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Real-variable characterizations of Orlicz—Hardy
spaces on strongly Lipschitz domains of R"

Dachun Yang and Sibei Yang

Abstract. Let €2 be a strongly Lipschitz domain of R, whose complement
in R is unbounded. Let L be a second order divergence form elliptic
operator on L?(2) with the Dirichlet boundary condition, and the heat
semigroup generated by L having the Gaussian property (Gaiam()) with
the regularity of its kernels measured by p € (0, 1], where diam(2) denotes
the diameter of €2. Let ® be a continuous, strictly increasing, subadditive
and positive function on (0, c0) of upper type 1 and of strictly critical lower
type ps € (n/(n+ u),1]. In this paper, the authors introduce the Orlicz—
Hardy space Ha,(§2) by restricting arbitrary elements of the Orlicz—Hardy
space Ho(R™) to © and establish its atomic decomposition by means of
the Lusin area function associated with {e7**};>o. Applying this, the
authors obtain two equivalent characterizations of Hg, »(2) in terms of
the nontangential maximal function and the Lusin area function associated
with the heat semigroup generated by L.

1. Introduction

The theory of Hardy spaces on the n-dimensional Euclidean space R", was origi-
nally initiated by Stein and Weiss in [48]. Later, Fefferman and Stein [20] systemat-
ically developed a real-variable theory for the Hardy spaces H? (R™) with p € (0, 1],
which plays an important role in various fields of analysis; see, for example, [47],
[11], [40], and [46]. Tt is well known that the Hardy space H?(R™) with p € (0, 1]
is a good substitute for LP(R™) in the study of the boundedness of operators; for
example, the classical Riesz transform is bounded on HP(R™), but not on L”(R™)
with p € (0,1]. An important feature of the HP(R™) is their characterizations
in terms of atomic decompositions, which were established by Coifman [12] when
n = 1 and Latter [34] when n > 1 (see also [51]).
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On the other hand, as a generalization of LP(R™), the Orlicz space was in-
troduced by Birnbaum-Orlicz in [7] and Orlicz in [41]; since then, the theory
of the Orlicz spaces themselves has been well developed and these spaces have
been widely used in probability, statistics, potential theory, and partial differential
equations, as well as harmonic analysis and some other fields of analysis (see, for
example, [43], [44], [8], [37] and [26]). Moreover, Orlicz-Hardy spaces are also
suitable substitutes for the Orlicz spaces in the study of boundedness of operators
(see, for example, [27], [50], [29], [31] and [28]). Recall that Orlicz—Hardy spaces
and their dual spaces were studied by Janson [27] on R™ and Viviani [50] on spaces
of homogeneous type in the sense of Coifman and Weiss [14].

It is known that the Hardy spaces HP(R™) are essentially related to the Lapla-
cian

n 82

In recent years, the study of the real-variable theory of various function spaces
associated with different differential operators has inspired great interests (see,
for example, [2], [3], [18], [52], [16], [22], [21], [28], [29], [31], [30], and [53]). In
particular, Orlicz—Hardy spaces associated with some differential operators and
their dual spaces were introduced and studied in [31], [29] and [28].

One important aspect of the development in the theory of Hardy spaces is the
study of Hardy spaces on domains of R™ (see, for example, [39], [10], [9], [49], [4],
[17], [25] and [24]). Especially, Chang, Krantz and Stein [10] introduced the Hardy
spaces H?(€2) and H?(€2) on the domain €2 for p € (0, 1], respectively, by restricting
arbitrary elements of HP(R"™) to €2, and restricting elements of HP(R™) which are
zero outside Q to 2, where here and in what follows, 0 denotes the closure of
in R". We point out that the Hardy spaces H?(Q}) and HP(2), when Q is a
bounded smooth domain of R™ and p € (0, 1], appear naturally in the study of the
regularity of the Green operators, respectively, for the Dirichlet boundary problem
and the Neumann boundary problem in [10] and [9]. For these Hardy spaces,
atomic decompositions have been obtained in [10] when € is a special Lipschitz
domain or a bounded Lipschitz domain of R™. Let Q be a strongly Lipschitz
domain, and let H!(Q) and H!(Q) be defined as in [10]. Auscher and Russ [4]
proved that H!(Q) and H!(f2) can be characterized by the nontangential maximal
function and the Lusin area function associated with {e‘t\/f}tzo, respectively,
under the so-called Dirichlet and the Neumann boundary conditions, where L
is an elliptic second-order divergence operator such that for all ¢ € (0,00), the
kernel of e*X has the Gaussian property (G) in the sense of Auscher and Russ
in Definition 3 of [4] (see also Definition 2.1 below). Moreover, for these Hardy
spaces, Huang [25] established a characterization in terms of the Littlewood—Paley—
Stein function associated with L. Assume that the regularity of the kernel of the
heat semigroup generated by L is measured by p € (0,1]. When Q is a special
Lipschitz domain of R™, p € (n/(n+ u), 1] and L satisfies the Neumann boundary
condition, Duong and Yan [17] gave a simple proof of the atomic decomposition
for elements in H?(§)) via the nontangential maximal function associated with the
Poisson semigroup generated by L.
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Let Q be a strongly Lipschitz domain of R™, whose complement in R" is un-
bounded. Let L be a second order divergence form elliptic operator on L?((2)
with the Dirichlet boundary condition, and the heat semigroup generated by L
having the Gaussian property (Ggiam(q)) with the regularity of its kernels mea-
sured by p € (0,1] (see Definition 2.1 below for the definition), where diam(§2)
denotes the diameter of Q). Let ® be a continuous, strictly increasing, subadditive
and positive function on (0,00) of upper type 1 and of strictly critical lower type
pe € (n/(n+ u),1] (see (2.4) below for the definition of pg). A typical example of
such a function is

O(t) :=tP

for t € (0,00) and p € (n/(n + w), 1]. Motivated by [4], [10], [31], [29] and [50], in
this paper, we introduce the Orlicz—Hardy space Hg, ,(£2) by restricting elements of
the classical Orlicz—Hardy space Hg(R™) to 2, and give its atomic decomposition
by means of the Lusin area function associated with the heat semigroup generated
by L. Applying this, we obtain two equivalent characterizations of Hg -(€2) in
terms of the nontangential maximal function and the Lusin area function associ-
ated with the heat semigroup generated by L. Let H ép (©) be the Hardy space
defined by the Lusin area function associated with the Poisson semigroup gener-
ated by L. As a byproduct, by applying the method used in this paper for the
atomic decomposition of elements in Hg () via the Lusin area function associ-
ated with the heat semigroup generated by L (see Proposition 3.14 below), we also
give a direct proof of the atomic decomposition for all f € H ép (©) in Proposi-
tion 3.17 below, which answers the question asked by Duong and Yan in [17] (see
Remarks (iii), page 485) in the case that p = 1.

To state the main result of this paper, we first recall some necessary notions.
Throughout the whole paper, we always assume that Q is a strongly Lipschitz
domain of R™; namely, {2 is a proper open connected set in R” whose boundary is
a finite union of parts of rotated graphs of Lipschitz maps, at most one of these
parts possibly unbounded. It is well known that strongly Lipschitz domains include
special Lipschitz domains, bounded Lipschitz domains and exterior domains (see,
for example, [4] and [6] for their definitions and properties).

Throughout the whole paper, for the sake of convenience, we choose the norm
on R™ to be the supremum norm; namely, for any

x= (1, T2y ..., ) €ER", x| := max{|z1], ..., |xn|}.

Balls determined by this norm are cubes associated with the usual Euclidean norm
with sides parallel to the axes.

Remark 1.1. Let Q be a strongly Lipschitz domain of R™. Then (2 is a space
of homogeneous type in the sense of Coifman and Weiss [14]. Furthermore, as a
space of homogeneous type, the collection of all balls of 2 is given by the set

{QNQ: cube @ C R" satisfies zg € Q and I(Q) < 2diam(Q)},

where z¢ denotes the center of @, I(Q) the sidelength of @, and diam(2) the
diameter of 2, namely, diam(Q) := sup{|z —y| : =, y € Q} (see, for example, [4]).
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Motivated by [10], we introduce the Orlicz-Hardy space Hg, (€2) as follows.
We first recall the definition of the Orlicz—Hardy space Hg(R™) introduced by
Viviani [50]. Let S(R™) denote the space of all Schwartz functions with the classical
topology and &’'(R™) its topological dual with the weak #-topology. For all f €
S'(R™), let G(f) denote its grand mazimal function (see page 90 of [47]).

Definition 1.2. Let ® be a function of type (po,p1), where 0 < pg < p; <1 (see
Section 2.2 below for the definition of type (po,p1)). Define

Hy(R") = {f e SR / 2(G(f)()) d < oo}

and

ey =t re 0,000 s [ o(HLDYar <1},

In what follows, we shall denote by D(Q2) the space of all infinitely differentiable
Sfunctions with compact support in € endowed with the inductive topology, and
by D'(Q) its topological dual with the weak *-topology, which is called the space of
distributions on €.

Definition 1.3. Let ® be as in Definition 1.2 and let €2 be a subdomain in R™.

A distribution f on € is said to be in the Orlicz-Hardy space He () if f is the

restriction to Q of a distribution F' in Hg(R™); namely,

Ho () :={f €D'(Q): there exists an F € Hy(R") such that F|o = f}
=Hs([R")/{F € Hx(R") : F =0 on Q}.

Moreover, for all f € Hg (), the quasi-norm of f in Hg ,(€2) is defined by
||f||H¢1T(Q) = inf{||FHH¢(Rn) : Fe H¢(Rn) and F|Q = f} s

where the infimum is taken over all F' € Hg(R") satisfying F' = f on .

Remark 1.4. Let p € (0,1]. When ®(¢) := P for all t € (0, 00), the space Hg, (€2)
was introduced by Chang, Krantz and Stein [10]. In this case, we denote the
Orlicz—Hardy spaces Ho(R™) and Hg, . (€2), respectively, by HP(R™) and H? ().

We now describe the divergence form elliptic operators considered in this paper.
The most typical example is the Laplace operator on the Lipschitz domain of R™
with the Dirichlet boundary condition. If € is a strongly Lipschitz domain of R™,
we denote by W1 2(€2) the usual Sobolev space on 2 equipped with the norm

1/2
(1112200 + 1V £ 22e)

where V f denotes the distributional gradient of f. In what follows, Wol’ 2((2) stands
for the closure of C°(Q) in W 2(2), where C°(Q) denotes the set of all C>°(R™)
functions on Q0 with compact support.

If A: R™ — M,(C) is a measurable function, define

[Alloo :=" esssup ~ [A(x)¢ -7,
weR™, [¢]=In|=1
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where M,,(C) denotes the set of all n x n complez-valued matrizes, £, n € C* and 7
denotes the conjugate vector of 1. For all 6 € (0, 1], denote by A(d) the class of all
measurable functions A : R™ — M, (C) satisfying the ellipticity condition; namely,
for all x € R™ and £ € C™,

(1.1) [Allo <071 and R(A(2)€ - €) = dl¢[%,

where above and in what follows, R(A(z)¢ - €) denotes the real part of A(x)¢ - &.
Denote by A the union of all A(S) for § € (0,1].

When A € Aand V is a closed subspace of W 2(Q) containing Wy *(€2), denote
by L the mazimal-accretive operator (see Def. 1.46 in [42] for the definition) on
L2(Q) with D(L) C V the largest domain such that for all f € D(L) and g € V/,

(1.2) <Lﬂg>=/£At®Vf@ﬂ~V9@5d%

where (-,-) denotes the interior product in L?(£2). In this sense, for all f € D(L),
we write

(1.3) Lf = —div(AVf).

We recall the following Dirichlet and Neumann boundary conditions of L from
page 152 of [4]:

Definition 1.5. Let © be a strongly Lipschitz domain and L as in (1.3). The
operator L is said to satisfy the Dirichlet boundary condition (for simplicity, DBC)
if V = Wy ?(Q) and the Neumann boundary condition (for simplicity, NBC) if V =
Wh2(Q).

Let Q be a strongly Lipschitz domain of R™. Recall that for an Orlicz function ®
on (0,00), a measurable function f on 2 is said to be in the space LT(Q) if

/@wme<m
Q

Moreover, for any f € L*(f2), define

I fllze@) = inf{A € (0,00) : / ¢(@) dz < 1}.

Q
If p € (0,1] and ®(¢) =t for t € (0,00), we then denote LT (Q) simply by LP(9).

Definition 1.6. Let ® satisfy Assumption (A) (see Section 2.2 for the definition
of Assumption (A)), let © be a strongly Lipschitz domain of R™ and let L be as
in (1.3). For all f € L*(Q) and z € , let

Na(f)(x) = sup e () ().

y€Q, te(0,2diam(R)), ly—z|<t
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A function f € L2(Q) is said to be in Hg x, () if Ny(f) € L®(€); moreover,
define

. Niu(f)(x)
110,00 = INA () 3y = inf {1 € (0,00) : /ch(f) dz < 1.
The Orlicz—Hardy space Ha n;, (2) is defined to be the completion of the space

fI@N,L(Q) in the quasi-norm || - HHq)YNh(Q).

Remark 1.7. (i) Since ® is of strictly lower type ps (see (2.4) for its definition),
we see that for all f1, fo € Ha n, (),

11+ Ll o) < Il 0 + 1Pl o, 0

(ii) From the completion theorem of Yosida (see page 56 of [55]), it follows that
Hg nr, () is dense in Hg, a, (2); namely, for any f € Hg, i, (£2), there exists a
Cauchy sequence {fr}7>, C Hao, A, () such that

kh—>nolo Ifr = fll#a, u, (2) = 0.

