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Vector-valued non-homogeneous T'b theorem
on metric measure spaces

Henri Martikainen

Abstract. We prove a vector-valued non-homogeneous 7'b theorem on
certain quasimetric spaces equipped with what we call an upper doubling
measure. KEssentially, we merge recent techniques from the domain and
range side of things, achieving a T theorem which is quite general with
respect to both of them.

1. Introduction

In the seminal paper [13] by Nazarov, Treil and Volberg, it was already indi-
cated that it should be possible to prove some version of their (Euclidean) non-
homogeneous T'b theorem also in a more abstract metric space setting, just like
the well-established homogeneous theory in this generality [3], [2]. A recent pa-
per [6] by the author and Tuomas Hyténen shows that this is indeed the case:
a non-homogeneous T'b theorem in the general framework of quasimetric spaces
equipped with an upper doubling measure (this is a class of measures that encom-
passes both the power bounded measures, and also, the more classical doubling
measures) was proved. See also [15].

It is natural to seek to extend the generality in the range too (instead of
considering only scalar valued operators). These type of developments, just like
the regular scalar valued Tb theorems, have a long history (for a discussion of
the origins of the vector-valued T'b theory consult e.g. [9]). In the very recent
work [10], a UMD-valued T'1 theorem is established in metric spaces —however,
only with Ahlfors-regular measures p (i.e., u(B(x,r)) ~ r™). This assumption
seems to be necessary for their method of proof based on rearrangements of dyadic
cubes. In [9] a vector-valued non-homogeneous Th theorem is proved in the case
of the domain being R™ and the relevant measure p being power bounded (that
is, p(B(z, 7)) < Cr™).
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The methods of [9] are already less dependent on the structure of R™ than much
of the earlier vector-valued work, thus foreshadowing the possibility of extending to
more general domains. The goal here is to carefully combine key techniques from
the recent developments [6] and [9] and obtain a proof of a non-homogeneous T'b
theorem, which is simultaneously general with respect to the domain (a metric
space), the measure (an upper doubling measure) and the range (a UMD Banach
space).

2. Preliminaries and the main result

2.1. Geometrically doubling quasimetric spaces

A quasimetric space (X, p) is geometrically doubling if every open ball B(z,r) =
{y € X : p(y,z) < r} can be covered by at most N balls of radius r/2. Our proof
requires that we impose this geometric condition. A basic observation is that in a
geometrically doubling quasimetric space, a ball B(x,r) can contain the centers x;
of at most Na~" disjoint balls B(x;, ar) for a € (0, 1].

For many purposes, quasimetrics are just as good as metrics, only somewhat
more technical to deal with. However, some of the more delicate estimates in [6]
require the following regularity condition: for every € > 0 there exists A(e) < oo
so that

p(r,y) < (L+e)p(x,2) + Ale)p(2, ).

Notice that this property is in particular satisfied by all positive powers of an
honest metric, and every quasimetric is equivalent to one of that form by a result
of Macfas and Segovia [11].

We want to reduce the proof of our main theorem to the case of metric spaces.
All of our assumptions, except possibly for the weak boundedness property (for
the definition, see §2.5 below), are stable under the change to d if p is equivalent
with d” —see §3 of [6]. As noticed in [6], the main problem with the reduction
is that the weak boundedness property is formulated using balls defined by the
given quasimetric p. Specifically, the weak boundedness property seems difficult
to transfer for any other type of sets than those for which it is assumed (even for
d-balls). This problem was circumvented in [6] by explicitly constructing a certain
random covering using p-balls instead of d-balls (the details of this construction
require the regularity of p). Naturally we need to assume this regularity condition
also in the present paper as it is already needed in the simpler scalar case.

2.2. Upper doubling measures

A Borel measure g in some quasimetric space (X, p) is called upper doubling if
there exists a dominating function A: X x (0,00) — (0, 00) so that r — A(z,r) is
non-decreasing, A\(z,2r) < Cy\A(z,r) and p(B(z,r)) < A, r) for all z € X and
r > 0. The number d := log, C can be thought of as (an upper bound for) a
dimension of the measure y, and it will play a similar role as the quantity denoted
by the same symbol in [13].
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2.3. Standard kernels and Calderén—Zygmund operators

Define A = {(z,z) : # € X}. A standard kernel is a mapping K: X?\ A — C for
which we have for some o > 0 and B, C < oo that

. 1 1
K@)l < B min (5o sp—is ) 7
ol 2')°

|K(1’,y) - K($/,y)| § B p(:c,y) Z Cp(x,:c'),

p(z, )Nz, p(z,y))’
and

p(y,y)*
p(z, ) Ny, p(z,y))’

The smallest admissible B will be denoted by || K||cz,; it is understood that the
parameter C' has been fixed, and it will not be indicated explicitly in this notation.

Let T: f + Tf be a bounded linear operator L?(X) — L*(X). It is called a
Calderén—Zygmund operator with kernel K if

Tﬂ@:AKWMﬂw@@

|K(1’,y) - K(%ylﬂ § B

p(z,y) > Cp(y,y).

for x outside the support of f.

2.4. Accretivity

A function b € L*°(u) is called accretive if | [, bdu| > ap(A) for all Borel sets
A which satisfy the condition that B € A C CB for some ball B = B(A),
where C' is some large constant which depends on the quasimetric p. (We note
that, e.g., C' = 500 will do in the case that p is a metric. Otherwise, one defines
via the equation 2% = 342, where Ay is the constant from the triangle inequality
of p, and then C = 40007 suffices. These details are in §3 of [6].)

The point is to have the above estimate whenever A is a ball or one of the
metric dyadic cubes (even after switching to an equivalent metric), but there is no
easy explicit description of what kind of sets they actually are. Because of this, our
formulation of accretivity is technical. However, notice that at least the classical
condition Reb > a > 0 implies it (with any set A).

2.5. Weak boundedness property

Let A > 1. Suppose that for every ball B and every € € (0, 1] there is a function
XB,c such that xp < XB,c < X(14¢)B, and we have the estimate [(TXB,c, XB,e)| <
S(e)Ap(AB) with some S(€) < oo independent of the other quantities. Here (-, -)
is the bilinear duality (f,g) = [ fgdu. We denote the smallest admissible A by
IT|lwBPs.s- Note that this notion of the weak boundedness property simply asks
the above inequality for some set of functions X g ., regular or not. Depending on
the structure of the underlying space X, one may find such functions with different
degrees of regularity.
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Note that if T satisfies [(T'x5, xB)| < |T|lwsp,u(AB) for all balls B (where
|T|lwBp, is the best possible constant for that inequality), then ||T|lwgpp, , <
|T|lwpsp,. This is because we can take Yp. := xp and S(e) := 1 for all € > 0.

In the Tbh theorem, the weak boundedness property is demanded from the
operator My, T My, , where by and be are accretive functions and Mp: f — bf.

2.6. BMO and RBMO
We say that f € LL _(u) belongs to BMOP (p), if for any ball B C X there exists

loc
a constant fp such that

([ 18 pop )" < Lute .

where the constant L does not depend on B.
For b € L* () one can define

(Tb, f) = (T(xamb), f) + / b(2)T" f(z) du(x)

(2B)°

say for every essentially bounded f which is supported in a ball B and satisfies
J fdu = 0. The integral over (2B)¢ converges by the kernel estimates. The
pairing (T(x25b), f) makes sense, since T': L?(X) — L?(X). Now the condition
Tb € BMO? () is defined to mean that |(T, f)| < L\\f\\L,,/(H)u(/iB)l/p for every f
like before.

Let o > 1. A function f € L{ _(u) belongs to RBMO(u) if there exists a
constant L, and for every ball B, a constant fp, such that one has

/B |f — fBldp < Lu(eB),

and, whenever B C B are two balls,

5~ fol < L1 +/ : au() ).

2B;\B Aes, p(z,cB))

We do not demand that fp be the average (f)p = ﬁ fB fdu, and this is actually
important in the RBMO(p)-condition. The useful thing here is that the space
RBMO(u) is independent of the choice of parameter ¢ > 1 and satisfies the John—
Nirenberg inequality. For these results in our setting, see [8]. The norms in these
spaces are defined in the obvious way as the best constant L.

2.7. UMD Banach spaces
A Banach space Y is said to satisfy the UMD property if there holds that

|3
k=1

< CH d ‘
Lr(QY) — 1; "l e,y
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whenever (dj)p_, is a martingale difference sequence in LP(£2,Y") and e, = %1 are
constants. This property does not depend on the parameter 1 < p < oo in any
way. Moreover, it is standard knowledge that the dual space Y* of a UMD space Y
is also UMD.

2.8. Vinogradov notation and implicit constants

The notation f < g is used synonymously with f < Gg for some constant G. We
also use f ~ g if f < g < f. The dependence on the various parameters should be
somewhat clear, but basically G may depend on the various constants of the avove
definitions, and on an auxiliary parameter r (which is eventually fixed to depend
on the above parameters only).

We now state our main theorem. We will discuss the roles of some of the
assumptions in Remark 2.2 below. There we will comment on the usage of differ-
ent BMO spaces and weak boundedness assumptions and the role of the a priori
boundedness assumption.

Theorem 2.1. Let (X, p) be a geometrically doubling regular quasimetric space
which is equipped with an upper doubling measure p. Let Y be a UMD space
and 1 < p < 0o. Let T be an LP(X)-bounded Calderdn—Zygmund operator with a
standard kernel K, let by and by be two essentially bounded accretive functions, let
a >0 and k,A > 1 be constant, and let S: (0,1] — (0,00) be a function. Then
there holds

ITN < N1 T01][BMo2 (u) + 1T b2llBMO2 (1) + | Mb, T My, |wep, 5 + [ K02,

where ||T|| = [|T||Lo(x,y)—Lr(X,Y)-
If we in addition assume that p = d° for some metric d and 3 > 1, then

17|l < 1T01BMmot (1) + 1T b2l BMOL (1) + ([ My, T My, [lwep, + [ Koz, -

Remark 2.2. In both of the scenarios we want to reduce to the case of metric
spaces, update our weak boundedness property and enhance our BMO assump-
tions. In the first part of this remark we shall discuss this. The order of the
reductions is a bit different depending on the case, but after they are done, the
proofs coincide.

