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Hardy spaces and regularity for the
inhomogeneous Dirichlet and Neumann problems
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Abstract. This article has three aims. First, we study Hardy spaces,
h% (€), associated with an operator L which is either the Dirichlet Lapla-
cian Ap or the Neumann Laplacian Ax on a bounded Lipschitz domain
Q in R", for 0 < p < 1. We obtain equivalent characterizations of these
function spaces in terms of maximal functions and atomic decompositions.
Second, we establish regularity results for the Green operators, regarded
as the inverses of the Dirichlet and Neumann Laplacians, in the context
of Hardy spaces associated with these operators on a bounded semiconvex
domain €2 in R™. Third, we study relations between the Hardy spaces as-
sociated with operators and the standard Hardy spaces h?(§2) and h2(2),
then establish regularity of the Green operators for the Dirichlet problem
on a bounded semiconvex domain €2 in R", and for the Neumann prob-
lem on a bounded convex domain €2 in R", in the context of the standard
Hardy spaces h2(Q2) and hZ(€2). This gives a new solution to the conjecture
made by D.-C. Chang, S. Krantz and E. M. Stein regarding the regularity
of Green operators for the Dirichlet and Neumann problems on A () and
hZ(€2), respectively, for all -5 <p < 1.

1. Introduction

Let 2 be a bounded domain in R™ with sufficiently smooth boundary. Consider
the inhomogeneous Dirichlet problem for the Laplacian, i.e.,

Au = in Q,
(1.1) /
u=0 on 0f.
Denote by Gp the Green operator for the Dirichlet problem (1.1), i.e. the solution
operator f — Gp(f) := u. We also consider the inhomogeneous Neumann problem
for the Laplacian and denote the corresponding Green operator by Gy .
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The regularity of the operators Gp and Gy on the LP-scale, for 1 < p < oo,
in the context of a bounded C*° domain 2 in R"™ is well understood. A classical
reference is the paper [4] by S. Agmon, A. Douglis and L. Nirenberg; see also [49].
More recent developments include extensions to Hardy spaces H? for 0 < p < 1,
due to D-C. Chang, G. Dafni, G. Krantz and E.M. Stein; see [14], [15], [13] and
the references therein.

A natural question is to study the regularity of these Green operators on the
LP-scale for 1 < p < 0o on a bounded domain €2 C R” under weaker smoothness
hypotheses on 0f2. A similar question can be asked when the LP-scale is replaced
by the scale of Hardy spaces, H?, for 0 < p < 1. Depending on the nature of the
assumptions regarding the smoothness of the boundary of €2 and the range of the
integrability index p, there are various nuances of the answers presently available
in the literature. The following brief summary gives an overview of the progress
so far in this direction of research.

(i) One early result in this line of work, due to J. Kadlec (cf. [46]) in the 1960’s,
is that the mappings
9’Gp(f)
1.2 —, 1<4,5<
are well defined and bounded on L?(Q2) whenever € is a bounded convex domain
in R™. See also [37].

(ii) The mappings in (1.2) were shown to be of weak type (1, 1) by B. Dahlberg,
G. Verchota and T. Wolff [23] in the 1990’s, and by Fromm [33], and to be bounded
on a suitable Hardy space by Adolfsson [2], still under the assumption that the
domain €2 is bounded and convex. By interpolation, these mappings are bounded
on LP for 1 < p<2.

(iii) L2-boundedness of the Green operators in the case of the Neumann bound-
ary condition has been known since the mid 1970’s ([36]), but optimal L? estimates,
valid in the range 1 < p < 2, have only been proved in the 1990’s by Adolfsson
and D. Jerison [3]. Their strategy was to obtain an endpoint estimate for atoms in
a suitable Hardy space H'(f2), and then to use interpolation with the L? results.

(iv) For p <1, the regularity of the Green operators on scales of local Hardy
spaces, h?, have been recently studied in [50] when €2 is a bounded Lipschitz domain
in R™, and the results were formulated in terms of a pair of Hardy spaces, h? ()
and AL(€2) (see (5.1) and (5.3) for definitions), for the range i < p < 1 for
some 0 < e < 1.

(v) In relation to (ii) and (iii) above, it should be mentioned that the afore-
mentioned LP continuity of two derivatives on Green potentials may fail in the
class of Lipschitz domains for any p € (1,00) and in the class of convex domains
for any p € (2,00) (see [2], [3], [22], [42] and [51] for counterexamples; recall that
every convex domain is Lipschitz).

(vi) Quite recently, in [55], the authors have studied the mapping properties of
operators of the form 9°Gp/dz;0x;, 1 <i,j < n, on Besov and Triebel-Lizorkin
scales in a bounded Lipschitz domain satisfying a uniform exterior ball condition
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(henceforth abbreviated as UEBC). When specialized to the class of local Hardy
spaces this gives that 0°Gp/dz;0z; is a bounded mapping from AZ(Q) into itself

n
whenever T <P < 1.

The present paper can be viewed as a continuation of the above body of work.
Our main results answer the question whether the regularity of the Green oper-
ator on the LP-scale of a semiconvex bounded domain 2 in the case of Dirichlet
condition, and a convex bounded domain €2 in the case of Neumann condition, has
a satisfactory analogue at the level of Hardy spaces hP. Our results also clarify the
nature of these h? spaces as well as the range of p’s for which such regularity results
hold. Here we also report further progress on a question posed by D.-C. Chang,
S. Krantz and E. Stein [14] pertaining to the regularity of Green operators, Gp
and Gy, associated with the Dirichlet and Neumann Laplacians on Hardy spaces.
As far as this question is concerned, in the class of arbitrary bounded Lipschitz
domains, a solution (which is optimal relative to this class) has been given in [50]
for the range 1 —e < p < 1, for € > 0 depending on the domain, while [55] has
addressed the case of the Dirichlet Green potential in a bounded semiconvex do-
main  for the scale h?(€2) indexed by p € (HL_H, 1]. In the present paper we
explore the range 0 < p < 1 and consider both the Dirichlet and the Neumann
Green potentials.

In order to discuss the strategy adopted in this work, we need to review some
background facts and set some notation. We start by recalling the definition of
the local Hardy spaces introduced by Goldberg (see [35]). Let ¢ € .#(R™) be
a function with the property that fRn ¢(x)dr = 1 and, for each t > 0, define
¢pe(x) ==t "¢(x/t). For 0 < p < oo, the local Hardy space h?(R"™) is defined as
the space of tempered distribution f € ./(R™) for which the maximal function

(13) Mlocf(x) = Ssup !d)t * f(lL')|
0<t<1

belongs to LP(R™). If this is the case, define
(1.4) I fllnegny = |MiocfIl Le@n)-

An equivalent definition of hP(R™) involves the non-tangential maximal function
associated with the heat semigroup (or Poisson semigroup) generated by A, the
Laplace operator on R™. If f € .#/(R™), then (see Theorem 1 in [35])

(1.5) fehr(R") < sup |e_t2Af(y)| € LP(R"™).
ly—z|<t<1
In this article we are in fact considering two Hardy spaces, namely hiD (©) and
hiA , (9), in the spirit of the work in [9], [30], [7] and [39]. Roughly speaking, for a
reasonable functional f,

(1.6) FER(Q) <«  sup | Ulf(y)| e LP(Q),
yeQ: ly—z|<t<1

where {e7'L'} is the heat semigroup generated by L, and L is either the Dirichlet
Laplacian Ap or the Neumann Laplacian Ay on €2, respectively (for more precise
definitions see §2).
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Both spaces hiy  (€2) and Rl  (2) are useful because they are particularly well
adapted to the Dirichlet and Neumann Laplacians in 2. For example, their ele-
ments have atomic decompositions with the atoms exhibiting cancellation proper-
ties customized to the specific nature of the partial differential operator in question
(something occasionally referred to as L-cancellation, if a generic operator L is em-
ployed). Such atomic decompositions play an important role in the proofs of the
following regularity results:

Main Result 1.1. Let Q C R"™ be a bounded, simply connected, semiconver do-
main. )

(i) The operators %, initially defined on L*(2) N Al (), can be extended
as bounded linear mappings from hiD (Q) into LP(Q2) whenever 0 < p < 1. Also, the
operators %, initially defined on L?(Q)N hZN (Q), can be extended as bounded
linear mappings from hZN (Q) into LP(Q) whenever 0 < p < 1.

(ii) Both operators 8‘12_%’; nd 6‘1 %1;’ are of type weak (1,1). Hence, by Marcin-

kiewicz interpolation, they can be extended from L?(2) N LP(Y) to bounded linear
mappings on LP(§)) whenever 1 < p < 2.

From suitable estimates for heat kernels associated to the semigroups {e *Ar}
and {e7"2~}, we prove that for all -2 < p < 1, the spaces h2(Q) and h}y ()
coincide as sets! for any bounded semiconvex domain Q C R™ while the spaces
h2(2) and by () coincide for any bounded convex domain @ C R", and their
norms are equivalent in both cases (See Proposition 5.3). Then, by relying on an
equivalent characterization of the Hardy space h2(€2) from [56] as well as atomic
decompositions, we prove the following regularity result for the Dirichlet and Neu-
mann Green potentials for the Laplacian.

Main Result 1.2. (i) Let Q C R™ be a bounded, simply connected, semiconvex
domain. Then the operators 53;%% ,i,7 €{1,...,n}, are bounded on h2(Y) for all
<p<l.

(ii) Let Q C R™ be a bounded, simply connected, convex domain. Then the

n+1

operators 59;%, i ,7 €41,...,n}, are bounded linear mappings from h2(£) into
h2(Q) whenever L <p< L

Note that for the Dirichlet problem on a smooth domain € in R™, the mapping

fe %f”gxf) does not extend from h2(92) to AL(2) if 0 < p < 25 (see [15] for a

discussion in this regard). This indicates that h2(Q) is the appropriate version of
the Hardy space for the Dirichlet problem only when ”” < p <1 and that this
range of p’s is sharp. This also substantiates the need to ﬁnd a suitable replacement
for h2(Q2) for small values of p.

Part (i) of Main Result 1.2 is essentially the same as that of [55] but obtained
by a different method. As a whole, our main results thus extend and complete the
results in [2], [3], [33], and [15], as well as some of the results in [50] and [55]. Our

IWe thank the referee for suggesting the proof of the right-to-left inclusion.
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approach is new and conceptually different from the previously known ones. First,
we develop appropriate machinery to treat operators which fall beyond the scope
of the classical Calderén—Zygmund theory, following the line of study initiated
in [26], [19] and [5]. Indeed, the operators that we are naturally led to consider need
not have Holder continuous kernels, a regularity condition which often proves too
restrictive for certain applications. For example, the kernel of the operator V2L ™!
is formally given by

0

and the second order derivative V2p,(z,y) of the kernel p;(z,y), associated with
the heat semigroup e ~**, does not satisfy a Hélder condition in the spatial variable.
The loss of Holder continuity is compensated by a more subtle built-in regularity
property inherited from the semigroup e **, and by the availability of certain
regularity estimates for the solutions to the Dirichlet and Neumann problems which
are specific to semiconvex domains (see Section 4 for a discussion). Second, for
the full range 0 < p < 1 of the integrability index p, we prove our results by
making use of the properties of heat semigroups, and the fact that elements of
the Hardy spaces bl  (Q) and hy (€2) have an atomic decomposition with atoms
having sufficient “L-cancellation” property. This provides more flexibility since,
in principle, this method does not differentiate between Dirichlet and Neumann
boundary conditions.

The layout of the paper is as follows. In Section 2, we establish suitable upper
bounds as well as Holder continuity estimates for the heat kernels of the Dirich-
let and Neumann Laplacians in subdomains of R™. In Section 3, we introduce the
Hardy spaces hiD (©) and h:ZN (©), 0 < p <1, associated to the Dirichlet and Neu-
mann Laplacians, respectively, and show that the adapted Hardy spaces defined
in terms of atoms, and in terms of maximal functions using the heat semigroups,
are all equivalent, assuming sufficient “L-cancellation” of our atoms. Our Main
Results 1.1 and 1.2 are proved in Sections 4 and 5 by using suitable estimates for
singular integrals with non-smooth kernels and an optimal on-diagonal heat kernel
estimate.

In closing, we wish to note that while the results in Sections 4 and 5 are
based on the Gaussian heat kernel bounds for the Dirichlet Laplacian Ap and the
Neumann Laplacian Ay on a domain Q C R”™, which are derived in Section 2
for n > 3, only minor modifications of our proofs are required in order to treat the
two-dimensional case.

2. Heat kernels and Green functions

In this section, we assume that €2 is a bounded convex domain in R™ where n > 3,
equipped with Euclidean distance and Lebesgue measure. Note that every bounded
convex domain is a Lipschitz domain, but the Lipschitz property is not sufficient.

We now describe the Dirichlet and Neumann Laplacians on a bounded do-
main € in R™. Denote by W2(Q) the usual Sobolev space on Q equipped with
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the norm (|| f||2 + | V.£]|2)*/2, and let W;*(Q) stand for the closure of C§°(Q) in
Wh2(Q). To proceed, let V be a closed subspace of W12(2) and denote by Q the
quadratic form on the space V' given by

ou 8u
(2.1) /Zam 5 dv, uev.

Then @ is closable and the self-adjoint operator A associated with the obtained
closed form is called the (minus) Laplacian on . Different choices of the space V/
induce different boundary conditions for the operator A. Most notably, when
Vis WO1 2 (Q) the corresponding boundary condition is Dirichlet, while the choice
V = W'2(Q) corresponds to a Neumann boundary condition. Under Dirichlet and
Neumann boundary conditions, A will be denoted in the sequel by Ap and Ay,
respectively. More specifically,

Ap:D(Ap) CLA(Q) — LA(Q), Ap(u) := -3, 82u
for every u € D (Ap) := {u € Wy*(Q): 32, 0%u € L*(Q)},

(2.2)

and
Ay :D(ANn) C L*(Q) — L*(Q), An(u) ==Y, 0?u for every
weD(Ay) = {u eWL2(Q): Y, 02u € L2(Q) and

/Zg; a&';u = /Q(Zaz%)wd:c, Yw e Wl’z(Q)}.

