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Boundedness of maximal operators
of Schrodinger type with complex time

Andrew D. Bailey

Abstract. Results of P. Sjolin and F. Soria on the Schrodinger maxi-
mal operator with complex-valued time are improved by determining up
to the endpoint the sharp s > 0 for which boundedness from the Sobolev
space H*(R) into L*(R) occurs. Bounds are established for not only the
Schrodinger maximal operator, but further for a general class of maximal
operators corresponding to solution operators for certain dispersive PDEs.
As a consequence of additional bounds on these maximal operators from
H*(R) into L*([—1,1]), sharp results on the pointwise almost everywhere
convergence of the solutions of these PDEs to their initial data are deter-
mined.

1. Introduction

For a > 1, time parameter ¢t > 0 and spatial variable z € R, define the following
operator acting on functions f in the Schwartz class, S(R):

St f(x) = / Fleyeel” eivs ge.
R

This operator gives the solution to the dispersive equation

(SIS

10wu(t,x) + (—A)2u=0

in one spatial dimension and one temporal dimension with initial data «(0,2) =
2w f(x). For a = 2, it corresponds to the solution operator for the Schrodinger
equation.

The boundedness of the maximal operator Sj f := sup;c(q 1) |S.f| was con-
sidered in [2] by L. Carleson in the case of a = 2, motivated by the problem of
determining on what class of functions the operator S§ can be defined such that
for all functions f in this class, lim;_0 S5 f(z) = f(z) for almost every x € R.
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Whilst Carleson considered the problem in the context of Holder continuous func-
tions, an immediate consequence of his work is that when f is taken in the Sobolev
space H'/ 4(R), the following operator bound may be established:

155 fll2 =111y S NS eavagwy-

Here and throughout this paper, the symbol < is used to signify that the left hand
side is bounded above by a constant multiple of the right hand side, with this
constant independent of f. In what follows, A ~ B will be used to signify that A
is equal to a constant multiple of B, whilst A ~ B will be used to signify that
A < B and B < A both hold.

In [3], B. Dahlberg and C. Kenig showed by exhibiting a counterexample that
Carleson’s result is sharp in the sense that for any positive s < 1/4, there exists
a function f € H® such that lim;_|S5f(x)| = oo for almost every z € R. As a
consequence, H'/* in Carleson’s maximal estimate cannot be replaced by H* for
any s < 1/4.

The problem of the boundedness of the Schrédinger maximal operator was
considered in the context of global L? norms by L. Vega in [13] where it was shown
that

195 fllze@) S N fllaremy
for any s > 1/2, and that this estimate fails for s < 1/2. The problem of the
boundedness for s = 1/2 remains open.

It is a simple observation that if the definition of the solution operator for
the Schrodinger equation is extended to allow complex-valued time with positive
imaginary part, then for t > 0, the operator S& is the solution operator for the
heat equation,

Owu(t, x) = d2ult,x).
By observing that the multiplier associated with Si' is a Gaussian, it follows from
the boundedness of the Hardy—Littlewood maximal function that

H sup |Sétf|HL2(R) 5 ||f||L2(R)
te(0,1)
Given this result and the result of Vega, it is natural to consider intermedi-

ate results by asking for which s > 0 and which maps ¢ : [0,1] — [0, 1] with
lim; 0 g(¢t) = 0 it can be said that

t+ig(t
| sup 18577 1| Loy S 1l -
t€(0,1)

This interesting question was posed and partially answered by P. Sjolin in [10].
For ¢, v > 0, he considered the operator

Pztﬁf(q;) = SéJrit'Yf(m) _ /R]’c\(g)eitEZe_t‘Yf2eixE df

with corresponding maximal operator Pj . f = SUP4e(0,1) |P2tﬁf|. Denoting by
s2(7) the infimum of the values of s > 0 such that the estimate || 5. fllL2®) S
|.fI| &=y holds, the following is established by Sjolin in [10] and in [11] together
with F. Soria:
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Theorem 1.1.
(i) Forv € (0,1], s2(y) = 0;

(i) Fory € (1,2), s2(7) € 0,5 — 55];
(i) s2(2) = 7;
(iv) For~y e (2 4, s2(v) €[5 5 — 5
(v) For € (4,00), s3() € [3 — 1,1 — 4]

Sjolin’s original work in [10] established cases (i) and (iii), as well as (v) with an
upper bound of 1/2 instead of 1/2—1/(2). Cases (ii) and (iv) and the improvement
of case (v) were established in [11] with Soria.

