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Quasi-geostrophic equations, nonlinear Bernstein
inequalities and a-stable processes

Diego Chamorro and Pierre Gilles Lemarié-Rieusset

Abstract. We prove some functional inequalities for the fractional dif-
ferentiation operator (—A)“ through the formalism of semi-groups. This
gives us an estimate of the regularity of Marchand’s weak solutions for the
dissipative quasi-geostrophic equation.

1. Introduction

In this paper, we are interested in the regularity of weak solutions of the dissipative
quasi-geostrophic equation (QG,), a generalization of the quasi-geostrophic equa-~
tion (QG) which is related to fluid mechanics, [13], and whose mathematical study
was initiated by Constantin, Majda and Tabak in 1994 ([5]). The quasi-geostrophic
equation (QG) describes the evolution of a function 6(¢,r), t > 0, x € R?, as

00 +d.VO=0,

(1.1) i = (—Ra0, R10),
0(0,.) = 6o,
where R; is the Riesz transform, R; = \/‘zLA (so that the vector field @ is divergence-

free: divi = 0).

Throughout the paper, we will denote v/—A by A (this is Calderén’s oper-
ator). For 0 < a < 1, the dissipative quasi-geostrophic equation (QG,) is the
equation (QG) penalized by a dissipative term —A2%9:

0
(1.2) i = (—Ry0, R10) ,
)
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In order to deal with irregular solutions, we rewrite the advection term a.ve
as div(0 @):

(1.3) @ = (—Ro0, R10)
)

In 1995, Resnick [15] proved the existence of weak solutions of the equation (1.3)
for 6y € L?(R?); these solutions satisfy the inequality

t
(1.4) for t>0, [0(t.)]2 +2/ /|A“9|2 dz ds < ||6o2,
0

so that § € L°L? N L?H®, where H® is a homogeneous Sobolev space.

In 2008, Marchand [12] studied the case of an initial value 6y € LP; he proved the
existence of weak solutions to equation (1.3) when p > 4/3. Moreover, when p > 2,
Marchand’s solutions satisfy the inequality

t
(1.5) for t >0, [|6(t.)|2 +p/ /9|9|”‘2A2“9 dx ds < ||0o][?,
0

where the double integral gives a nonnegative contribution, as shown by Cérdoba’s
inequality [6], [10]:

(1.6) 2/ |AC(10P/?))? da < p/9|9|p*2A2a9 dz.

However, the regularity of Marchand’s solutions remained unclear.

In this paper, we will establish the regularity of Marchand’s solutions in terms
of a norm in a Besov space. More precisely, we shall establish a variant of Cérdoba’s
inequality and get that, for 2 <p < ocand 0 < a < 1,

(1.7 161001 < Co [ O18P~20%%0 do
and for 2 < p < oo,

(1.8 161 < Co [ 01817220 d,

where Bza/ PP and Bf,/ P-°% are homogeneous Besov spaces. Our method gives us a
new proof of a nonlinear Bernstein inequality given by Danchin [8]: for § € LP(R"™)
such that its Fourier transform () is supported in the annulus 1/2 < |¢| < 2, we
have, for 1 < p < oo,

(1.9) A6z < IV (625 < B3,

where the constants A and B are positive and depend only on p and on the di-
mension n.
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We will mainly apply general results from the theory of semi-groups to the semi-
group et Thisis a symmetric diffusion semi-group (in the sense of Stein [19]),
and we will use a representation of the semi-group as a barycentric mean of heat
kernels through a formula derived from the theory of a-stable processes [22]. For

instance, when a = 1, we have et = etA (the heat kernel); for o« = 1/2, we have

e N = P,, the Poisson semi-group. In dimension 1, e~¢l is the Fourier transform
of %H%’ we write
1t 1/ : 1> 2 d
(110) B _/ eiaefaxz do = —/ 67% e 20 @
ml+a22 7w /) 27 /o o2
and we get
1 * & do
(1.11) o lél — R )
Vv 2 0 0’3/2
and finally
1 > 1 t2 do
(112) e A — —271-/0 e 20 %2 gy

