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Regularizations of general
singular integral operators

Constanze Liaw and Sergei Treil

Abstract. In the theory of singular integral operators significant effort
is often required to rigorously define such an operator. This is due to
the fact that the kernels of such operators are not locally integrable on
the diagonal s = ¢, so the integral formally defining the operator T or its
bilinear form (1'f, g) is not well defined (the integrand in not in L') even
for “nice” f and g. However, since the kernel only has singularities on the
“diagonal” s = ¢, the bilinear form (T'f, g) is well defined, say, for bounded
compactly supported functions with separated supports.

One of the standard ways to interpret the boundedness of a singular
integral operators is to consider the regularized kernel

K.(s,t) = K(s,t)m((s —1t)/e),

where the cut-off function m is 0 in a neighborhood of the origin, so the
integral operators T. with kernel K. are well defined (at least on a dense
set). Then instead of asking about the boundedness of the operator T,
which is not well defined, one can ask about uniform boundedness (in €)
of the regularized operators 7.

For the standard regularizations one usually considers truncated oper-
ators T with m(s) = LT (|s]), although smooth cut-off functions were
also considered in the literature.

The main result of the paper is that for a wide class of singular integral
operators (including the classical Calderén—Zygmund operators in nonho-
mogeneous two weight settings), the so called restricted L boundedness,
i.e., the uniform estimate

KTF ) < Clflle gl

for bounded compactly supported f and g with separated supports implies
the uniform LP-boundedness of regularized operators T for any reasonable
choice of smooth cut-off function m. For example, any me C*(RY), m =0
in a neighborhood of 0, and such that 1 — m is compactly supported
would work.
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restricted boundedness, two weight Muckenhoupt condition.
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If the kernel K satisfies some additional assumptions (which are sat-
isfied for classical singular integral operators like the Hilbert transform,
Cauchy transform, Ahlfors—Beurling transform, and generalized Riesz trans-
forms), then the restricted LP boundedness also implies the uniform L
boundedness of the classical truncated operators T. (m(s) = L, (Is]))-

1. Introduction

1.1. Preliminaries

Generally, a singular integral operator is understood as an operator T" on L?(u)
(or on LP(u)) that is given formally by

(L1) Tf(s) = / K (s,6) () dpu(t),

where the kernel K (s,t) is singular near s = ¢, i.e., K(s, -) and K(-,t) are not
in L] _ near the singularity. This means that the above integral is not defined even
for the simplest functions f (which explains the word formally above), and the
question of how to interpret this expression immediately arises.

In simple cases the interpretation is quite easy. For example, if T" is the classical
Hilbert transform on the real line (K(s,t) = 7w~ !(s —t)~!, p is the Lebesgue
measure on R), it is an easy exercise to show that for a compactly supported
smooth function f the integral (1.1) exists in the sense of principal value, i.e., that

(1.2) lim I,

a—0+ |37t|>a S _t

t

exists (for all s, provided that f is C'! and compactly supported). Thus, the opera-
tor T is well defined on a dense set, and if one proves L? (or L?) bounds on this set,
the operator extends by continuity to all L? (resp. LP). For the Hilbert transform
the LP estimates are a classical and well known result, so the Hilbert transform is
a well defined bounded operator in LP, p € (1,00).

Such a naive approach also works for other “nice” classical singular integral
operators, like Riesz transforms in R"™. However, the situation becomes more
complicated if one considers more general measures and/or kernels: the existence
of principal values in such situations is far from trivial, and usually requires a lot
of effort.

So, given a (formal) singular integral operator, how can one define it and inves-
tigate whether it is bounded in LP? One of the standard approaches in the general
situation is to consider truncated operators T,

(1.3 s = [ K00,

Tt is also known, although significantly harder to prove, that the principal value (1.2) exists
a.e. for all compactly supported L' functions f, which immediately implies the existence of the
principal value for all f € LP, p € (1,00).
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which are well defined for compactly supported f if one assumes, for example,
that K is locally bounded off the “diagonal” s = t. In this case, the boundedness
in L? is defined as the uniform boundedness of the truncated operators T;; if the
operators T are uniformly bounded, one can then take a limit point (in the weak
operator topology) of T., ¢ — 0, as the corresponding singular integral operator T'.
Note that the weak limit point does not have to be unique.

Moreover, if the operators T, are uniformly bounded, then it is often possible
to prove the existence of principal values (at least for f in a dense set), so one can
define the singular integral operator in a natural fashion.

Instead of truncations, one can also consider smooth regularizations of the
kernel K. For example, for the Hilbert transform, it is very natural to move to the
complex plane and consider operators 7.,

T f(s) = 1/Rﬂdt.

s—t+1e

Further, there is an alternative, “axiomatic” way of defining a singular integral
operator with kernel K, see for example [1]. Namely, we assume that we are given
an operator, or, more precisely its bilinear form (T'f,g), well defined on some
smaller set (the Schwartz class or the class of C*° functions with compact support
are often used). The statement that 7' is an integral operator with kernel K means
simply that

(T1.9) = [ K(.6)1(0) 9(5) dut) ds)

for f and g with separated compact supports (so the above integral is well defined).
In many cases it was shown that if the operator T is bounded in LP, then the
truncated operators 7. are uniformly bounded as well. Note, that in the above
abstract approach we require some kind of a priori bounds on the operator, because
we assume that its bilinear form is well defined on some smaller space.

Let us also mention, that in the theory of Calderén—Zygmund operators (see the
definition of a Calderén—Zygmund operator below), if the kernel K is antisymmet-
ric, K(s,t) = —K(t, s), there is a canonical way to interpret the operator without
any a priori boundedness assumptions, see for example [1] for the homogeneous
case and [7] for the non-homogeneous case.

Namely, antisymmetry means that formally 7* = —T, so (T'f,g) = —(f,Tg),

so (again formally)

T1.9) = [ Kls.0F @a(s)dnt)duts) = = [ K(s016aOdu(t)dn(s
1) =5 [ K010~ F6)9(0] due)d(s)

If K is a Calderén-Zygmund kernel of dimension d in RY, then by the definition
|K(s,t)| < C|s—t|~9. Therefore if f and g are compactly supported C'* functions,
then the integrand in (1.4) can be estimated by C|s — ¢|~9+1.

