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Well-posedness and large deviation for
degenerate SDEs with Sobolev coefficients

Xicheng Zhang

Abstract. In this article we prove existence and uniqueness for degenerate
stochastic differential equations with Sobolev (possibly singular) drift and
diffusion coefficients in a generalized sense. In particular, our result covers
the classical DiPerna—Lions flows and we also obtain well-posedness for
degenerate Fokker—Planck equations with irregular coefficients. Moreover,
a large deviation principle of Freidlin-Wenzell type for this type of SDEs
is established.

1. Introduction

The celebrated DiPerna-Lions theory [10] says that if a vector field b € Wﬁ)g (R%)
1b+(T;| € LY(R?) 4+ L>(R?), then there exists a unique

regular Lagrangian flow for the ordinary differential equation (ODE) in R%:

has bounded divergence and

(1.1) dX(z) = b(Xy(x))dt, Xo(z) = .

This theory was later extended to the case of BV vector field by Ambrosio [1]. Their
methods were based on the connection between ODEs and transport or continuity
equations. Recently, Crippa and De Lellis [9] developed a more direct argument to
treat this problem by using the Hardy—Littlewood maximal functions for b assumed
to be in Wé’f(Rd) for some p > 1. Moreover, Cipriano and Cruzeiro [8] studied
the non-smooth flows associated to (1.1) when the exponential of the divergence
of b satisfies some LP(R?, y)-type hypothesis, where u is the standard Gaussian
measure on R?.  Such a theory has also been extended to the classical Wiener
space by Ambrosio and Figalli [2] (see also Fang and Luo [12]).

We now turn to the following It6 stochastic differential equation (SDE) in R¢:

(1.2) dX,(x) = b(Xe(x))dt + o(Xe(x))dWs,  Xo(z) = z.
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Here b : RY — R% and o : R? — R? x R™ are measurable functions, (W;)e[o,1] is an
m-dimensional standard Brownian motion on the classical Wiener space ({2, %, P),
i.e., Q is the space of all R™-valued continuous functions on [0, 1], .7 is the asso-
ciated Borel o-field, and P is the standard Wiener measure. For a generic point
w € Q, Wi(w) = w; is the coordinate process. Let #; be the natural Brownian
filtration generated by {W, s < t}.

In [14], Figalli has proved the well-posedness of martingale solutions for the
SDE (1.2) with Sobolev coefficients by studying the associated Fokker—Planck
equations. His strategy is similar to [1]. Recently, in [28] we gave a direct construc-
tion of the almost everywhere stochastic flow of (1.2) by using the same argument
as in Crippa and De Lellis [9]. Furthermore, through linearizing Brownian motion,
we also proved (][23]) a classical limit theorem that the solutions of ODE (1.1)
converge, in a generalized sense, to the solutions of a Stratonovich SDE. In the
papers [9], [28], and [23], the vector field b needs to be in Wli’g (R9) for some ¢q > 1.
In the case of nondegenerate and regular diffusion coefficients, there have been nu-
merous results about the existence and uniqueness of strong solutions to SDE (1.2)
with singular drift b (cf. [30], [15], [18], [27], etc.).

The present work is a continuation of [28] and [23], and the main aims of this
paper are twofold: First, we try to relax the assumptions on the diffusion and drift
coefficients so that the diffusion coefficients can be discontinuous for Stratonovich
SDEs, b can be in I/Vli)cl (R4), and the divergence of b can be polynomial growth.
Secondly, we prove a Freidlin—-Wentzell large deviation principle for SDEs with
Sobolev coefficients.

In order to obtain a Freidlin-Wentzell large deviation estimate for the SDE (1.2)
with discontinuous coefficients, we shall employ the weak convergence method of
Dupuis and Ellis [11]. This method has proved to be very effective for various
stochastic systems (cf. [4], [6], [22], etc.), where the key point is to use the varia-
tional representation of certain exponential Brownian functionals (cf. [3] and [29])
to prove an equivalent Laplace principle.

This paper is organized as follows: In Section 2, we state our main results.
In Section 3, some preliminaries are given. In Section 4, the well-posedness the-
orems are proven. In Section 5, we shall prove a large deviation principle for the
SDE (1.2).

2. Statement of main results

Let . (R%) be the total of all locally finite Borel measures on R%. For p > 1 and
p € A (RY), let L, = LF(R?) be the usual LP-space over (R%, ) and I/Vlf)’ck(Rd)
the usual local Sobolev space. If = Z(dx) is the Lebesgue measure, we simply
write LE =: LP. For R > 0, by Br we denote the ball in R? with center zero and
radius R.

First of all, we introduce the following general notion about p-almost every-

where stochastic flow of SDE (1.2) (cf. [19], [28]):
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Definition 2.1. Let X;(w, z) be a R%-valued measurable stochastic field on [0, 1] x
Q x R For pu € .4 (R?), we say X a p-almost everywhere stochastic flow of the
SDE (1.2) corresponding to (b, o) if

(A) for some p > 1, there exists a constant K, > 0 such that for any nonnegative
measurable function ¢ € L2 (RY),

(2.1) swp B [ p(X(@)n(do) < Kyllplugs
te[0,1] R4

(B) for p-almost all z € RY, ¢t +— X,(x) is a continuous (%;)-adapted process
satisfying that

1 1
/ |b(Xs(m))|ds+/ lo(X,(2))2ds < 400, P —as., and
0 0
t

Xi(x) =2 +/0 b(Xs(x))ds +/0 o(Xs(x))dWs, Vte0,1].

We first consider the Stratonovich SDE
dXi(x) = b(X¢(2))dt + o(Xi(x)) o dWy,  Xo(z) =z,
or its equivalent It6 form:
dX;(z) = [b+ %Uﬂ@ja'l] (Xt(z))dt 4+ o(X¢(z)) dWz,  Xo(x) = 2.

Here and below, we use the conventions that indices repeated in a product are
summed automatically, and all derivatives and divergence are taken in the distri-
butional sense. By definition, dive! := 9;0®, I =1,...,m.

The following result extends Theorem 2.6 in [28] to the Stratonovich SDE.

Theorem 2.2. Assume that for some r € [0, +00),

[b] + Vo

22) .

ol € L=(By), be W (RY), o€ WZ(RY),

loc loc

and for some ¢ € (0,1),
(2.3) [divd]~, |dive], sup |o(-—2)|-|Vdive| € L®(RY).

|zI<e

Then there exists a unique £-almost everywhere stochastic flow Xi(x) (in
the sense of Definition 2.1) corresponding to (b,,0) with p = 1 in (2.1), where
b = b+ %ajlaja'l,

Remark 2.3. If divo = divb = 0, then from the proof below, one can see that

/ o(Xy(z))dz :/ p(x)dz as., Vte[0,1],

which means that the stochastic flow x — X;(x) is incompressible. In this case, b
and o in Theorem 2.2 only need to satisfy (2.2) and so are allowed to be singular
in a finite ball. If o vanishes, our result covers the classical DiPerna—Lions flow.
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Our next aim is to relax the assumption [divb]~ € L>(R?) so that [divb]~ can
have polynomial growth. We shall prove:

Theorem 2.4. Assume that, for some g > 1,

|6 + |o]

2.4 2e Lt
(2.4) Vb, Vol € o

loc(Rd)’ € LOO(Rd)a

and there exist functions A € C%(R?) and ~1,v2,73 satisfying that for all small y
in B. and all x € R?,

(2.5) Mz) <z —y), [VA@) <72z —y), [VEA(@)] <z -y),

such that for all p > 1,

26) [ e {p(v b+ b + o5 ) +Vf) (@) + 31(0) } d < oc.

