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Abelian varieties with many endomorphisms
and their absolutely simple factors

Xavier Guitart

Abstract. We characterize the abelian varieties arising as absolutely sim-
ple factors of GLa-type varieties over a number field k. In order to obtain
this result, we study a wider class of abelian varieties: the k-varieties A/k
satisfying that Endj(A) is a maximal subfield of End}(A). We call them
Ribet—Pyle varieties over k. We see that every Ribet—Pyle variety over k
is isogenous over k to a power of an abelian k-variety and, conversely,
that every abelian k-variety occurs as the absolutely simple factor of some
Ribet—Pyle variety over k. We deduce from this correspondence a pre-
cise description of the absolutely simple factors of the varieties over k of
GLa-type.

1. Introduction

Let k be a number field. An abelian variety A over k is said to be of GLa-type if its
algebra of k-endomorphisms End(A4) = Q ®z Endy(A) is a number field of degree
equal to the dimension of A. The aim of this note is to characterize the abelian
varieties over k that arise as absolutely simple factors of GLo-type varieties over k.

The interest in abelian varieties over Q of GLo-type arose in connection with
the Shimura—Taniyama conjecture on the modularity of elliptic curves over Q, and
its generalization to higher dimensional modular abelian varieties over Q. To be
more precise, to each A/Q of GLa-type is attached a compatible system of A-adic
representations pa x: Go— GL2(E)), where E = End(%(A) and the \’s are primes
of E. As a consequence of Serre’s conjecture on Galois representations these pa
are modular; that is, there exists a newform f € So(T'1(IV)) such that pa x ~ py.a
for all primes A of E, where py » is the A-adic representation attached to f (see [4]
for the details).

The study of the Q-simple factors of GLy-type varieties over Q was initiated by
K. Ribet in [4], in which the one-dimensional factors where characterized: they are
the elliptic curves C'/Q that are isogenous to all their Galois conjugates, also known
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as elliptic Q-curves. This result was completed by Ribet’s student E. Pyle in her
PhD thesis [3], where she characterized the higher dimensional Q-simple factors
as a certain type of abelian QQ-varieties called building blocks. More concretely, an
abelian variety B/Q is an abelian Q-variety if it is End@(B )-equivariantly isogenous
to all of its Galois conjugates; this means that for each o € Gg there exists an
isogeny po: “B—B such that @eji; = pio°% for all ¢ € Endg(B). A building
block is an abelian Q-variety B whose endomorphism algebra is a central division
algebra over a totally real field F', with Schur index ¢ < 2 and reduced degree
t[F : Q] = dim B. The following statement is Proposition 1.3 and Proposition 4.5
of [3].

Theorem 1.1 (Ribet-Pyle). Let A/Q be an abelian variety of GLa-type such that
A@ does not have complex multiplication. Then A@ decomposes up to Q-isogeny
as Ag ~ B" for some building block B/Q. Conwversely, if B/Q is a building block
then there exists a GLo-type variety A/Q such that A@ ~ B™ for some n.

Observe that this result establishes a correspondence between abelian varieties
of GLa-type over Q without CM and building blocks. In the last chapter of Pyle’s
thesis, a series of questions were posed about whether a similar correspondence
holds for GLy-type varieties over other fields k. The goal of this note is to establish
such a correspondence when k is a number field. In this case, the analogue of a
building block is an abelian k-variety (that is, a variety B/k equivariantly isogenous
to B for all ¢ € Gj) whose endomorphism algebra is a central division algebra
over a field F with Schur index ¢t < 2 and ¢[F : Q] = dim B. We call these
varieties building k-blocks. We prove in Section 3 that every GLo-type variety A/k
such that Aj; does not have CM is k-isogenous to the power of a building k-block.
Conversely, every building k-block arises as the k-simple factor of some variety
over k of GLo-type. In other words, we construct a correspondence

{A/k of GLa-type without CM} PN {building k-blocks B/k}
k-isogeny k-isogeny '

(1.1)

This can be seen as a natural generalization of the results of Ribet and Pyle
to a wider class of abelian varieties. Moreover, it is worth noting that varieties
over k of GLo-type play a similar role as their counterparts over QQ with respect
to modularity: they are conjectured to be modular, at least when k is totally real,
in a similar sense as they are known to be modular for £ = Q. Indeed, if A/k is
of GLo-type and k is a totally real number field, a generalization of the Shimura—
Taniyama conjecture predicts the existence of a Hilbert modular form f such that
pax = ps for all primes X of E = End)(A). See Conjecture 2.4 in [1] for a precise
statement.