For such kernels it is usually assumed that the measure satisfies the condition
p({z @ |z —z0| <7}) < Crd for all x5 and 7 (this condition is usually necessary for
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the L? boundedness of classical Calderén-Zygmund operators of dimension d, like
Cauchy transform in C). But for such measures fQ |s — |~ du(s)du(t) < oo for

any compact @, so (T'f, g) is well defined for f,g € C}.

1.2. Description of the main results

The main result of the paper can be stated in one sentence as “the situation
with interpretation of singular integral operators is much simpler than it seems;
to investigate the boundedness one only needs to study an elementary and well
defined restricted bilinear form”.

The main idea is embarrassingly simple, and we should be ashamed that we did
not arrive at it much earlier, although some preliminary results in this direction
were obtained by us in [6], and in thesis of the first author. In our defense we
can only say that this idea was overlooked by generations of harmonic analysts
before us.

Let us describe the main results in more detail. We will need some definitions.

Definition 1.1. Let Radon measures p and v in RY be fixed. A singular kernel
in R (with respect to the measures p and v) is a p x v-measurable function K on
RN x RY, which is locally L?(u x v) off the diagonal {(s,t) € RN x RN : s = t}.

We say that the singular kernel K is a singular kernel of order d if the kernel

~ K(s,t)|s—t|¢, s#t,
K(s,t)—{o( o=ty s 71

is locally L?(u x v). Note, that for any singular kernel on RY the kernel K is
locally L?(u x v) off the diagonal, so one only needs to check this condition on the
diagonal.

For a singular kernel K in RY (with respect to Radon measures 1 and v) the
expression

(T, g) / K (s, £) £ ()g(s)dpu(t)dv (s)

is well defined for all Borel measurable bounded functions f, g with separated
compact supports (dist(supp f,supp g) > 0).

Definition 1.2. Let p € (1,00) and Radon measures p and v on RY be fixed.
Let K be a singular kernel in R™Y. We say that the formal singular integral operator
with the kernel K is restrictedly bounded in LP (i.e., as an operator T' : LP(u) —

LP(v)) if
(15) | [ K050 s)] < Clfligllalivey 1p+ 1 =1

for all bounded f, g with separated compact supports. Sometimes, abusing the lan-
guage, we will just say that the kernel K is restrictedly L? bounded with bound C'.
The least constant C' in (1.5) (with p, p and v fixed) is called the restricted norm
of K.
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It is easy to check that for any fixed p, u, v the restricted norm is a (semi)norm
on the set of singular kernels.

Remark. For fixed measures p and v one can always assume that the kernel K is
defined only a.e. with respect to the measure p x v. It is not hard to show that
if the measures p and v do not have common atoms (which we usually assume),
then the diagonal {(s,s) : s € RV} of RN x RY has p x v measure 0, so the values
of K on the diagonal do not have to be specified.

Our first main result is that there are many families of smooth mollifying mul-
tipliers M. (s, t), such that

(i) M.(s,t) — 1 as € — 0 uniformly on all sets {s,t € RN : |s —¢| > a}, a > 0;

(ii) for any singular kernel K (with respect to Radon measures p and v) the
regularized kernels K. = K M, are locally in L?(p x v), so the corresponding
operators are well defined for bounded compactly supported functions;

(iii) if the kernel is restrictedly bounded in LP (i.e., if the estimate (1.5) holds
for all bounded f, g with separated compact supports), and the measures p
and v do not have common atoms, then the regularized integral operators 7.
with kernels K are uniformly (in €) bounded as operators LP(u) — L?(v).

In this case, one can take the limit point 7' (in the weak operator topology)
of T., e — 04, as a singular integral operator with the kernel K. It is easy to see
that

(L6) (Tf.g) = / K (s,) £(t) g(s) dis(t) do(s)

for all bounded f and g with separated compact supports, so T is indeed a singular
integral operator with kernel K in the sense of the abstract “axiomatic” approach,
described above in Section 1.1.

Note that such a limit point does not need to be unique, but it is easy to show
that the difference between any two bounded operators LP(u) — LP(v) satisfy-
ing (1.6) (with the same kernel K) is always a multiplication operator.

A simple way to construct a mollifying multiplier is to take an arbitrary C*°
function m, m = 0 in a neighborhood of the origin, and such that 1 — m has a
compact support, and define M.(s,t) := m((t — s)/e). If at the origin one only
requires that |m(z)] < Clz|?, then the function M.(s,t) := m((t — s)/e) will
regularize the kernels of order up to d.

Next, we will show that, under additional assumptions on the kernel K, the
restricted boundedness of K implies the uniform boundedness of the truncated
operators (1.3).

And finally, we will show that under some additional assumption, the restricted
boundedness implies a two weight Muckenhoupt condition, see Theorem 5.1 below
for the exact statement.
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2. Smooth regularizations of singular kernels

2.1. A trivial idea

We start with the simple observation that if a kernel K (s,t), s,t € R™ is restrictedly
bounded in LP with a bound C, then for any a € R" the kernel

K(S, t)efia-teiws

is also restrictedly bounded with the same constant. This follows from the trivial
fact that a multiplication by a unimodular function is always an invertible isometry
in all LP(u), and that it does not change the support.

Averaging the kernel K (s,t)e” %! over all a € RY with weight p, p > 0
and fRN p(a)da = 1, we get that the averaged kernel

/ pla)K (s, t)e " e’ 5dq
RN

is also restrictedly bounded with the same constant C. Note, that we do not even
have to assume that p > 0. It is sufficient to assume that p € L(dz) (L' with
respect to Lebesgue measure); in this case the averaged kernel will be bounded
with constant C||p||1, where | - ||; is the L' norm with respect to the Lebesgue
measure.