Let p(dz) = er®)dx. Then there exists a unique p-almost everywhere stochastic
flow X, (x) in the sense of Definition 2.1 corresponding to (b,o) for any p > 1
in (2.1).

Remark 2.5. In this theorem, assumptions (2.5) and (2.6) are a little bit compli-
cated. We now explain them by introducing two examples.

(1) Let Mz) = —alog(1 + |z|?) for some o > £. For all |y| < % and 2 € RY, we

have
Mz) < —alog (1+ (Jz —y| = [y])*) < —alog (1+ 3|z — yI* — |y|?)
< —alog (3 + 1|z —y|?) < —alog (1 + |z — y|*) + alog2 =: vi(z — y),
and
VAW < T < T € Ty = e )
|V2/\(m) 6a 6a 12a S —

< < <
S TR RE S Te P P S TP
In this case, if b and o have linear growth, then condition (2.6) reduces to

/ exp {p([divd]~ + |Vo|*)(z)}
R4 (L4 |z[?)~

dr < +o00, Vp>1.

(2) Let A(x) = —|z|>* for some a > 1. For all |y| < L and z € RY, we have

3
M) < =(Jz =yl = [y)** < =(lz —y| = $)** < Ca = lz —y[** = (= —y),
and
IVA(@)] < 2afal*7" < 20|z —y[ + 5)°*7" = ya(z — ),
IV2A(2)| < 4”272 <da®(|z —y| + 5)%°7% = ya(z —y).
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In this case, if for some 5 € [0, 1),

|b(2)| |o(2)]

L>(R?
T e’ @+ lapia <& &

then by Young’s inequality, condition (2.6) reduces to
/ exp {p([divb]” + |Vo*)(z) — |z|**} dz < +00, Vp>1.
Rd

Remark 2.6. Recently, Fang—Luo—Thalmaier [13] also studied stochastic differ-
ential equations in the Gaussian space with Sobolev coefficients. However, our
result is more general than Theorem 1.3 in [13]. In particular, from the previous
example (1), one can see that condition 1.3 in Theorem 1.2 of [13] is not necessary.

As an easy consequence of Theorem 2.4 and Theorem 1.1 in [24], we have:

Corollary 2.7. Assume that b and o are bounded measurable functions and for
some q > 1,
|Vb|,|Vo|? € LY (RY),

loc

and (2.6) holds. Then for any probability density function ¢ with
/ B(z) M TANB dy < 400,
Rd

where r > q% =:p, and \(z) is from Theorem 2.4, there exists a unique distribu-
tion solution to the Fokker—Planck equation

(27) 6tut = — le(but) + %8%([Uilajl]ut), ug = ¢)

in the class

M, = {ut e L (RY): uy(z) > O,/ ug(r)de =1,

loc
Rd

sup / uy ()Pt =PA@) dx<+oo}.
te[0,1] Jrd

Proof. Let Xy be an %p-measurable random variable with distribution ¢(z)dz. Tt
is easy to see that Y; := X;(Xj) solves the SDE:
t t
Y: = Xo +/ b(Ys)der/ o(Ys)dWs.
0 0

Let p(dz) = e*®dz. Now for any ¢ € C>°(R%), by Hélder’s inequality, we have

Ep(Yy) = E(Ep(X(x))|z = Xo) = /Rd Ep(Xi(x))p(x) dz

1-1 1

([ o @)

<( / (X (2))] 1 (k)

1

- 17% r —r)A(x i
< ([ @) Fru@n) ([ oler et )" < Collll,
R4 Rd
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Hence, there exists a u € M, such that for any p € C>°(R?) and ¢ € [0, 1],

|, #leyula)de = Bo(vi) < Collel.

By Itd’s formula, it is easy to check that w is a distribution solution of (2.7). The
uniqueness follows from Theorem 1.1 in [24]. O

Remark 2.8. In Proposition 5 in [20] of Le Bris and Lions, the well-posedness of
equation (2.7) was shown in the following space:

{ue L=(0,1; (L' N L*>®)(R?)), ¢'Vu € L2(0,1; L*(R9))}.
Moreover, the conditions on b and ¢ are different.

Next, we consider Freidlin-Wentzell’s large deviation estimate for the SDE (1.2)
in the situation of Theorem 2.4. For € € (0,1), let X, () solve the following SDE
in the sense of Definition 2.1:

(2.8)  dXey(z) = b(Xey(2)) dt + VEo(Xer(z)) dWe, Xeo(z) = 2.

We need to fix another weighted measure v(dz) = e”(®)dx such that
/ |z|?Pr(dx) < 400, Vp>=1
R4

Thus we can consider equation (2.8) as an infinite-dimensional stochastic equation
in the Banach space L2P(R%), p > 1:

t t
X.,—T1d+ / b(X...)ds +/E / o(Xos)dW,
0 0

The large deviation result is stated as follows:

Theorem 2.9. Assume that b and o satisfy the same assumptions as in The-
orem 2.4. Then the family of random variables (Xc)ee(o,1) taking values in the
space S := L?P(R4;C([0,1];R?)), p > 1, satisfies the large deviation principle.
More precisely, for any B € B(S), we have

— inf I(f) < limelog P(X. € B) < limelog P(X. € B) < — inf I(f),
Anf, 1(f) < lim elog P(X. € B) < limelog P(X. € B) < — inf I(f)

where I(f) := %inf{heLQ(O,l): r=xry |R]132, and X" solves the equation

(2.9) Xt—Id—i—/b ds+/ o(Xs) hs ds.
Here the closure and interior are taken in S.

Remark 2.10. Although Corollary 2.7 and Theorem 2.9 are given under the
assumptions of Theorem 2.4, similar results also hold for Stratonovich SDEs in
the setting of Theorem 2.2.
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3. Preliminaries

3.1. Two estimates on regular stochastic flows

In this subsection, we assume that b, o € C£°(R?) are bounded and have bounded
derivatives of all orders. In this case, it is well known that the SDE (1.2) defines a
C*>-diffeomorphism flow X;(z),z € R ¢ € [0,1] (cf. [16], [17], [21]). We first recall
the following well known result about the Jacobian determinant (for example, see
Lemma 3.1 in [28]).

Lemma 3.1. For anyt € [0,1] and x € R?, we have
(3.1)  det(VX(x)
t
= exp / leO’ dW +/ [dlvb — %aio'jlajgil} (Xs(l‘)) dS},
and for any p > 1,
(3.2)  El|det(VX; ()P
< exp {tp(H [ divh + 10,07 0;0™ + 002 07" + 2| diva|2]+|\oo) } .
Below, let A be a C?-function on R? and define
p(dz) == @ dz,

We write

T (w,z) == (X, (:(ad?)nu(dx))

which means that for any nonnegative measurable function ¢ on R?,

(33) [ el a)utin) = | o). ouds)
(3.4) [ e wautds) = [ o) @ a)u(da).