Moreover, if { f}7°; is a Cauchy sequence in Hg, x;, (), then there exists a unique
f € Ho, nr,, (©2) such that

klingo Ifr = fll o, n, (2) = 0.

In what follows, Q(x,t) denotes the closed cube of R™ centered at x and of
the sidelength t with sides parallel to the axes. Similarly, given @ := Q(z,t) and
A € (0,00), we write A\Q for the A-dilated cube, which is the cube with the same
center z and with sidelength \t. For any f € L?(2) and x € €, the Lusin area
functions Sp, and §h associated with {e‘tzL}tzo are respectively defined by

2 du d 1/2
Su(h)() = { /mwe P )

and

. +2 2 dyd 1/2
Sn(f)(x) ::{/W) Ve () ()] m} ’

where TI'(x) is the cone defined by
I(x) :={(y,t) € Q x (0,2diam(Q)) : |y — z| < t}.

Definition 1.8. Let ® satisfy Assumption (A), let Q be a strongly Lipschitz
domain of R™ and let L be as in (1.3). Assume that L satisfies DBC and that
the semigroup generated by L has the Gaussian property (Ggiam(e)). A function

f € L2(Q) is said to be in He, g, () if Su(f) € L®(Q). Recall that

14 1S(Pllre = inf{)\ € (0,00) : / @(W) dz < 1}.

Q
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Furthermore, define
[fll s, s, ) = 1S ()l L2 (-

The Orlicz-Hardy space Hap, s, () is defined to be the completion of Hg, g, () in
the quasi-norm || - HHq)YSh(Q).

If Q is bounded, a function f € L2(Q) is said to be in Ha, s, ao(2) if Si(f) €
L®(Q); moreover, define

(1.5)  flHs, s, a0 @)

||€_d?2L(f)”L1(Q)) - 1}’

=180y + inf {X € (0,00) : & (F——;

where above and in what follows, dq := 2diam(€2) and [|Sy(f)||L* (o) is as in (1.4).
The Orlicz-Hardy space Hg, s, d,(€2) is defined to be the completion of the space
Ef@gh,dn(Q) in the quasi-norm || - |\H¢YS}“dQ(Q).

When €2 is bounded, the Orlicz—Hardy spaces Hy, 5 () and Hy 5 4 () are
defined, respectively, via replacing Sp, by Si in the definitions of Hg g, () and

Hg, s, d0 ().

If © is bounded, by [©2| < co, we know that L?(Q) C L'(Q2), which, together
with the Gaussian property (Ggiam(q)) and Fubini’s theorem, implies that for all

f e L¥Q), em®L(f) € LY(Q). Thus, if f € L*) and Sy(f) € L*(Q), then
HfHHq)Yshde(Q) and ||f||Hq>§ (o) make sense.

In what follows, we denote by Q¢ the complement of Q2 in R™. The main result
of this paper is as follows:

hodo

Theorem 1.9. Let ® satisfy Assumption (A) and let L be as in (1.3). Let 2 be a
strongly Lipschitz domain of R™ such that Q° is unbounded. Assume that L satis-
fies DBC and the semigroup generated by L has the Gaussian property (Ggaiam(o))-

(i) If Q is unbounded, then the spaces
He r(Q), Ho n, (), Hg 5, (@) and He s, (Q)
coincide with equivalent norms.
(i1) If  is bounded, then the spaces

Hg (Q), Ho n, (), Hg Q) and Hgp,s,, do()

»gmdn(

coincide with equivalent norms. Moreover, if, in addition, n > 3 and (G)
holds, then the spaces

H<1>7§,Hdg(9)a H@,S;“dsz(g)a H(b §,L(Q) and H‘I’7S}L(Q)

)

coincide with equivalent norms.
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We first point out that the coincidence between Hg »(2) and Hg, ar, (€2) of
Theorem 1.9 when ®(t) = ¢ for ¢ € (0,00) was already obtained by Auscher and
Russ (see Proposition 19, and Theorems 1 and 20 in [4]).

We also remark that although a strongly Lipschitz domain can be regarded as a
space of homogeneous type, Theorem 1.9 can not be deduced from a general theory
of Hardy spaces on spaces of homogeneous type, since its proof depends on the
geometrical properties of strongly Lipschitz domains and the divergence structure
of the operator L considered.

The following chains of inequalities give the strategy of the proof of Theo-
rem 1.9 (i). For all f € Hg, (Q) N L?(£2), we have

(1.6)  [fll#a, ) Z M0, @ R W lla, 5 @) 2 M llHa s, @) 2 1 fllas, )

where the implicit constants are independent of f. The proof of the first inequality
in (1.6) is standard by applying the atomic decomposition of Hg(R™) established
by Viviani [50] and the relation between Hg ,(£2) and Hg (R™) (see Proposition 3.1
below). We prove the second and the third inequalities, respectively, in Proposi-
tions 3.5 and 3.13 below. We point out that Proposition 3.5 plays an important
role in the proof of Theorem 1.9, and the key step in the proof of Proposition 3.5
is to establish a “good-\ inequality” concerning Ny (f) and Sy (f); see Lemma 3.10
below. To show the last inequality of (1.6) in Proposition 3.14 (i) below, for all
[ € Ha, 5, ()N L2(Q2), we establish its atomic decomposition by using a Calderén
reproducing formula on L?(Q) associated with L (see (3.42) below), the atomic
decomposition of functions in the tent space on 2, and the reflection technol-
ogy related to Lipschitz domains on R™ which was proved by Auscher and Russ
(see page 183 of [4]) and plays a key role in the proof of Theorem 1.9 (see also
Lemma 3.16 below). However, this reflection technology was not necessary in the
study of the Orlicz—Hardy space Hg, »(2) in [54] (see also [4]).

Similar to the proof of Theorem 1.9 (i), the following chains of inequalities
give the strategy of the proof of Theorem 1.9 (ii). Namely, we show that for all
[ € Ho () NL2(Q),

[z, ) 2 W lla, n @) R Ny 5, @ Rt s, ag @) 2 a2

where the implicit constants are independent of f. In this case that €2 is bounded,
the Calderén reproducing formula (3.42) on L?(Q2) associated with L used in the
proof of Theorem 1.9 (i) is never valid. Thus, instead of (3.42), we use a lo-
cal Calderén reproducing formula on L?(Q) associated with L (see (3.72) below).
Moreover, if  is bounded, n > 3 and (G« ) holds, using the fact that the op-
erator L~! is bounded from LP(€) into L9(Q) for some p, ¢ € (1,00) satisfying
1<p<g<ooand % — % = %, which can be proved in a manner similar to the
proof of Proposition 5.3 in [1], we further show that the second term in (1.5) can
be controlled by the Orlicz norm of the Lusin area function Sy (f), which implies
the second part of Theorem 1.9 (ii).

Let @ satisfy Assumption (A), let @ be an unbounded strongly Lipschitz do-

main of R", and let L be an elliptic second order divergence operator on L?(£2)
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satisfying the Neumann boundary condition and the Gaussian property (Goo). As
mentioned above, the Orlicz—Hardy space Hg, .(£2) was introduced in [54] and
its several equivalent characterizations, including the nontangential maximal func-
tion characterization and the Lusin area function characterization associated with
{e’tﬁ}tzo, the vertical and the nontangential maximal function characterizations
associated with {e~'L};>¢, and the Lusin area function characterization associated
with {e~tF};>0, were also obtained therein.

For all f € L?(Q2) and x € , let

se(e = { [

I'(z) :={(y,t) € 2 x (0,00) : |z —y| < t}.

VD 2 dydt 1/2

where

Let
L) = {f € LX) ¢ [l = I1Sp(Hlzrca) < 00}

The Hardy space H§, () is defined to be the completion of ﬁéP(Q) in the
norm || - ||HéP(Q). By applying the method used in the proof of Proposition 3.14 (i)
below, we also give a direct proof for the atomic decomposition of elements in
H ép (©) in Proposition 3.17 below, which gives an answer to the question asked by
Duong and Yan in [17] (see Remarks (iii), page 485) in the case p = 1. (We point
out that the Lusin area function Sp was also given in page 154 of [4] by replacing
|Q(z,t)N Q| by ™. This may be problematic for obtaining some estimates, like the
estimate in line 1 from the bottom of page 164 in [4], by regarding 2 as a space of
homogeneous type when 2 is bounded.)

The layout of this paper is as follows. In Section 2, we first recall some prop-
erties of the divergence form elliptic operator L on R™ or a strongly Lipschitz
domain €2, and then describe some basic assumptions on L; then we describe some
basic assumptions on Orlicz functions and present some properties of these func-
tions. In Section 3, we give the proof of Theorem 1.9.

Finally we make some conventions on notation. Throughout the paper, L al-
ways denotes the second order divergence form elliptic operator as in (1.3). We de-
note by C' a positive constant which is independent of the main parameters, but it
may vary from line to line. We also use C(v, 3,...) to denote a positive constant
depending on the indicated parameters v, 3,... The symbol A < B means that
A< CB. If A< Band B < A, then we write A ~ B. The symbol |s] for s € R
denotes the maximal integer not more than s; Q(z,t) denotes a closed cube in R™
with center © € R™ and sidelength 1(Q) :=t and

CQ(x,t) = Q(z, Ct).

For any given normed spaces A and B with the corresponding norms || - || 4 and
| - Ilg, A C B means that for all f € A, then f € B and ||f|lg < ||f]|la. For
any subset G of R", we denote by G° the set R™ \ G; for a measurable set F,
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denote by xg the characteristic function of E. We also set N := {1, 2, ...} and
Zy :=NU{0}. For any 0 := (01,...,0,) € Z}, let

0]
0] :=61 +---+6, and 9¢:= %.
Oxi' - Oz

For any sets E/, ' C R" and z € R", let

dist (E,F):= inf |z—y| and dist(z, F):= inf |z — z|.
rzeE,yeF rzelk

2. Preliminaries

In Subsection 2.1, we first recall some properties of the divergence form elliptic
operator L on R™ on a strongly Lipschitz domain €2, and then describe some basic
assumptions about L. In Subsection 2.2, we describe some basic assumptions about
Orlicz functions and then present some properties of these functions.

2.1. The divergence form elliptic operator L

Let L be as in (1.3). Then L generates a semigroup {e~L},>¢ of operators that is
analytic (namely, it has an extension to the complex half cone |arg z| < p for some
w € (0,7/2)) and contracting on L?(Q), namely

for all f € L*(Q) and t € (0,00), le™" L2y < || £l

(see, for example, [42] for the details). Also, L has a unique mazimal accretive
square root /L such that —v/L generates an analytic and L?(Q)-contracting semi-

*tﬁ, the Poisson semigroup for L (see, for example, [32]

group { P, };>o with P, := ¢
for details).
Now we recall the Gaussian property of {e_tL}tZO, introduced by Auscher and

Russ (see Definition 3 in [4]), on a strongly Lipschitz domain (see also [5] and [6]).

Definition 2.1. Let € be a strongly Lipschitz domain of R™ and let L be as
in (1.3). Let 8 € (0,00]. The semigroup generated by L is said to have the
Gaussian property (Gg), if the following hold:

(i) The kernel of e~*, denoted by K;, is a measurable function on € x €,
and there exist positive constants C' and « such that for all ¢ € (0, ) and
all z, y € Q,

C ==y
(21) |Kt(l‘,y)| S W e O ;

(ii) For all x € Q and ¢ € (0, 8), the functions

y— Ki(r,y) and y— Ki(y,z)
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are Holder continuous in € and there exist positive constants C' and p € (0, 1]
such that for all ¢ € (0, 8) and z, y1, y2 € Q,

— P

(2:2)  1KuCo, ) — Kl )] + Koo, 2) — Kalyn, )] < oy 2220
Remark 2.2. (i) The assumption (G« ) is always satisfied if L is the Laplacian or
a real symmetric operator (under DBC or NBC) on R™ or on a Lipschitz domain
except under NBC with © bounded (see, for example, [6]).

(ii) The assumption (Go,) implies that for all 8 € (0,00), (Gg) holds. If 3 is
finite, by Lemma A.1 in page 178 of [4] and the properties of semigroups, we know
that (Gg) and (G1) are equivalent.

The following well-known fact is a simple corollary of the analyticity of the
semigroup {e~*F};>0. We omit the details.

Lemma 2.3. Let § € (0,00]. Assume that L has the Gaussian property (Gg).
Then the estimate (2.1) also holds for tO. K.

2.2. Orlicz functions

Let @ be a positive function on Ry := (0,00). The function ® is said to be of
upper type p (resp. lower type p) for some p € [0,00), if there exists a positive
constant C' such that for all ¢ € [1,00) (resp. ¢ € (0,1]) and s € (0, c0),

(2.3) D(st) < CtP O(s).
Obviously, if @ is of lower type p for some p € (0, 00), then
lim ®(t) = 0.

t—0+
Thus, for the sake of convenience, if it is necessary, we may assume that ®(0) = 0.
If @ is of both upper type p; and lower type pg, then ® is said to be of type (po, p1)-
The function ® is said to be of strictly lower type p if for allt € (0,1) and s € (0, 00),

O(st) < tP P(s),
and we define
(2.4) po :=sup{p € (0,00): P(st) < t"P(s) holds for all t€(0,1) and s€(0,0)}.

