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Relating the Freiheitssatz to the

asymptotic behavior of a group

Francisco F. Lasheras and Ranja Roy

Abstract. We are concerned with the implications of the Freiheitssatz
property for certain group presentations in terms of proper homotopy in-
variants of the underlying group, by describing its fundamental pro-group.
A finitely presented group G is said to be properly 3-realizable if it is the
fundamental group of a finite 2-dimensional CW-complex whose univer-
sal cover has the proper homotopy type of a 3-manifold. We show that
if an infinite finitely presented group G is given by some special kind of
presentation satisfying the Freiheitssatz, then G is semistable at infinity
and properly 3-realizable. In particular, this applies to groups given by a
staggered presentation.

1. Introduction

For most of the paper, we will be working within the category of locally finite
CW-complexes and proper maps between them, i.e., maps with the property that
the inverse image of every compact subset is compact. Two such spaces are said to
be proper homotopy equivalent if they are homotopy equivalent and all homotopies
involved are proper.

Let L be a locally finite CW-complex. A proper map ω : [0,∞) −→ L is called
a proper ray in L. We say that two proper rays ω and ω′ define the same end e
if their restrictions to the natural numbers ω|N and ω′|N are properly homotopic.
The CW-complex L is said to be semistable at the end e if any two proper rays ω
and ω′ defining the same end e are in fact properly homotopic. L is semistable at
infinity if it is semistable at each end.

Let G be an infinite finitely presented group and K be a finite 2-dimensional
CW-complex with π1(K) ∼= G. Some of the proper homotopy invariants of the

universal cover K̃ of K turn out to be invariants of the group G, for they do not
depend on the choice of K. By the number of ends of G we mean the number of
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ends of K̃ which equals 1, 2, or∞ (finite groups have 0 ends, see [15] and [29]), and

the group G is said to be semistable at infinity if the universal cover K̃ is so. On the
other hand, G is said to be properly 3-realizable if the universal cover of the wedge
K ∨ S2 is proper homotopy equivalent to a 3-manifold. In some cases one may
disregard the 2-sphere (see [1]). Notice that as K is the Cayley complex associated

to a finite presentation of G, then K̃ is always proper homotopy equivalent to a

4-manifold, as K̃ (as well as K̃ ∨ S2) can be properly embedded in R4 (see also [4]),
and hence it is natural to ask whether one can do better. See [9] and [20] for a
source of examples of properly 3-realizable groups.

At the time of writing it is unknown whether all finitely presented groups are
semistable at infinity. On the other hand, there are finitely presented groups which
are not properly 3-realizable (see [5] and [13]).

Both properties above have implications in the theory of cohomology of groups.
It is a long standing conjecture (attributed to Hopf) that H2(G;ZG) is free abelian
for every finitely presented group G. Geoghegan and Mihalik [16] showed that
if G is semistable at infinity then H2(G;ZG) is free abelian. An isomorphism

H2
c (K̃;Z) ∼= H2(G;ZG) ⊕ (free abelian) is also shown in [16], for any finitely pre-

sented groupG and any finite 2-dimensional CW-complexK with π1(K) ∼= G. If G

is properly 3-realizable, the cohomology group with compact support H2
c (K̃;Z) is

free abelian by manifold duality arguments, and hence so is H2(G;ZG).
In order to state the main results, we first need some notation and some defini-

tions. From now on, X will be a finite set and R will consist of a finite collection
of cyclically reduced words in the free group F (X).

Definition 1.1. We say that the presentation 〈X ;R〉 satisfies the Freiheitssatz
(abbreviated as FHS) if any subset Y ⊂ X not containing all the generators in-
volved in any of the relators freely generates a free subgroup.

It is a well known result of Magnus [23] that one-relator group presentations
have this property. There is an extensive work in the literature extending this
result of Magnus to one-relator products. It is worth mentioning that for any finite
presentation 〈X ;R〉 with card(X) > card(R) there is some subset of generators of
cardinality card(X)− card(R) freely generating a free subgroup (see [28]).

Remark 1.2. Given a group presentation P = 〈X ;R〉, we will denote by KP the
standard 2-dimensional CW-complex associated to this presentation (i.e., its Cay-
ley complex). Namely, the 1-skeleton K1

P of KP is a bouquet of circles consisting
of a 1-cell ex for each generator x ∈ X , all of them sharing a single vertex in KP .
Finally, KP is obtained fromK1

P by attaching 2-cells dr, one for each relator r ∈ R,
via (PL) maps fr : S

1 −→ K1
P which spell out the words in R. Let p : K̃P −→ KP

be the universal covering map. Given Y ⊂ X and the subgraph J ⊂ K1
P corre-

sponding to those generators in Y , one can check that Y freely generates a free
subgroup if and only if p−1(J) ⊂ K̃P consists of a disjoint union of trees.

From now on, all CW-complexes will be PL CW-complexes, in the sense of §1.4
of [19]. Let us recall the notion of strong proper homotopy equivalence between
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2-dimensional (PL) CW-complexes introduced in [8]. Note that this notion is a
(proper) generalization of the notion of simple homotopy equivalence within the
category of 2-dimensional (PL) CW-complexes.