Observe that in correspondence (1.1) the objects in the right hand side are
k-varieties whose endomorphism algebras satisfy certain conditions. Instead of
proving (1.1) directly, what we do is to construct as a previous step a more general
correspondence, in which the right hand side is enlarged to all abelian k-varieties.
As we will see, the varieties that correspond to those in the left hand side are
varieties A/k characterized by the fact that Aj is a k-variety and End{(A) is a
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maximal subfield of End%(A). We call the varieties satisfying these properties
Ribet—Pyle varieties, because they arise naturally in this generalization of the re-
sults of Ribet and Pyle. Section 2 is devoted to the study of Ribet—Pyle varieties
and their absolutely simple factors, and we obtain the following main result:

Theorem 1.2. Let k be a number field and let A/k be a Ribet—Pyle variety. Then
Ay decomposes up to k-isogeny as Ay ~ B™ for some abelian k-variety B/k. Con-
versely, if B/k is a k-variety then there exists a Ribet-Pyle variety A/k such that
Ay, ~ B™ for some n.

This result gives some insight into the nature of the correspondences of Theo-
rem 1.1 and its generalization (1.1). Indeed, what we do in Section 3 is to prove
that varieties over k& of GLa-type without CM are Ribet—Pyle varieties, and then
we obtain (1.1) by applying Theorem 1.2 to GLa-type varieties.

Acknowledgements. I am grateful to my advisor, Professor Jordi Quer, for his
help and guidance throughout this work. I would also like to thank Francesc Fité
for carefully reading a previous version of this manuscript.

2. Ribet—Pyle varieties

Let k& be a number field. In this section we establish and prove the correspondence
between abelian k-varieties and Ribet—Pyle varieties of Theorem 1.2. We begin by
giving the relevant definitions.

Definition 2.1. An abelian variety B/k is an abelian k-variety if for each o € G,
there exists an isogeny (i, : “B—B compatible with the endomorphisms of B; i.e.,
such that for all ¢ € Endy(B) the following diagram is commutative:

(2.1) ‘BB

o
ot . p.

Definition 2.2. An abelian variety A defined over k is a Ribet—Pyle variety if Az
is an abelian k-variety and End}(A) is a mazimal subfield of End}(A).

Remark 2.3. We remark that not all abelian varieties A defined over k satisfy
that Aj is a k-variety. Indeed, although in this case the identity is an obvious
isogeny between 7 A and A, it is not necessarily compatible with Endz (A) in general.

One of the directions of the correspondence that we aim to establish follows
almost immediately from the definitions.

Proposition 2.4. Let A/k be a Ribet-Pyle variety. Then it decomposes up to
k-isogeny as Ay ~ B™, for some simple abelian k-variety B and some n.
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Proof. Let F be the center of End%(A) and let ¢ be an element of F. Since Az is
a k-variety, for each o € G}, we have that

(2.2) T =p;tepe g,

for some isogeny p,: “Aj—Ag. Since A is defined over k the isogeny i, belongs
to End}(A). Then “¢ = ¢ because ¢ belongs to the center of Endy(A). This gives
the inclusion F' C End{(A). By hypothesis End)(A) is a field, so F is a field as well
and this implies that Aj; ~ B™ for some simple variety B and some n. Next, we
show that B is a k-variety. By fixing an isogeny Az ~ B™ the center of End% (B)
can be identified with F', and each compatible isogeny pu,: 7 Ar— Ay, gives rise to
an isogeny v,: “B—B. The relation (2.2) implies that ¢ = v,°%¢ev ! for all
Y € Z(End)(B)) ~ F, so that the map

End}(B) — End}(B)
( = Vo Tpery !

is an F-algebra automorphism. By the Skolem—Noether Theorem it is inner, and
there exists an element o, € End}(B)* such that

Vo_oo'woya_l = a;lowoaU)

for all ¢ € End}(B). The isogeny o, o1, satisfies the compatibility condition (2.1)
and we see that B is a k-variety. O

The following statement gives the other direction of the correspondence between
k-varieties and Ribet—Pyle varieties in the number field case.