In a paper from 1994, [8], Sjolin also established that for any a > 1, the infimum
of the values of s > 0 for which

152 f 2@y S N1l mer)

holds is a/4. As such, in addition to the problem of fully determining so(7) in
cases (ii), (iv) and (v), it is natural to consider whether the scope of Theorem 1.1
can be extended to a # 2. To this end, for ¢, v > 0 and a > 1, define in the natural
way,

Py f(x) = S f(x) = / Fleetel” =1l gine g
R

with corresponding maximal operator Py f := sup,c 1) |Ps. f| and let sa('y)
denote the infimum of the values of s > 0 such that the estimate ||P; . fll2®) S
| f|l 1+ (ry holds. Letting =™ denote the maximum of 0 and z for each z € R, in

this paper the following is established:

Theorem 1.2. For v € (0,00) and a > 1, s,(7) = ia(l - %)—F

In the case of a = 2, this “completes” Theorem 1.1.

By standard arguments, pointwise almost everywhere convergence of P, i ftof
as t — 0 can be deduced as a corollary of Theorem 1.2 for functions f € H*(R)
when a and v are as in the statement of the theorem and s > s,(7y). In fact, the
following stronger result will also be established:

Theorem 1.3. For each v € (0,00) and a > 1, the infimum of the values of s > 0
for which

lim P;  f(z) = f(x)

t—0

for almost every x € R whenever f € H?(R) is min ( (1——) ) Moreover, this

convergence also occurs for all f € L?(R) when v € (0,1] and for all f € H%(R)
when y € [-%5,00).

Theorem 1.3 will be proved in Section 4 as a consequence of local bounds
for P, deduced from Theorem 1.2 and some other previous work of Sjolin. To
prove Theorem 1.2, it will suffice to consider the case of v > 1, owing to the
following generalisation of Sj6lin’s Lemma 1 from [10]:
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Lemma 1.4. Let g and h be continuous functions mapping [0, 1] to [0,1] such that
g(t) < h(t) for allt € (0,1). Then for any a > 1,

| sup |strm g
t€(0,1)

for any f € S(R).

In addition to reducing the proof of Theorem 1.2 to the case of v > 1, this
lemma also suggests that in terms of understanding the convergence at the origin,
the P; . are natural operators to consider as they encapsulate the convergence
t+ih(t) ¥

sup St+i9(t)f ‘
L2R) ™ H te(0,1) | |

L2(R)

propertles of any operator of the form S when h(t) is of polynomial type
near t = 0. The proof is essentially the same as the proof of the analogous result
from [10] and will thus be given in an appendix.

The proof of Theorem 1.2 will be divided into two sections. In Section 2, it will
be shown that || P fllL2) S [|f]|zs(r) holds for all s above the critical index,
i a(l — l) when v > 1, whilst in Section 3, it will be shown that this boundedness
fails for all s below this index. Section 4 will contain some further remarks on the
implications of Theorem 1.2 and its proof, as well as a proof of Theorem 1.3.

The work contained in this paper formed part of the author’s doctoral thesis, [1].
The author would like to express his gratitude to his supervisor, Jonathan Bennett,
for all his support and assistance over the last few years. The author is also grateful
to Neal Bez and Keith Rogers for some valuable discussions about this work.

