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On the vector-valued Littlewood—Paley—Rubio
de Francia inequality

Denis Potapov, Fedor Sukochev and Quanhua Xu

Abstract. The paper studies Banach spaces satisfying the Littlewood—
Paley—Rubio de Francia property LPR,, 2 < p < co. The paper shows
that every Banach lattice whose 2-concavification is a UMD Banach lattice
has this property. The paper also shows that every space having LPR,
also has LPR, with ¢ < p < oco.

1. Introduction

Let X be a Banach space and let LP(R; X)) be the Bochner space of p-integrable
X-valued functions on R. If X = C, we abbreviate LP(R; X) = LP(R), 1 < p < 0.
For every f € L'(R; X), f stands for the Fourier transform. If I C R is an interval,
then Sy is the Riesz projection adjusted to the interval I, i.e.,

Sif(t) = /1 F(s) 2ot s,

The following remarkable inequality was proved by J.L. Rubio de Francia in [9].
For every 2 < p < oo, there is a constant ¢, such that for every collection of pair-

wise disjoint intervals (I; );?o:l, the following estimate holds:

(1) H(i 51,617

In this note, we shall discuss a version of the theorem above when functions take
values in a Banach space X. Let (ex),~, be the system of Rademacher functions
on [0, 1]. The space Rad(X) is the closure in LP([0,1]; X), 1 < p < oo, of all
X-valued functions of the form

<cp 1fllpewy » VS €LP(R).

L (R)

n

gw)=> ex(w)zp, 2x€X, n>1
k=1
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The above definition is independent of 1 < p < oo. It follows from the
Khintchine-Kahane inequality (see [6]). In fact, the above fact is a consequence
of the so-called contraction principle. It states that, for every sequence of ele-
ments {z,}>-, C X and sequence of complex numbers {«; }Joil such that |a;| <1
for 7 > 1, the following inequality holds:

oo o0
> ajejx; > e
j=1 j=1

We shall employ this principle on numerous occasions in this paper.

< ¢
L7 (R,Rad(X))

LP(R,Rad(X))-

Following [1], we shall call X a space with the LPR,, property with 2 < p < oo,
if there exists a constant ¢ > 0 such that for any collection of pairwise disjoint
intervals {I;}7°, we have that

Z €51 f
j=1

It was proved in [5] that every space with the LPR,, property is necessarily UMD
and of type 2. It is an open problem whether the converse is true. It is also unknown
whether LPR,, is independent of p. Note that Rubio de Francia’s inequality says
that C has the LPR,, property for every 2 < p < co. By the Khintchine inequality
and the Fubini theorem we see that any LP-space with 2 < p < oo has the LPR,
property. Using interpolation, we deduce that a Lorentz space L”" has the LPR,
property for some indices p,r and q. However, until recently there were no non-
trivial examples of spaces with LPR,, found.

(1.2) <clfllpp@xy» VfeLP(RX).

LP(R;Rad(X))

If X is a Banach lattice, the estimate (1.2) admits a pleasant form, as in the
scalar case:

(13) H(iw@fﬁ)%

We shall show that if the 2-concavification X2y of X is a UMD Banach lattice,
then (1.3) holds for all 2 < p < oo, so X is a space with the LPR,, property. Recall
that X () is the lattice defined by the following quasi-norm

<clfllpr@xy» VfeLP(RX).
LP(R; X)

1 lxg = I 1717 (%

The space X(2) is a Banach lattice if and only if X is 2-convex, i.e.,

[(Sie)| < (i)
j=1 X j=1

We refer to [6] for more information on Banach lattices.

1
2

We shall also show that if X is a Banach space (not necessarily a lattice) with
the LPR, property for some ¢, then X has the LPR,, property for every p > q.
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2. Dyadic decomposition

For every interval I C R, let 21 be the interval of double length and the same
centre as I. Let 7 = (Ij);il be a collection of pairwise disjoint intervals. We
set 27 = (ZIj);il. The collection Z is called well-distributed if there is a number d
such that each element of 27 intersects at most d other elements of 27.

In this section, we fix a pairwise disjoint collection of intervals (I j);il and we
break each interval I, j > 1, into a number of smaller dyadic subintervals such
that the new collection is well-distributed. This construction was employed in a
number of earlier papers.