In what follows, pg is called the strictly critical lower type index of ®. We point
out that if pg is defined as in (2.4), then @ is also of strictly lower type pe (see [29]
for the proof).

Throughout the paper, we always assume that ® satisfies the following assump-
tions:

Assumption (A). Let pu be as in (2.2), and let ® be a positive function defined
on Ry which is of upper type 1 and strictly critical lower type py € (nnTu’ 1]. Also
assume that ® is continuous, strictly increasing, and subadditive.
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Let

n — P — P 4
p€(n+u,1} and ®(t) =t or O(t) =tPIn(e” +1)

for all t € (0,00). Then ® satisfies Assumption (A) with pg = p (see [29] and [35]
for some other examples).
Notice that if ® satisfies Assumption (A), then ®(0) = 0. For any positive

function ® of upper type 1 and pg € ( 1], if we set

_n_
n+p’

D(t) ::/0 gds

S

for all ¢t € [0,00), then by Proposition 3.1 in [50], ® is equivalent to ®; namely,
there exists a positive constant C' such that

C1a(t) < B(t) < C (1)

for all ¢ € [0, 00); moreover, ® is a strictly increasing, subadditive and continuous
function of upper type 1 and strictly critical lower type
_ n
Po =pg € (m,l}.

Notice that all our results are the same for equivalent functions satisfying As-
sumption (A). From this, we deduce that all results with ® as in Assumption (A)
also hold for all positive functions ® of type 1 and strictly critical lower type
Pg € (niuv 1]

Since @ is strictly increasing, we define the function p(¢) on R by setting, for
all t € (0,00),

-1
(2.5) p(t) = i)

where ®~! is the inverse function of ®. Then the types of ® and p have the
following relation: If 0 < pg < p1 < 1 and ® is an increasing function, then ® is

of type (po,p1) if and only if p is of type (pf1 —1,py " —1) (see [50] for the proof).

3. Proof of Theorem 1.9

In this section, we present the proof of Theorem 1.9. To this end, we need some
auxiliary area functions defined as follows. Recall that do := 2diam(€2). Let
a € (0,00), ¢, R € (0,dg) and € < R. For all given f € L*(Q) and z € Q, let

St ={ [

S () ) = /Fe,%)

i > dydt (/2
tVe ()| 0@ 0N }

and

» 2 dydt /2
tVe L(f)(y)’ m} ;
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where above and in what follows, for all z € Q, T'y(x) and 'S () are the cone
and the truncated cone, respectively, defined by

Fo(z) :={(y,t) € 2 x (0,dq) : |y —z| < at}

and
ToR(@) = {(5,0) € Qx (€, R) ¢ Jy— o < at}

for a € (0,00) and 0 < € < R < dg. When o = 1, denote S(f), §;’R’a(f)
and T (x) simply by Sk (f), S;’R(f) and T'(z), respectively.

To show Theorem 1.9, we first establish the following proposition:

Proposition 3.1. Let ® satisfy Assumption (A), let Q be a strongly Lipschitz
domain of R™ and let L be as in (1.3). Assume that the semigroup generated by L
has the Gaussian property (Gaiam()). Then under DBC,

(Ha, () N L*(Q)) C (Ha, n;, (2) N L ()
and there exists a positive constant C' such that for all f € Hg () N L?(),

1l 228, n, 20 < Clifll 24,02

To show Proposition 3.1, we need the atomic decomposition characterization of
the Orlicz—Hardy space Hg (R™) established by Viviani in [50]. To state it, we begin
with the notions of (p, ¢, s)-atoms and the atomic Orlicz—Hardy space H” 9 *(R").

Definition 3.2. Let ® be as in Definition 1.2, let p be as in (2.5), and let ¢ € (0, o0]
and s € Zy. A function a is called a (p, ¢, s)-atom if

(i) suppa C @, where @ is a closed cube of R™;
(1) [lallzaen) < QM p(IQD] ™!
(iii) for all B := (B1, B2, ..., Bn) € Z'y with |B] < s, [g. a( z)z? dz = 0.

Obviously, when ®(t) := ¢ for all t € (0,00), a (p, ¢, s)-atom is just a classical
(1, ¢, s)-atom (see, for example, [47]).

Definition 3.3. Let pg be as in Definition 1.2, let ®, g and p be as in Definition 3.2,

and set
= |n(1/po —1)].

The atomic Orlicz—Hardy space HP % *(R™) is defined to be the space of all distri-
butions f € S'(R") that can be written as f = > .b; in S&'(R"), where {b;}; is
a sequence of constant multiples of (p, ¢, s)-atoms, with the constant depending
on j, such that for each j, suppb; C Q; and

[ID; a(Rm)
Z|Qa|@<|ch|l/H§ ><OO
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Define
Adlits)s) =t € (0.0 310 o(pe) <1)

and
£l ze. o s ey == inf{Aq({b;};)},

where the infimum is taken over all decompositions of f as above.

The notion of (p, ¢, s)-atom and the atomic Orlicz—Hardy space H” % *(R™)
were introduced by Viviani in [50], in which the following lemma was also obtained
(see Theorem 2.1 in [50]):

Lemma 3.4. Let pg be as in Definition 1.2, let ®, g and p be as in Definition 3.2,

and set
= |n(1/po —1)].

Then the spaces Hg(R™) and HP> T *(R™) coincide with equivalent norms.

Now we prove Proposition 3.1 by applying Lemma 3.4.

Proof of Proposition 3.1. Let f € Hg, ()N L*(Q2). By the definition of He (£2),
we know that there exists f € Hg(R™) such that f|Q = f and

(31) 17 1 ey S 16 700

To show Proposition 3.1, we only need to prove that for any constant multiple
of a (p, oo, 0)-atom b supported in the closed cube Qg := Q(zo,r0),

(3.2) /Q BN, (1) (@) da S Qo] B (b))

Indeed, for f € Hg(R"), by Lemma 3.4, there exists a sequence {b;}; of constant
multiples of (p, co, 0)-atoms, with the constant depending on ¢, such that f =
> ;biin S'(R™) and

so({biti) ~ [[f 1l rro (rr)-
Moreover, by the proof of Theorem 2.1 in [50] and (2.15) in Lemma (2.9) of [36],
we know that the supports of {b;}; have the finite intersection property. By this,

fe L), f= >, bi in S'(R™) and f|Q = f, we conclude that f =), b; almost
everywhere on 2, which further implies that

/Q Koo dy = 3 /Q Ko (2, y)bi(y) dy.

From this, we deduce that for all x € ),

:E) < ZNh(b
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By this and the fact that ® is strictly increasing, continuous and subadditive,
if (3.2) holds, we then have

JREGGIEIREED Y RINADIEIREED S X(

where for each i, supp b; C Q;. This, together with the facts that for all A € (0, c0),

Nu(f/X) = Nu(F)/A

and, for each 7,
163/ All ooy = (|03l oo ) /A,
implies that for all A € (0, c0),

/gzq)(Nh(f\)(fﬂ))deZi]Qilq)('biHL;(Rn))

By this and (3.1), we find that

[l Ea. xr, (2 S Doo({bi}i) ~ [flla@n) S 1|, 02);

which, together with the arbitrariness of f € Hg (2) N L*(Q), yields the conclu-
sions of Proposition 3.1.
It is easy to see that for all z € Q,

(3.3) L (b) () = / Koo (2, y)b(y) dy.
QoNQ

Now we show (3.2) by considering the following three cases for Qo:

Case 1) QoN Q = (. In this case, by (3.3), we know that for all x € Q, N}, (b)(z) = 0.
From this, it follows that (3.2) holds.

Case 2) Qo C €. In this case, let @0 := 8Qy. Then we have

(3.4) /Q<1>(j\/h(b)(m))dm:/~ @(Nh(b)(m))der/ =T+ L.

QoNQ (Qo)eNQ

We first estimate I;. For any z € Qo, by (3.3) and (2.1), we see that

M@ < s Kel ) 0] S Pl
yeQ,te(0,dq), lr—y|<t JQ

which, together with the upper type 1 property of @, implies that

(3.5) I < /Q (bl ) d < Qo] @ (6] e rry) -
0
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Now we estimate Ip. Let 2 € (Qo)°N, t € (0,dq) and y € Q satisfy [z —y| < t.
By the moment condition for b and (3.3), we have

(3.6) L (b)(y) = / Kia(y, ) — Ke(y, 20)]b(z) d.
Qo

_n_
n4p’

e_tQL(b)(y) by considering the following two cases for t:

Since pg € ( 1], there exists z1 € (0, 1) such that pe > ;2. Now we estimate

(i) t < %|z — zo|. In this case, let z € Qo. Then
1
|2 = 20| <z =yl +y — 20| < 7]z — o] + |y — wol,
which yields [z — xo| < 3|y — z|. Moreover,

| — xo| > 4ro > 4]z — x0].

Thus, we have

3
|y = 2ol = |z — 2ol = 3|z — ol
which implies that
2 1
3.7) [y — 2l 2 |y = 20| = |z — 20| = Sy — wo| = Fl& — @o].

Thus, by (3.7), (2.1) and (2.2), we obtain

|z — zo|F
. _ . < =7 Ul
|Kt2 (y,Z) Ktz (y,x0)| ~ |J) — .130|"+ﬁ7

which, together with (3.6), implies that

(3.8) |e_t2L(b)(y)| S EEENG

1Bl Lo () -
(ii) t > 1]o — xo|. In this case, by (2.2), we obtain

|z —zol" _ 2 —xol" _ |z — 20|
tnte N g — pg|nte |$_m0|n+ﬁ’

|Kt2 (yv Z) - Kt2 (y71’0)| 5

which, together with (3.6), implies that (3.8) also holds in this case.
By the estimates obtained in (i) and (ii), and the arbitrariness of y € € satis-
fying |z — y| < t, we see that

n—+n

Ni(b)(z) S —0

S P [[B]] oo (rm)
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which, together with the lower type pe property of ® and pgp > 2= 1mphes that

de TnJrﬁ n—1
(39) I, < ) <I>( 7 HbHLooaRn)) ds

7o

SOBlmqary) 7§ | 0 s Qo] (bl e

4rg

Thus, by (3.4), (3.5) and (3.9), we know that (3.2) holds in this case.

Case 3) Qo NOQ # 0. In this case, recall that for any x € Q, ¢t € (0,00) and
y € 09, Ki(x,y) = 0 (see, for example, page 156 of [4]). Take yg € QoNIQ. Then
we find that for any « € Q and t € (0,dq), Ki2(z,y0) = 0, which further implies
that for any = € Q,

e L(b)(x) = / Ko () — Ko (0, 0)] b(y) dy.
QoNQ

The remaining estimates are similar to those of Case 2). We omit the details. This
completes the proof of Proposition 3.1. O

To show Theorem 1.9, we need the following key proposition:

Proposition 3.5. Let &, Q and L be as in Proposition 3.1. Then under DBC,
there exists a positive constant C such that for all f € Hg, zr, () N L2(£2),

th(f)HLCP(Q) <C HfHHé,Nh(Q)'

To show Proposition 3.5, we need Lemmas 3.6 through 3.12.

Lemma 3.6. Let Q be a strongly Lipschitz domain of R™, let L be as in (1.3),
and set

I-(zg,to) :== (Q(x0,7) N Q) X [tog — cr2,t0],

where (xg,to) € Q x (4er?,00), r € (0,00) and c is a positive constant. If
6tut = —Lut

in Iar (o, to), then there exists a positive constant C, depending only on §, ¢ and ¢
n (1.1), such that

(3.10) / V()2 der dt < 92/ g (2)|2 d dt.
I (Io,to) r Iz,(ﬂio,to)

Lemma 3.6 is usually called the Caccioppoli inequality. Its proof is similar to
that of Lemma 3 (a) in [33]. We omit the details.

Remark 3.7. Let Q, L, zq, to, 7, ¢ and u; be as in Lemma 3.4 but with 2 €
(4cr?, 00). Then, by making a change of variables in (3.10), we see that

1 [t
/ / Vg ()2 dar dt < — / / tHuugs ()2 da dt.
t2—cr?2 JQ(z0,r)NQ ™ J\/t2—4er2 JQ(ao,2r)N0
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In [4] (see page 183), Auscher and Russ proved the following geometric property
of strongly Lipschitz domains, which plays an important role in this paper:

Lemma 3.8. Let Q) be a strongly Lipschitz domain of R™. Then there exists a
constant C € (0,1] such that for all cubes Q centered in Q with 1(Q) € (0, c0) N
(0, dql, it holds that |Q N QY| > CQ)|.

In what follows, we denote by B((z,7),r) the ball in R™ x (0,00) with center
(z,7) and radius r; namely,

B((z,7),7) :={(x,t) € R" x (0,00) : max(|z — 2|, |t —7|) < r}.

Lemma 3.9. Let Q) be a strongly Lipschitz domain of R, o € (0,1), ¢, R € (0,dq)
and ¢ < R. Then there exists a positive constant C, depending only on a, Q) and n,
such that for all f € L*(2) and x € 2,

(3.11) S (f)(z) < CL+In(R/e)]2Nu(f) ().

