PX(:c ,t )]1/2+1

In turn, by applying Young’s inequality with conjugate exponents 4/(4—p) and 4/p,
we conclude with

1/2¢
|Du(a*, %)) < ¢ (][ (|Du| + s)7~2 |Dul? dx dt)
(6.4) Qp(a*,t*)

+ (1/2)|Du| Lo (@, (= t+)) + [P} (@ )P + s+ 1.
We now select
(6.5) r/2<o <o<r
and consequently determine cylinders with the same vertex

(66) Qr/2 C Qa’ C Qo C Qr
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and eventually apply (6.4) with p = (¢/ — 0)/2 in place of r, and to every point
(z*,t") € Q,. This easily leads to

c _ 1/2¢
HDUHL"O(Q(,/) S m(/ (|DU| +S)p 2 |D’U,|2Z dﬁCdt)

2
+ (1/2)]|Dull L@,y +cIPY 72 g, +es+1.
We then apply Lemma 2.1 with the choice
2
9(0) = IDull 1=,y B=cPYIZ g, +es+1
and

1/2¢
A:(/ (IDul + 57~ |Duf* dwd)
Q.

thereby getting the desired estimate, that is (1.12).
We now treat the case p > 4. In this case we proceed with a different choice of
the number k& when applying (5.11). Specifically, we fix

4
(6.8) E=1+[PY[2 0

so that, with v = |Du|?, we have, in particular,
(82+v)17p/4X{'u>k} < (82+k)(47p)/4 in Qr~

Keeping (5.11) in mind, as k& > 1, also by mean of the previous inequality we may
estimate

k=24 PV (o, 17) < PYr (2%, 17) < (8 +k) 4P/ PY (a7, 1)

“ 4
< IPY ISR PY @) < IPY 2 g -

(6.9)

Moreover, observe that with v = |Du|? we have

24y (-2)/2
][ (5 J”’)” (v — k). dedt
Qo (%) k

< c][ (IDu| + 5)7~2 | Dul? dx dt .
Qp(z*,t*)

(6.10)

Writing (5.11) with the choice in (6.8), and using (6.9)—(6.10), we obtain
(6.11)
* gk p—2 20 1/2¢ vy 2/p
\Du(z*, t )|§c(][ (|Du| + 5)P % | Du| dmdt) +elPYIY2 o, 1.
Qp(z*,t*)

Now, with the choices made in (6.5)—(6.6) —we take a standard cylinder Q,(z*,t*) C
Q. such that (z*,t*) € Q, and p = (0 — ¢’)/2— estimate (6.11) implies

c _ 1/2¢
||DuHL°°(Qa/) S m(/@ (|D’LL| +S)p 2 |Du|2€ dl’dt)

+ellPY 72 g, +1,

(6.12)
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which is the analog of (6.7). Now we conclude taking ¢’ = r/2 and o = 3r/4; no
iteration is necessary in this case. O

In order to prove Theorem 1.5 the basic idea is that when the right hand side
potential V(+) is independent of time, then an additional scaling argument allows
to get a better power for the potential, which is exactly the one showing up in the
elliptic case [14].

Proof of Theorem 1.5. We start the proof taking a standard parabolic cylinder
Q, = Qox*, t*) C Q.. Then we take k > 0 such that

1/(p-1)
(6.13) k> (1P o= +1) 7

Since p > 2 and k > 1, and therefore @, ;> C @, we have that

(6.14) 1Py ll2~(Q, o) < K7

We recall that, denoting by (z*,t*) the vertex of the cylinder Q,, it is Q, k2 (z*, ")
= B,(z*) x (t* —k*7P0? t*). We now rescale the equation/system in question (1.2)

defining

o u(rt 4 oF, 1" k277 o%f)

(6.15) a(z,7) = i
whenever (7,%) € B1(0) x (—1,0) = Q1, and
= oV(z" + oF)

whenever € R™. Accordingly, we define the new vector field

(6.16) a(z) = C;(p]izl) .

It is now not difficult to see that @ weakly solves the equation/system
(6.17) iy — diva(Di) = V(i)
in @1, and moreover, the new vector field a(-) satisfies (1.4) with s replaced by s/k.