We start with two elementary remarks on estimate (1.2) or (1.3). Firstly, it
suffices to consider a finite sequence (I;); of disjoint finite intervals. Secondly, by
dilation, we may assume |I;| > 4 for all j. Thus all sums on j and k in what follows
are finite. Fix j > 1. Let I; = (a;,b;]. Let n; = max{n € N: 2" <b; —qa; +4}.
We first split I; into two subintervals with equal lengths:

a aj +b; aj +b;
Ij:(aj, JQ J} and I;’:(%, bj].

Then we decompose If and I jb into relative dyadic subintervals as follows:

nj n;
IJq = U(aj»k? aj»k+1] and Ijb = U(bj7k;+1, bj,k:]7
k=1 k=1
where
k a; + bj
ajr=a;—2+2% 1<k<n; and ajn+1 = B
b
bj’k:ijrQiQk’ I <k<mnj and bj,anrl:ajJQr L.
Let

It = (ajk, ajpsa), 105 = (bjre1s bjk]

for 1 <k <mnj and let I7,, I;k be the empty set for the other k’s. Also put

I, =(a;—2+2%, a; —2+2%%"] and I}, = (bj+2—2%"" bj+2-2%]

Jsmj
Lemma 2.1. A Banach space X has the LPR,, property if there is a constant ¢ > 0
such that

00 nj

Z&j Z&%S[;kf
k

j=1 =1

(2.1) max

u=a,b

SCHfHLT’(R;X), Vfng(R7X),

Lr(R;Rad2(X))

where Rada(X) = Rad(Rad’(X)) and Rad'(X) is the space with respect to another
copy of the Rademacher system (€}.);> -
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Observe that if (2.1) holds for every family of intervals (Ij);?o:l, then X is
a UMD space. Indeed, (2.1) implies that

||SI‘;~J;)€f||Lp(R7X) S c ||fHLP(]R7X)7 u = aab, .7 Z 1, 1 S k § nj'

That is, by adjusting the choice of intervals, it implies that every projection Sy is
bounded on LP(R, X) and

sup ||| o (r, x ) L (R, x) < 00
ICR

The latter is equivalent to the fact that X is UMD (see [3]).
Proof. Let f € LP(R; X). Then

> &St ZEjSI;f
=1 =1

< +

Z EjSI]’?f

Lr(R;Rad(X)) .

Lr(R;Rad(X)) Lr(R;Rad(X)) j=1
Using the subintervals Iy and the contraction principle, we write
[e’e) oo My
> eSS =22 S, f
j=1 Lr(R;Rad(X)) j=1 k=1 Lr(R;Rad(X))
oo My
~ Z Z e exp(—2mia; ')Sjﬁkf .
j=1k=1 L?(R;Rad (X))
Note that
exp(—2mia; ~)SI;kf =510, ~a; lexp(—2mia; -) f]
and

O —a; =28 =2 2" 2] k<ny I, —a; C(2% -2, 2T -2

2,1

Recall that X is a UMD space. Therefore, applying Bourgain’s Fourier multiplier
theorem (see [3]) to the function

oo My

DY ejexp(—2mia; )Spe, f € LP(R;Rad(X))),

j=1k=1

we obtain (the contraction principle being used in the last step)

oo My
Z Z gj exp(—2mia; -)Sya f
j=1 k=1 Lr(R;Rad(X))
[o'e) ng
~ Z Z g€y exp(—2mia, S, f
j=1k=1 L (R;Rad2 (X))
oo My

Z Z Ejdﬁs]ﬁkf

j=1k=1

Lr(R;Rad2 (X)) -
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Similarly,

"

o0

!
> S, f
j=1k=1

Lr(R;RadX) Lr(R;Rad2(X)) '

Z 5j51]bf
j=1

Combining the preceding estimates, we get

Z ;51 f
j=1

<cp[

Lr(R;RadX)

oo My

Z Z&jEkS}ﬁkf

j=1k=1

oo My

5k‘slby f

LI>(R;Rad2(X)) =1 k=1 L (R;Rads (X)) } '

O

Let us observe that, if X is a UMD space, the argument in the proof above
shows that

'Sfjf

ZEJ ZEkSI”
j=1 =

LP(R;RadX) ™ u=ab L?(R;Radz2 (X))
Moreover, the argument can be reversed to show the opposite estimate (see the
proof of (4.1) below). This observation is summarised in the following remark.

