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Revisiting the multifractal analysis of measures

Fathi Ben Nasr and Jacques Peyriere

Abstract. New proofs of theorems on the multifractal formalism are
given. They yield results even at points g for which Olsen’s functions b(q)
and B(q) differ. Indeed, we provide an example of a measure for which
the functions b and B differ and for which the Hausdorff dimensions of
the sets Xo (the level sets of the local Holder exponent) are given by the
Legendre transform of b and their packing dimensions by the Legendre
transform of B.

1. Introduction

The multifractal formalism aims at expressing the dimension of the level sets of the
local Holder exponent of some set function p in terms of the Legendre transform
of some “free energy” function (see [7], [5], and [6] for early works). If such a
formula holds, one says that p satisfies the multifractal formalism. At first, the
formalism used “boxes”, or in other terms took place in a totally disconnected
metric space. In this context, the closeness to large deviation theory is patent.
To get rid of these boxes and have a formalism meaningful in geometric measure
theory, Olsen [8] introduced a formalism which is now commonly used. See also
Pesin’s monograph [9] on multifractality and dynamical systems. At this stage of
the theory, whether it dealt with boxes or not, the formalism was proven to hold
when there exists an auxiliary measure, a so-called Gibbs measure. Later, it was
shown that this formalism holds under the condition that Olsen’s Hausdorff-like
multifractal measure be positive (see [2] in the totally disconnected case, [3] in
general). So, the situation when b(q) = B(q) (in Olsen’s notation) is fairly well
understood.

Here, we elaborate on the previous proofs. There is a vector version of Olsen’s
constructions [10], and, in particular, of the functions b and B. However, in this
setting b and B are functions of several variables. In this work, we show that the
restriction of these functions to a suitable affine subspace can be used to estimate
the Hausdorff and Tricot dimensions of some level sets. In particular, this gives
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some results even in the case when b # B. Although notation is inherently compli-
cated, we provide a simple proof of already known results, and we obtain some new
estimates. In particular, we provide an example of a measure on the interval [0, 1]
for which the functions b and B differ and for which the Hausdorff dimensions of
the sets X, (the level sets of the local Holder exponent) are given by the Legendre
transform of b, and their packing dimensions by the Legendre transform of B.

2. Notations and definitions

We deal with a metric space (X, d) having the Besicovitch property:

There exists an integer constant C'g such that one can extract C'g countable fam-
ilies {{ijk}k}lgjgcs from any collection B of balls so that

1. Uj,k B,.x contains the centers of the elements of B,

2. for any j and k # k', B, N B = 0.

Notations

B(z,r) stands for the open ball B(z,r) = {y € X ; d(z,y) < r}. The letter B
with or without a subscript will implicitly stand for such a ball. When dealing
with a collection of balls {B;};cs, the notation B, = B(x;,r;) will implicitly be
assumed.

By a d-cover of £ C X, we mean a collection of balls of radii not exceeding ¢
whose union contains E. A centered cover of E is a cover of E consisting of balls
whose centers belong to F.

By a d-packing of F C X, we mean a collection of disjoint balls of radii not
exceeding § centered in E.

By a Besicovitch d-cover of E C X, we mean a centered d-cover of E which can
be decomposed into C'p packings.

If F is a subset of X, dimy E stands for its Hausdorff dimension and dimp E
for its packing dimension (introduced by Tricot [12]).

Let % stand for the set of balls of X and .# for the set of maps from %
to [0, +00).

The set of u € % such that u(B) = 0 implies u(B’) = 0 for all B C B will be
denoted by #*. For such a p, one defines its support S, to be the complement of
the set

J{Be#; uB)=0}.
Multifractal measures and separator functions

For p= (pt1, .. pom) € F™, ECX,q=(q1,---,qm) €E R, t € R, and § > 0,
one sets

@ZZ(E) = sup { Zr§ H wi(Bj;)®* 5 {B;} a d-packing of E},
k=1



REVISITING THE MULTIFRACTAL ANALYSIS OF MEASURES 317

where * means that one only sums the terms for which [, px(B;) # 0,
¢

@!L

“w

8(B) =it {3 P (By) s B | B},

. —q,t
(E) = lim P} 5(E),

and
%ZZ(E) = inf { ZTE H wi(Bj)% 5 {B;} a centered d-cover of E},
k=1
70t . Ut
%u (E) = (%l\ri%%u,é(E))
AN E) = sup {%Z;t(F) L FC E}

It is known that %Z’t is o-subadditive, and that Z%* and 7" are outer

. . —q,t
measures. When d is an ultrametric, then %’jf*t =, .

