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On the expansions of a real number
to several integer bases

Yann Bugeaud

Abstract. Very little is known about the expansions of a real number
in several integer bases. We establish various results showing that the
expansions of a real number in two multiplicatively independent bases
cannot both be simple, in a suitable sense. We also construct explicitly a
real number ¢ which is rich to all integer bases, that is, with the property
that, for every integer b > 2, every finite block of letters in the alphabet
{0,1,...,b— 1} occurs in the b-ary expansion of &.

1. Introduction

Throughout this paper, || denotes the greatest integer less than or equal to x
and [x] denotes the smallest integer greater than or equal to z. Let b > 2 be an
integer. For a non-zero real number &, write

&= &)+ Z—:=L§j+0.a1a2...,

k>1

where each digit ay is an integer from {0,1,...,b — 1} and infinitely many of
the ay, are not equal to b — 1. The sequence (ag)r>1 is uniquely determined by the
fractional part of £&. With a slight abuse of notation, we call it the b-ary expansion
of &.

We begin by introducing several notions which are commonly used to measure
the complexity of the b-ary expansion of a real number. For a positive integer n,
let p(n,&,b) denote the total number of distinct blocks of n digits in the b-ary
expansion of £, that is,

p(n,&,b) = card{(aj+1,...,aj+n) iy > O}.

Obviously, we have 1 < p(n, &, b) < 0", and both inequalities are sharp. If £ is ra-
tional, then its b-ary expansion is ultimately periodic, thus, the numbers p(n, £, b),
n > 1, are uniformly bounded by a constant depending only on £ and b.
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If ¢ is irrational, then, by a classical result of Morse and Hedlund [18], [19],
we know that p(n,£,b) > n + 1 for every positive integer n, and this inequality is
sharp. Furthermore, since

(11) p(n+n/,£7b) Sp(nﬂgvb)p(n/vf,b)

holds for all positive integers n,n’, the sequence (logp(n,&,b)),>1 is sub-additive,
and so the sequence ((logp(n,&,b))/n)y>1 converges.

Definition. Let b > 2 be an integer. A real number £ is rich to base b if, for every
n > 1, p(n,&,b) = b™. The entropy of £ to base b, denoted by F(&,b), is defined by
1 b
E(Eb) = lim ogp(n.€,0)

n——+oo n

The notion of richness (also called disjunctiveness) was considered for instance
by Compton [11] and Hertling [15]. Note that the terminology ‘rich’ has been used
since 2008 in combinatorics on words with a different meaning; see [12].

It follows from (1.1) that E(&,b) = logb if and only if p(n,&,b) = b™ for every
n > 1, that is, if and only if £ is rich to base b. Observe that the entropy of a real
number to base b belongs to [0,logb]. Furthermore, the set of real numbers £ such
that E(£,b) = 0 for some b > 2 has zero Hausdorff dimension; see e.g. [17].

The first result of the present paper asserts that there are irrational real num-
bers that are not rich to every integer base.

A real number ¢ is simply normal to base b if every digit from {0,1,...,b—1}
occurs in its b-ary expansion with the same frequency 1/b. It is normal to base b
if it is simply normal to each base b™ with m > 1. A well known theorem of
Borel [6] asserts that almost every real number is normal to every integer base.
Furthermore, any real number normal to base b is clearly rich to base b.

Two positive integers x and y are called multiplicatively independent if the only
pair of integers (m,n) such that ™y™ = 1 is the pair (0,0). Answering a question
of Steinhaus, Cassels [10] (for b = 3) and Schmidt [21] (for every b), independently
established the following result:

Theorem CS. Let b and V' be two integers > 2. Normality to base b implies
normality to base b if, and only if, b and V' are multiplicatively dependent.

The conclusion of Theorem CS holds if normality is replaced by richness, as
shown by El-Zanati and Transue [14] (actually, the ‘only if” sense of the next result
was previously established in [21]).