Definition 1.3. Let L be a 2-dimensional (PL) CW-complex and let dn ⊂ en+1 be
cells of L. An elementary internal collapse (e, d) in L consists of “collapsing” the
cell e through its face d, even if d is not a free face of e within the entire complex L.
Of course, this implies dragging all the cells adjacent to that face thus producing
a new CW-complex proper homotopy equivalent to L. We will refer to any of the
inverses of an elementary internal collapse as an elementary internal expansion.

Definition 1.4. We define two (possibly infinite) 2-dimensional CW-complexes to
be strongly proper homotopy equivalent if one is obtained from the other by a (pos-
sibly infinite) sequence of elementary internal collapses and/or expansions, in such
a way that the resulting homotopy equivalence is a proper homotopy equivalence.

Definition 1.5. An infinite finitely presented group G is said to have a funda-
mental pro-group of telescopic type at each end if there is a finite presentation P
of G and a CW-complex L (proper homotopy equivalent to K̃P) together with an
exhaustion by compact subsets C1 ⊂ C2 ⊂ · · · ⊂ L such that, for any choice of
base ray, the inverse sequence of groups

(1.1) 0 = π1(L)← π1(L− C1)← π1(L− C2)← · · ·

is equivalent (i.e., pro-isomorphic) to a telescopic tower (see §2). In particular, G
is semistable at infinity.

Definition 1.6. If, in addition, the CW-complex L above satisfies dim(L) = 2
and the following two conditions hold:

(i) the proper homotopy equivalence K̃P −→ L can be taken to be a strong
proper homotopy equivalence;

(ii) the tower (1.1) is already a telescopic tower, and the subsets Ci ⊂ L are all
finite simply connected subcomplexes;

then the group G is said to have a nice fundamental pro-group at each end. Fur-
thermore, if the presentation P of G satisfies the FHS, then we define P as a special
presentation of G.

We will refer to a collection of subcomplexes C1 ⊂ C2 ⊂ · · · ⊂ L satisfy-
ing condition (ii) above as a nice filtration of the 2-dimensional simply connected
CW-complex L.

Remark 1.7. Those groups which admit a one-relator group presentation P have
a nice fundamental pro-group at each end (see [8]), and in this case P is special.
Observe that the results in [8] make use of an additional CW-complex L, thus
motivating Definitions 1.5 and 1.6.
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Remark 1.8. From the proper homotopy viewpoint, having a nice fundamental
pro-group at each end can be regarded as a stronger property than the quasi simply
filtered (QSF) property of Brick and Mihalik (see [3]) or the weakly geometrically
simply connected (WGSC) property of Funar (see [12] and [14]). More precisely,
G is QSF if for any finite CW-complex K with π1(K) ∼= G, the universal cover

K̃ admits an exhaustion which can be “approximated” by finite simply connected
CW-complexes, i.e., for every finite subcomplex A ⊂ K̃ there is a cellular map f :
L −→ K̃ from a finite simply connected CW-complex L which is a homeomorphism
on f−1(A). On the other hand, G is WGSC if for some K as above, K̃ has in fact
an exhaustion by finite simply connected subcomplexes.

Remark 1.9. In [9] it was shown that for any two infinite finitely presented
groups G and H , the direct product G×H has a fundamental pro-group of tele-
scopic type (at its single end). Moreover, one can easily derive from this that if G
and H are both WGSC, then G×H has a nice fundamental pro-group at its end.

We generalize Theorem 1.2 in [20] in the 1-ended case to the following general
result:

Theorem 1.10. Let G be an infinite finitely presented group. If G has a funda-
mental pro-group of telescopic type at each end, then G is properly 3-realizable.

Remark 1.11. The converse of Theorem 1.10 has been proved recently in [13]
under the QSF condition; in fact, it is conjectured there (as the “3-dimensional
homotopy covering conjecture”) that all properly 3-realizable groups are semistable
at infinity and have a fundamental pro-group of telescopic type at each end. On
the other hand, assuming semistability, the converse of Theorem 1.10 (at least in
the 1-ended case) has been announced in [5], as an application of the work of Brin
and Thickstun.

As a consequence of Theorem 1.10 (together with Remark 1.7), we answer
Conjecture 1.5 in [8] in the affirmative; namely:

Corollary 1.12. All finitely generated one-relator groups are properly 3-realizable.

The following result provides another method of constructing new groups hav-
ing a nice fundamental pro-group at each end, and it can be seen as a step forward
in the study of the relationship between the FHS property and the asymptotic
behavior of a group.

