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Isodiametric sets in the Heisenberg group

Gian Paolo Leonardi, Séverine Rigot and Davide Vittone

Abstract. In the sub-Riemannian Heisenberg group equipped with its
Carnot—Carathéodory metric and with a Haar measure, we consider iso-
diametric sets, i.e., sets maximizing measure among all sets with a given
diameter. In particular, given an isodiametric set, and up to negligible
sets, we prove that its boundary is given by the graphs of two locally
Lipschitz functions. Moreover, within the restricted class of rotationally
invariant sets, we give a quite complete characterization of any compact
(rotationally invariant) isodiametric set. More precisely, its Steiner sym-
metrization with respect to the C™-plane is shown to coincide with the
Fuclidean convex hull of a CC-ball. At the same time, we also prove quite
unexpected non-uniqueness results.

1. Introduction

The classical isodiametric inequality in the Euclidean space says that balls have
maximal volume among all sets with a given diameter. This was originally proved
by Bieberbach [5] in R? and by Urysohn [14] in R™, see also [6]. In this paper we
are interested in the case of the Heisenberg group H" equipped with its Carnot—
Carathéodory distance d and with the Haar measure £2"*! (see Section 2 for
the definitions). Our aim is to study isodiametric sets, i.e., sets maximizing the
measure among sets with a given diameter.

Recalling that the homogeneous dimension of H™ is 2n + 2, we define the iso-
diametric constant C; by

Cr =sup L2 (F)/(diam F)*"*2

where the supremum is taken over all sets F' C H" with positive and finite diameter.
Sets realizing the supremum do exist, see [12] or Theorem 3.1 below. Since the
closure of any such set is a compact set that still realizes the supremum, we consider
the class Z of compact isodiametric sets,

I ={ECH": E compact, diam E > 0, L*"*}(E) = C; (diam E)*"*?} .
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In other words, Z denotes the class of compact sets that maximize £2"+!-measure
among all sets with the same diameter.

In contrast to the Euclidean case, balls in (H", d) are not isodiametric (see [12])
and we shall give in this paper some further and refined evidence that the situation
is indeed quite different from the Euclidean one.

Before describing our main results let us recall some classical motivations and
consequences coming from the study of isodiametric type problems. First the
isodiametric constant C; coincides with the ratio between the measure £27*1 and
the (2n + 2)-dimensional Hausdorff measure H?"*2 in (H", d), namely,

2n+1 __ 2n—+2
L =CrH ,

where H*"T2(A) = limg o inf {Zi(diam A2 A CUA; , diam A; < 6}. This
can actually be generalized to any Carnot group equipped with a homogeneous
distance (see [12]), and for abelian Carnot groups one recovers the well-known
Euclidean situation. We also refer the interested reader to [1] where some relation-
ships between different intrinsic volumes that can be defined in sub-Riemannian
geometry are studied.

As a consequence, the knowledge of the numerical value of the isodiametric
constant C7, or equivalently the explicit description of isodiametric sets, gives
non-trivial information about the geometry of the metric space (H", d) and about
the measure H2"*2 which may be considered as a natural measure from the metric
point of view.

There are also some links with the Besicovitch 1/2-problem which is in turn
related to the study of the connections between densities and rectifiability. Let us
sketch this connection briefly here. We refer to [11] for a more detailed introduction
and known results about the Besicovitch 1/2-problem and [12] for more details
about the connection between the isodiametric problem in Carnot groups and
the Besicovitch 1/2-problem. Let o,(M,d) denote the density constant of the
metric space (M,d). Tt is the smallest number such that every subset with finite
‘H"™-measure having n-dimensional lower density strictly greater than o, (M,d)
at H™-almost all of its points is n-rectifiable (see [11] for the precise definition).
The validity of the bound o, (M, d) < 1/2 for any separable metric space (M, d),
which was conjectured long ago by A.S. Besicovitch for the one-dimensional density
constant in R? (see [4]), is known as the generalized Besicovitch 1/2-problem. It
turns out that for a Carnot group equipped with a homogeneous distance (G, d)
and with homogeneous dimension @), the density constant og(G,d) can be easily
related to the inverse of the isodiametric constant. Then upper bounds on the
isodiametric constant give lower bounds on o (G, d). Following these ideas it is in
particular proved in [12] that og2,2(H",d) > 1/2 for n € {1,...,8}, thus giving
non-trivial counterexamples to the Besicovitch 1/2-conjecture. It is clear that the
precise knowledge of the numerical value of the isodiametric constant would help
in obtaining further and more complete results about the Besicovitch 1/2-problem.

Our main results in the present paper are a regularity property for sets in Z and
a rather complete solution to a restricted isodiametric problem within the class of
so-called rotationally invariant sets.
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Let us first describe our regularity result. We shall prove that, given E € T,
then int E is still a compact isodiametric set with the same diameter as E and
with locally Lipschitz boundary. More precisely, identifying H™ with C™ x R (see
Section 2), we prove that

intE={[zt]cH":2€U, f(2) <t< fH(2)}

for some open set U in C™ and some continuous maps f~, f+ : U — R that are
locally Lipschitz continuous on U. See Theorem 3.12 for a complete statement.

This regularity property will actually follow from a slightly more general result.
We will prove that a set F € 7 must satisfy the following necessary condition:

(NC) for all p € OF, there exists ¢ € OF such that d(p,q) = diam E ,

see Proposition 3.2, and is t-convex, see Subsection 2.4 for the definition of ¢-conve-
xity and Proposition 3.11. Independently of the isodiametric problem, the prop-
erty (NC) together with ¢-convexity turn out to imply the regularity properties
sketched above. See Theorem 3.3.

As already mentioned, one knows that balls in (H", d) are not isodiametric, and
isodiametric sets in (H", d) are actually not explicitly known. This question turns
out to be a challenging and rather delicate one. However, restricting ourselves to
the family R of so-called rotationally invariant sets, we are able to give a rather
complete picture of the situation for compact isodiametric sets within this class.
As we shall explain below, this picture will give some further information about
the class Z. This may also hopefully give some insight towards a complete solution
of the general isodiametric problem in (H",d).

We shall denote by Zx the class of compact sets in R that are isodiametric
within the class R. See Section 3 for the definition of the class R and of this
restricted isodiametric problem. First it is not hard to check that sets in Zx
satisfy (NC) and are t-convex, see Propositions 3.2 and 3.11, and hence satisfy the
regularity properties of Theorem 3.3. Next our main specific result concerning sets
E € T is the characterization of their Steiner symmetrization St £ with respect
to the C"-plane (see Subsection 2.4 for the definition of St E). We prove that if
E € Tr then St E belongs to Zg and has the same diameter as E. Moreover we
prove that St E is actually uniquely determined once the diameter of E is fixed,
i.e., St E = Agiam g for some particular set Agiam &, see Theorem 4.4.

Given X > 0, the set Ay can be guessed via the following argument. One starts
with the ball in (H",d) centered at the origin and with diameter A. As already
said it does not satisfy (NC). Thus one can enlarge it around points where (NC)
fails and get a set with still the same diameter but with greater measure. One
can actually try to enlarge it as much as possible without increasing the diameter,
remaining in the class R, and preserving the property that it coincides with its
Steiner symmetrization with respect to the C™-plane. In such a way, one ends up
with a maximal set Ay that satisfies (NC). It turns out that this set is the closed
convex hull (in the Euclidean sense when identifying H" with R?"*1) of the ball
in (H™,d) centered at the origin and with diameter \. See Figure 1.
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FIGURE 1. The intersection of the boundary 9B(0,1) of the unit ball (left) and of the
boundary 9Az of its Euclidean convex hull (right) with a plane containing the vertical
t-axis.