Theorem 2.5. Let k be a number field, and let B/k be a simple abelian k-variety.
Then there exists a Ribet—Pyle variety A/k such that Ay ~ B™ for some n.

Before giving the proof of Theorem 2.5 we shall need some preliminary results.

Cohomology classes and splitting fields

Let k be a number field and let B/k be a simple abelian k-variety. Let B be
its endomorphism algebra and let F' be the center of 5. Since B has a model
over a finite extension of k, we can choose for each ¢ € G a compatible isogeny
lo : “B— B in such a way that the set {10 }seq,, is locally constant; more precisely,
such that p, = p, if 7B = "B. Then we can define a map cp : Gy X Gp—F*
by means of cg(0,T) = pio°“prop, k. Tt is easy to check that cp is a continuous
2-cocycle of G with values in F* (considering the trivial action of G}, in F*). Tts
cohomology class [cp] € H?(Gy, F*) is an invariant of the isogeny class of B and
it is independent of the compatible isogenies used to define it.

The inclusion of Gg-modules with trivial action F™* < T induces a homo-
morphism between the cohomology groups H?(Gy, F*)—H? (Gk,F*). A theorem
of Tate implies that H2(Gy, F ) = {1} (see Theorem 6.3 of [4]). Therefore, the
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image of [cg] in H2(Gy, F') is trivial, which means that there exist continuous
maps [ : Gr—F " such that

(2.3) cg(0,7) = B(o)B(1)B(o7) ™"

We say that a map [ satisfying (2.3) is a splitting map for the cocycle cp. If
X: Gr—TF is a character then B = Bx is another splitting map for cg. In fact, as
we vary x through all the characters from Gy, to F" we obtain all the splitting maps
for cp. For a splitting map 3, we will denote by Ej the field F({8(0)}req,) € F.
The extension Eg/F is finite because 5 is continuous.

Let m be the order of [eg] in H?(Gy, F*), and let d be a continuous map

d: Gp—F* expressing cj as a coboundary:

(2.4) cglo,m)™ = d(U)d(T)d(O’T)il.

We define a map

EB: G, — F
o — B(o)™/d(o).

By (2.3) and (2.4) we see that 53: Gx—F  is a continuous character.

Lemma 2.6. For each nonnegative integer n there exists a splitting map [ such
that F(¢,) C Eg, where ¢, is a primitive n-th root of unity in F.

Proof. Let ' be a splitting map for ¢p, and let r be the order of eg.. Let e =
ged(n, ) and let y: Gr—F " be a character of order mn/e, where m is the order of
[cp] in H?(G, F*). Then the character y™es is the character that corresponds
to the splitting map S = xf8’ and its order is nr/e, which is a multiple of n.
Therefore Eg contains a primitive n-th root of unity ¢,. O

Cyeclic splitting fields of simple algebras

Let A be a central simple algebra over a number field F'. A well-known result
of central simple algebras over number fields guarantees the existence of fields L
cyclic over F' that split A (i.e. with A®@p L ~ M, (L) for some n). In order to
prove Theorem 2.5 we use a similar result, but with the extension L being cyclic
over Q and such that LF splits A. Although this is probably also well-known, for
lack of reference we include a proof based on the Grunwald—Wang Theorem.

Theorem 2.7 (Grunwald-Wang Theorem). Let M be a number field, and let
{(v1,n1),..., (vr,ny)} be a finite set of pairs, where each v; is a place of M and
each n; is a positive integer such that n; < 2 if v; is a real place, and n; = 1 if v;
18 a complex place. Let m be the least common multiple of the n;’s, and let n be a
positive integer divisible by m. Then there exists a cyclic extension L/M of degree
n such that for each i the degree [L,, : M,,] is divisible by n;.