Note that in the case of regular quasimetric spaces the Theorem 2.1 is for-
mulated using the space BMO?(y). This is the case also for the scalar valued
analog Theorem 2.10 in [6]. Indeed, we may use Theorem 2.10 of [6] to conclude
that under the assumptions of Theorem 2.1 we have the following quantitative
scalar-valued L? operator norm bound:

1T z2(x)= L2 (x) S ITb1llBMoz () + 1T b2 llBMO2 (1)
+ HszTMblHWBPA,s + ”KHCZQ'

Using this we may immediately strengthen our weak boundedness property. In fact,
we have |(T'(xab1), xab2)| < p(A) with any Borel set A C X. In particular, we may
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then completely reduce to the case of metric spaces (p = d for some metric d). This
reduction is done in §3 of [6]. Note that the original weak boundedness property
would not need to transfer to d-balls. However, we just noted that the work done
in the scalar case gives us the much stronger weak boundedness property.

Let us explain the point of the assumption p = d”, and why this allows the usage
of the larger space BMOL (11). Notice however the usage of the stronger notion of
the weak boundedness property || My, T My, ||wrp, < oo in this case. Since p = d?,
we have that d-balls are p-balls. Thus, we have that |(T'(xpb1), x5b2))| S u(AB)
for every d-ball B. After this observation one may assume that p = d, since every
other assumption always transfers. In metric spaces (Theorem 3.3) we are able to
show that

1701l smos () S 1K ez, + I Tb1]lBMor (u) + | M, T My, [wep,, 1<¢q<oc.

In particular, Thy,T*by € BMOi(u) so we can even in this case infer from Theo-
rem 2.10 in [6] that [(T(xab1), xab2)| S pu(A) with any Borel set A C X.

Therefore, with either set of assumptions we can eventually work in a metric
space with the weak boundedness property enhanced to [(T'(xab1), xab2)| < u(A)
for any Borel set A C X, and the BMO assumptions enhanced to Ty, T*by €
BMOY () with any 1 < ¢ < co. We consider this done after §3, and then prove
everything only in this context.

Let us now also comment on the a priori boundedness assumption. Notice that
we only assume the scalar boundedness T': LP(X) — LP(X). However, in the proof
we want to actually be able to assume that ||T']| = ||T'|| Lo(x,v)—Le(x,y) < 00. Let
us, for this argument, assume that we have shown Theorem 2.1 with this extra
assumption. Consider then any simple function f = Zﬁle XA, Yn, Where y, € Y
and A, C X with p(A,) < oco. It follows from the scalar boundedness that
T: LP(X,FE) — LP(X, E) boundedly for every finite-dimensional subspace F C Y.
Certainly this trivial bound depends on the dimension, but it has no relevance
since this information is used purely qualitatively. Note that subspaces E C Y are
UMD with their UMD constants uniformly bounded by the UMD constant of Y.
Therefore, we may conclude that

ITflleecx,yy = 1T flleecx ey S W fllzex,my = 1T fllzr(x,v)

for E = span{y, : n=1...,N}. Since simple functions are dense in L”(X,Y),
Theorem 2.1 follows if we have proven it under this extra assumption.

The scalar boundedness is a separate issue. Certainly most of the time the
point of vector-valued T'b or T'1 theorems is just to ensure that bounded operators
extend to bounded vector-valued operators (see the basic usage in Example 2.3
below). Indeed, the point is that one does not know how to use the scalar-valued
boundedness directly to establish the vector-valued boundedness. Instead, the
idea is to rely on the characterization given by Tb theorems: one proves that
the hypothesis of T'b theorems are enough to actually guarantee the UMD-valued
boundedness. Another important point is the established quantitative bound.
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We still note that one of the standard ways to make operators automatically
bounded in all L? spaces is by suitably truncating them. Furthermore, we point
out the reference [5], where Hytonen, Liu, Yang and Yang, generalizing the results
of Nazarov, Treil and Volberg [12] to the upper doubling setting, deal with many
standard aspects of this problem.

We give an example before proceeding with the proof of the theorem.

Example 2.3. In Chapter 12 of [6] we gave an example related to the paper [16],
and there the application was in a situation where the measure in question was
genuinely upper doubling (the doubling theory or the theory of power bounded
measures would not have sufficed), and the space was a quasimetric one (so it
really was non-homogeneous theory on metric spaces).

Now we give an example which is actually in the homogeneous situation, but
as the domain is a metric space and the range is a general UMD space, this seems
not to follow from the previous works. Also, it goes to show that it is convenient
to get this doubling theory as a byproduct of the upper doubling theory.

The example we have in mind is the boundedness of the classical Cauchy—
Szegd projection as a UMD-valued operator (this question was asked by Tao Mei
through a private communication with Tuomas Hytonen, and Mei had solved
this question in the special case when the range space Y is a so-called non-
commutative L? space). The setting is the Heisenberg group H", which is identified
with R?2"*1, and is a non-abelian group where the group operation is given by

n
x-y=(T1+Y1,--, Ton + Yon, T2nt1 + Yont1 — 2 Z(Cﬂjyj+n — Zjqnln))-

j=1

The metric is given by
d(iﬂ,y) = ||£L'_1 ! y” ;
where
2]l = (I, -, 22n) gen +25,40)"™.

One can also write z = [£,t] € H" = C" xR. We use the Haar measure for H" (this
is just the Euclidean Lebesgue measure dédt on C" x R). Now A(z,r) = Cr?"+2
for some appropriate constant C.

Using the above notation z = [¢,t], let K (z) = C(t +4|¢|)" ! Set K(x,y) =
K(y=!-z) for x # y (i.e. y~'-x # 0). The Cauchy-Szego projection C is an
L?-bounded operator of the form

Cf(z) = . K(z,y)f(y)dy.

See e.g. [14] for a more exhaustive treatment of the Cauchy—Szegd projection.

Clearly the standard kernel estimates known for K are precisely the same as
demanded by our theory with our chosen A\. Thus, as C' is a Calderén—Zygmund
operator which is bounded as a scalar-valued operator (and thus satisfies the BMO
conditions with e.g. by = by = 1 and the weak boundedness property), we have
by our above Th (or T'1 in this case) theorem that 7' is a bounded operator
LP(H™Y) — LP(H",Y) for every UMD space Y and for every index p € (1,00).
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3. John—Nirenberg theorem for 7'b,

In this section we work on a geometrically doubling metric space (X, d) with an
upper doubling measure p. We are given a Calderén—Zygmund operator T with
a standard kernel K and the constants a > 0, kK, A > 1. Moreover, we have the
essentially bounded accretive functions by and by. We will show that

(3.1) [ Thillemos () S 1K leza + [ Tb1lBMmo: (u) + 1Mo, T My, [[wep,, 1< g < o0.

Of course, the analogous result holds with T*bs.
This reduction is known in the Euclidean setting with a power bounded measure
(see [13]). We now work out the details in our setting.

Lemma 3.1. Consider a fixed ball B = B(cp,rp). There exists Rp € [rp,1.2rp]
so that, for all s € 0,3/2],

u{x € X : Rp —rps < d(x,cg) < Rp+rps}) S su(Bl(es,3rs)) .
Proof. See page 184 in [13]. O

Lemma 3.2. If B = B(cg,rg) is a ball and Rp is a related reqularized radius as
in the previous lemma, then it holds that

/ / 1K (2, )| du(y) du(z)
B(cp,Rp) Y B(cp,3r)\B(cs,RB)

(B(cs, Rp))"*u(B(cp,3rp))"?

S
< (B(CB, 37“3)).

1
1
Proof. Consider f(x) = fB(cB,:irB)\B(CB,RB) |K(x,y)|du(y), x € B(cp,Rp). Fix
x € B(ep, Rp) for the moment and note that we have for all y € B(cp,3rp) \
B(ep, Rp) that d(z,y) < Rp + 3rp < 4.2rp < 5rp and d(z,y) > d(y,cp) —

d(z,cp) > Rp — d(z,cp). We temporarily set h = Rp — d(z,cp) for this fixed
and estimate

dp(y) duly)
s | < >
n<d(ey)<srs M@ d@:9)) T 20 s ihsdte <o A, (2, 1))
w(B(x,27h)) 10rp
< — % <lJog(l =1 —_— ).
= Z Ax,29-1h) ~ og(10r/h) = log (RB — d(m,cB)>

1<j<log,(10rB/h)

This implies through Hoélder’s inequality that

/ £(z) dpa(z)
B(cg,RB)

SM(B(CB,RB))1/2</B(C ) )[log (ﬁ%)rdu(x))uz'
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We then continue to note that

/B(CB,RB) [IOg (%)r dp(x)

/OOOM({:C € B(cn, Rp) : [1og (%)r < t}) dt,

which in turn equals

equals

10rp
Rp

/Ooou({x :Rp — 107“]367\/5 <d(z,cp) < RB}) dt = [log ( )ru(B(cB,RB))

[ee]

+/ p({z: R — 10rge Vi < d(z,cg) < Rp}) dt.
[log(1075/REB)]?

Note that fooo e Vidt = 2 and use the previous lemma with s = 10e~Vt <

Rp/rp < 1.2 < 1.5 for t > [log(10rg/Rp)]? to get that

/ ul{x: Ry 10rge Vi < d(z,cp) < Rp})dt < w(B(cs, 3r5)).
[log(10rs/RB)]

This yields the claim. O

Theorem 3.3. Under the assumptions stated at the beginning of this section, the
estimate (3.1) holds.

Proof. We will begin by proving that Tb; € RBMO(p) with the following interpre-
tation. If d(X) < oo, we set By = X. If d(X) = oo, we write X = [J;2, B; so that
By C By C -+, and 1.1B; # B, for every i = 1,2,... We consider some fixed i and
set By = B;. We need to show that the function T'(x1005,b1) satisfies the defining
properties of the RBMO(u) space for all the balls that are subset of By, and in
such a way that the RBMO(x) norm does not depend on By.

Notice that 1.1By # By implies that if B C By is a ball, then aB C (2.1a+1)By.
We define fp = T'(bix100B,\48)(cB) if B C By is a ball.