Remark 2.2. i) If X is a UMD space, then

o0 ng
/
'S[jf E €j E EkSI;fkf
j=1 k=1

< max
Lp(R;RadX) 4=

LP(R;Rada (X)) '

ii) If 7 = (I;);5, is a collection of pairwise disjoint intervals and, for u = a,b,

I (Iﬁk)jzl,lgkgnj’ then both collections Z, and Z; are well-distributed.

iti) If X is a Banach lattice then it has the a-property (see [7]). That is,

00
E : ! E :
EjELT kK EjkTjk

jk=1

)

Rad(X)

Radg(X)
where (e;x) is an independent family of Rademacher functions.
iv) The above two observations imply that if X is a Banach lattice, then it has

the LPR,, property if and only if estimate (1.2) holds for every well-distributed
collection of intervals Z.
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3. LPR-estimate for Banach lattices

Theorem 3.1. If X is a Banach lattice such that X (o) is a UMD Banach space,
then X has the LPR,, property for every 2 < p < oo.

We shall need the following remark for the proof.

Remark 3.2. If X is UMD and 1 < p < oo, then the family {S7},; is R-bounded
(see [4]), i.e., B

H > GISIfI’

I1CT

<
L7 (R;Rad(X)) X H Z el ‘ LP(R;Rad(X))

Proof of Theorem 3.1. The proof directly employs the pointwise estimate of [9].
We assume that X is a Kothe function space on a measure space (€, ).

Let f € L (R; X) and let M(f) be the Hardy-Littlewood maximal function
of f,ie.,

M) =500 o7 7 [ 1) as

ICR

and

My(f) = [M|f*]7.
Let

1
Fi sllég W /If — filds, fr= m/lf(S)ds

Note that M (f) is a function of two variables (¢,w): for each fixed w, M (f)(-,w) is
the usual Hardy—Littlewood maximal function of f(-,w). The same remark applies
to My(f) and f% For f sufficiently nice (which will be assumed in the sequel), all
these functions are well-defined.

Observe that due to Remark 2.2 we have only to show estimate (1.2) for a well-
distributed family of intervals. Let us fix a family of pairwise disjoint intervals 7
and let us assume that 7 is well-distributed. Fix a Schwartz function ¢ (t) whose
Fourier transform satisfies

X[-1/2,1/2] < P < X[-1,1]-

If I € Z, then we set
Y1(t) = || exp(2micst) (1] 1),

where ¢y is the centre of I. The Fourier transform of 1; is adapted to I, i.e.,
X1 < U1 < xar.

In particular,

S1(f) = b1+ S1(f).
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Consequently, from the Khintchine inequality and Remark 3.2,

(g

IeT

< ep |G xy, 1<p <00,
LP(R,X)

where )

o = (X fP)". fer®x).
Iez
Thus, to finish the proof, we need to show that

IGUN e@x) < e Ifllowx): 2<p<oo.

It was shown in [9] that G(f(-,w))* is almost everywhere dominated by Ma(f(-,w)),
ie.,
G(f(w)f < e My(f(,w)), ae we,

for some universal ¢ > 0. Since
G(f)t,w) =G(f(w))(t) and Ma(f)(t,w)=M2(f(-,w))(t), tER, we,

we clearly have that

G(f)F < e Ma(f).

Therefore,
1G(f) HLP(]R x) = cf [ Ma( )HLP(R;X) :
It remains to prove
HG(f)HLP(R;X) = CHG(f)ﬁHLP(R;X) and || Ma(f ||LP(]R x) = CHfHLP(]R X)-

The second inequality above immediately follows from Bourgain’s maximal in-
equality for UMD lattices (applied to X(5) here, see Theorem 3 in [10]):

2 2
||M2(f)||Lz>(]R;X) = HM |f| ||L2 (R;X(2)) — CH|f|2HL§(R;X(2)) = CHfHLP(]R;X) :

It remains to show the first one. To this end we shall prove the following inequality
(for a general f instead of G(f)):

11 o @x) < CIE N oo -

This is again an immediate consequence of the following classical duality inequality

(see page 146 of [12]):
‘/uv’ SC/uﬁM(v)

for any u € LP(R) and v € LP (R), where M(v) denotes the grand maximal
function of v. Note that M(v) < CM(v). Now let ¢ € LP (R; X*) be a nice
function. We then have

<C/ Mg) < C|IfH|, ., M —
[ ol =0 [ 56 < Oy 1M @ e

< CHquLP(R;X) HgHLP’(R;X*) )
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where we have used again Bourgain’s maximal inequality for g (noting that X* is
also a UMD lattice). Therefore, taking the supremum over all g in the unit ball
of L¥ (R; X*), we deduce the desired inequality, so prove the theorem.

