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Sharp weak type estimates
for weights in the class A, ,,

Alexander Reznikov

Abstract. We get sharp estimates for the distribution function of non-
negative weights that satisfy the so-called A, ,, condition. For particular
choices of parameters p1, p2 this condition becomes an A,-condition or re-
verse Holder condition. We also get maximizers for these sharp estimates.
We use the Bellman technique and try to carefully present and motivate
our tactics. As an illustration of how these results can be used, we deduce
the following result: if a weight w is in A2 then it self-improves to a weight
that satisfies a reverse Holder condition.

1. Introduction

1.1. Problem setting: basic definitions

Put I = [0,1] and take p1 > po, p; # 0,£oc0. For every nonnegative function ¢
and any interval J C I we denote

(@), = ﬁ /J o(t) dt,

where |J] is the length of the interval J. For simplicity, when we take an average
over the whole interval I, we drop the subindex and write ().
Take a nonnegative function w. Note that by the Holder inequality we have

(1.1) <wp1>1j/p1 > <wp2>1J/P2.

Let @ > 1. We are going to consider such functions w > 0 that the following
“reverse” inequality is true:

(1.2) <wp1>1J/p1 <Q <,wp2>1J/p2 vJ c I

If p1 > p2 > 1 then (1.2) is called the reverse Holder inequality. If p; = 1 and
p2 = —1/(p—1) for a certain p > 1, then (1.2) is the famous A,-condition.
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If w > 0 satisfies (1.2), we write

Q
we Am»m'
We are interested in the following question: how big can w be? That is, for given A,
we want to estimate the measure of the set {t € I : w(t) > A}.

1.2. Bellman setting and initial properties

History of the question. A, weights play a key role in theory of singular
integrals on weighted spaces, which has recently experienced rapid progress. The
so-called Ay, Ag-A, and Ap-A, conjectures were proved in a short time period.
Moreover, the A;-A, theory was expanded; see, for example, [3]. In this theory
the careful study of weights, in particular their self-improvement properties, was
key.Our estimates allow to obtain such properties, as we show in Section 8. This is
why we think that sharp estimates for distribution function of A,, ,, weights are
interesting.

Bellman functions related to harmonic analysis appeared in the work of Burk-
holder, [1]. After that the first appearance was in the preprint of the paper by
Nazarov, Treil and Volberg, [4]. Different methods to find an exact Bellman func-
tion were developed. The reader can find them in [6], [7], [11], [8], and [9)].

There are two works by V. Vasyunin, [8] and [9], which are related to the
question with which we are concerned. He gave a sharp estimate of (w?) for every
q € R, with the assumption that w € Ay, 5,. After the work [8], M. Dindos and
T. Wall, 2], found the sharp A,-“norm” of a function in a reverse Holder class.
V. Vasyunin used a Bellman approach and we shall follow it. However, we should
make some changes, since in Vasyunin’s work he was able to reduce the question
to solving a certain ODE. We cannot do this, and we are going to solve a PDE,
following the Monge—Ampere technique, see [11].

An important precursor for our study was the work of Vasyunin [10] on the
weak-type John—Nirenberg inequality. The preprint [10] does not contain proofs,
but the explicit Bellman functions stated there were found as solutions of the
Monge—-Ampere equation on a nonconvex plane domain, just as they are here. The
function classes under consideration, the Bellman domains, the Monge—-Ampere
geometry, and the optimizers in the two cases are different; nonetheless, the basic
steps in the constructions and the proofs are the same.

Finally, we mention that applications of the estimates we are giving arise in
many questions related to Calderén—Zygmund operators. In Section 8 we show
how they can be used to deduce a sharp reverse Holder inequality for A, weights.
Such inequalities are very useful; we refer the reader to [5] and [3].
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I thank the referee for all his suggestions, which made this paper a lot easier to
read. I also want to thank Carlos Pérez and the organizers of the 19th Summer St.
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Initial definitions. Denote
Q={z=(z1,22): 2 >0, xé/m < xi/pl < Qxé/m}.
For every point « € 2 we set

(1.3)  B(x1,z2;A) = sup {|{t: w(t) = A}|: (W) = 2y, (W) = 22, w € Az?l,pz}'

Note that the definition of the € is due to inequalities (1.1) and (1.2).
We also need the following remark:

Remark 1.1. For every point = (z1,22) € Q there is a function w € Az?l,pz
such that (wP') = x; and (wP?) = xa.

The proof of this statement is subsumed in the proof of Lemma 2.7. This
remark shows that B is defined (not equal to —o0) on the whole domain Q.

Remark 1.2. Obviously, if A < 0 then B(x;\) = 1 for every z. In the future we
consider only A > 0.

For all @ > 1 define
o= {(z1,22): z; 20, 2/ = Qx;/“},
Lemma 1.3. Let (vP*,vP2) € I'y. Then
B(UPI)UPQ;)\) = 1’ v > )\’
0, v <A

Proof. Let (wP') = vP', (wP?) = vP2. Then Holder’s inequality becomes an equality
and therefore w is identically equal to v. Thus if v > X then {t : w(t) > \} =1
and B(vPr vP2; \) = 1. Similarly, if v < A then B(vP*,vP2; A) = 0. O

Now we are going to get rid of the A using homogeneity. Take w € AZC;?I pp With

(wP') = x1 and (wP?) = x5. For a positive number s write w(t) = sw(t). Then

we AY (@) = sPray and (WP?) = sP?x5. Also
w(t) = A <= w(t) = s\
Therefore,

B(x1,x2; A) = B(sP'xy, sP2xa; sA).
Put s = 1/\. Then we get
B(x1, 295 A) = B(A™P ey, A7P2 295 1),
so it suffices to find only B(z1,x2;1) for every (x1,x2) € 2. We set
B(x1,22) = B(x1,x2; 1).
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Lemma 1.3 says that

1, v>1,
0, v<l1.

(1.4) B(vPr, vP?) = {

1.3. Structure of the paper

We describe the structure of the paper. The strategy is the following: we deduce
some heuristic properties of function B and then find a candidate function B with
these properties. We then rigorously prove that B = B.

In Subsections 1.4 and 1.5 we informally derive the main property of B, its
degenerate local concavity. This property means that we should look for solutions
of the homogeneous Monge—Ampere equation on €2; in Subsection 1.6 a useful
theorem about such equations is stated. In Section 2 we make several technical
calculations. Further, in Section 3 we find an appropriate candidate B using the
Monge—Ampere machinery of Subsection 1.6. The reader can read [11] for more
examples.

After we find a function B that is the most natural candidate for our Bellman
function, we start proving that B = B. In Section 4 we prove that B > B, using
induction on scales.

To prove that B < B, we need to take an x, x € 2, and find a function
w e AY ,, such that ((wP'), (wP?)) = x and B(z) = [{t: w(t) = 1}|. We shall do
it in Section 6. We also emphasize that the function B and its properties somehow
carry information about attainability of the supremum (i.e., whether sup = max)
and about the maximizer.

1.4. The main property: local concavity

We give the following definition:

Definition 1.4. A function F' is called locally concave in a domain 2 if for every
x € Q and for every convex neighborhood U of x such that U C €, the following
inequality holds:

Fuz + (1= py) =2 pF(x) + (1 - p)F(y), vyeU, vVpel01]

In this section we will use some heuristics to derive the main property of the
Bellman function. We cannot prove this property a priori, but we will use it to
get an appropriate candidate for B.

Consider two points y = (y1,y2) €  and z = (21, 22) € 2 and the line segment
connecting y and z: [y,z] = {uy + (1 — p)z: p € [0,1]} € Q. Assume that the
supremum in (1.3) is attained on functions w, and w. respectively (we note that
we do not know whether the supremum is attained or not; we assume it is attained
for simplicity). For some p € (0,1) take x = py + (1 — u)z —a point on [y, z].

Define
{wy(ﬁ)a te [0,/,6),
w(t) = .
wz(ﬂ)v (&S [:u’ 1]
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Then

» t ! t
<wpk>:/ ngk(;) dt+/ wgk(ﬁ) dt = pyi + (1 = )2 = .
0 Iz o

To be able to compare B(z) with [{t: w(¢t) > 1}| we need one more thing,

namely, w € Al?l po- However, we cannot prove this. Nevertheless, if w € Al?l o
then

(L5)  B(z) = [{t: wt) 2 1} = pl{t: wy(t) = 1} + (1 — p) {t: w=(t) = 1}
=pB(y) + (1 —p) B(2).

Even though the above does not prove the local concavity of B, we will search for
a locally concave candidate B.

1.5. Degeneration of the Hessian

Assume that we have a smooth function B. Then B is locally concave if and only if

dQB — B;fllﬂfl B;fllﬂfg < 0
de - lg” lgﬂ X .

o1 o2

Moreover, we want to find the best concave function. “Best” means that B must
be as small as possible (since we want to estimate something from above). This
gives us hope that the local concavity is “sharp”, i.e., that Ccll;? degenerates (as a
trivial example we mention that in the one variable case a straight line represents
the smallest concave function with fixed boundary values). Namely we require
that, for every point z € Q there be a direction H(x) along which B is a linear

function. This just means that
d’B

Accordingly, we will look for a Bellman candidate satisfying condition (1.6).