We shall use a generalization of (1.12) to the case of et

2. One-dimensional stable distributions

The aim of this section is to recall the useful following representation:

Proposition 2.1. For 0 < a < 1, there exists a probability measure du, concen-
trated on [0, +00) such that for all x € R we have

2a Foo 2
(2.1) e~ 1= = / e dpg (o).
0

Corollary 2.2. Let A = /—A be the C’aldero’nz operator on R™ and let ™ be
the heat kernel on R™. Then the operator e **" (t > 0, 0 < a < 1) may be
represented as

—tA% > ot/ e A

2.2 ’ ’ d

(2:2) € = € fa(0) -
0

Formula (2.1) is well known. See for instance Proposition 1.2.12 in [18]. Due
to a celebrated theorem of Bernstein, [2], it amounts to say that the function
x>0 e 171" is completely monotone, which is easily checked.

Formula (2.1) is linked to the theory of one-dimensional stable processes. The
probability density function du of a random variable X is called a-stable [22] if its
characteristic function x(§) = E(e™*¢) = [ €™¢ du(x) is of the form

(2.3) E) = { eimE—o” [§]* —iBoelE|* T tan(ra/2)  if o £ 1

eimé—ol€|+ifog In €| fa=1.



1112 D. CHAMORRO AND P. G. LEMARIE-RIEUSSET

The admissible values for the parameters are: 0 < « < 2 for the stability
index o, m € R for the position parameter m, o > 0 for the scale parameter o,
and —1 < 8 <1 for the bias parameter 5. We will write X ~ S, (m, o, 3).

For X ~ S,(0,0,1) with 0 < o < 1, the function y is given by
x(€) = e~ 1€l (1+isgn(§) tan(wer/2))

If 2 is the holomorphic function defined on C\R™ as 2® = |z|*¢’® A8(2) where the
argument of z is taken in (—m, ), we have
(i)™ = [¢] e (O/2 = cos(am/2)[¢]* (1 + i sgn(€) tan(arm/2)).

Thus, when X ~ S, ((cos(ar/2))~/*,0,1), we have x(£) = e~ ()", For z = n+i¢
with 1 > 0, we have |e=*" | = e~ |2|% cos(@Arg(2)) < 1 The Paley-Wiener-Schwartz
theorem ensures that the probability density function du, of X is supported on RT
and that, for z = £ + in with > 0, we have ¢(*)" = f0+oo €% due (o). When

. . 20 2
z = iz?, we obtain e~ |®| :f0+ooe 7 dpie (o).

3. Diffusion semi-groups

In this section, we consider a symmetric diffusion semi-group as considered by
Stein in [19]:
Definition 3.1. A symmetric diffusion semi-group with infinitesimal generator L
is a family of operators (e'l);>¢ such that:

i) e'L is self-adjoint for ¢ > 0.

ii) e'* is the convolution operator with a probability density function p(x)

(pe(z) > 0 and [ p(x) de =1).
i) etlesl = e+l and, for f € L2, limy_,o+ ||’ f — f]l2 = 0.
We then have
iv) Lf =limyo %(eth — f) on a dense subspace of L2.
v) Oetl f = L(etEf).

For classical results on such semi-groups, we refer to the survey of Bakry [1].
A crucial result is that, for a convex function ¢, we have Jensen’s inequality

(3.1) o' f) < eto(f),
and, by looking at the derivatives of both terms at ¢ = 0,
(3.2) ¢'(f)Lf < L(of).

When ¢(t) = 2, we get 2fL(f) < L(f?): this is the positivity of the square field
operator

(33) D(f,0) = 3(L(f,0) ~ FLls) ~ 9L()
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For ¢(t) = |t|” with v > 1, we find vf|f|?2L(f) < L(|f|"). For v = p/2 with
2 < p < 400, we multiply the inequality by |f|”/2 and we integrate. We thus get

(34) p / FIFP~2 Lf de <2 / |FIPPPL(| fP/?) da = —2 / V=L(|fIP/?)]? da.