Theorem EZT. Let b, b’ be two integers greater or equal to 2. Richness to base b
implies richness to base b’ if and only if b and b’ are multiplicatively dependent.

Starting with the Champernowne number
0.1234567891011121314.. . .,

several explicit examples of real numbers normal to a given base have been con-
structed; see [9] for references. However, it remains an open question to construct
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explicitly a real number which is normal to two multiplicatively independent bases;
see, however, [25], [22] and [4], [5] for computable constructions of real numbers
normal to all integer bases. The situation is much better understood when normal-
ity is replaced by the weaker property of richness. Namely, Hertling [15] has given
explicit examples of real numbers rich to infinitely many pairwise multiplicatively
independent bases, and not rich to some given base. Our second result, inspired by
his work, gives an explicit construction of a real number rich to every integer base.

Apart from the results stated above, very little is known on the expansion of
a given irrational number in two multiplicatively independent bases. We address
the following question:

Problem 1. Are there irrational real numbers having a ‘simple’ expansion in two
multiplicatively independent bases?

We have to explain what we mean by ‘simple’, since there are several ways to
measure the complexity of £&. If we use the notion of entropy, then Problem 1 can
be rephrased as follows:

Problem 2. Are there irrational real numbers having zero entropy in two multi-
plicatively independent bases?

We are unable to resolve Problem 2. However, Theorem 2.1 below gives some
(very) partial information in this direction.

A different point of view on ‘simplicity’ was taken in [3]. For an integer b > 2,
a real number £, and a positive integer n, we count the number of non-zero digits
of £ among its first n b-ary digits by setting

NZ(n,&b) =card{1 <k <n:ay#0}.

An irrational real number ¢ could be considered ‘simple’ to base b if N Z(n,&,b) is
small for every large integer n (which means that £ has only few non-zero digits).

A third point of view, addressed in [8], aims to estimate the asymptotic be-
haviour of the number of digit changes in the b-ary expansion of £. Following [8],
we define the function DC, ‘number of digit changes’, by

DC(n,&,b) = card{l <k<n:ap# ak+1},

for any positive integer n. An irrational real number could be considered ‘simple’
to base b if it has only few digit changes in its b-ary expansion.
Since

(1.2) DC(n,&,b) <2NZ(n,&,b) + 1,

a lower bound for DC(n, &, b) implies a lower bound for N Z(n, ¢,b). However, the
converse does not hold.

Our third result asserts that, if £ is non-zero and the bases b and o’ are coprime,
then, for n sufficiently large, DC(n,,b) and DC(n,&,b’) cannot be simultaneously
very small.

The present paper is organized as follows: Our results are stated in Section 2
and proved in Sections 3 to 6.
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2. Main results

We begin by establishing the existence of real numbers whose entropy to base b is
strictly less than logb for every b > 2. This is a straightforward consequence of
a result of Akhunzhanov [1], [2]. Combined with arguments from [7], we obtain a
slightly stronger statement.

Theorem 2.1. Let € be a positive real number and by > 2 be an integer. There
exist a positive real number ¢, depending only on £ and by, and uncountably many
real numbers & such that

E(f,bo) <€

and

E(&0) <logb— for every b > 2.

The main ingredient in the proof of Theorem 2.1 is the notion of (a, §)-game,
introduced by Schmidt [23].

Theorem 2.1 implies the existence of real numbers which are not rich to every
integer base. In the opposite direction, we give below an explicit construction of a
real number which is rich to every integer base.

Let b be an odd prime number. For an integer j > 2, let W, be an integer
whose representation in base j comprises each digit from {0,1,...,5 — 1} exactly
once and whose representation in base b finishes with the digit 1. Clearly, we have

W; < j7.

Let (aj)j>2 be a sequence of integers > 2 such that a; = 2 for every even index j
and agj+q1 = bj for j > 1.