One can immediately see that

[ @K s e e da = e~ 5K (5,1,
RN

where p denotes the Fourier transform, p(s) = [on p(x)e™ " “da.
We can summarize the above reasoning in the following lemma:

Lemma 2.1. Let K be a restrictedly LP bounded kernel (i.e., estimate (1.5)
holds for all bounded compactly supported functions with separated supports) with
a bound C. Assume that p € L' (dz) and let

M=1-p, M.z):=M(x/e).
Then the kernels K.(s,t) := K(s,t)M:(t — s) are LP restrictedly bounded with
constant (1 + ||p|l1)C.

Proof. The estimate for € = 1 was already explained above. To prove the estimate
for general e need only notice that p(s/e) is the Fourier transform of the function
eNp(ex) and
[ ¥oeoldn = [ o)l = ol
RN RN

O

Lemma 2.2. For the function M (and M.) defined in the previous lemma, the
following holds:
(i) For any a > 0, the function M.(s) — 1 as ¢ — 0+ wuniformly on the set
{s e RN |s| > a}.
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(i) If p e C' (e.g., if [en (1 + |2])|p(x)|dz < 00) and if [on p(x)dz =1, then
for any e >0
M.(s) =0(|s|) ass— 0.

(i) If fon (1+ |2 |p(2)|de < oo, [on pl@)de =1, and

/ rep(x)de =0, Vk=1,2,...,N,
RN

then
M.(s) = O(|s]*) ass—0.

(iv) Moreover, if [on p(z)dz = 1 and if [pn(1 + |z[¥)|p(z)|dz < oo for some

ke N, and
/ x%p(z)dx =0,
RN

for all multi-indices «, |a| < k, then

M.(s) = O(|s|*) ass—0.

Proof. The proof follows from the basic properties of the Fourier transform. We
leave it as an exercise for the reader. Statement (i) follows, for example, from the
Riemann-Lebesgue Lemma. O

2.2. Some examples
Example 2.3. On the real line R consider the weight p(x) = ™19 (). For
this weight p(s) = (1 +14s) ™!, so the mollifying factor M(s) = 1 — p(s) is given by

For the Hilbert transform kernel K (s,t) = 7~ !(s —t)~! the regularization with
this mollifying factor give as the kernel
1 1 1 t—s 1 1

Mg(t—s):—. . — = . —,
s—t T s—t t—s—1ie T s—1+1e

1S S S
— = M =M =
1+’LS 872-’ 50 8(5) (S/E)

s —ig

1
KE(S,t) = ; .

which has the very natural complex analytic interpretation. That regularization is
widely used in complex analysis, and our investigation of this regularization in [6]
lead us to the main idea of this paper.

Example 2.4. Define the weight p on RY by p(z) = (QW)’N/ze"x‘Q/z. The
Fourier transform of p is given by p(s) = e~151°/2 5o the mollifying multiplier is
M(s)=1- e~151’/2 The regularized kernel K. will be

K.(s,t) :== K(s,t)[1 - e*‘sfths].

Since M has a zero of order 2 at 0, this function will regularize singular kernels of
order d < 2 (i.e., such that |s — ¢|2K (s, t) is locally bounded).
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The mollifying multiplier M regularizes only singular kernels of order d < 2.
To regularize kernels of higher order one can use, for example, its power M, where
the exponent k is an integer, k > N/2. Applying Lemma 2.1 k times we get that
given an LP restrictedly bounded kernel K with a bound C, then K (s, t) M. (t —s)*
is also restrictedly bounded with constant 2*.

However, we neither have to do that, nor do we need to be tied to a particular
regularization. Using basic facts about the Fourier transform, we can construct
mollifying multipliers without explicitly defining the weight and computing its
Fourier transform.

2.3. Schur multipliers, Wiener algebra and Sobolev spaces

Let us first introduce some definitions.

Definition 2.5. Let p € (1,00) and Radon measures p and v in RY be fixed.

We say that a function M on RY x RY is a Schur multiplier on the set of
restrictedly LP bounded singular kernels, if the map K — KM is a bounded map
on this set. In other words, M is a Schur multiplier on this set if, there exists a
constant C; such that for any LP restrictedly bounded kernel K with a bound C,
see Definition 1.2, the kernel M K is also restrictedly bounded with constant C;C.

The best possible constant Cy (for a fixed p, p, and v) is called the (LP, u, v)
restricted Schur norm of M.

Remark. Let us explain the terminology a little bit. The Schur product A o B of
two matrices is their entrywise product, (4o B);jr = a; xbj k-

Similarly, the Schur product of two kernels, K (s,t) and M(s,t) is their usual
product (of two functions). The special term “Schur product” is sometimes used
to distinguish it from the product (composition) of the corresponding integral
operators.

Let X be a space of operators (like the space of bounded operators, or the
Schatten—Von-Neumann class &,). On the set of kernels one can introduce the
norm inherited from the space X of operators; the norm | K| x of a kernel is
simply the norm of the corresponding integral operator in the space X.

A function M is called a Schur multiplier for the class X if the map K — MK
is bounded with respect to the norm || K| x.

We use the same term “Schur multiplier”, because our definition is very close
in spirit to the classical one.

We should also mention that while our definition definitely depends on p, p
and v, the Schur multipliers we construct below will be the universal ones: they
are Schur multipliers with uniform estimate on the Schur norm for all p, u, v, and
also for all reasonable classes of operators like the bounded operators, &,,.

Recall, that the Wiener algebra W (RY) is the set of all f = h, h € L*(RY),
with the norm || f||lw = ||h||1.

The reasoning in the beginning of this section can be summarized in the fol-
lowing lemma.
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Lemma 2.6. Let M € W = W (RY). Then the function M on RN x RN defined
by M(s,t) = M(t — s) is a Schur multiplier with Schur norm at most || M ||w .

The next trivial and well known lemma gives a simple sufficient condition
for M € W.

Lemma 2.7. Let M belong to the Sobolev space W*2(RYN) = H*(RY) (all deriva-
tives up to order k are in L?), k > N/2. Then M belongs to the Wiener algebra
W(RYN), and |M|lw < C||M |y, where C = C(N).