Theorem 1.13. Let G and H be finitely presented groups having nice fundamental
pro-groups at each end, and assume P = 〈X ;R〉 and Q = 〈Y ;S〉 are special
presentations of G and H, respectively. Let V ⊂ X and W ⊂ Y , together with
a bijection η : V −→ W , be subsets not containing all the generators involved
in any of the relators of the corresponding presentation. Then, the corresponding
amalgamated product G∗FH associated with η (over a free group of rank card(V ) =
card(W )) also has a nice fundamental pro-group at each end. Moreover, the obvious
presentation for G ∗F H is also special.
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Since Theorem 1.13 can be applied repeatedly, it seems natural to consider
the class C of all finitely generated one-relator groups together with those finitely
presented groups which can be obtained by successive applications of Theorem 1.13
starting from any one-relator group presentations (see Remark 1.7), so that C is
closed under amalgamated products of the type described in Theorem 1.13.

Remark 1.14. The first interesting examples of groups in the class C (other
than one-relator groups) are those groups G given by a presentation of the form
〈X ; r, s〉, where r, s are cyclically reduced words so that r ∈ F (Y ), Y � X , and
s ∈ F (X) − F (Y ) misses at least one generator in Y which occurs in r. Indeed,
one can obtain G as an amalgamated product 〈Y ; r〉∗F 〈(X−Y )∪Z; s〉 over a free
group of rank card(Z), where Z � Y is the subset consisting of those generators
in Y which occur in s.

Remark 1.15. From Remark 1.14, one can see that Higman’s group H , with
presentation 〈a, b, c, d; a−2b−1ab, b−2c−1bc, c−2d−1cd, d−2a−1da〉, is in C. Indeed,
H can be expressed as an amalgamated product, as in Theorem 1.13, of two copies
of 〈x, y, z;x−2y−1xy, y−2z−1yz〉 over a free subgroup of rank 2 (see [18]).

On the other hand, we recall that 〈X ;R〉 is defined to be a staggered presen-
tation if there is a subset X0 ⊂ X so that both R and X0 are linearly ordered
in such a way that: (i) each relator r ∈ R contains some x ∈ X0; (ii) if r, r′ are
relators with r < r′, then r contains some x ∈ X0 that precedes all elements of X0

occurring in r′, and r′ contains some y ∈ X0 that comes after all those occurring
in r (see [22]).

Corollary 1.16. Every finitely presented group G given by a staggered presenta-
tion P is in C and hence it has a nice fundamental pro-group at each end.

Proof. Suppose P = 〈X ;R〉. We show that G is in the class C by using induction
on card(R). If card(R) = 1, this is true as C contains all one relator groups,
by hypothesis. Next assume the result is true if card(R) ≤ k, and consider G
given by a staggered presentation P = 〈X ;R〉 where R has k + 1 relators. Let
X0 ⊂ X satisfy the definition of a staggered presentation. Relabel the relators
r1, r2, . . . , rk+1 in R if necessary such that ri < rj for i < j with respect to the
linear order in the set R. Then, there are generators xi ∈ X0 which occur in ri,
i < k + 1, and precede all those occurring in rk+1 with respect to the linear order
in the set X0. Let Y ⊂ X be the subset containing all the generators that appear
in r1, r2, . . . , rk. The relator rk+1 has a generator xk+1 ∈ X0 that comes after all
those occurring in ri for all i < k + 1, and hence xk+1 ∈ X − Y . Let Z ⊂ Y be
the subset of generators of Y which also occur in rk+1. Then, the group given by
〈Y ; r1, r2, . . . , rk〉 is a group in C by the induction hypothesis (as it has a staggered
presentation) which has a free subgroup freely generated by Z, by Theorem 1.13,
as xi /∈ Z for all i < k+1 (see also [22]). Finally, observe that G is obtained as the
amalgamated product 〈Y ; r1, r2, . . . , rk〉∗F 〈(X−Y )∪Z; rk+1〉 over a free group F
of rank card(Z). Therefore, G is in the class C and hence it has a nice fundamental
pro-group at each end, by Theorem 1.13. �
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Theorem 1.10 gives us the following:

Corollary 1.17. Every group G ∈ C is both semistable at infinity and properly
3-realizable.

Notice that the semistability at infinity for those groups in C already follows
from the combination of [26] and [27], but we also give a description of (the pro-
isomorphism type of) their fundamental pro-groups by means of Theorem 1.13.

Proposition 1.18. If G ∈ C is torsion-free then it has a finite aspherical presen-
tation P, i.e., the universal cover K̃P of KP is contractible.

This extends a result of Dyer and Vasquez in [11] for torsion-free one-relator
groups (see also Lyndon’s Identity Theorem in [21] for a more algebraic version).

The key technical points of this paper are Lemma 3.2 and the construction of
the CW-complex K̂R in §4.

2. Some preliminaries

This section is intended to provide some of the background regarding the notion of
fundamental pro-group and its connection with semistability at infinity. See [2], [15]
and [25] for general reference and details.