For j > 2 not a power of b, let (pk,p;/qr,bj)k>1 denote the sequence of conver-
gents to the irrational number (logbj)/(log 7).

Put c; = 1 and ny = 2. Let j be a positive integer such that ca,...,co; and
Na,...,N9; have been constructed. To shorten the notation, set £; := [bjlog(bj)]
and m; := [(logbj)/(logj)]. Note that the b-ary expansion of W;; has less than ¢;
digits. If 7 is not a power of b, then set

N2j4+1 = P6(L;+m; lognay)+1,bj>  C2j+1 = Whj.
If j is a power of b, then set
2
noj+1 =n5; + 0 +2, 2541 = Wy

In every case, set
n2j4+2 = |—bn2j+1 logﬂ, C2j42 = 1.

We are ready to state our second result.
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Theorem 2.2. Let b be an odd prime number. With the sequences (c;);>2 and
(nj)j>2 defined above, the real number

¢=> L

j>2

s Tich to every integer base.

Now, we turn our attention to Problem 1 and we show that a real number
cannot have very few digit changes simultaneously in two coprime bases.

Theorem 2.3. Let b and b’ be multiplicatively independent positive integers. Let &
be an irrational real number. If b and ' are coprime, then there exist an integer ng
and a positive real number ¢ such that

(2.1) DC(n,&,b) + DC(n,&,b') > clogn,  for n > nyg,
and
(2.2) NZ(n,&b) + NZ(n, &) > clogn, for n > no.

If b and V' are not coprime, then there are a positive real number ¢ and arbitrarily
large integers n such that

(2.3) DC(n,&,b) +DC(n, &) > clogn
and
(2.4) NZ(n,&b) + NZ(n, &) > clogn.

The assumption that the bases b and b’ are multiplicatively independent is nec-
essary. Indeed, for a very rapidly increasing sequence (ny)r>1 of positive integers,
b > 2, and m and ¢ positive integers, the number

1 1 1
Z bménk = Z (bé)mnk = Z (bm)énk
k>1 k>1 k>1

has only few non-zero digits in base b’ and in base b™.

It should be pointed out that, if b and b’ are not coprime, then there are
irrational real numbers ¢ for which (2.3) and (2.4) do not hold for every large
integer n. Indeed, take for example b = 6, b’ = 10, and

1
f:Z ni.’
k>1

for a very rapidly increasing sequence (ny)r>1 of positive integers. Then, there
exist integers ay,p, in {0,1,...,5} and by in {0,1,...,9} such that

3nk [ (log 3)/(log 6)] g
€= Gn=2 2 gu
h=0

k>1 k>1

5k [nk(log5)/(log 10)] bin
= Z 107”C = Z hz;) 10”;7}1.

k>1 k>1
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Consequently, if ng > 4nj_1, then among the first ny /4 digits of £ written in base 6
or in base 10, there are at most ng_; non-zero digits, and

NZ(nk/4,§,6) +NZ(nk/4,§, 10) < ng_1,
Dc(nk/47 f, 6) + Dc(nk/47 f, 10) < ng-1.

Since ny can be chosen arbitrarily large, this proves our claim.

In particular, Theorem 2.3 asserts that an irrational real number cannot have
very few non-zero digits simultaneously in base 2 and in base 3. This gives a very
partial answer to Problem 1.

A related question has been investigated in 1973 by Senge and Straus [24], who
proved that the number of integers, the sum of whose digits in each of the bases b
and b’ lies below a fixed bound, is finite if, and only if, b and b’ are multiplicatively
independent. Their proof rests on the Thue—Siegel-Roth theorem and hence is inef-
fective. Using Baker’s theory of linear forms in logarithms, Stewart [26] succeeded
in establishing an effective version of Senge and Straus’ theorem. He showed that
if b and o' are multiplicatively independent, then, for every ¢ > 1, each integer m
whose sum of digits in base b as well as in base b’ is bounded by ¢ satisfies

(2.5) m < exp exp{rclog(3c)},

where k is a positive constant which is effectively computable in terms of b and o’
only. A similar result holds for the number of digit changes. Note that, when b
and b’ are not coprime, then an elementary argument based on the considera-
tion of p-adic valuations, for a prime number p dividing b and ¥, gives a slight
strengthening of (2.5).