Proof. Let p be the inverse Fourier transform of M.
The condition M € WH2(RY) means that (1 + |z|*)p € L(RY). Then, by the
Cauchy—Schwarz inequality,

[ o< ([ a+ o) 2ax) [.a+ o 2o )

< C(N)IM w2,
so M belongs to the Wiener algebra. O

Note that the sufficient condition M € W2 is far from necessary: while the
Wiener algebra is scale invariant, i.e., the scaling operator S,, S, f(x) = f(ax), is
an isometry in W, one can easily see that the operator norm ||.Sg||yyx.2 e — 00
as a — 0.

The next lemma, an analog of Lemma 2.6, gives a sufficient condition for Schur
multipliers that are not translation invariant (i.e., not of the form M (¢ — s)).

Lemma 2.8. Let M € W(RN x RY) = W(R?N). Then M is a Schur multiplier
on the set of restrictedly bounded singular kernels in RY with Schur norm at most

| M [y 2y -

Proof. Let p, p, and v be fixed, and let K be an LP restricted singular kernel
on RY. Since for @ € R the multiplication by €!** is an isometry in LP(u) (and
in L¥' (v)), the kernel e~ K (s,t)e~"*" has the same LP restricted bound as the
kernel K.

Because p € L} (RY x RY), one can immediately see that the restricted norm
of the “averaged” kernel K ,

K(s,t) = /RN o K(s,t)p(a,b)e” e~ da db = K(s,t) p(s, 1)
X

is at most ||p]|w || K||vestr, where || K || estr is the (LP, p, v) restricted norm of K. O

Remark 2.9. In the above Lemma 2.8 one can replace class W = W(RY x RY)

by the class M of the Fourier transforms of the measures (charges) of bounded
variation in RV x RV,
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This point of view unifies the situations described in Lemmas 2.6 and 2.8.
Namely, if one considers on the N-dimensional subspace D = {(—xz,z) : x € RV}
the measure (not necessarily nonnegative) o, do = p(z)dz in the parametrization
z > (—z,7), * € RV, then the Fourier transform & of o (treated as a measure on
the whole RV x RY) is exactly p(t — s).

Remark 2.10. One can use Lemma 2.7 for a sufficient condition for M € W (RY x
RY); in this case it is sufficient that M € Wk2(R?N), k > N.

Remark. As we already mentioned, the Wiener algebra is scale invariant, i.e.,
the functions M and M., M_.(x) := M(xz/c) have the same norm in the Wiener
algebra (a well known fact and an easy exercise). The same, of course, holds for
the space M.

Therefore, if M € M, and M. (z) := M (x/¢), then all M, are Schur multipliers
with the uniform estimate on the Schur norm.

This fact will be exploited a lot in this paper.

Let us now state a simple corollary.

Corollary 2.11. Let m be in the Sobolev space H*(RY), k > N/2. Then the
kernels K., K.(s,t) :=m((t — s)/e) are Schur multipliers with uniformly bounded
Schur norms.

2.4. Smooth mollifying multipliers

We can summarize the above discussion in the following proposition:

Proposition 2.12. Let m be a function on RN such that m = 0 in a neighborhood
of 0, and 1 —m € HF(RN) = Wk2(RN), k > N/2. Then the functions M.,

Mc(s,t) = m((t = s)/¢)

are the family of smooth regularized multipliers, described above in Section 1.2,
meaning that

(i) M.(s,t) — 1 as ¢ — 0 uniformly on all sets {s,t € RN : |s —t| > a}, a > 0;

(ii) for any singular kernel K (with respect to Radon measures p and v) the
regularized kernels K. = KM, are locally in L*(p x v), so the corresponding
operators are well defined for bounded compactly supported functions;

(iil) if the kernel is restrictedly bounded in L (i.e., if the estimate (1.5) holds for
all bounded f, g with separated compact supports), and the measures i and v
do not have common atoms, then the regqularized integral operators T. with
kernels K. are uniformly (in €) bounded as operators LP(u) — LP(v).
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3. Restricted boundedness implies boundedness

In this section we are going to show that for kernels which are locally L?(uxv) (and
also for nonnegative kernels), restricted LP? boundedness with restricted norm C
implies boundedness with norm at most 2C'.

The main application of this result is as follows. Suppose K is an L? restrictedly
bounded singular kernel. Multiplying K by a smooth mollifying multiplier, as
described above in Section 2 (see for example Proposition 2.12), we will get a family
of uniformly (in ¢) restrictedly bounded kernels K. := M_.K. The kernels K.
are locally L%(u x v), so, by the main result of this section, the corresponding
operators T are uniformly bounded operators from LP(u) to LP(v).

Let T be a limit point of T, as € — 0, in the weak operator topology. State-
ment (i) of Proposition 2.12 will imply that for f and g with separated compact
supports

(TF,g), = / K (s,1) £(t) g(s) dp(t) d(s),

so the limit operator T' can indeed be considered as a singular integral operator
with kernel K.

The statement about nonnegative kernels will be used to show that under some
additional assumptions about the kernel K (which do not involve nonnegativity),
the restricted boundedness of K implies that the measures u and v satisfy the two
weight Muckenhoupt condition; see Theorem 5.1 below.

3.1. Separated partitions of unity

Lemma 3.1. Let 0 be a Radon measure without atoms on RN . There exist Borel
sets B}, E2 n € N such that

n’

(i) For alln € N the sets EL and E? are separated, i.e., dist(EL, E2) > 0.

(ii) The operators P¥, Pk f := gk f, k=1,2 converge to %I in the weak operator
topology in L?(c).

(iil) For any p € [1,00) and for k =1,2
1 [[Lgsflloro) = 2P flrey 1 € LP(0).
Definition. The standard grid G of size r in RY is the collection of cubes 7j +

[0,7)N,j€ZN. A grid of size r is a translation of the standard grid by some a € RV.
The boundary 0G of a grid G is the union of all boundaries 0Q, @ € G.

For a cube R = z+[0,7)", with € RY and 7 € R, let 7R denote its dilation,
TR := x + [0,7r)V. Note that the cube is dilated with respect to its corner, not
its center.
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Lemma 3.2. Let o be a Radon measure on RYN. For a cube R = z+[0,7)N let TR
be its dilation as described above. Then,

lim o(TR) = o(R).