1.6. On the Monge—Ampere PDE
In this subsection we state the following known result; see [7].

Theorem 1.5. Let B be a C? function defined in Q and assume that either
BY #£0or B #0,and

11 T2T2

Let

ty = By, ,
Then the functions ty are constant on each integral trajectory generated by the
kernel of the Hessian ‘j;E. Moreover, these integral trajectories are straight lines

given by
(17) dtg + x1dt1 + xodty = 0.

ty = B,

o0 t():B—.Z‘ltl—l‘QtQ.
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2. All technical calculations

In this section we shall state and prove a number of formulas that we will need in
the future.

2.1. Initial calculations

We start with formalizing the geometry of Q. Our first lemma is the following:

Lemma 2.1. For every QQ > 1, there are two solutions v+ (0 < v— <1 <74) of
the following equation:

(2.1) Q*p2 (1 _ 22) ,ypz =1— P2 Q*p2 7?2*?1.
p1 P

Proof. Put

f(t) — (1 _ 12) P2 1 ZﬁtPQ_pll
P1 P1

We want to prove that there are two values of ¢ such that f(¢) = QP>. Obviously,
F(0) = po LR e By — et = B g et (0 1),
P P p1

Observe that
thr —1

P1

sign ( ) =sign(t — 1),

S0
sign(f'(t)) = sign(p2(t — 1))
Now we consider two cases.

Case 1: pa > 0. Then f(0) = oo, f(c0) = 0o and f(1) = 1. Moreover, when
t €[0,1], f(t) decreases from oo to 1; when ¢ € [1,00], f(t) increases from 1 to co.
The observation that (P2 > 1 finishes the proof for this case.

QP>

V- T+

Figure 1: The function f(t) for p2 > 0.
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sz {\R ’
Y- T+

Figure 2: The function f(t) for p2 < 0.

Case 2: py < 0. Then f(0) = —oo, f(co) = 0 and f(1) = 1. Moreover, when
t €[0,1], f(t) increases from —oo to 1; when t € [1, 00], f(t) decreases from 1 to 0.
The observation that QP2 < 1 finishes the proof. O

Lemma 2.2. For every point (vP*,vP?) € T'y there are two tangent lines to T'g,
l4(v) and £_(v), such that (vP*,vP?) € (1 (v). These tangent lines are defined by
the equations

(2.2) 2y = 2_2 QP2 a2 (g — vP) 4 P2,
1

where ax = y1v.
Proof. Let (vP*,vP?) € T';. Then

(aB!, Q7P al?) € Tq.
Let ¢4 (v) be the lines given by

Tog = %Q*pz a’fﬂ“ (1’1 7,0171)4»,0172'
1

First of all, (vP*,vP2) € {4 (v). Second,
(af,Q7P2al?) € 4 (v).
To prove this, we use the definition of ~4:

QP2 (1 _ ;;_i) =1 i_i QP2 A2

whence » »
Q—Pz (1 _ _2) aijf = P2 — _2 Q—pz aﬁf—pl P,
P1 D1
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Therefore,

Q*p2 alf — 2;_? Q*p2 aif*l’l (ail _ ,U;Dl) +,UP2,

which exactly means that
(af, Q7" aff) € Lx(v).

Also the slope of /4 (v) is equal to the derivative of the function xo = Q"’lef/ .
at the point (ai!, QP2al?), which finishes the proof. O

Remark 2.3. If p; > 0, then 7' > 1 and we get a’}' /vP* > 1, s0 a}' > vP'. Thus,
for every point x = (z1, z2) on the segment of ¢4 (v) with the endpoints (vP!, vP?)
and (al}', Q7P2a'?), we have vP* < xp < aff'.

If p1 < 0 then, for the same reason, aﬁ_l < xp < 0Pt

Corollary 2.4. Take a point (1,1) and the corresponding tangents £y = {1(1).

They intersect 'y one more time at the points (v, v5?). These points are defined

by the following equations:

v_ =12 and v+:,y—+.

T+ V-

This corollary is obvious: ¢4 and ¢ (v ) are the same lines, namely, these are
the lines passing through the points (1,1) and (v}, v?) and tangent to I'g at
(v, Q7PAY?)

+ + /-

Lemma 2.5. Take x = (v1,22) € Q, x € I'q. Then there are two lines tangent
to I'g that pass through x.

The proof of this lemma is the same as the proof of Lemma 2.2. We need the
following observation:

Lemma 2.6. The number v defined above satisfies
1—Q7 P27 > 0.
Proof. Since

—p: P2 P2 ~_py po—
Q pz(l_p_l),yiazl_p_lQ P2 B2

we get
Q*p2 (1 _ 22) ,ypz =1+ (1 _ 12) prz ,ypzfpl _ prz ,YPZ*Pl
P1 * P * *
so, using vy > 1, we get

1=Q ™" = L;lpz Q7P (1 —95") > 0.
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Our next lemma is the following observation about weights:

Lemma 2.7. Suppose we have two positive numbers u and v such that the line
segment that connects the points (uP',uP?) € T'y and (vP*,vP?) € T'y lies in Q.
Suppose also that p € [0,1]. Define

Then w € Ag?lm,

Proof. We take an interval J C I. If J C [0, u] or J C [u, 1] then
<wp1>L1]/p1 <w102>;1/102 =1<Q.
If J =, 8], @« < p < S then

(wPr) | = upk(/i*a)JFUp’“(ﬂ*N)'

J 3—a

This means that the point z = ((wPt) ;, (wP?) ;) is a convex combination of the
points (uP*, uP?) and (vP*,vP2), so & € Q. Thus, xi/plmgl/m < Q, and, therefore,

Q
w e Aphpz. O

Remark 2.8. In particular, if J = I, then we get that (wP#) = puP* + (1 — p)oP*.

2.2. Splitting of Q: formulas

Now we want to split €2 into different subdomains. We mention that our subdo-
mains will be open, while € is closed. However, the reader will see that this detail
is technical and will not affect our investigation. We write precise formulas and
then explain their geometrical meaning using figures.

Case 1. p1 >p2 >0

Q={ze, n >Q7”2%7_ﬁ2_p1($1 —1)+1}U{z e, z >},
1

Q= {req, u<Q™ ?VT_“(JH -+
1
<@ B 1 < <),

Qu={zeQ, za >Q " ?752_1)1(331 —1)+1},
1

Qv = {.Z‘ S Q, To < Q_p2 ?’73271)1(.1‘1 — 1)—|— 1,0< 21 < ’731}.
1
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Q)

("', 0 4\

OQry

Figure 3: The domain 2 when p1 > p2 > 0.
Case 2. p; >0 > po

QU ={ze€Q, z <Q*p2%7_’;27p1(x1 —1)+1}U{z e, o1 >},
1

Qu={zeQ z2>Q" %’yiﬁpl(xl —1)+1,
1

29> QP 1271_)2—;01 (21 —1)+1, ' <21 < fy_li’_l}»

P1
Q= {.Z‘ S Q, To < prg %752_1)1 (.1‘1 — 1) + 1},
1
Qv = {1‘ €N, o > Q_p2 %752_1)1 (.1‘1 — 1) +1,0< 2 < ’Ygl}.
1
Oy

Figure 4: The domain 2 when p; > 0 > po.
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Case 3. 0 > p1 > p2
U ={zeQ, z <Q’p22—2'yf*m (z1 -1 +1}u{zeQ, z1 <}
1
Qu={zeQ, 22> Q*Z’?Zﬁ'y?f—pl (x1 —1)+1,
1

Ty > prz %752—111 ($1 _ 1) + 1’,)/_{1 <x < ’yz_Jl}a
1

O ={zeQ, 22 <Q™ " ?,ng—pl (z1— 1)+ 1},
1

Qv = {ZL‘ €N, 19 >Q7P ?’732_;01 (1‘1 - 1) +1, x1 > ’761}.
1

(2, Q72)

Figure 5: The domain 2 when 0 > p1 > pa.

2.2.1. Motivation. We shall try to motivate why we chose these subdomains.

The reason we chose this splitting of € is that we can readily determine the
Bellman function B for some of the subdomains, namely Q; and Qpp. Let us
explain. For each (vP1,vP2) € Ty, the set of test functions over which the supremum
in the definition of B is taken consists of a single constant function, w(,e wr2) = v.
Take two points y,z € {(vP*,vP?): v > 1}, such that the line segment [y, z] lies
entirely in 2, and any point x on [y, z]. We can obtain a test function w, for x
simply by concatenating the two constant functions w, and w., as was done in
Section 1.4 (by Lemma 2.7, this concatenation is in Agm). Then w, is pointwise
at least 1, which means that B(z) = 1. Observe that by our definition Q; is
precisely the set of all points x that can be obtained in this way.