(Xi(w, ))gp(dz)

A= T

It is easy to see that for almost all w and all (¢t,2) € [0, 1] x R,

(3.5) Ti(w, ) = [T} (W, X Hw,2))] 7,
and by Itd’s formula and (3.1),
(3.6) T (z) = MXe@)=22) det(V X, (2))

:exp{/ot A (X () AW, +/Ot A;"’(Xs(m))ds},
where A{(z) := [dive 4+ 6" 9;\](z) and

AY7 (z) == {divb + VN + %(Jilajlafj)\ - 5‘i0jlaj0”)} ().
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We now give an LP estimate for J;(x), that is crucial for Theorem 2.4 and is
inspired by [7] and [8].

Lemma 3.2. Assume that u(R?) <+oo. Then for any t€[0,1] and p>1, we have

B [ @) utdo)

< @7 (sup [ e (AT - 024 ()} ulan)

te[0,1] JRd

1

p+1

Proof. By (3.4) and (3.5), we have

(3.8) B[ R@Pudn) <E [ 197 @) (o).

Since for any « € R,

tHexp{a/OtA‘l’( s(z) Wf—/|A" |ds}

is a continuous exponential martingale, by (3.6) and Hoélder’s inequality, for any
a € R and g > 1, we have

1
a

t
B17r @) < (Bow { [ [5A700@DP + aaa} (x.e)]as} )
For notational simplicity, we write

Goa(@) = FEUIAT (@) + agAb” (@).

By Jensen’s inequality, we have

B [ 157 @ < [ (et iy
R4 R4

1 i 1
S/ (;/ Eet"bl—m(xs(x))ds)qu(dx)
R4 0
A 3
gu(Rd)l—a(_/ E/ et91-00 X0 (da) s )
t 0 Rd

(3.3 a1t . :
= p(RH (Z/ E/ etPr-r.al )js(x)u(dm)ds)
0o Jre

< M(Rd)l’é (/]Rd e%‘i’l*%q(z)u(dm)) o [ sup E |Js(m)|pu(dx)} ,

s€[0,1] Rd

which together with (3.8) implies that

p(g—1) _pt_ :T_—ll
sup £ [ 7.0 u(de) < p(®YFF (sup [ eronndn))
s€[0,1] R4 te[0,1] JRd

The proof is completed by simplifying the above expression with ¢ = p. O
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Remark 3.3. From (3.7), one sees that by letting p | 1,

1
2

B [ 15@)ntde) < p@H( [ exp {[AT@P + 457 @) b))
R4 Re
3.2. Two lemmas related to (2.1)

The following lemma will play a crucial role for taking limits below (cf. [28], [23]).

Lemma 3.4. Let p€.#(R?) and let (X,)nen be a family of random fields on
Q x R, Suppose that X,, converges to X for P ® u-almost all (w,x), and that for
some p > 1, there is a constant K, > 0 such that for any nonnegative measurable
function ¢ € LE(R?),

(3.9) sup E / p(Xn(@)u(de) < Kyl

Then we have:

(i) For any nonnegative measurable function ¢ € L¥(R?),
(310) B[ X @hnldo) < Kol

(ii) If pn converges to ¢ in Lﬁ(Rd), then for any N > 0,

n—oo

(3.11) fim B [ fon (X, (0) — (X (@) u(dr) =0,

Proof. (i) First, for any nonnegative continuous function ¢ € C,(R%) with compact
support, by Fatou’s lemma and (3.9), we have

B [ ex@r) < tm B( [ o(Xu(e)utdn)) < K, lelog.

n—oo

Let O C R? be a bounded open set. Define

on(x):=1-— ( !

1 + distance(x, OC)> '

Then ¢,, € C.(R?) and for every x € R,
on(x) 1T 1o(z) as n — oo.

By the monotone convergence theorem, we find that (3.10) holds for ¢ = 1¢.
We now extend (3.10) to the indicator function of any bounded Borel set.
Without loss of generality, we consider Borel sets in (0,1]%, and define

“ = {A € B(0,1]%) - E(/R La(X (2))(da) ) < Kpu(A)””}

and
o = {A =T (i, Bi] : 0 < ay < B < 1},
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It is easy to see that ¢ is a monotone class and .« is a semi-algebra on (0, 1]¢.
Let @y be the algebra generated by &/ through finite disjoint unions. Since
all open subsets of (0,1]¢ belong to €, by another approximation, one finds that
/sy C €. Hence, by the monotone class theorem,

B((0,1]%) > € 2 o(ehy) = B((0,1]%).

Let ¢ be a bounded nonnegative measurable function on some bounded open
set O. By Lusin’s theorem, there exists a sequence of bounded continuous func-
tions . with supports in O such that

e—0

where A, := {x € R?: p(z) # ¢.(z)}. Hence,

B( [ o= ed(X@hn(an) < 2elB( [ 14 (X@)n(an)
<2 lloo Kl A) /P =2 0.

For a general unbounded nonnegative measurable function ¢ on R%, we can ap-
proximate it by the monotone convergence theorem again.

(i) Let ¢, € Ce(R?) converge to ¢ in LF(R?). By (3.9) and (3.10), we have
B [ lon(Xa(@) — o(X (@) luldo)
Bn

< Kyllon — ooy +E / (X () — (X () u(dlz)

By

< Kpllen — ‘pHLﬂ + 2K, om — ‘pHLﬂ + E/ lom (X0 (7)) = pm (X (2))|u(dz),
Bn

which converges to zero by first letting n — oo and then m — oc. O

Let ¢ > 0 be a smooth function in R% with suppe C By and fRd o(z)dz = 1.
For € > 0, set

(3.12) 0-(2) := e %o ).

For a function b € L{ (R?), define
(3.13) be(x) :=bx* o (x / b(y)oe(z — y)dy,

and for any R > 0 and ¢ € L _(R9),

loc

Mpp(r) ;= sup ][ o(x +y)dy,
0<s<RJB.

x+y)dy = / (x +
]{BS( Y) B y)d

where
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We have the following elementary estimate:

Lemma 3.5. Let b € I/Vli)c1 (RY). Then there exists an £-null set A C R% such
that for all x,y ¢ A,

|z—yl lz—yl
b(z) — b(y)| < 2¢ / ][ |Vb|(z + 2)dzds + 24 / ][ |Vb|(y + 2)dzds.
0 B 0 B

In particular, for any R > 0 and z,y ¢ A with |v —y| < R
(3.14) lb(z) = b(y)| < 2%|z — y|(Mg|Vb|(z) + (Mg|V0|(y)).