We highlight a much weaker question than Problem 2.

Problem 3. Let b and U be multiplicatively independent positive integers. Let &
be an irrational real number. Is it true that

p(n,&b) +p(n,§,0) = 2n+3  (n>1)?

A positive answer to Problem 3 would mean that no real number can have a
Sturmian expansion in two multiplicatively independent bases.

Our last result is a metric statement concerning simple normality to distinct
bases. Apparently, Hertling [16] was the first to establish the correct analogue of
Theorem CS when normality is replaced by simple normality.

Theorem H. Simple normality to base b implies simple normality to base b’ if and
only if b is a power of V'.

More precisely, Hertling proved that, for integers b and b’ both > 2 such that b
is not a power of V’, the set of real numbers which are simply normal to base b, but
not simply normal to base V', is uncountable. Our last theorem is a refinement of
his result.
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Theorem 2.4. Let a and b be integers > 2 such that a is not an integer power
of b. Then, the set of real numbers which are simply normal to base a but not
simply normal to base b has full Hausdorff dimension.

When a and b are multiplicatively independent integers, Theorem 2.4 has been
proved by Nagasaka [20]. Thus, we are only concerned with multiplicatively depen-
dent integers a and b. Our proof differs from that of the weaker result established
in [16]. We make use of a classical theorem of Eggleston [13], see Theorem E in
Section 6.

3. Proof of Theorem 2.1

Before giving an outline of the proof of Theorem 2.1, we claim that, for a real
number £, an integer b > 2, and positive integers n and ¢, we have

(3.1) p(tn, &,b) < th'p(n, &, bY).

To see this, observe that any block of ¢tn consecutive digits of £ to base b is composed
of t; digits of £ to base b followed by n — 1 digits of £ to base b® and by t — ¢; digits
of £ to base b, for some integer ¢; with 0 <¢; <t —1.

The key ingredient of the proof of Theorem 2.1 is the notion of Schmidt game,
introduced in [23]. By means of a suitable modification of the original procedure,
Akhunzhanov ([1], [2]) proved that there are real numbers ¢ such that

(3.2) |[b7¢]| > exp{—5000b(logh)?}, for every n > 1 and every b > 2,

where || - || denotes the distance to the nearest integer. Let & have this property
and let b > 2 be an integer. Set

t = [50006(logb)].

Property (3.2) implies that ¢ has (at least) one missing digit in its expansion to
base b', yielding that

p(n, &) < (b — 1), forn > 1.
We deduce from (3.1) that
p(tn, £,5) < th (B — 1),

and, by taking the logarithm, dividing by ¢n and letting n tend to infinity, it follows
that

log(b! — 1)
t

1
. < < — .
(3.3) E(&,b) < <logh— -;

We can do slightly better by combining [1] and [2] with ideas from [7], where
the Schmidt game is played on a Cantor set. Let £ be a positive real number.
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Let bg > 2 be an integer. Let t be a positive integer, and consider the Cantor
set C; composed of the numbers ¢ in [0, 1] having only the digits 0 and b — 1 in
base bfy. Then, clearly,

p(n, € bp) < 2"
We deduce from (3.1) that
p(tn7 57 bO) S tb62n7

and

log 2

(3.4) E(&,bg) < r

<e,

if ¢ is chosen large enough.

Instead of playing the Schmidt game on a real interval of length 2 as in [1]
and [2], we play it on the set C;. The analogue of Lemma 4 from [2] shows that
a countable intersection of winning sets on C; is also winning on C;. There is no
additional difficulty, therefore we omit the details of the proof. Proceeding in this
way, we establish that there are uncountably many ¢ satisfying (3.4) and (3.3) for
every b > 2. This proves the theorem. O

4. Proof of Theorem 2.2

The proof of Theorem 2.2 depends on a series of lemmas, some of which were
already established by Hertling in [15].