We again emphasize that our intentions were to connect z with two points y
and z on the boundary I'; that have pointwise big test-functions w, and w,. Let
us call these y and z good points.
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Take now Q1. Here we cannot put z on a line which connects two good points.
However, we can connect x with the point (1, 1), which is good, and with another
point on I'. This point is not good, but our test-function w,, obtained as above,
will be pointwise big enough due to the contribution of w ;). That is why we
separate out this domain. We give the full details in Section 6.3.

Now we are left with Qp; and Qpv, and we do not subdivide them further.

2.3. On the dependence of v on x

In this section we introduce a certain function v as a function of x. We study its
properties that will be important later. Here is the definition.
If x € Q1 we take v # 1 to be the solution of the following equation:

P2 (1 — ) — P (1 — x2) = @2 — 21.

The geometrical meaning of this is as follows. We take the line segment that
connects the point x and the point (1,1). We continue this line until it intersects I'y
a second time. The point of intersection is exactly (v, vP2). Note that for this v
we have sign(z; — vP') = sign(py).

Next, take a point (v, vP?) on the boundary of Qv and the tangent line ¢4 (v).
Such tangent lines foliate all Qpy, and they do not intersect. Therefore, for every
x € Qry we can find exactly one such ¢4 (v). Notice that sign(x; —vP*) = sign(py).

Take this £ (v):

—po P2 po— b— .
To = Q P2 p_,yg’rz p1 pP2—P1 (-1'1 _ ,Upl) +Upz_
1

Fix 2o and consider v as a function of z1. We would like to determine the sign
of v},

Definition 2.9. Take v(z) to be a solution of the equations
vP2 (1 —xq) — 0P (1 — 23) = @9 — 21, x € Qur,
{:Ez = Q7P L2l P2 (g —oP) + P2, € Quy,
and such that sign(z; — vP*) = sign(py).
Our goal is the following lemma:
Lemma 2.10. For every x the following is true:
sign(v, ) = —sign(p1) and sign(v),) = sign(pz).

We split the proof into two cases.

Case 1: z € Qry. In the following lemma we determine the signs of v}, and v,
for z € Qpy.
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Lemma 2.11. Take x € Qpy. We define

Axq To
— () P2 AP27P1 — —
A Q T+ ’ 11 ppP1+1 pP2tl’

Then
LA 1
S opor’ T poll wpe

Moreover, we always have 11 < 0 and therefore

v

sign(v, ) = —sign(p1) and sign(v),) = sign(pz).
Proof. Using the definition of A, rewrite the equation for v in the following form:
To = @Avm*m(xl _ ,Upl) +Up2 — @A p2*;l71x1 _ @A’Up? Jrv;nz’
b1 b1 p1

Hence,

P2 D1 pP1 P1 :

Now, taking the partial derivative 9/0x1,

T2, P2 1 p1r1
,pzmvxl—p—lfl< — >,

v
pP1 pp1tl 71

and therefore,

, Az To A
1 ('Upl+1 - Up2+1> o plvpl ’
One can get the result for v}, similarly. From the equation

P2 _ P2, M f<]2Af1>
P2 D1 pP1 P1 :

we get that

Axy 7£:A$1<17@>+(@Af1>.

b1 b2 pP1 p1 p1
From (2.1) we see that

1-2a—gr(1-2) 4,
b1

p1

SO
—p2 AP2—P1
(2.3) Az 22 - (1_]2) (M_Q—pg ,ym)
pP1 VP2 P1 pb1 +
_ . D2 €
-0 2) ().
* pi/ \(y4o)P

Observe that y;v = a4 and from Remark 2.3 we know that sign(z; — af') =

—sign(py). Therefore, the equation

Cp A w1 71
=S = ) = @ =) (G 1)

finishes the proof. O
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Remark 2.12. One can draw a picture, take a point z, move it a little bit to the
right and observe that vP* has decreased. It exactly means that v acts as claimed
in the lemma. We give a picture for the case p; > pa > 0. We encourage the
reader to draw similar pictures for the other cases.

(1,22

(v (@1, 22), "2 (21, 72))

(@71 (@1 + &, 22), 072 (21 + €, 2) (x1 +¢,22)

Figure 6: The illustration for sign(vy,, ).

Case 2: z € Q. We would like to do the same thing as before —study the sign
of v}, . Note that it is obvious from the picture that v, behaves in the same way
as before, but we shall prove it analytically.

Lemma 2.13. Let v be as above and let x € Qrpp. Then signv’,, = —signp; and
sign(v),) — sign(ps).
Proof. We have
vPt —1
x1—1= s _1(20271).
Therefore, 1 = (z9 — 1) h'(v) v, , where

Z1)

h(v) =

vPt —1

P2 — 17

Differentiating, we get
W) = plvm*l(vm —1) ,pﬂ)pzfl(vm —1)
(s =12
pP1tp2—1 pP1tp2—1

1= P2+ p2v P =) = WM(U),

= m(p

where
hi(v) = p1 — p2 + pov™ Pt — pro P2,
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Thus,
sign(vy,, ) = sign(xs — 1) sign(hy (v)).
Clearly, sign(z2 — 1) = —sign(p2), and we only need to find sign(hq(v)). Since

hll(v) = *P2P1’Uf”1*1 +p1pgvfp271 = plpzf()*m*l(l — PP,

we have sign(h}) = —sign(pi1p2). Note that hi(1) = 0, whence sign(hi(v)) =
sign(pipz2). Therefore, sign(v}, ) = — sign(p1).
The result for sign(v;,,) can be obtained similarly. O

2.4. On the local concavity and derivatives in the sense of distributions.

In this part we are going to discuss the following question. Assume B is not
smooth, but still locally concave. How to express this in the sense of derivatives?
The answer is easy: we must demand 557123 < 0 in the sense of distributions. More
precisely, the following theorem is true:

Theorem 2.14. The function B is locally concave in Q if and only if for every
smooth function ¢ > 0 with a compact support in the interior of ), and for every
A1, Ay € R the following inequality holds:

/B <p331$1 + QSpglnglAQ + SO;CNQA%] dx < 0.

Our next step is the following: we take one of the integrals above, for example
| B(z @rlxl x)dx, and perform an integration by parts. While doing this, we
assume B is continuous. Although B), may not be, B}, is piecewise differentiable.

Our motivation is the following: we are going to find a Bellman candidate B
that is twice differentiable in the interiors of Qr, Q1, Qq1r and Qv and continuous
at every point of /. However, the first derivatives of B may not be continuous
on {4, and we want to catch the influence of their jumps on the integral above.

We state the following lemma, where F' plays the role of a derivative of B:

Lemma 2.15. Let

F(xy,20) = {

fl(lﬂl,iﬂg), ] >k$1 +m,
fa(xr,ma), 2 < kxy +m.

Let ¢ be a smooth function with compact support. By (f,p) we denote the action of
the functional f on the function ¢. Then, considering F,, and F,, as distributions,
we get

(FUCUSD) ://Fm(p dry dxo

+ k/ (f2(z1, k1 +m) — fi(z1, kay +m)) p(x1, kxy +m) day,

182790 // z2 P dml dl‘g

/ (fl(ml, kxy +m) — fo(xy, kxy + m)) o(x1, kry +m)dz.
R
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The proof of this lemma is simply integration by parts and we omit it. The
following is an immediate corollary of Lemma 2.15.

Remark 2.16. Take F' as above and assume f;(z1, kx1 +m) is a constant f; and
fa(z1, kx1 +m) is a constant fo. Then

(&U@:/EMM%MM%JU/Mm$m+mNm;
<aww:/i@wm+ﬁrﬁa/wmmm+mm%.

Finally, define ®1(¢) = [(z1,Q P2E24827P (11 — 1) + 1)dxy. We simply

integrate ¢ over £1. Note that if ¢ > 0 theprll Do(p) =0.

The second derivatives of B will consist of two parts: the “classical” deriva-
tive and the functionals ®1. The second part corresponds to the “jump” of first
derivatives.

To simplify our calculations we shall state a technical lemma. It says that
to check that the “jump” matrix is nonpositive it is sufficient to check that the
derivative is nonpositive only for one direction that is not parallel to /.

Lemma 2.17. Let B be as above, i.e. det ‘327]3 =0, B is a C? function in the
interiors of Q1—Qrv, and the first derivatives of B are constant on each f+. To
check that the Hessian of B is a monpositive distribution it is sufficient to check
that in interiors of Q1—Qpy the Hessian is nonpositive and that B! <0 asa

oI
distribution.

We omit the proof of this lemma. The reader can find details in [7].

2.5. On the approximation of A®

o .po-Weights with bounded weights

In this subsection we are going to prove two results about the approximation
of Aglm-weights. The motivation is the following: if we have an integral of a
function over a finite interval, it may be convenient to approximate the function
by its bounded cut-offs, because to bounded functions we can apply the Lebesgue
dominated convergence theorem.

We have the following lemma:

Lemma 2.18. Assume w € Agm. Take
o (o0, v <a
w pr—
- a, w(t) >a

Then w, € Aglm, The same is true for the function
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Remark 2.19. Note that

W, KW K Wy

Remark 2.20. Note that it is sufficient to prove the lemma only for w,. The result
for w, will follow immediately, since instead of w, p;, and py we can consider w™!,

—p2, and —p;.