T—1
Proof. The lemma is a trivial corollary of countable additivity. Recall that for
finite measures countable additivity is equivalent to the fact that o(Ux>oRk) =
limg o0 0(Ry) for any increasing sequence of measurable sets Ry. Since the fam-
ily 7R, 7 > 0, is an increasing (with respect to 7) family of cubes, and since
Ureo,nTR = R, we get that

lim o(7R) = o(R).

T—1—

Since in what follows we only need this identity, we leave the rest of the lemma

(i.e., the case of lim,;_,14) as an easy exercise for the reader, who just needs to

recall the restatement of countable additivity in terms of decreasing sequences of
sets. U

Proof of Lemma 3.1. Since for any sets EX the operators P¥, P¥f .= lEﬁf, are
contractions on all LP(0), to prove (ii) it is sufficient to show that

lim (P1,9) = 5(/.9)

n—oo

for f and g in some set dense in LP(o). In particular, it is sufficient to prove this
identity for f and g that are finite sums 3 a;1q,, where @; are some (standard)
dyadic cubes.

Because of the continuity of the norm, it is also sufficient to check the condi-
tion (iii) on a dense set, for example again on the finite sums }; a;1q;.

So, it is sufficient to show that for any standard dyadic cube @

(3.1) lim o(E*NnQ) =

n—oo 2

o(Q), k=1,2.
To prove (3.1) we will construct the sets E¥ in such a way that
(3.2) |0(E;NQ) = 0(Q)/2| <27"0(Q), k=12,

for all standard dyadic cubes of size 27" which are inside the large cube Q" :=
[—27,2")N . Trivially, the same estimate will hold for all larger dyadic cubes in-
side Q™, which trivially implies (3.1).

Let us construct the sets Ek For each n we will first construct the sets E*

, such

that the sets E! and E2 are disjoint (but not necessarily separated), and (3.2) is
satisfied. The sets EX will be constructed as unions of the (small) standard dyadic
cubes, and by shrinking each cube a little, we will get separated sets E} and E2.

Let @ = ming 0(Q), where the minimum is taken over all standard dyadic
cubes @ C Q" of size 27" for which o(Q) # 0. Pick §p > 0 such that

o(R) < 27"«
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for all cubes R C Q™ such that ¢(R) < J§p (recall, that ¢(R) is the size, i.e., the
sidelength of the cube R). Note, that clearly dy < 27". Pick some § < ¢ of the
form 6 =27, m € Z.

Let us split the cube Q™ into the standard dyadic cubes of size §, and construct
the sets E! and E? as the finite unions of such cubes. Namely, for each dyadic
cube Q C Q", £(Q) = 27", we distribute the dyadic cubes R C @, {(R) = ¢,
between the sets E}L and E% as follows.

We assign the first such cube R to be in E}l, the second one to be in the set Efm
and on each subsequent step we add a cube to the set of smaller measure o (in the
case when both sets have the same measure, we can add the next cube to either of
the sets, say to E} for definiteness). We stop when all such cubes R are exhausted,
and then repeat the procedure for the other cubes Q.

Since, by the choice of §, for each dyadic cube @ C Q™, ¢(Q) = 27", we have

o(R) <27 "a <27 "0(Q),

and since on each step we add such a cube R to a set of smaller (or equal) measure,
we conclude that B _

|o(E, N Q) — o(E; NQ)| < 27"0(Q),
which in turn implies (because o(EL N Q)+ o(E2 N Q) = o(Q)) that for k = 1,2,

lo(BENQ) - 0(Q)/2] <2710 (Q).
We then obtain the sets EL and E? by replacing each dyadic cube R, ¢(R) = 6,
in the sets £} and E2 by the cube 7R, where 7 € (0, 1) is sufficiently close to 1.
Clearly, for any 7 € (0, 1) the sets E! and E2 are separated. Moreover, Lemma 3.2

ensures that by picking 7 sufficiently close to 1 we can make the differences J(Eﬁ) —
o(EF) as small as we want, so if 7 is sufficiently close to 1, (3.2) holds. O

Let us now consider the general case. For a measure p let . and u, be the con-
tinuous and purely atomic parts of u respectively, i = e+ 2. For a pu-measurable
function f consider the decomposition f = f,. + fu., where f,. and f,, are the
projections of f onto the continuous and atomic parts of u respectively,

f(x), p({z}) >0,
xTr) =
f#a( ) { O, M({JU}) — 0
Corollary 3.3. Let 1 and v be Radon measures in RN without common atoms.
There exist Borel sets EL, E?, n € N such that

n’ n’

(i) For alln € N the sets E. and E? are separated, i.e., dist(EL, E2) > 0.

(ii) The operators Py and P2, given by Pyf := 1p1 (fue + 5fua) and Plg =
1p2 (gl,c + %gya) converge to %I in the weak operator topology on L*(11) and
L2(v), respectively.

(iil) For any p € [1,00) and for any f € LP(u), g € LP(v)

Jim 1 g fllLe < 27| fll 1o () Jim [[1g29[|Lrw) < 27| gl o).
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Proof. Take o := pc + ve, where p. and v, are the continuous parts of the mea-
sures p and v, respectively. Then

(3.3) die = wdo, dv, = vdo,

where w, v > 0 are some weights such that w +v = 1.

If the measures pu and v do not have atoms, then the sets E! and E? from
Lemma 3.1 above are exactly the sets we need. Indeed, for bounded functions f
and g, statements (ii) and (iii) of the corollary (weak convergence and conver-
gence of norms in LP(u) and LP(v)) follow from the corresponding statements of
Lemma 3.1 (convergence in LP(c)). Since the operators P are contractions for
any choice of the sets E¥, one can use the £/3-theorem to extend the statements (ii)
and (iil) from a dense set of bounded functions to all of LP(u) (L?(v)).