When m = 1, these measures have been defined by Olsen [8]. When y is

identically 1 these quantities do not depend on ¢. They will be simply denoted
t

by @Z(E), P (E), 2'(E), %Z(E), %t(E), and ' (E), respectively. They are
the classical packing pre-measures and measures introduced by Tricot [12], and
the Hausdorff centered pre-measures and measures [11]. The centered Hausdorff
measures also define the Hausdorff dimension.
It will prove convenient to use the following notations, when m = 1:
iy =05, =72,

)
[V

and pf = %”HI’O.
Also, as usual, one considers the following functions:
Tue(q) =nf{t e R; ?Z’t(E) =0} =sup{teR; @Z’t(E)
By g(q) =inf{t e R ; ZPYE) =0} =sup{t e R ; PI'(E)
bue(q) =inf{t e R ; H#Y(E) =0} =sup{t e R ; A" (E) = oo}.

It is well known [8], [10] that 7 and B are convex and that b < B < 7. Let J;, Jp,
and Jp stand for the interiors of the sets where respectively 7, B, and b are finite.

oo}

= oo},

When p is identically 1 we will denote these quantities by dimpFE, dimp E,
and dimy E. The first one is the Minkowski-Bouligand dimension (or upper box-
dimension), the second is the Tricot (packing) dimension [12], and the last the
Hausdorff dimension.

Here is an alternate definition of 7, g. Fix A < 1 and define
@/gg(E) = sup { Zr§ H wi(Bj)% ;5 {B;} a packing of E with Ad < r; < 5},
k=1
FyE) = T P15 (E).

7u,£(q) = sup {t €R ;éig’t(E) = +oo}.
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Lemma 2.1. One has Ty g = Ty E.

Proof. Obviously Z%H(E) < @Z’t(E), so Tu,e < Tue. To prove the converse
inequality, one only has to consider the case 7, g(q) > —oc.

Choose v < 7,,g(q) and € > 0 such that v+ ¢ < 7, g(g). There exists ng such
that, for all n > ng, there exists a A™-packing {B,} of E such that

m
S T
k=1
As

Z?”“H/J TSN S | L0

>0 A<r  A—(n+i) <1

there exists 7 > 0 such that

> 1T (B > (1 = X),
k=1

A< A (D <1

from which it follows

S T ae(By)® > Ao (1 - x%) = AT (1 - X,

A<rA—(H <1 k=1
and Z17(E) = +oo. O

Corollary 2.2. For any A < 1, one has

7.p(q) = i = og log sup { Z H ke (Bj) ™

{B;} a packing of E with \d < r; < 5}.

Level sets of local Hélder exponents

Let p be an element of Z#*. For «, 5 € R, one sets

_ g u(Bl,)

X, (a) = {mESH, II{‘I%)TS(X},
B . logp(B(x, 1))

X, (o) = {fﬂ €S, ; Tl_l\f"f(l) T > 05}7

XH(CK,B) = X}L(a) myH(ﬁ)’
and
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3. Results

First, we revisit the Billingsley and Tricot lemmas [4], [12].

Lemma 3.1. Let E be a subset of X and v an element of F.
a) If By, (1) <0, then

log V(B(J:, 7“))

(3.1) dimg £ < sup lim ,
TEE r\0 logr
— 1 B(z,

(3.2) dimp £ < sup lim ogv(B(,7)
2EETNO log r

b) If v¥(E) > 0, then

logv(B(x,r
(3.3) dimy E > esssup lim M
z€E, vt m\0 log r

— logv(B(z,r))