2. Proof of boundedness of the maximal operator for regu-
larity above the critical index

It is claimed that to show that || Py fll2®) < [|fllmsw) for all s > ta(l- %), it
will be sufficient to prove the following lemma:

Lemma 2.1. Suppose that a, v > 1 and o > %a(l — %) If v < 725, suppose
further that o < 1/2. Let p € S(R) be compactly supported, positive, even and real-

valued. Then there exists K € L*(R) such that for any t1, to € (0,1) and N € N,

(=) €1"=2) (1 | ¢2)=3 o~ +DIE" () el < K
e e I ¢l < T
i ()

for all x € R.

It is remarked that the assumption that o < 1/2 for v < —%5 is purely for
technical reasons and since only minimal choices of « are of interest in proving
Theorem 1.2, it will have no impact on the usefulness of this lemma.
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The sufficiency of this lemma in establishing the desired boundedness can be
shown using the Kolmogorov—Seliverstov—Plessner method. Indeed, assuming this
lemma to be true, fix any positive, even n € S(R) supported in [—1,1] and equal
to 1in [-1/2,1/2]. Also, fix a measurable function ¢ : R — (0,1) and define for
each N € N,

P F(w) =1 (%) /RJ?(g)eit(x)\f\”e—t“’(a:)lilaeixfn(%) .

To establish that || Py fllr2w) S [|fllzsw) for all s > ta(l -
prove that

l), it suffices to
5

1Py fllze@y S 11l sy

for any N € N with constant independent of N and ¢. This is equivalent to showing
that for any g € L*(R) with ||g[/z2®) = 1,

‘/ t,(j)N dﬂ”’ Sl s my-

However, by Fubini’s Theorem and the Cauchy—Schwarz inequality,

| [ EE @]
_‘/f £)(1 4 €2)5 (1+§2)*%n(%)/Re“@)‘f‘“e*”(m)lil“e”ég(m)n (%) dxdg‘

—S £ 3 — a (Y Y [
<Al ey ’/R(ng) snz(ﬁ) A Rez<t<x> HY)IEN o= (7 @)+t (1))]E]* gi(z—y)E
—— (T y
x g(x)g(y)n (ﬁ) n (N) dx dy dg§ ‘

Wl [ [ o0 | [ et g2y
% e—(t’*(x)+t"(y))|5|a772 (%) d¢ ’ dx dy.

By Lemma 2.1 (where o = 2s, u = n?, t; = t(x) and ¢t = t(y)) and a further
application of the Cauchy—Schwarz inequality, this quantity can be bounded by
| f 1 s @) [11EC] * [gll| L2y |9 || 2wy, which, by Young’s convolution inequality and
the fact that ||g|[z2w) = 1, is bounded by || f|| g+ (r)[| /|| L1 (). This establishes the
desired boundedness of Py ..

Lemma 2.1 is based on Lemmata 2.1, 2.2, 2.3 and 2.4 from [11] and its proof
given here follows a similar strategy to the proofs of those lemmata. Note that
of these four lemmata, Lemma 2.1 was proved in [9] (originally proved implicitly
in [4] using a method from [7]) and Lemma 2.2 was proved in [10].

The remainder of this section will be devoted to the proof of Lemma 2.1.
To begin with, for each & > 0, define the function h.(€) := e~=I¢". Tt is claimed

that for £ # 0,

1
! < . " < -

with constant independent of e.



536 A.D. BAILEY

Indeed, note that h.(¢) = —sgn(&) e alé|*te=lé", so

1
h! max ye ¥) < —.

yeERT

Similarly,

ZACIIPS |£|2(§2%§y6 > €12 (;rel%)iy ) < @

Now, assume without loss of generality that t2 < t; and set ¢ := t; — t5 and
e :=t] +1J. Also, define F (&) = t[¢]|* — z€ and G(&) = (14 &2)=/2e==lEl" (¢ /N),
so that the integral in Lemma 2.1 can be rewritten as

/ eFOG(€) de.
R

The letter p will be used to denote (%)1/@—1) (possibly) stationary point of F.