The Dirichlet and Neumann Laplacians on ) are nonnegative self-adjoint opera-
tors on L2(Q). Using spectral theory one can define the semigroups {e~*2P};~,
and {e7?A~},.o generated by these operators on L?(). It is well known (see
for example, [24]) that for an arbitrary open set Q C R™, the semigroup kernel
pr.ap (2, y) associated to e~ AP satisfies the Gaussian upper bound

(2.3)

|z —y/?

24)  0<pia,(zy) < (drt)” "/2exp<f o

) Voyen vio.

We will say that an open set 2 C R™ has the extension property if there exists a
bounded linear map E : Wh2(Q) — W12(R") such that Eu is an extension of u
from Q to R™ for all u € W12(Q). Then (see Theorem 3.2.9 in [24]), if  has the
extension property, there exists a constant C' > 0 such that the kernels p; Ay (z,y)
of the semigroup e 4~ satisfy

C |z —y?
(2.5) 0 <pray(@y) < mexp(_ dat )

for every t > 0, every z,y € Q and each o > 1, where |E| denotes the Lebesgue
measure of a measurable set £ C R", and for € R™ and r > 0 we have set

(2.6) BYz,r) :={yeQ: |z —y| <r}
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It is well known that any open set 2 C R”™ having the extension property also
satisfies the doubling property

(2.7) |BY(x,2r)| < C|BY(x,7)|, VYzeQ, Vre (0,diam (Q)).
Let us also note here that the operator Ay conserves probability, that is
(2.8) e IANT = 1.

This conservative property does not hold for Ap (see Chapter 4 of [57]).

It is useful to observe that Gaussian upper bounds carry over from heat kernels
to the time derivatives of their kernels. More specifically, we have the following
lemma (see Lemma 2.5 on page 352 in [20]).

Lemma 2.1. Let Q) be an open set in R™ which satisfies the doubling property (2.7).
Let Ty be a uniformly bounded analytic semigroup on L*(Q)) and assume that Ty,
t >0, has a kernel pi(x,y) satisfying

(2.9) o=yl y|2>.

C
Ipe(,y)| < WQXP( p

Then for every k € N, there exist two positive constants c, and Cj such that the
time derivatives of the kernel pi(x,y) satisfy

(2.10)

dF C x —yl?
‘—kpt(w,y)( < - ol

|
- , Yo,y € Q, ¥t >0.
dt - tk|BQ($’\/7—f)|exp( ont ) z,y

2.1. The Dirichlet Laplacian

In this section we establish suitable Holder continuity estimates for the kernel of
the heat semigroup {e"*A?}. We begin with the following lemma:

Lemma 2.2. Suppose Q C R™ is an open set. Let H(z,x,y) be the complex time
heat kernel of Ap for z € C with Rez > 0, i.e., H(z,x,y) is the integral kernel of

the semigroup e™*P :
(2.11) e A0y (z) = / H(z,z,y)u(y) dy, for u€ L*(Q), z € Q.
Q
Then for every € > 0 there exists C. > 0 such that the upper bound
2
) < —n/2 _ |.Z‘ — y|
(2.12) |H(z,x,y)| < Ce(Rez) exp{ Re(74(1+6)2)}

holds for all z € C with Rez > 0 and all x,y € Q.

Proof. Since Ap generates a holomorphic semigroup e *27, and the kernel p; (x, )
of the heat semigroup {e *AP} satisfies the Gaussian upper bound (2.4), the
bound (2.12) for z € C with Rez > 0 can be obtained by analytic continuation as
in the proof of Theorem 3.4.8 on page 103 in [24]. O



190 X.T. DuoNG, S. HOFMANN, D. MITREA, M. MITREA AND L. X. YAN

It is important to have bounds on the heat kernel for the complex number z
in the right half plane because, as we shall see momentarily, this estimate im-
plies bounds on the Green function G (z,y) for complex values of A with arg A
arbitrarily small. We now proceed to establish such upper bounds on the Green
function.

Lemma 2.3. Assume that Q@ C R™ is a bounded open set. For each A\ € C\(—o0,0),
let GA(+,-) be the Green function associated with the operator Ap—M\I, i.e., Gx(z,y)
is the integral kernel of the resolvent (Ap — A\I)™1,

(2.13) (Ap — )~ / Ga(z,y)u(y)dy, ue€ L*(), =€ Q.

Fiz 0 < pu < w. Then there exist positive constants C and -y, depending only
on , n and u, such that

(2.14) ’GA x y)| < Ce—7Vlz=yl forallz,y € Q, x #vy,

|z — yl
provided either A =0, or 0 < p < arg\ < 2m — L.

Proof. The existence and uniqueness of the Green function are known from work
in [38]. To deduce the stated bound on the Green function G (x,y) we make use
of the estimates for the heat kernel H(z,z,y) from Lemma 2.2. In the case when
u < arg A < 7, we choose I to be the ray {z € C: z = |z]e?%}, where 6 is chosen
such that 0 < 6 < 5 and p+ 6y > 5. We then have

(2.15) (Ap — AI)~* /e e *AD (2.
r
Hence the kernel G\ (z,y) of (Ap — AI)~! can be written as
(2.16) Ga(z,y) :/eAzH(z,x,y) dz.
r

Since Re (2A) < 0 and |Re (2A)| < C,|zA|, it follows that the bound (2.12) holds.
Thus, for x,y € Q, x # y, we obtain

1
—cilzA —c2
!GA(IB,Z/”SC/e | |—| 7

N EEE=L R
< c/ |Z|n/2 Vg
< Ce 7V IAMz—yl

|Z|n/2
Scew\/uuxfm/ P O7 D mesla—ylr g

0

2|

2|

(2.17) < CemVPlle—yl

EErias

This proves Lemma 2.3 in the case when u < arg\ < 7. The case when m <
arg A < 2m — p is similar. O
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Definition 2.4. A set £ C R"™ is said to satisfy an exterior ball condition at
x € OF if there exist v € S~ ! and r > 0 such that

(2.18) B(z +rv,r) CR"\ E.

Set 7(z) := sup {r > 0 : (2.18) holds for some v € S"~!}, whenever E satisfies an
exterior ball condition at = € JF.

We say that E satisfies a uniform exterior ball condition with radius » > 0
provided
2.1 inf >
(2.19) Jnf r(z) 2,
and the value of r in (2.19) will be referred to as the UEBC constant. We say
that F satisfies a UEBC provided there exists » > 0 with the property that F
satisfies a uniform exterior ball condition with radius r.

The following lemma establishes the Holder continuity of the Green functions.

Lemma 2.5. Let Q C R™ be an open set satisfying a UEBC. Fiz pn € (0,7) and
A € C. Then the Green function Gx(x,y) salisfies the following estimate:

1 A
(2.20) |VyG)\(x,y)| < C{|m — + z \/ZL?|’2 }, Va,yeQ, z#y.

Also, for every a € (0,1), there exist positive constants C and [ such that, for
every x,y1, Y2 € Q with x #y;, j = 1,2, there holds

|GA(£E,ZJ1) - GA(%?D)!

1 |)\|a/2 }

| - S—
(2 21) = C{E?«ée |y1 y2| |.Z‘ — yi|n_2+a |J) — yi|n_2

for all X with largA\| > p > 0. The constant C' depends on the value u, the
dimension n, diam (), and the UEBC constant of ), and 8 depends on p and c.

Proof. Given that (2 satisfies a UEBC, Griiter and Widman have proved (see [38])
that the Green function G(z,y) (:= Go(x,y)) satisfies

(2.22) |V G(z,y Va,y € Q x#uy.

s g

To obtain the bounds for G (z,y), we use the resolvent identity which implies

(223)  Galo) = Gla) + ) [ Glap)Galw2)dz, Yoy, o2y,
Q

Hence by (2.22) and (2.14), we have that for every =,y € Q, x # y,

=7V lz—z] 1
|n : +C|)\|/ dz.

— 7 =y
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To estimate the second term, break the integral over the domain §2 into two parts,
an integral over 2; and an integral over 29, where

(225) Y :={z€Q:|z—2|<|y—z]} and Q2 :={2€Q: |z —2|> |y — 2|}

Corresponding to this, we have

e—"/\/|)\H$—Z‘ 1 e—’y\/l)\\|m—z| 1
/ i dz < 2/ dz
Qq 0

o= =yl o= oy

B 9 o=V M lz—2| ; C 1
2 ST e, o S T
of! Y
and
=7V lz—2| 1 =1V M lz—2| 1
/ n—2 n—1 dZ § 2/ n—2 n—1 dZ
o, 7= 22 [z =y 2= 2" 2=y
(2.27) 2 / e~ TV IAlz—yl 5 < C 1
. < Z2< —
lz—y|"2 Jo, [z—yl"! |z —y["=2 /N

These estimates, in combination with (2.24), show that (2.20) holds. To ob-
tain (2.21), fix z, y1, y2 € Q, with x # y;, j = 1,2, and, without loss of generality,
suppose that | — y1| < |x — y2|. Tt follows from Lemma 2.3 that

2
/T 1
|Ga(z,91) — Galz,y2)| < Czeﬂ Al Iz — a2
- —Yi
(2.28) < Cre=VMie—ml 1
|z — |2

Also, from (2.20) and the Mean Value Theorem we have that

Gata1n) ~ G| = Ol 3 (i + D))

yi|n—1 |J) _yi|n—2

i=1
1 1
2.29 < — —_— A|——————— .
(229) < Calyn —wel{ e + VI s
Therefore, for every a € (0, 1), it follows from (2.28) and (2.29) that
1
GG ) = Gatawa)] < { Colvr = el (1, s + VI o)
|l‘ _ y1|n n
{Cle SRVARNIESSTY 1 }1 “
|J) _ ylln 2
5/~ 1 A2
2.30 < Cyem PVl — g }
( ) > Gze ly1 — y2| |z — gy P2t + |z — g1 |72

This proves (2.21) and completes the proof of Lemma 2.5. m
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Next, we augment the previous result with estimates on the kernels of powers
of the resolvents.

Lemma 2.6. Let Q C R"™ be a bounded open set satisfying a UEBC. Fiz p € (0,7)
and X € C with |larg A\| > u > 0. Then for every o € (0,1) and large enough integer
m €N, (Ap —AXI)™™ has a kernel Ry, m(x,y) which satisfies

(2:31)  [Bam(2,y1) = Ram (2, 2)] < C max A7 755y, — ya| e~ 7Vl

for every x,y1,y2 € Q, © # y1, * # yo. The constant C depends on u, «, the
dimension n, diam (), and the UEBC constant of ), while vy depends on pn and c.

Proof. For all A\ with |argA] > p > 0, it is known (see for instance Theorem 1
on page 37 in [28]) that for all large enough integers m € N (say, for example,
m >n/2), (Ap —AI)~™ has a kernel Ry ,,(z,y) which, for some ¢ > 0, satisfies

(2.32) |Ra (@, y)| < CAT 5 eVl vy e, a4y
To obtain the bounds for Ry, ., (z,y) stated in (2.31), we use the resolvent identity

which implies

239 Benl) = [ Raa@Gaend wye aty
It follows from the above equality and the estimates (2.32) and (2.21) that for
every a € (0,1),
|Rx, ma1(2,51) = By, ey (2, 2)|

= ’/QR,\J,L(x,z)(G)\(z,yl) - G)\(z,yz)) dz‘

" —y2|“/ Y Py T
Q

< OAT™ 2
— | | |Z _ y1|n72+a

2
+ Oy — y2|a/ o—ov/ Pl g=By/Ml—u| A2
Q

|z — y1["—2

4 C|)\|—m+%

m —yz|(*/ Y Py S S
Q

|z — ya| 2t
2
+ Oy — y2|a/ ec\/lx\wzeﬂ\/lx\zw%
Q T — Y207

(2.34) = T4+ +II+1V,

for every z,y1,y2 € Q with x # y; and = # ys.
To estimate term I, we set v := min(c, 5/2) (with ¢ > 0 as in (2.32)), and use
the fact that

lo — 2|4+ |z —y1| > |z —wy| and e 1l < epfz|™*  for all k > 0,
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to obtain

/ e—ev/Plla—z g=By/Plz-ml 1
Q

|Z _ y1|n72+a

< / o VA (le—21+12-311) ,— 1 8y/IN] 201 ! s
Q

|2 — g2t

< e—VRlle=uil / VALY = S S
Q

|z — g |2t

< Clew\/\A||xfy1\|,\|fl+%/efémzfyu;dz
Q

[z — |2t
(2.35) < ChemWRIle—uil |y =145,
This, in turn, gives
(2.36) 1< O\~ tDT8+5 |y — goloe VI lz—ul,

The estimates for II, IIT and IV are similar. Combining all the estimates ob-
tained, (2.31) follows. Hence, the proof of Lemma 2.6 is complete. O

Finally, we prove the following Hélder continuity estimate for the heat kernel
of the semigroup {e~*2P} (see [8]).

Lemma 2.7. Let 2 C R™ be an open bounded set satisfying a UEBC. Then for
each a € (0, 1), there exist positive constants C and ¢ depending only on o and n,
such that the kernel p; a,, (2,y) of the heat semigroup e *AP satisfies the following
Hoélder continuity estimate:

Y1 *y2|>0‘

le—y;|?
(237) |pt7AD (xvyl) — Pt,Ap (%,y2)| < Ct_n/z(gax e ) ( \/I_f

1,2
for allt >0 and z,y1,y2 € Q.

Proof. Fix some small y € (0,7) and for each 0 € [—m,7) \ (—u, ) and R > 0
define

Dy:={re ®:r >R}, Ty:={Re: ¢ c[-m n)\(-0,0)},

2.38 .
( ) I3 :={re??: r > R}.

Furthermore, assume that m € N is a large integer (e.g., m > 22 will do). Then
using the inverse Laplace transform we have that for each fixed z,y € Q, © # vy,
and t > 0,

(m—1)!

(239) Pt,Ap (lﬂ, y) = (71)m 2mitm—1

/ e)\tR/\,m(m’y) dA,
I'r

where

1 |z —yf?