We also construct small suitable perturbations of the set Ay that preserve its
Lebesgue measure and its diameter, see Proposition 4.5. Considering rotation-
ally invariant perturbations, this gives the non uniqueness of sets in Zr. This
non uniqueness has to be understood in an “essential” sense, i.e., also up to left
translations and dilations. See Corollary 4.6.

Finally, considering not rotationally invariant perturbations, one gets the exis-
tence of sets in Z that are not rotationally invariant, even modulo left translations,
see Corollary 4.7. This gives one more significant difference with the Fuclidean
situation. See Figure 2.
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FIGURE 2. The intersection of the boundary of a perturbation of A2 with a plane con-
taining the vertical t-axis.

The paper is organized as follows. In Section 2 we introduce the Heisenberg
group H" and recall basic facts about the Carnot—Carathéodory distance d and
balls in (H™,d). We also introduce t-convexification and the Steiner symmetriza-
tion with respect to the C"-plane. Section 3 is devoted to existence and regularity
results, while in Section 4 we prove our more specific results about the isodiametric
problem restricted to the class R.
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2. Notation and preliminary results

2.1. The Heisenberg group

The Heisenberg group H" is a connected and simply connected Lie group with
stratified Lie algebra (see, e.g., [13], [7]). We identify it with C™ x R and denote
points in H" by [z, t], where z = (21,...,2,) € C" and t € R. The group law is

[2,t] - [ V] = [ + 2/, t + ' +2Im 27],

where Im 2z’ = 77| Im 2;Z;. The unit element is 0 = [0, 0].

There is a natural family of dilations d, on H" defined by ) ([z,t]) = [Az, At]
for A > 0.

We define the canonical projection 7 : H" — C" as

(2.1) w([z,1]) =2

for any [z,¢t] € H". Given p € H", we shall frequently denote by [zp,1,] its
coordinates in C™ x R.

We also represent H” as R?"T! ~ R” x R™ x R through the identification
[2,t] = (z,y,t), where x = (z1,...,2n), ¥y = (Yy1,...,Yn) € R", t € R and z =
(z1,...,2n) € C" with z; = z; + iy;.

The (2n + 1)-dimensional Lebesgue measure £2"T! on H" ~ R?"*! is a Haar
measure of the group. It is (2n 4 2)-homogeneous with respect to dilations,

£2n+1 (5}\ (F)) _ )\2n+2£2n+1 (F)

for all measurable F' C H" and A > 0.
The horizontal subbundle of the tangent bundle is defined by

H" =span{X;,Y; :j=1,...,n}
where the left invariant vectors fields X; and Y; are given by
Xj =0y, +2y;0, Y; =0y —2x;0.
Setting T' = 0 the only non trivial bracket relations are [X;,Y;] = —4T, hence the
Lie algebra of H" admits the stratification H™ @ span{T'}.
2.2. Carnot—Carathéodory distance

We fix a left invariant Riemannian metric g on H" with (X4,...,X,,Y1,...,Y,,T)
as an orthonormal basis. The Carnot—Carathéodory distance between any two
points p and g € H" is then defined by

d(p,q) = inf {1engthg () : v horizontal curve joining p to q} ,

where a curve is said to be horizontal if it is absolutely continuous and such that
at a.e. every point its tangent vector belongs to the horizontal subbundle H" of
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the tangent bundle. Recall that by the Chow—Rashevsky theorem, any two points
can be joined by a horizontal curve of finite length. Therefore the function d
turns out to be a distance. It induces the original topology of the group, it is
left-invariant, i.e.,

dp-q,p-q)=d(q,q)
for all p, ¢, ¢ € H", and has homogeneity one with respect to dilations, i.e.,

d(0x(p),dx(q)) = A d(p.q)
for all p, g € H™ and A > 0.

Equipped with this distance, H" is a separable and complete metric space in
which closed bounded sets are compact. We will denote by B(p,r), respectively
B(p,r), the open, respectively closed, ball with center p € H” and radius r > 0.
Note that the diameter of any ball in (H", d) is given by twice its radius.

Lemma 2.1. Let p € H". The distance function dy, : H" \ {p} — R from p defined
by dp(q) = d(p,q) is an open map.

Proof. We prove that d,(B) is open for any open ball B C H" \ {p}. Since balls
in (H", d) are connected (this is more generally true in any length space) it follows
that d,(B) is a bounded interval. Setting m = inf(d,(q) : ¢ € B) and M =
sup(d,(q) : ¢ € B), it is thus enough to prove that m & d,(B) and M & d,(B).

If m = 0 then m ¢ d,(B) because p ¢ B. If m > 0 we assume by contradiction
that m € dp(B). Then we can find ¢ € B such that d,(¢g) = m. The map
A €[0,+00) = p-da(p~! - q) being continuous, one has p-dx(p~! - q) € B for all A
close enough to 1. It follows that

dp(q) < dp(p- 6/\(]971 -q)) = Adp(q) < dp(q)

provided A < 1 is close enough to 1, which gives a contradiction. The fact that
M & d,(B) can be proved in a similar way and this concludes the proof. O

Remark 2.2. As an immediate consequence of Lemma 2.1 we get that for any set
F CH" and any p € F,

d(p,q) < diam F' for all ¢ € int F'.
Moreover, if F'is bounded then diam F' = diam OF.

Although the Carnot—Carathéodory distance between any two points is in gen-
eral hardly explicitly computable, we recall for further reference the following well
known special cases. One has

(2.2) d([z,1], [, 1]) = ||z — 2|

for all z, 2/ € C™ such that Im 2z’ = 0 and all t € R. Here ||z]| = (Z?Zl |z;|%)1/2
for z = (21,...,2,) € C". We have also

(2.3) d([z, ), [2,]) = (xlt’ —t])"/?
for all z € C" and t, t' € R.



ISODIAMETRIC SETS IN THE HEISENBERG GROUP 1005

2.3. Description of balls and consequences

Explicit descriptions of balls in (H", d) are well known, see [2], [9], [10]. One has

— sin ¢ 2¢ — sin(2¢ " "
B0 = {[22y, 2@ el em v e, <1 g ef-mm}.
@ 2p
We set ) (9
20 75020) < p<n
9(p) = 2¢
0 ite=0.

The function g has a maximum at ¢ = 7/2 with g(7/2) = 2/7. It is increasing
from [0,7/2] onto [0,2/7] and decreasing from [7/2, 7] onto [1/7,2/7].

We set )
sin ¢

for0<p<m

plp) =
1 if p=0.

The function p is decreasing from [0, 7] onto [0, 1]. Let p=! : [0,1] — [0, 7] denote
its inverse and set
(2.4) h=gop L
We have the following alternative description of the closed unit ball:
(2.5) B(0,1) = {[zf] € B : |2 < 1, |f] < h(ll=I])} -
Using dilations we have
BO,A) = {[z:t] € H : ||z < A, [t] < halz])}
for all A > 0, where
(2.6) mallz]) = A2h(l|=]/2):

We list some properties of the function h that will be needed in the sequel. See
Figure 3 for a picture.