Proof. First, we fix an interval J C [0,1] and write J; = {t € J: w(t) < a} and
Jy = {t € J: w(t) > a}. Define also

zi = (W)

f |Ji
— P2 - .
g0 Y (w >Ji) Q 7]

Then we want to prove
(2.4) <wp1>1J/p1 <wp2>;1/102 _ <w§1>1j/p1 <wgz>;l/p2

= (a121+a222)1/p1 (a1y1+a2y2)71/p27(&1214’0{20})1)1/1)1 (a1y1+a2a”2)71/”2
>0.

RIS yil/pz. Therefore, if we denote y;/m

By Holder’s inequality, we get zzl
by u, then z;/pl = su for a number s > 1 and the left-hand side of (2.4), which we

need to estimate, can be written as the following function of s and w:

410(5, u) = (04121 + a25plup1)1/101 (alyl + OZQUPQ)_l/pQ

— (2 +a2ap1)1/p1(a1y1 +a2apz)fl/pz'

Since

0
8_90 = (g sP1 Lyt (on21 + OQSplum)l/prl >0,
s
the function ¢ is increasing in s and therefore (s, u) > ¢(1,u), i.e., it has its
minimal value when w(¢) is equal to v on .Jy identically.
Now we have u = w(t)| s, > a and since ¢(1,a) = 0, the desired inequality will
be proved after checking that g—i(l, u) = 0. We write

0
ﬁ(l,u) = apu” (121 + )P agyy + aguP?) P

ou

. [u”l (cryr + auP?) — uP? (a1 + agupl)]
— alazu_l(alzl + a2up1)1/p1—1(a1y1 + aQuPZ)_l/pQ_l[uplyl _ ’U/pQZ’l],

and this is what we need because uP'y; — uP2z; > 0. Indeed, since u > w(t) and
p1 = p2, we have uPt P2 > w(t)P* P2 whence uP wP? > uP2wP'. Therefore,

u”ly1 _ up2z1 — <u;01w;02 _ up2wp1>J1 > 0,

which completes the proof. O
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3. Searching for B

3.1. Domain g

This case was briefly discussed in Section 2.2.1.

Lemma 3.1. For every point x = (x1,z2) € 1 there are two numbers u > 1 and
v = 1 such that x lies on the line segment that connects (uP*,uP?) and (vP* vP?),
and this line segment lies in ).

This lemma is a simple geometrical observation. We refer the reader to Fig-
ures 1-3.

Lemma 3.2. For every x € Qr, we have B(x) = 1.

Proof of Lemma 3.2. Take a point € 21 and the numbers u and v from Lemma 3.1.
Then for some p € [0, 1] we have xp = puP* + (1 — p)oP*. Let

By Lemma 2.7, w € A9 Further,

P1,p2°

<w10k> — Mupk + (1 _ M)U;Dk = Tp.

We have u,v > 1, thus [{w(t) > 1}| = 1. Since (wP*) = zy, and w € AY . we get
B(z) = {w(t) = 1} = 1.
On the other hand, by definition, B(z) < 1. Therefore, B(z) = 1. O

3.2. Domain Q1

In this section we find B in Q1. We discussed our plan in Section 2.2.1, and now
we are going to give the full details. As was said in Section 1.6, we need to find
lines on which B is linear. These lines will simply be the lines connecting the point
(1,1) with points on I'. Our setting is the following: we fix a point (vP',vP?) € T’
and consider the line with the equation

P2 (1 — ) — 0P (1 — m2) = @2 — 21.

Clearly, this line contains the points (1,1) and (vP*,vP2). We assume that B is
linear on our line. Using that B(1,1) = 1 and B(vP*,vP2) = 0, we get

Ty — Pt g — P2
B(z) = 1 _ T2

1 — P 1—op2
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3.3. Domain Qi1

To find B in Qq1, we use the following simple observation. The boundary of Qg
has three parts: the parts of /4 and a part of I'g. Since our candidate for B is
linear on the mentioned parts of /1, it is natural to assume B to be linear in the
whole of Qp, namely, B(x) = ax; + bz + c.

We would like to explain the word “natural”. In the paper [7] this is called an
optimality principle of building Monge—Ampere foliations. The rough idea behind
it is that the smallest concave function is linear; and since we have two linear
boundaries of €1, on which B is linear, we have a hope that we can extend B to
a linear function in the whole Q.

We now show how to find a, b and ¢. We want B to be continuous on ¢/ and,
therefore, we want B(1,1) = 1, B(v”",v”?) = 0 and B(v%*, v}?) = 1. This gives us
three equations:

a+b+c=1,

av? + b +c =0,

av' + b0 +c=1.
Solving this linear system (and using vy = 1/v_) one gets

P1

v_
TSP )
b= =

P2 =D —P?)
1
c=1-—
CARS Y

3.4. Domain Qv

Now we shall find B in Qpy. We guess that if x € Qpy then B is linear on the
tangent from x to I', which corresponds to 7.

Let us give an explanation. Past experience building Bellman functions, see [6],
[7], [9], and [8], shows that in a lot of cases the Bellman foliation consists exactly
of these tangent lines (this is called tangency principle in [7]). Since we do not
have any other guesses, we should check this one.

We remind the reader what our guess means. For every point x there is a
unique point (vP*, vP2) € T'y, such that x lies on the line through this point that is
tangent to I'g at ((y4v)P*, (%)m). Namely, the equation of this tangent is

—py P2 - 5— .
T9 = Q P2 p_,yﬁ’f P1 pP2—P1 (-1'1 _ ,Upl) + P2,
1

We know that on this line tg, t1, and t5 are supposed to be constants. This means
that they depend only on v. Therefore, we divide the equation

dtog + x1dt1 + xodts =0
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by dv and get:
(3.1) to(v) + z1th (v) + @aty(v) =0,
when

—po P2 po— o— .
To = Q P2 p_,yg’rz p1 pP2—P1 (-1'1 _ ,Upl) +Upz_
1

Now we substitute xo from this equation into (3.1) and use that for a fixed v
equation (3.1) is true for all z; between v and (v v)P*. Therefore, the coefficient
of z1 must be equal to zero, which yields

(3.2) t+QP IP;_? YRR P2 (),

Since B(vP*,vP?) =0, we get

to + vP ity + 0Py = 0, dto + oPrdty + P2 dty = 0,

o)
dto + vPrdt1 + proPr Yy dv + vP2dts 4+ pevP? Hadv = 0
or
(3.3) prt v T 4 paty P2 T =0,
thus »
ty = 7p_; VPP (o (p1 — p2) ).

Combining the last equation with (3.2) we obtain

th(1—Q P22 = pLp ;p2 t QP2 AT

SO
(p1—p2)Q P24527 71 ™
_O—P2.P2—P1 PT_
ty=Cv 79 7% =Cuov"+ .
From (3.3) we get
» p1—p2
1 _o—p2.,P27P1
tQ — _p_ CUI Q RS ,
2

and from tg + vP1ty + vP2ts = 0 we get

p17p2Q7”2’1i27p1 Pl’Yil

P1 _o—P2.P2—P1 — P2 ~PT _

toz(——l Cv 79 " =——2Cuv"+ ",
b2 p1

We shall find C such that B is continuous in Q1N Qpy. As before, A = Q772 1277,
On the line
2 — AP2 ypom 1 + v (1 - ]EA)
P1 D1
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we have
_ p1—p2A (p1—p2)A P1—p2
B(xy,22) = C{pfpz vt 4o Y — A b2 p2-m x1 P1 o a=a
P2 b1 D2
_ A ) pP1—P2
_ P1 P2 vlf 22 ’UfliA :|
P1 P2
(P1—p2)A P1—p2A
=C(1-A) [ml v T —p A }
However, on this line
D1
Xr1 —U_
B(z1,22) = T
S0
_ (m—pj)A
1 v
C = P1
1-A 1-u"
3.5. The formula for B
Now we state the unified formula for B.
(3.4)
1, x € Qp,
’Up1 ’Up2 1
T N e T M G T R
S
B(z) T’ z € O,
_ (ml—z})A
- P1—P
ﬁ“—lﬁv = (Plp;zpzvpz + xqoP2PL — Z—;mg) ’ z € v,

where v is defined as the solution of equation
{’l}pz(l—l‘l)—’l}pl(l—l‘z):.1‘2—.1‘1, .Z‘GQHI,
Ty = Q—m i_i VT—IH pP2—P1 (331 _ Upl) +oP2, x € QIV,

that has the property that sign(x; — vP*) = sign(ps).

4. The estimate from above: B > B

To state the main theorem of this section we need to introduce some notation.
Recall that in the definition of B there was a fixed number ) > 1. In fact, we
could write

Bo(w1,22) = sup {|{t: w(t) > 1}[: (W) = a1, (W) =22, w € AY .},

and to denote our Bellman candidate Bg. We had dropped the index @ for sim-
plicity, but now we need it.



454 A. REZNIKOV

We now take a number @)1 > @ and take the corresponding Bellman candi-
date B, , as defined in (3.4) (but for )1 instead of Q). The function B, is defined
on the domain Qg,, which contains Qq.