(2.40) R > R(z,y,t) := max{;, 2 } and Tp:=T;UlLUT;3.
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Fix z,y1,y2 € Q such that © # y; and = # yo, as well as ¢ > 0, and choose
R > max{R(z,y1,t), R(x,y2,t)}. Using estimate (2.31) in Lemma 2.6, we obtain
that for some constants C' and v independent of R one has

m—1)!
Dr.ap (2, y1) = pray (@, y2)] = (27%)1/ M (R (,91) — Rom (2, y2) ) dA

it I'n

—C n [e3

S i —y2|“/r eReOD |\t 8+ e mrvINlmul g

R

+ ol —y2|a/r RO | \|=m+5+5 =7/ Wle=al g 5|

R
(2.41) = T+1L

Observe that

tmlil/ (ReOM) |\ =t 5 +5 o=/ Plle—mal g |
I'yul's
C /OOe—c’\Alt(|)\|t)—m+%+%+1e—7\/\kllw—y1\%
= 7F Ja x
C —vVR|z—y1| ,— LRt > —Llds —m44a
< —e e 2 e 2%s 272 ds
tT2 1
(242) S %e—'y\/ﬁ\x—yl e—%C’Rt.
t—=z

2
Using the fact that R > max (1, ‘x_t?jll ), the last term is dominated by

Clenl®
(2.43) el
t7 2

Again we can bound the third term (i.e., [;, ) in the term T of (2.41) by

, Cmtnga d|A
(2.44) %/ o= Rt(Rt) +2+2+1e*7\/§\x7?¥1‘ﬁ.
t7 2 JIA\=R Al

. . . —m+24+g le—v11? . .
This term is clearly dominated by Ct—(*+a)/2 (Rt) mEEEE which, in

light of the fact that —m + § + § + 1 <0, yields the following bound on term I:

(2.45) I< Ct_"/2e_c‘ . (%) , for some ¢ > 0.

Given the goal we have in mind, this is of the right order. Term II is estimated in
a similar fashion. When these estimates are combined, (2.37) follows, completing
the proof of Lemma 2.7. O
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2.2. The Neumann Laplacian

In this subsection we quote without proof from [64] the following estimate for the
spatial derivatives of the heat kernel of the semigroup {e=*A~}.

Lemma 2.8 ([64]). Let Q@ C R™ be a bounded convex domain. Then the heat
semigroup e~ *2N has a kernel p;(x,y) which, for some positive constants C' and c,
satisfies

¢ |z —y|?
(2'46) |v37pthN(‘r’y)| < mexp{ — T}

for allt >0 and all z,y € Q.

Remark. The proof in [64] is based on reflecting Brownian motion.

3. Hardy spaces associated with the Dirichlet and Neumann
Laplacians

Hardy spaces associated with operators were studied by many authors recently,
see for examples [6], [7], [9], [30], [39], [40], [41], [45] and [65]. More specifically, we
refer the reader to [9] for an extensive study of the Hardy space h} () adapted to
an operator L which is either the Dirichlet or Neumann Laplacian on a Lipschitz
domain Q of R™. In this section, we introduce Hardy spaces hf () for the range
0 < p < 1, where L is either the Dirichlet or Neumann Laplacian on a doubling
open subset 2 of R™ which can be regarded as a space of homogeneous type when
equipped with the Fuclidean distance and the n-dimensional Lebesgue measure.
While many of the results in this section are already known from [9] in the case
p = 1, our study here extends the range of p to 0 < p < 1 which is essential for
our work on boundedness of the Green operators. While the estimates for Hardy
spaces hf () with p being close enough to 1 might not be much different from
those of the case p = 1, estimates for the case p being close to 0 need to be carried
out carefully because we have to work with distributions rather than functions. To
overcome this difficulty, we use certain techniques developed recently in [39)].

3.1. Hardy spaces via atoms

Let L be either the operator Ap or Ay on some open subset 2 of R™. The aim of
this section is to define for each index p € (0,1] a Hardy space, h¥ (), associated
with the operator L on . In what follows, we assume that 0 < p < 1 and that

(3.1) MeN and M>[g(%fl>},

where [a] is the integer part of a € R. Let us denote by D(T') the domain of an
unbounded operator T, and by T* the k-fold composition of T with itself, in the
sense of unbounded operators. To simplify notation we shall often just use B for
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B(xg,rg) NQ. Also given A > 0, we shall write AB® for the A-dilated ball, which
is the ball with the same center as B and with radius rxp := A\rp. Set

(3.2) U (B) =B, and U(B):=2"BN\2"'B? forj=1,2,...

Fix a bounded open set Q& C R™ and fix k, € (0,diam(Q2)/10). We first in-
troduce the notion of a local (p,2, M)-atom, 0 < p < 1, associated with a gen-
eral nonnegative, (possibly unbounded) self-adjoint operator L on L?(£2) with do-
main D(L).

Definition 3.1. Let 0 < p < 1. A bounded, measurable function a supported in {2
is called a local (p,2, M)-atom if there exists a ball B of R™ centered in Q (but
not necessarily included in 2) with radius rp < 2diam(€2) such that [|a|| 2@y <
|BNQY271/P and either

(i) rp > Ko; O

(ii) 7 < Ko and a is a (p, 2, M )-atom, that is, there exists a function b € D(LM)
such that a = LMb, supp (L*b) c BNQ, k=0,1,..., M, and

(3:3) || BL)*D|| ey < TR IBNQIMZTYP forall k=0,1,..., M.

(R™)

In the sequel we always assume that x, = 1 which can be arranged via an appro-
priate dilation.

Generally speaking, the elements in the space hP(R™) with p < 1 (see, for
instance, [35] for a definition), are not functions but rather tempered distributions
in R™. A similar phenomenon occurs for the type of Hardy spaces we have in mind,
so it is necessary to introduce an appropriate space of linear functionals prior to
defining these Hardy spaces.

Definition 3.2. If @ > 0 and we consider an integer s > [%], then an L2-
integrable function on  is said to belong to A7*(Q) if

1/2

1 2
Miagror = sw | g [0 @0 e de]
o Ble+2a
o<f;<B1’,xBB)eQ | | Boe
1/2
1 2
rE>laneQ

In the sequel, we will often write bmoz(€2) in place of AOL’l(Q), the adapted space
of functions with bounded mean oscillations on 2.

Remark. We caution the reader that our A® notation differs from the classical one:
the “order of smoothness” of our A}* space is na, not a.

In this case the mapping ¢ +— WHA%S(Q) is a norm and, as such, A7*(Q)
is a normed space. Compared to the classical definition (see, for example, [12]
and [43])) the resolvent (I +r%L)~! plays the role of averaging over the ball, and
the power M > [% (% — 1)] provides the necessary “L-cancellation”.
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Assume that 0 < p < 1 and that a is a local (p,2, M)-atom supported in a
ball B in R™ which is centered at a point in 2 and has radius rg < 2diam(Q2).
When rp < 1, observe that

M

(TQBL)M _ P2 IVM — M!
(I—(1+r30) )" =U+ral) *;)(M_km(

which, together with the condition @ = LMb and the fact that L is self-adjoint,
gives

(3.5) yMr

rpL)

(€ a)| = r5™ (€ (rBL) M)

M
PR — r5 L)~ HMe(2) (r2 —kb(z) dx
<o S| [ - @ I

M
—2M
< Crp § (/
o \J/Bna

1/2
([ 1By ds)
BN
(3.6) < Ol 1/

(= (T +730) ™)) d)

(DN

Above, (-,-) denotes the duality pairing in € which is compatible with the
inner product in L?(Q), and we have used Cauchy—Schwarz’s inequality and the
L?-normalization of a. In the case when g > 1, it is clear that we have

|<£, a>| < C||£HA1L/;>—1,M(Q).

That is, the mapping ¢ — fQ al dz is a bounded linear functional on AlL/pfl’M(Q)
with norm not exceeding a fixed constant C'.

We are now ready to introduce the atomic Hardy space h’i7at7M(Q), for 0 <
p < 1, associated to the operator L, considered to be as before.
Definition 3.3. Given p € (0,1] and M > [%(% —1)], let f € (AlL/pfl’M(Q))*.
An atomic (p, 2, M)-representation of f is a series f = Zj Aja; where the sequence
{1520 belongs to P, a; is a local (p, 2, M )-atom for each nonnegative integer j,
and the sum converges in L?(12). Set

yf,at,]\/f(ﬁ) = {f € L*(Q) : f has an atomic (p, 2, M)—representation},
with the “norm” (it is a true norm only when p = 1), given by
: 1/p : :
Ifllp @) = mf{(Z;iO |)\j|p> f = 22720 Aja; is an atomic
(p, 2, M)—representation}.

The atomic Hardy space hi,at, 2 (€2) is then defined as the completion of the space
ST anar () in (AlL/p_l’M(Q))* with respect to the metric induced by || f]| |y£atyM(Q).

In the above setting the mapping h — ||h||hz£ (s 0 <p <1, clearly fails
to be a norm, but d(h,g) := ||h —gllx» (o) is, nonetheless, a metric. For p =1,
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the mapping h — ||h||hz£ . () is indeed a norm. A straightforward argument

shows that A} ,, 1,(Q) is complete. In particular, A} . ,,(Q) is a Banach space.
It also follows easily from the above definitions that

(37) hzi,at,M2 (Q) g hz[)/,atj\/ll (Q)
if 0 <p<1and My, Ms € N satisfy the condition [%(% — 1] < My < My < oc.

3.2. Hardy spaces via the maximal function

Here the goal is to characterize our previously introduced Hardy spaces by means
of the maximal function. Fix an open, bounded subset € of R™ and consider
an operator L as before. Given a function f € L?(Q), consider the following local
version of the non-tangential maximal operator associated with the heat semigroup
generated by the operator L:

(3.8) Nige nf(z) == sup |e_t2Lf(y)|, x € .
yeQ, ly—z|[<t<1

For 0 < p <1, the space hfy y,  (Q) is then defined as the completion of L?(2)
in the quasi-norm ’

(3~9) HthfL’leoc L@ = ”Nloc,thLP(Q)'

Before stating our first result in this section, we remind the reader of the
definition of the class of Lipschitz domains.

Definition 3.4. Let 2 be a nonempty, proper open subset of R™. Also, fix
zo € 002. Call Q a Lipschitz domain near zg if there exist b,c¢ > 0 with the
following significance. There exist an (n — 1)-dimensional affine variety H C R"”
passing through x¢, a choice N of the unit normal to H, and an open set

(3.10) C =C(xo,H,N,b,c) :={z' +tN: 2’ € H, |2/ —z0| <, |t| <c},
called a local coordinate cylinder near xo (with axis along N), such that

(3.11) CNQ=Cn{z'+tN: 2 € H, t > o)},

for some Lipschitz function ¢ : H — R satisfying

(3.12) o(xo) =0 and |o(z)| <c¢/2 if |2’ —z0| <D

We shall call a bounded open set 2 C R™ a bounded Lipschitz domain if it is a
Lipschitz domain near every point = € 0f2.

Then the following result holds:

Theorem 3.5. Let Q) be a bounded Lipschitz domain in R™ and let L be one of
the operators Ap and An. Then for every 0 < p < 1 and every M € N with
M > [%(% —1)], the spaces B ,, \,(Q) and hY y — (Q) coincide (algebraically
and topologically). In particular,

(3.13) 1Nl

L,at,M

Q) ~ £ 1lne

L,Nioc, h ()
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To prove Theorem 3.5, we need the following lemma. Its proof is similar to
that of Lemma 4.3 in [39] and we omit it here.

Lemma 3.6. Suppose that €2 is an open set in R™ which satisfies the doubling

property (2.7). Let 0 < p <1 and fiz an integer M > [Q—L(% —1)]. Assume that T

is a bounded nonnegative sublinear (resp. linear) operator on L?(Y) which, for
every (p,2, M)-atom a, satisfies

(3.14) |Tall ey < C,

with constant C' independent of a. Then T extends to a bounded sublinear (resp.
linear) operator from Iy . 1,(Q) to LP(), and

(3.15) ITfllze@) < Clfllng ., @)

L

Proof of Theorem 3.5. We proceed in two steps, starting with:
Step 1. Proof of the inclusion of hY ., 1,(Q) € hY n () in the case when M >

[%]. By Lemma 3.6, it suffices to show that there exists C' > 0 such that for
every (p, 2, M) atom a associated to a ball B = B(zp,rp) in R™ centered in 2, we
have

(3.16) [ Noc,nall e () < C.

From condition (2.4) (or (2.5)), we have that Nioena(z) < CMaga(x) for almost
every x € 0, where Mg denotes the Hardy—Littlewood maximal operator on 2.
By Hoélder’s inequality,

(3.17) ”Nloc,ha”ip(@g) < |4B|17p/2||MQa”Z]i2(Q) < C|B|17p/2|\a|\1£2(3) <C.

We now proceed to estimate Nigena(x) with = ¢ 4B by examining several cases.
Introduce € := 2M +n(1— %) > (. To facilitate the subsequent presentation, define

2
(3.18) N f@) = sup [e "L f(y)],
|[z—y|<t
0<t<rp
2
(3.19) N2 f@) = sup e Ef(y),
|[z—y|<t
rp<t<|zr—zg|/4
< _ 42
(3.20) N F@) = sup e P fy)).
|z—y|<t
t>|z—xpl/4

Case 1. 0 < t < rp. In this scenario we note that for z ¢ 4B, if we have
|t —y| <t <|r—ap|/4 and z € B, then necessarily |y — z| > |z — xp|/2. This
permits us to estimate

L2
Nl(olc),ha(m) <C sup / t~" exp ( _ =~ )|a(z)|dz
B

lz—y|<t<1 ct?
0<t<rp
_ xr —xp|? TG
3.21 < (C sup t"ex (f|7)a g < C —.
( ) B 0<t§F:"B P ct? lallzsm < |z —zp »te
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Case 2. rp <t < |x — xp|/4. Since a is a (p,2, M)-atom, we can write a = LMbp
for some b € D(LM) satisfying (ii) and (iii) of Definition 3.1. Tt follows that

6]l 1By < C’r]zg]v[+n(171/p). On account of (2.10) we then have
2
Nodwa(e) = swp ML) ()|

|z—y|<t<1
rp<t<|r—xp|/4

<C sup t_QM/ t‘”exp( u>|b( )| dz
le—y|<t<1 B ct?
rp<t<|zr—zg|/4

—2M—n |J) _‘Z‘B|2
< C|bllziemy sup t exp ( - — )
rp<t<|zr—zg|/4 ct
T2M+n(1—%) e
3.22 <C B_ =C B__
(3:22) T e —ap|prAMHR-D) |z —ap3t

Case 3. t > |x —xp|/4. In this case, t " < Clz —xp| ™" for every z € B, and then
by (2.10) again,

N a(x) = sup  |LMemL(y)
' lz—y|<t<1
t>|z—xpl/4
(3.23) <C sup t Mz —ap|7"|blLim) < CriBzﬁ
t2|z—zp|/4 |z —ap|?