Proof. Fix a € (0,1), 0<e<R<dgandz € Q. Let f € L*() and for all
t e (0,da), ut = e*tzL(f). For all (z,7) € T E(z), let

E(Z,T) = B((Z’T),’VT) N (Q X (Ode)),

where v € (0, 1) is a positive constant which is determined later. By the Besicovitch
covering lemma, there exists a subcollection {E(. ,}; of {E(ZJ)}(Z 1)ers R () such
that

e, R
(312) Fa (.Z‘) - UE(ZJ»TJ') and Z XE(Zja’rj) = M’
J J

where M is a positive integer depending only on n. For each j, we denote E(.,
stmply by E;. Then we have the following two facts for Ej:

(i) For each j, if (y,t) € Ej, then t ~ 1; ~ d;, where d; denotes the distance
from E; to the bottom boundary € x {0}.

Indeed, if (y,t) € E;, we then have (1 —+)7; < t < (1 + ~)7;, which implies
that ¢t ~ 7,. By dj = (1 — v)7;, we see that

iT5)

1
dj <t<(l+y)r=—"d.
I—v
Thus, t ~ d;.

(i) For each j, let
Ej = B((Zj,Tj),g’yTj) N (Q X (O,dQ))

If v € (0,152), then B; C T9/>2R(z).

Indeed, for all (y,t) € Ej, since (zj,7;) € TS f(2), it follows that |y —z;| < 9y7;
and |z — z;| < ar;. By this, we find that

(3.13) |z —y| <z — 2z +|z; —y| < (97 + a)75.
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Moreover, by |t — 7j| < 9v7;, we know that
(1=99)r; <t <(1+99)75,

which implies that 7; < ﬁ if v € (0,1/9). From this and (3.13), it follows that
|z —y| < 9“’+O‘t Thus, to guarantee that E C T'(z), it suffices to choose v €

-
0 Furthermore by the facts that for any j and (y,t) € Ej,

Rl
(1=99)r; <t <(1+99)75,

and € < 7; < R, to ensure that ¢ € (¢/2,2R), it suffices to take v € (0, f5). Thus,

if we choose v € (0, 352], we then conclude that for each j, Ej C T/22R (g),

Now we show (3.11). By the fact that R € (0,dq) and Lemma 3.8, we know
that for all ¢ € (e, R),
|Q(z,t) N Q| ~ t".

From this, (3.12), the above two facts (i) and (ii), and Remark 3.7 (in which, if
7i € (€, %], we choose ¢ty = (1 +’y)7'j, r=~7; and ¢ = % and if 7; € (1+7,d9)

we choose ty = dQ, r=7; and ¢ = and in both cases, we need to choose

e
v € (0,min{Z&, 152}), it follows that

Se R a 2 dy dt dy dt
Bt @~ [ S0P S5 [ iu P

min{(14v)7;, da} du dt
Y
52/ / t|Vut(y)|2t—n
;i /(A=) Q(z5,77)NQ
_, 1
S [ )P dyde

— 7 (m)? /g,

{ S om B+ 0 (P
AT [ mEwners [, e

5/5/2 {/ XQ(OJ)(%Z/) dy}t‘(”“)dt Wi (£)(@))”
~ [1+1In(R/€)] Wa(f) ()],

which implies that
SEe(f) (@) S 1L+ In(R/e)]Y2Ni(f) ().

Thus, (3.11) holds, which completes the proof of Lemma 3.9. O
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Lemma 3.10. Let Q be a strongly Lipschitz domain of R™, let L be as in (1.3),
and let dg := 2diam(Q2). Then there exists a positive constant C such that for all
€ (0,1], A€ (0,00), €, R € (0,dq) with e < R and f € Ha, n;, () N L3(Q),

(3.14) [{w e Qs Sp2(f) (@) > 20, Nu(f)(@) < 32}
<C{ze: SOV () () > A}

We point out that Lemma 3.10 plays a key role in the proof of Proposition 3.5.

The inequality (3.14) is usually called the “good-\ inequality” concerning the maxi-

mal function AV, (f) and the truncated area functions 5; R, 1/20 (f) and 5; B.1/2 (f)-

Proof of Lemma 3.10. To prove this lemma, we borrow some ideas from [3] and [4].
Fix 0 < e < R <dgq, v € (0,1] and X € (0,00). Let f € Ho n, () N L?(Q2) and

O0:={zecQ: 5o 2(f)(x) > A}

It is easy to show that O is an open subset of €.
Now we show (3.14) by considering the following two cases for O:

Case 1) O # Q. In this case, let
(3.15) o=J@nQ)
k
be the Whitney decomposition of O, where {Qy}r are dyadic cubes of R™ with
disjoint interiors and (2Q%) N C O C Q, but
((4Qx) N Q) N (21 0) £ 0.

To show (3.14), by (3.15) and the disjoint property of {Qy}x, it suffices to show
that for all &,

(3.16) |{zeQun: SO V2(f) (@) > 20, Na(f)(2) <A} S A21Qk N QY.

From now on, we fix & and denote by [ the sidelength of Q.
If z € QrNQ, then

(317) S,’;nax{lOlk,e},R,1/20(f)(1') < A\

Indeed, pick z, € (4Q))NQ with 2, ¢ O. For any (y,t) € Qx(0,dg), if [z —y| < %
and t > max{10l, €}, then
t t
|z —yl < lzk — 2 + |z -y <4lk+% <3

which implies that

max{10lg, e}, R max{10lg, e}, R
F1/20{ ko €} (z) C F1/2 {101y, €} ().

By this, we know that
g}inax{lolk,e},R,1/20(f)(x) < g}inax{lolk,e},R,1/2(f)(mk) <\
Thus, the claim (3.17) holds.
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If € > 10lj, by (3.17), we see that (3.16) holds. If € < 10lx, to show (3.16), by
the fact that

and (3.17), it remains to show that

(3.18) Hz e QunF: g(z) > A} <+2Qr N9,

€, 10l1€,1/20(f)

where g := S and

F:={zeQ: Ny(f)(z) <A}
By Chebyshev’s inequality, we see that (3.18) follows from

(3.19) /Q @) da S OAPIQx N

Now we prove (3.19). It is easy to see that F' is a closed subset of €.
If € > 5lj, then by the definitions of ¢ and F', and Lemma 3.9, we have

[ le@Pdes [ WO@P oS GNP FLS (GAIQu 9,
QrNF QrNF

which shows (3.19) in this case.
Assume from now on that € < 5l;. Let

(3.20) = {(y,t) € Q x (e, min{10), do}) : Y(y) < &},
where
(3.21) Y(y) == dist (y, Qx N F).

By the geometric properties of €2, we have

(3.22) /Q la)Pdr s /G ¥ ur(y) 2 dy dt.

Indeed, if © is unbounded, by Lemma 3.8, we know that for allz € Q and t € (0, 00),

Q(z, 1) N Q| ~ [Q(z,1)].

Thus, in this case, we have

Fone = fo e {700 e e o

1/20

< [ [ voun () do} (9w dy

< / V()2 dydt.
G
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That is, (3.22) holds in this case. If 2 is bounded, we first assume that diam(2)
< 10l. Then

dy dt
2 2 Y
g(x dm:/ / _ tVur(y)|” —————= 7 dzx
f o oena= A v g 1V 44 Qo0
QrNF { Fld/‘;g‘(m’ 108, }
5/ {/ tl‘"xmo,l)(izo[m_y]) diﬂ}lwt(y)l2 dy dt
c ‘Ja 3

i 20[ — 4] )
+/G{ﬁ/thQ(0’1)<f> de} (Vi (y)|” dy dt
S [t dyt,
G
which is the desired relation. If © is bounded and diam(2) > 101, then
g < Se diam($2), 1/20(f)

)

which, together with an argument similar to the above, shows that (3.22) also
holds in this case. Thus, (3.22) is always true.
Let

E:={y € Q: there exists t € (¢, min{10l), do}) such that ¢ (y) < 5 }.

Then E C 2Q, N Q. Indeed, if y € E, then there exist ¢t € (e,min{lOlk, da}) such
that (y,t) € G and z € Q) N F such that |z — y| < &. By t < 10l;, we have

20
|z —y| < M = % which implies that £ C 2Q) N .
Let _
G := {(y,t) €0 x (S,mln{401k, dQ}) (y) < t}.

Then for all (y,t) € G,
(3.23) ue(y)| < YA

Indeed, for any (y,t) € G, there exists z € Qy N F such that |z — y| < t with
t € (&, min{40ly, do}), which implies that (y,t) € T'(x). Thus, by the definitions
of F and Ny (f), we have

ur(y)| < Na(f)(@) <A

To finish the proof of Lemma 3.10, we need the following conclusion, which is
just Lemma 3.5 in [54]:

Lemma 3.11. Let
D= {(y,t) € 2 x (¢,100) : ¥(y) < %}
and

Dy = {(y,) € 2 x (5,20l) = ¥(y) < 15},
where 1 is as in (3.21).
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Then there exists { € C°°(Dy) N C(Dy) satisfying that

~ 1
0<C<1, C=1on D, V(0] S for all (yt) € Dy,

and B
supp¢ C Dy U {99 x (%,200) },

where above and in what follows, D, denotes the closure of Dy in R,
Now we continue proving Lemma 3.10 by using Lemma 3.11. Let
Gy = {(y,1) € Q x (§,min{20l), do}) : ¥(y) < 5}
and let gbe as in Lemma 3.11. Let ¢ := Exﬁx(o,dg]- Then

_ 1
(e C=(G1)NC@G), 0S¢ <1, (=1onG, V(0] S 7 forall (3.0) € G,

and
supp( C G1 U {5‘9 X (%,min{QOlk,dQ})} .
Recall that w; := e_tzL(f) for all t € (0,dg). By 0 < (<1,¢(=1on G,
and (1.1), we have
20 [ AVu)Pdyde< [ 0900 dy i
G G1

< o'R tA(y)Vue(y) - Ve (y)C(y, t) dy dt =: 6 'R,
G

where A(y) and § are as in (1.1). Let
Vi [ A Vo) - Tl ) dy
1
For all ¢ € (¢/2,min{20l;, do}) and all y € Q, let G (y) =
C*>(£). By (1.19) in page 23 of [42], we know that for all ¢ €
uy € D(L) € Wy 2(Q),

which, together with ¢, € C*° (), implies that for all ¢ € (0,dq), w(; € WOI’2(Q).
From this, (1.2) and the fact that

atut + 2tLut =0

C(y»t)' Then Ct €
(0,dq),

in L2(), it follows that

(3.25) 1= /G tA(y) Vg (y) - Vg (y)C(y, t) dydt

= / tA(y)Vue(y) - V(@) (y) dydt — / tA(y)Vui(y) - Vi (y)us(y) dydt
Gy G1

_ /G L (y) (W) (y) dy it — I

1 1
=3 Orue (y) (U Ge) (y) dy dt — J =: —5h —J.
G1
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For I, by the fact that 2R((Ou;)u;) = O¢us|? and integration by parts, we
conclude that

1
R= 2 [ o).t dy
G1

1

= 5{/8Gl|u:£(y)|2g(y,t)N(y,t)-(O,O, o, Ddo(y,t) —/Gl|ut(y)|26t§(y,t)dy dt},

where G denotes the boundary of Gy, N(y,t) is the unit outward normal vector
to G1, and do is the surface measure over 9G. This, combined with (3.25), implies
that

1 1
(326) RI= 2RI, — R = Z{/ e () 2OnC (y, ) dy it

1

= [ ) Pew N0 0.0, Dol 1)}
0G1
- [ A V() - V) dy .
By supp ¢ C G U {99 x (§, min{20ly, do})} and the fact that
Ny, t)-(0,...,0,1) =0

on 0 x (5, min{20ly, da}), we obtain

(3.27) /BG lut ()|2¢(y, )N (y,t) - (0,...,0,1) do(y,t) = 0.

From ¢ =1 on G, we deduce that V¢ =0 on G. Thus, by this, (3.26) and (3.27),
we have

1
w-t [ oy, 0y —w / A V) Vo) dyt
(328) = 12 + 13.

First, we estimate Io. By G1 C G and (3.23), we find that for all (y,t) € G1\ G,
lut(y)| < vA. Moreover,

GI\G:{(yvt)GQX (Q?mln{201k), dﬂ}) %<¢(y)< %}
U{(y,1) € 2 x (5, min{20ly, do}) : ¥(y) < &5, § <t < e}
U{(y,t) € Q x (&,min{20ly, do}) : ¥(y) < &, 10, <t < 2004} .

From these observations and the fact that for all (y,¢) € Gy,

IVC(y, 1) <

wl»—l
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we deduce that

(3.20) /G TR0y

dy dt
sov [ 22
GI\G

€ dt 201 dt 207 (y) dt
5(%)2/ {/ —+/ —+/ =hay
m ezt ot Jiop) U
< (YA)?Hal,
where

H, = {y € G : there exists t € ( , min{ 201y, dQ}) such that (y,t) € Gl}.

For all y € Hy, we know that there exists ¢ € (5, min{20lx, do}) such that
(y,t) € G1. From this and the definition of Gq, it follows that there exists x €
Qr N F such that |z —y| < {5 with ¢ € (5§, min{20l), do}). Thus, |z —y| < 2Ix,
which implies that y € (5Qx) N Q. By this, we know that H; C (5Q%) N €2, which,
together with (3.19), implies that

(330)  |L/< /G PR Dl dyd S AP S GNQe0 9

To estimate I3, by the facts that |V((y,t)
lur(y)| < A for all (y,t) € G, we have

(331) [l < / Ve (y)] s ()] dy dt < 42 / Vur(y)| dydt.
GI\G

< % for all (y,t) € Gy and that

| ~

1

Now, we need to show

(3.32) / Vug(y)| dydt < AAQp Q.
Gi\G

For all (y,t) € (G1 \ G) and &1 € (0,1), let
E(y,t) = B((y,t),élt) N (Q X (O,dQ)) s and
E(y,t) = B((y,t),%lt) n (Q X (O,dQ))
Take 01 small enough such that for all (y,t) € (Gy \ G)
E(y,t) C {(y,t) € @ x (£, min{30lx, do}) : 4 <v(y) < L}
U{(y,t)eQx(S,mln{Z%Olk, dQ}) P(y )<2,5<t<2€}
U{(y,t) € @ x (& min{30l;, do}) : ¥(y) < &, 5lp < t < 300} := Goa.