Proof. Let b.(x) be defined by (3.13). For r > 0, let II(dz) denote the surface
measure on the ball {z € R?: |z| = r}. Noting that

1
b () — b (2 + 2)| < |2] / Vb |(z + 52)ds,
0

we have

/Zrlb( z) — be(x + 2)[I(d2) < / / T|Vb|m+sz) (dz)ds

= r/ sl_d/ [Vbe|(x + 2)II(dz)ds
0 |z|=sr
Hence, for any ¢ > 0,

/Be |be () — be m+z|dz—//||r x) — be(x 4 2)[II(dz) dr
g/o 7“/0 sld/MSr|Vb5|(m+z)H(dz)dsdr
:/01 s_l_d/oser/|Z|T|Vb5|(m+z)H(dz)drds

1 ¢
< / s_dﬁ/ Vb |(z + z) dzds = Ed/ s_d/ [Vbe|(x + z) dzds.
0 Bes 0 Bs

For any z,y € R, set £ := |z — y|, then
1bo(2) — be(w) <][ Ibe(a) — bo(ZEL 4 2))dz +][ Ibe(y) — bo(Z22 + 2)[dz
Bz/2 BZ/Z

Ib( ) = be(@ + 2)|dz + 2¢ Ib( ) = be(y + 2)|dz

(3.15) 2d/][ |Vb|m+zdzds+2d/][ |Vbe|(y + z)dzds.

Since for any R, ¢ > 0,
1
lim/ / b, — bl(z) dzdt = 0
e—0 0 JBgr
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1im// /][ V(be — b)] x—f—z)dzds)dmdt—O
e—0 Br

we can take the limit € — 0 in (3.15) and obtain the desired estimate. O

and

Lemma 3.6. Let b e W' (R?). There exists an L -null set A C RY such that for

loc

any d,e € (0 >Z)7 and all z,y € R\ A with |z — y| < V5,

(3.16) % 2(fy (@) + f5.(9),
where

1 )
facle) ==l [ WUzt )+ 5 [ f (Dol + ) dzas
B 6 0JBg

*/fa]{% V(b — )l + 2)dz ) ds,

and b.(x) = b p-(x) is the mollifying vector field. Moreover, for any R > 0,

log 51
(3.17) f6 5( ) g,d5 Hvb”Ll(BR-H) t—

[V (be = b)llL1(BRs1)>
Br

where Cy q only depends on ||g|lec and d.

Proof. Set £ := |z —y| < V6. By Lemma 3.5, we have

\)% /][ IVb)( :chzdzder/][ IVb)( y+zdzds>

We make the following estimate:

/2][ |Vb|(x + z) dzds

/][ Vb|(z + 2 dzds+ﬂ/][ |Vb|(z + 2) dzds
_/][ |Vb|(m+2)dzds+z/6]{35 |Vb.|(z + z) dzds
1“/][ V(b — b)|(z + 2) dzds

/][ [Vb|(x + z)dzds 4+ sup |Vbe(z + 2)|
Z€B\/—

+/f§(7[35 V(b = )|z + 2)d= ) ds.
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The estimate (3.16) now follows by noting that, provided that ¢,6 < i,

sup [Veel(o +2) < ol [ [V + )z
2€B /5 B

As for (3.17), by Fubini’s theorem, we have

1 1
/ Fso(@)dads < e o]l / / IVb|(2 + 2)dzdz + / / IVb)(2)dzdt
0 JBpgr BrJ By 0 BR+1

Ve 1 1
+/ —ds// |V (be — b)|(z)dzdt
5 S 0 JBri1

1
< e ollocl Bl + 1) / / |VB|(2)d=dt
0 JBry1

+log (%) /OI/BRH V(b — b)|(2)dzdt.

The proof is complete. O

We also recall the following well known result (cf. [26]):

Lemma 3.7. For any p > 1, there exists Cqp, > 0 such that for any N, R > 0 and
¢ € Li, (R,

loc

(3.18) | Ore@ypas<ca, [ et

BN+R

3.3. An abstract criterion for the Laplace principle

Let H be the Cameron—Martin space over the classical Wiener space, the space of all
absolutely continuous functions from [0, 1] to R%, which is isomorphic to L2(0, 1; R¢)
through the mapping h fo hsds. Below, we always regard H as L2(0, 1; RY). For
M >0, set

Z)N[::i{hIE EI:”hHH < Al}

and

(3.19) Ay = { h:[0,1] — H is a simple and (.%)-adapted } '

process, and for almost all w, h(-,w) € Dy

We equip Dj; with the topology of weak convergence in H so that Dj; becomes a
compact Polish space. Let S be a Polish space. A function I : S — [0, 00] is given.

Definition 3.8. The function [ is called a rate function if for every a < oo, the
set {f €S:I(f)<a} is compact in S.

Let {Z¢:Q — S,e € (0,1)} be a family of measurable mappings. Assume that
there is a measurable map Zp : H — S such that
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(LD): For any M > 0, if a family {h.,e € (0,1)} C A (as random variables in
D) converges in distribution to A € Ay, then for some subsequence ey,
Zek (- —l—\/— Jo hEe(- (-)ds) converges in distribution to Zy(h) in S.

(LD)2 For any M > 0, if {h,,n € N} C Dy converges weakly to h € H, then for
some subsequence hy, , Zo(hy, ) converges to Zg(h) in S.

For each f € S, define

(3.20) I(f) == =

inf h||%,
2 {heH: l}lzzo(h)} 17l

where inf {) = oo by convention. Then under (LD)q, I(f) is a rate function.
We recall the following result due to [5] (see also Theorem 4.4 in [29]).
Theorem 3.9. Under (LD); and (LD)2, {Z%,e € (0,1)} satisfies the Laplace

principle with the rate function I(f) given by (3.20). More precisely, for each real
bounded continuous function g on S:

(3.21) i <tog(exp [~ L2]) =~ ini fo(r) + 109},

In particular, the family {Z°,e € (0,1)} satisfies the large deviation principle in
(S, B(S)) with the rate function I(f).

4. Proofs of Theorems 2.2 and 2.4

We first establish the following key stability estimate:
Lemma 4.1. Assume that for some q > 1,

bbe LL (RY), |Vbl e LL (RY) and 0,6 € LY

loc

(RY), |Vo| € L2 (RY).

loc

Let p(de) = *®dz with A € C(RY). Let Xi(x) and X.(x) be two p-almost
everywhere stochastic flows of (1.2) corresponding to (b,o) and (E, &) in the sense
of Definition 2.1 with p = q in (2.1). Then for any N, R > 1, there exist constants
C1,Co,C3 > 0 such that for all n,d,e € (0,1),

E /B (sup [Xi(@) ~ Kul@)? A1) p(da)

te[0,1]

<o+ 2L0E [ ((sup (@)l Vo)) (o)

telo, 1]
Cl(&?idlqzl -+ 1q>1)
nlog6*1 HV(b - b)HLl (Br+1) 1Q=1
Cs
T 1 b - b q —0 q ) 5
+ S togtinyr (10— Bllzecsn) +llo = Sl

where bs(-r) =bx QE(J)), C1 = C(RaNa ||vaL‘7(BR+1)> ||VO-HL2‘7(BR+1)>KQ>/\)7 and
Cy=C5=C(R,N,K,,\). Here, K, is from (2.1).
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Proof. For § > 0, let {5 : R — R4 be a smooth function with 0 < &5(s) < 1,

0<Ef(s) < % and
s s €1[0,/4],
Sals) = {5/2, s € [0,00).

By elementary calculations, we have

(4.1) s < 2¢5(s), s€1]0,0].
Set .
Zi(w,z) = Xy(w,z) — Xi(w, x)

and

Ps(w,a) = sup &(|Ze(w,0)[2) = & sup |Zilw,2)]?).
t€[0,1] t€[0,1]

We divide the proof into two steps.