Proposition 2.8. Let F' be a number field and let D be a central division algebra
over F'. There exists a cyclic extension L/Q such that LF is a splitting field for D.



596 X. GUITART

Proof. Let F’ be the Galois closure of F. Let n = [F’ : Q] and let ¢ be the Schur
index of D. Let {p1,...,ps} be the set of primes of F' where D ramifies, and let
{p1,...,pi} be the set of primes of Q below {pi,...,ps}. The Grunwald—Wang
Theorem, when applied to the primes p; with n; = tn, and to the infinite place
of Q with no, = 2, guarantees the existence of a cyclic extension L/Q of degree
2tn such that [L, : Q,] = tn for all p belonging to {p1,...,p} and L, = C for all
archimedean places v of L. Let K = LF.

If p is a prime of F' dividing p, and B is a prime of K dividing p, the fields L,
and F, can be seen as subfields of Ky. Then the degree g = [L, N Fy : Q)
divides n, so [Lp: Ly N Fy] = %2 = [Fy Ly Fy] and we see that ¢ divides [Kg : Fy].
Therefore, K is a totally imaginary extension of F' such that, for every prime p
of F' ramifying in D and for every prime *P of K dividing p, the index [Kyp : F}] is
a multiple of the Schur index of D. This implies that K is a splitting field for D
(see Corollary 18.4-b and Corollary 17.10-a in [2]). O

Corollary 2.9. FEvery central division F-algebra is split by an extension of the
form F((y,) for some m.

Proof. By the previous proposition there exists a cyclic extension L/Q such that
LF splits D. The field L is contained in a field of the form Q((,,,) by the Kronecker-
Weber Theorem, and then F((,,) splits D. O

Construction of Ribet—Pyle varieties

In this paragraph we construct Ribet—Pyle varieties having a k-variety B as simple
factor. Recall that B denotes End%(B), F is the center of B and t denotes the Schur
index of B. Fix also a locally constant set of isogenies {ji,: “B—B}scc,,, let cp
be the cocycle constructed with these isogenies and let S be a splitting map for cp.

Let n be the degree [Es : F], and fix an injective F-algebra homomorphism

¢: Eg — M,(F) C M,,(B) ~ End)(B").

The elements of Eg act as endomorphisms of B™ up to isogeny by means of ¢.
Let fi, be the diagonal isogeny [i,: “B™— B" consisting in j, in each factor.

Proposition 2.10. There exists an abelian variety Xg over k and a k-isogeny
k: B"—Xg such that k='°%k = ¢(B(0)) L efic for all ¢ € Gy. Moreover, the
k-isogeny class of Xg is independent of the chosen injection ¢.

Proof. Let v, be the isogeny defined as v, = ¢(3(c)) ™ *fi,. In order to prove the
existence of X, by Theorem 8.1 of [4], we need to check that

o -1 _
VgoVrov . = 1.
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By the compatibility of p, we have that:

oo o B(B(r) T o fir o fig o d(B(oT))

)~
= ¢(5(0))_1°¢(5(7)) °flo 7 fir o fig o (B(oT))
= ¢(B(0)) " op(B(7)) " ecnlo,T) P (B(oT))
= ¢(B(a) teB(r) " e B(oT)) e (0, T)
(

CB(Uv 7)71)063(0’ ) = CB(Uv 7)71 OCB(U’ T) =1

Now suppose that ¢ and ¢ are F-algebra homomorphisms Eg— M, (F'), and let
X3,4 and Xg . denote the varieties constructed by the above procedure using ¢
and v respectively to define the action of Eg on B". We aim to see that Xz ¢ and
X3,y are k-isogenous.