Finally, observe that the proof above operates with individual functions. This,
coupled with the UMD property of X, implies that X can always be assumed
separable and it can always be equipped with a weak unit. O

4. LPR property for general Banach spaces

Let X be a Banach space (not necessarily a lattice). We shall prove the following
theorem:

Theorem 4.1. If X has the LPR, property for some 2 < q < oo, then X has the
LPR, property for any ¢ < p < oo.

The proof of the theorem requires some lemmas.

Lemma 4.2. Assume that X has the LPRy property. Let (I;)j>1 be a finite
sequence of mutually disjoint intervals of R and (Ij,k)Zil be a finite family of mu-
tually disjoint subintervals of I; for each j > 1. Assume that the relative position
of Iy in I is independent of j, i.e., Ijx — a;j = Ij» ;. — a} whenever both I; and
I i are present (i.e., k <min{n;,ny}), where a; is the left endpoint of I;. Then

oo Mj

SN eieS f

j=1k=1

< CHfHLq(R;X) , VfeliR;X).
L4(R;Radz (X))

Proof. We first assume that | J,?, I;x, = I; for each j > 1. Note that
S, f = exp(2mia; -)St;  —a; (exp(—2mia; -) f).

Thus, by the contraction principle,

oo My [e'e]
SN e f|| ~ ek > €51, —a, (exp(—2mia; ) f)
j=1 k=1 q k=1  j: n;>k q

Since X has the LPR, property, so does Rad(X). Let us apply this property of
Rad(X) to the intervals (ik)k>1
(for any such j the interval [ j; — a; is independent of j by the assumptions of the
lemma). We apply this property to the function

where I, = I 1 — a;, for some j such that n; > &

> Y iSn . —a, (exp(—2mia; -)f)—Zs;C{Z ¢; (exp(—2mia;-) f)

k=1j: n; >k k=1
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We obtain
oo
(4.1) ek > €51, —a, (exp(—2mia; ) f)
k=1 Jj: nj>k q
[ee]
<D0 Y &Sh,a,(exp(—27ia; ) f)
k=1j: n;>k q
oo My e’}
~e | DY eSnuf|| =l doesnt| <clfl
j=1k=1 a j=1 4
Assume now that UZJ:l I # I; for some j. In this case, consider the family of

intervals (f k);il introduced above. Observe that every I r € [0,+00). Observe
also that the the right ends of the intervals (I; — aj)j>1, that is the points b; —a;,

do not belong to the union Uzozlfk. Let (jg);il be the family of disjoint intervals

such that
o0 N o0 N
U e =10,+00)\ | I
=1 k=1
o0
=1

and such that neither of the points (b; — a;);Z, is inner for some I;. Let also mj

be the maximum number such that the intervals I, with ¢ < m; are all to the left
of the point b; — a;. Set I;, = I; + a;. Then,

m;

n;
I; = U Lix + U L.
k=1 =1

It is clear that the relative position of (I; 4),2,U(I;¢);~, in I; is again independent
of j.

Before we proceed, let us re-index the intervals (I )", and (Ij,),”, into a
family (I, S)Zn:]f "I as follows. We arrange these intervals from left to right within I;
and index them sequentially from 1 up to n; +m;. Moreover, let K; C [1,n; 4+ m;]
be the subset corresponding to the first family of intervals and L; C [1,n; + m;]
be the subset of indices corresponding to the second family of intervals. Observe
that, if K = U2, K; and L = U3, Lj, then, for every j, K; = K N [1,n; + m;]
and, similarly, L; = L N [1,n; +m;]. Thus by the previous part we get

oo Mjt+my

!
E E €j€51; . f
j=1 s=1

< cq||f1l,;
q

Observe also that

oo Mjt+m;

S GeS =Y Y. &S, f
j=1 s=1

s=1j: nj+m;>s

D IND VERTTANED DD ST

s€EK j: nj+m;>s se€L j: nj+m;>s
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Thus, by taking the projection onto the subspace spanned by {€{}, -, we obtain
1> ¥ adsi.r| <alsl,
s€eK j: nj+m;>s

Finally, we observe that

oo Ny
/ _ 1
E E €j€sS1;  f = E E €j€xS1, 1, f-
s€EK j: nj+m;>s Jj=1k=1
Hence the lemma is proved. O

Next lemma is interesting in its own right. We shall only need its first part.