Step 1. In this step we prove that for any N, R > 1, there exist constants
C1,C4,C3 > 0 as in the statement of the lemma such that for all 6,e € (0, 1),

P
E/ log ( ‘;(f) +1)p(da) < Cre~ + Calog 57! V(b — b)|(2)dz
BNNGR Bry1
Cs

(4.2) + = (Hb*bIILv(BR) + IIU*UHLM(BR))
where

Gr(w) := {J; eR?: sup |Xy(w,z)| VI|Xi(w,z)| < R}.
te(0,1]

Noticing that for g-almost all z € R? and all t € [0, 1]

Zi(x) = / (b(Xa(2)) — (X, (2))) ds + / (0(Xa(2)) — 6(X, (2))) AWV,
by Itd’s formula, we have

o ( S202) | 1)

62
/ E5(12(0)) (Z4(2), (X, () = (K ()
55(|Z @) + o2
E(12.(2)2) (Z(x), (0(Xa(x)) — 5(Xa(x)))dW,)
+2/ &(Z.()P) + 77
/55 2@l (X)) = oK@ |
56 (@)F) + o2
e )(o(Xa(2)) = 5(Xa(2) - Zo(a)
”/ &(Z.@)P) + 5 @

|

L, [ G2 @R (K@) oK) - 2@
2/0 & Z(@)) +52)2 ¢
::Il(t,l‘)-i-lz(t,l‘)—f—lg( .Z‘)+I4(t, )+I5(t l‘)
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Since I5(t, x) is negative, we can drop it. For I1(¢,x), by (4.1), we have

(X (@)~ b(Ke @) 1 5 0y < v
te[of’l]'h(t’ )|\4/ VIZ. @) +52 d
/ DX (1)) — B(Xa ()] ds
=: I11(z) + L2 (2).

Noting that
Gr(w) C{z: | X¢(w,2)| < R}N{z: |Xt(w,m)| < R}, Vte|0,1],
by (2.1), we have
2 ! I
B [ (a@n@) < S8 [ [ 1m0 - DI @)ntanas
Gr 6 JoJra
2K Cq,R,x

(4.3) < = a(b = D)y < —5 1D — bll a5

For I1(z), if ¢ = 1, by Lemma 3.6, we have

E /G (@) < 24E / [ s X0(0) + oo ()

< Cy4 Js.e(w)pu(dz) < Ca r o fs5.e(x)dx
BR BR

(44) < Cd,R,/\MQ <57d||VbHL1(BR+1) + IOg (571||V(b5 - b)||L1(BR+1)) ;
if ¢ > 1, by Lemma 3.7, we have
1 A
B[ @lntn) < OF [ [ 519(X.@)) + M5 VX, @) ()
R R
q 1/q
(45) <c( [ arglvbi@yan) " < CITHlg.
R
For Ix(t, ), set
r(w, ) = inf {t € 0,1 : [ Xi(w,z)| V Xe(w, ) > R},

then
Grw) ={z:mr(w,z) =1}.
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By Burkholder’s inequality, Fubini’s theorem and (4.1), we have

E/ sup |Ia2(t, z)|p(dx)
BNNGR t€[0,1]
§(1Z5(2)2)(Zs (@), (0(Xs () = 6(Xs(2)))dW) >
< sup / w(dx
L, &(1Z@)P) + 5 ()
D (€41 Zs(@) )21 Zs (1) Plo(X(2)) — 6(Xs(@)? . ]2
<C E{/ 2 ds} dx
. 02 o i)
o(Xs(x -1 3
{ // (z)) —6(X (2 NP1 2 1< u(dm)ds}
BNNGRr |Z (1’)| +
As the treatment of I (¢, z), by Lemma 3.7, we can prove that
C .
(16) E sup [(t,2)|p(de) < CIVol2a(s ) + <o = Sl
BNNGR t€[0,1]
and similarly,
C .
(4.7) E/ sup [I3(t, z)|pu(dr) < CHVUHL?LI(BRH) + EHU - O'HLZQ(BR)a
BNNGR t€]0,1]
C .
(4.8) ]E/ sup [14(t,2)|u(dz) < ClIVollL2a(pry) + llo = 6llr2asm)-
BNNGR t€]0,1]

Combining (4.3)—(4.8), we obtain (4.2).

Step 2. Notice that
sSAT<E&(s) <2, s=0.

By definition of ®y, it is enough to prove the estimate for EfBN Oy (z)pu(dx). For
any n > 0, we have

@9) B[ @uwuds) <o+ o) P{ [ @u(otds) >}
BN BN
<oeuB) P{ [ dalauido) > 7
BnNGS
n
buB) P{ [ @u(otde) > 3
BNNGRr
In view of ®4(z) < 2, by Chebyshev’s inequality, we have

4
2 / u@u(dr) > T < P{u(Bx G5 > 1} < SEMBy 1 GY)
BNNGE n

4 N
(4.10) < RnE/BN (tg%{)” X (z)| v |Xt(:c)|>,u(dx).
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Set now

Us(z) :=log (@2(2 ?) + 1)

Notice that if Us(z) < log(46)*1, then ®s5(z) < %, and so ¥4 (z) < % by definition.

Hence, for any § < mes) B y We have

(1) Pf /BNQGR‘IM(J:)u(dm) >

< P{/ Py () - 1{w,(2)>log (46) -1y u(dw) >
BNNGRr

Hkld

n
+P{/ Dy(2) * 1wy () <log (45) -1y p(dz) = 1}
BNNGRr

< P{ /BNQGR Us(x)u(dz) > M} +0

8
<% g Wy () p(dla)
S V= 5 .
nlOg(45)_1 BNnNGRr
The result now follows by combining (4.2), (4.9), (4.10) and (4.11). O

Let x € C*°(R%) be a nonnegative cutoff function with

1, [ <1,
(4.12) Ixllee <1, x(2) =
» el =2
Set xn(z) := x(z/n) and define
(4.13) bn :=b% pn - Xn, On:i=0%pPn Xn,

where p, = 01/, is the mollifier given by (3.12).

We are now in a position to give the proofs of Theorems 2.2 and 2.4.

Proof of Theorem 2.2. Let b, and o, be defined by (4.13). Let X/'(x) be the
solution of the Stratonovich SDE

X (z —.Z‘+/ b (X ds—l—/ot 2( X2 (2)) o dWy
—ot [Boz@ast [ aoawar,

where
- 1 .
by, = by + Eaff@ja;f.