(i) The map h is increasing from [0,2/7] onto [1/7,2/7] and decreasing from
[2/m, 1] onto [0,2/7].
(ii) There exists r. € (0,2/m) such that 2’ > 0 on (0,r.), h”(r.) =0, and h”" <0
on (re,1).
Indeed we have
cos psin g + cos
=2y
¥20' ()
for all r € [0,1) and where ¢ = p~*(r) € (0,7]. Then statement (i) follows from

the expression of h/ together with the properties of p~!. Statement (ii) follows
noting that there exists a unique ¢, € (7/2,7) such that ¢.sin . + cosg, = 0

and that one has psin ¢ 4 cosp > 0 if and only if 0 < ¢ < ..

W(r)y=-2

and A" (r)
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0 7 % 1

FIGURE 3. The profile function h.

We call any set of the form {[z,¢] € H" : t~ < ¢ < tT} for some t~ < t' a
vertical segment. Given p, ¢ € H" with 2z, = z,, we denote by L, , the vertical
segment joining p to q,

Lpq = {[2p.t] € H" : min(tp, t,) < t < max(tp,tq)} -

In the next proposition we state, for later use, an elementary geometric property
of balls in H"™. When not specified, by ball we mean a ball that can be either open
or closed.

Proposition 2.3. The following statements hold:

(i) Let B denote a ball in H". For any p, ¢ € B such that z, = z,, we have
L,qCB.

(ii) For any p € H™ and any p1, p2 € H" such that zp, = zp,, we have

d(p, q) < max(d(p, p1),d(p,p2))

for all g € Ly, p,-

Proof. Property (i) holds for the (closed or open) unit ball by (2.5). Then this
property follows for any ball using dilations and translations and noting that these
maps are bijective maps that send vertical segments onto vertical segments.

To prove property (ii) set 7 = max(d(p, p1), d(p, p2)). We have py, ps € B(p, 7).
Hence L,, ,, C B(p,7) by (i) and thus (ii) follows. O

In the next lemma we deal with an outer vertical cone property for balls centered
at the origin. Its proof (that we provide for the reader’s convenience) follows from
the local Lipschitz continuity of the profile function h on [0, 1).

Lemma 2.4. Let d > 0 and § > 0 be fized. There exists a(d,d) > 0 such that
the following holds. If p € 0B(0,d) is such that t, > §, respectively t, < —3§, and
[w, s] € H™ is such that

s>ty +a(d,0) ||lw— 2l , respectively s < t, —a(d,d) [|w — 2] ,
then [w, s] ¢ B(0,d).



ISODIAMETRIC SETS IN THE HEISENBERG GROUP 1007

Proof. Let a = a(d, 0) be a positive constant to be chosen later. Let us consider the
case where p € 0B(0, d) and [w, s] € H™ are such that ¢, > ¢ and s > t,+a|w—z,],
the other case being analogous. If ||w|| > d then we obviously have [w, s] ¢ B(0, d).
If ||w|| < d we want to prove that s > hg(||w]]). We have

s>ty +allw—z| = ha(llzpl]) + @ [[w = 2|,
and thus it will be sufficient to show that
ha(l|zpll) + @ |w — 2p|| = ha([lw]]) -

Since lim,._, 4- hq(r) = 0, one can find 7 = 7(d, §) € (0,d) such that hy(r) < §
for all r € (7,d]. In particular ||z,|| < 7 because hq(||zp||) = t, > J. We choose
a > 0 to be the Lipschitz constant of hg on [0,7]. If |Jw| < T it follows

ha([lwl)) < ha(lzpl) + a [[lwll = lzp]l| < ha(llzp]l) + o [lw = 2|
as wanted. Whereas
ha(llwll) <8 < ha(llzpl)) < ha(llzpll) + e [lw = 2]l
if ||wl|| € (7, d], which concludes the proof. O

Remark 2.5. We note that, for any fixed d > 0, the function a(d, d) can be taken
to be continuous with respect to the variable §. This follows from the definition of
a(d,0) = [|h]| Lo ([0,7(d,5))) together with the fact that § — 7(d, d) can be chosen to
be continuous and the fact that the map r € (0,d) — ||k} ([0, is continuous.

2.4. Two geometric transformations in H"”

In this subsection we introduce two geometric transformations, namely convexi-
fication along the vertical t-axis and Steiner symmetrization with respect to the
C™-plane. They will play a crucial role in the sequel.

Given F' C H" we define its t-convex hull ¢-co F' by
t-coF = {p e H" : p € Ly, p, for some py, pp € F with z,, = 2, } .
We say that F is t-convex if F' = t-co F.
Lemma 2.6. Let F C H". We have F C t-co F' and diam(t-co F) = diam F.

Proof. We obviously have F' C t-co F' and hence diam F' < diam(¢-co F'). Con-
versely, let p,p’ € t-co F. One can find p1, p» € F with z,, = z,, such that
p € Ly, p,. Then it follows from Proposition 2.3(ii) that

d(p', p) < max(d(p’,p1),d(p’, p2))-

Similarly one can find p, py € F with z,, = 2z, such that p’ € Ly ,». Then it
follows once again from Proposition 2.3(ii) that

max(d(p', p1), d(p, p2)) < max d(pi,p;) < diam F,
,3=1,

which concludes the proof. O
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Given F' C H™ measurable, its Steiner symmetrization St I’ with respect to the
C"-plane is defined by

StF ={[z,t] eH" : z € m(F), 2t| < L'({s € R : [2,5] € F})}

where £ denotes the one-dimensional Lebesgue measure and 7 : H” — C" is the
canonical projection defined in (2.1). We define the reflection map o : H" — H" as

(2.7) o([z 1) = [7,t].

For the sake of simplicity, the following lemma is stated for compact sets. This
will be the only case needed in this paper. It can however be easily generalized to
noncompact sets.

Lemma 2.7. Let FF C H" be compact and such that o(F) = F. Then diam(St F') <
diam F'.

Proof. Since F' is a compact subset of H", then ¢-co F' is compact and is obviously
t-convex. We have o(t-coF') = t-coF as soon as o(F) = F. Since St F' C St(t-coF))
and diam(t-co F') = diam F' by Lemma 2.6, it is thus sufficient to consider ¢t-convex
compact sets F' such that o(F) = F. Then we can describe F' as

F=A{lztleH": zen(F), a(z) — L(z) <t <a(z) + L(2)}

for some map a : w(F) — R which satisfies a(z) = a(z) for all z € 7(F') and where
L(z) = LY({s € R: [z,] € F})/2. Note that we also have £(Z) = L(z) for any
zen(F).

Let p1 = [21,t1] € St F and py = [22,12] € St F. Set

Flz{[z,t]GF:z:zl orz:zl},
FQ:{[z,t]€F:z:220rz:Eg}.

We will prove that
(2.8) d(p1,p2) < max(d(q1,q2) : 1 € F1, q2 € F).

Since Fy U Fy C F this will imply d(p1,p2) < diam F' as wanted.
Set F; = [0, —a(z1)] - Fy, i =1,2, ie.,

Fy={z1,71} x [-L(21),L(21)] and Fy = {2,%2} x [b— L(22),b + L(22)],
where b = a(z2) — a(z1). The distance being left invariant, we have
(2.9)  max(d(q1,q2): @1 € F1, ¢2 € Fp) = max(d(q1,¢2) : q1 € Fi, g2 € F»).