We are now going to generalize (3.4) by taking into account the sign of f in
the RHS of the inequality:

Theorem 3.2. Let (e'l);>0 be a symmetric diffusion semi-group. Then:

i) For 2 < p < +00, we have the inequality
35) p [ AP0 dos [AF1ELGIE Y do= - [IVEEUIE P da.

it) For 1 <p <2, we have the inequality

(3.6) /f|f| SLL(AfEY dw——4/|\/_f|f|£’1 I2dw<p/f|f|” 2L(f) da

where, moreover, p [ f|fIP72L(f)dx < 0.

Proof. We use the convex function ¢(t) = [t|, and we find sgn(f) L(f)
hence fL(f) < |f|L(|f]). We decompose f into f = f* — f~ with f*
and we get

(3.7) JELUF) + fTL(f) 20

Integrating (3.7) and using the self-adjointness of L gives [ fTL(f~) dx > 0.
The case of fT and f~ approximating two Dirac masses at separate points gives
then that the distribution kernel K of L satisfies K(z,y) > 0 away from the
diagonal = = y, and we get finally that

< (||

);
)

(3.8) FYL(f7) = B K(z,y)fT(x)f (y) dy >0,

and similarly f~L(f%) > 0. In particular, we get that, for 1 < p < 400, we have
(39) JaoriLu + ¢ dez o,
On the other hand, we have that ¢ — [e'*||% is nonincreasing, so that (by looking

at the derivative at ¢ = 0) we have p [ f|f|P~2Lf dz < 0. This inequality together
with (3.9) gives

2 /<f+>p-1L<f+>+(f->p—1L(f—>dx < / S 2L(f)de
(3.10) < /(f*)p—1L<f+>+(f->p—1L<f—>dm,
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and, similarly, we have for g = f|f|21, g7 = (f)?/? and g~ = (f~)*/?,
G11) 2 [ Lig") +a Lg ) do < [gL0g) da < [ g7 L(gY) 497 Lg") da,

When p > 2, we write |le'” fT[|5 < |le'”(g%)||3 and we get (by looking at the
derivative at t = 0) that p [(fT)P"1L(f*) dz <2 [ gTL(g") dx; we have the same
inequality for f~ and g~—. Thus, (3.10) and (3.11) give (3.5).

When p < 2, we write [le“g™[|3 < [|e"L(f1)|5 and get that 2 [gTL(g") du
<p [(fT)P"PL(f") dx; we have the same inequality for f~ and g~. Thus, (3.10)
and (3.11) give (3.6). O

4. A. and D. Cérdoba’s inequality and Besov norms

The semi-group (e*mm)tzo is a symmetric diffusion semi-group on R™. The posi-
tivity of its kernel is a consequence of the positivity of the heat kernel e/ and of the
representation formula given by Corollary 2.2. Thus, Cérdoba’s inequality (1.6) is
just a special case of inequality (3.4). In this section, we shall apply Theorem 3.2
(generalization of (3.4)) to the semi-group (e’“\m)
based on the following easy lemma:

+>0. Our application will be

Lemma 4.1. Let 0 <~ < 1. Then for all a and b in R we have
(4.1) |a|a|7*1 —b|b|7*1\ < 2|a — b|”

Proof. This is obvious if ab < 0: if wv < 0 then max(|ul,|v]) < |Ju —v] <
2max(|ul, |v]). If ab > 0, we use the fact that d,(z,y) = |x —y|" is a distance on R
and we write |dy(a,0) — dy(b,0)| < dy(a,b)|. O

We may now prove the following extension of Cérdoba’s inequality, using norms
in homogeneous Sobolev and Besov spaces:

Theorem 4.2. (A) Let 0 < o < 1 and 2 < p < +o0o. Then there is a positive
constant ca pn > 0 such that

ol W < UAFE e = [ 1ACAAEP do
(4.2) !