Combining the estimates obtained in Cases 1, 2 and 3, we therefore con-
clude that

(3.24) Nioe,na(z) < 07"73%
|z —xp|?™"

Integrating both sides of (3.24) over Q2 yields (3.16). This concludes the proof of the
fact that the inclusion Y . /() C h] Nioen (Q) is well defined and continuous.

Step 11. Proof of the inclusion hY Nioen (02) € P aean (). To get started, we

first review some preliminary results. Given a function f € L?(Q2), consider the
following local version of the quadratic operator associated with the heat semigroup
generated by the operator L:

B dy dir 1/2
3.25 Sioc, 2Le~t*L 2 , Q.
(3.25) foe,0f (@ //yeQ ly— z\<t| f)l t”+1> ve
Then for every f € L?(),
(3.26) [1S10¢, 0.f|lLr () < Cl[Noe,nfllLr()

The proof of (3.26) follows from an argument analogous to the one given in the
proof of Proposition 19 of [9] for the case p =1 (see also [32], [39] and [40])). We
omit the details but we wish to stress that it is here that we use the fact that € is
a bounded Lipschitz domain.
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Let us recall that, if L is a nonnegative and self-adjoint operator on L?(Q),
and Ey,(A) denotes its spectral decomposition, then for every bounded Borel func-
tion F : [0,00) — C, one defines the bounded operator F (L), mapping L?(2) into
L?(9), by the formula

(3.27) F(L) = /0 T PO dEL (V).

In particular, the operator cos(tv/L) is then well defined and bounded on L?(£2).
Moreover, it follows from Theorem 3 of [21] and conditions (2.4) and (2.5) that
there exists a finite, positive constant cq with the property that the Schwartz kernel
Koy Of cos(tv/L) satisfies

(3.28) supp K17y € {(z,y) € A x Q: |z —y| < cot}.

See also [16] and [61]. By the Fourier inversion formula, whenever F' is an even,
bounded, Borel function with F' € L'(R), we can write F(v/L) in terms of cos(tv/L).
Concretely, by recalling (3.27) we have

(3.29) F(VL) = (2n)~* / h F(t) cos(tV'L) dt,

—o0
which, when combined with (3.28), gives

(3.30)  Kppley) = (27r)_1/ » F)K osyr) (@ y) dt, Va,y e Q.
‘tlzco |z—y|
Above, F denotes the Fourier transform of F.

Going further, we state the following useful result (see Lemma 3.5 in [39]).

Lemma 3.7. Suppose that €2 is an open set in R™ which satisfies the doubling
property (2.7). Let ¢ € C§°(R) be an even function satisfying [ ¢ = 27 and
suppp C (—cgt,cgt), where co is the constant in (3.28). For everym = 0,1,2,...,
set

dm .
(e = Zam®(O) where  (§) = p(0).
Then for every integers k,m = 0,1,2,..., and for every t > 0, the kernel

K yEy2msmaom 1yT) Of (VL) m®(m) (t\/L) satisfies
(3.31) SUpp K (/) 2ntmaom) (1) S {(z,y) eQxQ: |z —y| <t}

Proof. For all k,m = 0,1,2,..., we set ‘1’,(:;) (¢) == (t0)*+md(m)(¢). Using the
definition of the Fourier transform, it can be verified that

—(m) mtr L m) /S
T(s) = () e (),

where we have set 1\ (s) = % (s™¢(s)). Observe that for all numbers x,m =

0,1,2,..., the function \I/ﬁj € . (R) is an even function.
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It follows from formula (3.30) that

K(t\/z)zm+7n(b(’!n)(t\/f) (l‘, y)

n 1 d2r€+m
= (—1)mtE - (s™ K ds.
=1 2m /stZCold(a:vy) ds2r+m (s “’(8)) cos(stvD) (T, 9) 45

Since ¢ € C§°(R) and supp ¢ C (—cy ', cyt), the claim (3.31) follows readily from
this. 0

Next we include a brief review of tent spaces on €2 following [17] (see also [58]).

~

If O is an open subset of €2, then the “tent” over O, denoted by O, is defined as
(3.32) O :={(x,t) € 2 x (0,00) : d(z,0°) > t}.
For a measurable function F' defined on §2 x (0, c0), consider

Y , dydt N\1/?
(3.33) AF (z) 7(/0 /yen,|yx|<t|F(y’t)| 775'39(%0') L zeq.

Given 0 < p < o0, the “tent space” T4 () is defined as the space of measurable
functions F on £ x (0, 00), for which AF € LP(Q2). This space is equipped with the
quasi-norm || F[|zp(qy := [ AF||Lr(q)y. Observe that T3 (Q2) is a Banach space when
p € [1,00), and if 0 < p < oo then T3 (Q) NTH(£2) is dense in T4 (2). A measurable
function A on Q x (0,00) is said to be a T5-atom if there exists a ball B® C Q
such that A is supported in B (defined in (3.32)) and

(3.34) // A(z, 12528 < pop-3.
Qx(0,00) l

By [58] (which extends the results of [17] to the setting of spaces of homogeneous
type), every F € T3 () has an atomic decomposition. For further reference, we
formally state this result below.

Lemma 3.8. Let 2 be an open set in R™ which satisfies the doubling property (2.7)
and let p € (0,1]. Then for every element F € TY(SY), there exist a numerical
sequence {\;}52, and a sequence of T3 -atoms {A;}52 such that

(3.35) F=> NA; in TP(Q)
j=0
and
(3.36) Y NP < ClFIp -
j=0

For a proof, we refer the reader to Theorem 1.2 in [58].
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After this preamble, we begin in earnest the proof of the inclusion h’L’} Nie s (Q)
C Y bar(). Let f € R (Q) N L2(S). For every M > 1, we shall show that
there exist a family of local (p,2, M )-atoms {a;}32 and a sequence of numbers
{Aj}520 such that f can be represented in the form f = Z; o Ajaj, with

p P p p
(637 I e SC §_ T < ClSioenfllEpiey < OWI - o
j=

where C' is independent of f.

Next, let ¢, ¢p, and @ be as in Lemma 3.7; recall that [ ¢ = 27, and thus ®(0) =
$(0) = 1. Using the Faa di Bruno formula (see [63]), we have, for every m € Z,
3.38 s -8 S 1)ym—3 gm—2j m! m—2j
38 e =T 2 w2
where [m/2] denotes the integer part of m/2. The equality (3.38), together with
the fact that

m dm—é

m d[ 5
m m —S
5 dsm ((I) Zz: (m — € 10! dsé(b(s) dsm—L°
=0

shows that

m dm —s? - m—_L—jom—~_0—2j m/! (m —0)!
e CORRDED D D ki (m— )] (m—€—2)j)!j!

(2(mj)éd(1>()) 52

ds’
m 25 )
(3.39) => cr(m, €,5)8') (s)e™*",
(=0 j=0
where
, , ! (m —0)!
4 N o= (—1 m—é—]2m—é—2] m
(3.40) er(m, £,7) = (=1) (m— O (m— € —2j)1]!
and
4 m—j)— dz
(3.41) ol (5) = 52m9) ().

A direct computation based on integration by parts, further shows that for
every M € N, we have

1 J2(M+1) )
2(M+1 —s
(3.42) /0 (s< o (2(s)e ))

[2M+1 m— z]

dt

s=tz1/2 t

2M+1 2M+41—m

Z Z Z CQ(M + 1’m’eaj)‘llél;aﬂrlfm,j(zlp)e_z + (2M + 1)! ’
m=0
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valid for all z # 0 in a sector |argz| < p with p € (0,7), and

(2M +1)!

(3.43) ca(M +1,m, 0, j) = (—U’”m

ca(2M +1—m,¢,j).

Then we have the following result:

Lemma 3.9 (Inhomogeneous Calderén type reproducing formula). For every
M €N and every f € L?(2), we have

1

f = m (fl - f2)7
where
1 d2(M+1) 2 dt
L 2(mM+1) &> - —
(344) fl = /0 (8 d82(M+1) (q)(s)e )) s=tL1/2 t

o(M+1) [2(A4+1) e]

1
; ‘ _2p dt
= > 01(2M+2,€,j)x/0( LMWy iyar (L) Le Crr
= =0

and

OMA1 2M41_m | ZMHm=t]

4 _
(3.45) fa:= Y Z ST M+ 1,m )OS (LY)e
m=0

7=0

Here, c1(2M +2,¢,5) and co(M +1,m, £, j) are the constants in (3.40) and (3.43),
respectively.

Proof. The proof of the lemma is a consequence of (3.39) and (3.42), by making
use of the L?-functional calculus for L([52]), and is omitted here. O

Also, define

2Le—t'L for0 <t <1landyc,
(3.46)  F(yt) = { 1) = Y

for t > 1 and y € Q.

Then supp F C Q x (0,1]. Since f € hY Nioen (Q)NL2(), we have that F € T3 (Q).
By Lemma 3.8, F' has a TZ-atomic decomposition, say

(3.47) F =Y M\A,

where \; € C,

oo

> Wil < ClIFIy ) < CllSioenf o) < CIFly (s

=0
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and A; are TP -atoms, i.e., functions supported in B? and
(3.48) / | As(, ) Pdadt ft < | B3
Qx(0,00)

Therefore, by (3.44)

o(M+1) [2(1\442-1)—2] -
fi= Z 201(2M+2a€aj)/\i
=0 j=0 i=0
! 2 7\ M g, (£) NG dt
X 0 (t L) ‘I’2M+2,j+M+1 (t L) (Ai('at))7
2(M+1) [2(1»14;1)72] -
(349) = Y Y@M 2,4 )N ar i,
=0 j=0 i=0
where we have set
(3.50) agji=L"bg;;
and
. ! 2M 3, (£) VI dt
(3-51) be,ji = o t ‘I’2M+2,j+M+1<t L) (Ai('at))?-

We claim that, up to normalization by a fixed multiplicative constant, the ay ;;’s
are (p, 2, M)-atoms for L. To get started with the proof of the claim, we note that
for every k =0,1,..., M, there holds

1
) dt
(3.52) Lkbé,j,i:/o tzMLk‘I’;J\)4+2,j+M+1<t\/Z) (Al(’t))?

By Lemma 3.7, the integral kernel K
(t2L)k‘Ilgél\)/I+2,j+M+1 (tV/L) satisfies

(tZL)kq]gl;\)/I+2,j+1\l+l(t\/Z)(x’y) of the operator

(3.53) suppK( C{(z,y) €eQxQ: |z —y| <t}

(£)
t2L)k‘1]2M+2, j+M+1(tﬁ)

This, together with (3.32) and the fact that supp A4; C ép, shows that

(3.54) supp (Lkbgdﬂ') C B?,

for every k€ {0,1,...,M}.

To continue, for each ball B{* consider h € L?(B{?) such that [|h||;2(gey = 1. Then
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for every k =0,1,..., M there holds

’ /Q (r, L) be.ji(2)h(x) dm'

— '/ M (5, L) U siar (VD) (Ai( 1) (@)h(x) dmtdt’
Qx(0,00)
<cry! Ai(z,t)(t*L) ‘l/él\)4+2 J+I\/I+1(t\/_)( )(x)’ dmtdt

Qx(0,00)

< C’?“ // )|2dxdt)1/2
Qx(0, oo) t
dx dt\1/2
([ 1D oan VD @) EE)
Qx(0,00) 13

(355) < CrRI (BT v |hll 2y < CrEY|BR| .

Above, the first inequality is obtained by using the condition 0 < t < rp,, the fact
that A; is a T} -atom supported in BiQ and property (3.48). Since h was arbitrary,
this estimate entails || (1%, L)*byj 4l 2(q) < CT%¥|B?|%7%. Together with (3.54)
this shows that each ag,; ; is, up to a fixed multiplicative constant, a (p, 2, M)-atom
for L. This proves our earlier claim.