The main result of this section is the following theorem:

Theorem 4.1. For every point x € g and for every Q1 > () we have that
Bq, (z) = Bo(x).

It is easy to check that Bg, is continuous in (1, which immediately gives the
following corollary:

Corollary 4.2. For every point x € Qg we have that B(x) > B(x).

To prove the Theorem 4.1 we need the following two lemmata. The lengthy
proof of the first one is postponed until Section 5. The proof of the second one
can be found in [9].

Lemma 4.3. The function Bg is locally concave.

Lemma 4.4. Fiz Q1 > Q > 1. Then for every w € Ag’pz there are two in-
tervals IT and I~ such that I = I~ U I and if 2* = ((wP')r,, (wP?)r,) then
[z7,2%] C Qg,. Also the parameters a® can be taken separated from 0 and 1

uniformly with respect to w.

Proof of Theorem 4.1. We want to prove that for any function w € Agl p, (1) and
x = ((wP?), (wP?)) it is true that

(4.1) Bq,(z) = [{w > 1}].

Then, taking the supremum of the right-hand side, we get what we need. Assume

w E Az?l po- We take a splitting of our interval I by the rule from Lemma 4.4; then

we split I+ according to the same rule and continue the splitting process. By D,, we
denote the set of intervals of the n-th generation. Thus Dy = {I}, Dy = {I~,I"},
and so on. For every interval J € D,, we let

a! = (<wp1>J7 <wp2>J)'

Since B, is locally concave, we get
Bo. (@) > |17 |Ba, («"") + |I*|Bo, (+")

(4.2) > 3 |J|Ba,(a’) = / Ba, (2"(1)) dt,

JE€D,

where 2™ (t) is a step function defined in the following way: for each J € D,, let
"(t)=a', te .
Since we assume that w?’ € L joc, We get

() = (wPr(t), wP?(t)) a.e.
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Moreover, in Section 6 it will be proved that for every z € € there exists a func-

tionw € AY ,, such that B(z) = [{w > 1}|. The same can be shown for Q1 instead

of @, so we get Bg, (x) < 1. Therefore, by the Lebesgue dominated convergence
theorem, we can pass to the limit in (4.2). Then we get

1
Bou(@)> [ Bou(w” ()0 (1) dt.

However, for every ¢ we have (wP'(t),wP?(t)) € I'y, where we know Bg, by
Lemma, 1.3. Therefore,
Bq,(z) = [{t:w(t) > 1},

which is what we need. O

5. Proof of concavity
This section is devoted to the proof of Lemma 4.3. We recall its statement.

Lemma. The following inequality holds in the sense of distributions:
d’B
dr?

We break the proof of this lemma into parts. Following Section 2.4, first we
check that in interiors of Q;—Qpy the Hessian of B is nonpositive.

Then we study the jumps of B;, across the boundaries between the subdomains.

We warn the reader that this section is rather technical.

5.1. Domains Q; and Qg

Here B is fully linear and, therefore, ‘57]3 =0.

5.2. Domain Qq1
As we know, here

— pP2 -1
(5.1) Blo)=2""__-2"_

1—or2 1 — P2

Recall that vP?(1 — x1) — 0P (1 — x2) = x2 — 1, SO
(p2v?> M1 — 1) — pr P M1 — xa)) vl — 0P = —1,
or

vP? —1

xr1 T ’

where
T="Tw) =p20P2(1 — 1) — p1 o7 (1 — x2).
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Put . 1

v

f(v)_vi”?—l: vPz — 1
Differentiating (5.1), we get
;o o vP2 L ;o pp2—1 v(vP2 — 1)
(5:2) Bz, = (m2=1): m%l = P2z 1) (1 —wp2)? ' T
vP2 1 v
=pales 1) o = s - )

Observe that )

VP2~ v

' )= - , )

Therefore,

1271 —p2 T2 T2
1—x v
= W[prmv”ﬂpiv”ﬂ(l — 1) = pioP (1 — x2))
-1 20P2(1 — — p2pP1(]1 —
7p2(352 . )f(v) (vP2 — 1 [sz f (I —a1) — pioP* (1 — z9) 7p2}
T pauP2(1 — x1) — proPr (1 — x3)
p2(2 = 1) f(v)(v”2 —1) pop1vP* (1 — x2) — pfoPi (1 — xp)

20P271(1 — 1) —pFoPr ~H(1 — x9) )V, —povP?
B// :p2($2_1)|: f(U) (p2 (1 ) p (]- 2)) 1 P2 f(’l})i|

v(vf”;— 1)}

T2 T
 pip2(w2 — D f(v) (0”2 = 1)oP (1 — z2)(p2 — p1)
S —

_ (2= 1)*(p2 — p1)v"™*P2 pipy
B T2 T

Now we calculate B, . We use that the expression (5.1) can be rewritten as

r1 — vPt x1—1
1—ovrt 1 —om

B(z) = + 1.

By a straightforward calculation we get

B — (21 — 1) (p2 — p1)vP* P2 pipy
azez = T2 T

Using that det 55713 = 0, we immediately get
B = :l:(l — 21)(1 — 22)vP1 P2 (py — p1) pip2
T1x2 TQ T )

and the sign is not important.
Finally,

, vp1+p2 _
N Bl A = gfj ) pl;’? (1= 21)A1 £ (1 —22)A0)°
1,J
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Recall that

P2 _ ]
T =02 —,
v,
SO
VP P2 (py — p1) 1 pip2v;
(5.3) ZnginAj = '(f; ) b 11 (1—21)Ay £(1— m2)A2)2
@]

_ WP (py —p) 1 py
T2 vorz —1

p1vl, (1 —21)Ar £ (1 - 22)A0)°.

Observe that sign(vP? —1) = — sign(pz), signv,, = —signp; and ps —p1 < 0. This
gives

> Bl AA; 0.

2,7

5.3. Domain Qv

From Section 3.4 we know that

«@
B, =tj=—— "=y

v_ ¢

(We do not need to write the full expression for «.) Moreover, put V_ =

T
Then we get
Bria = (Za —]X))zA U Ve,
Similarly,
B, =ty = —]];—; ﬁ Voo A
Bl = Blan =~ i -0

As we know from Lemma 2.11,

1 A
U = o e T T o
pitlv p2llv

We have
sign(By ) = sign(1 —v”")sign(v), ) = —1.

Similarly sign(BY . ) = —1, and since det(”éilf) =0, we get that 55713 <0.

o2
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5.4. Boundary

Now we proceed to the “jumps” of the first derivatives of B across the splitting
lines /4. We recall that in {1 we have

B(x) = axy + bxs + ¢,

where
,UPQ

b= — .
G
We also recall the functionals & from Section 2.4 that act on smooth compactly
supported functions ¢ as follows:

Pi(p) = /90(551,Q7p2 2_2'7127171 (x1 — 1)+ 1) dxy.
1
5.4.1. Boundary Q1 N Q1. Observe that if po > 0 then
B - 0, @2>Q P B4R (g — 1) +1,
i b, w2 < Q7P B2ARTP (g — 1)+ 1
and if ps < 0 then

P1

0, @< Q7P B 42" Pz — 1)+ 1.

’ {b, x> QP2 B2 ’75_27;01(%1 —1)+1,
B, =

Therefore, in the sense of distributions,

B! . = —sign(p:)b®,.

2o

Notice that ®, is a nonnegative functional, and therefore the sign of B , is
determined by the sign of — sign(p2) b. Since

,UPQ
b= —
WD =)
and
(5.4) sign(v”? — 1) = —sign(pa),

Pt — P2 =P (1 — P2 7P) < 0,

we get sign(b) = sign(ps), so
B;’zmz <0.
5.4.2. Boundary Q51 N Q1. Our plan is the following. First we calculate Béz

xo—1 _ xp—1 : :
v’f?—l = v’jll—l’ i.e., on /_. Then we proceed to the jumps in the

on the line

derivatives.
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Using (5.1) and the inequalities sign(1—v"") = sign(p1) and 1-QP2~1*7"* > 0,

we get
I 1 'Upl —bp2

/ —
Pl = T T

)

and
sign(By, ((-)) = —signps.
As before, we observe that if p; > 0 then

B _ | Balt), m2=Q B2AP2™P (2 — 1) + 1,
b, wy S Q7P B2 AT (2 — 1) + 1

p1

N

and if ps < 0 then
o {b, Ty > QP2 B2 PP (g — 1) 41,
o BL), :2<Q

—p2 zi ,ygz pl(le o 1)+1

Therefore,

(Bl 9) = sign(p) (B, () = 0)0-(¢) + [ Bl pda,
Moreover,
sign(B), (£)) = —sign(pz) and  sign(b) = sign(pa),
o)
sign(pz)(By, ((~) —b) < 0.
This completes the consideration of the boundary Q51 N Q1.