Let C denote the image of ¢. The map ¢(x) — (x): C— M, (F) is an
F-algebra homomorphism. Since C' is simple and M,,(F') is central simple over F,
by the Skolem—Noether Theorem there exists an element b in M, (F') such that
@(z) = bp(z)b~! for all z in Es. By the defining property of Xg 4 and Xg 4 there
exist k-isogenies k: B" — Xz 4 and A: B" — Xp 4 such that

(2.5) Ko7k = (B(0) T ofig = betp(B(0)) T b e i,
(2.6) ATLoON = (B(0)) ™ o
The k-isogeny v = rkeobeA~"l: X5, — Xg, is in fact defined over k, since for
each o of G}, we have that
Z/_l 0Ty — A°b_1 OH—loaKoaboa)\—l

= Xob Loborp(B(0)) L eb T ofiy0Tbo NTE

— /\°'¢(ﬁ<0'))_1 °ﬂg°ab_1 ooboo/\—l

= XeA Tt NN =
where we used the compatibility of i, with the endomorphisms of B™ in the third

equality, and the expressions (2.5) and (2.6) in the second and fourth equalities
respectively. O

Proposition 2.11. The algebra Endg(Xg) is isomorphic to the centralizer of Eg
in M, (B).

Proof. End? +(X3) is isomorphic to M, (B) and every endomorphism of Xz up to
k-isogeny is of the form ket °x~1, for some 1) € End? #(B™). For o in G}, we have:

0(/4:°”(/}°I€71):I€°”(/}°I€71 Uli°a’(/}°0ﬂ71:ﬂ°”(/}°l<&71

I€_1°JI€°U’¢°(KZ_1°0K,)_1 :w

B(o) e fig =t efig " o Blo) T =1
¥

Blo)eeBlo)™" =

1107y
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Thus the endomorphisms of Xz defined over k are exactly the ones coming from
endomorphisms ¢ that commute with (o), for all ¢ in Gi. Now the proposition
is clear, since the §(o)’s generate Ej. O

Corollary 2.12. The algebra End}(Xp) is isomorphic to Eg @ B.

Proof. Let C be the centralizer of Eg in M, (B). In view of Proposition 2.11 we
have to prove that C' >~ Eg®@p B. It is clear that F3 is contained in C. Moreover, B
is contained in C' because the elements of F3 can be seen as n x n matrices with
entries in F', and these matrices commute with B (which is identified with the
diagonal matrices in M,,(B)). Since Eg and B commute there exists a subalgebra
of C isomorphic to Esz @ B, which has dimension nt?> over F. By the Double
Centralizer Theorem we know that

[C: F|[Ep : F] = [M,(B) : F] = n*t?
and from this we obtain that [C' : F| = nt?, hence C is isomorphic to Eg ®p B. O
At this point we have at our disposal all the tools needed to prove Theorem 2.5.

Proof of Theorem 2.5. By Corollary 2.9 there exists an integer m such that F((y,)
splits B. Let § be a splitting map for ¢g with Eg containing F((,,); the existence
of such a f is guaranteed by Lemma 2.6. Consider the variety Xg defined as in
Proposition 2.10. By Corollary 2.12 we have that End% (Xp) ~ Eg ®p B, and this
latter algebra is in turn isomorphic to M;(Eg) because Ej is a splitting field for B.
Therefore, there exists an abelian variety Ag defined over k such that Xz ~, Atﬁ
and End}(Ag) ~ Es. Clearly Ap is k-isogenous to B™/*, where n = [Es : F], and
we claim that it is a Ribet—Pyle variety. First of all, it is easily seen that the power
of a k-variety is also a k-variety. This implies that (Ag); is a k-variety. Moreover,
we have that [End}(Ag): F] = [Es: F] = n, and the dimension of the ambient
algebra is [End%(Ag): F] = (%)2[[5: F] = n?. This implies (cf. Proposition 13.1
in [2]) that Endj(A) is a maximal subfield of End}(A). O

Proposition 2.13. Let B be a k-variety and let A/k be a Ribet-Pyle variety
having B as k-simple factor. Then A is k-isogenous to the variety Ag obtained by
applying the above procedure to some cocycle cp attached to B and some splitting
map B for cp.