Next set Ty = |b] + L(z2). We have ps € {22} x [=T5, T3] hence it follows from
Proposition 2.3(ii) that

(2.10) d(p1,p2) < max(d(p1, [22,T2]), d(p1, [22, —T3])) .
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Assume that b > 0. Then [29,T5] € FQ and since p; € Fl we get

(2.11) d(p1, |22, To]) < max(d(qi,q2) : 1 € Fy, g2 € Fy).
Let ¢ denote the isometry in (H",d) defined by
(2.12) u([z,t]) = [z, —t].

We have o(F}) = Fy and ([0, —T%]) = [Z2, T3] € F5, hence
(2.13) d(p1, [z2, ~T2]) = d(u(p1), ([z2, —T2])) < max(d(q1,q2) : @1 € F, g2 € F).

Inequalities (2.10), (2.11) and (2.13) together with (2.9) give (2.8). The case where
b < 0 can be treated in a similar way and this concludes the proof. O

3. Isodiametric problem

We recall the definitions of the isodiametric constant
Cr = sup { L7 (F)/(diam F)*"*? : 0 < diam F < +oo0 }
and of the class of compact isodiametric sets
7 ={FE CH": E compact, diam E > 0, L7 TYE) = C; (diam E)2”+2} .

Recall that it is not restrictive to ask isodiametric sets to be compact as the clo-
sure of any set which realizes the supremum in the right-hand side of the definition
of C is a compact set that still realizes the supremum.

We also introduce the class of so-called rotationally invariant sets. Given 0 =
(01,...,0,) € R", we define the rotation ry : H” — H™ around the R-axis by

ro([z,t]) = [(e¥ 21, .., e 2,), 1]

Any such 7 is an isometry in (H", d). We denote by R the class of rotationally
invariant sets,
R={FCH":rg(F)C Fforall§ e R"}.

We set
Crr = sup {L7"T1(F)/(diam F)***? : F € R, 0 < diam F < +o0 }

and denote by Zr the family of compact rotationally invariant sets that are isodi-
ametric within the class of rotationally invariant sets,

Ir = {E € R : E compact, diamE >0, £L>""(E) = Cy r (diam E)*"*?} .

In other words, Z, resp. Zr, denotes the class of compact sets, resp. compact
sets in R, that maximize the £2"*!1-measure among all subsets of H", resp. among
all sets in R, with the same diameter.

We first prove the existence of sets in Z and Zx.

Theorem 3.1. Both families T and Tr are nonempty.
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Proof. The proof that Z is not empty relies on the compactness of equibounded se-
quences of nonempty compact sets with respect to the Hausdorff metric (see 2.10.21
in [8]) together with the upper semicontinuity of the Lebesgue measure (see The-
orem 3.2 in [3]). The fact that Zg # 0 as well can be proved in a similar way
noting that R is closed with respect to the convergence of sets in the Hausdorff
metric. |

The rest of this section is devoted to the study of the regularity of sets in 7
and Zr. The necessary condition (NC) introduced in Section 1 will be one of the
key ingredients in this study and we prove in the next proposition that sets in Z
and Zx do satisfy this condition.

Proposition 3.2. Let E € TUZgr. Then E satisfies the necessary condition (NC).

Proof. We argue by contradiction. Assume that £ € Z and p € F is such that
d(p,q) < diamF for all ¢ € OE. The distance from p being a continuous and
open map and E being compact, we have maxsep d(p, ¢) = maxsear d(p,q) (see
Lemma 2.1 and Remark 2.2) and hence

d < diam E .
max (p,q) < diam

Choosing r = (diam F — maxqer d(p, q))/2 > 0, it follows that
diam(E U B(p,r)) = diam E .

On the other hand, since E is closed and p € JF, we have int(B(p,r) \ E) # 0.
This implies in particular that

LY (EUB(p,r) > L2(E)

which contradicts the fact that F € 7.
When F € ZTr we modify the argument as follows. We set

F=EU U E(T@(p)ﬂ")
fcR"
where r = (diam F — max,ecg d(p, q))/2 > 0 as before. We have F' € R and
(3.1) diam F' = diam E'.

Indeed, to prove (3.1) we fix ¢1,¢2 € F. If ¢1,92 € E then d(q1,¢2) < diam E. If
q1, @2 € F \ E then there exist 01, 2 € R™ such that d(g;,re,(p)) < r, i =1,2.
Recalling that any rotation ry is an isometry in (H", d) and that E € R, it follows
that

d(q1,q2) < d(re, (p),r6,(p)) + 2r = d(p,76,-0,(p)) + 2r
< maxd(p,q) + 2r = diam E.
qEE

If g1 € E and ¢2 € F'\ E with d(qz,79,(p)) < r for some 03 € R", we have
d(q1,42) < d(q1,76,(P)) + 7 < d(p,7-,(q1)) + 7 < maxd(p, q) +r < diam B



ISODIAMETRIC SETS IN THE HEISENBERG GROUP 1011

On the other hand, similarly as before, we have
£2n+1 (F) > £2n+1 (E)
and this contradicts the fact that £ € Z. O

Let us introduce some notation. Given a compact set £, we define U
and E as follows. We set
fT(z) =max(t €R: [2,t] € E),
f7(z) =min(t € R: [z,t] € E)
for all z € w(E). Clearly, [z, f£(z)] € OF for all z € m(E). Recalling the definition
of t-co E given in Subsection 2.4, one has

t-coE={[z,t] cH" : z e m(E), [~ (2) <t < fH(2)},

and t-co F is itself compact.
We set
U= {z enm(E): f7(2) < f*(z)}
and
E= {[z.t]eH":2€U, f(2) <t< fH(2)}.

Since 7(F) is closed, we have U cC 7(E). In particular fT and f~ are well
defined on U. Moreover E = t-co EN7~1(U) is compact and contained in t-co E.

We are now ready to state our key regularity result. It concerns ¢t-convex and
compact sets satisfying (NC).
Theorem 3.3. For any t-convex and compact set E satisfying (NC) the following
properties hold.

(i) The set U is open in C™ and the maps [~ and fT are locally Lipschitz on U
and continuous on w(E).

(ii) £2n+1(E) _ £2n+1(EA)‘
(i) We have

intE=intE={[z,tj]cH":2€U, f (2)<t<fT(2)},
OF ={[z, f* ()| eH": 2 € U} ,
E=tE.

Before proving Theorem 3.3, we introduce some notation and give a techni-
cal lemma.

Given r > 0 and py, p2 € H" with m(p1) = 7(p2), p1 = [z12, t1] and pa = [z12, t2]
for some z15 € C" and t1, t2 € R, we set d12 = (t2 — t1)/2 and

ti+1 w—z
Fpa() = {fins] € B ¢ — 20 < v, [s = 1512 <5, (1 - B0 22l

whenever d12 > 0. Clearly, F},, ,,(r1) C Fp, p,(r2) provided ri < ra.
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Lemma 3.4. Let C > 0, d > 0 and 6 > 0 be fized. There exists v(C,d,d) > 0
such that the following holds: For any r € (0,v(C,d, )], p1 = [z12,t1] and pa =
[212,t2] € H™ such that ||z12]| < C and é12 = 6, we have

Fpy 2 (r) € B(p, d)
for all p € H™ such that py,p2 € B(p,d).