(3.4) dimp E esssup lim

Y

w€B, vt TNO logr
where
esssup x(z) = inf {t eR; v (En{x>t}) = 0},
zeE, vt
Proof. Take
1 B(z,
> sup lim (287 (BE1)

z€EE r\,0 logr
and n > 0. Since B, g(1l) < 0 there exists a partition £ = (JE; such that
> @i’n/z(Ej) < 1. Therefore we have that > @ll,’n(Ej) =0.
Let F' be a subset of Ej, and let 6 be a positive number. For all z € F, there
exists r < § such that I/(B(:E, r)) > r7. By the Besicovitch property, there exists a

centered d-cover {B;} of F', which can be decomposed into Cp packings, such that
v(B;) > r]. We then have

—1,
S eIt <N rlu(B)) < Cp P, 5 (Ey).
erefore we have =0, k) = 0, and finally = 0.
Theref have 727" (F) = 0, 27(E 0, and finally #7+7(E) = 0

Then (3.1) easily follows.
To prove (3.2), take

— 1 B
+ > sup T 28¥(B@1)
2eETNO logr
and 77>0. As previously, there exists a partition E=|J E; such that ) ?ll,’n (E;)=0.
For all z € F, there exists § > 0 such that, for all » < §, one has Z/(B(:E, r)) >r7.
Consider the set

E(n)={ze€E;VYr<1/n, v(B(z,1) >1"}.
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Let {B;} be a d-packing of E, N E(n), with § < 1/n. One has

> s Zr v(By) < 2,3 (Ex),

from which 2" (Ex N E(n)) = 0 follows.
So we have 271(E(n)) = 0. Since E = {J,;», E(n), one has dimp E < y+1,
and hence (3.2). -

To prove (3.3), take

logv(B(x, r
v < esssup h_m M
z€E, vt m\0 logr

and consider the set F = {J; IS li_mr\o w > 7}. We have v#(F) > 0.

For all x € F, there exists § > 0 such that, for all » < §, one has I/(B(IL',T)) <r7.
Consider the set

F(n)={zeF;Vr<1/n, v(B(z,r)) <r"}.

We have F = J,,~, F(n). Since v#(F) > 0, there exists n such that v*(F(n)) > 0,
and therefore there is a subset G of F(n) such that 7(G) > 0. Then for any
centered d-cover {B;} of G, with § < 1/n, one has

75(G) <> v(B) <> 1.

Therefore,
75(G) < A4 (G), and 0<7(G) <A (G)<#(Q),

which implies dimy E > dimyg G > ~.

To prove (3.4), take

— logv(B(x,r
v < esssup lim M
ceR, vt TNO logr

and consider the set F' = {J: e F, ET\O w > 7}. We have v#(F) > 0,

so there exists a subset F” of F such that 7(F’) > 0. Let G be a subset of F. Then,
for all = € G, for all § > 0, there exists r < § such that Z/(B(.Z‘,T)) < 7r7. Then for
all ¢, by using the Besicovitch property, there exists a collection {{B, x}; }1<k<cy
of o-packings of G which together cover G' and such that v(B; ) < r}k. Then one

has
7s(G) <> w(Bix) <> 7
J.k
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This implies that there exists & such that > r/, > éﬁg(G). So we have
Z7G) > éf&(G). This implies 22 (G) > é?(G). Hence, if F' = |JGj,

one has ) .
-7 — _
N 7G> = > w(G) > C_B”(F') >0,
so PY(F’) > 0. Therefore, dimp F' > 7. Then (3.4) easily follows. O

Lemma 3.2. Let p and v be elements of F* and .F respectively. Set p(t) =
B, (t,1) and assume that ©(0) =0 and v*(S,) > 0. Then one has

V(X (=(0), —¢}(0))) =0,

where @) and ¢ are the left-hand and right-hand derivatives of ¢.
The same result holds with ¢(t) = 7(,,.,)s, (¢, 1).

Proof. Take v > —¢;j(0), and choose 4" and ¢ > 0 such that v > +" > —¢j(0)

and p(—t) < ~'t. Then 33((;,’)1)”%(5“) = 0, so there exists a countable partition
S, =UE; of S, such that

( tl)vt
Z‘@(HW) ) L,

and therefore & 2% (u i)l )t

Consider the set

(Ej) =0 for all j.