By the Besicovitch covering lemma, there exists a sequence {E(yj,tj) }; of sets which

are a bounded covering of G \ G. Let E; := E,, ;) and E; := E(, . Notice
that for all (y,t) € Ej, t ~ t; ~ r(E;), where r(E;) denotes the radius of E;.
From this, Holder’s inequality, Remark 3.7 (in which, if 7; € (e, 11—%1], we choose

to=(14+01)7j, r =017 and ¢ = %, and if 7; € (1+6 ,dg), we then choose ty = dg,
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r=2017;and ¢ = m; and in both cases, we need ¢; € (0,2/81)), and the fact
that for all j and (y,t) € EJ—, lue(y)| < A, it follows that

633 [ (Vul)l dy
GiI\G
12 ) 1/2
SY [ Vut) dyar s SB[ [Fuit)l dyar)
i E J Ej

gZ|E,—|1/2[r(Ej)]—1{/E_ Iut(y)IQdydt}l/2

dy dt
t

€ dt 30Lk g4 409(y) 4
S {/ —+/ —+/ —}dySVAIHzl,
Hy “Jess t s ¢ 2p(y) ¢

Uy

SHLIBIE)N 0 [

where
Hy = {y € Q) : there exists t € (§,301k) such that (y,t) € Gg}.

Similar to the estimate of Hy, we also have |Ha| S |Qr N 2|, which, together
with (3.33), implies that (3.32) holds. Thus, by (3.31) and (3.32), we see that

L] S (W)?Qr N,
which, together with (3.22), (3.28) and (3.30), implies that (3.19) holds. This
finishes the proof of Lemma 3.10 in Case 1).

Case 2) O = Q. In this case, we claim that Q is bounded. Otherwise, || = cc.
Indeed, if © is unbounded, then diam(§2) = co. By this and Lemma 3.8, we know
that for any cube @) with its center z¢g in €,

1 >1QN0 2|l
which, together with the arbitrariness of @, implies that |2 = oo. Moreover,

from f € Hg (), we deduce that N (f) € L®(Q), which, together with

Lemma 3.9, implies that g}f’R’l/Q(f) € L*(Q). By this and the definition of O,
we have |O] < oo, which conflicts with |O| = || = co. Thus, the claim holds.

By Lemma 3.9, we know that there exists a positive constant C; such that for
all R € (diam(f2),dq) and z € Q,

(3.34) Sem @ B0 1)) < LG () ().

Now we continue the proof of Lemma 3.10 by using (3.34). Without loss of
generality, we may assume that R > diam(€2). Otherwise, we replace R by diam(§2)
in (3.14). If v > C%, then

{z e : SO0 () > 20, Nu(f) (@) <A} < 19| < C3?0] S 210,

which shows Lemma 3.10 in the case that O = Q and v > C%
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If v < C%, by the fact that M, (f)(z) < A for all € F and (3.34), we have
that for any R > diam(Q2) and x € F,

o diam 1
S,f (Q),R,1/20(f)(l,) < CyNL(f)(z) < ;7/\ =\,

which implies that
{re: SPH2 (1) (@) > 20 Mu(f)(x) < 12}
cl{ezeq: SO0 @)y > A Ny(f)(z) < A}
Thus, to finish the proof of Lemma 3.10 in this case, it suffices to show that
[{z e G2 @) > A Nu(H(@) <A} £4°(0).

The proof of this is similar to that of (3.18) with 10l; and Qx N F respectively
replaced by diam(2) and Q. We omit the details. This completes the proof of
Lemma 3.10. O

Lemma 3.12. Let ®, Q and L be as in Proposition 3.1. For all o, § € (0,00),
0<e< R<dq and all f € L*(Q),

/ (50 (f)(2) da ~ / (5070 (f)(x)) dr,
Q Q

where the implicit constants are independent of €, R and f.

The proof of Lemma 3.12 is similar to that of Proposition 4 in [13]. We omit
the details.

Now we show Proposition 3.5 by using Lemmas 3.10 and 3.12.

Proof of Proposition 3.5. Let f € Hg a, () N L?(2). By the upper type 1 and
the lower type pe properties of ®, we know that

@(t)N/()twds

S

for all ¢ € (0,00). From this, Fubini’s theorem and Lemma 3.10, it follows that for
all e, R € (0,dq) with e < R and v € (0, 1],

(3.35) /@(Sf R 1/20 f)(gc)) da

Q
HOIE) q)( ) > &(t)
/ / P dtd /0 TUg;,R,l/QO(f)(t) dt

®(1) <ot
N/ TUN}(f)(’}/t)dt+’Y TUge,R,l/Z(f)(t/Q)dt
0 0 h

1 [ 3(t) < P(t)
< = —7 2 — o~
~ ’7/0 P j\[h(f)(t) dt—f")/ /0 P O'S;,R,l/2(f)(t) dt

1

~z / & (Na(f)(@)) da + / (5 ™ (f) (@) de,
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where
e R, 1/20
U§Z,R,1/2o(f)(t) ={zeq: 5, / (f)(@) > t}].

Furthermore, by Lemma 3.12, (3.35) and §,f R’ 1/2(]") < §J’R(f), we conclude that
for all ¢, R € (0,dq) with e < R and v € (0, 1],

[ oGt n@) o [ @5 @) do
Q

Q

1 2 o R
= / B (N (f)()) di + / (55 °(f) () de,

which, together with the facts that for all A € (0, c0),
Sp /N =8 /A and Nu(f/A) = Na(£)/A,

implies that there exists a positive constant Cs such that

(3.36) /Qq)(m> dz

A
<ot [ @Dy g g2 [ (ST

Take v € (0,1] such that Cyy? = 1/2. Then by (3.36), we see that for all A € (0, ),
SCEN@Y - [ M)
LS00 5 [ 450000

By the Fatou lemma, upon letting ¢ — 0 and R — dg, we find that for any

A€ (0,00),
X ./\[ X

which implies that N
[Sh(F)ll o) S INa(H)llLe@)-
This finishes the proof of Proposition 3.5. O

Proposition 3.13. Let ®, Q) and L be as in Proposition 3.1. Then under DBC,
there exists a positive constant C' such that for all f € L?(),

1Sh(F)llLe@) < C||§h(f)||yb(ﬂ)'

Proof. To show this proposition, we borrow some ideas from [22]. Fix e, R € (0,dq)
with € < R and x € Q. Let f € L*(Q) and, for a € (0, ),

LSf(x) :={(y,t) ER" x (¢, R) : |z —y| < at}.
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Take n € C°(R™ x (0,00)) such that n =1 on ff’R(m), 0<n<1,

suppn C f?f//i B2 (0

and for all (y,t) € I‘g//; 2R( ), [Vn(y.t)] < . By the choice of 1, we see that
for all t € (¢/2,2R), ni(+) :=n(-,t) € C(Q).

In the rest part of this proof, we denote e_tzL(f) by wu; for all ¢ € (0,dq). Then
by (1.19) in page 23 of [42], we know that

for any given ¢ € (0,dq), u; € D(L) C Wy %(Q).
Moreover, by the fact that for all ¢ € (0, dg),
Luy = e 5 (Le‘éL(f)),
and (1.19) in page 23 of [42] again, we know that
Lu; € D(L) € Wy %(9),
which, together with n, € C°°(Q), implies that
for all t € (0,dq), (Lui)n: € Wy ().

From this, (1.2), the facts that 0 < 7 < 1 and 5 = 1 on I'{" *(z), and Hélder’s
inequality, we deduce that

€, _ 27 —t? ? dy dt v
SR (f) (@) = {/1“?3(@ 2Le L (f)(y) m}

<{ [ L HDOPLTT 0 0 g}

5 (@) t|Q(=’E,t)
- dy d 1/2
<{ / e AW ) - VL) (0. 1) o
d d 1/2
+{/1"€/QJR t’A(y)Vut(y)-Vn(y, L (y) tIQ :Eyt tﬁm}
. dydt 1/4
@0 5 { [, TP e

2 2 dy dt 1/4
| /Fe/z angyy [TV E L) m}

3/2

dy dt 1/4
t T —
+ { /Fe/2,2R(x) [tV ue(y)] tQ(x,t) N Q| }

3/2

dy dt 1/4
X t? Lug(y)]|? ———— )
{/F;g’QR(aE)| (W)l t|Q($,t)ﬂQ|}
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For all (z,7) € T5)5 (), let

E(Z,T) = B((Z’T),’VT) N (Q X (Ode)),

where v is a positive constant which is determined later. From the Besicov-
itch covering lemma, it follows that there exists a subcollection {E(Zj,Tj)}j of
{E(ZJ)}(Z Pere/2 2R () such that (3.12) holds in this case. For each j, we denote
) 3/2
E(., -, simply by Ej;. Similar to the facts (i) and (ii) appearing in the proof of
Lemma 3.9, we have the following two facts for Ej:
(i) For each j, if (y,t) € Ej, then t ~ d; ~ r(E;), where d; and r(E;) denote,
respectively, the distance from FE; to the bottom boundary Q x {0} and the
radius of Ej.

(ii) For each j, let
Ej = B((2,7;),977;) N (2 x (0, dg)).
If v € (0,1/54), then E; c Ty *F(x).
For all t € (0,dgq), let v; := Le 'L (f). Then we see that
at"Ut + LUt =0.

Thus, from Remark 3.7 (in which, if 7; € (e, i—ﬂv],
and ¢ = %, and if 7; € (1+ ,dq), we choose tg = dg, r =y7; and ¢ = W; and

in both cases, we need to choose v € (0,1/54)), we deduce that for each j,

we choose tg = (147)7;, r =775

2 1 2
/ V(L) ) dy S /E L) dy e

J

By this, the above facts (i) and (ii), and (3.12), we conclude that

) > dydt 2 2 dydt
/Fe/g,% VLW 50 nal SZ/E VELW oG s
4

i) 2
Z@M ))ﬂQI/ £V (L) (y)|? dydt

E;)?
< zj: |Q(£E (& )QQ|/ t|Lut(y dydt

1 / 3 2 dy dt
~ _ t?Lu(y)| ——————=
2T EE Js, PO Tow
dy dt
< 2L 2 ayar
~/r;/4vw<x>| "Wl gt nrar

which, together with (3.37), implies that

SER() (@) S [SP 22y @)] 2 [S M 2 () @)] 2
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By the Fatou lemma, upon letting ¢ — 0 and R — dq, we know that

Su(f)(@) S ISP () @) Y2 [SE() ()2,

which, together with Cauchy’s inequality, implies that there exists a positive con-
stant Cy such that for all € € (0, 1),

(3.38) @) < 2@ + 5@

Similar to the proof of Lemma 3.12, we find that there exists a positive constant Cs
such that for all g € L*(Q),

[ @ ($2006) dv < s [ o)) d
Q Q

From this, (3.38), the strictly lower type ps and the upper type 1 properties of @,
it follows that there exists a positive constant C' such that for all z € €,

[o@une) o< [ o285 0)@) dot [ @ (si0)(@) da

< CCy

(3.39) -

Qcp(§§/2(f)(m)) dﬂchCgqu’/be(Sh(f)(x)) dz.

Take ¢ € (0,1) small enough such that C3eP* < 1/2. By this, (3.39) and
Lemma 3.12, we know that

[osn@ye s [ #E0)@)
which, together with the facts that for all A € (0, c0),

Su(f/A) = Su(f)/A and  Su(f/\) = Su(f)/A,

[o(S0) 4o [ o(BDE)

This completes the proof of Proposition 3.13. O

implies that

To complete the proof of Theorem 1.9, we need the following key proposition:

Proposition 3.14. Let ®, Q and L be as in Theorem 1.9. Assume that L satisfies
DBC and the semigroup generated by L has the Gaussian property (Ggiam(q))-

(i) If Q is unbounded, then
(He,s,(Q) NL*(Q)) C (He, () NL*(Q))
and there is a positive constant C such that for all f € He, s, (Q) N L3(),

[l 7s, . 0) < Cllf s, s, -
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(i1) If Q is bounded, then
(Ho, s, 4(Q) N L*(Q)) C (He, () N L*(Q))
and there is a positive constant C' such that for all f € Hg, s, a,(2)NL*(Q),

[ #r0, v 2) < CllflHa s, aq (2)-
Moreover, if, in addition, n > 3 and (G) holds, then

(Hy 5,4V N L2(Q)) = (Hy 5, (2) N LA(Q))

= (Ha, 5,40 () N L*(Q)) = (Ha, 5,(2) N L*(Q2))
with equivalent norms.

To show Proposition 3.14, we need the atomic decomposition of the tent space
on €. Now we recall some definitions and notions about the tent space, which was
initially introduced by Coifman, Meyer and Stein [13] on R™, and then generalized
by Russ [45] to spaces of homogeneous type in the sense of Coifman and Weiss [14]
and [15]. Recall that it is well known that the strongly Lipschitz domain 2 is a
space of homogeneous type. For all measurable functions g on € x (0,00) and
z € (), define

— dy dty1/2
Ao ={ [ w0 e

where
D(@) = {(y,t) € 2x (0,00) : |y — x| <t}.