In what follows, we will be working within the category tow-Gr whose objects
are towers of groups, i.e., inverse sequences of groups and bonding homomorphisms

A = {An; fn}n≥0 = {A0
f1←− A1

f2←− A2 ←− · · · } .
A morphism in this category will be called a pro-morphism. More precisely, a

pro-morphism from A = {An; fn}n≥0 to B = {Bn; gn}n≥0 is determined (up to
a certain equivalence relation which allows us to think in terms of cofinal subse-
quences) by a function φ : Z+ −→ Z+ and homomorphisms hn : Aφ(n) −→ Bn
(n ≥ 0) such that whenever m ≥ n, there exists k ≥ φ(n), φ(m) making the
following diagram commute:

Ak

����
��
��
��

���
��

��
��

��

Aφ(n)

hn

��

Aφ(m)

hm

��
Bn Bm��

where the unmarked arrows are the obvious compositions of the corresponding
bonding homomorphisms.

A tower F is a free tower if it is of the form

F = {F0
i1←− F1

i2←− F2 ←− · · · } ,
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where Fi = 〈Bi〉 are free groups with bases Bi such that Bi+1 ⊂ Bi; the differences
Bi−Bi+1 are finite and

⋂∞
i=0 Bi = ∅; and the bonding homomorphisms ik are given

by the corresponding basis inclusions. On the other hand, a tower P is a telescopic
tower if it is of the form

P = {P0
p1←− P1

p2←− P2 ←− · · · } ,

where Pi = 〈Di〉 are free groups with basesDi such that Di−1 ⊂ Di; the differences
Di−Di−1 are finite (possibly empty); and the bonding homomorphisms pk are the
obvious projections.

We will also use the full subcategory (Gr, tow-Gr) of Mor(tow-Gr) whose objects
are arrows A −→ G, where A is an object in tow-Gr and G is a group regarded as
a constant tower whose bonding maps are the identity. Morphisms in (Gr, tow-Gr)
will also be called pro-morphisms.

Let L be a connected locally compact topological space. Given a base ray ω in L
and a collection of compact subspaces C1 ⊂ C2 ⊂ · · · ⊂ L so that L =

⋃∞
n=1 Cn,

the following tower, pro-π1(L, ω),

{π1(L, ω(0))← π1(L − C1, ω(t1))← π1(L − C2, ω(t2))← · · · }

can be regarded as an object in (Gr, tow-Gr) and it is called the fundamental pro-
group of (L, ω), where ω([ti,∞)) ⊂ L − Ci and the bonding homomorphisms are
induced by the inclusions. This tower does not depend (up to pro-isomorphism)
on the sequence of subspaces {Ci}i≥1. It is worth mentioning that if ω and ω′

are properly homotopic, then pro-π1(L, ω) and pro-π1(L, ω
′) are pro-isomorphic.

On the other hand, a proper homotopy equivalence f : L −→ L′ induces a pro-
isomorphism between pro-π1(L, ω) and pro-π1(L

′, f ◦ ω).
It is known that L is semistable at the end determined by ω if and only if

pro-π1(L, ω) is pro-isomorphic to a tower where the bonding maps are surjections.
Moreover, in this case πe1(L, ω) = lim←− pro-π1(L, ω) is a well defined and useful

invariant which only depends (up to isomorphism) on the given end (see [17]). In
a similar way, one can define objects in (Gr, tow-Gr) corresponding to the higher
homotopy pro-groups of (L, ω).

Finally, given a finitely presented group G and any finite 2-dimensional CW-
complex K with π1(K) ∼= G, we will refer to the fundamental pro-group of K̃ (at
each end) as the fundamental pro-group of G (at each end).

3. Proof of Theorem 1.10

Lemma 3.1 (Lemma 4.5 in [6]). Let ψ : P → Q be an epimorphism in (Gr, tow-Gr)
(see §2) where P is a telescopic tower and Q is a tower of free groups. Then, Q is
also a telescopic tower.

The proof of Theorem 1.10 relies on the following result:
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Lemma 3.2. Let G be a finitely presented group having a fundamental pro-group
of telescopic type at each end, and assume G splits as an amalgamated product
G0 ∗F G1 (resp., an HNN-extension H∗F ) over a finite group F . Then, each
factor G0 and G1 (resp., the base group H) is either finite or else it also has a
fundamental pro-group of telescopic type at each end.

Proof of Theorem 1.10. In the 1-ended case it is known that a group with such
a fundamental pro-group is properly 3-realizable, by Theorem 1.2 in [20]. Note
that the 2-ended groups are all known to be semistable at infinity and properly
3-realizable (see [1], [15]). Finite groups (i.e., 0-ended groups) are also known to
be properly 3-realizable.