For the general case, let
ta = Z by, and v, = Z Brby,,
n n

be the purely atomic parts of the measures p and v, respectively. Without loss
of generality, assume that the sequences {a,} and {3, } are non-increasing. Note
that since the measures p and v do not have a common atom, z,, # y; for all n
and k. _

Let E! and E2 denote the sets obtained in Lemma 3.1 for o := p. + v (we
use the notation E,’j instead of E¥ because we reserve the notation E¥ for the final

“output”). We can always assume without loss of generality that x;,y; ¢ E,’i (for
all j, n and k). Define

oo

n n [ee]
= (E,ll U U .Z‘j) U (yj.r j ), E2:= (E?L U U yj) \ U B(mj,r§n)),
j=1 j=1 j=1

(n)

where for each n the radii r;™ are picked in such a way that

Z mJ’ j ))+U(B(yj, §n)))] <2™"
Jj=1

and such that
U Blys,r™) = Jws U (25,15") = 2.
j=1 j=1 j=1

Let us show that the Eﬁ are the desired sets. Let us decompose f € LP(u) as
f = fe+ fa, where f, := fluoo (2} is the purely atomic part of f. Clearly
i=11%j

nh*{llolo ||fa - ]-E;fa”Lp(#) = 0,

\\Cg

so statements (ii) and (iii) of the corollary hold for purely atomic functions f,. Note
that, unlike in Lemma 3.1, we have here inequality in statement (iii), because

nlL}IrOlOH2711E7],;fa||Lp( *2 1||fa||Lp( ) — 71/p||faHLp(H)'
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We can also estimate

_ P < Pduc. — 0 — 0.
& sy < /U?% - | felPdpc as n
J= g

because - -
NC(UB(yJ,Tgn))> SU(UB(yngn))) §2in
=1 =1

Therefore, since statements (ii) and (iii) of the corollary hold for the sets E}L and
the measure p. (because, as we discussed above, the sets from Lemma 3.1 work
for measures without atoms), equality (3.4) implies that these statements hold for
the sets E} and the measure p. as well.

So statements (ii) and (iii) of the corollary hold for f, and f. (and the mea-
sure ), and therefore they are true for f.

The statements for the measure v can be proved in exactly the same way. O

3.2. Uniform boundedness

Theorem 3.4. Let j1 and v be Radon measures on RN without common atoms.
Assume that a kernel K € L% (uxv) is LP resrictedly bounded, with the restricted

norm C. Then the integral operator T with kernel K is a bounded operator LP(u) —
L?(v) with norm at most 2C.

Proof. Let f and g be (Borel measurable) functions, supported on a cube Q. Let
us restrict everything to the cube Q). Then the integral operator T' with kernel K
is a Hilbert-Schmidt (and therefore compact) operator, T : L*(Q, n) — L?(Q,v).

Let P* be the projections from Corollary 3.3. Then by statement (ii) of the
corollary (weak convergence) and because T' is compact,

. 1
lim <TP7}f’ Pv%g> = Z<Tf’g>

n—oo

On the other hand, by restricted L? boundedness
(3.5) (TP f, Pig)| < ClIPy fllo | PRgll o o)

and by statement (iii) of Corollary 3.3

P2 fller 1 Pagl Lo oy = 2721 len 2 Y Mgl o -

lim
n—oo

So, taking the limit on both sides of (3.5) we get that

1 1
ST < 51 oo lgll o)

which is exactly the desired estimate. Since it holds on a dense set of bounded
compactly supported functions, we are done. O
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The next result is an easy corollary of the previous theorem.

Theorem 3.5. Let 1 and v be Radon measures on RN without common atoms.
Assume that a kernel K > 0 is LP resrictedly bounded, with the restricted norm C'.
Then the integral operator T with kernel K is a bounded operator LP(u) — LP(v)
with norm at most 2C.

Proof. First, notice that the integral operator with kernel K > 0 is well defined
for f > 0, and to compute its norm we only need to test it on f > 0.

Second, the norm of this operator can be computed as the supremum (or limit
as R — 00) of the operators with the truncated kernels

K, (s,t) =min{K(s,t), R}, R>0.

If C'is the restricted norm of K, then C'is also a restricted bound for all of the K .
However, the kernels K ;, are bounded, so by Theorem 3.4 the corresponding inte-
gral operators are bounded with norm at most 2C. Taking the limit as R — oo
we get the conclusion of the theorem. O

3.3. How to treat common atoms

If the measures ;1 and v do have common atoms, then the above Theorem 3.4
cannot be applied directly. However, using this theorem, it is quite easy to define
the boundedness of the singular integral operator in this case.

Namely, consider the decompositions

p=p+p and v=v-+1u,

where po and vy are the parts of p and v supported on their common atoms.
Then the measures p and 7 do not have common atoms; the same is true for
and p. Therefore, we check the LP boundedness of a singular integral operator with
kernel K as an operator LP(u) — LP(v) or LP(i) — LP(v). But since the measures
do not have common atoms, these operators can be checked using Theorem 3.4.

So, to check the boundedness of the whole operator, it remains to check the
block mapping LP(ug) — LP(vp). But the bilinear form corresponding to this
block is well defined for functions supported at finitely many points (note, that
the kernel K (z,z) has to be defined at common atoms of the measures p and v),
so there is no problem defining this block.

4. Uniform boundedness of truncations

In this section we will show that under some additional assumptions, which are
satisfied for classical operators like the generalized Riesz transforms (treated as
a vector-valued transformation), or the Ahlfors—Beurling operator, restricted LP
boundedness implies uniform boundedness of the truncated operators 7%,

(4.1) T f(s) = /| KD s@u)



REGULARIZATIONS OF GENERAL SINGULAR INTEGRAL OPERATORS 69

We will need the following definition:

Definition 4.1. Let x € (0,1]. A function F with values in R? is called s-sectorial
if there exists z9 € R%, |2 = 1, such that (F(s),xo) > k|F(s)| for all s in the
domain of F.

Proposition 4.2. Let a singular kernel K with values in R be restrictedly bounded
in LP (we assume that the measures ju and v on RN without common atoms have
been fized).