In what follows, we denote by T (£2) the space of all measurable functions g on
Q% (0,00) such that A(g) € L?(Q) and for any g € T5(12), define its quasi-norm by

lollrcon = A4 leoqey = int {r e .00 [ o(H2D)ar <1},

Q
When ®(t) := ¢ for all t € (0,00), we denote Tg () simply by T1(£).
A function a on Q x (0,00) is called a Ty (2)-atom if
(i) there exists a cube
Q= Q(zq,1(Q)) CR"
with g € Q and I(Q) € (0,00) N (0, dg] such that suppa C Q/O\Q, where
here and in what follows,

-

QN :={(y,t) €Qx(0,00): |y—mg| < @—t};

dyd
o0 < e pien )
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Since @ is of upper type 1, it is easy to see that there exists a positive constant C
such that for all T (£2)-atoms a, we have |al|7, ) < C (see [28]). By a slight
modification of the proof of Theorem 3.1 in [28], we have the following atomic
decomposition for functions in T (€2). We omit the details.

Lemma 3.15. Let Q be a strongly Lipschitz domain of R™ and let ® satisfy

Assumption (A). Then, for any f € To(S2), there exist a sequence {a;}; of Te(Q2)-
atoms and a sequence {\;}; of numbers such that

(3.40) flz,t) = Z Aja;(z,t)  for almost every (z,t) €  x (0,00).
J

Moreover, there exists a positive constant C' such that for all f € Tg(S2),

. |)"|HQ'HT§(Q (0,00))
A({Njas}) = mf{/\ €(0,00): Y IQ, mQ|<I>( d Mé mQ|X1/2 ) < 1}
j J

(3.41) < Clfllre),

where Q; N ) appears in the support of a; and
dy dt1/2
lla; Iz (x (0,00)) = {//\ |aj(y,t)|2—t } .
QjﬁQ

In [4] (see page 183), Auscher and Russ showed the following property of
strongly Lipschitz domains, which plays an important role in the proof of Propo-
sition 3.14:

Lemma 3.16. Let ) be a strongly Lipschitz domain of R™. Then there exists
p(Q) € (0,00) such that for any cube Q satisfying 1(Q) < p(Q) and 2Q C Q but
4QNIQ # 0, where OQ denotes the boundary of ), there exists a cube @ C Q° such
that 1(Q) = 1(Q) and the distance from Q to Q is comparable to l(Q). Furthermore,
p(Q) = 0o if Q° is unbounded.

Now we show Proposition 3.14 by applying Lemmas 3.4, 3.15 and 3.16.

Proof of Proposition 3.14. We first prove (i) of Proposition 3.14 by borrowing some
ideas from the proof of Theorem C in page 594 of [15] (see also [23] and [31]).
Recall that in this case, since 2 is unbounded, we have diam(2) = co. Let f €
Hg s, (2) N L%(Q). Then by the H>-functional calculus for L, we know that

dt

(3.42) f=8 /0 Oo(tzLe’tzL)(tzLe’tzL)( Ny

in L%(Q) (see also the equation (9) in [25]). Since f € Hs, s, (2), we find that
Sh(f) € L®(R), which implies that t2Le~""L(f) € Te () and

17 t10. s, ) = [PLe™ ()l -
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Then from Lemma 3.15, we deduce that there exist {\;}; C C and a sequence {a;};
of Ty (Q2)-atoms such that for almost every (z,t) € Q x (0, 00),

(3.43) 2Le "L (f)(z) = Z Aja;(z,t).

o dt
o = 8/ tQLe_tzL(aj)?.
0

Then by (3.42) and (3.43), similar to the proof of Proposition 4.2 in [29], we see
that

(3.44) F=Y Naj
J

For each j, let

in L2(Q2). For any Tg(2)-atom a supported in Q/O\Q, let

(3.45) o= 8/ tQLe_ﬁL(a)%.
0

To show Proposition 3.14, it suffices to show that there exist a function & on R"
such that

(3.46) a|Q =«

and a sequence {b;}; of harmless constant multiples of (p, 2, 0)-atoms, with the
constant depending on i, such that & = Y, b; in L*(R") and

l16ill L2 () lall 72 (@x (0,00))
san) Yl (T S lenel e(SaTEEt)

where for each 7, suppb; C @Q; and Q N appears in the support of a. Indeed,
if (3.46) and (3.47) hold, then by (3.46), we know that for each j, there exists a
function &; on R™ such that &;|o = «;. Let

fi=>" Nad;.
J

Then ﬂg = f. Furthermore, from (3.47), we deduce that there exists a se-
quence {b; ;}; ; of harmless constant multiples of (p, 2, 0)-atoms, with the constant
depending on j and i, such that

F=220 Absi
J A

and

I 11bg, il 22 ) 1Al 2 x 0,00))
. 172177, e HEZ(K™) )~ ) 5 ,
;@J,A@( G )5 ?Q, nele( 0, e ).
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where for each j and ¢, suppb; ; C @, and Q; N appears in the support of aj,
which, together with the facts that for all A € (0, 00),

105, 7/ Al L2@ny = 116, jllL2@ny /A and  [laj/Allrzx0,00)) = a5l 720 (0,00)) /A5

implies that for all A € (0, c0),

1A l11B;,ill L2 ) Il llz2 @x 0,00))
ilo (DDA EY ) o NQjo 2(0x(0.00)) ),
;'Q],’A ( A'Qj,i|1/2 ) NZJ:|Q.] | ( )\|QJOQ| )

From this and Lemmas 3.4 and 3.15, it follows that fe Hg(R™) and

(3-48) 1 g ey ~ 10 02,008y S WLty s,

Thus, f € He, () and
1 fllre, ) S W fllHa, s, (2

which, together with the arbitrariness of f € He g, (2)NL?(£2), implies the desired
conclusion, Proposition 3.14 (i).

Let Q := Q(xo, r0). Now we show (3.46) and (3.47) by considering the following
two cases for () appearing in the support of a:

Case 1) 8Q N Q¢ # (. In this case, let
Re(Q) == (2"1'Q\2*FQ)nQ
if k>3 and Ro(Q) := 8Q N Let
Jo={keN: k>3, |R,Q)| >0}.

For k € Jo U {0}, let

Then we have

(3.49) a=axo+ Y axk
keldo

almost everywhere and also in L?(f2). Take the cube Q C R" such that the
center 5 of () satisfies that

15 €0, 1(Q) = 1(Q) and dist (Q, Q) ~ 1(Q).
Then there exists a cube QF such that (Q U @) C Qf and

(3.50) HQp) ~ Q).
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Let
1

W{ /RO<Q) o) dx} XGnae:

bo 1= axo —

Then
/ bo(z)dzr =0 and suppby C Q5.

Similar to the proof of (3.36) in [54], we have

(3.51) lallzz) S lallzz@x 0,00))-

By the facts that (2 is an unbounded strongly Lipschitz domain and Lemma 3.8,
we know that |Q N Q| ~ |Q]. From this, Holder’s inequality, (3.50) and (3.51), we
deduce that

1 1/2
boll2mny < ||| r2(q +~7{/ oz 2dac} QﬂQUQ
1Boll L2y < Nl L2 Onaee RO(Q)l ()] | |

|Q|1/2
|@|1/2
< 1 N 1 N 1

~lRNU2p(lQN Q) QIV2p(IQ) Q1M 2p(1Q8])

Thus, we know that by is a harmless constant multiple of a (p, 2, 0)-atom and, by
the upper 1 property of @,

Slledlzz ) + llell 2o S llallzz@x0,00))

llboll 22 (mm) llallrzx (0,00)
x I 7)< M RS St
||a||T2(Qx(0<>o))
< 1o e AF00))
N|QOQ|®( |QﬁQ|1/2 )

To finish the proof in this case, we need the following Fact 1, whose proof is
similar to the usual Whitney decomposition of an open set in R™ (see, for exam-
ple, [47]). We omit the details.

Fact 1. For all k € Jq, there exists the Whitney decomposition {Qy, i}: of Ri(Q)
about 0K, where {Qk,;}i are dyadic cubes of R™ with disjoint interiors, and for
each i, 2Qk,i C Q but 4Qy, ; N O # 0.

Notice that Fact 1 was also used in pages 304-305 of [10] and in page 167 of [4].
Let {Qk, i} ke, i be as in Fact 1. Then for each k € Jg,

AXRy(Q) = Z AXQy, i
7

almost everywhere. In what follows, for all ¢ € (0, 00), let

Dy := 58$Ks|s:t2-
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Then for all © € Ri(Q), by (3.45), Lemmas 2.3 and 3.8, and Holder’s inequality,
we see that

"4

dt 2 dy dt
(3.53) |<// IDu(a,y)llaly, )] 2L <// lay, 1) 22
QN t

- 12 dy dt1/2
~||a||T22(Q><(0,OO)) o Jona T —yPHD ¢ }

S Jz = 2ol Hro|Q N QUM all 72 (0 (0,00))
S 27N Q|_1/2Ha|\T§(Qx(o,oo))-

Moreover, by Lemma 3.16, we know that for each & and i, there exists a cube
Qr, i C Q° such that

UQki) =1(Qr:) and  dist (Qr, i Qr.i) ~ L(Qk1)-

Then for each k and i, there exists a cube Ql*c,i such that

(Qr,iUQk:) CQr, and 1(Qk )~ 1Qk.q)-

For each k and i, let

1
b, i == axQ, ; — —= {/ a(:n)d:n}x~ .
" |Qk,i| Qk, i Q.

Then
/ be,i(z)dz =0 and suppby; C Qf ;-

Furthermore, by (3.53) and Hoélder’s inequality, we conclude that

(3.54) ok, ill2ny S llllz2(qp. )
S 27FIQ N QY2 1Qk 1M lall 2 (x (0,00)) -

Thus, for each k and 4, by, ; is a constant multiple of some (p, 2, 0)-atom with a
constant depending on k and i. Let

a=bo+ > Y br

kedJo i

Then, by the constructions of by and {b. i tres,, i, we know that a|q = a. More-
over, we claim that » 7, . ; >, bk i converges in L?(R™). Indeed, let M denote the
usual Hardy-Littlewood maximal operator. Then by (3.53), the boundedness of
the vector-valued Hardy-Littlewood maximal operator established by Fefferman
and Stein in Theorem 1(1) of [19], and the disjoint property of {Qy i}, we find
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that, for each k € Jg,

2
/ [Zka(m)] dx
2
< [, [0 A alagano ez, )]
<2_2k("+1)|QﬂQ|_1H ”2 {Z[M( )( )]2}2d
= Al T2(x%(0,00)) - : XQr,: \T -z

2
S2 QA aly a0y | { X lxan @)} do

~ 27 RIQ N all 2 @000 IBH@] S 275l Tz 00,000

which, together with Minkowski’s inequality, implies that

H S be Le@n) <> szk,i < D 272 ) lallzax 0,00))
i keJa i

k€Ja @ keJao
(3.55) S llallzz@x (0,00))-
Thus, the claim holds and hence

a=bo+ > > bri

kedJo 1

LZ(Rn

in L2(R™). Furthermore, by (3.52), (3.54), the lower type pg property and pg €
(n/(n+1),1], we see that

@3 isie(LEE) + Y Sl e (L)

kedJo 1

||a||T22(Qx(o,oo))>

<lenala( PRIVEE

27 M QN QI721Q; i1 lallrg

* K (£2x(0,00))

+ Z Z'QkJ'q)( Q; |1/2 : = )
keJa @ k,i

||G||T§(Q><(o,oo)))
QN Q2

4%§§|@@+U”Q)0SM¢(

slenaja(

“FE D lall 72 0% 0,00)) >

|Q N Q|1/2

llallz2(@x(0,00)) =
,S |QQQ|¢’(2—1’2>{1+22*[k(n+1)p¢*kn]}
@nap k=3

||a||T22(Qx(o,oo)))
|Q N Q|1/2 ’

which implies that & € He(R™) and (3.47) in Case 1).

slenaja(
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Case 2) 8Q C Q. In this case, let kg € N be such that 2*Q C Q but (2F1Q) N
00 # (). Then ko > 3. Let

RL(Q) := (2F1Q\ 2*Q) N Q for k € N,
and Ro(Q) := 2Q. Let
Jo, ke = {k eN: k>ko+1, |Rk(Q)| > 0}.