Lemma 4.3. LetY be a Banach space. Let (X,v) be a measure space and (h;) C
L2(X) a finite sequence.
i) If Y is of cotype 2 and there exists a constant ¢ such that

| S|, <e(Sal?)”, vasec
g j

then

), VajGY.

L2(Z;Y) Rad(Y

thjaj‘ ijaj.
J
i) IfY is of type 2 and there exists a constant ¢ such that

(Zlaj|2)1/2 < CHZ%‘ J

VajGC,

then

jJ‘ s VajGY.

|32esm

Proof. i) Let (a;) C Y be a finite sequence. Consider the operator u : £2 — Y
defined by

Rad(Y L2(

a) = Zajaj, Va=(a;) € 2
J
It is well known (see Lemma 3.8 and Theorem 3.9 in [8]) that

7T2(u) S Co H ijaj‘

where ¢ is a constant depending only on the cotype 2 constant of Y. Let h(c) =
(hj(o)); for o € . Then by the assumption on (h;) we get

[ s0 , = s { ([ S )™ : e el <1}

Rad(Y)’

'aj‘ Rad(Y)
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ii) Let H be the linear span of (h;) in L*(X). Let h’ be the functional on H
such that h%(hy) = ;.. We extend h} to all of L?(X) by setting h5 = 0 on H*.
Then h} € L?(¥) and the assumption implies that

| am], <e(Zir)". vaec.
J j

Now let (a}) C Y* be a finite sequence. Applying i) to Y* and (h}) we obtain
| 22005, 0] = [( s, Some)] < | s
J
¢S]
J

e

L2(3;Y%) L2(Z;Y)

hjaj ‘ .
Rad(Y*) L2(%Y)
Taking the supremum over (a}) C Y such that H > €ja; HRad yoy < 1, we get the
assertion. O

Now we proceed to the proof of Theorem 4.1. It is divided into several steps.

The singular integral operator T. Let (I;); be a family of disjoint finite
intervals and ¢ be a Schwartz function as in Sectlons 2 and 3. We keep the
notation introduced there. We now set up an appropriate singular integral operator
corresponding to (2.1). It suffices to consider the family (I¢);x, (I7);r being
treated similarly. Henceforth, we shall denote I7, simply by I;,. Let ¢, =
ajr +2F"1 for 1 <k < nj. Note that ¢; is the centre of I; if k < nj and of I 5
if k = n;. Define

Yie(z) = ok exp(2mic; i ) w(ka)

so that the Fourier transform of v; . is adapted to I; 1, i.e.,

(4.2) X1 S Vi < Xxar,,, fork <n; and XL, S wg n; < Xof,

Jrmg

We should emphasize that our choice of ¢; is different from that of Rubio de
Francia in [9], which was ¢;; = n;x 2" for some integer n; . Rubio de Francia’s
choice makes his calculations easier than ours in the scalar-valued case. The sole
reason for our choice of c¢; is that c; splits into a sum of two terms depending
on j and k separately. Namely, ¢, = a; — 2 + 2% + 281 By (4.2),

St f =51,k * f.

We then deduce, by the splitting property and Remark 3.2,

H > Ejfksfj,ka < Cp” Y ejieti *fH
X p X p
J.k J.k
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Now write

Yins f(2) = / 245(2" (2 — ) exp(2ric; x(x — 1) F(4)dy

exp(2ric; 4 7) / 24528 (x — 1)) exp(—2ric; x y) f (u)dy
= exp(2ric; x ) / K, 1, 9) f(4)dy,

where

(4.3) Kjr(z, y) = 282" (2 — y)) exp(—2micj 1, y).