— log n(B(z, 7)) >7}_

E
()= {m € S 0 logr

If z € E(y), for all § > 0, there exists 7 < § such that p(B(z,7)) < 77. Let F
be a subset of E(v). Set F; = F N Ej.

For § > 0, for all j, one can find a Besicovitch é-cover {B; 1} of F; such that
1(Bjk) < Tj‘,k

We have,

Ts(Fy) <> v(Bix) = > p(Bjx) ' u(Bik) v(Bjn) <D u(Bjn) 17 v(B)k),
k

k k
which, together with the Besicovitch property, implies

—5(=t, 1)t

Us(Fj) <CZ (s (Ej).

SO
—(—t,1),yt
(k,v)

( )<CB=@ (Ej):().

This implies 7(F) = 0, and v*(E(y)) = 0.
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We conclude that
— log;L(B(x,r))
b . CERP\EN\ ) / _
v ({x S S,L ; }1\% log > 901(0)}> =0.

In the same way, one proves that

Afres,: m B o)) o

|

Corollary 3.3. With the same notations and hypotheses as in Lemma 3.2, one
has

&mHvawxmfwmm)znﬁ{mgkﬁﬁﬁﬁﬁﬁ

i =S € Xa(— (0, —¢0(0)

and

dimp X, (=, (0), —¢1(0)) = inf{ i og v (B(z,7))

T = 1 € X (10, ] (0)) -

Note that statements in Corollary 3.3 are weaker than what can be deduced
from Lemma 3.2 and Lemma 3.1-b.

The previous lemmas contain the now classical results on multifractal analy-
sis [8], [3], [10]. Indeed, let v be a element of .Z*. Until the end of this section,
we will write b, 7, and B instead of b,s,, Tus,, and B,s,. For ¢ > 0, take
v(B) = u(B)4rB@ . Then the corresponding ¢ of Lemma 3.2 is Biuwys, (t,1) =
B(q+t) — B(q) and, for z € X ,,(«), one has

logu(Brr) | — logu(Bz,n)
lm ————* =¢lim ————* + B < B(q).
r{% logr qr{% log r +Blo) < qa+ Blo)

So, by (3.2) of Lemma 3.1, one gets
dimp X, (a) < inf qa + B(q).
q=0

In the same way, we get
. < .
dimp X, (o) < ;r%% qa + B(q)

If moreover we assume that %Q’B(q) (S,) > 0, we have v#(S,) > 0, and there-
fore, by Lemma 3.2,

v ({Xu(=B(a), ~Bi(a)) }) > 0.
Therefore, by (3.3) of Lemma 3.1, we have
—qB(¢) + Blg) ifq=0,

dim X _B/ ) _B/ —
1 {Xu(=B1(q) mm}>{_ﬂm@+3@>ﬁqgo
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Recall that the Legendre transform of a function x is defined to be x*(«) =
inf,er qor + x(q)-

All this gives a new proof of the following theorem (see [2] in the totally dis-
connected case, [3] in general).

Theorem 3.4. If B has a derivative at some point q € Jp and if " Ba) (S,.) >0,
then
dimy X, (—B'(q)) = B*(-B'(q)).

The same statement holds with T instead of B.

In [3] it is shown that if B'(q) exists and if dimy X, (—B'(q)) = B*(-~B'(q)),
then b(q) = B(q).

We now deal with the case when b(q) # B(q). The following notation will prove
convenient: for a real function 1, we set

by Ylg—1t) —¥(g) g Yla 1) —¥(a)
wz(q)—}% - and ¢} (q) = Him . :

Lemma 3.5. Let p and v be elements of F* and .F respectively. Set p(t) =
b(uw)s, (t: 1) and assume that p(0) = 0 and v*(S,) > 0. Then one has

#(freses m D o gl —o

and

A({oes, s m BBED) gy o

0 logr
Proof. Take v > —¢?(0) = lim,\ , “’(t_t) and choose t > 0 such that vt > o(—t).
—t,1),7t
We have %”(EW) ) (Su) =0.
Consider the set

B . logpu(B(z,1))
E—{$€SH7%T>’7}.