We note that

|T'(bix100B,\48) (%) — T'(bix100B,\48)(cB)| S 1,
if B C By is a ball and = € B. Indeed, we have

|T(51X10030\4B)(33) - T(b1X100B0\4B)(CB)|

d(cp,y)~®
5/ | K (z,y) — K(cg,y)| du(y) 57%/ (cB,Y)
100B\4B .

s Xz, d(ea gy MW S

The last estimate follows from Lemma 2.2 of [6].
Let B C By C By be balls. Notice that

/|T(b1><10030)—f3|du§/ |T'(bixap)| dp + u(B),
B B
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since, like noted above, there holds

|T(b1x100Bo\4B) (%) — [B] = |T'(b1X100Bo\aB) (%) — T'(b1X100B,\4B)(cB)| S 1
for every x € B. Moreover, we have that |fp — fp,| = |T'(bix100B,\4B)(cB) —
T(bix100B,\4B, )(¢B, )|, and this can be dominated by

|T'(b1x100Bo\aB)(cB) — T (b1X100B,\4B, ) (¢B)|
+ T (bix100Bo\4B, ) (cB) — T'(b1X100B,\4B, ) (€B,)|-
Notice that again |T'(b1X1008,\48,)(cB) — T (b1X100B,\4B, ) (B, )| S 1.
One has to be careful when estimating
|T(b1X100B0\4B)(CB) - T(b1X1OOBO\4B1)(CB)|-

Let us first study the case B = Bj (as sets, that is, a ball is defined by a pair (¢, r)).
This does not necessarily imply anything particular about cp, cp, and rg,rg,. We
split this into two cases: 4By C 4B or 4By ¢ 4B. If 4By ¢ 4B, then 4B C 6B; C
9B;. If B C By, then also necessarily 4B C 9B;. We deduce that if B C By, then
at least one of the inclusions 4B; C 4B or 4B C 9B is true.

Let us first estimate |T'(b1x1008,\48)(cB) =T (b1X100B,\48, ) (¢B)| when we know
that B C By and 4B; C 4B. We write

|T(b1X100B0\4B)(CB) - T(b1X100B0\4B1)(CB)|

|/ Kenwmdu) - [ Klen ) dulw)
100Bo\4B 100Bo\4 B,

= / K(cp,y)bi(y) du(y)(
4B\4B,

| Kb - [ Klenph)dut)
4B;\B

4B\B
Sf ol )
4B1\B Aep, d(cs,y)) 4B\B Aep,d(cp,y))

_ / d n / duly) / duly)
2B;\B e, d(cB,y)) 4B1\2B; Aeg,d(cB,y)) 4B\B e, d(cB,y))
Then we note that

/ du(y) < M(4Bl) < M(B(CB’E)TBl)) <1
aBy\2B; A B -

cg,d(cp,y)) ~ Mces,r,) = Acp,rm;)

and

/ du(y) o _HH4B)
aB\B g, d(cp,y)) = Aep,rs) ~

We have shown that

dp(y)
|f5 = I3l §1+L31\Bm

if BC By and 4B, C 4B.
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Let us then study the more natural case B C By and 4B C 9B;. Now we
have that

|T(b1X100B0\4B)(CB) - T(b1X100B0\4B1)(CB)|
= ’/ K(cp,y)bi(y) du(y) —/ K(cp,y)bi(y) du(y)
9B, \4B 9B1\4B;

du(y) du(y)
5 /231\B )‘(CB’ d(CBv y)) /9B1\231 )‘(CBv d(CBv y)) )

and

/ duly) . pOB1) _ p(B(e,10rp,))
oB 28, AcB,d(ep,y)) = Mep,rp,) —  Mes,rp,) 7

We have now established the right bound for | f5— fp, | for every ball B C By C By.

Recalling the definition of RBMO(u) we notice that we have reduced to con-
trolling [, |7 (b1xaB)| du for every ball B C X. We shall prove that

/B IT(vapby)| du < u(nB)

for n = max(k, 3,2A). Given a function g so that |[g =, < 1 and sptg C B it
suffices to show that [(T'(xapb1), gb2)| < u(nB). Define ¢ by setting

_ Jpgbadu
Jpb2du’

where B = B(cp, Rp) and Rp is a regularized radius given by Lemma 3.1. We
have |¢] < u(B)/u(B) < 1 by the accretivity of bs. The definition of ¢ precisely
means that [(gbs —cbax ) du = 0. Moreover, there holds ||gbs — cbax )| oo () S 1

and spt(gbs — chax ) C B C 2B.
We now split

(T (bixap), gb2) = (T (bixar), gb2 — cbax) + ¢ ({T(bixyp 5): b2X )
+(T(bixp), b2x5))-

Write h = gba — cbax 5. We have that

<T(b1X4B), h> = <Tb1, h> — /(4]’3)C b1 (x)T*h(.Z‘) du(l‘) s

from which it follows that

(T'(bixag), h)| S w(kB) + p(2B) < p(nB).

Here it was used that Th; € BMO? (1). The bound x(2B) comes from the second
term via kernel estimates. Lemma 3.2 yields that [(T'(bixyp\ ), b2xp)| < #(3B).
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The fact that here we have 4B\ B instead of 3B\ B makes absolutely no difference,
since

Sy Loy Tty o) < [ B R duta) S o)

Finally, the property || My, T My, ||wrp, < 0o yields [{T'(bixg),bax )| S n(2AB).

We have established that Tb; € RBMO(p). We have by Corollary 6.3 of [8] that
the BMO¢(u) norm can be dominated by the RBMO(x) norm for every ¢ € [1, o0)
and for every p > 1 (note that the corollary is, indeed, proven in the context of a
geometrically doubling metric space equipped with an upper doubling measure).
This, in particular, implies the estimate (3.1). O

4. Random dyadic systems and good/bad cubes

One feature of the proof in [9] is that one basically takes all the cubes to be good in
the various summations — this is in contrast with the proof in [6] where things were
usually summed so that the bigger cubes are arbitrary but the smaller cubes from
the other grid were assumed to be good. This modification seems to be particularly
useful when dealing with certain paraproducts in these general UMD spaces.

This leads us to fiddle with our randomization from [6]. We shall make the
randomization so that there is no removal procedure involved (unlike in [6]) —then
a certain index set may serve as a fixed reference set more conveniently. Such a
modification is also used in the paper [4] by T. Hytonen and A. Kairema, where
the authors, among other things, provide a streamlined version of the dyadic con-
structions presented in [6].

Furthermore, we will change the definition of a good cube to be such that
given a cube @ its change to be good does not depend on the smaller cubes R
with £(R) < ¢(Q). Related to this we shall also make a minor tweak to our half-
open cubes from [6] (to get a better dependence on the randomized dyadic points).
This is also spelled out in [4]. Finally, we add a layer of artificial badness so
that P(Q is good) does not depend on the particular choice of the cube Q.

Remark 4.1. The basic source of these randomization techniques in metric spaces
is [6]. However, as stated, we need some modifications for the purposes of this
paper. When writing the first version of this article, the paper [4] was not yet
available. However, I learned about the trick of avoiding the removal procedure
from the authors through a private communication. Moreover, the paper [1] by
P. Auscher and T. Hytonen has also become available. Striving for the most
simple and state of the art approach, I will also borrow, in this revision, a few
nice simplifying and expository details from [1]. Certainly we will not repeat every
detail here, but we do present the basic aspects of the construction so that one may
clearly follow the metric probabilistic arguments, some of which are completely new
in this paper (like the pseudogoodness).
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4.1. Construction of the random dyadic cubes

Let 6 = 1/1000. One starts by constructing a collection of points (2%); . so that
for every k € Z:

(i) {z8}a © {257 }s;
(ii) min, d(z,2%) < 26* for every z € X;
(iii) d(=%, z’g) > 6k for a # .

In page 4 of [1] it was noted that one may easily arrange the extra property (i)
by allowing the harmless factor 2 in (ii). Before this, it was standard to just use
some maximal §*-separated sets for every k € Z, and not to necessarily have the
property (i). The property (i) is just an added convenience for us: every point z*

is also of the form ZE'H

Note that the above set of points z* and indices (k, ) are now fixed once and
for all. Now we will further fix a transitive relation < among the labels (k, )
as follows: each (k + 1,5) satisfies (k + 1,8) < (k,«) for exactly one (k,«), and
we have that if d(zé"'1 2k) < 6% /2, then necessarily (k + 1,8) < (k, ), and that

«
(k+1,5) < (k,a) always implies that d(z’g+1,z§) < 20%.

We call pairs of same generation (k, «) and (k, 5) neighbours, if they have such
children (k +1,7) < (k,a) and (k + 1,1) < (k, 8) that d(zF+!, 2FH1) < 6% /2. The
whole idea of the randomization procedure is to replace, according to some rule,
each zF by some zé“, (k+1,8) < (k,a). However, we cannot allow the new
dyadic points to end up arbitrarily close to each other. Hence neighbours form
an obstruction, which has to be circumvented. In [6] we used a certain removal
procedure. However, we will this time circumvent this particular problem by using
the idea of double labels from [4] together with some simplification from [1].

Let L be the maximal number of neighbours and M be the maximal number of
children a pair (k,«) can have. It follows from the geometric doubling condition
that L <1 and M < 1. We will now equip each pair (k, &) with two labels L (k, «)
and Lo(k,«). The label Li(k,a) € {0,1,...,L} is chosen in a way that any two
neighbours have a different label. The label La(k,«) € {0,1..., M} is chosen in a
way that no two children of the same parent have the same label.

We let T = ({0,1,...,L} x {0,1..., M})? be the underlying probability space
equipped with the natural product probability measure. Given v = (vg)kez € Y,
vk = (011, Lo k), and a pair (k, a), define

25t it Ly(k @) = £y and (K +1,8) < (k,q)
_ ..k _ with LQ(k+1,ﬂ):£2,kv
(v) = 2o (ve) = 2k, if L1(k, ) # €1 or there is no (k+ 1, 8) < (k,«)
with Lg(k + 1,ﬂ) = £2$]€.

k
Loy

Notice carefully that the new dyadic points of generation k depend only on vy.
This means by the product probability structure that the new dyadic points of
different generations are independently chosen. The following list gives the other
crucial, but almost immediate, properties:
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1. We have for every v € T that 2 (v) = z’gﬂ for some (k+1,8) < (k, o).

2. Given (k,«) and a children (k + 1,8) < (k,«) there holds that P({v € T :

2k (v) = zgﬂ}) > my for some absolute myp > 0 depending only on the

geometric doubling condition.

3. For every v € T we have min, d(x, 2% (v)) < 46" for every k € Z and z € X.
Moreover, there holds d(xg(v),xg(v)) > 0% /2 if a # B.