Most importantly —and here we need that V'(-) is independent of ¢t — we have, by
a simple change of variable argument, that

(6.18) IPY [l (@) < 1

We are therefore able to apply Theorem 1.1 that, together with (6.18), gives

B N1/2¢
(6.19) |Da|Lw<Ql/2)gc(][Q (1Da| + (s/R)"2 (D dzdi) " + e(s/k+1).
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By scaling back —i.e., going back to u and V — in inequality (6.19), we obtain

1/2¢
IDulzq, ) < P2 (1Dl + 577 |Duf dwat)

Q12
+c(k+s).

On the other hand, we also have

1/2¢
k<2*p)/2é(][ (|Du| + s)7~2 | Dul* d:cdt)
(6.21) D2
p—2 o 1/2¢
g( (|Du| + s)"~2 |Du| d:cdt)
Q

e

Therefore, matching (6.20) and (6.21) yields

B 1/2¢
(6.22) ||DUHL<><>(QQ/2 o) < c<][ (|Du| 4 s)P~? | Du|? d:cdt) Ye(k+s),
' Q

e

whenever k satisfies (6.13). To conclude the proof we take a cylinder of the type
Qr/&k = Qr/S,k(m*vt*) such that Qr/S,k C QT and

[Dull (@, /s.4) = PullL=(q, )
and then apply estimate (6.22) with ¢ = /4 and with the choice

1/(p-1)
k= (1P lp=gy+1)""

which obviously satisfies (6.13). O

)

We now focus on the case p < 2.

Proof of Theorem 1.2. The proof is more delicate than the one for Theorem 1.1,
since the choice of k involves the intrinsic condition in (5.25); needless to say
this time the starting point is formula (5.26) that we shall apply with the choice
v = |Du|?. Observe that, with Q,(z*,t*) C Q. and k > 1 we have

(6.23) Qk(p—?)/éLp’k;(.r*)t*) = Bk(p—z)/4p(.r*) x (" — p2,t*) C Qp(l‘*,t*) C Q.
Next we take

(6.24) k= 1+ (1/4) (8 + 1Dl =g, (o))

and we notice that by (6.23) inequality (5.25) is satisfied if we consider the cylinder
Qr i = Qk(p_a)/4p7k(:n*,t*), that is we take r = k(p’z)/4p.
We therefore apply (5.26) getting

1/¢
v(m*,t*)ﬁk—i—c(][ (v—k)idxdt)
(6.25) Qpp—2)/4, 5 (2%:17)

+ Ck(?*l’)/ﬁl P]‘:ch—z)mp,k(x*» t*) )



572 T. Kuust AND G. MINGIONE

With w,, denoting the measure of the unit ball in R™ we let

L(P—=2)/2 ~ 1/2
n / \Vil? dz dt) :
Wn O Qg k(:v*,t*)

flo) == (

and then, changing variables and keeping (6.23) in mind, obtain

K=/, 1/2dp

PZZCP,Z)Mp’k(iK*,t*) = / (Q2][ |Vk|2d1' dt)
0 Qo.k(z*,t7)
k(p—Z)/‘lp dQ

_ do _ (" . p-2)/4
/0 )™ /0 F(kr-2ig)

r ~ 1/2(
:k<p—2)/4/ (92][ |Vk|2d:cdt> do
0 Qpp—2)/4,  (@7:1) 0

P
< (=2 @-p)/8 / (¢ ][ Vif? dwar) 22
0 Qo (x*,t*) 0
(6.26) = k(n=2C=P)/8 PV (% 1¥) .

Moreover, again appealing to (6.23), we have

(6.27) ][ (v—k)\dedt < Er(2=p)/4 ][ (v—k)\ drdt.
Qp—2)/4, 5 (T*t*) Qp(x*,t*)

Combining (6.26) and (6.27) with (6.25) gives

1/¢
v(z*, ) < k4 c kP4 ][Q (v— k)| do dt)

(6.28)

p(*,t%)

+ cknP)/8 Pg’“ (x*,1%).
Then we have, again recalling the choice in (6.24),
2-p)/8 PVi (5 4% 2 2-p)/84+(4—p)/4 PV (.5 1%
(6.29) En=p)/ Pk (z*,t") <c(s +k)n(2-P)/8+(E=p)/ P, (z",t").
Using (6.28), together with (6.29), yields