For k € Z,, let
Xk = Xy (@) Xk = [Re(@)) ks mi = / o(z) de,
Rr(Q)

My, := axr — mpXy and My, = axk. Then

Oé—ZMk+ Z MkJerkxk

k€Ja, kg

For k € {0, ..., ko}, by the definition of M}, we know that

My (z)dz =0 and supp M, C 2"M1Q.
RTL

Moreover, if k = 0, by Hoélder’s inequality and (3.51), we have

(357)  1Mollr2eny S llallrz@x .00 S QI (@)]7 S 12Q12[p(2Q)] "
and, if k € {1, ..., ko}, similar to the proof of (3.54), we have

(3.58) M|l 2@y S lellzeree) S 272 0 |allzz @x 0,00))-

Thus, for each i € {0, ..., ko}, M} is a constant multiple of a (p, 2, 0)-atom with
a constant depending on k. Furthermore, from (3.57), we deduce that

l 0||L2 ||a||T2(Qx(o,oo))
(3.59) |2Q|@(W) S |Q|‘I’(iQ|—1/2)-

By (3.58), the lower type pe property and pg € (n/(n + 1),1], we then obtain

ko
k+1 | M| L2 (mm) & lall 72 (2x (0,00))
(3.60) Z|2 Q|q)( |2k+1Q|1/2) Z|2 Q|(I>(ka(:1+1)|Q|1/2)
k=1
||G||T§(Qx(o,oo)))
Q2

For each k € Jq k,, by Fact 1, there exists the Whitney decomposition {Q,;}; of
Ri(Q) about 9 such that U; Q. ; = Ri(Q) and for each i, Q. ; satisfies that

slle(

2Qk,i CQ and 4Qy,; NOQ # 0.
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Then JT/fk =, QXQ, , almost everywhere. Moreover, by Lemma 3.16, for each k&
and 14, there exists a cube Qj,; C Q¢ such that

Qi) =1(Qr,i) and dist (Qk i, Qr.i) ~ L(Qk.i)-

Then for each k and 4, there exists a cube @, ; such that

(Qr,iUQr:) CQr; and LQf,) ~ Qo).

For each k and i, let

1
b, i == axQ, ; — —= / alz)dxrxs -
" |Qk,i|{ Qk, i } @k o

Then
/ bi,i(z)dz =0 and suppby; C Qf ;-
Furthermore, similar to the proofs of (3.56) and (3.55), we see that for each

k € Ja k, and i, by ; is a constant multiple of a (p, 2, 0)-atom with a constant
depending on k and i, and

HGHT;’(Qx(o,oo))
(3.61) > Yler Jo(FertY |Q* |1/2 E |Q|‘I’(@|—1/z)-
k€Ja, kg 1
For j € {0, ..., ko}, let N, := ZZ‘):J my. It is easy to see that
ko
(3.62) kaXk => (X — Xr—1) Nk + NoXo.
k=1

For any k € {1, ..., ko}, by (3.53) and |Xx — Xx—1] < [2¥Q| ™!, we know that

(3.63) (XK = Xe—1)Nill L2y S [27Q | =2 N
<12QI” 1/2(22 >|Q|1/2|a”T2(Q><(O %))
S 27kn/2Hn HGHT;’(Qx(o,oo))-

This, together with
/’ [Xk(x) = Xg—1(x)]dx =0 and supp (Xx — Xk-1) C 2FQ,

yields that for each k& € {1, ..., ko}, (Xx — Xx—1)Nk is a constant multiple of a
(p, 2, 0)-atom with a constant depending on k. Furthermore, by (3.63), the lower
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type pe property of ® and py € (n/(n+ 1), 1], we have

S0 ke (1B = Xo- ) Nell 2
(3.64) Y2 Q"I’( 2+Q1/2 )
k=1
< S 2kO|P lallzz @x(0,00)) <10|® lallz3 x 0,00
<Y 12k (W>~'Q' (L62|—1/2>
k=1

Finally we deal with NyYo. By
2ko=1ry < dist (9, 09Q) < 2For,

we know that there exist a positive integer M and a sequence {Qo ;}£, of cubes
such that

(i) M ~ 2",
(ii) foralli e {1, ..., M}, I(Qo,:) = 219 and Qq,; C €
(iii) foralli e {1,..., M —1}, Qo,: N Qo,i+1 # 0 and
dist (Qo, i, 02) > dist (Qo, i+1, 00Q);

(iv) 2Qo, m N O # 0.
Then by Lemma 3.16, there exists a cube Qo, ar+1 C £2° such that

UQo, m+1) =10 and  dist (Qo, ar, Qo, M+1) ~ To.

Let

Ny d b Ny Ny
X a1l 0,i = 7T~ 1 XQo,i-1 — T~ 1XQo,
1Qo.1] ¥ T Qoo Y T Qo

with i € {2, ..., M 4+ 1}. Obviously, for all ¢ € {1, ..., M + 1}, by the definition
of by, ;, we see that

bo,1 := NoXo —

b()J(l‘) dr =0
R
and there exists a cube @5 ; C R™ such that suppby,; C @5 ; and
(3.65) 1(Qp,:) ~ Q).

To finish the proof of Proposition 3.14 (i) in this case, we need another fact as
follows.

Fact 2. Let L be as in (1.3) and satisfy DBC. Let Q, Q and ko be as above.
Assume that (Goo) holds. For all x € Q, let

d(x) := dist (z, 09).

Then there exist positive constants C and (3, independent of ko and Q, such that
for all x € Q,

C o)
'/ 0Ky (y, ) dy| < — e~ 2
2’“0(2 t
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Now we continue the proof of Proposition 3.14 (i) by using Fact 2. By Fact 2,
equation (3.45) and Holder’s inequality, we conclude that

> dy dt
o) 1Nol=| [ a@add =s| [ {[" [ Diw.yatrn®E )i
ok OQ 2k0Q t
<8/ /‘ Dtmydm’|ay, dydt
2k0 Q
6<y> dydt 1/2
S HGHT?(Qx(o o)) / / }

) 2(n+1)/ndydt 1/2
S llallzz@x(0,00)) /0 /Q QkOTO> t }

S 27D/ QIV2 0] 72 (0 0,00 -

For eachi € {1, ..., M+1}, from the definition of by ;, (3.65) and (3.66), it follows
that

(3.67) 1o, illL2emy S [No[|QI7H2 S 275D ™ a1z (0 0,00))

< 27 R QI T2 p(lQ))]

~ 27 RN Qy 5TV p(1Qo,il)] T
which, together with the facts that

/ bo,i(z)dr =0 and suppby; C Qp
implies that by ; is a constant multiple of a (p, 2, 0)-atom with a constant depend-
ing on i. Furthermore, by (3.67), the fact that M ~ 2*0 and (3.65), we have
M+1 M+1

lallz;
oo S min(li) < B on ()

ko(n+1)pgp +l)pq>

< M2 le(

HGHTg(Qx(o,oo)))
Q|2

< gholi—(rt s/l 1 (1T @x 0,00
> (= grr )

lall72(0x (0,00))
S lQle ().

Let
M+1

ZMk+ > Zbkri-z Xk — Xk— 1Nk+ZbOz

k€Ja, kg 1

Similar to the proof of (3.55), we know that the above equality holds in L?(R").
It is easy to see that alq = a. Furthermore, from (3.59), (3.60), (3.61), (3.63)
and (3.70), it follows that & € He(R™) and (3.47) holds.
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To finish the proof of Proposition 3.14 (i), we need to show Fact 2.
Fix z € Q. Choose 11 € C2°() such that 0 <1 <1, 91 =1 on Q(x, %),

supp ¢1 CQ(»T, 5(4—‘%)>, and |Viq(2)| S (5(1—) for all z € Q.

Then we see that
(3.69) ‘/ i Ki(y, ) dy‘
2k0Q

<

[ okt +| [ sty 1= a(w)] dy
2k0 Q 2k0Q

[ ek o]+ [ 0K (y, )] dy
2k0Q 2*0Q\Q(x,8(x)/8)

=1 +1Ls.

IA

We first estimate I. It was proved by Auscher and Russ in Proposition A.4 of [4]
that for all y € Q, t € (0,00) and all r € (0, c0),

n—2

r

(3.70) {/ |VZKt(z,y)|2dz}1/2 <tmrh (_> CeT,
{zeQ: r<|y—z|<2r} Vit
where + is a positive constant independent of y, ¢t and r. Notice that
0K (-yx) + LKy(,2) =0
and Q(x ,(T) C 2k Q. From this, the facts that 11 = 1 on Q(x, %),

supp 1 CQ(CE, @), [V (y)| < 5(1—) for all y € €,

Holder’s inequality and (3.70), it follows that
371 L= ‘/L Kily, )1 (y) dy| = ‘/ YV, Ki(y,x) - Vi (y) dy

N/ IV K (9, 2)] [V 1 ()] dy
fyeq: 22 <jp_y|< 2@y

1/2
< {/ ” “ IVth(y,w)lzdy}
{ye@: & <|a—y|<2}

1/2
X \v 2d
{/{yEQ; %S\x—y\s‘*‘%’}' da y}

n—2

rgf%*%[é(x)} 2 67%[6(@]#
Vit
[6(35)}"* ~[5¢ 1 _amen?
— | == e 16t —e 321
NG t
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For Is, by Lemma 2.3, we conclude that

_alyl?

el als()” al[6(x)]?
e / e Ty S 1e*%/ €yt
NQ () /8) /2 t — t

From this, (3.69) and (3.71), it follows that Fact 2 holds, which completes the
proof of Proposition 3.14 (i).

Now we prove (ii) of Proposition 3.14. To this end, let f € Hg, s, 4, (Q2)NLA(Q).
Recall that dg = 2diam(£2). We write (dq)? simply as d3. It is easy to see that
for all z € C satisfying z # 0 and |arg z| € (0,7/2),

o 2 2 2 12, d 2 2d2
8/ (Pee™) (P2 ) L 4 (27 + 1) 7 = 1
0

this, together with the H>°-functional calculus for L, implies that for all f € L?(Q),

do .
(3.72) f= 8/0 (t2Le V" LY(12Le L) (f) % + [2d3 Le 280 () 4 72001 (f)]

=: f1 + fa.

We first deal with fi. By the fact that f € He a, (Q)NL?(Q), and Propositions 3.5
and 3.13, we know that S, (f) € L?(Q). From this and the definition of the space
T5(Q), it follows that

2
Le™" () Xax (0,40) € To ()

and ,
111 11g, 5, e = 2L B ()X 000 |y 0y

Then by Lemma 3.15, there exist {\;},; C C and a sequence {a;}; of Tg(Q)-atoms
such that for almost every (z,t) € Q x (0, 00),

(3.73) 2L T (F)(#) Xx (0.de) (T, 1) = Z Aja;(z,t).

For each j, let

dt

o = 8/0 tzLe*tQL(aj)?.

Then by the fact that

o0 2 2 dt
fi= 8/ (PLe™" ") (PLe™" " (f)Xxax (0.d0)) 3
0
and (3.73), similar to the proof of Proposition 4.2 in [29], we know that f; =
2o Ajay in L?(Q). Also, similar to the proof of (3.48), there exists f; € Hg(R")
such that _ _
file = frand || fillme ) S 1fllHs, s, (2
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which implies that f; € He () and
(3.74) [ f1llms, ) S 1 fllHs, s, (2)-

Now we deal with fo. Since € is bounded, there exists a closed cube Qo C R™
such that z5 € Q, 1(Qo) ~ dg and Q C QO Take cubes Ql, Qg such that

Q1 C Q% 1(Q1) ~ da, (QoUQ1) C Qs and I(Qa) ~ do.

Let .
fa = foxg, - @[/sz(y) dy}X@1~

Then }’;'Q = f,. It is easy to see that supp fa C Q,
]?2(2/) dy =0 and |\J?2||L2(Rn) N HszL?(Q).
RW,

Thus, we see that ﬁ is a harmless constant multiple of some (p, 2, 0)-atom. Denote
by K the kernel of 2d2 Le~4%L + ¢=44L Then by Lemma 2.3, we know that for
all z, y € Q,

alz—y|?
d2

1
Rl § gre F

where « is as in (2.1), which, together with the fact that € is bounded, implies
that

2
sup | f2(2)| = sup | / K(zp)e B (f)(y) dy| S e @5 (F)]1n1 -
z€Q z€Q

From this, the upper type 1 property of ®, and the facts that 2 C @2 and l(@z) ~
dq, we deduce that for all A € (0, c0),

|é2|<1>(”ﬁ"ﬁﬂ) <1l o(12e@)y <5 o (2eca )

A|Qa1/2 Qo] 1/? A
~ eI paa) le= %L ()]l Lo
< AR LA i S ? A N =  AJRETEY
S Q2] q)( A ) (I)( A )

By this, Lemma 3.4 and the definition of Hg (), we know that fo € Hg, ,(£2)
and

= . le= % (f)llre
(3.75) [ Follo. () < |1 Folloqen S inf {X € (0,00): @(F——=2) <1},
Thus, from (3.72), (3.74) and (3.75), it follows that f € Hg, ,(€2) and
1 flre, ) S W fllHa s, ag @)

which, together with the arbitrariness of f € Hg, s, a,(2) N L?(2), implies that
the first part of Proposition 3.14 (ii) holds.
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We now show the second part of Proposition 3.13 (ii). We first prove that
(3.76) (He, s,,d0(2) N L*(Q)) = (He,s,(2) N L*(Q))
with equivalent norms. Obviously, we have
(He, 54,40 (2) N L*(Q)) C (Ha, s, (2) N L*(2))

by their definitions.
To show the converse, let f € Hg g, (2)NL%(Q). By Lemma 3.6, the contraction
property of {e"*L},5¢ on L2(Q2) and Hélder’s inequality, we know that for all z € €,

— dydt _ _ g2
Pz [ [P o] Sz e S,
Q

which implies that

(3.77) inf Si,(f)(x) 2 dg""* [ Le™ " (/)220
zEeQ
To continue the proof, we need the following fact, whose proof is similar to the
proof of Proposition 5.3 in [1]. We omit the details.