Fixing a large constant Cy € R*, the cases |z| < Cp and |z| > Cy will be
considered separately.

2.1. The case |z| < Co
Split the integral as A + B, where

A::/ ei(t|§|“—x§) (1+£2)—a/2€—5\§\au é df,

1<zl 1 (%)

B;:/ GUE 20 (1 4 2)=o2 gelel u(£>d£
€112l -1

The first integral, A, can be bounded trivially by simply observing that

Al S 1+¢?
| |N/|s|<|a:|—1( )

Since min(0,  — 1) > —1, the required estimate on A is established.

To estimate B, first assume that |2|* < ¢/2. This ensures that the phase of the
integrand (the function F') is never stationary in the region of integration for B.

By symmetry, it will suffice to bound B with the range of integration restricted
to positive values of . By direct calculation, for such &, F’(§) = at§“_1 —x, s0 it
can be seen that F” is monotonic. Further, given that |¢| > 1/|z| and > 2|z|,

—a/2 df g 1+ |x|04—1 S |1,|min(0704—1).

ma T
[F'(©)] = [](2a —1) > |a,

so by Van der Corput’s Lemma, it follows that

’/m TG de] s (s |G(§)|+/§>xl (€)1 dg).

kT
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Trivially, |G(€)] < (1 +&2)7%/2 < |z|® for € > |z|~!. Recalling that h.(¢) :=
e—<lel*

€ =2(~ 5) 1+ (@ u( ) + 1+ )R (%)
—a L€
+ 1+ h(O) i ().
so since |hL(&)| < 1/|¢] with constant independent of €,

G©)] < g1+ hg(em(%) Far )l n(L)

af L€
)7 O g | ()]
—— § « £

se g (7))

5§-0¢—1-
It follows that -

|G (&) d€ < e S Jxl,
E>x| 1 |z|~1

and hence B < |z|*~!. Again, given that & — 1 > —1, the desired estimate for B
holds in the case of |z|* < t/2.

To complete the proof of the lemma in the case |z| < Cp, it remains to bound B
in the case that |z|* > t/2. As before, it suffices to consider only positive {. To
proceed, fix a small constant, ¢, and a large constant, K. The range of integration
will be split into the following regions:

L= {€> |27t € < op)s
L= {¢>a|™" : £ € [op, Kpl},
Iy:i={¢> 2| - € > Kp},

recalling that p = (m)l/(afl). For each j € {1,2,3}, the integral in B restricted
to the region I; will be denoted by J;.

This splitting isolates a neighbourhood around the point of (possible) stationary
phase of the integrand (I2) from the remaining range of integration either side
(I and I3). These latter regions will be bounded using a lower bound on F’ and
an application of Van der Corput’s Lemma, as before. Indeed, for £ € I, it can be
seen that at€4~1 < 697 tz| < |z]/2, hence |F/(€)| = |até* ! —z| > |z|/2. Similarly,
for £ € I3, it can be seen that até*~! > K Yz| > 2|x|, so |F'(£)| > |z|/2. From
before,

swp [GE)|+ [ IG©)1de S Jal
&> x|t £>[z| 1

so by Van der Corput’s Lemma,

[ il 5] S Jol = el = [
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Unsurprisingly, the estimate on Js is more delicate, although it is still attained
using Van der Corput’s Lemma, this time with the second derivative of F' bounded
below. To begin with, assume that v > —%5. For any § in I3, it is the case that

¢ ~ p. Given that F”(§) = a(a — 1)t£4=2, it follows that |F"(¢)| 2 tﬁm%f
Following the same method as before, but now using that £ 2 p instead of simply
that & > 1/|xz|, it is also the case that

sup [G(§)] S p~° and GO dE < p™.
5612 12

Consequently, by Van der Corput’s Lemma,
| Jo| < 17260 |g| " 26D p=@ e pat1(@) |p|ati(1-Fama),