We divide the proof into three steps.
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Step 1. By Lemma 3.1 and the properties of the convolution operator, for all
€ R% and t € [0, 1], we have

E|det(V[X{(2)] ™)
< exp {H[— divb, + %aioilajaff + aff@fjoff + %| divan|2]+||oo}

— exp {H[, divb, + 30102 0" + 1| div an|2]+||oo}
< exp {1 b [loe + 3ol - [V divoralfloc + 3l divon 2},
Noticing that
div b, = 0;xn(b" * pn) + (divh * pp)Xn,
on 00l = (0" % pn) (03,0 % pu)Xn + 2(0i0 % pn)DiXn + (0% pn)0is X,

by (2.2), the definition of x,, and elementary calculus, for n > 2(% V1), where r
is from (2.2), we find

v be] Jloo < C + v E] e,
llon] 9 v oullloe < € + | sup [o(- = 2)|- ¥ divel.,

z|<e

| dive,|% < C+ || dive|?.
Here and below, C' is independent of n. Thus,

sup sup E|det(V[X] (x)] )| < +o0.
neN (t,x2)€[0,1] xR

Hence, for any nonnegative measurable function ¢ € L*(R9),
@14)  sup E / P(X7(2))da
teo,1]  JRrd

— swp E / (@) - | det( VX2 ()]~ Y)ldz < Klg] 1.
te[0,1] R4

Step 2. In this step we prove that for any N > 0,

(4.15) sup IE/ sup | X7 (z)|*dx < +oo.
neN By t€(0,1]

Set

a(e) =B sup X} @)F).
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By Ito’s formula, Burkholder’s inequality, and Young’s inequality, we have
i t

1(a) < [of? + 28 [ [X7(a)] - [bu(X2 (@))lds + B [l (X2 ()P
0 0

‘ n 2 n 2 1/2
+CE( [ IXI@P o (X @) ds)
i
< + 2E/O | X (@)] - b (X (@)] - (L xn(2)<r + Lixn(@)>r) dS

t /2
+IE/ ||an(Xg(x))||2ds+CE( sup (X7 (o / low (X2 ()] ds} )

sel0

|:c|2+2TIE/ b, (X7 (2))] - Lixn(a)<r ds + C E/o (1+ X7 (2)[*) ds

1
+59a) + CE / o (X2 (@) ds,

where 7 is from (2.2) and we have used (2.2) in the last step. Hence,
o) < 2l 447 [ (L] o
120, /Ot(1 T gy())ds + CE/Ot o (X7 ()] 2ds.

By Gronwall’s inequality, we obtain that

01(2) < O (Jof? + B / (X2 (@) xp (1< + B / (X7 (2))2ds).
Now, by (4.14) and (2.2), we have
B[ aaddo < Cr o+ Collbllina + Ol oy + ol

N

< Ot Crllballpacs,) +Crllonllzzz)IVoull 2 s, +COnr(lollf ey + ol 22(s,))
< Onyr + Crlbll B,y + Crllol 2
which gives (4.15).

Step 3. Noting that, for n > R+ 1,

2(B,) T CN,?"(||U||2Loo(B;) + ||O-||2L2(BT))>

||Vb ||L1(BR+1) ||VbHL1 (Br+1)» ||va7l||L2(BR+l) ||VO'HL2 (Br+1)»

by (4.14), (4.15) and Lemma 4.1, we have that for any ¢,7,¢ € (0,1),

E/B ( sup |Xt"(:c)thm(x)|2/\1>dx

t€[0,1]
C(N,r) Cre
< — ||V (b, * 0 — b 1 _
77+ Rn + H ( * 0 )”L (BR+1)+7710g6 1
Cs

W (”bn - bmHLl(BR) + [|on, — O-mHLZ(BR)) ,
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where C7, Cy and C5 are independent of n, ¢ and . We take limits in the following
order: n,m — 00, 6 = 0, e — 0, R — oo, n — 0. We then find

lim E/ ( sup |Xt"(ac)thm(x)|2/\1>dx:0,
Bn

n,m—oQ t€[0,1]

which together with (4.15) gives further that for any p € [1,2),

Jim E/ (sup [X7(a) ~ X7 (@) )dw =0
mn,Mm—00 By tE[O,l]

Therefore, there exists a continuous %-adapted stochastic field X;(x) such that
for any N > 0 and p € [1,2),

lim E/ ( sup |X}'(x) th(:c)|p>dx =0.
n—00 By “t€[0,1]
In particular, there exists a subsequence still denoted by n such that for P ® p-
almost all (w, x),

lim sup |X}'(w,z) — Xi(w,x)] = 0.

n—oo tE[O 1]
Condition (A) in Definition 2.1 now follows by (4.14) and (i) of Lemma 3.4. For
verifying (B) in Definition 2.1, it suffices to prove that for any N > 0 and s € [0, 1],

(4.16) Jim B b (002(@) = BX (@) do = 0
@t E [ e (X@) - (70,0, (@) de =0,
@) B[ e (X @) oK @) de =0,

We only prove (4.16). The others are analogous. We make the following decom-
position:

/|bn(Xf(fE)) b(Xs(z))]dz < / [brXm — bxm (X (2))]dz
By By

+/ b (1 — o) [(X2 (@) + [ 51— )| (X))l = Tp™ 4 137 4 13,
BN BN

For fixed m € N, by (ii) of Lemma 3.4, we have
(4.19) lim E 7™ = 0.

n—oo
On the other hand, for m > r, we have

C
B <0 [ 14 X2@D Uppsnde < & [ 0+ 1X7 @),
B

By N

which together with (4.15) yields
(4.20) lim sup EIJ™ = 0.

m—oo
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Similarly,

(4.21) lim E I =0.

m—0o0

Combining (4.19), (4.20) and (4.21), we get (4.16). The proof is thus complete. O

Proof of Theorem 2.4. Let b, and o, be defined by (4.13). Since b and o have
linear growth, we have

[bn ()] + |on(2)] < C(1 + [x]),

where C' is independent of n. It is then standard to prove that for any p > 1,

sup E( sup |Xt"(:n)|2p> < 400.
neN t€[0,1]

Note that _ _ _
(9j0;ll = (9j(le * POn * Xn + (T;ll . 8an7

and by the linear growth of o
C1 <Jz|<2
70 Vool € S [ (1 = gy <
R

By Jensen’s inequality and (2.5), for n > %, we have
|AT"|? = |div o, + ob o\
< C(Jdivel? x pp + [0 * pp - [VA? +1) < C([Vol? +|0]*13) % pn + C

and
_ 1. o
_Agman = |:le bn + bilai)\ + §<O_;Llo_%lal2])\ - 81'0-5Ll8jo-zzl)}
< C[[div b~ % pn 4 ] * pu| VA 4 (o] * pn)2|V2A + (Vo] % pp)?) + 1]
< C[[div B~ + [blye + |o|?ys + |vo|2} % pn + C.