Fix some ko € Z. This preassigned index is used purely for technical reasons

as will become clear. Given new dyadic points x% = m%(w), we want to construct

certain sets QF = QF(v), which are called metric dyadic cubes. The original
deterministic construction of sets of such type is by M. Christ [2]. Moreover, we
want that if k < ko, the cube Q¥ depends only on v, for £ > k.

We will now indicate the construction of the cubes. For this, we need a new
relation <,,. It would be possible to construct this like the relation < was con-
structed (just using the new dyadic points and a bit different constants). We note
that the construction has some degrees of freedom, but any one way to do it is
ok. Then the truth or falsity of the relation (k + 1,8) <, (k,«) depends on vy,
and vgy1. However, we shall use the following explicit definition of <,, given in [1]:
(k+1,8) <, (k,«) if and only if

d(z’g"’l,x’;(vk)) < 6%/4
or
(k+1,8) < (k,a) and there is no such v that d(z’ﬁ€+1 mg(vk)) < o%/4.

Defined like this the truth or falsity of the relation (k+ 1, 8) <, (k, «) depends
only on vy —a fact that is by no means crucial for us, but we prefer it anyway.
What is important is that this definition still implies the following:

1. If d(:cgﬂ(vkﬂ),xg(vk)) < 8%/5, then (k+1,8) <, (k, ).

2. If (k+1,8) <, (k,«), then d(xg+1(vk+1),m’;(vk)) < 56k,

This means that it behaves analogously to < despite the bit different definition.
The property (2) is easily iterated to yield that if (¢, ) <, (k, «), then

d(m%(w), zF (vr)) < 657,

We may now define various dyadic cube type objects:

where the overline means closure and int means the interior points. Notice that
all of these sets depend only on vy for £ > k.



VECTOR-VALUED NON-HOMOGENEOUS 7' THEOREM ON METRIC MEASURE SPACES 975

Just like in R™, instead of these closed or open dyadic cubes, we prefer to use
what can be understood as half-open dyadic cubes (these will be finally denoted
by Q% (v)). With this we mean that the cubes of the same generation will cover
exactly the whole X and two different cubes of the same generation will be disjoint.
It is true that X = |J, QF(v) with any k € Z, but there may be overlap in the
boundaries. Indeed, one only knows that Q% (v) N Qg (v) =0 for o # .

This further minor tuning of the existing sets will worsen the dependence on v.
However, this problem is not too big, since one is free to choose the kg, and one
may perform the tuning so that the dependence remains the same for £ < kg.
Assume (by enumeration) that the pairs (k, ) are parametrized by o € N for each
k € Z. We set

Ba(0) = Q0 (0), QR (w) = QR W)\ | @ () a> 1.
5=0

For k < kg we set

Qa(v) = U Q5 (v).
B: (ko,B) <o (k,a)

Notice that, indeed, these sets still depend only on vy for £ > k. The way to define
Q" (v) for k > kg is by induction. The easy details are spelled out in Theorem 4.4
of [6] for kg = 0 and in Lemma 2.18 of [4] with general ko € Z (the difference being
absolutely trivial). We shall not repeat this, since what we have said is enough to
thoroughly understand the dependence on vy at least for all the cubes of generation
k < ko, and this will be enough for us (we do not actually use arbitrarily small
cubes at all). Let us formulate the dyadic structure of these sets as a proposition.
For a verification that our definitions actually yield these properties, the most
thorough reference by now is [4].

Proposition 4.2. For any fized v the cubes Q¥ (v) satisfy: for every k € Z we
have
X =JQkwv);

for every k € Z and ¢ > k there holds that either Q% (v) N Q%(v) =0 or Qg(v) C
Q% (v), and for every £ > k we have

Qi) = | Qb

B:(£,8)<v(k,a)

We also have that Q¥ (v) € Q% (v) € Q% (v). Actually, there holds int Q* (v) =
QF (v) and Q% (v) = Q¥ (v). Finally, we note that B(zF(v),C16%) € Q% (v) and
the diameter d(QF (v)) < Cod* for Cy = 10 and C; = 1/10, say. We now define
£(QF (v)) = 6% — a constant that depends only on the generation gen(Q¥ (v)) = k.
Therefore, many things can be formulated completely equivalently using either the
“sidelength” £(Q¥ (v)) or generation gen(Q¥ (v)).
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4.2. Probabilistic notions: geometric goodness, pseudogoodness and
goodness

The following crucial lemma, which states the small boundary layer property, is
based on the independence of different v, and the following: given (k,«) and
(k+1,8) < (k,«), there holds that P(zf = ZE-H) > my > 0. Recall that this
property was already stated before. Now the same proof as in Lemma 10.1 of [6]
also gives us the same result with this modified randomization. That is, we have:

Lemma 4.3. For any fized x € X and k € Z, there holds
IP(J: € UéQﬁ) Sel
(e}

for some n > 0. Here dgr = {y: d(y,QF) < el(QF) and d(y, X \ QF) < el(QF)}.

Proof. We point out a different source for the proof than Lemma 10.1 of [6]. It
is page 7 of [1], and the proof there is particularly nice. It is formulated in a
slightly different way. To see that it can be applied, one only has to notice that

Ua 0% (v) € U, Ok,a(v), where

Ora(v) = {y € Q4(v) : d(y, X \ Qa(v)) < 6}

Therefore, it suffices to show that P(z € Ua 0k o(v)) S €” for any fixed x € X and
k € Z. This is what is shown in page 7 of [1]. O

We are now given two independent copies T and Y’ of the probability space
({0,1,...,L} x {0,1..., M})%, and we denote v € T and v’ € Y’. This generates
two independent dyadic systems D = D, = {Q%(v)} = {Q*} and D' = D,y =
{RE(W)} = {RE} (we use the notation R just to distinguish the grids more
easily). We denote the related points z¥ = 2% (v),) and y* = ¥ (v},).

We set
«

T 5t d)y

where we recall that d := log, C\ in our setting. We now want to define what we
mean by geometric goodness. We want that if @ € D is geometrically D’-good, then
for every R € D’ for which £(Q) < 6"¢(R) we have either d(Q, R) = ¢(Q)V¢(R)~7
or d(Q,X \ R) 2 £(Q)"¢(R)*~". However, if we define it like this, then for every
@ the condition in particular depends on vj for every ¢. However, for technical
reasons, we need it to only depend on v for £ < gen(Q). We now give a technical
definition, which only has the aforementioned dependence. Then we show that it
implies the much more natural geometric condition — the proof of this fact should
be the key to understanding the sufficiency of the technical definition.

Definition 4.4. We say that Q¥ € D is geometrically D’-bad, if there exists
(k—s,8) # (k—s,7) for some s > r so that for some (k—1,7n) <, (k—s,p) and
(k—1,8) < (k —s,7) we have d(zf,yk~") < §7k§(1=7)(k=5) and d(m’;,y?_l) <
57— (k=5) " Otherwise QF is geometrically D’-good.
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Remark 4.5. Note that the geometric goodness is actually a property of the
center 2% (v;) and not of the cube. This notion depends on vy, and v for £ < k.
The usage of this lesser dependence will be as follows. Suppose gen(Q) <
gen(R) < ko, that is 6* < ¢(R) < ¢(Q) for @ € D and R € D'. The cube R as a
set depend on v for £ > gen(R). The geometric goodness of () depends on vy for

¢ < gen(Q) < gen(R). So in view of the probability P,, these are independent.

Let us then explain why this is still pretty close to the definition given in [6].
That is, why it implies the natural geometric condition.

Note that 6 = §(=7s . §7ks(1=1(k=35) and §0-7s < §0=" < 1075 (as r
is fixed to be big enough). Suppose QF is geometrically D’-good and s > 7.
We have that z¥ € Rf;‘l C Rgfs for some unique (k — 1,n) <, (k — s,0).
Now d(zf,yk~!) < 10651 = 10%" < 57511 (k=5) " Suppose (aiming for a
contradiction) that we would have d(z%, X \ Rgfs) < (3/4)67ks(1=1(=5) " Then
we would have for some z € X \ Rg_s that d(zF,2) < (3/4)67k6(1=(F=5) But

then z € Rg_l C Rij_s for some (k —1,&) <, (k—s,7v) # (k—s,0), and
Ak, yo) < d@k,2) + d(z, gt ) < [3/4+ 1071 Rs0- 00 < grkg-m ke
contradicting the goodness of Q%. So we must have

d(QL, X \ RE™®) > d(z}, X \ R®) — 106"
> [3/4 — 10*4]57165(1*“1)(16*8) > 9 1grks=7)(k—s)

Thus also d(QF, Rf{*s) > 27 157k§(1=1(k=9) for every v # 3. We record these easy
observations as a lemma.

Lemma 4.6. If Q € D is geometrically D’'-good, then for every R € D' for
which £(Q) < §"¢(R) we have either d(Q,R) = ((Q)"¢(R)!=7 or d(Q,X \ R) =
L(Q)U(R).

If QF is geometrically D’-bad, then the definition demands that for some s >
r we have that zF € RF™5 € D’ so that d(zF, X \ RF~5) < §7kg0-"Mk=9) —
5756k = §75¢(RF~*). Lemma 4.3 with € = §7° then yields that

P(QF is geometrically D’-bad) < Z(W")S <67,

S=T

We have proved the following;:

Lemma 4.7. For a fivred Q € D we have under the random choice of the D’'-grid
that
P(Q is geometrically D' -bad) < 6™,

We still need to achieve the effect that P(Q is good) would not depend on the
particular choice of the cube @ (in R™ this followed from symmetry, see [9]). That
is, we want to make it a constant independent of (k, ) and v. There seems to be
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no obvious reason why this should be the case already, so we will force this by
understanding goodness in a stronger sense: a cube is good if it is geometrically
good and pseudogood (an extra condition that scales the probability down).

Define 7y o (vi) = Py (2% (vy) is geometrically good) (recall that the geometric
goodness is actually a property of the center and not of the cube). Set mgo0d =
1—C06™" so that always mg o (Uk) > Tgood. For every (k, ) we take an independent
uniformly on [0, 1] distributed random variable t¥. We say that Q¥ (v) (or rather
the triple (k,,vy)) is pseudogood if t¥ € [0, Tgo0d/mk,a(vk)]. Then we define
that QX (v) is D’-good if it is geometrically D’-good and pseudogood. Consider
the grid D fixed —that is, consider v fixed. There holds P(QF is D’-good) =
P, (QF is geometrically D’-good)P(tE € [0, mgo0d/Th,a(Vk)]) = Teood (notice that
with fixed v the geometric goodness depends only on v" and the pseudogoodness
on t*). We use independent uniformly on [0, 1] distributed random variables u* to
define pseudogoodness (and then D-goodness) for pairs (k, a,v;,) (that is for the
grid D').