Proof. Set pg = [—z12, —(t1+12)/2]. After a left translation by py we need to prove
that for all » > 0 small enough we have

Po - FPLPQ (T) - E(p, d)

for all p € H"™ such that d(p,po - p1) < d and d(p,po - p2) < d. For such a
p = [2,t] € H" we have (po-p;)~'-p = [2,t £ 6] € B(0,d) for i = 1,2, hence
|zl < d and |t £ 6] < ha(||z]]). Tt follows that hg(]|z]|) > [t| +J > . Recalling
that lim,_.4— hq(u) = 0 and considering 7 = 7(d, d) € (d/2,d) such that hg(u) < §
whenever u € (7, d], we get that ||z| <T.

We have

w
Po - Fpy po(r) = {[wvs] eH" : lw| <7, |s+2Imz2w| < (5(1 - —HTH>} .
Let [w, s] € po - Fy, p,(r) and let us show that p~! - [w, s] € B(0,d) or equivalently
that H’U} — ZH S d and

|s —t —2Tm zw| < hg(||lw — z||)

provided > 0 is small enough. First note that ||w — z|| < r + 7 is less than d
provided r < d — 7.

Next we have

sfthImzwgé(l - M) —2Imziow —t — 2Im zw
r

)
< (6= 1) = = lwl + 21zl ] + 2012] o]
0
< ha(ll2]) = (£ - 20 +24) ) Ju]

where the last inequality follows from the fact that [—z, §—t] = [z,t—6]! € B(0,d).
On the other hand if r < (d — 7)/2, we have max(||w — z||, [|2]]) < (d +T)/2 < d.
Let M = M(d,0) > 0 denote the Lipschitz constant of hq on [0, (d +7)/2]. Then
we have

ha(l21) < ha(llw = 2[) + Mijw]|.

It follows that

5
s —t—2Im 2w < hy(|jw — 2|) — (;—

(2C +2d+ M) wl| < ha(w - )

provided r < min((d —7)/2,6/(2C + 2d + M)).
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Similarly we have

s—t—2Imzw > 76(17—H —2Imziow —t — 2Im zw

> — ha(||2]) + gf (20+2d))|\wll
> — ha([lw = =2[)) + (g — (20 + 2d+M)>Hw||
> — ha(|lw — =]

provided 7 < min((d —7)/2,d/(2C + 2d + M)) and where the second inequality
follows from the fact that [—z, —t — §] = [z, + 8]~ € B(0,d). Hence the lemma
follows with

(3.2) +(C,d,§) = min (d —T(d,9) 0 ) .

2 20 +2d+ M(d,0)
O

Remark 3.5. Note that, C' and d being fixed, the function v(C, d, §) can be taken
to be continuous with respect to the variable §. This is a consequence of (3.2) and
the fact that 7(d, d) can be chosen continuous with respect to .

We turn now to the proof of Theorem 3.3.
Proof of Theorem 3.3. We fix a t-convex and compact set F satisfying (NC) and set

C =max||x(p)|| and d=diamFE.
peEE

We begin with two lemmata. The first one is a consequence of Lemma 3.4.

Lemma 3.6. Let E be as above, let 6 > 0 be fized and let v = v(C,d,d) > 0 be as
in Lemma 3.4. Then, for any r € (0,7], one has

FPhPQ (’I“) CE
for all p1, pa € E such that w(p1) = w(p2) and d12 = 9.
Proof. Since E is closed, it is enough to show that

int F,, ,,(r) C E.

Assume by contradiction that (int Fj, ,, (7)) \ E is nonempty. By t-convexity of E
we know that E Nint F},, p,(r) is also nonempty since it contains Ly, », \ {p1,p2}-
Therefore there exists p € OF Nint Fy, p,(r). Then by (NC) there exists ¢ € OF
such that d(p,q) = d. Thanks to Lemma 3.4, we have

p € int F, p,(r) C B(g,d).

Thus d(p, ¢) < d, which is a contradiction. O
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Lemma 3.7. Let E be as before and let 6 > 0 be fized. There exists 5(C,d,d) > 0
such that the following holds: If z € U is such that f(z) — f~(z) = 26, then
frw) < fH(2) + B(C,d,0) |lw— 2| and [~ (w) = f~(2) = B(C.d,0) [|w — z||
for allw € w(E).
Proof. We claim that the lemma holds for 5(C,d, ) = a(d, ) + 2C, where a(d, §)
is given by Lemma 2.4. Assume by contradiction that w € w(F) is such that

frw) > fH(2) + (a(d, ) +20) [|w — =[],
the case where f~(w) < f~(2) — (a(d,d) + 2C) ||w — z|| being analogous. Since
[z, fT(2)] € OF, by (NC) there exists ¢ € OF such that d([z, f1(z)],q) = d. Set
p=q"- [z fH(2)] and [w', 8] =¢" - [w, f*(w)]. We have

p=z— 24 fT(2) —t; — 2Im 2,7

and

(W, s'] = [w— zq, [T (w) — t; — 2Tm z,W] .
It follows that
gy F TS -2 @)

Pt 4 (ld 6) + 20w — 2] — 2C [ — 2] =ty + a(d, 8) [ — 2],

where the inequality follows by the choice of w € 7(FE).

On the other hand set p’ = ¢~ - [z, f~(2)]. We have z,y = z,. We also have
[z, f7(2)] € E and q € E, hence d(q, [z, f~(2)]) < d or equivalently p’ € B(0,d).
Therefore,
[ty | < ha(l[2l]) -
Recalling that p € 0B(0,d) we get

ty—ty  fT(2) = f(2)

(3.4) tp = ha(l|2l)) = 5 B) =9.
Taking Lemma 2.4 into account, we infer from (3.3) and (3.4) that [w’, s'] € B(0,d),
i.e., d(q, [w, f*(w)]) > d. This implies that diam F > d, a contradiction. O

Remark 3.8. Taking into account Remark 2.5, one can take the function 8(C, d, 9)
to be continuous with respect to the variable §.

We prove now the continuity of f~ and f* on 7(E).
Lemma 3.9. The functions [~ and f are continuous on n(FE).

Proof. Let z € m(E) and let us prove that fT is continuous at z, the case of the
function f~ being similar. Let (z;) be a sequence of points in 7(E) such that
zj = z as j — o0o. Since E is compact, fT is bounded and to prove the continuity
of f* at z it is sufficient to prove that any possible limit of the sequence (f*(z;))
coincides with f*(z). By contradiction assume that f*(z;) — t as j — oo for
some ¢ # fT(z). Since E is compact, hence closed, and [z;, f7(z;)] € E, we have
[2,t] € E. Tt follows in particular that, by definition of f* and f~, we must have
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that f*(z) >t > f(z). Setting p1 = [z, f(2)] and p2 = [z, fT(2)], we thus have
812 = (fT(2)—f~(2))/2 > 0. Owing to Lemma 3.6, one obtains that F,, ,,(v) C E,
where v = v(C, d, d12) is given by Lemma 3.4. Therefore, recalling once again the
definition of fT, we get that liminf; .o fT(2;) > fT(2), a contradiction. O

We turn now to the proof of the fact that U is open, and that f~ and f* are
locally Lipschitz continuous on U.