<p [ 1120 do.

(B) Let 2 < p < +00. Then there is a positive constant ¢, > 0 such that

ol ygesnie < IAUF1E M = [ 19115 o
(4.3) !

<p [ 111301 da.
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(C) Let 0 < a < 1 and max(1,2«a) < p < 2. Then there is a positive constant
Ca.pn >0 such that

0 Sp/f|f|p72/\2a(f) de < 4| f1f12 7 . = 4/|Aa(f|f|g71)|2 dx
S Ca7p7n||f||p312)a/p,p'

Proof. First, we will apply Theorem 3.2 to the symmetric diffusion semi-group
(e’“\m)tzo : (3.5) gives the RHS inequalities in (4.2) and (4.3), while (3.6) gives
the LHS inequality in (4.4). Thus, the proof of Theorem 4.2 is reduced to a
comparison between a Besov norm and a Sobolev norm.

Besov norms may be defined in various (more or less) equivalent ways. We
shall use the characterization of Besov spaces through moduli of continuity. For
B € (0,1) and 1 < p < oo, the norms of Bg,p may be defined as

e = ([ [FELEE ao an)’

(4.5) and
17(2) — fla+ 1),
58,00 — Ssu
W lgge = sup DE

(4.4)

Moreover, we have H® = By'?. Thus, the Sobolev norm || f| ;« is equivalent, for

€ (0,1), to [|fllgo2 = \/ff |fli$)y|7{5_y2§2 dx dy. For a = 1, the Sobolev norm
SIS

[ f1l z71 is equivalent to suppegn p0

To finish the proof, we use Lemma 4.1. For p > 2, we take v = 2/p, a =
f@)|f(x)[z7, and b= f(y)|f(y)|= 7", and we get

(4.6) F@) = f@P < 22 [J@) [f @5 = f@) 1 £ ) F ]
Using (4.6) and (4.5), we then get the LHS inequalities of (4.2) and (4.3).
For p < 2, we take v = p/2, a = f(x) and b = f(y), and we get

(47) [F@LF @I = F@If WP < 41f (@) = Fw)l
Using (4.7) and (4.5), for 2a/p < 1, we then get the RHS inequality of (4.4). O

5. Frequency gaps

Let 1 < p < +00 and let f € LP(R™) be such that the Fourier transform f has no
low frequency: f(¢) =0 for |¢| < A. Then it is well known that the norm of e*” f
decays exponentially:

1 _ 2
(5.1) €2 fllp < — e o4 | 1],
P

(see for instance Chemin [3]). But (5.1) contains no information for small ¢’s: if
t < A‘zcL In ci we have [e!2 f|l, < || fll, and 1 < Cie_cl’“‘z.
P P P
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In this section, we want to prove a more precise estimate:

(5.2) e fllp < e~ fllp -
We begin with two classical lemmas:

Lemma 5.1. (A) Let 1 < p < 400 and let g € LP(R™) be such that the Fourier
transform g has no low frequency: §(§) = 0 for |§| < A. Then, for 1 < j < n,
1% glly < A" llgll

(B) Let 1 < p < 400 and let f € LP(R™) be such that the Fourier transform f
has no low frequency: f(€) =0 for |&| < A. Then || f|l, < A~V [,

(C) Let 1 < p < 400 and let f € LP(R™) be such that the Fourier transform f

has no low frequency: f(f) =0 for |£| < A. Then there exists F; € LP such that
f=23201 05 F;, with ||Fj|, < AT fllp-

Proof. (A) is obvious: if w € D(R™) is equal to 1 on the ball B(0,1/4) and to 0

outside from the ball B(0,1/2), then the function k; whose Fourier transform k; is

equal to k;(€) = —ﬁ(l—w(@) satisfies k; € L'. We have %g = A" 1k;(Ax)* g,

6j —
so that [|Zgll, < A7kl llgllp-
For (B) and (C), we just write f = — Z;;l %@‘f = - Z?:l 9; %f' .