Using the splitting property of the c; ; mentioned previously and the contraction
principle, for every x € R we have

| > e 1@ o= > e explaricy ) [sta s,
DOEEY FrEOT N
7.k
Thus we are led to introduce the vector-valued kernel K:
(4.4) K(z,y) = ZejeﬁcKj,k(m, y) € L*(Q), =z, yecR.

gk

K is also viewed as a kernel taking values in B(X,Radz(X)) by multiplication.
Let T be the associated singular integral operator:

T(f)(x) = / Ko, )y, | e LP(R;X).

By the discussion above, inequality (2.1) is reduced to the boundedness of T from
LP(R; X) to LP(R;Rada(X)):

(4.5) 17D, < epllfIl,, ¥ feL(R;X).

P )
The L? boundedness of T. We have the following;:
Lemma 4.4. T is bounded from L(R; X) to L9(R;Radz(X)).

Proof. Let f € LY(R; X). By the previous discussion we have
1Al ~ || S esehnn = ]| -
g,k

By (4.2),
> eieitbinx f =Y icitin* (Sar, , f).

Jsk 3.k
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Note that for each j the last interval I; ,; above should be the dyadic interval TjnJ
We claim that
/ / q .
H D ejehtbn * gj,qu <c H Zé‘j%gj,k’ , Vgik € LYR; X).
J.k 7k

q

Indeed, using the splitting property of the c;; we have

/ 1 ~
H E EjEkwj,k*gj,kH ~ H E ijkwj,k*gj,k'
.k 4 ik

)

q

where _
Yin(r) =2"p(2%z) and  g;x(z) = exp(—2mic; x x)gjx ().
For x € R define the operator N(z) : Rada(X) — Radz(X) by

N(x) ( Z qe%aj,k) = Z {:‘jf:‘;ﬁ'[/;mk(x)aj’k.
Jik Jik
It is obvious that N : R — B(Radz(X)) is a smooth function and

Zejsﬁﬁz/;j,k xgjr=N=xg with g= Zsjegﬁjﬁ.
J.k Jk

It is also easy to check that N satisfies Theorem 3.4 in [11]. Since Rada(X) is
a UMD space, it follows from [11] that the convolution operator with N is bounded
on L7(R;Radz(X)). Thus,

/e ~ /]~
H > €j€k1/)j,k*9j,kH < CH > €j€k9j,kH :
gk e gk ?

Using again the splitting property of the c; and going back to the g; ., we prove
the claim. Consequently, we have

1Tl < e | Y eseiSor,
J.k

’ q

We split the family {2] j,k} into three subfamilies {2] j’3k+g} of disjoint intervals
with £ € {0,1,2}. Accordingly, we have

IT(f)lly < Z |3 cterinef])

=0 j.k

Each subfamily {2]j73k+g}j . satisfies the condition of Lemma 4.2. Hence,

| <clflle
q

’
H E : EjEkSQIj,ska
J.k

Thus the lemma is proved. O
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An estimate on the kernel K. This subsection contains the key estimate on
the kernel K defined in (4.4). Fix z, z € R and an integer m > 1. Let

In(z,2) ={yeR : 2™z — 2| < |y — 2| < 2™ |z — 2|}.

Lemma 4.5. If X* is of cotype 2 and if (\; ) C X*, then

/I (2,2)

Proof. Let (A\j %) C X* such that

H Zgﬁk Jk’

7.k

H Z] K E3ERA, kHRadg(X ol
25m /3| — 4

2
‘Z 7 k z, y Kj,k(zv y)])‘J,kHX*dy S

Radz(X*) —
By the definition of K in (4.3), we have

DKk, y) = Kjn(z, v)] Ak = Zﬂka (2" (@ = y)) — 2"z = )] ar(y),

J,k
where

Mk = H zj:sj)\j’kHRad(X*) and qk(y) = ,u,;l zj: )\j,k exp(727ricj$k y)

Since Rad(X*) is of cotype 2,

> ui < CHZE%ZEW\M’ i
P PR

<
Rad(Rad(X*)) —

Thus,

/Im(xvz)

2
> K, y) - Kjrlz, y)]Aj,kHX*dy
ik
2
<> 2% sup 02 —y) - w2z - ) llar(y)|1%-dy.
k ye[m(xvz) Im(xvz)
Note that for fixed k
(4.6) ik — eyl =28, Vi#j.