Lemma 3.10. The set U C C" is open, and the maps f~ and f* are locally
Lipschitz continuous on U.

Proof. Let us introduce some notation. We will denote by #(z,r) the open ball
in C™ with center z € C" and radius » > 0. Given z € U, we set

AR aC
2
and
7. =7(C,d,0.) , B.=pB(C,d,0-)
where v(C,d, d,) and 5(C,d,d,) are given, respectively, by Lemmas 3.4 and 3.7.

We first prove that U € C" is open. Let 2z € U. Set t; = f7(2), t2 = fT(z) and
let p1 = [2,t1], p2 = [z, t2] € E. It follows from Lemma 3.6 that F},, ,,(v.) C E.
In particular for any w € C™ with ||w — z|| < 7., we have [w, s] € E for all

t t — t t —
. { 1+t 75Z<17 [|w ZII>7 1+ 2”2(17 [|w Z”ﬂ
2 Vz

V= 2
w—z w— z
Y UEE P TR |
z Yz
Since

as soon as ||[w — z|| < 7., it follows that %B(z,~,) C U. Hence U C C" is open.
We prove now that f~ and f* are locally Lipschitz continuous on U. Let
z € U. By the previous argument we already know that

W= wa pmwy < o)+ 0.2

2 V=

for all w € A(z,7,). Next, Lemma 3.7 implies that, for all w € B(z,v.) C 7(E),
frw) < fH@) +Bellw—z[| and  f~(w) > f7(2) = Ballw — 2| .

We fix a compact set X C U and define L = sup,c, max(f;,9./v.) and
v = inf.ex v.. Owing to the continuity of 4., 5. and v, (see Lemma 3.9 and
Remarks 3.5 and 3.8), one has L < +o00 and v > 0. Therefore, for any z,w € K
satisfying ||z — w|| < v we conclude that

FHw) = JH ) < Lllw—=2| and [~ (w) - f~(2)] < L]jw - ]|

Hence fT and f~ are Lipschitz continuous on K, as desired. O

(3.5) fH(w) > fH(z) -4,
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We are now ready to conclude the proof of Theorem 3.3. Statement (i) follows
from Lemmata 3.9 and 3.10. Statement (ii) is a consequence of

E\E={[z,f]cH":zen(E)\TU, t= f*(z)}

and of the continuity of f*. Finally (iii) is straightforward and follows from (i) by
standard arguments. O

We are going to apply Theorem 3.3 to sets in Z and Zg. In order to do this,
we first need to prove that such sets are t-convex.

Proposition 3.11. Any set E € T U Zg is t-convex.

Proof. Assume by contradiction that one can find p = [z,t] € t-co E\ E. By
definition of t-co E, one must have f~(z) <t < f*(z) and hence z € U.

We have E C t-coE and diam t-co E = diam E by Lemma 2.6. Since t-coE € R
whenever £ € R, this implies that t-co E € 7 U Zr. Hence t-co FE is a com-
pact set that satisfies (NC) (see Proposition 3.2) and is obviously ¢t-convex. Then
Theorem 3.3 applies to t-co E. Noting that the maps f*, and consequently the
set U, associated to E and t-co E coincide, we get from Theorem 3.3 (iii) that
p € int(t-co E).

Since E is closed and p ¢ E it follows that p € int(t-co E'\ E). In particular
int(t-co B\ E) # () and £L?"*1(t-co E\ E) > 0. Recalling that E C t-co E and that
both E and t-co E belong to Z, resp. Zg, with diam(t-co E) = diam E, this gives
a contradiction. O

Noting that E C E whenever E s t-convex and that E € R whenever E € R,
we get from Theorem 3.3(ii) that ' € Z, resp. I € Ig, whenever £ € Z, resp.
FE € T, with diam F = diam E.

We gather in the next theorem the properties of sets in Z U Zgr proved in
this section. Recall that the notations used in the statement to follow are those
introduced before Theorem 3.3.

Theorem 3.12. For any set E € TUZg, the following properties hold:
(i) E is t-convexr.
(ii) L2 HY(E) = £2FY(E) and diam E = diam E.

(iil) E €T, resp. E € Ig, whenever E € T, resp. E € Ix.
)

The set U is open in C™ and the maps f~ and fT are locally Lipschitz on U
and continuous on 7(E).

(v) We have

(iv

int B = int £ = {[e. ] eH": 2 €U, f(2) <t< fY(2)},
OF = {le. fF(z)] eH" : 2 € U},
E=mtE.
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4. Isodiametric problem for rotationally invariant sets

In this section we characterize the Steiner symmetrization with respect to the C™-
plane of sets E € Zr. Our main result states that the set St E belongs to Zr and is
uniquely determined once the diameter of F is fixed. It coincides with a particular
set Agiam £, defined below, that consequently also belongs to Zr.

Constructing suitable perturbations of this set that preserve the diameter and
the £2"*t1-measure, see Proposition 4.5, we also get two remarkable consequences.
First, the essential non uniqueness of sets in Zg, see Corollary 4.6. Second, the
existence of sets in Z which are not rotationally invariant even up to isometries,
see Corollary 4.7.

Given X\ > 0, we set

L 2 ifrelo,n/n]
Ar) = hy(r) ifre\mA/2)

(see (2.6) for the definition of h%) and
Ay ={lz.t] € H" : 2]zl < A, [t] < Ia(ll=zID}-

We have
A\ = A}\ U Ai
where
AL = {[z,t] € H" : |l2]| < M/, 2nft] < A2}
and

A=Al e H" : N/m < 2l S N/2, [t] < hy(r)}
=B(0,A/2) N {[z, 4] € H" : ||| > \/7}.

The set Ay is the closed convex hull, in the Euclidean sense when identify-
ing H" with R?"1 of the ball B(0,)/2) in (H", d) centered at the origin and with
diameter A. See Figure 1 in Section 1 for a picture.

We first show that the diameter of Ay equals \.
Proposition 4.1. We have diam Ay = X for all A > 0.

Proof. Since Ay = 6x(A;) for all A > 0, it is enough to prove that diam 4; = 1.
We begin with a technical lemma.

Lemma 4.2. Let d >0, r <d/m and t € R be fized. Set
C={[z,t]eH":|z]|=r} and D={[zt]leH": |z <r}.

Let p € H". Assume that diam(C' U {p}) < d and diam(D U {p}) > d. Then
|lzpll < 7 and there exists ¢ € D\ C such that z, = z4 and diam(DU{p}) = d(p, q).

Proof. We have d([z, ], [2',1]) < d([z,],[0,2]) + d([0,1], [2',¢]) = |[z]| + [|z]| < 2r
for all [z,t], [¢/,¢] € D and d([z, 1], [—z,t]) = 2||z|| = 2r for all [z,t] € C (see (2.2)).
It follows that 2r = diam C = diam D < diam(C' U {p}) < diam(D U {p}), and
hence diam(D U {p}) = d(p, q) for some g = [z,,t] € D\ C.
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Set d = diam(D U {p}) and
WE(2) = s hglllz = 2] + £ + 2T 2,7
so that

B(p,d) = {[zs| € H" : |z =z < d, b (2) <s<hPo(2)}.