We now deal with the term f2 in (3.45). Let Qo be the smallest cube contain-
ing 2. We split @ into subcubes, say

2Kn

(3.56) Qo = U Qb

such that each Qf has side-length £(Q}) = 7 (when K is sufficiently large) and

Q} and Qd are disjoint for any 7 # j. Suppose Q},---,Q} are all cubes which
intersect the domain €; then Q@ C UM, Q§. Let {n;}}Y; be a family of smooth
functions satlsfylng n; = 1in Qf, and 1; = 0 outside 2Qj}, for each i, and such that
Zz 1M =1in Q = {z : dist(z,Q) < 1/2}. For each cube Qi we take a point
rg € Qi N Q. Then fy can be further decomposed as

[2M+1 m— z]
2M+1 2M+1—m N

-y Z Z ST e(M A+ 1,m 4 )OS (L) (e )
m=0 =1

[2A4+1 m— e]
2M+1 2M+1—m N

(357) Z Z Z Z’Yz Ay 0,55

m=0 1=

where

(3.58) vi o= |B(agy, 2|7 sup [me " f ()]

yE€2Q)
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and
_ g (2 _
(359) Am,ej,0 = Y4 102(M +1, ma£>])¢é]€4+lfm,j(ljl/2)(m ¢ Lf)
It follows by the spectral theorem that

1_
2

||am’e’jviHL2(Q) < Cyi i e_LfHLZ(Q) = C|BQ(:EQZ')’ 2777,

3 =

since each @} has side-length £(Q}) = ﬁ Then it follows from an argument
as in (3.54) that up to a multiplication by a harmless constant, each an, ¢ ;; is a
(p,2, M) atom with suppam ¢ C BQ(.Z‘Qé, 2). Thus, it remains to check that

> [7ilP < oo. Note that B

(3.60) sup !e_Lf(y)| < min sup !e_Lf(y)|.
yE2QLENQ z€2QHNN yeQ: |z—y|<1

This implies that |v;| < CmianQngQNlomhf(m) and, hence, there holds |y;| <
C 12Q% N QYPNige nf(z) for all z € 2Q% N Q. Consequently, we have |v;[P <
szngQ |Nioe,1.f (2)|” dz. We may write

N N
(3.61) > "< cz/ | Nige,nf(2)] da < c/ |Nioe, nf ()[” da.
i=1 i=172@QN0Q Q

Altogether, this shows that the inclusion by y — (Q) ChY ,; 1, (Q) is well defined
and continuous, thus completing the proof of the theorem. O

As a consequence of the theorem just proved, we may write h’L’}at(Q) in place

of hY ,, 1(Q) for every integer M € N with M > [%;p)]. In fact, Theorem 3.5
suggests making the following definition:

Definition 3.10. Let 2 C R” be a bounded Lipschitz domain. Let L be one of
operators Ap and Ay on €, and assume that 0 < p < 1. The Hardy space k% ()
is then defined as

2 BD(Q) = B (@) =R (), v s [P
(3.62) () = L,at( )= L,at,M( ), > o

Finally, we state the following theorem. Its proof is similar to the case p = 1
treated in Theorem 2.7 of [39] (cf. [41] for a proof in the case p < 1 in a slightly
different context, which may also be adapted to the present setting).

Theorem 3.11. Let 2 C R" be a bounded domain satisfying the doubling prop-
erty (2.7). If 0 < p <1 and o = 1/p — 1, then for every integer M € N with
M > ["(;;p)], A%’M(Q) is the dual space of Iy ,, 1,(Q). That is, each continuous
linear functional on Y ., /() is a mapping of the form h — Z]Oil A Jo ailde,

where £ € AY™M(Q) and h = doiy Ajag € I 4y (D).
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If p = 1, then bmoy () is the dual space of h};at,M(Q). More precisely, if
h= Z]Oil Aja; € h1L7at7M(Q), then

0o k
(363) h}/,at]\/l(Q) Shw E )\jaj = khm E )‘j/ (Zj£ dx
J=1 Jj=1

is a well defined continuous linear functional for each € € bmor, (), whose norm is
equivalent to ||€||pmo, (o). Moreover, each continuous linear functional on hlL_atM(Q)
has this form.

4. Regularity of the inhomogeneous Dirichlet and Neumann
problems in the context of Hardy spaces adapted to the
Dirichlet and Neumann Laplacians

In this section, we assume that € is a bounded semiconvex domain in R™ (a concept
defined in §4.2). The aim is to study the regularity of the inhomogeneous Dirichlet
and Neumann problems in the context of the Hardy spaces hly  (Q) and b} (9),
0 < p <1, respectively.

4.1. Main results

Given an open, bounded subset 2 of R” and f € C°°(f2), we denote by Gp(f) the
unique solution in Wy*(€2) of the inhomogeneous Dirichlet problem

{Au—f in Q,

(4.1) u=0 on 09,

and refer to Gp as the Dirichlet Green operator.

Theorem 4.1. Let ) be a bounded, simply connected, semiconvex domain in R™.
Let Gp be the Dirichlet Green operator for the problem (4.1). Then the operators
0*Gp

alﬂialﬂj ’

(4.2) ij=1,....n,

originally defined on L?(2) N hZD(Q), can be extended to bounded operators from
hiA ,(Q2) to LP(Q) for all 0 < p < 1.

If p=1, then the operators 88;%% ,i,7=1,...,n, are also of weak type (1,1).

Hence by interpolation, they can be extended as operators from L*(Q) N LP(QQ) to
bounded operators on LP(Q) for 1 < p < 2.

Define the Neumann Green operator Gy as the solution operator, mapping
f€C>®(Q) tou=Gp(f) € WH2(Q), for the Neumann problem

{ Au=f inQ,

(43) diu=0 on 09,
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where it is also assumed that fQ f =0 and the solution is normalized by requiring
that [, u = 0. Above, v(z) denotes the outward unit normal to 9Q at = € 99,
and 0, = V - v stands for the normal derivative.

Theorem 4.2. Let Q) be a bounded, simply connected, semiconvex domain in R™.
Let Gy be the Neumann Green operator for the problem (4.3). Then the operators
0*Gy

6x18mj ’

(4.4) ij=1,...,n,

originally defined on {f € L*(Q) N WAL Q)+ [ fdx = 0}, can be extended to
bounded operators from hi\ () into LP(Q) for 0 <p < 1.

If p =1, then the operators %%gj, 1,7 =1,...,n, are also of weak type (1,1).
Hence by interpolation, they can be extended from LP(Q) N LP(Q) to bounded op-
erators on L2(Q) for 1 < p < 2.

The general strategy employed in the proofs of the above theorems is as follows.
To begin with, if Q is a bounded semiconvex domain, then we use the fact that
aii%% extend to bounded operators on L?(Q2). In
2°Gp
Ox;0x;
ciated with the Dirichlet Laplacian Ap, and we then proceed to extend the action
of these operators to hiD (©) for all 0 < p < 1 by establishing appropriate bounds.
The strategy for two derivatives on the Neumann Green operator is similar.

Executing this plan requires that we develop a number of auxiliary tools, many
of which have independent interest. More specifically, we first review geometric
preliminaries, and coercive estimates in the L2-setting. Second, we set up ma-
chinery capable of treating operators which fall beyond the scope of the classical
Calderén—Zygmund theory, along the lines of work in [26], [19] and [5]. This is
essential for establishing LP-boundedness results in the range 1 < p < 2. Third,
estimates for the range 0 < p < 1 are established by making use of the properties
of heat semigroups and the fact that elements of the Hardy spaces hiD (©) and
hIZN (©) have atomic decompositions in which the atoms have cancellation proper-
ties adapted to the operators in question (Dirichlet and Neumann Laplacians).

fori,j =1,...,n, the operators

particular, this allows us to define on individual local (p,2, M) atoms asso-

We wish to emphasize that our approach for estimating singular integrals with
non-smooth kernels is rather flexible since, in principle, it does not differentiate
between Dirichlet and Neumann boundary conditions. In this paper, we could only
obtain regularity of the Neumann Green operators on convex domains instead of
semiconvex domains as in the case of Dirichlet condition, is due to the fact that
for Neumann condition, the gradient estimate for the heat kernels in Lemma 2.8
is known only for convex domains, while for the Dirichlet condition, the gradi-
ent estimate for the resolvents in Lemma 2.5 is known for more general domains
satisfying a uniform exterior ball condition. If one can prove Lemma 2.8 for semi-
convex domains, then the proofs in this paper should give regularity result for the
Neumann Green operators on semiconvex domains.
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4.2. Coercive estimates in semiconvex domains
Here we review a series of definitions and basic results.

Definition 4.3. Let O be an open set in R™. The collection of semiconvex func-
tions on O consists of continuous functions u : @ — R with the property that there
exists C' > 0 such that

2u(z) — u(z + h) —u(x —h) < C|h|?, Vo, h € R with [z — h,z +h] C O.
The best constant C' above is referred to as the semiconvexity constant of w.

Some of the most basic properties of the class of semiconvex functions are
collected in the next two propositions below. Proofs can be found in, e.g., [11].

Proposition 4.4. Assume that O is an open, convexr subset of R™. Given a
function v : O — R and a finite constant C > 0, the following conditions are
equivalent:

(1) w is semiconvex with semiconvexity constant C;
(il) w satisfies
1—-X)

(4.5) u(Ar 4+ (1 = Ny) — du(z) — (1 = Nu(y) < C )\(T

|$ - y|27
for all z,y € O and all X € [0,1];

(iii) the function O 3 z +— u(z) + Clz|*/2 € R is convex in O;

(iv) there exist two functions, uy,us : O — R such that u = uy +wus, uy is conver,
ug € C?(0) and |\V2u2||Loo(@) < C;

(v) for any v € S"~1, the (distributional) second order directional derivative of
u along v, i.e., D2u, satisfies D?>u > C in O, in the sense that

(4.6) /Ou(:c) (Hess,(z)v) - vdx > C/O o(z)dz, Y e C(0), ¢ >0,

wh61 €
)
8$] a.rk <j,k:<n

Hess,, := (

is the Hessian matrixz of the function p;
(vi) the function uw can be represented as u(x) = sup,c;ui(z), * € O, where
{uitier is a family of functions in C*(O) with the property that || V?u;|| (o)
< C for everyi e I;
(vil) the same as (vi) above except that, this time, each function u; is of the form
ui(x) = a; +w; - x + C|x|?/2, for some number a; € R and vector w; € R™.
We also have:

Proposition 4.5. Suppose that O is an open subset of R™ and that the mapping
u: O —= R is a semiconvex function. Then the following assertions hold:

(1) The function u is locally Lipschitz in O.
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(2) The gradient of u (which, by Rademacher’s theorem exists a.e. in O), belongs
to BV,.(O,R").

(3) The function u is twice differentiable a.e. in O (Alexandroff’s theorem).
More concretely, for a.e. point xg in O there exists an n X n symmetric
matriz H, (xo) with the property that

(4.7) lim u(z)—u(x) — (z—0) - Vu(wo) + 27" (Hu(o)(z—0)) - (z—10)

T—To | — @02

equals zero.

Definition 4.6. A nonempty, proper, bounded open subset €2 of R"™ is called
semiconvex provided there exist b, ¢ > 0 with the property that for every zy € 92
there exist an (n — 1)-dimensional affine variety H C R™ passing through z, a
choice N of the unit normal to H, and cylinder C as in (3.10) and some semiconvex
function ¢ : H — R satisfying (3.11)—(3.12).

It is then clear from Proposition 4.5, Definition 3.4 and Definition 4.6 that
bounded semiconvex domains form a subclass of the class of bounded Lipschitz
domains. The key features which distinguish the former from the latter are de-
scribed in the theorem below, which was proved in [53].

Theorem 4.7. Let Q C R™ be a nonempty, bounded, open set. Then the following
conditions are equivalent:

(i) Q is a Lipschitz domain satisfying o UEBC;

(ii) 2 is a semiconver domain;

(iii) Q satisfies a UEBC and 0N is weakly nontangentially accessible. The latter
condition signifies that

(4.8) Vo e o, Ja>0 such that x € yo,o(T),
where
(4.9) Ya,o(z) ={y € Q: |y —z| < (1 + «)dist (y,00)}.

The following coercive estimates in semiconvex domains play a basic role in
subsequent developments.

Theorem 4.8. Let Q C R™ be a bounded semiconvex domain with outward unit
normal v. If the scalar function u € W12(Q) is such that Au € L*(2) and either
u=0 on 9, or d,u =0 on 0N, then actually u € W?2(Q) and

(4.10) ullw22(0) < C(I[AullL20) + ull2@)),

where C > 0 depends only on the Lipschitz character and the uniform exterior ball
constant of Q. Moreover, in either case one also has

(4.11) ||v2u||L2(Q) < C||AUHL2(Q).
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The case when wu satisfies a homogeneous Dirichlet boundary condition has
been known for a while (cf. [1], which builds on the work in [46]) but the case of
the homogeneous Neumann boundary condition has only recently been dealt with
n [54] (for the case of convex domains see [36]). In fact, in the paper just cited,
a much more general result has been proved, in the setting of differential forms.
More specifically, the following theorem appears in [54].

Theorem 4.9. Let Q C R™ be a bounded semiconver domain with outward unit
normal v = (v1,...,v,) identified with the 1-form vidxy + -+ + vpdx,. Fiz
¢ € {0,1,...,n} and assume that w € L*(Q,A") has the property that dw €
L2(Q, A1) and dw € L*(Q, A*~1Y), in a distributional sense, where d and § stand,
respectively, for the exterior derivative operator and its formal adjoint. In addi-
tion, with “A” denoting the exterior product of forms, suppose that v Aw =10 in a
variational sense, i.e., as a functional in the space

W71/2’2(aQ,AZ+1) — <W1/2’2(69,A4+1))*.
Then actually w € W12(Q, AY) and

(4.12) HU}||W1,2(Q$AZ) <C {Hd'UJHLZ(QJ\Z#»I) + H(sw”L?(Q,A’f*l) + Hw”L2(Q,AZ)} ,

for some finite constant C' > 0 which depends only on the Lipschitz character and
the uniform exterior ball constant of €.

Furthermore, if in addition to the background hypotheses made on Q so far, it
is also assumed that b,—;(Q2), the Betti number of order n—{, vanishes, then (4.12)
can be strengthened to

(4.13) vaHLQ(Q) S C {HdeLQ(Q,A‘H’l) + ||5wHL2(Q,A5—1)} .

Theorem 4.8 is, essentially, obtained by specializing Theorem 4.9 to the case
when ¢ =0 and £ = n — 1 (in the latter scenario, an application of the Hodge star
isomorphism is also required).

4.3. The tools: singular integrals and weighted estimates of the spatial
derivative of the heat kernel

The following theorem is Theorem 1 in [26]:

Theorem 4.10. Let T be bounded linear operator from L*(Q) into L?(Q) with Q
satisfying the condition (2.7). Assume that there exists a class of operators Ay,
t > 0, defined on L*(Q) which is represented by kernels a;(xz,y) in the sense that

(a) Ayu(x) = [, ac(x,y)uly)dy for any function w € L*(Q) N LY(Y), and the
kernels ai(x,y) satisfy the following condition:

1
—y|\ntB’
By, VO (1 + 252)"

(4.14) la(x,y)| < Vz,ye Q, Vt>0,8>0.
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(b) The composite operator T(I — A;) has a measurable kernel Ky(z,y), and
there ezist constants C and ¢ > 0 such that

(4.15) / |Ki(z,y)|dz < C, yeQ.
z€Q:|z—y|>eVi

Moreover, the operator T is of weak type (1,1). Hence T can be extended from
L2(Q) N LP(Q) to a bounded operator on LP(Y) for all 1 < p < 2.