Suppose there exist 6 > 0, k > 0 and a family of (matriz-valued) Schur multi-
pliers M.(s,t), € € (0,00), with uniformly bounded Schur norm, such that

(i) for each € > 0 the function M.K is k-sectorial on the set {s,t € RN :
(I=9e<|s—tl <e};

(ii) |M.K| > |K| on the set {s,t € RN : (1 —d)e < |s — t| < €}.

Then the truncated operators T. defined by (4.1) are uniformly (in €) bounded
operators LP(u) — LP(v).

Proof. Take a function m € C*°(R) such that m(z) =1 for x > 1 and m(z) =0
for ¥ < 1 — 8. Then the function m, m(s) = m(|s|), s € RV satisfies 1 —m €
Cs°(RY). As was discussed in Section 2 above, this implies that the functions
m(|s —t|/e) = m((s — t)/e) are Schur multipliers with a uniform (in r) estimate
on the Schur norm.

Therefore, the smoothly regularized kernels m(|s—t|/e)K (s, t) give a uniformly
bounded family of operators. The difference between the kernel of the truncated
operator T, and the kernel m(|s —t|/e)K (s, t) is given by ¢(|s —t|/e) K (s,t), where
Y(x) = m(x) =1 o0) (). Thus, to prove the uniform boundedness of the truncated
operators, it is sufficient to prove the uniform boundedness of the operators with
kernels 1 (|s — t|/e) K (s, ).

We now use the trivial observation that if 77, T, are integral operators be-
tween LP spaces (defined initially on dense sets) with kernels K; and K5 respec-
tively, and if | K| < Ko, then the boundedness of Ty implies the boundedness of T}
and the estimate ||T1]| < ||Tz||. Therefore, since

[9(s —t]/e)K (s, t)] < x(|s —t]/e)[K (s, )],

where x := 1[;_s1], to prove the proposition it is sufficient to show that the
operators with kernels x(|s — t|/¢)| K (s, t)| are uniformly (in €) bounded.

Let M. be the Schur multiplier from the assumption of the proposition, and
let zp € R? be such that

(4.2)  (M.(s,t)K(s,t),x0) > r|K(s,t)] Vs,t RN : (1-0)e < |s—t] <e.

The operators with (vector-valued) kernels M, (s,t) K(s,t) are uniformly (in ¢)
bounded, and therefore so are the operators with scalar-valued kernels given by
<M5(8, t)K(Sa t)a .Z'0>-
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The estimate (4.2) implies that
X(Js = tl/e)| K (s, 8)] < 57 (Me(s, 1)K (5, 1), 20),

and thus the operators with the kernels x(|s—t|/¢)|K (s, t)| are uniformly bounded.
|

4.1. Some examples
Example 4.3. Consider a convolution kernel K (s,t) = K;(t — s),
(4.3) Ki(2) = A(|l2]) B(z/]x)),

where A(r) > 0 for all > 0 and B is a function (with values in some R™) in the
Sobolev space H*, k > N/2 on the unit sphere Sy_; in RV,

If B(s) # 0 for all s € Sy_1, then the kernel K satisfies the assumption of
Proposition 4.2.

Indeed, let

C = max |B(s)|™},
SESN -1

and let ¢ € C§°(R) be such that ¢ =1 on [0.9,1], and p(z) = 0 for « ¢ (0.8,1.1).
Then the function m, m(s) = Cp(s)BT (s/|s|), where BT stands for the transpose
of B, is clearly in H*(RY).

Therefore, by Corollary 2.11 the functions M,.(s,t) defined by

M, (s, 1) = m((t — 5)/r) = Co(ls — t|/r) BT ((t = 5)/|t — s)

are Schur multipliers with uniformly bounded Schur norms. It is trivial to see that
the assumptions of (i) and (ii) of Proposition 4.2 are also satisfied (with k = 1
and 6 = 0.1).

Thus, for any such kernel, restricted LP? boundedness implies uniform bound-
edness of the truncated operators defined by (4.1).

Examples of such kernels include the kernel of the (vector-valued) generalized
Riesz transform in RY (K (s) = s/|s|*"1, s € RV, a > 0), or the Cauchy (K;(z) =
1/z = Z/|z|?) and the Ahlfors-Beurling (K;(z) = 1/2? = 22/|2|*) transforms in
the complex plane.

Note that the classical Riesz transform is a particular case (o = N) of the
generalized one.

Another example is given by the Beurling—Ahlfors transform S on forms, de-
fined, for example in [4]. The fact that the kernel of S admits the representa-
tion (4.3) can be easily seen from formula (112) on p. 53 of [4].

Remark 4.4. Notice that Proposition 4.2 cannot be applied to individual (co-
ordinate) generalized Riesz transforms given by Ki(s) = si/|s|*T!, where s =
(s1,82,...,5n5)T. While the restricted boundedness of such an individual kernel
implies the uniform boundedness of its smooth regularizations, we do not know
whether it implies the uniform boundedness of the truncations (4.3).

We suspect that the answer here is negative.
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5. Two weight Muckenhoupt condition

Theorem 5.1. Let K be a (vector-valued) convolution kernel in RY, namely
K(s,t) = Kq(t —s),

(5.1) Ki(s) = A(|z]) B(x)
where B€ HX(RN)=WHk2(RN), k> N/2 is a function homogeneous of order d>0,
B(cz) = ¢!B(z) Vo e RN Vee Ry,

bounded away from O on the unit sphere, and A is a function on Ry such that, for
some o > d,

(5.2) A(z) > 2797 Vz e R;.

Let p and v be Radon measures without common atoms on RY, and let the
kernel K be LP restrictedly bounded (with respect to the measures p and v).

Then the measures p and v satisfy the following generalized two-weight Muck-
enhoupt A} condition of order a:

(43) sup (diam B)~*u(B)Y? v(B)"/? < oo.

Here the supremum is taken over all balls in RV .

Examples of kernels satisfying the assumptions of this proposition are the gen-
eralized vector-valued Riesz transform (d = 1), the Cauchy transform in C (o = 1,
d = 1), and the Beurling—Ahlfors transform in C (o = 2, d = 2).