Lemma 4.1. Let b be an odd prime number. Let a > 2 be an integer coprime
with b. Let py, be the order of a modulo b and let £, be the greatest integer £ such
that b* divides a* — 1. For any positive integer n exceeding £y and any integer ¢
prime to b, every block on {0,1,...,a — 1} of length at most (n — ;) log, b occurs
in the a-ary expansion of ¢/b".

Although this lemma can be found in [15], we give a proof.

Proof. The length of the periodic part of the a-ary expansion of ¢/b™ is at most
equal to the order of a modulo ", thus it is less than b". Let O.ajas... be
the a-ary expansion of the fractional part of ¢/b™. Let w be a word of length
L:=|(n—4{p)log,b] on {0,1,...,a — 1} and set

I, = {f € [0,1) : the a-ary expansion of £ begins with w}.

For every m > 0, we have a;,41 ... amer = w if, and only if, ca™ modulo b™ lies
in the interval b™ - I,, C [0,b™). Since the length of b™ - I,, C [0,b™) is equal to at
least

b afL > pn. b7n+€b _ bZ;,’

there exists an integer in {0, 1,...,b" — 1} which is congruent to ¢ modulo b* and
belongs to b™ - I,. On the other hand, the subgroup of (Z/b"Z)* generated by a*®
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is equal to the set of classes x in (Z/b"Z)* which are congruent to 1 modulo b.
Since b and ¢ are coprime, we have

{c~a“bj mod b : j > 0} = {:c mod b" : x = ¢ mod béb},

and there exists an integer j such that c¢-a**/ modulo b” lies in b™ - I,,. This shows
that the word w occurs in the a-ary expansion of ¢/b". O

The next lemma is a version of Lemma 5.1 of Hertling [15].

Lemma 4.2. Leta > 2 and b > 2 be coprime integers. Let (m;);>1 be an increasing
sequence of positive integers. For i > 1, let d; be an integer coprime with b and
satisfying 0 < d; < b™/2. If for some positive integers M and j we have

mjt1 > 2(Mlogy a +mj + 2+ logy a),
then the prefizes of length M of the a-ary expansions of
J
S odib™™ and Y dib™™
i=1 i>1
coincide.

Proof. As pointed out in the proof of Lemma 5.1 of [15], the a-ary expansion of
any rational number d/b™7, where the integer d is coprime with b, cannot have
|(log, b)m;] + 1 consecutive digits (a — 1). Denoting by di,...,d), the first M
digits of the a-ary expansion of > 7_; d;b~"™¢, this shows that

Ld L1 1 oL 1
> g S22 g T gM T gMAit (o, Hmy] = > wi T oM T gMipm;
=1 i=1 i=1

Combined with the inequalities

SoodibTm < Y b < 214 b P )
i>j+1 i>j+1
S 4b7mj+1/2 S a*M*lbfmj,

this proves the lemma. O

Lemma 4.3. Let b and j be multiplicatively independent positive integers. Let
(pk/qr)k>1 denote the sequence of convergents to (logbj)/(logj). For any k > 3bj
and any positive integer d with d < (bj)#1982)/2 the representation in base bj of
djP2++1 begins with the representation of d in base bj.

Proof. Since j and b are multiplicatively independent, the real number (log bj5)/(log )
is irrational and we have
1 logbj  pak+1
— 5 < — —
Aok log j q2k+1

<0,
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for every k > 1. This implies that, for k£ > 3bj, we have
jp2k+1 > (bj)q2k+1
and

Jrt < (bg) e A < (b) ™t (14 2(log 1)/ an 1)
< (bj)q2k+1 + (bj)Q2k+1—2—(10gQ2k+1)/(210gbj)_

Since qop41 > 2% this shows that the representation in base bj of jP2k+1 begins
with a digit 1 followed by at least [(klog2)/(2logbj)] zeros. Consequently, for any
positive integer d with d < (bj)(klogz)/z, the representation in base bj of djPzr+1
begins with the representation of d in base bj. O

The next lemma, whose proof is omitted, is an easy observation.