Basically all these modification were done to prove the following analogue of
Lemma 5.2 of [9] with our randomized systems of metric dyadic cubes. This enables
us to later establish that a certain paraproduct is bounded following the strategy
used in [9].

First a few comments. In the following section we shall introduce two fixed
functions f and g, and their martingale difference decompositions using Haar func-
tions. The aim is then to control a certain average (5.1). The details of this are
not important for the next lemma, except for the fact that looking at that partic-
ular sum one sees that it is enough to sum over some fixed finite index set (k, a)
(because the functions have bounded support, the space is geometrically doubling,
and cubes of only finitely many generations are needed). Thus, we assume that
such is the case in the next lemma also. This enables us to move E in and out
the summation freely (see the proof). Also, ¢(Q, R) is an L'-function of cubes Q
and R and their children — basically in the only application of this lemma we take

0(Q, R) = (g9,vr) (b2, T(b19Q)) (¥r) (¢, [) (see Sections 5 and 8).

Lemma 4.8. We have that

1-CMEY > w@QR=E > > »(Q.R),

RED'  QEDgooa RED. 4  QE€Dgooa

§*0 <6(Q)<U(R) 5*0 <0(Q)<E(R)

where the grid D' is fixed (so V' is fized) and we average over every other random
quantity v, t’;, u’;
Proof. We start by recalling the dependencies (remember that the v’ is fixed).

The goodness of RI'(v') (or Xgood(RY' (V")) depends on ul' and v, for £ < m.

The goodness of Q¥ (v) depends on v, and t*. The Q¥ (v) and its children as
sets are determined by vg, ¢ > k (this uses the fact that k + 1 < k). Therefore,
Xgood (QF () @(QF (v), RI'(v")) depends on vy, £ > k, and on and t};. This means
that Xgood (R"(V')) and Xgood (QK (v))@(QE (v), R (v')) are independent for m <

k < ko. Moreover, 1 — C0"™" = Tgo0q = P(RI' (V') € D’good) = E(xgood (R (V"))
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Using this information we may now calculate

Tgood E Z Z @(Q» R)

ReD’ QEDgood

o0 <L(Q)<U(R)
:ﬂgoodEZ Z Xgood(QZ)SO( ZaR:ﬁL)
(m:y) (k)
m<k<ko
=D D E(Xeood(BY))E(xgooa(Qn)p(Qh, BY))
(myy) (ko)
m<k<ko
= Z Z E(Xgood(Rfyn)Xgood(Qloﬁz)@( Z?RT/@))
(myy) (ko)
m<k<ko
=E > > @R
RED .4  QEDgood
8k0 <U(Q)<U(R)

Let us still spell out the details of the above computation. We first removed
everything that is random from the summations. Then we moved the expectation
inside the summation (the sum is finite by assumption), and after that we also
moved the constant mgooa = 1 — C'6™" inside the summation noting then that
it equals E(xgood(R)')) with any (m,~v). Next we used the product rule of ex-
pectations of independent quantities. Finally, we moved the expectation out and
rewrote the summation so that it again contains the random quantities. O

5. Martingale difference decomposition, Haar functions and
the tangent martingale trick

We remind the reader of the reductions done in Remark 2.2. That is, we are
proving Theorem 2.1 under the additional assumptions that p = d is a metric,
1T e (x,v)—rr(x,y) < 00 (Y is a fixed UMD-space), [(T'(xab1), xab2)| S p(A) for
any Borel set A C X, and that Ty, T*by € BMOY (1) with any 1 < ¢ < oo.

Let us be given some system of cubes {Q*} and some accretive function b. We
set (we use the notation (f)a = pu(A)~" [, fdu for the average of a function f
over a set A)

Ef = Z Qk Xqy b,

%fZX%EM,
ALf = Einf - B,
Agy f = xqr ALS
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Consider a cube ). It has subcubes of the next generation Q;, t = 1,...,s(Q),
where s(Q) < 1. We set Qr = US(Q) @i, and note that we can always arrange

the indexation of the subcubes to be such that |b(Qx)| = w(Q) for every k =
1,...,5(Q). Indeed, we can index so that (here a is the accretivity constant of b)

A k-1

Q)12 (1= S5 ) ##(@ 2 (@),

and this can proven as Lemma 4.3 in [9]. Note also that trivially [b(Qr)| < u(Q)
)

(so [b(Qx)| ~ p(Q)) and [b(Qs)] ~ (Q;
Now define

PR

AL f=EY f+ E%UHf — Eguf

also noting that
s(Q)—1

Abf= > AY.f
u=1
A computation shows that

AY o f = b0 (0% 0 £)

where we have the adapted Haar functions

o (AEB)y(t,  H

b(Qu)  b(Quir)

as in [9]. Here we have to interpret gpl?Q,u = 0 if u(Q,) = 0. We also have the
non-cancellative (does not, in general, have zero integral) adapted Haar function

ohof =b(Q)xq

using which we write ng = b@lé),o (@%’0, -
We record the key properties (the last two being only important special cases):

/ b g dn =0,
b 1/2 XQu XQU+1
~ Qu + )
el ~ 1@ (LG5 + iar)
1/p—1/2

1% wllLe(x) ~ 1(Qu)
and
0821 196 il oo (x) ~ 1.
Given a dyadic system D = {Q} we can write with any m that
f= 2 A&+ D> Egf= ) > biegu(¢G., )

QeD QED QeD  u
LQ)<ém L(Q)=0m L(Q)<om

where the v summation runs through 1,...,s(Q) — 1 if 4(Q) < §™, and through
0,1,...,8(Q)—1if £(Q) = ™. The unconditional convergence of this in L?(X,Y)
is not at all clear, but it nevertheless follows as in Proposition 4.1 of [9] (note that
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in that proof certain abstract paraproducts are used, but their theory is formulated
in Chapter 3 of [9] in an abstract filtered space which directly applies also in our
situation).

Basically the strategy we shall use is the usual one: write the same decom-
position for a function g € L’ (X,Y") just using some other grid D' = {R} and
the other test function by, and then decompose the pairing (g, T f) accordingly.
However, Lemma 4.8 has the restriction involving &y (which we have not yet fixed)
and so we somehow need to get into a situation where we do not need to consider
arbitrarily small cubes.

We/ start by choosing two boundedly supported functions f € LP(X,Y") and
g € LP (X,Y*) so that f/bi and g/b are Lipschitz, || fllzex.y) = 9/l (x v+ =1
and ||T']| < 2[{g,Tf)|. Here, of course, ||T'|| = ||T||rr(x,v)—Lr(x,v). For the fact
that Lipschitz functions are dense, see e.g. the proof of Proposition 3.4 of [8]. We
now also fix m so that the supports of the functions f and g are contained in some
balls B(zg,0™) and B(x1,d™) respectively. The kg can now be fixed to be so big
that §%0 is small enough for the estimates that follow.

Using any two dyadic systems D and D’ we decompose

(9. Tf) =g — E2g,Tf)+ (E2g, T(f - EL ) + (B2 g, T(EQ f)),

and then estimate
g, THI<ITg = ER2gll 1o x.xv+
+ITINERZ gl o (x.v-)

e (x,v)
- EZ;f”LP(X,Y) + |<E,€§g,T(EZ;f))|.

Note that ||Egzg|\Lp/(X$y*) S gl 2o (x,y+) = 1 so that we get

0
9. Th)| < (CO)If=ER flleox vy 9= E2gll o e y - T IH(B2 g, T(ERE ).

Next we employ the facts that f/b; and g/bs are Lipschitz (with a constant L,
say). Let h = f/b1. Let x € X and then let @ denote the unique D-cube of
generation kg containing x. We have that

IE f(z) = f(@)]ly S [[(b1)oh(z) — (bih)glly
< gy | I IR = k@)l da)
< Ld(Q) S Lo*.
Noting that U{Q : Q € Dy,, Q N B(xg,d™) # 0} C B(xp,26™) we have that
If - E;g(l)fHLP(X,Y) < LA(xo, 8™)Y/P5k0.

A similar estimate holds for ||g — E£§g||Lpf(X7Y*). The kg is so large that we have
ITN/2 < [{g, TH)I < ITI/A+ (B2 g, T(EL )

that is, ||T| < 4|<E£§g,T(E£(l)f)>| with any grids D and D’ (but only with these
particular fixed functions f and g, of course).
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Now we write <E£§97 T(Eg(l) f)) as the following sum:

S Akg+ S EReT(ELS)

5*0 <b(R)<om™ £(R)=5m
bs bs b b
(Y A Y EReT( X s+ Y EyY))
REDy, 4 ReDy 4 Q€Dpad QEDpad
ko <L(R)<s™ L(R)=5" dko<L(Q)<om (Q)=om
b b b

Y R0 bR TG ) (05 s

QGDgood» ReDgood u,v

50 <0(Q), L(R) <™
where the u summation runs through 1,...,s(Q) — 1 if 4(Q) < §™, and through

0,1,...,8(Q) — 1if £(Q) = 6™, and similarly for the v summation. We thus have
that ||7'||/4 is bounded by the sum of the following terms:

Imi| > Aker X R

b
‘mx oyl 1Bro fllerceyy,

ke ’D{)ad ReD bad
§ko <L(R)<o™ L(R)=56"
b b b b
LA SIFS7ER SR I S oAnf+ Y By
RED, 0q ReD,, 4 LP(X,Y™) Q€EDyaa QEDyaa LP(X)Y)
5k0 <t(R)<s™ (R)=6™ ko <L(Q)<s™ (Q)=d6m

and

\ 3 z<¢;eﬂ,,g><w;e,v,T(bmg,uwg,u,f>\.
QEDgoody RE’Digood u,v
§ko <£(Q), L(R)<s™

Note that clearly

1B fllooxvy S I liecxyy = 1

and

ba
Z Egg
ReDéood

U(R)=6m

S ”gHLP’(X,Y*) =1L
LP (X,Y*)

Also, using unconditionality and the contraction principle, we have that

D SR
RED;’good

§k0 <(R)<om

S H9||Lp’(X,Y*) =1L
LP (X,Y*)
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Thus, the terms involving bad cubes are dominated by

|| X aker ¥ sk
RGD{)ad RGD{)ad Lp/(X$Y*)
§*0 <¢(R)<sm ¢(R)=5m
+W‘ S AGf+ >, EYf 1
QEDyaa QEDpaa LP(X,Y)
§ko <0(Q)<sm™ L(Q)=6™

Taking expectations over all the random quantities in the randomization of cubes,
it is easy to see that

E|l Y E#g +1EH S BYf S n(r),
ReD| LY (X, Y*) QEDpaa Lr(X,Y)
L(R)=6m (Q)=6m

where n(r) — 0 when r — oo. Working similarly as later in Section 9 (when
estimating a certain term B) we have that

EH > Ak +EH S oaYy <n(r)
ReD| LY (X, Y*) QEDpaa Lr(X,Y)
5R0 <4(R)<sm sko <e(Q)<em

as well. One can consult Chapter 12 of [9] too. The proof requires a certain im-
provement of the contraction principle recalled in Proposition 9.1 (this is Lemma 3.1
of [7]).