5.4.3. Boundary Qi1 N Qpy. This is the best boundary since here all the
derivatives of B are continuous. We check this by a straightforward calculation.
We remark that due to Lemma 2.17, it is sufficient to check the continuity of only
one derivative, namely, B/,

We already know the values of B],, when we approach ¢_ from ;. Observe
that in QIV

_(p1—p2)A
B( ) 1 v A p1=p2 (pl P2 5, + po—p1 _ Pl )
1) = v v v - — 2.
1-A4 1o D2 ! p2

Also we know that the solution of the Monge-Ampeére equation satisfies the fol-
lowing: B, = t;. Thus, using that A = Q77> 4”7 we get

_(PI*PX)A
b1 1 v ' P1=P2
t2 = pr U A
pp1l—A 1—"

SO
D1 1 Upl —Dp2
)=- -

— —— ———7 = B, ({),
ppl—A1—" 2 ((-)

which finishes the consideration of the boundary Qi N Qpy.

t2 (U_
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6. The estimate from below: B < B. Constructing opti-
mizers

In this section we construct an optimizer for each point x € 2. Namely, for each
point x € Q we find a function w = w, with the following properties:

1) (wPr)y = a1, (WP?) = x9;

2) we A

Q .
P1,p2?

3) I{t: w(t) > 1}] = B(a).
The existence of the optimizer means that B(x) > |[{¢: w;(t) > 1}| = B(x), which,
coupled with the estimate B(z) > B(x), will complete the process of finding the
Bellman function B.

As usual, we break our proof into four parts, each pertaining to a specific
subdomain of .

6.1. Domain Qg

In Subsection 3.1 we have already proved that for every point x € Q there is a
suitable function w such that |{¢: w(t) > 1} = 1.

6.2. Domain Qg

We proceed with the idea from Subsection 2.2.1. Take z € Qy and a segment
[z7,27] C Q1 such that x € [z, 2] and 2* € £. We write

(6.1) r=XxT + (1 - Nz~
for some A € [0, 1]. We also can write that
aF = ps + (1= pe)olf

for some py € [0,1]. We know that we can choose the following function as
optimizers for z*:

w_(t):{v_, tef0,1—p), w+(t):{

1, te [17/1771]; Lo tE[,qu,l].

The functions w™ are defined in this mirror-like fashion (the constant 1 is assigned

to the right part of [0,1] for w™ and to the left part of [0,1] for wt), because
we are about to glue them in the proportion dictated by (6.1). Also, we want to
glue them in a way that will minimize the A, ,,-characteristic of the resulting
compound test function for x. More specifically:

voy £ [0, (1= A1 = p)l,
wit) =41, te (L= A1~ )T~ A+ Mg,
Vi, t e (1*)\‘{’)\,&4,,1]
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Note that
(6.2) (W) =2 (1 =1 —p) +1 =X+ Mg = (1=1)
(1= N+ o (A= M)
=1 =N + @ = p)o?) + AMpg + (1 — py)of) = 25

Now our goal is to prove that for every [«, 5] C [0, 1] we have

1/P2 < C?,

p1\1/p1 D2
(wht) ol W)

[(X76]

and that B(x) = [{t: w(t) > 1}|. This follows from the next two lemmas and the
fact that we have chosen 2% so that the segment [z, 2] lies inside the domain (2.

Lemma 6.1. The point (<wp1)[a PE <wp2>[a 6]) is a convex combination of ™, x ™"

and (1,1) or lies on £+.
Lemma 6.2. B(z) = [{t: w(t) > 1}|.
Proof of Lemma 6.1. The proof of this lemma is similar to the proof of Lemma 2.7.

(1= =p_) 1— XN+ Apg

®
w=uv_ w=1 "w=uv,

Oe ol

It is easy to see that the only interesting case is @ < (1 — A)(1 — p—) and
B> 1—A+Apy. In the other cases we have a convex combination of v_ and (1, 1)
or a convex combination of v and (1,1), which were treated in Lemma 2.7. If

<(1=XN(1—-p-)and 8 >1— X+ Ay then

@8] 5,%{”3"((1*/\)(1*Mf)*a)+(Au++(1fA)u,)
+UT(5—1+/\—/\M+)}
_ 1 {((1—)\)(1—M—)—a) ey BTl T
B—a 1—p- g

+(a1f*u_ +(17/3)1f—+u+).1]

(w?)

Note that the sum of all coefficients is equal to one, so we have a convex combina-
tion of #% and (1,1). O

Proof of Lemma 6.2. Since B is linear in clos(Qq1) we get
(6.3) B(x) =AB(zt)+ (1 - \)B(z™)
= A1 = ) BOE o) + Aug B, 1) + (1 — M- B(1,1)
(

+ (1= N - o) BP0
M)+ Mg+ W = A (1= N

v
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On the other hand,
w21} =1-1-NA—p)=A+p =,

which finishes the proof. O

6.3. Domain Qp1

Take a point x € Qqip and connect it with the point (1,1). Take a number v < 1,
such that the point (vP*,vP?) lies on the line segment that connects (1,1) and z.
Then there is a number p € [0,1] such that 1 = p + (1 — p)oP?, and zo =
w+ (1 — p)vP2. Define

By Lemma 2.7, w € Af?l pp; MOTEOVeET, it is easy to see that (wP*) = zy (this follows

from the definition of u).

Moreover, since v < 1, we get

B() > |{t:w(t) > 1} = p= 22" — B(a).

1 —or1

6.4. Domain Qv

Our plan is the following: first we consider = € I'g; after we build a suitable func-
tion w for every such x, it will be easy to construct an optimizer for every = € Q.

6.4.1. The case x € I'q. Take z € I'g N Qyy. We have
Ty = fyilvpl and 2o = Q*p27i2vp2

for some v < 1. To introduce w we need some notation. First, choose v such that

1
__ AP1
T—vpy I+
Take now
v\ /v
a= (—) .
v_
We also recall that .
v = 1=
T+
Now define
P1_,P1
1, telo, = Ui’ -a),
P1_,P1
(6.4) w(t) = v_, te [% a,a),

We check that w has the desired properties.
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Lemma 6.3. (wPr) = xy,.
Lemma 6.4. w € Agm,
Lemma 6.5. [{w > 1}| = B(x).

We prove Lemma, 6.4 in Section 7. Let us prove Lemmas 6.3 and 6.5.

Proof of Lemma 6.3. For k =1 we make a direct calculation:

pP1 p1
Y= —U_ 1—7Z 1 1—
<wp1>:7170111 a+ v . a+ Pt a’Pt 171/271(1—(1 VP
=~ a + Pt VP! ! — P !
1—vpy 1—vpy

Plg = ay.

= a4+ o AR =P A a =" a+x —y
For k = 2 we need the following:

1

(6.5) —

= Q.
To prove it take equation (2.1):
QP2 (1 _ 22) ’Yf =1 p2 QP2 ,Yizfm.
P1 P1
Multiplying this by QP> "> we get:

D2 —p- b2 — —p- D2
1—==Q" " == " =Q" " - —=(1-vp),
1 + P + + pl( )
SO

Qm’h:m:l*@Jr@*VPz:l*VPz,
P11 N

which is what we need.
Observe also that the points (1,1), (7%',QP24%2) and (v, v"?) lie on the

line /_. Therefore, we have the following equation:
R & e

1 — Pt 1 — P2

The calculation for (wP?) is almost identical to the one for (wP'), and we omit it. O
Equation (6.5) is very useful for us, so we want to put it as a separate lemma.

Lemma 6.6. In our notation, we have

1
1—vp

— ~P1 and — —p2 P2 .
T+ 1— vpg Q7P

Consequently,
PE

Tk = 1*l/pk-
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Proof of Lemma 6.5. Since w is a decreasing function and v_ < 1, we get

Pl Upl

Hw > 1} = 73'@

Let us compute B(z). This will be a direct calculation. Specifically, substituting

T = lff;k into the fourth line of (3.4), we get
_ (ml—z)j)A
1 v 01 —D 1 1
B(z’): 71 rvzl Iz(pl p2vp2+ P2 — pl UPz)
1-A 1-—-27 P2 1—vpy pa 1 —vps
_(p1—p2)A
R 1’: otE (]2_1_’_ I p 1 )
1-4 1-2 D2 1—vpy 2171/172
_ (P11*PZ)A
(6.6) _ e U%( v P Ups )
1—-4 1-u" 1—vp1  p2l—uvps
_(p1—p2)A
1 v 7 pL-poA ( vp1 vp1 >
= v 1—A —
1-4 1-u2" 1—vpr 1—vpy
_(p1—p2)A
1 v U4 p1-p2A vp1 — Upo
= P1 v =4 vy :
1—A 1—2¥ (1 —wp1)(1 —vp2)
Recall that A = Q72477 'so
_ o 1—vp vp1 — Ups
1—A=1-— P1 P2 102:1_ — .
T I —vps 1 —vpy
Therefore,
_ (P11*PX)A
v - P1—P2A 1
B(x) = — v I-A up ——.
() = ")
Moreover, observe that
(p1—p2)A __P1—P2A
T Y i
SO
D Do — A
B( ) a r1 sz " v ay.mlipj ,71_)1 " v ,y;l_n le_ij
Xr) = () = — v — a —
1= T 1—uvpy 1—oP T Py 1 — P
Furthermore,
1—vp1  p1—po
p1— p2A =p1 —Dp2 = ;
lL—vpy 1—vps
thus
propad 1
1-A v
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Using this we get

Bla) = /P e i (R § e ol A G e Vi
(x)i 1_UP1 - 1_,0101 a= 1_UP1 - 1_,0101 a,
and that is exactly what we need. O

6.4.2. The case of arbitrary = € Qpy. We now take an x € Qv and the point
(vPr,vP?) € T such that x € €4 (v). Let y = (¥} vP*,Q P2~ *vP?). Let wy, be the
function defined as in (6.4). Note that there is a number A € [0, 1] such that

xp = (1= A)oPt + Aol AP
xy = (1= A)oP2 + XQ7P2uP2 A2,

w(t) = {wy (£), telo

Define now
AL,

v, te (\N1]

Let wé‘ (t) = w, (%) This function is defined when ¢ < A, but when ¢ is close to ),
it is a power function, so we can extend it to the interval [0, 1], keeping it in Aglm -
So we assume now that our wy(t) is defined for ¢ € [0,1]. We note that

Therefore, by Lemma 2.18, w € Agym.