Lemma 4.4. Let b > 2 and j > 2 be integers. Let d and n be positive integers
with d < b™. Then the bj-ary expansion of d/b™ terminates, and setting

d 4" dy,
s W

we have d, =0 for k> n+1 and for k <n — |(nlogj +logd)/log(bj)] — 1.

Completion of the proof of Theorem 2.2. We keep the notation of Section 2. Let
a > 2 be an integer. Let w be a finite word on {0,1,...,a — 1} of length L. We
have to distinguish three cases.

Assume first that a = b. Since b > 3, the b-ary expansion of W; has no more
than ¢; digits for j > 2, and it follows from Lemma 4.4 that the b-ary expansion
of £ is the concatenation of blocks of digit 0 and of the b-ary expansions of ¢; for
j > 2. From the definition of Wy, it follows that w occurs in the b-ary expansion
of £. Consequently, £ is rich to any base which is an integral power of b.

Assume now that b does not divide a, that is, that a and b are coprime. Let .J
be a large integer. Note that b and cy741 are coprime since the last digit in the
representation of coy11 in base b is the digit 1. Consequently, the denominator
of the lowest form of the rational number Z?i‘fl ¢;/b™ is ™27+t and the a-ary
expansion of this rational is purely periodic. By Lemma 4.1, if J is large enough,
then w occurs in the a-ary expansion of Z?i‘fl ¢;/b™, which is of length at most
b"27+1 Again, for J large enough, our choices of noji9 and coy1o imply that the
assumption of Lemma 4.2 is satisfied with j = 2J + 1 and M = b™27+t. This

implies that w occurs in the a-ary expansion of &.

Finally, assume that b divides a, but that a is not a power of b. Set J = a* /b.
By Lemma 4.4, we may assume that L is large enough to guarantee that the a-ary
expansions of ¢; /b, j > 2J, do not overlap. Note that

L P6(Lj+m jlogng;)+1,bJ
CoJ+1 C2J+1 (a™ /) i
bn2J+1 bp6(£J+m110gn2J)+l,bJ

= C .
2J+1 aps(eJ+mjlogn2J)+1,bJ
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It then follows from Lemma 4.3 that the representation in base a” of the rational
integer co sy (ak /b)Potrtmriosn2)+1.bJ heoing with the representation in base a’ of
c274+1. Since w can be viewed as a letter to base a”, our choice of cp7,1 and the
definition of W3, imply that the a-ary expansion of ¢g41/b™27+! contains w.
This completes the proof of Theorem 2.2. m

5. Proof of Theorem 2.3

We use repeatedly the elementary fact that, if the b-ary expansion of a rational
number ( reads
0.a1az...anaaa. ..,

with a,a1,...a, in {0,1,...,b— 1} and a # a,, then

a
b"C¢} =0.aa...=

and there exists an integer r such that ¢ = r/(0"™(b — 1)). A difficulty arises since

the latter rational number may not be written in its lowest form. To see this, just

observe that

C:an—i—an_lb—i—...—i—alb”*l_'_ a
b (b — 1)
_(ap—a)+blan —an_1)+ ...+ b Y(ag — ar) + a1b”
B bn(b—1) ’

and note that a,, — a has no reason to be coprime with . Note however that,
since a is not equal to a,, there exists a prime number p and a positive integer v
such that p* divides b, but p” does not divide a,, — a. This shows that if { = A/B
is in its reduced form, then p™ divides B.

Set A = (logb)/(logd’) and ¢ = 2+ [2/A].