Since v > %3, it is necessarily the case that o —1/2 > 0. Using further the
assumption that |z|* > t/2, it follows that

patr(e=d) < |platrle=d)

o
2] S fo| = 078 g (O deme) = et
which completes the desired estimate.
It remains only to consider the case of v < -%5. The lower bound, |F" ()| >

o=t |:16|Z%f will be used again in another application of Van der Corput’s Lemma,
but instead of the fact that |z|* > t/2, improved estimates on G will be required.
Indeed, note first that

sup [G(&)] S p~ e "

£els

Also, similarly to before,

G < p~ [he(E)] + p~ " he(dp),

SO

Kp Kp
/ GO de < p° / 1.6 de + / U (3p) de
I

op op

Kp Kp

— = [ e+ [ ot de
Sp Sp

—ae—éasp“

~p

by the Fundamental Theorem of Calculus.
As such, by Van der Corput’s Lemma,

o] S ¢35 [of 3 pmo om0

tra=1) | iy (ma—L(a=2)) ,—6°(t] +13) | T ¢ a1
~ fa-1 2 |m|a—1 2 e 1Th2 .
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Further, observing that ¢] 4+ t3 = (t1 +t2)” > t7, it can be seen that there exists
a small constant ¢y > 0 such that

o] S 730D [ (momam2) omdeot™ T fal 5T
Noting that for any y, 8 > 0, the inequality
eV <zy -6
holds, it follows that for any 8 > 0,
| Jo| < teT(@=8) |g|aEr(-a=5(a=2) y=BOr—5327) || =35

ta_il(a—%) 1
T PO (e et i a8

1
Choose 3 such that ﬁ(a —3)=B(y— %), that is 3 = m, noting that 3
is genuinely positive as y < =% and o < 1/2. It follows that |Jo| < [#]~%, where

k=— (a+ (a— )—l—%),so it remains only to show that k < 1. However,
1 (a—1)y 1 a/2
k= a—92)— =
afl(a((a—l)'yfa)—i—Q(a ) (afl)'y—a)’
but v < %5, so % < 0. The fact that a > 1a(1 — )hence implies that
1 1 1 -1 1 2
b (Ta(- D) (A Y Loy 92 )y
a—1\2 v/ \(a=1)y—a 2 (a—1Dy—a

The estimate for || < Cp is thus established.

2.2. The case |z| > C

Here again the integral will be split into four regions, this time smoothly par-
titioned. To this end, define ¢y € S(R) to be supported in [—1,1] and equal
to 1 in [-1/2,1/2] and ¢2 € S(R) to be supported in [dp, Kp] and equal to 1
in [20p, %Kp], where, as before, § is a small constant, K is a large constant and
. (m)u(aq)

" For the sake of simplicity, it is assumed that Cy and § have been

chosen so that 5(|$|)1/(a_1) > 1 (and hence dp > 1). Define ¢3 := (1-¢2)X[1 xp,00)
and ¢1 := (1 — o — gf)o)x[%ﬂp]. Further, define G; = G'¢; and let I; represent the
support of G; for each j € {0,1,2,3}, so that

Io:=[-1,1], L :=[5,26p], Ir:=1[0p,Kp), I3:=[1Kp, o0).

As before, this splitting isolates a region, Is, around a point of possible stationary
phase of the integrand from the regions on either side, I; and I3. The region I
has a similar role to integral A from the previous section.
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By symmetry it suffices to estimate

Jj = /eiFGj
for each j € {0,1,2,3}.
In the case of Jo, writing e’f' G as (e=%%¢)(e1€1" Gy (€)) and integrating by parts
twice yields that

Lofh ) d? e
< 25 [ |3 (e Go(©)as.