Moreover, since B is linear on ¢4 (v) and since v < 1, we get
B(z) = (1 = X)B"*,v"?) + AB(y) = AB(y) = A[{wy(t) > 1} = {w(t) > 1},

which finishes our proof.

7. Calculating the A,, ,,-characteristic of the test function

In this section we prove that the A, ,,-characteristic of the weight w, defined
in (6.4), is bounded by @. For convenience we recall some notation from the
previous section. We fix a point @ = (21, 22) = (Y] vP*,Q P2~ *vP?) € . First
we take a number v such that

1
1 —vp

_ AP1
i’7+'

We know that )

1—vpo

— O P
_Q 102,)/+2_
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Consequently,
PE
Ty = .
k 1—vpg
We recall that .
v = 1=
T+
and take
v\ 1/v
az(—J .
v_
Now we define I
1, t € [0, 5= - a),
P1_,P1
w(t) = v_, te 71 v:jjl_ a,a),

Let

Our first lemma is the following:

Lemma 7.1. u € Af?lm.

This lemma was proved in [9], but we repeat the proof.

Proof. We take an interval J = [a, §] and write

p1\1/p1 /y P2\—1/pP2 _ .
P e e —
ﬂl*lfpl — al=vPiN1/p1 6171/1)2 — ol—vp2
(I sty 2ot

(7.1) a o

A. REZNIKOV

ﬂlfV;Dl — ql-vm >1/p1( 51*1/172 — ql7vp2N —1/p2
g ol B ey

>—1/P2

To prove that the left-hand side is not greater than Q we now have to prove the

following estimate for every a and (3, such that 0 < a < g < 1:

~

ﬁl—vm —al vriN1/py ﬁl—l/pa — al~vp2N —1/p2
( 8 —a ) ( 8 —a )

Let s = /3. Then the left-hand side of this inequality is equal to

1 —gl=vPi\1/p1 1 — gl=VP2\ —1/p2

g(s’y)'i( 1-s > ( 1—s ) ’

where 0 < s < 1. Then

3]
a—g = something positive - log(s) - (1 — s"P17"P2) L 0,
v

and therefore
gs,v) < 9(5,0) = 1.
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Let
w () = {v_, t €10,al,

v_-(a/t)", te]a,1].
From Lemma 2.18 we know that u,, € Agl po- Recall that to prove that the initial

function w is also in AY we have to prove that for every interval J C [0, 1]

P1,p2?
<wp1>}7/p1 <,wp2>;1/172 <Q.

But from Lemmas 7.1 and 2.7 we already know this for many intervals J. The

only intervals that remain to be investigated are those of the form J = [«, 8] with

AP =t

a< G a, B > a. This will be our last step.

P P
1_,P1

Lemma 7.2. If J = [, 8] and a < wiﬁf -a, B> a, then

<wp1>L1]/p1 <w102>;1/102 <Q.

Proof. We have,

) 1 ,ygl_,uzil ) 1_,}/61
72) )y = g | (T o) w2 o

Note that
p1 _ ,P1 _ AP DP1
V- v_ V= v 1—
r1 = (wP') = a+v"a (17(1 Vpl)
1= w?) 1 U 11— 1—upy
and
P
€T =
! 1 —vp
Therefore,
), = 28 o
J B—a ’
and, similarly,
(wP?) zaf 7 —a
J B—a

Therefore,

Ty ﬁ;_”p;— a)l/m (mz ﬁ;_”p;— a)*l/m-

1\1/p1 o\—1/p2 _
(P )L/ P2y T3P = (

Let
x1 ﬁl—l/pl _ a)l/pl (mg ﬁl—um _ a)fl/pz

F(a,ﬁ):( 8-« B—a
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be the right-hand side of the last expression. First, we introduce new variables:

«

t and s=

_ o
B /8”1717
Define s

Glont) = Fla ) = (L22)7 (S22,

1—s 1—s

We prove the following lemma:
Lemma 7.3. G does not attain its mazimum in the interior of its domain.

Remark 7.4. We avoid writing the domain of G explicitly. However, its domain
has some obvious properties. For example, 0 < s < 1 and

(12) -t

, >0,

thus ¢t > s.

Proof of Lemma 7.3. G is a smooth function, so if it has a maximum in the interior
of its domain, then at this point both G} and G’ are equal to zero. Let

p2
t— —P2¢p1 —
Y e R Rl Al
1—s 1—s
Then )
P
M| = and N, = P2 QP2 tor 1 .
— S p1 1—s

Therefore, G} = 0 if and only if
N-—MQPtn =0,

which yields
(Q P2t —s)—(t—s)Q P2 tn ' =0,

and, therefore,
P2 1

st —1)=0.
Since in the interior of the domain s > 0, we get QP2 7' = 1. Note that
then t # 1.
Now let us compute the partial derivative with respect to s, assuming that the
last equality holds. We have

b2
t—1 Q P2t —1
! _ ! __ —
Ms—m and Ny = —————

Since t # 1, we have

=M.
(s —1)2 s

G; — iMl/Pl—l N—1/p2 M; _ iMl/pl N—1/p2—1 Né
P1 P2
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If G% =0, then

p2
N M 1 Q7 P2te — 1t—
N M_y g 290 s 1izs
2 ) D1 1—s pal—s
and so,
t—s=0 — t=s,
which contradicts Remark 7.4. This finishes the proof. m

Note that our change of variables is obviously an open map. Therefore, the
interior of the domain of F' maps onto the interior of the domain of G and thus F’
does not attain its maximum in the interior of its domain.

Let us study F' on the boundary of its domain.

Case a = 0. Here everything is obvious, because, independently of 3, F(0, 3) = Q.

Case 3 = a. Here everything is also easy, since the third line of the definition of w
(see equation (6.4)) is not involved and, therefore, we have a combination of (1,1)
and (o', vP?).

A/pl —oP1 . . . .
Case o = ———7r—a. This case is already done, since here the first part of w is not
involved, and we get a cut-off of the function u from Lemma 7.1.

Case § = 1. This case is more complicated and needs to be studied in detail.
Here we have

<,wp1>1/p1 <wp2>71/p2 _ (lﬂl - a>1/p1 (Ltz - a>*1/172
J J ’

11—« l1—«a
where
AP — P
0<04<71_U,il a.
We define
x1 —a\1/pPr fx9 —a\—1/p2
Hewo = (7=0) " (=)
(xla) 11—« 11—«

Recall that xo = QP2 x'f/ P1 " We need the following observation:
Lemma 7.5. The following is true:
sign(H,, ) = sign(p1).
Supposing for a moment that we have proved this lemma, we show how to finish

the proof of Lemma 7.2. We note that 1 <+ if p; > 0 and z; > +*' if p; < 0.
Therefore,

H(J)l,&) < H(’ylilaa)'
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p1

We would like to estimate the right-hand side. To this end, assume that x; =
and zo = QP24"2. Let

P1_,P1
1, telo,5T—r),
q(t) = AP Pl
v, t€ G 1]
pP1_,,P1
Note that (gP1) = ' = x1, (¢P?) = QP24 = 25 and for every a < ;wZ;
we have <q”k)[a g = =2 Since the whole line segment connecting (1,1) and

(vP*,vP?) lies in Q, we have

(=) (=) e

P1_,P1

for every a < 7

P P
1_P1

—— 71— @, which is stronger

However, to estimate H we need to consider a < i

than the previous inequality, since a < 1. Therefore,
H(?, a) Q. O
There remains to prove Lemma 7.5.

Proof of Lemma 7.5. Recall that
To = Q_p2 .1311)2/171.

Therefore,
drs  pa w2
dx, B P11 .