Assume that b and b’ are coprime. Let N be a large positive integer such
that DC(N,&,b) = DC(2N + ¢,&,b). This implies that the (IV + 1)-th through the
(2N + ¢+ 1)-th digits in the b-ary expansion of £ are all the same. Let n be the
smallest positive integer such that the (n+ 1)-th through the (2N + ¢+ 1)-th digits
in the b-ary expansion of ¢ are all the same. We have n < N and there exists an

integer r such that
T 1

— < .
g bn(b_ 1) - b2N+c+1

Let A be the integer defined by the inequalities
(5.1) h+1<AM2N-n+c—1)<h+2.
If the rational integer 1’ satisfies

(5.2) (0" (' = 1) =r'b" (b~ 1),
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then our choice of n and the discussion at the beginning of this section imply that
there exists a prime number p dividing b such that p™ divides (b')"(b' — 1). Since b
and b’ are coprime, p does not divide b’, and we get that n is bounded by a constant
depending only on b and &’. This shows that if N is sufficiently large, in terms
of b,b" and &, then (5.2) holds for no rational integer r’. Observe that

an(b/)h(b _ 1)(()/ o 1) S 2bn+1b2N—n+c—1 S b2N+c+1.

Consequently, if N is large enough, then for any rational integer r/, the triangle
inequality gives

/

&= (b — 1)‘ = br(b—1) (b)) — 1)‘ B '5 (b —1)
1 1
= o (b)h(b— 1) () — 1) 2N+t
1 1

> > .
— Qb"(b')h(b _ 1)(b’ _ 1) — (b')’\("+1)+h+2

This implies that, in the b'-ary expansion of &, the (h + 1)-th through the
(A(n + 1) 4+ h + 2)-th digits cannot be all the same, whence

DCA(n + 1)+ h+1,68) > DC(h, &) + 1.
It then follows from (5.1) that
DC2AN + e, &,1) > DCOAN + (¢ — D)X — 2,6,5) +1 > DCAN, £,5) + 1,

since n < N and (¢ — 1)A — 2 > 0, by our choice of c.
Set u; = 1 and w41 = 2u, + ¢ for n > 1. A rapid calculation shows that
Up < (c+1)2™ for n > 1. We have thus proved that

Dc(un+17 f, b) - DC(Un, 57 b) + DC()‘un+1,£v b/) - DC()\’U%, f, b/) > ]-7
for every integer n large enough. Consequently, setting A = max{1, A}, we get
DC(N(c+1)2",&,b) +DC(N (c+1)2",&,b0') > n,

for every large enough integer n. This implies (2.1). Using (1.2), we get immedi-
ately (2.2).

Assume now that the bases b and b’ are not coprime. We keep the notation
used above. If, for every large integer N, equality (5.2) holds for no integer r’,
then we can proceed exactly as above to get the same result.

Consequently, we assume that there are integers n, h,r, " with

h+1<A2N—-n+c—1)<h+2
and

(5.3) r) (b —1) = b (b —1).
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We make the further assumption that there exists a prime number p that di-
vides b but does not divide b’. Set u = v,(b), where v, is the p-adic valuation. It
follows that

(5.4) vp(r) = un + 0,

for some integer ¢ exceeding —(logb’)/(logp).
Observe also that, by our choice of n, there are d in {0,1,...,b — 1} and an
integer R < b™ such that

r R d
Thus,
(5.6) r=(b-1)R+d.

We study the representation of R in base b. Write
n—1 .

(5.7) R=Y d;t/,
§=0

where d; is in {0,1,...,b—1}.
Let ¢ be a real number strictly greater than (logb)/(ulogp). Let J be a positive

integer such that dy =dyy1 = ... = dpg, where H = [t(J + 2)]. We observe that
J-1
d+(b—1)>_ d;t) —dsb’ #0,
=0

since, by the choice of n, the digits d and dy are different. Furthermore, we check
that

J—1
- log b
_ B J) <«
vp<d+ (b 1);)de dyb ) SO+
H .
(b—1)> d;t) —dpd™+ +dsb7 =0,
j=J

and )
op(0=1) 3 dib? +dgb™) = u(H +1) = ut(J +2).
j=H+1
Recall that we have

n—1

vp<d+(bfl)2djbj> = un+4.