3

We have ¢ = [z4,t] € 0B(p,d). Changing if necessary p, C and D into ¢(p), ¢t(C)
and ¢(D) (see (2.12) for the definition of ¢) one can assume with no loss of generality
that t = h'(2,).
p,d
We have D C B(p,d). First we note that this implies that |z, — 2,| < d.
Otherwise, since ||z4|| < r we could find z close enough to z, such that [z,t] € D
with ||z — z,[|>d. On the other hand we have 7(D) C 7(B(p,d)) = {w € C" :

|w — z,|| < d} which gives a contradiction. It follows that the map h:& is well

defined on an open neighbourhood of z, in C". Next since D C B(p,d) and ¢ is in
the relative interior of D in C™ x {t} it follows that h;a admits a local minimum

at z;. Assume now by contradiction that z; # z,. Then h;a is differentiable at z,
and we get that

(4.1) Eh'(”z‘?i”z””> ST 9l —g
d 2 — zpll

where z)- = iz,. This implies that z, # 0. Indeed otherwise (4.1) implies that
zp = 0 and hence z, = 2,. Next if 2, # 0 we get from (4.1) that z, = z,+(2¢, 25-) 25
with (zg, zj) # 0 where the scalar product is that of R?" after identifying points in
C™ with points in R?". It follows that [|z,|| > ||2,|| which also holds true if z, = 0.
On the other hand, restricting to a segment s € (—¢,¢€) — 24+ (24 — 2p) for e > 0
small enough we get that h”(||z, — z,||/ d) > 0 hence ||z, — 2, ||/ d < r. where [0, 7]
is the interval where h' is increasing (see Subsection 2.3). Since ||zg — 2p|| > 0 it
follows that

h/(qu : Zp”) > h/(o) _ 2

d ™

All together we finally get

2d =, /llze — %l 2d
2 <an (B2l — oty = 2z < 2l <2 < 2

Recalling that d < d this gives a contradiction and concludes the proof. O

We go back now to the proof of Proposition 4.1. We have diam A; = diam 0A;
(recall Remark 2.2). If we set

ot = {[z,t] eH" : ||z|| = 1/, 2nt = :|:1} ,
D* = {[z,] € H" : ||2]| < 1/, 2mt = +1}

we have 9A; C A3U D+ U D~ C A; hence diam A; = diam(4A2 U DT U D™).
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Let p € A2. We have C* C A% C B(0,1/2) hence diam(C+ U {p}) < 1. If
diam(D* U{p}) > 1 it follows from Lemma 4.2 that ||z,| < 1/7 which contradicts
the fact that p € A?. Hence diam(D*U{p}) < 1 for all p € A?. Since diam A? = 1
it follows that diam(D* U A%) = 1. Similarly we have diam(D~ U A?) = 1.

It thus only remains to check that diam(D~ U DT) < 1. Let p € D~. We
have CT U {p} C A2 U D~ hence diam(C* U {p}) < 1 by the previous argument.
If diam(Dt U {p}) > 1 it follows from Lemma 4.2 that one can find ¢ € DT
such that z, = 2z, and d(p,q) = diam(D* U {p}) > 1. On the other hand we
have —27t, = 2nt, = 1 and it follows from (2.3) that d(p,q) = 1 which gives a
contradiction. Hence diam(D™ U {p}) <1 for any p € D~ and since diam D~ < 1
we finally get diam(D~ U DT) < 1 as wanted. O

The next lemma is an elementary remark that will be used later.

Lemma 4.3. Let E € R. Assume moreover that E is symmetric with respect to
the C™-plane, i.e., [z,—t] € E for all [z,t] € E. Then

EC {[z,t] e H" : 2|z < dlam E, 2r[t| < (diam E)?} .

Proof. Let [z,t] € E. Since E € R we have [—z,t] € E and it follows from (2.2)
that 2|z|| = d([—=2,1], [z, t]) < diam E. We also have [z, —t] € E by assumption.
It follows from (2.3) that (27t|)*/? = d([z,1], [z, —t]) < diam E and this concludes
the proof. O

We give now the main result of this section.
Theorem 4.4. Let E € Tr. Then St E € Tr and St E = Agiam E-

Proof. First we note that since F is compact St E is also compact. Indeed, since E
is bounded, St F is also obviously bounded. Next the fact that E is compact implies
that the map z € m(E) — L({s € R : [z,s] € E}) is upper semi-continuous.
It follows that St F is closed and hence compact. Since E € R, we have o(F) = E,
and it follows from Lemma 2.7 that diam(St E) < diam E. On the other hand
one has L2 (St E) = £?"T1(E). Since E € Zg and St E € R, one actually has
diam(St F) = diam E and St E € Zg.

We set A = diam E and we prove now that St E = A,. Noting that 7(St E) =
m(E) and taking into account the fact that St E € Zg is also symmetric with
respect to the C™-plane, it follows from Theorem 3.12 that

StE = {[z,t] cH" : z € m(E), |t| < f(2)}
for some continuous map f : 7(E) — [0, +00) and that the set
U={zen(E): f(z) >0}

is open in C".

We have m(E) C {z € C" : 2||z|]] < A} by Lemma 4.3 and we prove now that
f(z) <Ux(||z]) for all z € w(E). In the case m(E)N{z € C" : 2||z|]| = A} # 0, we
note that since U is open we must have f(z) = 0 = [\(||z||) for any z € 7w(E) such
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that 2[|z|| = A\. Next we know from Lemma 4.3 that f(z) < A2/(27) = 1,(||z])) for
all z € 7(EF) such that ||z|| < A/

It thus only remains to prove that f(z) < Ix\(||z]]) for z € #n(E) such that
A7 < |lz]] < A/2. Given such a z we assume, aiming to get a contradiction,
that f(z) > Ix(||z]]) = 0 and set p = [z,1x(]|z]])] € Ax N OB(0,\/2). Since f
is continuous and z belongs to the open set U, one can find an open set V' C
U C w(FE) containing z and such that f(||w]]) > Ix(]|z]]) for all w € V. Since
{lw,s] e H" : w € V, [s| < f(|lw|)} C StE it follows that p € int(St E). Next,
since p € 9B(0,A/2) with ||z] € (A/m, A\/2), we can write p as

_i, Sin 2¢ — sin(2
p=[xeme B8 20T IE) o]
2 2
for some x € C™ such that ||x|| = A\/2 and some ¢ € (—7/2,7/2) (see e.g. [10]). It
follows from Lemma 1.11 in [10] that d(q,p) = 2d(0,p) = A where

o SN 2p — sin(2¢)
a=[ —xe* TE L - T NP

Since p € int(St ) and since the distance function from ¢ is an open map (see
Lemma 2.1) we can find p’ € St E such that d(¢,p’) > A. On the other hand we

have _
q=1[e "2z —I\(||2])].

Since St E € R is symmetric with respect to the C"-plane, we get that ¢ € St E,
i.e. a contradiction.

It follows that St E C Ay. Since diam St £ = diam F = \ = diam Ay by Propo-
sition 4.1, and since Ay € R and St E € Zg, we get that £2"t1(A\ \ St E) = 0.
Being St E closed, we obtain that int(Ay) \ St E = int(Ax \ St E) = 0. It then
follows that Ay = int(Ay) C St E and finally St £ = A, as wanted. O

We now show that Ay can be perturbed near the t-axis in such a way that the
resulting set has the same volume and diameter as Ay. As we shall see, the class
of such perturbations is quite rich. It contains in particular rotationally and not
rotationally invariant sets.