Choosing r large enough we thus have that

(6.1)  TI/8<E > > (0B 902w, T (0165 NG ur £ |-
QEDgomhREDéood u,v

5o <4(Q), L(R) <™

We almost always suppress the finite summation over u, v and after that is done,
simply write pg = @léjw YR = gpl;;iv and Trg = (botr, T'(b1¢q)). The summation
condition §¥ < £(Q), £(R) < §™ is always in force, and thus most of the time
not explicitly written. The estimation of this series involving good cubes only is
now split into multiple subseries to be considered in the subsequent sections. We
primarily deal with the part £(Q) < ¢(R) the other being symmetric. Although we
have || fllzex,v) = 9/l s (x,y+) = 1, in some of the estimates below we explicitly
write || f]|L»(x,v) and [|g]| 1 (x y~) in place of 1 for clarity.

We still comment on some of the techniques used on the following sections.
We use independent random signs ¢, with P(ex = 1) = P(e, = —1) = 1/2. The
underlying probability space for these signs is denoted by 2. They are often indexed
by cubes rather than the size of cubes in situations, where there is for some reason
at most one non-zero term for every generation of cubes.



984 H. MARTIKAINEN

Related to this vector-valued LP-theory we combine basic randomization tricks
with the more sophisticated tool called the tangent martingale trick in [9]. Let us
now formulate this since it is of fundamental importance to us (this is Corollary 6.3

of [9]).

Proposition 5.1. Let A = |J, Ay, where Ay, is a countable partition of X into
Borel sets of finite u-measure, and the generated o-algebras o(Ay) satisfy o(Ax) C
o(Agy1). For each A € A we are given a UMD-valued function fa: X — Y
supported on A, and so that fa is o(Agt1)-measurable whenever A € Ay. For
each A € A we are also given a jointly measurable function ka: A x A — C, which
s pointwise bounded by 1. We have

/QxXHZEk Z 2“21(:)) /AkA(x,z)fA(z)du(z)Hi dP(e) dp(z)

k€eZ AcAy

S/QXX HZek 3 fA(:v)HidIP’(e)du(m).

keZ AEA

This is the only version of the trick we explicitly need in this paper. For this
result and some more general theory related to this see Chapter 6 of [9]. Lastly,
we record the following randomization trick which is used multiple times in the
sequel. For the proof see the page 10 of [9].

Lemma 5.2. Suppose that for each R € D’ we are given a subcollection D(R) C D.
There holds

| > vm) Y Tralea. )

RED! QED(R)
e > vr Y, TRQ<<PQaf>‘

keZ  ReD;, QeD(R)

< / :
~ ||9HL:> (X,Y*) LP(Qx X,Y)

6. Separated cubes

We consider the part of the series where R € ngood, Q € Dgood, £(Q) < L(R) and
d(Q,R) > CCul(Q). Also the adapted Haar functions ¢q related to the smaller
cubes @ are assumed to be cancellative (by which we only mean that they have
zero integral).

We begin with some estimates for the matrix elements Trg = (b2t'r, T'(b19Q))
— these follow, with some modifications, Lemma 6.1 and Lemma 6.2 of [6].

Lemma 6.1. Let Q € D and R € D' be such that £(Q) < ¢(R) and d(Q,R) >
CCul(Q). Assume also that pg is cancellative. We have the estimate

(Q)"
S WG R swpcq M@ By | P Palz:

I Trel
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Proof. Recalling that [ b1pg du = 0, we have for an arbitrary z € Q that

Trg = /R /Q K (z,y) — K (2, 2)] ba(y) 00 (y) ba(x) da(x) duly) du(z).

The claim follows from the kernel estimates (which we may utilize since d(z, 2)
We set D(Q, R) = £(Q) + {(R) + d(Q, R).

Lemma 6.2. Let () € Dyooaq and R € D' be such that £(Q) < {(R) and d(Q,R) >
CCul(Q). Assume also that pg is cancellative. We have the estimate

2
O

Q)™ 2U(R)>/?
T < 1 1(y)-
Trel < D(Q, R)*sup,cq )\(Z,D(Q,R))”SOQ”L wllYrllL )

Proof. Tt £(Q) > 6"¢(R), then d(Q, R) 2 D(Q, R), and the claim follows from the
previous lemma. In the case d(Q, R) > ¢(R), we also have d(Q, R) 2 D(Q, R), and
the claim again follows from the previous lemma.

We may thus assume that £(Q) < §"¢(R) and d(Q, R) < ¢(R). As Q is good,
we have d(Q, R) = ¢(Q)"¢(R)!~7. Consider an arbitrary z € Q. Using the identity

£(

C;'ylogQ HE _ <£(R)>—vd

UQ)
and the doubling property of A one gets that
((R) N~
Az, d Z(—= Az, ¢ .
(@ R) 2 (7)) MR
The claim then follows from the previous lemma, the identity vd +ya = «/2, and
the fact that in our situation ¢(R) 2 D(Q, R). O

Let us then state and prove the main result of this section —this follows, save
the technical modifications, from pages 25-26 of [9].

Proposition 6.3. There holds

) ) (9, 98) Tro(0a, )| < 19w G

RE’Digood QGDgood
UQ)<U(R), d(Q,R)>CCol(Q)

Fllor(x,v)

with the additional interpretation that the adapted Haar functions g related to
the smaller cubes @ are cancellative, even on the coarsest level £(Q) = 6™.

Proof. We first consider the case

((R) = oF, ke,
Q) = o+tm, m=0,1,2,...,
1 < D(Q,R) < 6%~ j=0,1,2,....
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The last requirement says that D(Q, R)/¢(R) ~ 6~7. The estimate from the pre-
vious lemma gives
|TRQ| 5am/26aj
le@llzrll¥rllLi ~ sup.eq Alz, 6879)
We suppress from our notation the requirement that d(Q, R) > CCy¢(Q). Lemma 5.2
gives that

’Z Z Z <gv'¢)R>TRQ<90Q7f>‘

kE€Z RED] 4 1 QEDgood, k+m
D(Q,R)/E(R)~d—1

’Zek > wRTRQ<<PQaf>‘

k€Z  RED] 44 QEDgood, k+m
D(Q,R)/E(R)~6—1

< / * :
S lgllzs (X,Y*) LP(Qx X,Y)

For a cube @ denote by Q, the unique cube of generation ¢ < gen(Q) for which
Q C Q. Let 6(j) denote the smallest integer for which 0(j) > (jy +r)(1 —~)~".
Recalling that R is good and r is large enough, we must have for any @ and R in
the above summation that R C Qk,j,g(j). Thus, we may write

> o= 2>

RED} oar  SEDi—j—0(j) RED 0q k

RCS

Also, we have

< k—j=0(j)) < 5-d90) k—j
u(S) S inf A(w,d )< 0 Inf Aw,6%7).

Deﬁne IERQ \/ia (he ldenllty
ZRQ Q Lt 14 RI|| LY " tR(Q)

and note that we have
inf,es Mw, 687

SUp,eq Az, 6F=7)

ltral S <.

Also relevant is the estimate
§ei=do()) < sla—dy(1-7)7"1j _ so®+ad)(a+2d)""j

For every S € Dy_;_q(;) We set

Ks(z,y)= Y > Yr(@) VRl L mtrelleql L ea(y)b(y).
RED,,,qx QEPgood ktm

RCS  D(Q.R)/{(R)~§—i
As [leqllerwllvallewy S 1, 1Rl gllvrllieg S 1, [1b1llLe@) S 1, [trel S 1
and for every fixed x and y there is at most one non-zero term in the double
sum defining Kg, we have |Kg(z,y)| < 1. Also, Kg is supported on S x S as

sptiyr C R C S and sptyg C Q C S.
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Using the fact that [b1pg dp = 0 one notes that (pg, f) = (¢o, AZ;mf> for
Q@ € Dyt - Using this and the definitions from above, we see that

H DD > ¢RTRQ<¢Q,f>'

k€EZ Rengood e @EDgood,k+m
D(Q,R)/€(R)~6—1

LP(QXX,Y)

can be dominated by

Xs s(W) A (W)
S T a Lot e )

k€Z SED._j_o¢)

2
+od
§5™ §atzad

LP(QxX,Y)

Due to the measurability requirements of the tangent martingale trick we further
split up the above sum over k € Z into m + j + 60(j) + 1 < m + j + 1 subseries:

m+j+0(5)
keZ ko=0 k=ko
mod m+j+6(j)+1

The point is that y — w is constant on the subcubes of generation

k+m+1=kK—j—0(j), where ' = k+ (m+75+06(j)+1). Applying the tangent
martingale trick to each of these subseries then yields that

’ > > > (9:Yr)TRQ (Pq, f>‘

k€EZ ReDgood v QE€Dgood,k+m
D(Q,R)/t(R)~6—1
m+]+9

o2 tad f
S82mE arad || g|| (X,Y™) H Z €k Z k+m '

ko=0 k=ko S€'Dk_j_9“)

Lr(QxX,Y)

a a?+ad ; .
Sozme a2 (m+ j+ Vgl Lo x v

where the last inequality follows from the unconditional convergence of the adapted
martingale difference decomposition (after discarding 1/b1). Summing over m, j =
0,1,2,... yields the claim. O

7. Cubes well inside another cube

We consider the case R € Dy, 4, Q € Dgood, @ C It and £(Q) < §"¢(R). As usual,
there is a need to introduce some cancellation. To this end, here we consider the
modified matrix

Trq = Trq — (b2, T(b19q)) (Vr)q

—(xx\sb2, Thrp))(Wr)s + Y, (xsr¥rbe, T(bigq)),
S'CR\S
€(S")=56(R)
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where S C R is such that £(S) = 6¢(R) (that is, S is a child of R, and gen(S) =
gen(R) +1) and @ C S. The point is that @ is separated from the rest of the sub-
cubes S’ and we have introduced cancellation for this one problematic subcube S.
The correction terms form a paraproduct operator, the boundedness of which will
be considered in the next section.