J=0
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By (5.5), (5.6), (5.7), and our choice of ¢, we get a contradiction if (J 4 2)(logb) <
(un + 0)(logp). Consequently, for every positive integer J satisfying this last
inequality, there exists j with J < j < ¢(J 4+ 2) — 1 such that d; and d;;+1 are
different. This shows that there are at least some constant times log n digit changes
in the b-ary expansion of R. This proves (2.3) and (2.4) when there is a prime
dividing b but not dividing b'.

It remains to explain why the same argument works if b and b’ have the same
prime divisors. Assume that b = p{'---p;* and b = p;’ -~-p{z, where the p;
are distinct primes and the e; and f; are positive integers. Since b and b are
multiplicatively independent, we may assume that the quotients e/ f1 and es/ fo
are different. Looking at (5.3), we see that for at least one of the primes p; or ps
we have an equality of type (5.4). Namely, there is ¢ € {1,2} and a positive
integer ¢ such that v, (r) > cn. We then continue exactly as above and get the
same conclusion. O

6. Proof of Theorem 2.4

We recall a result of Eggleston [13].

Theorem E. Let b > 2 be an integer. Let po,p1,...,Pp—1 be non-negative real
numbers whose sum is 1. Then, the set of real numbers & in (0,1) whose b-ary
expansion 0.ayaszas . . . satisfies

<n<N:a,=]
lim card{l<n<N:a ]}:

yhm N pj forj=0,...,b—-1

has Hausdorff dimension

1 b—1
“losh Z p;logp;.
8Y 3

Taking into account the results of Nagasaka [20], Theorem 2.4 is an immediate
consequence of Theorem 6.1 below.

Theorem 6.1. Let b > 2 be an integer. Let m,n be coprime positive integers with
n > 2. The set of real numbers which are simply normal to base b™ but not simply
normal to base b™ has Hausdor(f dimension 1.

Proof. Recalling that simple normality to base b*™ implies simple normality to
base b™, we assume that m is greater than n. We work in base B = b?"n" .
Let w be a word on {0, 1,...,b— 1} obtained as the concatenation of 2n — 2 copies
of 0™, of 2n — 1 copies of 1™, and of 2n copies of each other word of length m on
{0,1,...,b—1}. Clearly, the length of w is then

m(4n — 3) + 2nm(b" — 2) = 2nmd™ — 3m.
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Put

wo = w0™1™0™  and w; = w0*m1™.
The words wg and w; have length 2nmb™, thus they can be written to base b™ as
words of length 2mb™. Writing 2m +h = jn and m —h/ = j'n, with0 < h,h/ <n
and j, 7 integers, the last jn digits of wy to base b are

1L Rt KRS LS Kt L) KW )
while the last jn digits of wy to base b read
0",...,0", 0" 1M 1m

Since n does not divide m, we have h’ # 0, thus, at least one of wg and w; cannot
be written as a concatenation, in some order, of 2m copies of every letter to base b™.
Without any loss of generality, we may assume that wy has this property.

Let B be the set of real numbers £ whose expansion to base B has the property
that every letter, except wy, occurs with the same frequency 1/(B — 1). Then, by
Theorem E, this set has Hausdorff dimension log(B — 1)/ log B.

Our choice of wg implies that each element of B is simply normal to base ™, but
not simply normal to base b"”. Recalling that simple normality to base b*™ implies
simple normality to base b, we get our result by replacing m by an arbitrarily
large multiple of m coprime with n. O

Acknowledgements: I am pleased to thank the referees for their careful reading.
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