Proof. Let B = End)(B), let F be the center of B and let  be the Schur index of B.
Let E be the maximal subfield Endj(A) of End}(A), and fix an embedding of E
into F. Let x be an isogeny x: B"—A;. We have the relation [E : F] = nt. Let
{po: “B—B},ecq, be alocally constant set of compatible isogenies and denote by
fio: ©B"— B" the diagonal of . Define (0) = ki, o7k~ 1, which is a compatible
isogeny (0): Az—Aj. The fact that 8(o) is compatible implies that

(2.7) B(o)op =T f(0)

for all o in G and for all ¢ € End% (A). In particular, when applied to elements ¢
of E this property says that (o) lies in C(FE), the centralizer of E. But C(F) is
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equal to E, because E is a maximal subfield. Thus (o) belongs to E and it is an
isogeny defined over k. Now we have that

CB(O'a T) = UU"JMT"M;‘: = ﬂa°aﬂ7°ﬂ¢:¢1

= B(0)27B(1)BloT) ™" = Bo)° (1) floT) ",

and we see that the map o — (o) is a splitting map for ¢g. We have al-
ready seen the inclusion Fg C E. From (2.7) it is clear that C(Eg) C E, and
taking centralizers and applying the Double Centralizer Theorem we have that
E =C(E) CC(C(Eg)) = Eg. Thus E = Eg and, in particular, [Eg : F] = nt.
Now we define a k-isogeny &: (B")’f—>A}5—€ as the diagonal isogeny associated to
K, and we make Eg act on B" by means of 4. It is easy to check that #=1°%% =
k™reB(o) tekofiy, so A' satisfies the property defining Xs. By the uniqueness
property of Xz we have that A® ~; Xg, and so Ag ~j, A. O

Remark 2.14. The hypothesis that k is a number field has been used only in order
to guarantee the existence of splitting maps for cg, by means of Tate’s theorem on
the triviality of H 2(Gk,FX). Since Tate’s theorem is valid for any global or local
field k, Theorem 1.2 is valid for any global or local field k as well.

3. Varieties over k of GLa-type and k-varieties

Let k& be a number field. In this section we characterize the absolutely simple
factors of the varieties over k of GLa-type, in the case where they do not have
complex multiplication.

Proposition 3.1. Let A/k be an abelian variety of GLa-type such that Ay does
not have complex multiplication. Then A is a Ribet—Pyle variety.

Proof. By Proposition 1.5 in [6], we can suppose that Aj does not have any simple
factor with CM. Let Az ~ B x --- x BI' be the decomposition of Aj into
simple abelian varieties up to isogeny. Since E = Endg (A) is a field it acts on each
factor B;"*, and so it acts on the homology with rational coefficients Hy ((B;"")c, Q),
which is a vector space of dimension 2 dim B;"* over Q. Thus 2dim B;" is divisible
by [E : Q] = dimA. But dimA > dim B]", so either [E : Q] = dim B} or
2[E : Q] = dim B]"". The latter is not possible, because it would mean that B}"
has CM by E. Thus dim A = dim B;"" and Aj, has only one simple factor up to
isogeny; say A ~ B".

Next, we see that F is a maximal subfield of End}(A). Let C be the centralizer
of E in End)(A), and let ¢ be an element in C. A priori ¢(Ay) is isogenous to
B" for some r < n. Since ¢ € C, the field E acts on ¢(Aj); as before this implies
that [E : Q] divides 2dim B". But [F : Q] = dim A = dim B", therefore r = n or
r =n/2. Again r = n/2 is not possible, because then B” would be a factor of Aj
with CM by E. Thus r = n and ¢ is invertible in End% (A). This implies that C
is a field, and then E is a maximal subfield of End}(B).
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Finally, we see that Ay, is an abelian k-variety. For each o € Gy the map

(3.1) End)(4) — En(i%(A)
¥ — P

is the identity when restricted to E. Since E is a maximal subfield, it con-
tains the center F' of End}(A), so (3.1) is an F-algebra automorphism. By the
Skolem—Noether Theorem there exists an element ji, in End%(A)* such that 7p =
pstepou,, and we see that u, is a compatible isogeny in the sense of Defini-
tion 2.1. O

Definition 3.2. A building k-block is an abelian k-variety B/k such that Endy(B)
is a central division algebra over a field F, with Schur index t < 2 and reduced
degree t[F : Q] = dim B.