For all x € E, there exists § > 0 such that, for all » < §, one has ,u(B(:E,T)) <r7.
Set E,, = {J: €S, ; Vr<1/n, M(B(m,r)) < 7““’} and consider a subset I of E,,.
If {B,}, is any centered d-cover of F' with ¢ < 1/n, one has

<> v(Bj) =) ulB; Bj) <) u(By)~'r]'v(B;).

Therefore
75(F) < %”(#ty;)a”(F).
Then we have
PF) < iy " (F) < 2507180 = 0.

This implies v#(E,) = 0 and v*(E) = 0. This proves the first assertion. The
second one is proved in the same way. O
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Proposition 3.6. Let p be an element of F. Suppose that, for some q € Jp,
%ﬁf’b(q) (S.) > 0, and consider the set

E:{xesﬂ; li_mwgfblb(q) and mw

0 logr ™0 logr

> ~b(a)}.
Then we have

b(q) — qb(q), ifq=>0,

b(q) — qbj(q), ifq<O0.

In particular, if b'(q) exists one has

dimpE Z {

, . logp (B(z, 1)) / 7 log pu (B(z,7)) /
d S, ;1 <=b'(q) <1 >b(q)—qb'(q).
e {m € ou ,% logr s-bla) = a0 log r } = blg)—q¥'(q)
Proof. This results from Lemma 3.5 and (3.4) of Lemma 3.1. O

4. An example

Now, we can deal with the example given in [3] (Theorem 2.6). We take for X
the space {0,1}Y" endowed with the ultrametric which assigns diameter 2~" to
cylinders of order n.

We are given two numbers p and p such that 0 < p < p < 1/2, and a sequence
of integers 1 =ty <ty <--- <t, <--- such that lim,,_, o t,, /tp41 = 0.

We define a probability measure x on {0,1}"": the measure assigned to the
cylinder [e162...6,] i8

n
/,L([<€1<€2 .. .En]) = H Wi,
j=1

where
- if top—1 < j < top for some k, then w; = pife; =0, and w; =1 —p
otherwise,

- if tor, < j < togyr for some k, then w; = pife; =0, and w; =1 —-p
otherwise.

In fact, the measure considered in [3] is obtained by taking the image of y under
the natural binary coding of numbers in [0, 1] composed with the Gray code. The
purpose of using the Gray code was to get a doubling measure on [0, 1].

For ¢ € R, define
0(q) =log, (p? + (1 —p)?) and 6(q) = logy (p? + (1 — p)7).
Then it follows from [3] that for 0 < ¢ < 1 we have
b(q) = (g) < 0(q) = B(g),
and, for g <0org>1,

b(q) = 0(q) < 6(q) = B(q).
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We wish to prove the following result:
Proposition 4.1. 1) For a € (—log,(1 — p), —log, p), we have

dimpy X, (o) = ;Iel]% b(q) + ag.

2) For a € (—logy(1 — p),—logy p) \ ([=B(0), = Bj(0)] U [-B(1), = Bj(1)]), we
have
dimp X, (o) = inf B(q) + ag.
q€R
Proof. We consider the measure v constructed as p with parameters r and 7 instead
of p and p. We impose the condition

(4.1) rlogp+ (1 —r)log(l —p) =Flogp+ (1 — 7)log(1 — p).
As both r and 7 should belong to the interval (0,1), we must have

1- 1- 1-—
(4.2) log P rlog P log P
L—p p p

From Corollary 2.2, it is easy to compute ¢(x) = 7(,,,),s,. We have
o(z) =logy max { (p*r + (1 —p)*(L — 1)), (BT + (1 = p)* (1 — 7)) } .
Condition (4.1) implies that ¢'(0) exists. We set

1—p

(4.3) a=—¢'(0) = —rlogyp — (1 —r)logy(1 — p) = rlog, —logy (1 — p).

It results from (4.2) that « can take any value in the interval (—log,(1—p), — log, p).

Moreover, the strong law of large numbers shows that we have

log, v(B(z,27™))

lim — min{h(r), h(7)}
n—o0 —-n
and (B( )
— logyv(B(z,27")) B
Jim — = max{h(r),h(7)}
for v-almost every z, where we set h(r) = —rlog,r — (1 — r)log,(1 — 7).