Letting M = 5== and N = 2=, we get:

11—

ol — iMl/prl N-/p2 _ iMl/m N-—1/p2—1 P272

Or1  p1 D2 P11
— pY/pi—1 y—1/p2—1 (i:ﬂg —@ ifﬂl _ a@@)
prl—a pl—-apx
Y e e B N Bk i
l—ax m

All we need to prove now is that o — x; > 0. Notice that x5 > x; if and only if
QP> m&pl_m)/pl, which is true if and only if

pP1P2
p1 QP21 = pray.
Recall that

Q—P2 (1 _ Zp;_?) ,ypz =1 Ip;_? Q—p2 ,yp2—p1.
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We have the following chain:
(7.3) QP 2" = QR <A T = p QAT 2

= 22(1 - (1 - 22) 75’2) > pi

p p1
b1 _
= m;m (— — 1) > p—(pl —p2) Q7P
2
Qr: —

R s R RN P S )
P2 P2

P1
D2

—

Since @ > ~v_ we get that

P1P2

Qm—m 2/71_)1 = m 20

Therefore,
pP1P2

p1 QP27 = pry?t.

Since we know that p; v”* > p1 x1, this finishes our proof. O

8. Illustration: the A, case and the reverse Holder property

This section has two goals. The first one is to write the answer for the Bellman
function in the particular case of p; = 1 and p, = —1. This case is interesting
because it corresponds to the As condition, which plays a major role in the theory
of singular integral operators. It is also interesting because here we can write an
explicit answer in terms of the As-characteristic of the weight, avoiding all implicit
functions.

The second goal of this section is to prove the following statement:

Theorem 8.1. Suppose w € Ay and [w]y = sup;(w), (w™'), = Q. Then there
exists a constant cg > 0, depending only on Q, such that for every a, 0 < a < av,
the following inequality holds:

(wh) < Clu)t*e,
where C' = C(a) is a constant that does not depend on w.

We refer one more time to the paper [2], where the opposite question was
considered: a reverse Holder weight self-improves to an A, weight.

We should say that this result is known. It was proved, for example, in [9] with
a sharp constant C'. Our result, compared to Vasyunin’s, does not give the sharp
constant C', but gives the sharp estimate for ay. We notice that in the bounds for
singular integral operators the sharp dependence of the self-improvement bound «
on the characteristic of the weight is the important thing.

Again, we note that we give the proof as an application of our sharp estimate
for a distribution function of As weights.
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Let us start by calculating the function B (see (3.4)) in our particular case. We
remind the reader that in our case

B(z1,w2) = sup {|{t: w(t) > 1}: (w) = 21, (w™") = z3,w € AQQ}
We start with calculating the constants v.. We have the equation

1 1
Q(1+1);f1+Q?,

which has two solutions

= V@G and 1 —Q- VTG

Therefore,
- _Q-V@-Q
T+ Q+V/Q2-Q
We know that in €7 our function B equals 1. Let us calculate the numbers a, b
and ¢ for Q1. We have

v =

2y/Q*-Q
8.1 l—p.=—Y* <
= T V@Q
- 2y/Q*-Q
8.2 [ [ A
°2 ’ Q- VZ Q
(8.3) v —vTh = —4y/Q% - Q.
Furthermore,

(8.4) a U= Ol VAC el

I—v ) —vZ')  8(@*-Q)
(8.5) b= _ _QFve-Q

(W' =D —vh) 8@ —Q)
1 1
(8.6) C:]-i(v,fl)(v:l*l):1+74(Q_1).

We proceed to the domain Q7. Let us find the parameter v in terms of z;
and x2. We have the equation

;(1 —x1) —v(l —x2) = 29 — 7.
This is a quadratic equation and its roots are

11—z
v=1 and v= !

1’271.
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Therefore, in Q11 we have

1T — 1

B(x) =

xr1 + 19 — 2°
In the domain Qv we need to do more work. First of all, we should again find
our v. Our equation (again quadratic) is the following:
-2 -2 1
1’2:7(2’)/_,'_ v (1’17'0)4’;,

which reduces to

1’2’027’0(1+%>+—2x1:0.
¥

The roots of this equation are

1+ £ (1+Q/R)" - 4(@1) mi 2

2$2

We should take the bigger value of v. This is obvious from the following picture.
The interested reader can check this algebraically.

Figure 7: The foliation for the case p1 = 1 and p; = —1.

So, we put
1+ Q) (14 Q2 —4(Q/2) w1
v= 2.1‘2 '
Using
9 _pr_1
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we get
2.1‘2
Recall that
a=9
T+

1 v - 2 T 2
e - (e 39
(@) 1l—v_ 1—wv_ v x2+v2 v
_ 2v_
1 v 1—v_ 5
= T 1771)7 e (v m2+x1—21})
Since
v2re = v — v_(z1 — ),
we get
2v_
v 1-v_ 20
B = — T-v_ — ).
() = S v (21— )
Finally,

2T1T9 — (1+v, + \/(1+v,)2 7411,1'1:52)
21‘2 ’

r1 —v=

We know that x129 < @, so

2Q—1—v_ —/(1+v_)2—4Qu_

21’2

r1 —v <

The right-hand side is equal to \/Q? — Q/x2, so we get

7-Q

€2

r1 —v <

Note that this estimate is in some sense sharp. We cannot guarantee that if our w
has the As-characteristic equal to @@ then it is attained on the initial interval. But
there are a lot of functions for which this is the case, for example, the one from
Section 6.

We get the following estimate for B(z), when x € Qpy:

2v_
T I 20_ 2
v_ 2 J@-Q
B(x) < vy .
( ) Sl —w T2
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Moreover, since z1x2 € [1,Q)], and using (8.7), we get

Therefore,

Altogether we have the following compound formula for B:

].7 HAS QI,
_ /02 — /02 _

—Q 2Q Q$1—Q+ 2Q Q$2+1+7, x € Q,
8(Q* - Q) 8(Q* - Q) 4Q—1)

B(Jj) = T1X2 — 1

_ Q

Tty — 2 r < i1,
2v

v 1-v_ 2v_

T v (11 — ), z € Qrv,

as well as the corresponding estimate:
1, z € Oy U O,

B(x) <{ 7y 129 =2 x € Q,

C(Q)ay V%, z € v

Now we proceed to the reverse Holder property, i.e., Theorem 8.1. With-
out loss of generality we consider only the case when the function w satisfies
(w)(w™!) = Q. This simplifies things a little since then the point ((tw), (t~tw™1!))
is on the curve I'g and thus never in {ypr.

Next, we use that

wt®) = o Oosa w(s)ds,
W) = () [P
where

Fy(s) = [{t: w(t) = s}|.

‘We know that .
Fy(s) < B(z1,22;8) = B(?l,l‘g s),
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thus -
<w1+0‘> <1+ a)/ 5@ B(ﬁ,xz 5) ds.
0 8

We consider the point S = (x1/s,z15). Note that

QI) s < ml/’y-i-a
S e QII) s e (1'1/’7+,l‘1/’7_),
Qrv, s> ax1/7v-.

Thus,
oo T
<w1+‘¥> <(1 +a)/ SQB(?,JTQ s) ds <
0

@1 /- o -—= e)
gC(/ so‘der/ s%xy, VY s Var-a ds).
0 x

1/v-

Note that the right-hand side gives us an estimate of the form Cz}™ = C(w)'+®
as long as the second integral converges at co. It does when

o @ < -1,
Q*-Q
or, equivalently,
a < g fef & —1

This finishes our proof.

9. Some final remarks

In this section we comment on some cases that we did not consider.

First of all, we did not consider the cases pr = 0, £o0c. However, in these cases
our method works in the same way. In the case p = 0 the expression (w? >1J/ P has to
be replaced by exp(log w)J. It has to be replaced by sup; w in the case p = +o0,
and by inf; w in the case p = —oo. The answer for B in these cases will be, for
example, obtained by passing to the limit when p; — 0, £0c. Another way to get
the answer in these cases is to find a system of differential equations, similar to
our Monge—Ampere equation. For details the reader can see [9].

We also note that for the A, case, i.e., when p; = 1 and py = 0, one can
get an answer solving the Monge—Ampere equation. The correct variables will be
1 = (w) and xo = (logw) with the relation

x1exp(—xz2) € [1,Q)].
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With the same splitting of the domain as before, the answer is the following:

1, x € Qq,
v_ 1 v_
- 1 )a Q )
(v_ — 1)29B1 + log(v_) v_ — 1332 + ( + (v- —1)2 ¢ € o
B(z) = _
(@) %7 x € O,
1
5 ks 11— (x1 — 220 — v(1 — log(v))), x € Q.
+ - - —

where the function v is defined by an implicit formula:

22 (1 —v)=(1—x1) log(v), € Qu,
vXg = % (x1 —v) +vlog(v), x€ Qy.

We can further modify our setting by considering another Bellman function
where we calculate

sup ({w > 1}|,...).

The answer will be the same at every point except (1, 1), where our new function
will be zero. Also we will not have an extremal function for every point; instead,
we need to build extremal sequences.

Moreover, since
Hw <1} =1-[{w>1}],

we get that
sup (|[{w < 1}],...) =1 —inf ({w > 1}|,...).

Using our technique, one can easily calculate the right-hand side. The function for
inf can be calculated in the same way as B with one difference: it must be convex
rather than concave.
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