The classical Muckenhoupt condition (o« = N) is well known in analysis: for
classical (one weight) weighted estimates (du = wdz, dv = w™ldz) it is well
known that the classical Muckenhoupt condition A, = (A)) (o = N) is necessary
and sufficient for the LP boundedness of classical singular integral operators, like
Hilbert transform, or vector Riesz transform.

In the case of one measure (1 = v) the condition (Aj5) is independent of p €
(1, 00) and is equivalent to the growth estimate p(B(zo,7)) < Cr* (where B(zg, r)
stands for the open ball of radius r centered at xg) uniformly in z¢ and r.

In the one measure case this growth condition for o = 1 is known to be necessary
(but not sufficient) for the boundedness in L?(u) of the Cauchy transform in C.
It is probably well known to specialists, although we do not know a reference, that
in the one measure case the growth condition u(B(zg,r)) < Cr® is necessary for
the boundedness of the vector Riesz transform in LP(p).

This condition has also appeared in more general situations as well. For exam-
ple, it was shown by the second author (see [9], p. 318) that the condition (A}) (in
fact, a bit stronger version, where averages over intervals are replaced by Poisson
averages) is necessary for the boundedness of the Hilbert transform in the gen-
eral two weight situation. As easy examples show, the two weight As condition is
not sufficient for the L? boundedness of the Hilbert transform in the general two
weight case.
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It was conjectured for some time that the stronger “Poisson” As condition
(which is necessary for the two weight estimate of the Hilbert transform) is also
sufficient for the two weight estimate, but this conjecture was later disproved
by F. Nazarov.

However, the necessity of this condition for general operators as in the above
theorem is completely new, and has not appeared in the literature. The only
exception here is probably our paper [6], where it was shown that the condition (A3)
is necessary for the L? boundedness of rather general singular integral operators
T : L*(u) — L?(v) on the real line.

For example, in the general two weight case, even the necessity of the con-
dition (A}) for the L? boundedness of the Cauchy transform was not known (at
least it has not been described in the literature). The same can be said for the
condition (A2) for the L? boundedness of the Beurling-Ahlfors transform in C.
The result for the generalized vector Riesz transforms of order « is also new.

Proof of Theorem 5.1. Define
m(z) == B(2)p(jz]), VeeRY,

where ¢ € C5°(R) is such that ¢ = 1 on [0,2]. Clearly m € H¥(RY) = Wk2(RY),
so by Corollary 2.11 the functions M., M.(s,t) := m((t—s)/e) are Schur multipliers
with uniformly bounded Schur norms.

Since B(z) = |z|9B(z/|z|?) > C|z|¢, we conclude that
|B(x)| = Clz|?,
where C' = inf{|B(z)| : # € R, |z| = 1} > 0. Then we can estimate
BT (z/e)B(x) > C?|z|??e~1,

so for |s —t] < 2,
(5.3) K.(s,t) := ML (s,t)K (s,t) > C% =t — 5|97 > C'e.
Here in the last inequality we used the fact that o > d. Note that K.(s,t) > 0 for
all s,t € RV,

Since the M. are uniformly bounded Schur multipliers, the operators T. with
kernels K are uniformly (in €) restrictedly bounded, and so, by Theorem 3.5 they
are uniformly bounded operators LP(u) — LP(v).

Let B = B(to,€) be the open ball of radius € centered at ¢y, and let T be the
integral operator with kernel K.. Then estimate (5.3) implies that

Tol,(s) > C'e™“u(B) Vs € B.
Then integrating over B we get

IT1Gll,, > Cleu(B)w(B)"/?.

L?(v) —
Since

_ 1/
14l o = (B
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and the operators T, are uniformly bounded (as operators LP(u) — LP(v)), we get
the estimate

e u(B)(B)'/? < Cu(B)'/?,

with C independent of B and e. This estimate is equivalent to the conclusion of
the proposition. O

6. Concluding remarks

The main result of this paper simplifies, even trivializes, the definition of a singular
integral operator if only its kernel is given. This paper does not offer a replace-
ment for the hard analysis techniques used to prove the boundedness of singular
integral operators; one still has to do hard work to prove boundedness. However,
it significantly simplifies the setup.

For example, in [8] the authors had to spend a lot of time and effort carefully
defining their operators. While this was necessary to state the result in full gen-
erality, in all interesting situations the operators were abstract singular integral
operators, meaning that there was a kernel kernel K (s,t) locally bounded off the
diagonal giving the bilinear form for functions with separated compact supports.
For example, this approach would work for the so called dyadic (or Haar) shifts,
which recently have attracted much attention, see [5] and [3].

But as we have shown in this paper, such operators can be regularized by
smooth mollifying multipliers! That means that if the operator is restrictedly
bounded, then its “smooth” regularizations are uniformly bounded, so from the
very beginning we can deal with such regularizations.

It looks a bit ironic that while the kernels of such dyadic integral operators
are very non-smooth, they can be regularized by smooth multipliers. It would be
interesting to find regularizations better adapted to the dyadic structure of such
operators.

Next, we should mention that since our Schur multipliers are the universal ones,
our approach works for operators from LP to L", r # p, as well. We did not want
to overload the paper, so we only considered the case p = r in the text. However,
the corresponding general statements and their proofs can be easily obtained from
the corresponding parts in the text by obvious modifications.

We should also mention that in the classical situation (dp = dv = dx), and
even in the “classical non-homogeneous” (one measure) situation (du = dv), it is
known that if we have an operator T" bounded in some LP and having Calderén—
Zygmund kernel K (meaning that the bilinear form for functions with separated
compact supports is given by [ K (s,t)f(t)g(s)du(t)dv(s)), then its truncations T,
are uniformly bounded, and, moreover, the maximal operator 7% is also bounded.

However, this is a very non-trivial result, requiring rather strong assumptions
(Calderén—Zygmund kernels, restrictions on the growth of the measure, even in the
non-homogeneous case). No analogues of our results for more general situations
(two measures, no restriction on the growth) were known before. Moreover, we
suspect that the statement about the maximal operator T*% fails in the general
situation.
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