4.3.1. Singular integrals. Let 2 be a bounded semiconvex domain in R™ (hence,
a bounded Lipschitz domain satisfying a UEBC) and let L be one of the operators
Ap and Ay on Q. Let V2 denote a generic second order derivative. From Theo-
rem 4.8 it follows that the operator T' = V2L~! is bounded on L?(f2). We use the
formula

(4.16) Tf= /OOo VZe 'k f dt,

in which the integral converges in the strong operator topology on the space of
linear and bounded operators on L?(€2). Indeed, observe that

d

(4.17) / VQe‘thdt:VQL‘l/ Le‘thdt:VQL_l/ E(—e‘“f)dt,
0 0 0

then use the facts that |[e™** f — f|[;2(q) = 0 as t — 0 and |[e™"" f[|;2) — 0
as t — o0.
It follows that the associated kernel of T' is given by

(4.18) / Vipeo(z,y)dt,
0

where p¢ 1, is the kernel of e~ In the sequel, we assume the following condition
(whose validity will be discussed later).

Working assumption: There exists v > 0 such that the analytic semigroup e~**

generated by L has kernels p; 1,(z,y) satisfying the L!-estimate
(4.19) / ’Vf:pt,L(x,yﬂ de < Ct™le ™/t VyeQ,st>0,
€ |z —y|=>V/s

where C' > 0 is a constant independent of y € 2 and s,t > 0.
Then the following proposition holds:

Proposition 4.11. Let Q be a bounded semiconvexr domain in R™ and suppose
that (4.19) holds. Then the operator V2L~ is bounded from h¥ () into LP(Q)
if 0<p<1 and there exists a finite, positive constant C), such that

Furthermore, if p =1 then V2L~ is of weak type (1,1). Hence, by interpolation,
this operator can be extended to a bounded mapping on LP(€)) whenever 1 < p < 2.
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Proof. Set T := V2L~!, assume that 0 < p < 1, and fix an arbitrary f € h% (Q).
Relying on the atomic decomposition results established for the space hf (Q) we
may write

(4.21) f= Z Apap + Z Apip =: fi+ fa,
rp<l rp>1

with

(4.22) > AsIP+ D sl < +oo.
rp<l rp>1

Next, the L2-theory (cf. the discussion at the beginning of this subsection) shows
that for each atom ap supported in a ball B C Q with rg > 1, we have

(4.23) T(ap) € L*(Q) and |T(ap)|r2) < C.

In particular, T'(f2) € L(2) for all 0 < ¢ < 2, plus a natural estimate.

There remains to study the action of 7" on f; (in which case the fact that each
atom supported in a ball B with rg < 1 enjoys an “L-cancellation” property is
going to be essential). By Lemma 3.6, it is therefore enough to show that for each
(p,2, M) atom a, 0 < p < 1, associated to a ball B as in Definition 3.1, one has
T(a) € LP(£2), and

(4.24) 1T (a <C

Moo

with C independent of a. The verification of (4.24) constitutes much of the bulk
of the remaining of the proof. By Holder’s inequality, we can write
(4.25)

IT@} 0 = D[ IT@]"
j=0

)HII)A(UJQ(BQ))’

< BQ 1—p an(l—p) T(a
Ll(UJQ(BSZ)) - | | J:ZO H (

where the annuli US*(B®) are defined in (3.2). Since the operator T' is bounded on
L2(2), we have that for j =0, 1,2,

(4.26) 17 (a < CIB®|"?||a]| 2oy < C|B|'" 7.

)||L1(U§2(Bﬂ))
Fix j > 3. Since
[ee]
(4.27) T(a)=V*L Y a) = 2/ VZe 2 (q) dt,
0
one can write for each j > 3,

|7 (a) ||L1(UJ9(BQ))

(4.28) ng/ﬁB VQ@‘QtL(a)dt‘
0

o0
+2 H / VQe_QtL(a)dt‘
LY (US(B2)) r2 LY(US(B%))

=: 1411
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We first estimate I. Since j > 3, we have that dist (UJQ(BQ),BQ) > 2/=2pp. Thus,
making use of (4.19), we obtain

||v2672tL(a)|

— 2
’Ll(UJQ(BQ)) _/U@(BQ) /BVIth,L(JJ,y)a(y) dy| dx
J

(29 rp)?

Vfcpu,L(ﬂU,y)‘d”'““5C|BI17%fl€*7 =

(429) < ”a”Ll(BQ)/

€Q: |lx—y|>27"2rp

Therefore, for every My > 0,

2
1 [TB t Mo (t _ .
@) <o [ () < Clz B,
0 22]7“3 t

To estimate II, we need the following lemma:

Lemma 4.12. Retain the same background hypotheses as above; in particular,
suppose (4.19) holds. Then for every k € N, there exists v, > 0 such that the k-th

order time derivative gTZ pr..(z,y) of the heat kernel p; 1 satisfies

(4.31) /
T€Q: [z—y|>/s

for ally € Q and s,t > 0, where C' > 0 is a constant independent of y € Q and
s,t > 0.

dF ,
Vi(w pt,L(x,y)) ‘ dr < Ot~ FHDg=mks/t,

Proof. We use the commutativity of the semigroup {e~*"};~¢ to obtain that for
every k € N,

d* o k_—2tL Ay

L 2L (Lopyke2L — ok~ (— - )

g ( )e e g

For each fixed y € Q) this gives

/xesz: le—y|>\/5

= Qk/
2€Q: |o—y| 23

V2 (Gvmstan) o

/Q VipLL(:c, w) (%ptl(w, y)) dw‘ dx

dk

<c 2 £ |dwa
B zeQ: Iar—y|2\/5/weﬂ: lw—y|> %= Vepte ) (dtk prale y)) o
+C Vipirn(x w)(ﬁ (w ))‘dw dx
zeQ: |[z—y|>/s Jwe: |w7y|<£ =P, AT, dtk pe.L Y
: = : )

4.32) = I8N @)+ IZ ).
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For the term Js(}t) (y), we invoke (4.19) and (2.10) in order to write

Js(,lt)(y) <C (/Q ‘Vﬁpt,L(m,w)‘da:)’%pm(w,y) dw

. Vs
we: [w—y| >

(4.33) <ottt /
wed: |w7y|2§

for some v, > 0. On the other hand, observe that if [z — y| > /s and |w — y|
< /s/2, then |z — w| > /s/2. The same argument as above also gives that

Js(i) (y) < Ct=F+De=1m8/t and so the desired estimate readily follows. The proof
of Lemma 4.12 is complete. O

dlc
& )| < O

Back to the proof of Proposition 4.11. Let us consider term II. Pick M, € (%, M)

where M > %;p). Since a = LMb, with the help of Lemma 4.12 we may write

[e%e] dIM
< cC “V2<—e_2tLb>’ dt
= S I FNatM LY (U2 (B2))
00 d]\/[
< C|b Q/ / V2—p,m,y’d:cdt
oy [, (L [V (Grrnaton)] as)

IA

00 B 223:2 It o 11 00 t Mo dt
C [Ibl 1y / e < OBl / (z777) e
B

2
B

(4.34) < C27%Mo|B|'~%,

IN

where in the last inequality in (4.34) we have used the condition M > ”(;—_p).
Collecting the estimates obtained for terms I and II, we arrive at the conclusion
that for every My € (%;p), M) and j > 3,

—25M 1-1
(4.35) HT(a)||L1(U5_2(BQ)) < C27%Mo|p|l=y,
In turn, when combined with the estimates for the case when j € {0, 1,2}, this
gives

(4.36) ||T(a)||ip(ﬂ) <C+ CZ 9i(n(1=p)=2Mop) < (.
j=3
This finishes the proof of (4.24). As a result, T" is bounded from A% () to LP(£2)
for0 <p<1.
We now turn to the proof of the fact that T is of weak type (1,1). The idea is

to make use of Theorem 4.10 above. Consider the composite operator T'(1 — e th),
t > 0, whose associated integral kernel is denoted by K;(z,y). Since

(4.37) T=VL"'= / Ve sl ds,
0
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it follows that
o) t
(4.38) T(I —e ) :/ (Vze*SL — V2e*(5+t)L>ds = / V2e sl ds
0 0

where, in the last step, we have decoupled the integrands and made a change of
variables. Thus, by once again invoking (4.19),

t
/ Rife)ldo < | [ 9pestay)ds] do
z€Q, l[z—y|>Vt z€Q, |lz—y|>Vvt ' JO

t t
(4.39) g/ (/ |v2ps,L(x,y)|dx) ds < C/ sl s < O
0 z€Q, |z—y|>VE 0

for some finite, positive constant C’ which is independent of y € Q and t > 0.
With this in hand, and having already established the L2-boundedness of T,
Theorem 4.10 applies and yields that T is of weak type (1,1). This completes
the proof of Proposition 4.11. O

4.3.2. Weighted estimates of the spatial derivative of the heat kernel.
A key element in the proof of Theorems 4.1 and 4.2 is to verify the “working
assumption” (4.19) and in this section we give a condition on the kernel of T'
guaranteeing that (4.19) holds. We begin by stating the following lemma (see also
Lemma 2.1 in [19]).

Lemma 4.13. Suppose @ C R™ is a bounded open set satisfying the doubling
condition (2.7). Then, for each v > 0 there exists a finite positive constant C.,
which is allowed to depend on =y but which is independent of Q and y € Q, with the
property that

|z—y|?

(4.40) / e dr < Cye B (y, VE)|, Vs >0, V> 0.
x€9»|$*y|2\/§

Proof. We have

o lz—yl? _ o lz—y?
/ e dmfe”s/t/e” t dx
T€Q, |[z—y|>/s Q

o

< 6_73/75/ e ty‘Q dx
B2(y,V/t)

oo

o lz—y?
e VT dx

+ e_"/s/t /
= Jaeq, 2 Vi<jomy| <2ty

< e By, VD] e Y e By, 25 V)
k=0

(4.41) < Cy e B (y, V1)),

by the doubling property of €2 in R™. O
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Note that if L is one of the operators Ap and Ay on 2, then for all v € (0,1/4)
we can apply Lemma 4.13 with s = 0 in order to obtain that the kernel p; 1 (z,y)
of the semigroup et satisfies

2 o le—yl? C
4.42 /p$ zy) e’ T dr < ——2X——, Vye Vt>0.
(4.42) Pl |B2(y, V1)

By Lemma 2.3 in [19], we also have the following weighted estimate for the first
spatial derivative of the heat kernel.

Lemma 4.14. Let Q be a bounded open set in R™. If L = Ap and § satisfies the
doubling property (2.7) or L = Ay and Q has the extension property, then for all

v € (0,1/4), the kernel py 1.(z,y) of the semigroup e~*L satisfies
(443) / |v33pt,L(‘r’y)|26’y‘w7ty‘2 dx < L) Vy € Qa Vit > O)

with a constant C, > 0 dependent on vy, but independent of Q0 ory € Q.
We now prove the following proposition:

Proposition 4.15. Let Q be a bounded domain in R™ and let L be one of the
operators Ap and Ay. Suppose also that when L = Ap then Q also satisfies the
doubling property (2.7), while if L = Ay then Q has the extension property. In
addition, assume that for some v > 0 there exists a positive constant C.,, which is
allowed to depend on v but which is independent of Q) and y € Q, with the property
that the second order spatial derivatives of the heat kernel py 1 (w,y) of et satisfy
the L?-estimate

2
(4.44) / ’prtL T y)‘ eA’

S dr < O, 2By VDT, Yy e Yt > 0.

Then (4.19) holds. More precisely, we have the L!-estimate

(4.45) / (V2pio(z,y)|de < CLtte /B0 Wy e, Vst >0,
lz—y|>\/s

for some positive constant C’; which may depend on ~ but which is independent
of Q and y € Q.

Proof. Fix s,t > 0 and y € Q. Then using Cauchy—Schwarz’s inequality and
Lemma 4.13 we obtain

/ |V2pe,L(z,y)| do
|[z—y[>/s

(/ |prtL x y)|2 vl 7y‘ dx)l/z(/lx_ylz\/ge—“f# dx)1/2

(4.46) < CLt e/,

IN

This concludes the proof of Proposition 4.15. O
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4.4. Proofs of Theorems 4.1 and 4.2

In this section we shall employ Propositions 4.11 and 4.15 in order to prove Theo-
rems 4.1 and 4.2. As already pointed out, VZL~! is bounded on L?(£2) when L is
one of the operators Ap and Ay. The strategy used in the proofs of Theorems 4.1
and 4.2 is to check that either (4.19) or (4.44) holds.

4.4.1. The inhomogeneous Dirichlet problem. Fix a bounded semiconvex
domain  C R™ and recall that p; o, (x,y) denotes the heat kernel of the semi-
group e *A2. Then p; A, (+,y) and their time derivatives %pt,AD (+,y) belong to the
domain of Ap. In particular, p;a, (-, y) € WH2(Q) and so pya,(-,y) = 0 on 99
for every fixed y € Q and Vpi a, (-, y) € L?(R2). Hence, for each fixed y € €, the
function u := py.a, (-, y) € Wy 2(Q) is the unique solution of the inhomogeneous
Dirichlet problem (4.1) with datum f := *%pt,AD(',y), ie.,

{ Au:—%pt7AD(~,y) in Q

(4.47)
u=~0 on 0f2.