Fact 3. Let1 <p < ¢ < o0 and o := %(% — ). Assume that (Go) holds.
Then L% is bounded from LP(QQ) to LI(2).
By n > 3, we know that there exist po € (1,2] and g9 € (1,00) such that

1/po =2/n+1/qo. Then (n/po—n/qo)/2 = 1. By this, Fact 3, (3.77) and Holder’s
inequality, we see that

Hefdg L —d3 L

L e lle ~ || L7 ek (f)

||qu ()
< dp/r 1n£ Sn(f) (),

)HL‘IO(Q)
S HLefdQ ||LP0(Q)

which, together with the upper type 1 property of ®, (3.77) and (3.65), implies
that for all A € (0, c0),

¢(|€d?2L(Af)|L1<Q>> < oSNy /Q o (SD)) 4,

From this, it follows that f € Hg, s, 4,(€2) and
[l ra, s, aq@ S I fllHs, s, @)
which, together with the arbitrariness of f € He s, (©2) N L?(€2), implies that
(He,s,(2) N L)) C (Ha, 5,40 (2) N L*(Q)).

Thus, (3.76) holds.
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By Propositions 3.1, 3.5, 3.13 and 3.14, we have
(3.78) (Ho,x, () N L2(Q) = (Ha, 5,40 () N L*(2))

with equivalent norms. To finish the proof of the second part of Proposition 3.14 (ii),
let f € Ho, n, (2) NL%(Q). By

L) = e F (T ),

estimate (2.1) and the fact that || < oo, we know that for all z € Q,

e A ST

Q yeQ

< dp sup e (1) ()| ~ Na(f)(2).

y€Q,te(0,da), lz—y|<t

From this, it follows that
— 2 .
le= " (@) S inf Na(f)(@),

which implies that for all A € (0, ),

(3.79) @(%) 5@(%)
gﬁ Q(I)( h(ﬁ)( )>dm~/Q<I>< h(i\C)( )>da:

By Proposition 3.1 and (3.79), we conclude that
(Hao,x, () NL2(Q) = (Hy 5, 4,(Q) NL* (),
which, together with Proposition 3.13, (3.76), (3.78) and the obvious fact that

(Hy Q) N L*(Q)) C (Hy 5, (Q) N L*Q)),

7§h7dﬂ( ,§h(

implies that
(Hy 5, ()N L3(Q) C (Ha,s,(2) NL*(Q)) = (He, s,,d0 (2) N L*(Q))
= (Ha, 5, () NL*(Q)) C (Hy 5, 4, () N LY Q)

(Hy, 5, (2) NL*(Q)).

®, 5y

N

. Sh
From this, we deduce that
(Hg 5, NLAQ) = (Hg 5, 4,() N L*(Q)) = (Ha, 5,(2) N L*())
= (Hg. 3,.4,(Q) N L*())

with equivalent norms. This finishes the proof of Proposition 3.14 (ii) and hence
Proposition 3.14. O
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Combining Propositions 3.1, 3.5, 3.13 with 3.14, we then obtain Theorem 1.9.

Proof of Theorem 1.9. We first prove Theorem 1.9 (i). By Propositions 3.1, 3.5, 3.13

and 3.14 (i), we know that
(He,(Q) NL*(Q)) = (He,n; () NL*(Q)) = (Hy g, () N L))

= (He,s,(Q) N L*(Q))

,Sh

with equivalent norms, which, together with the fact that

He () NL*(Q), Ho,n, () NL*Q), Hy 5 (2)NL*Q) and He, g, (2) N L*(Q)

A
are, respectively, dense in

Hg +(Q), Ho n, (), Hg g, () and Hg s, (),
and a density argument, implies that the spaces

H@,T(Q)a H@,N;L(Q)a H<I> (Q) and H@,S}L(Q)

+Sh
coincide with equivalent norms, which completes the proof of Theorem 1.9 (i).

Now we prove Theorem 1.9 (ii). By Proposition 3.5, we know that for all
f € H@,N;L(Q) n L2(9)7

11ty 5 ) S 1710, 0
which, together with (3.79), implies that
1ty 5, oo S 120 sy 0

for all f € He n, () N L%(Q2). By the arbitrariness of f € Hg, s, () N L2(£2), we
know that
(Ho,x, () N LX) C (Hy 5, 4,(Q) NL*(Q)).

From this, Propositions 3.1, 3.13, and 3.14 (ii), it follows that
(Ha, () N L*(Q)) = (Ha,n;, () N L2(Q)) = (H,
= (H@, Sh,do (Q) n L2(Q))

®, S, dQ(Q) nL? (€2)

with equivalent norms. This, together with the fact that the spaces Hg »(£2) N
LQ(Q)) Hg, n,, (Q) N LQ(Q)v (H@ (Q) N LQ(Q))) and Hg,s,, dq (Q) N LQ(Q) are,
respectively, dense in

, Shydo

Ho (), Ho,n;, (), Hy 5, 4,(C) and He s, 40 (%),
and a density argument, implies that the spaces
Hq’ﬂ“(Q)v H':I’,Nh, (Q)v Hq;‘,gh,’dQ(Q) and Hq’,sh,dﬂ(Q)

coincide with equivalent norms, which is the desired conclusion.
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Moreover, if n > 3 and (G ) holds, by the second part of Proposition 3.14 (ii)
and the fact that Hy, 5, (©) NL*Q), Hy 5, (2)N L3(Q), Hs, s, a,(Q)NL*(Q),

and Hg, g, (2) N L%(Q) are, respectively, dense in

H(Rg}“dn(ﬂ), H¢>7§h(Q)a Hi’,sh,dn(ﬂ) and H‘P,S}L(Q)’

together with a density argument, we find that the spaces

(), Hg 5,(2), Ho,s,,d0 () and He, s, ()

Hy 5, 40 ®,5),

coincide with equivalent norms, which completes the proof of Theorem 1.9 (ii) and
hence that of Theorem 1.9. O

Assume that (Goo) holds. For all ¢ € (0,00), let P, := e *VL. For all f € L2(1)
and x € 2, let

o dydt 1/2
setnw) =1 [ PP )

and N
AL, (9) = {f € 2@): |flly, (e < o0},

where
HfHng(Q) = HSP(f)HLl(Q).

The Hardy space Hg_ () is then defined to be the completion of ﬁép(Q) in the
norm || - ||H;P(Q)-

Proposition 3.17. Let Q and L be as in Theorem 1.9. Assume that (Gs) holds.
Then H}(2) = H§ () with equivalent norms.

Proof. Similar to the proof of Proposition 3.1, we see that
(3.80) (HX Q)N L*Q)) C (HS,(92)NL*(Q)).
To finish the proof of Proposition 3.17, it suffices to show
(3.81) (Hs, () NL*Q)) C (HH(Q)NL*(Q)).
Indeed, if (3.81) holds, by (3.80), we have
(H(Q) 0 L2(Q) = (L, (9) N L)
with equivalent norms, which, together with the fact that H}(Q) N L?(2) and
H{, (Q)NL?(Q) are respectively dense in H,(€2) and H§ (), and a density argu-

ment, implies that the spaces H}(€2) and H§, () coincide with equivalent norms,
which completes the proof of Proposition 3.17.
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To show (3.81), let f € HS (Q) N L*(Q). Then by the H>°-functional calculus
for L and the equation (13) in page 164 of [4], we conclude that

(3.82) f= 4/00 t\/fPt(t\/fPt)(f)%
0
in L*(Q). By f € Hg_ (), we see that Sp(f) € L'(Q), which, together with
tVLP(f) = to,Pi(f), implies that
tVLP,(f) € () and ||f||H;P(Q) = ||t\/ZPt(f)||T1(Q)-

Then from Lemma 3.15, it follows that there exist {);}; C C and a sequence {a;};
of T1(9)-atoms such that

(3.83) tVLP(f) =) Aa;.

For each j, let
o dt
o ::4/ IR ()5
0

Then by (3.82) and (3.83), similar to the proof of Proposition 4.2 in [29], we have
= Zj Ajaj in L2(). For any T3 (9)-atom a supported in @ N, let

= 4/ t\/fPt(a)%.
0

To show (3.81), similar to the proof of Proposition 3.14 (i), it suffices to show that
for v as above, there exist a function a on R™ such that

(3.84) alg =«
and a sequence {b;}; of harmless constant multiples of (1, 2, 0)-atoms, with the

constant depending on 4, such that & = >, b; in L*(R") and

(3.85) D 1@ 2 lbillz ) < 1Q N 212 allrz @ 0,00,

where for each ¢, suppb; C Q;.
Let Q := Q(zo, o). Now we show (3.84) and (3.85) by considering the following
two cases for Q:

Case 1) 8Q N Q° £ (). In this case, the proofs of (3.84) and (3.85) are similar
to Case 1) of the proof of Proposition 3.14. We omit the details.

Case 2) 8Q C Q. In this case, let ko, Ja ky, Ro(Q), Ri(Q), Xks Xk, Mk, M, and M,
be as in Case 2) of the proof of Proposition 3.14. Then

ko ko
QZZMIH- Z Mkﬁ-zmk%k-
k=0 k=0

k€Ja, kg
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Similar to the proof of (3.59) and (3.60), we conclude that
ko

(3.86)  |2Q"?| Mo|| 12y + Z 125 Q2| M| p2mmy S |Q|1/2||a||T§(Qx(o,oo))-
k=0

For each k € Jq, k,, by Fact 1, there exists the Whitney decomposition {Qg, ;}: of
Ri(Q) about 9 such that U; Q. ; = Ri(Q) and for each i, Q. ; satisfies that

2Qk,i CQ and 4Qy,; NOQ # 0.

Then M;, = > aXQ,.; almost everywhere. Moreover, by Lemma 3.16, for each &
and 14, there exists a cube Qy,; C Q¢ such that

Qi) =1(Qr,i) and dist (Qk i, Qr.i) ~ L(Qk, i)

Then for each k and 4, there exists a cube @, ,; such that

(Qr,iUQk:) CQry and 1(Qf )~ 1(Qk.o)-

For any k and i, let

1
b, i = axQ, ; — —= / alx)drpxs, -
" |Qk,z|{ Qk, i } @kt

Then
/ bi,i(r)dr =0 and suppbg,; C Qf ;-
Furthermore, similar to (3.59) and (3.56), we know that for each k € Jo, &, and 1,

bk,; is a constant multiple of some (1, 2, 0)-atom, with the constant depending
on k and i, and

(3.87) Z Z Qo2 11tk il L2 ey S 1QIMllallz2 (0% (0,00
k€Ja kg 1
For j €{0, ..., ko}, let N, := EZO:J my. It is easy to see that
ko ko
(3.88) > maXe = Y (Xk — Xr-1) Nk + NoXo.
k=0 k=1

Similar to the proofs of (3.63) and (3.66), we see that for each k € {1, ..., ko},
(Xt — Xk—1)N is a constant multiple of a (1, 2, 0)-atom, with the constant de-
pending on k, and

ko

(3.89) Z|2kQ|1/2H(ik*ikfl)NkHLz(R") S Q12 (lallz2 (x 0,00))-
k=1
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Finally we deal with NoXo. Let M, {Qo ;}225" and {by ;}5* be as in Case 2)

of the proof of Proposition 3.14 (i). For all ¢t € (0,00), we denote the kernel of P,
by p¢. Then by Fact 2 and the subordination formula associated with L that

N L[ 20 w1
e = — e e Yy du
V7 Jo

(see (A.1) in page 180 of [4]), we conclude that for all z € @,

’/Z%Qatpt(y,m) dy’ < %{1 . @}71)

where d(x) for € @ is as in Fact 2 of the proof of Proposition 3.14. From this
and Holder’s inequality, it follows that

d dt
Nol = [, ] \/ UL [0S b
2k0Q ZkOQ
d dt
LTI el
2k0Q
§y Qdydt 1/2
S llallzz@x(,00)) / / 1+ t t }

0 Q

To t Zdydt 1/2 _

(3.90) 5||(1||T22(Q><(07oo)){/0 /Q(Qkoro) } <2 ko|Q|1/2||(1||T§(Q><(O,oo)).

t
For each i € {1,..., M + 1}, by the definition of by ;, (3.90) and the fact that
1(Qo,i) ~ 1(Q), we have

(3.91) oo, ill L2y < INOlIQIT? S 277 lall 22(0x (0,00))
S27R1QI 2 p(1QN] T ~ 277 1Qo, i 2 [p(1Qo. i )] !

which, together with the facts that

bo,i(z)dr =0 and suppbo,; C Qg
R"L

implies that by ; is a constant multiple of some (1, 2, 0)-atom with the constant
depending on i. Furthermore, by (3.91) and the fact that M ~ 2% we obtain

M+1 M+1
(3.92) D 1@, llbo il oy ~ > 27 1QIM2llallmz(@x 0.00)
i=1 i=1

~ |Q|l/2||a||T§(Qx(o,oo))-

Let
M+1

ZMk+ > Zbkri-z Xk — Xk— 1Nk+ZbOz

k€Ja kg 1
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By an argument similar to that used to obtain the estimate (3.55), we know that
the series in the definition of & converges in L?(R™). It is easy to see that &|o = a.
Furthermore, by (3.86), (3.87), (3.89) and (3.92), we conclude that & € Hg(R™)
and there holds (3.85), which completes the proof of Proposition 3.17. O

From Proposition 3.17, we deduce that for any given f € Hép (), there exists
an atomic decomposition, which gives a positive answer to the question asked by
Duong and Yan in Remarks (iii) of page 485 in [17] in the case that p = 1. However,
it is still unknown whether this method also works for p < 1 but near to 1. This
case seems to need a stronger estimate than (3.90).

Acknowledgements. Both authors would like to thank the referee for her/his
careful reading and several valuable remarks which improved the presentation of
this article.
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