The following lemma can be found in [11]:

Lemma 5.2. Let 1 < p < 400 and let f be a C' function. If f € W*P(R™), then
we have

- p—2 _ - = r12 p—2
(5.3) / FP2AF de = (p—1) /f(z#ow P2 de

Proof. For p > 2, this is obvious. f|f|P=2is C* and 9;(f|f|P~2) = (p—1)|f|P~20; f.
Thus, (5.3) is a direct consequence of integration by parts.

For 1 < p < 2, we approximate f|f|P~2 by g. = f|f? Jr62|pT_2 with € > 0. By
dominated convergence, we have — [ f|f|P72Af dz = lime_g [ ge(—Af) dz. We
have 9;(ge) = 0; f|f? + €2 Py (1+(p— 2)#%) We consider w € D(R™) such that
0<w<1landw=1o0n B(0,1). Then we have

- / 07 fgc= Jim_ / 0, (ol R)Dy90 + 0s00(z/R)gc) d

(5.4) 2

= [P+ e (14 -2 ) o

since | [|0;f£0;w(z/R)ge dx| < R7|Ojwl|oo|l f[}y2r (and thus goes to 0 as R
goes to +00), and since 0;f0jgc > 0 (note that p —1 < 1+ (p — 2)% <1),

so that we may apply monotone convergence to [ 9;fd;gew(x/R) dz. We may
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restrict the domain of the integral on the RHS of (5.4) to the set of x such that
f(z) # 0, since the set of x such that f(z) = 0 and 0;f(z) # 0 has Lebesgue
measure 0. Thus, we have

— p—2 2
(5.5) —/f|f|p‘2Af da :e%ﬂ/f@)#olWF |f2+€ 7 (1+(p—2)#) dz.

Moreover € — |r? +€2| 2 is nonincreasing function of € € [0, +00) and we may

apply again monotone convergence to see that

(5.6)  lim 10, 1212 + |5 da :/

) 0, F 21 f1P~ da
O f(@)#0 #0

()
The inequality [V]2 [/ + €3 (1+ (p— 2)ams) > (0 — DIV 12 + |5,
together with (5.5) and (5.6), gives us that the limit in (5.6) is finite. The inequality

V212 + "2 (L4 (p— 2)phem) < IVFP 12 + €"2, together with (5.5),

gives us, by dominated convergence, the equality (5.3). O
We may now prove our theorem on frequency gaps:

Theorem 5.3. Let 1 < p < +oo and let f € LP(R™) be such that the Fourier
transform [ has no low frequency: f(§) =0 for |¢| < A. Then:

(A) If f € W2P, we have the inequality

(5.7) elIfIIE < A2 / IFP2(~Af) de,

where the constant c, > 0 depends only on n and p.
(B) We have the inequality, for all t > 0,

—cC, 2
(5.8) e fllp < e # N £l

where the constant ¢, > 0 depends only on n and p.
(C) For0 < a <1 andt >0, we have the inequality

_iA2a _ 2a
(5.9) le™™ fllp < e £l
where the constant ¢, > 0 depends only on n, a and p.

Proof. We may assume (by a density argument) that f is smooth. In order to
prove (A), we shall consider separately the cases p > 2 and p < 2.

Case p > 2. We use Lemma 5.1 and write f = Z?Zl 0;F;. Then we have

610) W= [orFs g1 do == [0,5B 1 o,
Jj=1 j=1
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and by Cauchy—Schwarz,
D = £12] £|p—2 1/2 2 p—2 1/2
Gan A< -0 [197P1P 2 ) ([ IR do)
J

We conclude with Lemma 5.1 (C) and Lemma 5.2.