Then it results from Lemmas 3.2 and 3.1-b that

(4.4) dimpg X, (o) > min{h(r), h(7)}
and
(4.5) dimp X, () > max{h(r), h(F)},

where 7, 7, and « are linked by (4.1) and (4.3).



326 F. BEN NASR AND J. PEYRIERE

If « is defined by (4.3), we have

1 1—r B
o8 i and a= -0'(q) if ¢= s
log =2 log =2

(4.6) a=-0(q) if q=

Now fix ¢ and ¢ as above in (4.6). One can check that, for these values of ¢
and ¢, one has

(4.7) 0(q) —q¢'(q) = h(r) and 6(q) —q0'(q) = h(7).

In order to have 6(q) = b(q), we must have 0 < ¢ < 1, which means

(48) 10g2 W <a< 10g2

1
V(L =p)

In order to have 0(§) = b(q), we must have § < 0 or ¢ > 1, which means

1
(4.9) o > logy ———
V(1L —p)
or
1
(4.10) B2 51— p)L7

One can check that at least one of the conditions (4.8), (4.9) and (4.10) is fulfilled.
But for any ¢ such that b'(q) exists, we have (see [8] or [1]) that

(4.11) dimy X, (=b'(q)) < blq) — qb'(q).
The first assertion then results from (4.4), (4.7), and (4.11).

In order to have 6(q) = B(q), we must have ¢ < 0 or ¢ > 1, which means

1 1
a>logy ———==-Dj(0) or «a<log,— = —B/(1).

p(1—p) pP(1—p)t=p

In order to have 0(§) = B(q), we must have 0 < ¢ < 1, which means

1 1
—Bj(1) =logy =——————— < a < logy — = —B,(0).
l( ) 2 pp(l _p)l_p 2 ﬁ(l 713) ( )
Then assertion (2) follows as before. O

Remark 4.2. Proposition 4.1 also holds for the measure considered in [3]. Indeed,
using the Gray code before projecting on [0, 1] yields doubling measures.
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5. The vector case

As in [10] one may consider expressions of the form exp —(g, (B)) instead of 1(B)9,
where s takes its values in the dual E’ of a separable Banach space E and ¢q € E.
Let v be an element of .%. For E C X, g € E, t € R, and § > 0, one sets

@g’t(E) = sup { Zr?e*@*”(Bf))l/(Bj) ; {B;} a d-packing of E},
—54t e Ut
R )

Qq’t(E) = inf{Z@q’t(Ej)iECUEj}v

and
%g’t(E) = inf { er—e_@’”(Bj))l/(Bj) ; {B;} a centered d-cover of E},
74t e Tt
7E) = ),
AT E) = sup {%q’t(F) i F C E} ,

For a function y from E to R, and for v € E of norm 1, one defines

_ o x(tv) = x(0) e _ e Xx(tv) — x(0)
&JX(O)—}{% ; and 8”"(0)111{% ; :

With these notations we have the following analogues of Lemmas 3.2 and 3.5:
Lemma 5.1. Let ¢(q) be one of the following functions:
inf {¢ ; @q’t(X) =0} or inf{t; 2'(X)=0}.
Assume that ©(0) = 0 and that 0,(0) at 0 is a lower semi-continuous function
of v. Then one has
Vﬂ{l‘ ; lim 7(1},%(3(%,7"))
0 —Inr

Lemma 5.2. Set ¢(q) = inf {t ; #"(X) =0} and assume that p(0) = 0 and
that 05x(0) is a lower semi-continuous function of v. Then one has

< —0y(0) for some v € E} =0.

lim
™0 —1Inr

yﬁ{x ; lim (v (Bl 1) < —050(0) for some v € E} =0.

The proofs follow the same lines as those above and as the proofs in [10]. As a
corollary we get the following result (with the notations of [10]):

Theorem 5.3. Let B(q)=inf{teR; 72" (X) = 0}. Assume that, at some point q,

the function B is differentiable with derivative B'(q) and that 2P (X) > 0.
Then one has

dimgy {m ; Vo € E, lim M

™0 log 7 - _Bl(q)v} = B(q) = B'(q)a-
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