Finally, in the infinitely many ended case, Stallings’ theorem tells us that G
splits as an amalgamated product or an HNN-extension over a finite group (see [29]
and [15]), and Dunwoody’s accessibility result in [10] shows that the process of
further factorization of the group in this way must terminate after a finite number
of steps, after which each one of the factors can have at most one end. Moreover,
by applying Lemma 3.2 repeatedly, one can see that each of these factors is either
finite or else it also has a fundamental pro-group of telescopic type, whence they are
all properly 3-realizable by the above considerations. The conclusion now follows
from the fact that amalgamated products (or HNN-extensions) over finite groups
of properly 3-realizable groups are again properly 3-realizable (see [7]). �

Proof of Lemma 3.2. Let G0, G1 be finitely presented groups and let F be a finite
group with presentation 〈a1, . . . , an; r1, . . . , rm〉. Consider monomorphisms ϕi :
F −→ Gi(i = 0, 1), and denote by G0 ∗F G1 = 〈G0, G1;ϕ0(ai) = ϕ1(ai), 1 ≤ i ≤ n〉
the corresponding amalgamated product. Let K0 and K1 be finite 2-dimensional
CW-complexes with π1(Ki) ∼= Gi, and let fi :

∨n
i=1 S

1 −→ Ki (i = 0, 1) be cellular
maps such that Im fi∗ ⊆ π1(Ki) corresponds to the subgroup Imϕi ⊆ Gi. Let L′

be the 2-dimensional CW-complex associated to the given presentation of F , with
1-cells e1, . . . , en. Consider the adjunction spaces

L =
( n∨
i=1

ei

)
× I

⋃
(

n∨

i=1

ei)×{ 1
2}
L′

(homotopy equivalent to L′) and M = L ∪f0×{0}∪f1×{1} (K0 � K1). By Van
Kampen’s Theorem,M is a finite 2-dimensional CW-complex with π1(M) ∼= G0∗F
G1. Let M̃ be the universal cover of M with covering map p : M̃ −→M . Observe
that p−1(Ki) consists of a disjoint union of copies of the universal cover K̃i of Ki,
since the inclusion Ki ↪→ M induces a monomorphism Gi ↪→ G0 ∗F G1 between
the fundamental groups, i = 0, 1 (see [22]). Also, p−1(L′) consists of a disjoint

union of copies of the universal cover L̃′ of L′, as the inclusion L′ ↪→M induces a
monomorphism F ↪→ G0∗FG1. Let J be a connected component of p−1

(∨n
i=1 ei

) ⊂
p−1(L′) and consider the finite 2-dimensional CW-complex N ′ = (J×I)∪J×{ 1

2} L̃
′.

Thus, M̃ comes together with the following data (see [29]):

(a) The disjoint unions
⋃
p K̃0,p and

⋃
r K̃1,r of copies of the vertex spaces K̃0

and K̃1 respectively.
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(b) The disjoint union
⋃
p,qN

′
p,q of copies of the edge space N ′.

(c) A one-to-one function (p, q)
ϕ�→ (r, s) (given by the group action of G0 ∗F G1

on M̃ ), so that for each pair of indices (p, q), J ×{0} ⊂ N ′p,q is glued to K̃0,p

via a lift f̃0
p,q : J × {0} −→ K̃0,p of the map f0, and J × {1} ⊂ N ′p,q is glued

to K̃1,r via a lift f̃1
r,s : J × {1} −→ K̃1,r of the map f1.

Next, for each copy of K̃i, i = 0, 1, in M̃ (written as K̃0,p or K̃1,r), we take any

one of the maps f̃ iλ,μ : J ×{i} −→ K̃i. Observe that this map is null homotopic so

that we can replace it (up to homotopy) by a constant map giλ,μ : J × {i} −→ K̃i

whose image is a vertex inside Im f̃ iλ,μ. We do this replacement equivariantly

using the group action of Gi on K̃i. Since this action is properly discontinuous,
the collection of all these homotopies gives rise to a proper homotopy equivalence
between M̃ and a new 2-dimensional CW-complex M̂ , where M̂ is obtained from
a collection of copies of N = ΣJ ∪J×{ 1

2} L̃
′ (“Σ” stands for “suspension”) and

a collection of copies of K̃0 and K̃1 glued together appropriately through the
suspension vertices of those copies of ΣJ ⊂ N (via the function ϕ and the new

maps giλ,μ, i = 0, 1). See the picture for a pictorial description of M̂ in the infinitely
many ended case.

We choose a copy of N in M̂ which we again call N . Let us denote by K̃0

and K̃1 those copies in M̂ of the universal covers of K0 and K1 which intersect
N at vertices p ∈ K̃0 and q ∈ K̃1, taken as base points. We consider filtrations
by compact subsets Ci,1 ⊂ Ci,2 ⊂ · · · ⊂ K̃i with p ∈ C0,1 and q ∈ C1,1, and such

that no vertex of K̃i is in the boundary of any of the Ci,j ’s. These subsets Ci,j ’s

may be taken as finite subcomplexes in some barycentric subdivision of K̃i. We
proceed to build inductively a filtration by compact subsets C1 ⊂ C2 ⊂ · · · ⊂ M̂ .
The subset C1 consists of N ∪C0,1 ∪C1,1. Assume Cn is constructed. Then, Cn+1

is the union of: (i) Cn∪C0,n+1∪C1,n+1; (ii) the translates of N which intersect Cn;
and (iii) the translates of C0,n+1 and C1,n+1 on all those copies of the universal
covers of K0 and K1 which intersect these translates of N at a vertex (so that the

corresponding base point on K̃i is sent to the corresponding intersection vertex).
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Note that the fundamental pro-group of G ∼= G0 ∗F G1 at each end is given by

pro-π1(M̃) ∼= pro-π1(M̂) ≡ {{1} ←− π1(M̂ − C1)←− π1(M̂ − C2)←− · · ·
}

where the base points are taken on any base ray determining the given end (see §2).
We will show that K̃0 (and hence G0) has a fundamental pro-group of telescopic
type at each end (the proof for G1 is analogous). More precisely, for any given

base ray in K̃0, we will define pro-morphisms:

pro-π1(K̃0)
ϕ−→ pro-π1(M̂)