Given that Q is a bounded semiconvex domain, it follows from Theorem 4.8 that
u € W22(Q), so that V2p; A, (2,y) € L*(2). Moreover, there exists a constant C
independent of y € Q such that, V¢ > 0,

4.48 H 2 ; ’ H , ’ < Ct By, V)|
(4.48) | Vipran(o9)|| , ) < O|| ZpeanC)]| Lo | |
where the last step uses the estimate

C |z —yl?
4.49 ’ e ( - )7
(4.49) ZPan(@y)] < T v P m

and (4.40). We next prove the following weighted version of estimate (4.48):

Proposition 4.16. Let ) be a semiconvex, bounded open subset of R™. Then for
all v € (0,1/8), there exists a positive constant C.,, dependent on vy, but indepen-
dent of Q ory e Q such that

(4.50) / |V2pe,ap(, y)| e d:c<C’t 2|BQ y,\/_)r1 for all t > 0.
Before we prove Proposition 4.16, we first apply Theorem 4.9 to obtain the
following result:

Lemma 4.17. Let © be a bounded, simply connected, semiconvex, domain in R"™,
and assume that f € L*(Q). Then the unique solution u € Wy >() of the partial
differential equation Au = f in Q belongs to W22(Q) and has the property that for
any 1 € C(R™),

(4.51) /szlvzulzdﬂcg C’/lewlzwu]zd:chC/szfzdx,
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for some finite constant C' > 0 independent of f. Moreover,
(4.52) / |V2u| dz < c/ f*da.
Q Q

Proof. Fix an arbitrary f € L?(Q) along with some ¢ € C°(R"). The fact
that the solution u € I/Vol’2 of the problem Au = f in © belongs to W?22(f)
is contained in Theorem 4.8. Having established that, we next invoke (the last
part of) Theorem 4.9 for the vector field w := ©¥Vu, canonically identified with
a 1-form. Note that w € W12(Q, A!) and

(4.53) vAw =1 Z (v;Ok — vip0j)udx; A dxy, =0,
1<j<k<n
since u = 0 on 02 and v;0), — 1,0; is a tangential differential operator on 9% for

each j, k. Given that we have |¢V?u| < |Vt||Vu| + |Vw|, this yields

(4.54) /Qz/;?\v?u\zdxg c/ﬂ\w\2|w\2dx+c/ﬂ|vw|2dx

< C'/ !V¢|2|Vu|2dx+0/ |(5w|2dx+0/ |dw)|? da.
Q Q Q

On the other hand, since d(Vu) = d?u = 0 and §(Vu) = —Au, we have
(4.55) [ow| < [pAu| + |V||Vu]  and  |dw| < |[Vy||Vu| in Q.

When combined with (4.54) this readily yields (4.51), after recalling that Au = f.
Finally, (4.52) follows from (4.51) by taking ¢ = 1. O

We are ready to prove Proposition 4.16.
Proof of Proposition 4.16. Fix a v € (0,1/8) and y € Q. We apply Lemma 4.17
with

d |- —y|?
(4.56) wi=prap(hy) fi= peap(hy), and i=el 2

to obtain (for some fixed 4" € (0, ’y))

/ |prt AD(x y)| 67

rz—y|?

dl’< _/ |prt AD(x y)| 7 ’ dx

2
2l
o[ [omastcafor

(4.57) = J () + J7 ().

dm

By Lemma 4.14, we have that J}(y) < Ct’2|BQ(y; \/E)\fl. For the term JZ(y),
we use the estimate (4.49) in order to obtain, as in (4.42),

-1

(4.58) J2(y) < Ct2|B%(y; V)|

The desired estimate (4.50) now follows, proving Proposition 4.16. O
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At this stage, it is routine to complete the

Proof of Theorem 4.1. In concert, Propositions 4.16, 4.15 and 4.11 justify Theo-
rem 4.1. O

4.4.2. The inhomogeneous Neumann problem. The proof of Theorem 4.2
follows the lines of the proof of Theorem 4.1 so we will only indicate the main
changes. First, we have the following result (for convex domains, this appears as
Theorem 2.1 in [3]):

Lemma 4.18. Let Q2 be a bounded, simply connected, semiconvexr domain in R™.
Fiz f € L*(Q) with [, fdx = 0 and let u be the unique function in W(Q)
satisfying Au = f in Q, du =0 on 90 and [,udr =0. Then u € W*2(Q) and
for any ¢ € C>*(R"™) there holds

(4.59) /szv?uf < C/Q;w;2|vu;2dx+c/gw2f2dx,

for some finite constant C' > 0 independent of f. In addition, we also have

2 12 2
(4.60) /Q|V ul §C/Qf dx.

Proof. The fact that, under the hypotheses stipulated in the statement of the
lemma, we have u € W%2(Q) follows from Theorem 4.8. Once this has been
established, given a function ¢ € C*°(R"™), we consider the (n — 1)-form w :=
Yé(udry A -+ Adw,) € WH2(Q, A1) or, more explicitly,

n
(4.61) w = z/JZ(fl)jaju dei N ANdxj_i Ndzjer A= ANday,.
j=1

Note that this choice of w ensures that v Aw = ¥(9,u)dxy A~ Adx, =0 on 0.
Also, since do(udzy A -+ ANdxy,) = (Au)dxy A -+ ANdzxy, = fdxy A -+ Adz, and
62 = 0, we obtain

(4.62) [ow] < |VY||[Vu]  and  |dw| < | f|+|VY||[Vu] in Q.

On the other hand, [)V2u| < |V4||Vu| + |Vw| which, in concert with (4.13)
and (4.62), allows us to estimate

/w2|V2u|2dx§ C'/ |V¢|2’Vu|2dm+0/ |Vwl|? da
Q Q Q

IA

c/ |V¢|2|Vu|2d:c+6’/ |6w|2d:c+C/ \dw|? d
Q Q Q

(4.63)

IN

C/ |v¢|2;vu|2dm+c/¢2f2d:c.
Q Q

This proves (4.59) and (4.60) follows by specializing this to the case when ¢ = 1.
O



REGULARITY FOR THE INHOMOGENEOUS DIRICHLET AND NEUMANN PROBLEMS 223

Let us now consider the task of estimating the second order spatial derivatives
of the heat kernel associated with the Neumann Laplacian. First, it follows from
the boundedness of the operators %efm’v = (-D*Ake A~k € {0,1}, on
L?(Q) that the heat kernel py A (-,y) and its time derivative £p A (-, y) belong
to the domain of the operator Ay. In particular, p; ay (-, y) € WH%(Q). When
is a bounded, simply connected, semiconvex domain, it follows from Theorem 4.8

that for each fixed y € , the function u := p; A, (-, y) € W22(Q) is the unique

solution of the Neumann problem (4.3) with f := *%pt,AN('ay), ie.,
o Au=—gpay(sy) g,
d,u=0 on 0f).

In particular, V2p; A (z,y) € L*(Q). Granted Proposition 4.11, the key step in
the proof of Theorem 4.2 is establishing the following result:

Proposition 4.19. Let Q be a bounded, simply connected, semiconver domain
in R". Then there exists v > 0 and a positive constant C, such that for eachy € Q

|z—y|?

(4.65) / |Vfcp,g7A]\,(av,y)|Qe7 T dr < Cvt*2|BQ(y; \/E)rl, for every t > 0.
Q

Proof. The proof is similar to that of Proposition 4.16, using this time Lemma 4.18
in place of Lemma 4.17. We omit the details. O

We finally present the endgame in the

Proof of Theorem 4.2. This is a consequence of Proposition 4.19, Proposition 4.15,
and Proposition 4.11. O

5. Regularity of the inhomogeneous Dirichlet and Neumann
problems in the context of the standard Hardy spaces

For 0 < p <1 we let h?(R™) denote the classical (local) Hardy space in R™. We
consider two versions of this space adapted to an arbitrary open subset {2 of R™.
Let 2(Q) denote the space of C*° functions with compact support in €, and let
2'(9) denote its dual, the space of distributions on . The first adaptation of the
local Hardy space to €2, denoted by h?(€2), consists of elements of 2’(2) which are
the restrictions to € of elements of h?(R™). That is, for 0 < p < 1 we set

h2(Q) := {f € &'(R") : there exists F' € h*(R™) such that F|o = f}
(5.1) = hP(R")/{F € ”*(R") : F =0 in Q},
which is equipped with the quasi-norm
(52) Iz o= inf {IF ey : F € WP(R") such that Flo = f}.

The second adaptation of the local Hardy space to 2, denoted by h2(£2), consists
of distributions f in  with the property that (informally speaking) the extension
of f by zero to R™ belongs to hP(R™).
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More specifically, for 0 < p < 1 we define
(5.3) hE(Q):=hPR™")N{feh?(R"): f=0o0n (Q)°}/{f€h”(R"): f=0 on Q}.

We can identify h?(€) with a set of distributions in 2’(2) which, when equipped
with the natural quotient norm, becomes a subspace of h2(€2) (see [15], [13] and [56]
for more details).

Definition 5.1. Let 2 be an open subset of R” and assume that 0 < p < 1. A
bounded, measurable function a : @ — R is called a type (a) local p-atom if it is
supported on a cube @ C Q with side-length /g < 1 and such that 4Q N9Q = 0,
and which has the property that ||a||z> < |Q|'/?~1/P and fQ a(x)z®*dx = 0 for all
multi-indices « with |a| < [n(1/p —1)].

We call a measurable function a : Q@ — R a type (b) local p-atom provided there
exists a cube @ C R" with the property that a =0 on Q\ @ and for which either
lo > 1,0r 2QNIN = () and 4Q NN # () and the size condition ||a|/z> < |Q|*/2~1/P
(but not necessarily the moment condition) is satisfied.

Various atomic decomposition of Hardy spaces in domains in R™ have been
established in the literature; see [15], [13] and [56]. For example, in the case of
h2(9), the following result holds.

Proposition 5.2. Let Q C R™ be a bounded Lipschitz domain and assume that
n/(n+1) <p<1. Then the following are equivalent:

(i) f € hp(Q);

(ii) f has an atomic decomposition

F= Y. s+ >, b

type (a) atoms type (b) atoms
with
S el Y el <o
type (a) atoms type (b) atoms

5.1. Relations between the Hardy spaces

Suppose that {2 is a bounded semiconvex domain in R" and assume that 25 <p
< 1. In this subsection we explore the interplay between the spaces h2(€2), hiD (Q),
hE(2) and Ry (€2). Tt is known that the operator Ay conserves probability, that
is e *A¥1 = 1 (see Chapter 4 of [57]). From Lemma 9.1 in [39], we have that for

every (p, 2, M)-atom a associated with Ay, we have

(5.4) /Qa(m) dx = 0.

As a consequence,

<p<l1.

(5.5) WA (Q) C hE(Q) C h2(Q)  whenever ni -

We wish to augment this with the following result.
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Proposition 5.3. (i) Let Q be a bounded convexr domain in R™. Then hE(Q) =
PiA () forn/(n+1) <p <1

(ii) Let Q be a bounded semiconver domain in R™. Then hE() = hiy () for
n/(n+1)<p<l1.

Proof. First, based on the regularity of p; a,(x,y) discussed in Lemma 2.8 and
a standard argument (as in, e.g., [60]), whenever n/(n + 1) < p < 1 we have
the inclusion A2(Q2) C A}  (2) on a bounded convex domain € in R™. In concert
with (5.5) this shows that h2(Q) = b}y (Q) if n/(n+1) <p < 1.

Let us now prove the inclusion h2(Q2) € A () for n/(n+1) < p < 1. From
the atomic decomposition in Proposition 5.2 it suffices to prove that if a : Q — R is
either a type (a) local p-atom or a type (b) local p-atom in h2(Q2) with n/(n + 1) <
p <1 (cf. Definition 5.1) then
(5.6) Nige,na(z) := sup |eftADa(y)| € LP(Q2) and [[Ne,nallzro) < C,

yeQ, |ly—z|<t<1
for some finite constant C' > 0 independent of the atom in question. We shall do
so by considering two separate cases.

Case 1. Assume that a : Q@ — R is a type (a) local p-atom. In particular, this
function is supported in a cube @ C Q, of center zg and side-length g < 1, such
that 4Q N0 = (), and which satisfies ||al[z> < |Q[/?7/? and Joalz)dz =0. The
latter condition allows us to write for each fixed = ¢ 4Q)

(5.7) sup |e_tADa(y)|
yeQ, ly—z|<t<1

= sup
yeQ, ly—z|<t<1

/Q (pt.ap (Y, 2) — Pe,ap (Y, 2q))alz) dz|.

Given that n/(n + 1) < p < 1, we may choose the parameter o from Lemma 2.7 so
that a € (n(% —1),1). Using the regularity of p; A, (z,y) established in Lemma 2.7

we obtain from (5.7) that for each = ¢ 4Q),

g()é
- Q
(5.8) sup le"t2Pa(y)| < C ———%—.
yeQ, ly—z|<t<1 |z —zqlte
In turn, this decay estimate gives that || Nioc,nal rr\aq) < C, so this piece is of
the right order. As far as the contribution from 4@ is concerned, we use Holder’s
inequality and the L? theory to estimate it to the same effect. See for example,
Chapter 3 in [60]. This completes the treatment in Case 1.

Case 2. Suppose a : 0 — R is a type (b) local p-atom. Hence, there exists a
cube ) € R", with center zg and side-length f¢, having the property that the
atom in question is supported in @M and for which either g > 1 or 2Q NN = 0
and 4Q N 0N # (. In the latter scenario, pick zg € 4Q N IN. Instead of using the
moment condition of the atom (as we did before) we now make use of the Dirichlet
boundary condition in the form of p; A, (v, 2g) = 0, since zg € 0. Hence,

(5.9) e tA0a(y) = / (Pran (¥, 2) — Py (s 20))alz) d.
Q
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It follows from the regularity of p; A, (z,y) proved in Lemma 2.7 that (5.8) holds.
Then, once again, (5.6) follows. Finally, in the case when fgo > 1, a direct,
crude estimate shows that (5.8) is valid. This completes the proof of the inclusion
hE(2) C by (Q) when n/(n+1) <p < 1.

The identification between the spaces h, () and hj  (€) was proved in The-
orem 1 of [9]. Following a suggestion of the referee, we now prove the inclusion
hiA,(Q2) € h2(Q) for n/(n +1) < p < 1. Let us take an atom a as in Definition 3.1
with support in Q@ N Q with a cube @ centered in Q.

Case 1. In case (i), a is immediately a type (b) local p-atom.

Case 2. In case (ii), one can take M = 1 and write a = Apb for some function
be D(L). If 4Q C Q, then it is a type (a) local p-atom. Indeed, pick ¢ € C§°(Q)
such that ¢ = 1 on 2@ with support in . From the condition b € D(Ap), we
have

/Q aly)dy = /Q a(y)o(y)dy = /Q Vb(y) Vio(y)dy = 0.