(6.30)
‘g n(2-p)/4¢ 20 L2
|Du(a*,t*)| < (s + || Dull L (q, (2% t+))) (][ | Du|** dx: dt)
Qp(x*vt*)

n(2—p)/8+(4—p)/4 .
+e(s+ |1 Dull L(q, @) PEPY (a7, )]

+ 14 (1/4) (5 + |1 Dull @y e 19

20 1/2¢ Voo px\11/2
+c( | Dyl dacdt) +e[PY (@, t)/2
Qo %)
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We now notice that

n2-p)  4-p 2n
<l <<= p>——
8 * 4 p n+2’

and therefore by Young’s inequality we have

n(2—p)/8+(4—p)/4 .
(s + 1Dull (@, @ ep) "+ PP (a7, t1)])?

(6.31)

< (1/4)HDU||L°°(QO) +e [P:)/(x*,t*)]4/[(n+2)p*2n)} + cs.
Moreover, since we are assuming ¢ > n(2 — p)/4, again by Young’s inequality we
obtain

n(2—p) /4L 1/2¢
(s+ 1Dull =@y ( ][Q . | )
p(Z7,

(6.32) )2/[44771(2717)]

< (1/4)”Du||Loo(Qp(x*7t*)) —l—c(][ |Du|2€ dz dt +cs

Qp(x*vt*)
and matching (6.31)—(6.32) to (6.30) yields

2/[46—n(2—p)]
|Du(z*,t*)| < c (][ | Du|?* dx dt) 3
Q

p(@™,t*)

e lPY (@, )02 4 ofs 4 1)
+ (3/4) (s + | Dul| o (g, (2+,t+))) -

This last estimate is similar to (6.4) and therefore, proceeding as after (6.4) via
Lemma 2.1, the desired inequality (1.15) finally follows. O

Proof of Theorems 1.3 and 1.4. The proof is now a simple consequence of Theo-
rems 1.1-1.2 and Lemmas 2.3-2.4. O

7. Possible extensions and refinements

The techniques demonstrated in the previous sections allow for a rather large
number of refinements and extensions, especially when keeping in mind the results
valid in the elliptic case [14]. We shall confine ourselves to outline the results
obtainable in terms of a priori estimates, that is estimates for a priori regular
solutions, as done in Sections 4—6. The relative approximation and regularization
arguments necessary to obtain relevant existence and regularity results can be
obtained by combining the methods of Section 3 with those from [14].

e All the results of this paper extend mutatis mutandis to problems with time
dependent coefficients of the type

uy — diva(t, Du) = V(x,t)
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where the vector field ¢t — a(t, z) is just measurable. This follows by the fact
that all the a priori estimates are basically a consequence of the Caccioppoli’s
inequality (4.2); in turn the derivation of this estimate involves a differentiation
of the equation considered only with respect to the space variable x. Therefore a
measurable dependence with respect to ¢ does not affect the proofs.

e When considering more general operators of the type
ug — diva(x, t,u, Du) = V(z,t)

the situation changes and estimates can be obtained provided the partial map
(x,u) — a(z,-,u,-) is assumed to be differentiable and suitable growth conditions
are assumed as usual of the derivatives a, and a,,.

e We finally examine the case of right hand sides with more general growth, that
is equations and systems of the type

(7.1) uy — diva(Du) = b(z,t,u, Du) .
Here we shall consider growth conditions of the type:
|b(z, t,u, Du)| < L(V(x,t)|Du|? 4+ 1),

while additional inessential refinements can be made adding further lower order
terms. We shall start by the case p > 2. A priori L°-bounds follow consider-
ing (7.1), combining estimates of Theorems 1.1, 1.2 and 1.5 with the iteration
methods developed in [14]. Indeed, as shown in [14], a priori L*°-bounds for solu-
tions to equations as in (7.1) are a consequence of estimates as (1.12) and a suitable
localization and iteration lemmas that at this stage apply to the parabolic case as
well. In particular, using estimate (1.12), and assuming that ¢ < p/2, is possible
to prove that Du is locally bounded provided so is PY . Instead, when considering
the case V(z,t) = V(z), then using estimate (1.26) it is then possible to prove the
same result assuming only that ¢ < p — 1. In the case 2 — 2/n < p < 2 we instead
have to assume that ¢ < 4/[(n + 2)p — 2n], by using this time estimate (1.19).
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