By direct calculation and the triangle inequality,
d? | e _ a— a— /
[ (€14 Gol©)| S I~ G(©)] + €10 )] + k| Go(©)] + GH O

Now, Go(§) = (1 + 52)70‘/2675%”/1(%) do(§), so for & € [—1,1], it is clear that
|Go(€)] < 1. Further, the first derivatives of all terms in the product defining Gy
are bounded for £ € [—1,1], so |G{(§)| < 1 also. Finally, the second derivatives
of all terms in the product defining Gy are also bounded for £ € [—1, 1] with the
exception of %e*‘ﬂa. However, by the triangle inequality,

eeII"| < eafa— 1)[g[2e I + (aslelo)Pe e S g2 4 1.

d2
P
Given that a > 1, this expression is integrable on [—1, 1], and it hence follows that

/11 ’j_;(emélaGo(f)) ‘ d¢ <1,

so |Jo| < 272, completing the required estimate on Jo.

For j € {1, 3}, integrating by parts twice yields that

G| e G;"(€) 3G/ (OF"(E) | Gi(EF"(E)
g ‘/ ~Fer* Fer o
_3G(Q(F(9))?
ey )4
1 _,/ [E" (]~ "]~ [F" (O
Given that £ > 0, direct calculation yields that
F(§) =t&* —ag, Fl(§) =atg* ' —u,

F'(€) = ala— 1)t~ F"(€) = ala—1)(a— 2t~

For ¢ € 14,
atf“71 < at2“71 6a71pa71 _ 20,71 60,71 |J)|
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It follows that |F’(€)| > |z| and hence also that [F’(€)] = at&*~!. Similarly, for
'S € -[37
at&a—l > at21—aKa—1pa—1 _ 21—aKa—1|l,|)

hence |F’(&)| 2 |=| and |F'(€)| 2 at €2~ as well. It follows in both cases that

[E" ()] [E" ()]
[E"(6)] [E7()]

Recalling that h.(¢) := e~I¢" satisfies the estimates |h.(¢)| < 1/]¢] and |hZ(€)] <
1/]€|?, with constants independent of ¢, it is easily seen that for any j € {1,2,3},

55_1 and 55‘2.

1 1 1
(OIS —, 1G] < ——, 1G,"(6)] S ——.

Consequently, for j € {1, 3},

1 1 1
Jil< — | ——_ge< —
| J| ~ |JT|2 /[j |£|a+2 fr\/ |JT|2,

which completes the required estimates on J; and J3.
To bound Jo, following the same steps as in the bound for Jo when |z| < Cy,
it can be seen that for any & € I,

|F(€)] 2 tat |z] =T,

and that
sup |G2(§)] +/ G2/ (&)]dE < p= e =",
Ip)

I3 P

so by Van der Corput’s Lemma,
|J2| 5 tﬁ(a—%) |x|ﬁ(—a—%(a—2)) e—é”cotw_#‘x‘ﬁ

for some small constant ¢o > 0. If v = %5, then noting that o > 1/2 and that
a4+ (a—2)/2 > 0, it follows that |Jo| < e="l#|*~T and the estimate is complete.
Otherwise, proceeding as before, for any 5 > 0,

ptla—3 1

<
|J2| ~ B=a5) |x|a—i1(a+%(a—2)+ﬁa) ’

If v < 225, rewrite this as

tﬁ(#—"/) 1
|J2| < 1 1 1 1 )
e (e |g|ar(eta(e=DHha)

and note that 5 can be chosen as large as is desired to conclude a suitable estimate.
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1
If v > %5, choose 3 = (aalﬁ as in the case of |z| < Cp, noting that it is
still the case that this choice of 3 is positive, as & > 1/2 and v > -%5. As before,

it can thus be concluded that |Jo| < 1/|z|¥, where

b= oo ) e o)

and it remains to show that k£ > 1 in this case. However, since v >

4, it is
necessarily the case that % > 0, hence the fact that o > %a(l — %) implies
that

v (e () (R ) e v - o) =

which completes the estimate on Jy and the proof of Lemma 2.1.