Case p < 2. We use Lemma 5.1 (B) and write ||f||, < ¢cA~'|Vf]|l,. Moreover,

when computing the integral [ |§ f|P dx, we may restrict the domain of integration
to the set of z such that f(z) # 0. Then we use Holder’s inequality to get

(5.12) /|ﬁf|p dx < (/f( ” |§f|2|f|p72 dm>p/2(/f(x#0 I dm>1—p/27

and we conclude with Lemma 5.1 (B) and Lemma 5.2.

Thus, (A) is proved. (B) is a direct consequence of (A): the derivative of H(t) =
[e2 f||P is equal to p [ €' fle'® fIP=2A(e'® f) dx, and the the derivative of K (t)
e A f|lp is —c,A%e~ A%t fI|B. (A) gives that H'(t) < —c,A>H(t); thus, we
get, for J(t) = H(t)— K(t), J'(t) < —c,A2J(t) and J(t) < J(O)e*CPAQt = 0. Thus,
H(t) < K(t) and (B) is proved.

Finally, (C) is a consequence of (B) and of the representation formulae (2.1)
and (2.2):

 A2a & ol & e A2gtl/
et £, < / 1 "B I dpalo) < / oA £ dpia(0)

_ 2,1/aya _a A2a
= e @A flp, = e AT f

xT

(5.13)

Thus, (C) is proved. O

6. Band limited functions

In this section, we shall estimate the decay of ||eftA2apr by below:

Theorem 6.1. Let 1 < p < +oo and let f € LP(R™) be such that the Fourier
transform f has no high frequency: f(§) =0 for |§| > A. Then:
(A) For 0 < a < 1, we have the inequality

(6.1) A2 / FIFP2A%F dr < cap £

where the constant cq,p, > 0 depends only on n and p.
(B) For 0 < a <1 andt > 0, we have the inequality

e _ 2a
(6.2) e fllp = e~ £,
where the constant cqp, > 0 depends only on n, o and p.

Proof. The case p > 2 is easy. The Bernstein inequalities give us that [[A2*(0)]|, <
cA%*(|0||,,, and thus (6.1) is obvious.



NONLINEAR BERNSTEIN INEQUALITIES 1119

When p < 2, we use Theorem 3.2 (equation (3.6)) (or the LHS of Theorem 4.2,
equation (4.4), which is valid for 1 < p < 2), and get that

(6.3) p / FIFIPT2A%(f) da < AFIFIE MR, < AlFIS P2V (FIF1E )13

We approximate f|f|p772 by ge = fIf?* + 62|%, with € > 0. We have 0;g =
p—2 p

OjfIf? + e (1+%f2f—;2). We have that

o - p—2 p—2 f2
Walg= [ 9@ P2
(64) J(z)#0 f +e
e>0

-1 [ TP .
f(@)#0

We use Lemma 5.2 to get that the limit in (6.4) is finite. Thus, we get that
V(f|f|2~") € L? and that (using Bernstein’s inequality)

©5)  IVUE DB = -0~ 1) [ APar o<y,
Thus (A) is proved.
(B) is a direct consequence of (A): the derivative of H(t) = He_tAMng is

equal to —p [ e A flemtA™ P2 A2 (1A £) 4z and the derivative of K(t) =
e‘CamAZtHng is —ca7pA2e_Cavz>A2t||f||g. (A) gives that H'(t) > —ca pA?H(1); thus,
we get, for J(t) = H(t) — K(t),the inequalities J'(t) > —cq ,A?J(t) and J(t) >
J(0)e=»4*t = 0. Thus, H(t) > K(t), and (B) is proved. O

7. Danchin’s inequality

In this section, we shall discuss the nonlinear Bernstein inequality given by Danchin
in [8] and [9]: for # € LP(R™) such that its Fourier transform 6(¢) is supported in
the annulus 1/2 < [¢] < 2, we have, for 1 < p < oo,

(7.1) A6z < IV (65 < Bloll3

where the constants A and B are positive and depend only on p and on the dimen-
sion n. Danchin [8] proved it for p € 2N*, then Planchon [14] proved it for p > 2,
and finally Danchin gave a proof for p > 1 in [9]. We shall use our previous results
to prove it and generalize it:

Theorem 7.1. Let 1 < p < +oo. Let 0 € LP(R™) be such that its Fourier trans-
form (&) is supported in the annulus 1/2 < |§] < 2. Then, for 0 < a < 1,
we have

(7.2) All6llp < IA“(@le[* )13 < Blo]ly,

where the constants A and B are positive and depend only on p, on «, and on the
dimension n.
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Proof. Due to the spectral localization of 8, we have

(73) 161l ~ 161 e ~ 16] g3 -

The case p > 2 is easy: (7.3) and Theorem 4.2 give that A||¢||D < |A(0]0|P/2=1)] 3.
On the other hand, the Bernstein inequalities give us that ||A2°‘( Wy < Bp~1|0]|,
so that, using Theorem 4.2 again, we have ||A*(0|0|P/271)||3 < p [ 0]0|P~2A%%(0) dx
< BIIHH%

When p < 2, we use Theorem 5.3. We have ||e_tA2afH£ < e~ Crt|| f||b. Looking
at the derivatives at ¢ = 0 (and using Theorem 4.2), we get

(74 caplfIE<p / FIFP2A%f do < 4 / AC(FIF1E Y2 de

On the other hand, (6.3) and (6.5) give us the converse inequality. O

Remark. Theorem 7.1 has been proved for p > 2 by Wu in [21], and Chen, Miao
and Zhang in [4].

8. Lie groups of polynomial growth

Since our method is mainly based on the use of symmetric diffusion semigroups,
our results may be adapted to various settings. In this section, we consider a
connected Lie group G and its Lie algebra G, generated from a set of left-invariant
vector fields (X;)1<i<n (in the sense of Hérmander: G is generated by the fields X;
and their successive Lie brackets). We consider dz a left-invariant Haar measure
on G.

We have a Carnot-Carathéodory metric p(z,y) = |y~ '.z|¢ on G associated
to the vector fields X;, [7]. We write B(x,r) for the radius » > 0 ball centered
at x € G, and V(r) for the volume of the ball, V(r) = flylc<r dy. The volume

obeys to two dimensional orders: for 7 < 1, we have ar? < V(r) < br? for some
local dimension d > 0 and positive constants a, b; for » > 1, either V has a finite
dimensional behaviour, ar? < V(r) < brP for some D > 0 (the dimension at
infinity), or V grows exponentially, e?” < V(r) < €. In the first case, G is called
a group with polynomial growth (versus exponential growth in the second case).

The sublaplacian on G is the operator J = va 1 X?2. We define the convolu-
tion on G by fxh(z) = [, f( y) dy = [, f(y)h(y~'x) dy. Then (e="7);0
is a semi-group of posmve self—adjom‘s convolutlon operators on G, so that the
theory of symmetric diffusion semigroups can be applied.

We can define Sobolev and Besov spaces on G, [20]. When p = 2, the Besov
space B3 coincides with the Sobolev space H® = D(J*/2) (normed by I fll s =
|75/ f||2). Tt is easy to check that Saka’s characterization of Besov spaces [16] on
stratified Lie groups can be extended to the setting of Lie groups with polynomial
growth. More precisely, L. Saloff-Coste [17] proved the following result:
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Proposition 8.1. Let G be a connected Lie group with polynomial growth. For
0<s<1andl<p<+o0, the norm of the Besov space By is equivalent to

|f(zy) — fy)IP 1/p
(8.1) [l gz = (/ T Vigle) dz dy)

Now, a direct adaptation of Theorem 4.2 gives:

Theorem 8.2. Let J be the sublaplacian operator on a connected Lie group G
with polynomial growth. Let 0 < a < 1 and 2 < p < 400. Then there is a positive
constant cq p,c > 0 such that

CamG”f”%

srnn < IFUFEYR = /IJW(fIfI%‘l)IQ dz
(8.2) v

<p [ 1P da,
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