Proposition 4.5. There exists r € (0,1/m) such that for every A > 0 and for any
Lipschitz function f : C™ — R with compact support in {z € C"; ||z|| < A} and
with Lipschitz constant Lip(f) < wAr/4, the set

Ang = {[z,t] €H™; |2]| < Mm, 2nft — f(z)| < A} U A3
satisfies L2 Ay ) = L2 F1(A)) and diam Ay ; = diam A,.

Proof. The fact that £2"+1(A, ;) = L?"T1(A,) is a consequence of the definition
of Ay ¢ and of Fubini’s theorem. To prove the last part of the lemma, we assume
that A = 1 without loss of generality. Since A7 C A; ; and diam A? = 1 we have
diam A; ; > 1 = diam A;.
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To complete the proof, we will show that the inequality diamA; , < 1 =
diam A; holds up to a suitable choice of r. First, for a given p € H", we define

hff(z) =th(||z — zpl]) + tp +2Im 2,2,

so that B(p,1) = {[z,s] € H" : ||z — 2| <1, hy(2) < s < hf(z)}. We set
k="h(0)/2=1/m.

Claim 1. There exists 7€ (0, 1/2) such that, for all peH"™ such that ||z,|| <r/4,
one has

(4.2) hi(z) > hf(z) + £ ||z — 2| for all z € C" such that ||z — z,|| < 2F

and, similarly,
(4.3)  h,(2) <h,(2p) — K]z — 2| forall z € C" such that ||z — 2, < 27.
Indeed one can find 7 € (0,1/2) such that
[h(r) = h(0) = W(0) r < S
for all » < 27. Then we get

h;r(z) =nh(z— Zp“) +itp — 2<izp,z - Zp>
K
> h;(zp) + 25 ||z — Z:DH D) llz — Zp” - ZHZIJHHZ - Z:DH > h;(zp) + Kz~ Zp”
for all p € H™ such that ||z,|| < x/4 and all z € C™ such that ||z — z,|| < 27. Here

the scalar product is that of R?" after identifying points in C" with points in R?".
This gives (4.2). The proof of (4.3) is similar.

We set po = [0,1/(2m)].
Claim 2. For all 7 > 0, there exists 7 > 0 such that

(4.4) if p € B(po,7) U B(py*,7) and ¢ € dA; \ B(p, 1) then [|z,]| <T.
To prove this claim, we set
K =0A10{[z,f] € H"; ||z 27} € B(po, 1) N B(pg ', 1)
(recall that po, pO_1 € Ay and diam 4; = 1). Since
OB(po, 1) NOA; = {py'} and 0B(py',1)NAA; = {po} ,

we actually have

By compactness of K and continuity of p — max,ecx d(p, q), one can then find
7 > 0 such that K C B(p,1) N B(p’,1) for any p € B(po,7) and p’ € B(pgl,f).
This proves Claim 2.
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Fix 7 € (0,1/m) such that (4.2) and (4.3) hold for all p € H™ satisfying ||z, <
k/4. Then choose 7 > 0 such that (4.4) holds. Set r = min(7,27/m, k/4). Let
f: C™ = R be a Lipschitz function with compact support in {z € C"; ||z|| < r}
and with Lipschitz constant Lip(f) < 7r/4.

We have || f|loo < Lip(f) r < 772 /4 hence
1
OA1 f\OAL C{[z, t] eH" : ||z <7, 4t — §| < mr?}

1
U{lz,t] eH" : ||lz|| <7, 4]t + %| < mr?}
C B(po,mr/2) U B(py ", 71/2) C B(po,7) UB(pg ', 7).

Now we take p € 0A1 5\ 0A1 and g € 0A; . Without loss of generality, we
also assume that p € B(pg, 7r/2), the other case being analogous. Then

1
P= 20 3=+ 1(0)]
If ||z4|| > 7 > r then ¢ € A, and by (4.4) we get d(p,q) < 1. If ||z4]| < F < 1/m

then

1

Ift, = % + f(2q), since ||z|| < 7 and |f(z,)| < 7r%/4 < 772 /4, we have d(po, q) <
77 /2. Therefore
d(p.q) < S(r+7) < 1.

If tg = —5= + f(zq) We note that ||z,|| < x/4 and ||z, — 24| < 7+ 7 < 27. Then
by (4.3) we get
_ _ 1
hp (z¢) < hp (zp) — K llzp — 24l = s +tp — K ll2p — 24l

1 . 1
< o + f(zp) — Lip(f) llzp — z4ll < o + fzq) = tq-
Similarly, using (4.2),

3
h;(zq) > h;(zp) + K lzp — 24|l > Y- + f(zq) > tq4.

Hence we have
hy (2q) < tq < h;(zq)'

that is ¢ € B(p, 1).
It follows that d(p,q) <1 for all p € 9A; ;\ 0A; and g € JA; ;. Recalling that
diam(0A;) =1 and that diam A; ; = diam(0A; s) this concludes the proof. O

We get from this proposition the following two consequences:

Corollary 4.6. There exists E € Ir such that p- E # Agiam g for all p € H".
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In other words, although there is uniqueness modulo Steiner symmetrization
with respect to the C"-plane for sets in Zg with a given diameter, we have essential
non uniqueness of sets in Zg.

Proof. Consider a set Ay s given by Proposition 4.5 for some A > 0 and where
f # 0 is moreover chosen in such a way that Ay s € R. By Theorem 4.4, we
have Ay € Zg. On the other hand, by Proposition 4.5, we have £L2"T1(A, ;) =
L2FT1(A)) and diam A, ; = diam Ay. Therefore A, ; € Tg.

Let us prove that p- Ay ¢ # A, for all p € H". First we note that if ' € R
and F' is bounded then p - F' € R if and only if 2, = 0. Next it is straightforward
from the analytic description of Ay and Ay s that p- Ay # Ay for any p € H”
such that z, = 0. This concludes the proof. O

Another consequence of Theorem 4.4 and Proposition 4.5 is the existence of
non-rotationally invariant isodiametric sets, even modulo left translations.

Corollary 4.7. There exists E € T such that p- E € R for all p € H".

Proof. If ZN'R = () then there is nothing to prove. If ZNR # () then Zg =
ZNR CZ. In particular it then follows from Theorem 4.4 that Ay € Z for any
A > 0. Let Ay s be given by Proposition 4.5 where f is moreover chosen in such a
way that A r € R. By Proposition 4.5, we have £>"T1(A, §) = L*"T1(4,) and
diam Ay s = diam Ay, and hence Ay ; € Z. Next we check that p- Ay ¢ R for
all p € H". Assume by contradiction that p- Ay y € R for some p € H". Then we
get in particular that pe(m(p - Axr)) = 7(p- Ay ) for all § € R™ where pyg is the

rotation in C" defined by pg(2) = (€?121,...,e%"2,). On the other hand we have
w(p-Ax ) = zp+{z € C": 2|z|| < A}. All together this implies that z, = 0. Then
we get that Ay f =p~1-(p- Ay s) is the vertical left translation by p=! = [0, —t,)]
of p- Ax,r € R and hence belongs to R, a contradiction. O
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