3. Proof of failure of boundedness of the maximal operator
for regularity below the critical index

To complete the proof of Theorem 1.2, it remains to show that for v > 1, the
estimate || Py fllz2®) S || f]|zs(r) cannot hold for s < ; La(l- —) In [10], Sjolin
proved this for a = v = 2, generalising the aforementloned counterexample of
Dahlberg and Kenig from [3]. The proof given here is a further generalisation of
this counterexample.

Fix vy > 1 and s < fa(l — %) For each v € (0,1), choose gv € S(R) to

be a positive, even, real-valued function, supported in [—v (a=1)=% B 7%] and
equal to 1 on [f%v(a_l)_%, %v(“_l)_ 7]. Define the function f;, Such that f,(§) =
vgy(v€ + 1) and note that

1y2 v?
2 2 - 2s
||f'UHHs(R) =v /]R gv(vg ’U)’ €% d§ = PRESF /R

For the integrand above to be non zero, glven the support of g,, 1t is necessarily
the case that £+ 1 € [0 D=3 @ D=3 hence |¢] < v@D7F 4+ 1/v. Since
ve (0,1) and (¢ — 1) —a/vy > —1, given that v > 1, it follows that || < 1/v, so

go (6 1) et e

a ) _4s—a
1 231}((171)7;1]—25 = @ 4s 5

1ol <

Since s < ta(l — %) and (| follm=®) ~ |[foll s (g)> it can be concluded that

| foll rsr) — 0 as v — 0. It thus now suffices to show that there exists a choice
of t, depending on x and v, such that the L*(R) norm in z of (P! _ f,)(x) is bounded
below, uniformly in v.

Note first that

. a Y a ].
(PL.fo) (@) = /R e/ (rEHHIE) = tIe] vgv(vw;) d.
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Substituting n = v€ + 1/v and removing unimodular terms that do not depend
on 7 from the integrand,

(L fa @) = | [ oA e ) ]

Define

Then it is clear, given the support of g,, that

ylaD—2

(P @)= [

_ple-n—2

cos (. (n)) €5 g, () i

—a
’Y’

By binomial expansion, for |n| < pl@
a 1 a 1 2

:(_2_ﬂ) ~ 20 = +O( : )’
v v 2 p2la—1)F1 p2(a—2)+2

since (a — 1) —a/y > —1. Tt follows that

n 1

v V2

7 tn?
Fyi0(n) = —ta 2a T +O(T1))

Choose = € [0,v 5 2am D] and fix ¢t = 2021 /g (which is contained in (0, 1),
given the restriction on x). Then

Fy0(n) = O(m772)

and hence r
Fo 11(77) < vaa—Q(a—l)-‘rQ((a—l)—%) -1
Similarly,
1
Gin(n) = x70? (@ Dg™7 O(ﬁ) = O(x7021 21720,
hence

Gt,v(n) g v2a727(a71)+2a772772a —1.

Given these estimates, it is clear that the terms cos(F, (7)) and e~ Grv(m)
can be bounded below by constants for || < vV~ and hence (P fo)(@)] 2

v Y=5 for z € [0, o5 2 D1, so
1P follfo@ 2 07 D@82 =1

which completes the proof of the negative result.
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4. Further remarks and the proof of Theorem 1.3

It is observed that for determining the sharp exponent s for which the estimate
1Py o fll2ey S || f Nl (r) holds, the question of whether boundedness holds at the
critical exponent, s = ia(l — %), for a, v > 1, remains open.! In the case of the
maximal operators with real-valued time, S}, the problem of boundedness at the
critical exponent, s = a/4 is also still open, even in the case of @ = 2. Nonetheless,
it is remarked that the proof of boundedness of Py given in Section 2 adapts

without difficulty in the case of v = —%5 to s = ia(l — l) = i.
¥
A natural extension of Theorem 1.2 is to consider the values of s for which a

local norm bound on the maximal operator holds, that is to say
1 Pan Fllzz=1,1) S 1l s w)-
Denoting by s1°¢(v) the infimum of the values of s > 0 for which this estimate

a

holds, the following analogue of Theorem 1.2 can be established:

Theorem 4.1. For vy € (0,00) and a > 1, s/°°(y) = min (L a(1 — %)ﬁ 1).