ψ−→ pro-π1(K̃0)

so that ψ◦ϕ ≡ id. The result will then follow from Lemma 3.1, as ϕ is a monomor-
phism, ψ is an epimorphism and pro-π1(M̂) is pro-isomorphic to a telescopic tower
by hypothesis.

The pro-morphism ϕ is determined by the inclusion-induced homomorphisms
π1(K̃0−C0,j)−→π1(M̂ −Cj) (see §2). To define maps hj : M̂ −Cj −→ K̃0−C0,j

we proceed as follows. Fix pj ∈ K̃0 − C0,j . If z ∈ M̂ − Cj is in K̃0 − C0,j then
we set hj(z) = z. Otherwise, define hj(z) in the following way. Let γ be a path

in M̂ from z to p, and let w be the vertex at which γ meets K̃0 for the first time.
If w /∈ C0,j then we define hj(z) = w; otherwise, we set hj(z) = pj . One can
check that each hj is a continuous retraction, by the choice of the compact subsets

C0,j ⊂ K̃0. Observe that hj is not a proper map, as it maps noncompact subsets

of each copy of the universal cover of Ki (except for K̃0) to a point. However, as a

loop in M̂ is a product (modulo change of base points) of loops each one of them
living inside some copy of either N or the universal cover of K0 or K1, one can
check that these maps hj lead to commutative diagrams

π1(K̃0 − C0,j)

��

π1(K̃0 − C0,j+1)��

��
π1(M̂ − Cj)
(hj)∗

��

π1(M̂ − Cj+1)��

(hj+1)∗
��

π1(K̃0 − C0,j) π1(K̃0 − C0,j+1),��

where the unmarked arrows are induced by the inclusions, and the composition of
any two consecutive vertical arrows is the corresponding identity homomorphism.
Finally, the pro-morphism ψ : pro-π1(M̂) −→ pro-π1(K̃0) is that determined by
the family of homomorphisms {(hj)∗}j≥1, and the conclusion follows.

In the case of an HNN-extension H∗F = 〈H, t; t−1ψ0(ai)t = ψ1(ai), 1 ≤ i ≤ n〉
(with monomorphisms ψi : F −→ H, i = 0, 1), let K be a finite 2-dimensional
CW-complex with π1(K) ∼= H and fi :

∨n
i=1 S

1 −→ K(i = 0, 1) cellular maps
so that Im fi∗ ⊆ π1(K) corresponds to the subgroup Imψi ⊆ H . Let L be the
2-dimensional CW-complex constructed as above and consider the adjunction space
M = L ∪f0×{0}∪f1×{1} K, with π1(M) ∼= H∗F . Then the proof is similar to the
one given above for the amalgamated product. �



Relating the Freiheitssatz to the asymptotic behavior of a group 85

4. Proof of Theorem 1.13 and Proposition 1.18

Lemma 4.1 (Lemma 2.4 in [8]). Let L be a 2-dimensional simply connected CW-
complex together with a nice filtration C1 ⊂ C2 ⊂ · · · ⊂ L, and let Ti, i ∈ I,
be a (locally finite) collection of trees inside L. There exists a new 2-dimensional

CW-complex L̂ together with a strong proper homotopy equivalence L −→ L̂, which
leaves the Ti’s unaltered, and a nice filtration Ĉ1 ⊂ Ĉ2 ⊂ · · · ⊂ L̂ such that each
Ĉn ∩ Ti (n ≥ 1, i ∈ I) is either empty or a connected subtree.

Proof of Theorem 1.13. Let P = 〈X ;R〉 and Q = 〈Y ;S〉 be special presentations
for the groups G and H respectively, and let η : V −→ W be the given bijection
between the subsets V ⊂ X and W ⊂ Y not containing all the generators involved
in any of the relators of the corresponding presentation. Consider the (obvious)
presentation R = 〈(X − V )∪ Y ;R′ ∪S〉 for the corresponding amalgamated prod-
uct G ∗F H associated with η, where R′ is the collection of (cyclically reduced)
words obtained from those in R by replacing each x ∈ V with η(x) ∈ W . The
conclusion follows provided we can show that the 2-dimensional CW-complex KR
satisfies conditions (i) and (ii) in Definition 1.6. Moreover, we will show that the
presentation R satisfies the FHS, whence R is a special presentation of G ∗F H .
The argument is divided into the following three steps.