Theorem 3.3. Let k be a number field and let A/k be an abelian variety of GLa-
type such that Ay does not have CM. Then Ay ~ B™ for some building k-block B.
Conversely, if B is a building k-block then there exists a variety A/k of GLa-type
such that Az ~ B™ for some n.

Proof. By Propostion 3.1, A is a Ribet—Pyle variety, and by Proposition 2.4 we
have that Aj ~ B" for some k-variety B. Let B = Endy(B), let F be the center
of B and let ¢ be its Schur index. Then E = End)(A) is a maximal subfield of
End?(A) =~ M, (B), which has dimension n?t?> over F. Therefore [F : F] = nt,
and multiplying both sides of this equality by [F : Q] we see that [E : Q] =
dim A = nt[F : Q]. The equality ¢[F : Q] = dim B follows. Since B is a division
algebra of Q-dimension t?[F : Q] that acts on H;(Bc,Q), which has Q-dimension
2dim B = 2t[F : Q], we see that necessarily ¢t < 2 and B is a building k-block.
Conversely, let B be a building k-block. In particular it is a k-variety, and by
Theorem 2.5 there exists a Ribet—Pyle variety A/k such that Aj ~ B™ for some n.
The field E = End}(A) is a maximal subfield of End}(A) ~ M, (B), which means
that [E : F] = nt. Multiplying both sides of this equality by [F : Q] we see that
[E:Q] =nt[F: Q] =ndim B = dim A, and so A is a variety of GLa-type. O

In the case k = Q the center of the endomorphism algebra of a building k-block
is necessarily totally real, but for arbitrary number fields k a priori it can be either
totally real or CM. That is why in Definition 3.2 the field F' is not required to be
totally real. However, if k admits a real embedding then exactly the same argument
of Theorem 1.2 in [3] shows that F' is necessarily totally real. In addition, there
are some extra restrictions on the endomorphism algebra.

Proposition 3.4. Let k be a number field that admits a real embedding. Let B
be a building k-block, let B = End>(B) and let F = Z(B). Then F is totally real
and B is either isomorphic to F or to a totally indefinite division quaternion algebra
over F.

Proof. We view k as a subfield of C by means of a real embedding k£ — R. Let
A/k be a GLa-type variety such that Az ~ B™. Let E be the maximal subfield
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End}(A) of End}(A), and identify F with Z(End)(A)); under this identification F
is contained in E. Let ¢ be the Schur index of B and let m = 2dim B/[B : Q], for
which we have that mt = 2.

The division algebra B belongs a priori to one of the four types of algebras
with a positive involution, according to Albert’s classification (see, for instance,
Proposition 1 in [5]). However, type III is not possible; indeed, by Proposition 15
in [5], the variety B would then be isogenous to the square of a CM abelian variety.

To see that type IV is also not possible, suppose that F' is a CM extension of a
totally real field Fj. Let ® denote the complex representation of 3 on the space of
differential forms H%(Bc,2'). For every real embedding v of Fy let x,,X, be the
two complex-conjugate irreducible representations of B extending v. Let r, and s,
be the multiplicities of x, and X, in ®. For each v we have that r, + s, = 2;
moreover, the equality r, = s, = 1 is not possible for all v (cf. Propositions 18
and 19 in [5]). This implies that Tr(®);r = > ruXv|p + 50X, takes non-real
values. On the other hand, if we denote by ¥ the complex representation of
Endl(A) on HO(Ac,Q'), then Tr(¥) = nTr(®). Since A is defined over k we can
take a basis of the differentials defined over k, and with respect to this basis the
elements of E are represented by matrices with coefficients in k. Since F' C F, the
trace of ¥ restricted to F' takes values in k C R, giving a contradiction with the
fact that Tr(®)|p takes non-real values. O
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