Proof. Observe that the global bounds from Theorem 1.2 automatically imply local
bounds, so it is necessarily the case that s'°¢(y) < sa(v) = +a(l — %)"’ Addi-
tionally, note that the counterexample given in Section 3 is also a counterexam-
ple for the local estimate whenever the choices of = are contained within [—1, 1].
Since z is chosen to be in [O,v%afz(afl)] for some small parameter v, this hap-
pens precisely when 2a/y — 2(a — 1) > 0, that is when v < 5. It follows that

p
sloc(y) = %a(l — %)"’ for v € (0, %]
In 1987, Sjolin proved in [7] that for all a > 1,

I1Safllez=11) S 1F 0wy

if and only if s > 1/4. Consequently, using Lemma 1.4 (mildly adapted to the
setting of local norms), it must be the case that s'°°(y) < 1/4. Since this lemma

also implies that s!°°(7) is a non-decreasing function, the theorem follows. O

In the case of this local problem, it can further be seen that || Py . fllz2(-1,1) S
| £l 174y holds for any v > 25 and [Py fllz2(-1,1)) S IIfllz2(r) holds for any
v € (0,1] (that is boundedness holds at the critical index in these cases). Given
Theorem 4.1 together with this remark, the positive statements of Theorem 1.3
follow from standard arguments deducing pointwise convergence from boundedness
of maximal functions. The negative statements are a consequence of the Nikishin—
Stein maximal principle?, as given in [6] and as applied by Dahlberg and Kenig
in [3], and the fact that the counterexample in Section 3 can also be used to show
failure of boundedness from H*(R) into L*°°([-1,1]).

'For a > 1, v € (0, 1], boundedness of Py ., from L%(R) into L?(R) can be shown to hold by
using similar methods to those given in the appendix to reduce the problem to boundedness of
the Hardy—Littlewood maximal function in the case of v = 1 and then applying Lemma 1.4 to
conclude the same result for v € (0, 1).

2This principle establishes that for appropriate operators, pointwise convergence results are
in fact equivalent to weak bounds on maximal operators. See also [12] and [5].
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Appendix: Proof of Lemma 1.4

Observe that
SR f(7) = / F(E)eiel” =hIEl” gint ge
R

:/f(g)eit\swefg<t>|5|“ef<h<t>fg<t>>|5|“eizedg_
R

Let K : R — R be such that K(¢) = e~6I", and for each ¢ € [0,1], define K, :=
t=1K(t71.), so that K; = K(t-). Then

t+ih(t) = [ F(e)eitlEl" g—a®)Igl” K . —iy§ iw€
SEO (@) = [ Tt e e ([ x s e e ag

_ Fle)eitlel” g—a (el gile—v)E 1
/R(/Rf(f)e ¢ ¢ «) K no-otns ) ¥

_ (qt+ig(t)
(a0 K ) gyt @)

S0)
sup ‘St“h(t)fx = sup ’St“g(t)f x K 1 x’
e (@) t€(0,1) (% ) (h(t)—g(t))”( )
< sup '( sup |Sé+i9(t)f|)*Ku(m)‘.
ue(0,1) | te(0,1)
Now,
1 a 4 1 [ a
K(x) = %/Re_‘f‘ e de = ;/0 e~ cos(x€) dE.

Since fooo e ¢ de = F(éJrl) < 00, it is clear that K € L>°(R). Further, integrating
by parts twice and using that for any ¢ > —1 it is also true that fooo e " de =
1r(etl) < oo, it follows for any = # 0 that |K(z)| < |2|72. It is thus the case
that
sup [( sup [SEFIO )« Ko (@)] S M( sup [SEF9O f)),
u€(0,1)  t€(0,1) te(0,1)

where M is the Hardy—Littlewood maximal function. By the boundedness of M
on L?(R), the lemma follows.
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