We again begin with some estimates for the matrix TRQ. Let us be brief as
these estimates follow pretty much as in the pages 20-21 of [6]. Fix some z € Q.
Recalling that for every ball B = B(cp,rp) and for every € > 0 we have the
estimate (integrate over dyadic blocks 2/rp < d(x,cp) < 29*lrp or see Lemma 2.4
in (6]

d(z,cp)~¢ _
———du(z) S r5S,
oo T gy ) e 7
we establish by changing K (x,y) to K (x,y) — K (z, z) (using [ b1pg du = 0), using
the kernel estimates and noting that X \ S C X \ B(z,d(Q, X \ S)) that

|(xx\sb2, T(b1pQ))| S UQ)* @l md(@, X\ S)™.

To see that it was legitimate to use the kernel estimates note that in the corre-
sponding integral d(z,2) > d(X \ S, Q) = £(Q)4(S)'=7 > 6 "(=7¢(Q), so that
d(z,z) > Cd(y, z) choosing r large enough. Furthermore, note that d(Q, X \ S) =
0(Q)74(S)' =7 > £(Q)Y/?¢(R)"/?, and so continuing the above estimates we obtain

£(Q) /2
b, T(b s (75) "
For the other finitely many terms involving a subcube S’ C R (where we have
separation) we have using Lemma 6.2 (or actually, a trivial modification) that
Q
S

/

/ a/2 1
[{(xs®¥rb2, T(b1pg)) S (£ ))) YRz ()

(
( )\(Z,K(S/)) ||90QHL1(;L)
YA a/2 'l/) 1
) e g,

<

~ (K(R)
where the last estimate follows after noting that

u(R) < u(B(z, Col(R))) < Az, Col(R)) = Az, Cod~U(S)) S A=, £(S")).
Let us recapitulate all this as a lemma.

Lemma 7.1. If R€ D', Q € Dgood; Q@ C R, £(Q) < 0"¢(R) and S is the subcube
of R for which £(S) = 0{(R) and Q C S, we have

Tl S (R2)"" [1wrlsl + L0 gl

A familiar strategy involving kernels and the tangent martingale trick shall
now be employed (as in the previous section and as in [9]). For this, the following
lemma is both natural and useful.
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Lemma 7.2. If R€ D', Q € Dgood, Q C R, £(Q) < 0"¢(R) and S is the subcube
of R for which ¢(S) = 0¢(R) and Q C S, we have

QN2 1xr\s(@) | xs(x)
E(R)> { WR)uls) )

Proof. Taking the previous lemma and the estimates ||oq|lz1 () lloqllreg) S 1
and [|Yr| L1 [¥R| Lo (uy S 1 into account it suffices to prove that

¥R (@) Trova®) S (

Xr\s(®)  xs(z)
Vr)sllYr(@)| S () + -

This follows by recalling that ¢ p = ‘P%,u for some v, denoting S = R,,, subdividing
the estimation into cases (v =w and x € 5), (v=w and x € R\ S) and v # w,
and finally recalling that one has

y
=5 5 )

(or [¢hg| ~ u(R)~/? if v = 0 and no subdivision into cases is necessary). O

We are now ready to prove the main result of this section.

Proposition 7.3. There holds that

| Y Y (evaTrelea )] S gl

RED,,,q RE€EPgooa, QCR
Q)< L(R)

e (x,y)-

Proof. Let s(R) denote the number of subcubes of a cube R € D’ and set s =
maxpep S(R) S 1. Fix w e {1,...,s} and m € {r + 1,7 +2,...}. The already
used randomization trick gives

‘Z ) > <g>¢R>TRQ<<PQaf>‘

k€Z RED} 4 ), Q€Dgood  k+m
QCRy

D Y > ¢RTRQ<¢Q,f>’

k€Z  RED,,q ) QE€EPgood ktm
QCRy

< / N
Slallze (X,Y*) LP(Qx X,Y)

We introduce the relevant kernels now. Indeed, set

K =gom/? Z 1(R) Xm\r,, () YR (2) Trq vq(y) b1(y),
M
Kp=06"""7 3" (Ru)Xr, () ¥r(z) Trq £q(y) bi(y).

QGDgood,k+m
QCRy
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The previous lemma yields at once that [K%(z,y)| < 1 and |Kh(z,y)] S 1. Also,
the supports lie in R X R and R,, X R,, respectively. There holds

Yo > Y Ur(@) Troleo, f)

k€Z  RED], .4 @EPgood, k+m

QCRw
by
_ 6ocm/2 XR(J)) K¢ ’ XR(y)Ak;erf(y) d
];ZEk RGD%Od,k M(R) /R R(‘r y) bl(y) M(y)

b1

k€Z  REDl ., bi(y)

The tangent martingale trick cannot quite yet be used: the measurability con-
ditions need not hold (note the important difference with the argument of the
previous section —there we did not have the dyadic systems D and D’ mixed in
the way we have here). To fix this, one simply defines new partitions

Fe={SNQ#0:5S€D,,Q €Dy_r_1},
and exploits the goodness of the cubes R via the observations
D/good,k: C J—'.k; and {Rw S ,D;€+1 : Rw CREe Déood,k} - .Fk;Jrl.

We then extend the above sums to be over the sets Fj and Fj1 respectively
by using zero kernels for all the new sets R. We may then apply the tangent
martingale trick after passing to the obvious subseries over k yielding, just like in
the previous section, the bound

‘Z > > (9.%r) Troleq, f)

k€Z RED) 4 1 QEDgood, k+m
QCRy

5 604771/2 (m +r 4+ 1) ||gHLP'(X,Y*)

[ fllzecx,v)s

from which the claim follows after summing over m = r 4+ 1,7+ 2,... and w =
1,...,s. O

8. The correction term and the relevant paraproduct

Recall that we subtracted (bs, T'(b19q))(¥r)q from Trq in the case R € Dy, 4,

Q € Dgood, @ C R and £(Q) < §"¢(R). Thus, we now need to consider the sum

(8.1) > Yo {9:9r) (02, T(h19Q)) (¥r)q (qs f).

RED], 4 RE€Pgooa, QCR
Q)< L(R)

Recall also that we always have the suppressed summation over u,v and the re-
striction that %0 < £(Q), ¢(R) < §™. Writing out the above sum unhiding these
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conventions and then recalling that e.g. Agf = > . 0190.u{Pq.u, f), we see that
(writing explicitly only the relevant restrictions)

(8.1) = Z( S (Al
Q€Dgood ReD] 4, ROQ

LQ)>8%0  s—rp(Q)<t(R)<s™

+ > <E%g/bz>Q)<T*bz,A8f>'

RED, 4, ROQ

5—m0(Q)<L(R)=6m

Now we use the trick from [9] noting that the inner summation would collapse
to (E%2g/ba)g = (g9)r/(ba)r, where R € D’ is the unique cube of generation
gen(Q) —r for which @ C R, were it not for the restriction to good D’-cubes in the
summation. Now it is clear why Lemma 4.8 was worth proving. Indeed, we may
achieve this effect just by considering the grid D’ being fixed and averaging over
all the other random quantities used in the randomization of cubes (that is: v’ is
fixed and we average over v, t* u¥). We use Lemma 4.8 twice. First, to remove
the restriction to good R, and after collapsing the series, to put the restriction
back. This yields

EGL=E > 3> (o) (T*bs, A% f)

b
QEDygooa RED!.  ROQ 2)

good?

L(R)=6-7£(Q)

2 Y Y Db f.

b
RED],, QEDgooa, QCR 2)
¢(Q)=56"4(R)

—~

=

—~

=

where the standard summation conditions were yet again suppressed.
Notice now that the right hand side of this is the expectation of a pairing
(Ilg, f), where we have (for every fixed choice of the random quantities) the para-

product
Mg= >, >

RED!, 4 Q€Dgo0a; QCR
£HQ)=67L(R)

We shall next study this with any fixed choice of the random quantities. Note that
in [6] the paraproduct had the inessential difference that instead of the requirement
of @ being good we had the requirement d(Q, X \ R) > CCyl(Q) (which follows
from the goodness), and the essential difference that the bigger cubes were not
restricted to good cubes. As was noted in [9], this restriction is useful in this
vector valued context.

Lemma 8.1. If o € BMOZL (p), then

H > o) vo

QEDgoody QCR
LHQ)<ITU(R)

—~

9)R
2>R

(T"ba2, b1pg) ¢q-

—
(=l

S N(R)l/pH@HBMoﬁ(uy
LP(Qx X)
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Proof. This can be proven similarly as Lemma 7.1 in [6], borrowing some mi-
nor additional ingredients related to this vector valued context from the proof of
Lemma 9.3 of [9]. O

Since T*bs € BMOY (1) for any 1 < ¢ < oo (see Remark 2.2 and Theorem 3.3),
the previous lemma is important in proving that the paraproduct II is bounded.
We will not provide the exact details instead citing [9] as this part of the argument
no longer has anything special to do with the metric space structure or with our
use of more general measures. Indeed, having been able to do all these reductions
in the metric space setting, one can now follow the argument found in pages 32—-33
of [9] pretty much word to word (when reading that, notice that §3 of [9] is already
in an abstract form suitable for us), and this yields:

Proposition 8.2. We have
”HgHLP'(X,Y*) S ||T*b2”BMOg(H)H9||Lp’(X,Y*) S ”gHLP'(X,Y*)'
The main result of this section now readily follows.

Proposition 8.3. We have that

E Y X leum) b T(hriee)) (br)a ea. /)

RED,,,q RE€EPgooa, QCR
Q)< L(R)

S Hg”LI"(X,Y*) flleex vy,

where we average over all the random quantities used in the randomization of the
cubes (v, V', th uk).