Now we appeal to the following classical inequality on Dirichlet series with small
gaps. Let (vy;) be a finite sequence of real numbers such that

Vi+1—v; =1, Yi>1

Then, by Theorem 9.9 in Chapter V of [13], for any interval I C R and any sequence

() € C,
/’Zaj exp(2miy; y) dy < cmax(|I], 1 Z ]2,
T -
j
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where ¢ is an absolute constant. Applying this to the function gy, using Lemma 4.3
and (4.6), we find

[l dy < 2t max(@ (e ), 1 H}jsjng
m(z,2 Rad(X*)

= ¢ max(2™|z — 2|, 27%).
Let
ko=min{k e N: 277 < 2™z — 2|}
and k; =min{k € N: 27F <223 — 2|},
Note that kg < k1. For k < k1 we have
92 (@ — ) = (2" (z = )| < c2¥|z —z].

Recall that 1) is a Schwartz function, in particular |z|* [¢(z)| < ¢. Thus, for k > ki,
we have

(2 (z ) = ¥(2"(z — )| < 27|y — 2|7 < 27w — 2|7

)

where the second estimate comes from the fact that y € I, (z, z). Let

R wmwxm>qu@ymiﬁ( )l

Y€l (z,2)
Combining the preceding inequalities, we deduce the following estimates on «j:

o < 22K g — 2227F = ¢23% |1 — 2| for K < ko;
ar < 22K p — 2|22™ |z — 2| = 22z — 2|3 for ko < K < ky;

ap < 2228 Mg — 2|)TI2M g — 2| = ¢27HR2 73 — 2|73 for k> ky.

Therefore,

1<k<ko ko<k<ki k>k1
<c [23k0|m — 2|2 4 2%kgm gy )3 g 072k =My z|73]

<273 — 27t

This is the desired estimate for the kernel K. O
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The L*°-BMO boundedness. Recall that T is the singular integral operator
associated with the kernel K.

Lemma 4.6. The operator T is bounded from L>=(R; X) to BMO(R; Radz(X)).

Proof. Recall that

1
HgHBMO(R;X) < 2 sup — / lg(z) — brllx dz,
rcr | Jr

where {br};cp C X is any family of elements of X assigned to each interval I C R.
Fix a function f € L>°(R; X) with || f|lcc < 1 and an interval I C R. Let z be the
centre of I and let

by = K(z,y)f(y) dy.
(21)°

Then, for x € I,

Tf(x) - by = / K(z.y) - KGy)lf@)dy+ | Ky fy)dy.
(21)e 21

Thus

i IT7@) = bl
< L[, 1 kGl bl

K(z,y)f d‘
Al
def

= A+ B.

dzr
Rads (X)

dzr
Rada (X)

By Lemma 4.4 we have
B < |17V T(fxan)|, < e

To estimate A, fix x € I. Choose (A ) C X* such that

|2 esebnd

7,k

Rada(X*) —

and

H /QDC[K("T’?/) ~ K(z )/ (y) dy|

Radz(X)

~ S i [ [al) = Kl ) )

ik (1)
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Then by Lemma 4.5, we find

H /(W (K (z,y) — K(z,9)f dy‘
> Kk, y) — Kj,k(z,y)])\j’kHX*dy

<)
ene 57

- RE
= 2;1 ) (/f (2,2)
i )

Radz )

2 1/2
‘Z k(T Y) Kj,k(z,y)])\j,kHX*dy>

m|1, 1/2(25m/3|x |) 1/2 < Z C2—m/3 <e.

m=1
Therefore, A < ¢. Thus T is bounded from L*(R; X) to BMO(R; Rad2(X)). O

Combining the results of Lemma 4.6 and Lemma 4.4 and applying interpolation
(see [2]), we immediately see that the operator T is bounded from LP(R;X) to
LP(R;Rads(X)) for every ¢ < p < co. Thus Theorem 4.1 is proved.

Remark 4.7. Let

T(f)ﬂ(l' ilél; |I| /HT )IHRadz(X)dy

and

Mq(f)(x):ilér; (ﬁ /I||f(y)||§<dy>;

Under the assumption of Theorem 4.1 one can show the following pointwise esti-
mate:

T(f)* < e My(f)-

References

[1] BERKSON, E., GILLESPIE, T. A. AND TORREA, J. L.: Vector valued transference. In
Functional space theory and its applications: Proceedings of International Confer-
ence & 13th Academic Symposium in China (Wuhan, 2003), 1-27. Research Infor-
mation Limited UK, 2004.