Hence, for all ¢t € [0,1] and p > 1, by Lemma 3.2 and Jensen’s inequality again,

B [ 172 @ P < Oy swp [ exp {105 @) — 5285 o) b
Rd te[0,1] JRrd
<CN/ oC([div 6] +[br2 ol (3+73)+V01?) 5pn (2) | (Ma) gy
Rd
<CN/ o[ (1div o)+ b2+ (13 +78) Vo2 ) 421 | von (@) .,
Rd

< CN/ eC([diVb]7+|b"‘/2+|0|2(’Y§+’Y3)+‘VU|2)+’Yl % pn(z)da
Rd

=CN/ o [C (v bl +1bla+1012 (13 +92)+1V0 )+ ] @) g0 « 4 oo
Rd
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Thus, by (3.3) and Holder’s inequality, we obtain that for any p > 1,

B[ elXP@)ude) =E | ol@) 7 (o)

1

< llellzy (E/Rd Iﬂl(w)lﬁu(dm)) rye

The rest of the proof is the same as that of Step 3 in the proof of Theorem 2.2. O

5. Proof of Theorem 2.9

For proving Theorem 2.9, our task is to check (LD); and (LD),. By the infinite-
dimensional Yamada—Watanabe theorem (cf. [25]), there exists a measurable func-
tional

o.: Q= S=LPR5C(0,15RY), p=1,

such that
X&,t(w’ :L') = (I)e(w)(t, 1')

Fore € (0,1), let h* € Aps, where Ay is defined by (3.19). By Girsanov’s theorem,
one sees that

1
X; =d (W — [ hi(w)ds)(t,
flena) = 0. (Ww) + 2= [ ni(e)as) (e
solves the controlled equation:
AXE (&) = BXE (@)t + o (XE (2)hidt + VEo(XE(@)dWr,  X§(a) = .
For h € Ay, let X['(z) solve equation (2.9). We have:

Lemma 5.1. (i) For any p > 1 and h € Ay,

E( sup |Xth(m)|2p) + sup E( sup |X§($)|2p) <C(1+ |m|2p).
te[0,1] £€(0,1) te[0,1]

(ii) For any p > 1, h® € Ay and nonnegative function ¢ € Lﬁ(Rd),

B [ plXi@hnldo) < Cnallplug:
By
Proof. (i) It follows in a standard way from the linear growth of b and o.
(ii) Define b,, and o, by (4.13). Consider the following SDE:

AXE™ () = b (XE™ (@)t + o (XE™ ()5 + v/Eo (X2 (@)W,
X5 (x) = .
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From the proofs of Lemma 3.2 and Theorem 2.4, one can see that for any p > 1
and ¢ € Lﬁ(Rd),

E /B P(XE™(@))pu(dz) < O prlleollzs,
N

where Cy s is independent of . Now taking the limit n — oo gives the result (see
Lemma 3.4). O

Set

(5.1) w (2) ::/0 (X" (2))(hE — hy)ds.

Lemma 5.2. Suppose that h. converges weakly to h a.s. in Dys. Then for any
p =1, we have

lim E/ sup |wi (x)[*" dz = 0.
=0 By te[0,1]

Proof. For fixed (w,z), let us first prove that

5.2 lim sup |wj(w,z)| =0.

(52) liy sup [ . 7)

By the weak convergence of h®(w) to h.(w), one sees that, for fixed ¢ € [0, 1],
¢

gii% wi(w,z) = lim [ o(X"(w,z))(hE(w) — hs(w))ds = 0.

e—0 0

Since for t/ < t

jwf (w, ) = wi (w,2)| < | |o(X(w,2))(hi(w) = hs(w))] ds

t

t 1
< QM( |a(X:(w,x))|2ds) * 0,

t/
uniformly in € as |t — ¢/| — 0, we immediately have (5.2). In view of
1
sup [uf (@) < Car,y [ |o(X] () 7ds,
t€[0,1] 0
the desired limit now follows by the dominated convergence theorem and (5.2). O

Lemma 5.3. Suppose that h® converges weakly to h a.s. in Dyr. Then for some
subsequence €, X converges to X" in probability in the space S, where X" solves
equation (2.9).

Proof. Set
Z; (x) = Xi (x) — X} ().
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By Ito’s formula, for any § > 0, we have
|Z; (2)]? " (Z:(x),b(XZ(2)) — b(XX(2)))
og (5 1) =2 Zz @) + 52 @
{Zi(@), (0(XE (@) o (XP@)IRT) |
w2 Z:@P o ‘
+2/<Z€<> o(X2)(he —ho))

IZg( )I2+52
X5 (2))dWs)
+2\/_/ |Z€ |2 +52

[lo (X5 (@))]1? / [(0(X5(2)))" - Z: (2)|?
ds —2 - d
+5/|Z%)P+P A G St
= I{(t,x) + I3(t, ) + I5(t, x) + I5(t, @) + I5(t, ¢) + I§ (¢, @).
We want to prove that for any N, R > 0,

su Z8(x)]?
(53) ]E/ log< Pte[o,1]2| i ()] +1>u(dm) <Ch 4 02(5)’

where C is independent of € and 0, Cy(e) — 0 as ¢ — 0, and

Gi(w) = {z € RY: sup | X7 (w,2)| V [X]'(w,2)| < R}.
te[0,1]

First of all, I§(¢, x) is negative so can be dropped. By Lemmas 3.7 and 5.1, as in
the proof of Lemma 4.1, it is easy to see that

E/ sup (75 (t,2)| + I5(t, ) )u(dz) < C.
BnNGS, t€[0,1]
Moreover, by Burkholder’s inequality, we also have
Ce
E/ sup (|5 (t,2)| + I5 (¢, 2)])p(dz) < o5 -
BNNGS, te[0,1]
We now deal with the hard term I§ (¢, z). Set
x
)= LEye

Recalling (5.1), we have

I3(t,x) = 2/; (€(Z5(x)), dwi (x)) = 2(&(Z5 (2)), wi (x)) — 2/; (w§ (), dE(Z5 (x))).
By Ito's formula, we have
d&(Z5 (x)) = VE(Z; (2))(b(XF (2)) — b(X[ (2)))dt + VE(Z; () (0 (X (2))h5
— o( X[ () he)dt + %335(25(1))0“ (X5 (2))o? (X (z))dt
+VEVE(Zf (x))o (X (x))dW.
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Hence,
I (1.) = 2(6(27 (@) 0 (@) =2 | (VE(ZE @) (40X (2) = BOX ),k (@) ds
=2 [ (VEZH @) (X2 (@)h = o (X a)ho). () ds
~ = [ B2 @)0" (X))o (X3 (@), ) ds
0

~ 2 [ (VEZ @) X: @)W, ui(e)

= I§1 (t,l‘) + I§2(t,l‘) + I§3(t>m) + I§4(t,l‘) + Igs(tam)'
Noticing that

lies 2tk
;6% () = —
S TR R (PR
and ) ok
21—’ 4zl x
0%k () = — ! i
e (AR RO
we have
1 2 ) 6
@l <3 IVE@)I< 2 V%@ < o
Using Lemma 5.2, as above, one finds that
Bl sw Gl < 52,
BNNGY, t€[0,1] 4

where C'(e) - 0 as ¢ — 0.

Combining the above estimates, we obtain (5.3). Thus, by (5.3) and Lemma 5.1,
as in Step 2 in the proof of Lemma 4.1, there exists a subsequence ¢ such that for
P ® p-almost all (w, x)

sup | X7 (w,x) — X (w,z)| = 0, ask — oo.
t€[0,1]

Using (i) of Lemma 5.1, there exists another subsequence ¢}, such that X k con-
verges to X” in probability in the space S. O

Proof of Theorem 2.9. Let h® be a sequence in Aj; converging to h in distribution.
Since D)y is compact and the law of W is tight, {h, W} is tight in Dys x Q by
the definition of tightness. Without loss of generality, we assume that the law of
{h, W} weakly converges to some P on Dys x 2. Then the law of h is just P(-, §2).