1. The structure of the universal cover K̃R. Observe that the CW-complex
KR is obtained from the CW-complexes KP and KQ by identifying those 1-cells
of KP corresponding to the generators in V with those 1-cells of KQ corresponding
to the generators in W , according to the bijection η : V −→ W . We will denote
by K0 and K1 the resulting subcomplexes of KR corresponding to KP and KQ.
Let J = K0 ∩ K1 and p : K̃R −→ KR be the universal covering map. Observe
that p−1(Ki) consists of a disjoint union of copies of the universal cover of Ki

(i = 0, 1), as the inclusions Ki ↪→ KR induce the monomorphisms G ↪→ G ∗F H
and H ↪→ G ∗F H between the corresponding fundamental groups. Similarly,
p−1(J) consists of a disjoint union of trees, each of them being a copy of the
universal cover T of J , as J ↪→ KR induces a monomorphism F ↪→ G∗F H as well.
Thus, K̃R comes together with the following data:

(a) The disjoint unions
⋃
p K̃0,p and

⋃
r K̃1,r of copies of K̃0 and K̃1 respectively.

(b) The disjoint unions
⋃
q T

q
0,p ⊂ K̃0,p and

⋃
s T

s
1,r ⊂ K̃1,r of copies of the tree T ,

for each p and r.

(c) A one-to-one function (p, q)
ϕ�→ (r, s) (given by the group action of G∗F H on

K̃R), so that for each pair of indices (p, q), the tree T q0,p ⊂ K̃0,p is identified

with the tree T s1,r ⊂ K̃1,r.

It is easy to check from this description that the presentation R satisfies
the FHS. For if Z ⊂ (X − V ) ∪ Y is a subset not containing all the generators
involved in any of the relators in R′∪S, Z can be expressed as a union Z = A′∪B
where A′ ⊂ (X − V ) ∪ W,B ⊂ Y and A′ ∩ B = Z ∩ W . Consider the subset
A = A′ ∩ (X − V ) ∪ η−1(Z ∩W ) ⊂ X . It is clear that the subset A ⊂ X (respec-
tively, B ⊂ Y ) does not contain all the generators involved in any of the relators of
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the presentation P (respectively, the presentation Q). Next, let J0 ⊂ K0 (≡ KP),
J1 ⊂ K1 (≡ KQ) and JZ ⊂ KR denote the subgraphs corresponding to the subsets

A′, B and Z respectively, and let qi = p :
⋃
j K̃i,j ⊂ K̃R −→ Ki ⊂ KR (i = 0, 1) be

the corresponding restriction maps, which are defined as the corresponding univer-
sal covering map K̃i,j −→ Ki on each K̃i,j . Then, p

−1(JZ) consists of q−10 (J0) and

q−11 (J1) glued together by identifying each connected subtree q−10 (J0)∩T q0,p ⊂ K̃0,p

with the corresponding connected subtree q−11 (J1)∩T s1,r ⊂ K̃1,r. Therefore, since P
and Q both satisfy the FHS, each component of q−1i (Ji) (i = 0, 1) is a tree, by
Remark 1.2, and hence so is each component of p−1(JZ). The conclusion follows
again from Remark 1.2.

Remark 4.2. One can readily check from the description above that if K̃P and K̃Q
are both contractible, then so is K̃R.

2. Altering K̃R within its (strong) proper homotopy type. Since P
and Q are special presentations of G and H , for each copy K̃i,j of K̃i there is a 2-

dimensional CW-complex K̂i,j together with a strong proper homotopy equivalence

hi,j : K̃i,j → K̂i,j and a nice filtration Cji,1 ⊂ Cji,2 ⊂ · · · ⊂ K̂i,j (see Definition 1.6).

Let Mk
i,j denote the mapping cylinder of the map T ki,j −→ hi,j(T

k
i,j), and let

πki,j : T
k
i,j × I −→Mk

i,j denote the map determined by the corresponding quotient

map, with πki,j(T
k
i,j × {1}) = hi,j(T

k
i,j). Let Li,j = K̂i,j

⋃
{hi,j(Tk

i,j)}
⋃
kM

k
i,j , and

consider the subcomplexes

Dj
i,n = Cji,n ∪

⋃
k

πki,j

(
h−1i,j (C

j
i,n ∩ hi,j(T ki,j))× I

)
⊂ Li,j , n ≥ 1 .