If 4Q NI # ), then we may decompose a into a series of type (b) local p-atoms
via a Whitney decomposition as in the proof of Proposition 1.5 in [15]; we omit
the details here. Hence, Theorem 3.11 and Proposition 5.2 may be used in order
to complete the proof of the inclusion hfy (€2) C h2(Q) for n/(n+1) < p < 1.
The proof of Proposition 5.3 is therefore finished. O

Remark 5.4. It should be noted that the proof of the case p € (nLH, 1) in part (ii)
of Proposition 5.3 is also valid for p = 1 and, as such, it simplifies the corresponding
argument in [9]. (We owe this observation to the referee.)

5.2. Main results

The main goal of this section is to establish regularity results for the Green oper-
ators associated with the inhomogeneous Dirichlet and Neumann problems in the
context of the standard Hardy spaces hP(£2) and h2(£2) when n/(n+ 1) <p < 1.

Theorem 5.5. Let Q be a bounded, simply connected, semiconvex domain in R™
and recall that Gp stands for the Green operator associated with the inhomogeneous
Dirichlet problem (4.1). Then the operators

9*Gp
6x18mj ’

(5.10) ij=1,...,n,

originally defined on L*(Q) N P, (), extend as bounded linear mappings from
h2(Q) to h2(Q2) whenever n/(n+1) <p < 1.

Now we state the corresponding result for the Neumann problem.

Theorem 5.6. Let ) be a bounded, simply connected, convex domain in R™ and
recall that Gy stands for the Green operator associated with the inhomogeneous



REGULARITY FOR THE INHOMOGENEOUS DIRICHLET AND NEUMANN PROBLEMS 227

Neumann problem (4.3). Then the operators

0’Gn
alﬂialﬂj ’

(5-11) Z’)j = 17"'7”’
originally defined on {f € LQ(Q)ﬂhZN (Q): [, fdx =0}, extend as bounded linear
mappings from h2(Q) to hE(Q) whenever n/(n+1) <p < 1.

5.2.1. The regularity of the inhomogeneous Dirichlet problem in hP(£2)
on a bounded semiconvex domain. Let ¢ € C§°(B(0,1)) be a nonnegative
radial function with the property that fR” ¢dxr = 1. Given an open set ) C R", for
every point z € Q we denote d(z) := dist(z, Q2°), where Q¢ := R™"\Q. As a preamble
to the proof of Theorem 5.5, we first record the following characterization of the
membership to the space h?(€2) from [56].

Proposition 5.7. Assume that Q0 C R"™ is open. A distribution f is in the Hardy
space h2(), 0 < p < 1, if and only if the radial maximal function

(5.12) fH(x):= sup ’f * ¢t(x)| e LP(Q)
o<t<d(z)/2

belongs to LP(£2).

Proof of Theorem 5.5. The first part of the proof largely follows [62] and we include
it here primarily for the reader’s convenience. Recall that the standard (radial)

fundamental solution the Laplace operator A = Z;‘L=1 5‘? in R™ is given by

(5,13 roy. | TR En=2
' o = ifn >3,

where ¢,, := [(2 — n)wn] 71, and w,, denotes the area of the unit sphere in R™. This
allows us to solve the Poisson problem for the Laplacian in the whole space via
integral operators. Indeed, as is well-known, the Newtonian potential

(5.14) E(f)(x) = / Pa—y)f(y)dy. =<,

Q

satisfies A(E(f)) = f in ©, at least if f is reasonably well-behaved.
Next, let €2 be a bounded semiconvex domain in R". For each y € Q, we let
U(-,y) be the solution of the Dirichlet problem

{ AU(-y) =0 in Q,

(5.15) U(z,y) =T(y —x) for xz € 0.

Then the Green function for Ap on £ (which is the integral kernel of the Dirichlet
Green potential Gp) can be expressed as

(5'16) GD(may) = F(l‘ - y) - U(m,y), T,y €Q, x#y.
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As a consequence, the solution of the inhomogeneous Dirichlet problem (4.1) is
given by the formula

/pry dy—/ru—yﬁ@My—AU@wﬁ@My
(5.17) @)~ U (),

where we have set
(5.18) V()= [ Ve nfe)dy, = e
Q

To prove Theorem 5.5, by Proposition 5.2 it therefore suffices to show that each
atom a € h2(Q) (cf. Definition 5.1) satisfies the estimate

|

(5.19) T,

h”(ﬂ)

with a constant independent of the actual atom. Hence, the discussion naturally
branches out into two separate cases.

Case 1. Assume that a : Q — Ris a type (b) atom supported in a cube Q C R™.
On the one hand, when /g > 1, it follows from the L? theory that (5.19) holds.
On the other hand, if 2Q N 9N = ) and 4Q N IQ # 0, let x¢ be the center of
Q@ and let g be the side-length of the cube Q. In particular, 3¢g/2 < d(zg) <
V/nlg /2. Consider a family of the dyadic cubes {Qg}, which make up a Whitney
decomposition of € (cf., e.g., [60]). It follows that for any = € Q, we have

(5.20) 14 le—zel o Iee —zal
2 2

We claim that if n(% —3) <s< 22 then

(5.21) /Q V2 n(a)@)|*(1+ %)%dl« < it

Let us temporarily assume this claim and show how this is used to obtain (5.19).
The details are as follows. Denoting by 1; be the characteristic function of Qg, we
have

(5.22) V2Gp(a Z V2Gp(a)ly =Y Aeax,
k

where, for each k, we have set

_ VQGD((I)IIC
1 =1 - .
iz =N 26 (@)Ll

(5.23) Mo = Q|7 2||V2Gp(a)

Obviously, ay, is a type (b) atom. Note that s € (n(% — 1), 2£2) and thus 28” > n.
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Based on this, (5.22) and Holder’s inequality, we then obtain

Z|)\k|p = /|V GD k(.r)’zd,r>p |Qk|17%
k

- Czk:{/Qk |ViGD(a)(m)|2(1+ |z 2Q$Q|)2s dm}p/2 y
X (1 + |ka£; $Q|)_ps|Qk|1_g
< C{/Q ’VﬁGD(a)(x)F(l =+ %)28 dx}p/z
oy
(5.24) < ClIRIFTQI"E < +oo,
as desired.

There remains to prove our claim in (5.21). Set Ey := 2Q N Q and, for every
j > 1, introduce
(5.25) Ej={zeQ: 27 d(zq) < |z — 2q| < 2d(zq)}.
Next, pick ¢ € C5°(R™) satisfying p(t) = 0if t < 1/2 or t > 4, and ¢ = 1 if
1 <t < 2. Going further, for j > 1, set ¢;(z) := gp(lxzj_fsl) for each x € R™.
Hence, based on support considerations,

(5.26) pja=0 foreach j>3.

Also, a calculation gives that for each j > 1 we have
A(p;Gp(a)) = (Ap;)Gp(a) +2Ve;V(Gp(a)) + ¢;A(Gp(a))
(5.27) = (Ap;)Gpla) +2Ve;V(Gp(a)) + ¢ja.

Recall from Theorem 4.7 that our domain 2 satisfies a UEBC. Granted this condi-
tion, Griiter and Widman have proved (see [38]) that the Green function Gp(z,y)
associated with the operator Ap obeys the following estimate

(5.28) |Gpﬂcy|+|V Gpﬂcy||m—y|<C# Va,y e Q.

| |n 1’

For each j > 3 we may then estimate

(5.29) /E;WGD |dm</]V2GD( (¢;Gpla ))(m)|2dm

< c/Q |A(;Gpla)) ()] de < O/Q (IGp(a)(Ap)) [ +|Ve; VG p(a)|*) da.

The first inequality uses the fact that ¢;Gp(a) = Gp(A(p;Gp(a))) and ¢; = 1
on Ej. The second inequality is a consequence of (4.11), while the third inequality
relies on (5.27) and (5.26).
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Next, consider
(5.30) / Gp(z,y)a(y)dy for z € supp ;.

For each = € supp¢; and y € Q we have |z — y| ~ 274, and d(y) < Clg, which
when used in combination with (5.28) and the normalization of the atom yields

(5.31) |Gp(a)(x)| < C(QjﬁQ)l_"ﬁgH_%, for z € supp ;.
Similarly,

(5.32) IVGp(a)(z)] < (2j€Q)*”£g+17%, for = € supp ;.
Given that

(5.33) Vsl < CRIQ) and [Agy] < C(2tg) 2,

we may further combine (5.31), (5.32) and (5.33) in order to further estimate the
last term in (5.29) to obtain

(5 (274g)*0 ™ %(ZWQ)_Q"}

V2Gp( dz < C(29¢ 2<1—%>{ +
/E vl S (2tg)" (27tg)”

(5.34) = 27 |7

It can be verified relying on (4.11) and the normalization of the atom that the
above estimate also holds for 7 = 0,1, 2. Ultimately, this permits us to compute

23 |z CBQ| 28 2 lz—20|\ 28
/|V |(1+— Z/ |V2G |(1+7£Q ) dx
oo , .
(535) < ZQj(2s—2—n)|Q|17; _ C|Q|1,;’
§=0
which gives estimate (5.21). This completes the proof of (5.19) in Case 1.

Case 2. Assume that a : @ — R” is a type (a) atom. It is then clear
from (5.5) that, when extended by zero outside of its support, this function satisfies

||a||hp(R”) < C. Given that n/(n+ 1) < p < 1, we therefore obtain
9*E(a 0?E(a) ,
(5.36) H(axzaxjﬂ he(@) HM iy < el ey < G

by classical results in [32] (cf. also [35]). Hence, the proof of (5.19) has been reduced
to showing that for ¢,57 =1,...,n,

0*U(f)

alﬂialﬂj '

(5.37) HHij(a)th(Q) < Cpp, where H;;(f):=
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From (5.15) and (5.18) we know that H;;(a) is a harmonic function in . Conse-
quently, if we now employ Proposition 5.7 in which we take the function ¢ to be
radial, the Mean Value Theorem for harmonic functions gives that

(5.38) (Hij(a))+(x :0<ti1;1(ox)/2'/Hz] Y)oi(r —y dy' |Hij(a) ()]

This, in combination with Proposition 5.7, shows that

| Hij(a) )= H(Hw(a)) ‘ @) 135 (a)l| o) = H axzc‘)mj ‘ Lr(9Q)
9?’Gpla
(5.39) H axzaxj ’ Lr(Q) H O0x;0x; ’ Lr(Q)

For the first term in the last line of (5 39), we once again make use of the results
of [32] in order obtain (recall that =5 <p < 1)

(5.40) <0,

Lp(Rn)

$n'

2
|52

0’E(a
O0x;0x; H ‘

0x;0x;

Lp(Q

Consider the second term in the last line of (5.39). Since 37 < p < 1, Propo-
sition 5.3 applies and gives that a € h2(Q) C A}y (Q) as well as the estimate
Hath @ < llallpe) < ¢, for some ¢ = C(Q n,p) > 0, ﬁnlte constant. By Theo-

rem 4. 1 we therefore see that for all 4,5 =1,2,...,n, and 25 <p <1,
(5.41) |28 <l @ < C
. n || Q|| p? = )
axzamj Lr(Q) — P, hAD(Q) p,n

which suits our purpose. The desired estimate (5.19) now readily follows. Hence,
the proof of Theorem 5.5 is complete. O

5.2.2. The regularity of the inhomogeneous Neumann problem in h?(2)
on a bounded convex domain. We first prove the following result:

Theorem 5.8. Assume that ) is a bounded, simply connected, semiconvex domain
in R™. Then the operators (5.11), originally defined on the space {f € L*(Q2) N
hZN Q) : fﬂfd:n = 0}, extend as bounded linear mappings from hZN (Q) into
h2(Q) whenever n/(n+1) < p < 1.
Proof. For each y € Q, we let V(-,y) be the solution of the Neumann problem
AV(,y) = |Q|71 in Q7

(5.42)

Oy [V (x,y)] = Op(o) [T (z — )] for x € 0.

Then a convenient way of expressing the Green function for Ay in Q (i.e., the
integral kernel of the Neumann Green potential Gy ) is

(543) GN(‘r’y) :F(l‘—y)—V(l‘,y), T,y €Q, v #y.
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The Neumann problem (4.3) has a unique solution, up to an additive constant,
given by the formula

L/Gny dy—/ @—yﬁwwyjéVWWV@ﬁw

(5.44) = E(f)(z) = V(/)(@),

where E(f) is the Newtonian potential introduced in (5.14) and we have set

(5.45) V(f)(a) = / Vi) () dy, xeQ.

Q

To prove Theorem 5.8, by Lemma 3.6 it suffices to show that for every (p, 2, M)-
atom a associated with Ay (cf. Definition 3.1) satisfies

|

4
(5.46) O0x;0x;

C ) b '?b:1?"'7 )
. (p,n), 4] n

with a constant independent of the actual atom. With this in mind, we proceed
as in Case 2 of the proof of Theorem 5.5 and obtain

4D [T =T | i He
Ox;0x; llnk(e) ~ Il Oz, 8963 re) Il Oz, 5‘16] h”(Q Con 89018% h2(Q)
Recall from (5.42) tha t (xj) is harmonic in Q. Hence, an application of Propo-

sition 5.7 in which we take the function ¢ to be radial yields, on account of the
Mean Value Property for harmonic functions, that

(5.48) (gm‘l/c‘)(zjy(m 0<t<d(x)/2’/ 8y18yg Pl _y)dy‘: gx‘ja(;)(x)’

This, in combination with Proposition 5.7, shows that

H 63:16333 hE(Q) H (8@8@) ’ Lr(Q) H 8@8(;1]) ‘ LP(Q)
2 2
(5.49) H gm?@m] ’ Lr(Q) H a@igm] ’ Lr(Q)

, (5.40) holds and this takes care of the first term. Consider
the second term It follows from Theorem 4.2 that

(5.50) HWGN ’ <Chpy, 0<p<1
' Ox;0x; lloe) = 9" p=5
which is of the right order. The desired estimate, (5.46), therefore follows and,
hence, the proof of Theorem 5.8 is finished. O

Finally, it is now easy to complete the

Proof of Theorem 5.6. From (i) of Proposition 5.3 and Theorem 5.8, Theorem 5.6
readily follows. O
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