By Skorokhod’s representation theorem, there are a probability space (Q, 7, ]5),
and random elements {h%, W¢} and {h, W} in Dy x Q such that

(1) (he,W¢) a.s. converges to (h, W);
(2) (h%,W¢) has the same law as (h®, W);
(3) The law of {h, W} is P, and the law of & is the same as that of h.
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Using Lemma 5.3, we get for some subsequence ey,
~ 1 - [ -
., (W,E’“ + \/—E_k/o h‘Z"ds) — X", in probability.
From this, we derive

1 .
0., (W.+ —= | hi*ds) — X", in distribution.
& + =/, " S| — n distribution

Thus, (LD); holds. (LD)2 can be simply verified as in Lemma 5.3. O

Acknowledgements. The author is very grateful to Professor Nicolas Privault
for providing him an opportunity to work in the City University of Hong Kong.
This work was done during his very pleasant stay in Hong Kong. Deep thanks go
also to the referee for his/her very kind report.

References

[1] AMBROSIO, L.: Transport equation and Cauchy problem for BV vector fields. Invent.
Math. 158 (2004), no. 2, 227-260.

[2] AMBROSIO, L. AND FiGgarLi, A.: On flows associated to Sobolev vector fields
in Wiener spaces: an approach & la DiPerna—Lions. J. Funct. Anal. 256 (2009),
179-214.

[3] Boug, M. AND Dupuls, P.: A variational representation for certain functionals of
Brownian motion. Ann. Probab. 26 (1998), no. 4, 1641-1659.

[4] Boug, M., Dupruis, P. AND ELLIS, R. S.: Large deviations for small noise diffusions
with discontinuous statistics. Probab. Theory Related Fields 116 (2000), 125-149.

[5] BUDHIRAJA, A. AND DuUPUIS, P.: A variational representation for positive function-
als of infinite dimensional Brownian motion. Probab. Math. Statist. 20 (2000), no. 1,
Acta Univ. Wratislav. No. 2246, 39-61.

[6] BUuDHIRAJA, A., Dupuls, P. AND MAROULAS, V.: Large deviations for infinite di-
mensional stochastic dynamical systems. Ann. Probab. 36 (2008), no. 4, 1390-1420.

[7] CrRUZEIRO, A.B.: Equations différentielles ordinaires: non explosion et mesures
quasi-invariantes. J. Funct. Anal. 54 (1983), no. 2, 193-205.

[8] CipriaNO, F. AND CRUZEIRO, A.B.: Flows associated with irregular R%vector
fields. J. Differential Equations 219 (2005), no. 1, 183-201.

[9] CrippA G. AND DE LELLIS C.: Estimates and regularity results for the DiPerna—
Lions flow. J. Reine Angew. Math. 616 (2008), 15-46.

[10] DIPERNA R.J. AND LIONSs P.-L.: Ordinary differential equations, transport theory
and Sobolev spaces. Invent. Math. 98 (1989), no. 3, 511-547.

[11] Duruis, P. aND ELLIs, R.S.: A weak convergence approach to the theory of large
deviations. Wiley Series in Probability and Statistics: Probability and Statistics,
John Wiley & Sons, New York, 1997.

[12] Fana, S. AND Luo, D.: Transport equations and quasi-invariant flows on the Wiener
space. Bull. Sci. Math. 134 (2010), no. 3, 295-328.

[13] Fancg, S., Luo, D. AND THALMAIER, A.: Stochastic differential equations with
coefficients in Sobolev spaces. J. Funct. Anal. 259 (2010), no. 5, 1129-1168.



52

[14]
[15)
[16]
17)
18]

(19]

[20]

[21]
[22]
[23]

[24]

[25]

[26]
27]
28]
[20]

[30]

X. ZHANG

FicaLLi, A.: Existence and uniqueness of martingale solutions for SDEs with rough
or degenerate coefficients. J. Funct. Anal. 254 (2008), no. 1, 109-153.

GYONGY I. AND MARTINEZ, T.: On stochastic differential equations with locally
unbounded drift. Czechoslovak Math. J. 51 (2001), no. 4, 763-783.

IKEDA, N. AND WATANABE S.: Stochastic differential equations and diffusion pro-
cesses. North-Holland/Kodansha, Amsterdam-New York/Tokyo, 1981.

KunNiTA, H.: Stochastic flows and stochastic differential equations. Cambridge Stud-
ies in Advanced Mathematics 24, Cambridge University Press, Cambridge, 1990.
KryLov, N.V. AND ROCKNER, M.: Strong solutions of stochastic equations with
singular time dependent drift. Probab. Theory Related Fields 131 (2005), 154-196.
LE Bris, C. AND Li0ONS, P.-L.: Renormalized solutions of some transport equations
with partially W velocities and applications. Ann. Mat. Pura Appl. (4) 183 (2004),
no. 1, 97-130.

LE Bris, C. AND LiONs, P.-L.: Existence and uniqueness of solutions to Fokker—
Planck type equations with irregular coefficients. Comm. Partial Differential Equa-
tions 33 (2008), no. 7-9, 1272-1317.

MALLIAVIN, P.: Stochastic analysis. Fundamental Principles of Mathematical Sci-
ences 313, Springer-Verlag, Berlin, 1997.

REN, J., XU, S. AND ZHANG, X.: Large deviations for multivalued stochastic dif-
ferential equations. J. Theoret. Probab. 23 (2010), no. 4, 1142-1156.

REN, J. AND ZHANG, X.: Limit theorems for stochastic differential equations with
discontinuous coefficients. SIAM J. Math. Anal. 43 (2011), no. 1, 302-321.
ROCKNER, M. AND ZHANG, X.: Weak uniqueness of Fokker—Planck equations
with degenerate and bounded coefficients. C. R. Math. Acad. Sci. Paris 348 (2010),
no. 7-8, 435-438.

ROCKNER, M., SCHMULAND, B. AND ZHANG, X.: Yamada—Watanabe theorem for
stochastic evolution equations in infinite dimensions. Condensed Matter Physics 11
(2008), no. 2(54), 247-259.

STEIN, E. M.: Singular integrals and differentiability properties of functions. Prince-
ton Mathematical Series 30, Princeton University Press, Princeton, NJ, 1970.
ZHANG, X.: Strong solutions of SDEs with singular drift and Sobolev diffusion
coefficients. Stochastic Process. Appl. 115 (2005), no. 11, 1805-1818.

ZHANG, X.: Stochastic flows of SDEs with irregular coefficients and stochastic trans-
port equations. Bull. Sci. Math. 134 (2010), no. 4, 340-378.

ZHANG, X.: A variational representation for random functionals on abstract Wiener
spaces. J. Math. Kyoto Univ. 49 (2009), no. 3, 475-490.

ZVONKIN, A.K.: A transformation of the phase space of a diffusion process that
will remove the drift. Mat. Sb. (N.S.) 93 (1974), no. 1, 129-149.

Received December 18, 2010.

XICHENG ZHANG: School of Mathematics and Statistics, Wuhan University, Wuhan,
Hubei 430072, P.R. China.
E-mail: XichengZhang@gmail.com

The support of the NSF of China (grants no. 10971076 and 11271294) is acknowledged.


mailto:XichengZhang@gmail.com

	Introduction
	Statement of main results
	Preliminaries
	Two estimates on regular stochastic flows
	Two lemmas related to (2.1)
	An abstract criterion for the Laplace principle

	Proofs of Theorems 2.2 and 2.4
	Proof of Theorem 2.9