[2] Brasco, O. aND Xu, Q.H.: Interpolation between vector-valued Hardy spaces.
J. Funct. Anal. 102 (1991), 331-359.

[3] BOURGAIN, J.: Vector-valued singular integrals and the H*-BMO duality. In Prob-
ability theory and harmonic analysis (Cleveland, Ohio, 1983), 1-19. Monogr. Text-
books Pure Appl. Math., 98. Dekker, New York, 1986.

[4] CLEMENT, P., DE PAGTER, B., SUKOCHEV, F.A. AND WITVLIET, H.: Schauder
decomposition and multiplier theorems. Studia Math. 138 (2000), 135-163.

[5] HYTONEN, T.P., TORREA, J.L. AND YAKUBOVICH, D. V.: The Littlewood—Paley—

Rubio de Francia property of a Banach space for the case of equal intervals. Proc.
Roy. Soc. Edinburgh Sect. A 139 (2009), 819-832.



856
(6]
(7]
(8]

D. Porapov, F. SUKOCHEV AND Q. XU

LINDENSTRAUSS, J. AND TZAFRIRI, L.: Classical Banach spaces. II. Function spaces.
Results in Mathematics and Related Areas, 97. Springer, Berlin-New York, 1979.

PisiER, G.: Some results on Banach spaces without local unconditional structures.
Compositio Math. 37 (1978) 3-19.

PisiER, G.: Factorization of linear operators and geometry of Banach spaces. CBMS
Regional Conference Series in Mathematics, 60. Published for the Conference Board
of the Mathematical Sciences, Washington, DC, 1986.

RuBio DE FraNcia, J.L.: A Littlewood-Paley inequality for arbitrary intervals.
Rev. Mat. Iberoamericana 1 (1985), no. 2, 1-14.

RuBio DE FraNcIA, J.L.: Martingale and integral transforms of Banach space
valued functions. In Probability and Banach spaces (Zaragoza, 1985), 195-222. Lec-
ture Notes in Math., 1221. Springer, Berlin, 1986.

WEIS, L.: Operator-valued Fourier multiplier theorems and maximal L,-regularity.
Math. Ann. 319 (2001), no. 4, 735-758.

STEIN, E.M.: Harmonic analysis: real-variable methods, orthogonality, and osci-
llatory integrals. Princeton Mathematical Series, 43. Princeton University Press,
Princeton, NJ, 1993.

ZYGMUND, A.: Trigonometric series. Vol. I and I, third edition. Cambridge Math-
ematical Library, Cambridge University Press, Cambridge, 2002.

Received September 15, 2010.

DENIs PoTarov: School of Mathematics and Statistics, University of NSW, Kensign-
ton NSW 2052, Australia.

E-mail: d.potapov@unsw.edu.au

FEDOR SUKOCHEV: School of Mathematics and Statistics, University of NSW, Ken-
signton NSW 2052, Australia.
E-mail: f.sukochev@unsw.edu.au

QUANHUA XU: School of Mathematics and Statistics, Wuhan University, Wuhan
430072, China; and

Laboratoire de Mathématiques, Université de Franche-Comté, 25030 Besangon cedex,
France.

E-mail: gxu@univ-fcomte.fr


mailto:\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef cmr{cmr}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/cmr/m/sc/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/sc/9 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef cmr{cmtt}\protect \xdef \OT1/cmr/m/sc/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/sc/9 \size@update \enc@update d.potapov@unsw.edu.au
mailto:\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef cmr{cmr}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/cmr/m/sc/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/sc/9 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef cmr{cmtt}\protect \xdef \OT1/cmr/m/sc/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/sc/9 \size@update \enc@update f.sukochev@unsw.edu.au
mailto:\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef cmr{cmr}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/cmr/m/it/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/it/9 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef cmr{cmtt}\protect \xdef \OT1/cmr/m/it/9 {\OT1/cmr/m/n/9 }\OT1/cmr/m/it/9 \size@update \enc@update qxu@univ-fcomte.fr

	Introduction
	Dyadic decomposition
	LPR-estimate for Banach lattices
	LPR property for general Banach spaces