9. Estimates for adjacent cubes of comparable size

We shall now deal with the part of the series where good cubes @ € Dgooq and
R € Dy,q are adjacent (d(Q, R) < CComin(¢(Q),{(R))) and of comparable size
(lgen(Q) — gen(R)| < r). We denote the last condition by ¢(Q) ~ ¢(R). Also, only
the size, and not the cancellation, properties of the adapted Haar functions are
used.

We are given some fixed small € > 0. Given cubes @) and R define A = QN R,

do ={z:d(z,Q) < el(Q) and d(z, X \ Q) < €/(Q)},

and
op ={z:d(z,R) < el(R) and d(z, X \ R) < el(R)}.

Set also

Qs =Q\A\6r, Qo=Q\A\Qs, R;=R\A\dy and Ryp=R\A\R,.
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Given R € Dy, ,q, there are only finitely many @ € Dgooa which are adjacent

to R and of comparable size. Thus, one needs only to study finitely many subseries

> {9:¢r) Tro(vq, f),
ReD,,0q
where Q = Q(R) is implicitly a function of R —a convention that is used throughout
this section. We shall also act like the mapping R — Q(R) is invertible —this only
amounts to identifying some terms with zero (if there are no preimages) or splitting
into finitely many new subseries using the triangle inequality (if there are multiple
preimages).

Recall that Tro = (¥rb2, T (b1pg)). We note that

hipalee, /)= D, bhixawe)elpa f)= Y, bixede,
Q' eD:Q'CQ Q' eD:Q'CQ
£(Q")=64(Q) 2€Q)=60(Q)

where Ag = (vq)o (g, f). Similarly there holds

byvr(g,¥r)= Y  baxwBr,
R'eD:R'CR
¢(R")=50(R)

where Br: = (¢Yr)r{g,¥r). Thus, we are left with finitely many new subseries of
the form

Z Br(xrb2, T(b1xq))Aq,

ReD’
where @ = Q(R) is a new function of R but one still has £(Q) ~ £(R). Note also
that the parents of these cubes are always good.

Given R and then @ = Q(R) as in the above sum, we shall now split the pairing
(Xrb2,T(bixq)) into five terms. Such a simple decomposition is only possible
because we have exploited the work that has already been done in the scalar
case [6] to update our WBP into a stronger one (see Remark 2.2). While this part
of the argument could be made self-contained, this saves us from a lot of problems
which are even worse in this vector-valued setting than in the scalar setting.

We now decompose

(XRrb2, T'(b1XqQ)) = (XR.b2, T(b1X@Q)) + (XR,b2, T(b1XQ))
+ (xabz, T(bixa)) + (xabz, T(bixq,)) + (xab2, T(bixq.))
=A+B+C+D+E.

It is time to deal with these terms now. These belong to various different
groups: we have the terms A and FE with separation, the terms B and D involving
bad boundary regions, and the diagonal term C, which needs the stronger WBP
if one wants to avoid complicated additional surgery. (For the details of the more
complicated surgery in the metric situation see §8 and §9 in [6].)
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Also, when we sum over R we have to use different kinds of strategies involving
simple randomization (for the diagonal term), the tangent martingale trick (for the
separated terms) and a certain improvement of the contraction principle (for the
bad boundary region terms). In the bad boundary region terms control is gained
only after using the a priori boundedness of T', and in these cases it is essential to
get a small constant in front so that these may later be absorbed. This requires
that we average over all the dyadic grids.

We have C' = aap(A), where |aa] < 1, since actually [(T'(xab1), xab2)| <
u(A) with any Borel set A C X. Using randomization, Holder’s inequality and
the contraction principle, we obtain (denoting the dyadic parent of @ by Q and
similarly for R) that

R QJX p R’
< ’ZGRXRBR’ ZGQQAAQXQ’
R Q

S ’Z€R¢é<9’¢é>‘
R

L' (Qx X,Y*) Lr(QxX,Y)

ZGQ@Q<<PQaf>‘
Q

LP (Qx X,Y*) LP(QxX,Y)

S ”gHLP’(X,Y*)

e (x,y)-

Let us then estimate the separated terms A and E. However, these are so
similar that we only explicitly handle A here. The first kernel estimate yields

1
Al = bo, T (b 5/ / ——d du(z).
|Al = [{(xR, b2, T(b1xQ))| . o My diw,y) 1(y) du(x)
Then we note that

My, d(w,y)) = My, d(z,Q)) = Ay, el(Q)) Z "Ny, £(Q)).

Thus, we may write

Y u(Q)u(R)
@ infeq Ay, Q)

where |8g| < € ¢ (note that the infimum may be zero only if 1(Q) = 0). Now we
may write

n(Q)p(R)
infyeq Ay, £(

> BrA(R)Aq = (9:¢5) (Wa)r B
R

R

5
= ER}g,w el mr—stay Iealew (e ),

where |BQ| < |Bg| £ e 4. Recall that these parents R and Q are again good cubes.
Also recall that every cube has at most < 1 children. So it remains to study the

Series
E g)wlg wﬁ Lt ")

9Q

E(Q)) ||90Q||L1(H) <90Q7 f>a
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where again |og| < €% (note that A(y, £(Q)) < Ay, £(Q))). Using a randomization
trick and then reindexing the summation we see that this may be dominated by

||9HL1>’(X’y*) Zﬂc Z Z VRl Lt ¥r(x)
k€Z  S€Dk QEDgood, k+2r
QcCs
. 9Q . ‘
yea Mo @) 1P@lE 0 P Nl g vy

Since R is good, ¢(R) < 6 "¢(Q) = §"¢(S) and CCyl(R) > d(Q, R), one easily
checks that R C S (if r is large enough). We then set for S € Dy, that

3 u(S)
Ks(may) = ||¢R||L1(M)¢R(m). UQ”S"QHD(#)@Q(y)h(y),
QEDgood kt2r infyeq Aw, £(Q))

QCS

and note that the previous majorant can now be written in the form

N xs(z) Xs(W)AY,, f(y)
¢ de%e;cS;k MS(S) /SKs(xvy)W du(y)‘

LP(QxX,Y)

which is amenable to the tangent martingale trick as is next demonstrated. Indeed,
just note that Kg is supported on S x S and that |Kg(z,y)| < 1 holds, and then
divide the summation over k into < 1 appropriate pieces to get that

|3 BrAR)Ao| £ € llgll o x v I or.
R

The same, as already stated earlier, works with A replaced by E.

It still remains to deal with the terms B and D involving bad boundary regions.
The small term in front of ||T|| is gained only after averaging over the dyadic
grids D and D’. We only deal with the term B —the term D is handled completely
analogously.

We turn to the details. Using randomization, Holder’s inequality and the a
priori boundedness of T one gets that

| > BrBB)Aq| < IITI| Y enBrxn,ba|
R R

L (Qx X,Y*) LP(QxX,Y)

> GQAQZMXQ‘
Q
Now, the second term is easily seen to be dominated by | f||z»(x,y) using the
contraction principle and unconditionality.

The first term is more involved since it is here that the small factor needs to
be extracted. Let us define

k+r

sky= 1 U de-

j=k—r QED;
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Note that if gen(R) = k, then gen(Q(R)) € [k — r,k + r], and so we must have
XRo = XRoXs(k)XR- Throwing xr, and by away using the contraction principle,
we get

H Z ERBRXRab2‘
R

S H €k Br R‘ :
Lr (x X, y*) ™ ;Z Xb(k) Rgl X L (A X,Y'*)
k

Now, keeping everything else fixed, we take the conditional expectation of this over
the grids D. Using Jensen’s inequality and Fubini’s theorem, we get

E H Z KXo(k) D BRXR‘

LY (Qx X,Y*)
ReD;,
( EHZ Z B (z) ' i ))1/1)’
€kXs(k RXR\T Lo (@.¥+) AT :
keZ ReD;,

In order to gain access to a certain improvement of the contraction principle (to
be formulated shortly), it is still beneficial to further dominate this by

(/ [EHZM&(M > Brya(x }p'/t dlf/(.f))l/p/)

kEZ ReD;,

L' (Q,Y*)

where t > p/. We now fix t once and for all demanding only that it is larger
than p, p’, the cotype of Y and the cotype of Y* (recall that the dual of a UMD
space is UMD and that a UMD space has nontrivial cotype). The requirements
involving p and the cotype of Y are only needed when handling the similar term D.

We now formulate the contraction principle we need (this is Lemma 3.1 of [7]).

Proposition 9.1. Suppose Z is a Banach space of cotype s € [2,0), & € Z,
s<u<ooand 0; € L*(2) (here 2 is a probability space). Then

[ e

Utilizing the above contraction principle together with Lemma 4.3 and Ka-
hane’s inequality gives (here the L* norm is taken over the probability space used
in the randomization of D)

Oilnion | st
L@ LZ(QZ)) pH il () Z €5&; L2(0.7)

L (Qx X,Y*)

> er > Brxr(x ‘

keZ  ReD;,

EH > €rBrXR, bz‘
R

du@) "

< (/ sup || xser) (2 ),
X k€eZ

S et H > GRBRXR‘
R

LP' (Q,Y*)

< n/t
Lo (X XY "\ gll e (X, Y

We now formulate the above considerations as a proposition.
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Proposition 9.2. Let ¢ > 0. We have the estimate

]E' Z Z (9,VR)TrRQ (0, f)

RED, .4 QEDgo0a: £(Q)~L(R)

d(Q,R)<CComin(4(Q),£(R))
S C@ONgllee x,yoy 1 lleex,yy + 1T @) N9l Lo x vy 1 ey,

where we average over all the random quantities used in the randomization of the
cubes, and c(€) can be made arbitrarily small by choosing € small enough.

Remark 9.3. Recall that when we dealt with the separated cubes in Propo-
sition 6.3 we had the assumption that the adapted Haar functions related to the
smaller cubes are cancellative (have zero integral). Note that there are only bound-
edly many terms with £(Q) = ¢(R) = §™ where the contrary can happen (due to
the assumptions about the supports of the functions f and g). Thus, the relevant
arguments involving separated sets used in the present section let us also remove
this assumption.

10. Completion of the proof

Combining all that we have done in the previous sections shows that

E\ S Sl )bt T(biel )N £ < OO+ e@ITI
QEDgood»RGDgood u,v

5k0 <L(Q), L(R) <™

where ¢(e€) — 0 when ¢ — 0. Recalling (5.1) the estimate ||T']] < 1 follows by
taking e small enough. We have proved what we set out to prove, namely Theo-
rem 2.1.
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