It is easy to check that Dj
i,1 ⊂ Dj

i,2 ⊂ · · · ⊂ Li,j is a nice filtration of Li,j ,

as each complement Li,j − Dj
i,n deformation retracts onto K̂i,j − Cji,n (using the

mapping cylinder structure of each Mk
i,j), and the Cji,n’s form a nice filtration

of K̂i,j . By Lemma 4.1, we can further assume that Dj
i,1 ⊂ Dj

i,2 ⊂ · · · ⊂ Li,j

already satisfies that each intersection Dj
i,n ∩ T ki,j (j, k, n ≥ 1, i = 0, 1) is either

empty or a connected subtree.
Finally, we denote by K̂R the 2-dimensional CW-complex obtained as a quo-

tient space from the disjoint union
⋃
i,j Li,j by identifying each tree T q0,p ⊂ L0,p

with the corresponding tree T s1,r ⊂ L1,r, as in the construction of K̃R. It is not

hard to see that there is a strong proper homotopy equivalence K̃R −→ K̂R, as
follows. First, we expand each copy T q0,p ≡ T s1,r (within K̃R) of the tree T to

a product T × [−1, 1], keeping the copy K̃0,p of K̃0 attached to T × {−1} and

the corresponding copy K̃1,r of K̃1 attached to T × {1}. Next, we perform all
the elementary internal collapses and/or expansions needed for passing from each

T × [−1, 0]∪ K̃0,p to a copy of L0,p and from each T × [0, 1]∪ K̃1,r to a copy of L1,r

(starting with those needed for passing from each K̃i,j to K̂i,j). Thus, condition (i)

in Definition 1.6 is satisfied with respect to R and L = K̂R.
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3. Building the required nice filtration for K̂R. Fix i0 ∈ {0, 1} and j0 ≥ 1,

and consider Dj0
i0,1
⊂ Li0.j0 . Let Li,j(1), . . . , Li,j(p1) be those subcomplexes of K̂R

which intersect Li0,j0 at points of Dj0
i0,1

. Take N1 ≥ 1 such that D
j(m)
i,N1

∩ Li0,j0 ⊃
Dj0
i0,1
∩ Li,j(m) (both intersections being connected subtrees by hypothesis), 1 ≤

m ≤ p1. Set
D1 = Dj0

i0,1
∪
( p1⋃
m=1

D
j(m)
i,N1

)
⊂ K̂R.

This D1 is simply connected, as the various finite simply connected subcom-
plexes Dβ

α,γ involved in D1 intersect each other along connected subtrees of those

trees used in the construction of K̂R (see Step 2). Moreover, by the generalized

Van Kampen’s theorem (see [15], [29]), as the subcomplexes Li,j ⊂ K̂R are simply
connected and knowing that each Dβ

α,γ is a member of a nice filtration of the corre-

sponding Lα,β , one can check (choosing base points on any given base ray in K̂R)
that π1(K̂R −D1) is a free product of π1(Li0,j0 −Dj0

i0,1
) and π1(Li,j(m) −Dj(m)

i,N1
),

1 ≤ m ≤ p1, together with an extra free group (of finite rank) coming from the

intersection of Dj0
i0,1

and each D
j(m)
i,N1

with any of the other subcomplexes Lα,β.

Consider now Dj0
i0,2
⊂ Li0,j0 , and let Li,j(1), . . . , Li,j(p2) (p2 ≥ p1) be those

subcomplexes of K̂R which intersect Li0,j0 at points of Dj0
i0,2

. Take N2 ≥ N1

such that D
j(m)
i,N2

∩ Li0,j0 ⊃ Dj0
i0,2
∩ Li,j(m) (both being connected subtrees), for

1 ≤ m ≤ p2. Next, for each 1 ≤ m ≤ p2, let Li0,j(m,1), . . . , Li0,j(m,qm) be those

subcomplexes of K̂R which intersect Li,j(m) at points of D
j(m)
i,N2

. Take N3 ≥ N2

such that D
j(m,l)
i0,N3

∩ Li,j(m) ⊃ D
j(m)
i,N2

∩ Li0,j(m,l) (both being connected subtrees),
for 1 ≤ l ≤ qm. Set

D2 = Dj0
i0,2
∪
( p1⋃
m=1

D
j(m)
i,N2

)
∪
( p2⋃
m=1

qm⋃
l=1

D
j(m,l)
i0,N3

)
⊂ K̂R.

As before, one can check that D2 is simply connected and π1(K̂R − D2) is a
finitely generated free group. Finally, repeating this process (starting with the

successive Dj0
i0,n
⊂ Li0,j0 and going each time one step further inside K̂R) we

get a filtration D1 ⊂ D2 ⊂ · · · ⊂ K̂R by finite simply connected subcomplexes.
Moreover, choosing base points on any given base ray, one can easily check that
rank(π1(K̂R−Dn+1)) ≥ rank(π1(K̂R−Dn)) and the inclusion-induced homomor-

phism π1(K̂R−Dn+1) −→ π1(K̂R−Dn) can be taken to be a projection between
finitely generated free groups. Therefore, condition (ii) in Definition 1.6 is also
satisfied and hence the conclusion follows. �

Proof of Proposition 1.18. Let C′ ⊂ C be the class of those groups which can be
obtained by successive applications of Theorem 1.13 starting from any torsion-free
one-relator group presentation. By Theorem 2.7 in § IV of [22], C′ is precisely the
subclass of all those groups in C which are torsion-free. The conclusion follows
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from the fact that, for any torsion-free one-relator group presentation P , the uni-
versal cover K̃P of KP is contractible (see [11] and [21]) together with successive
applications of Remark 4.2. �
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