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Localization of Atiyah classes

Marco Abate, Filippo Bracci, Tatsuo Suwa and Francesca Tovena

Abstract. We construct the Atiyah classes of holomorphic vector bundles
using (1, 0)-connections and developing a Chern—Weil type theory, allowing
us to effectively compare Chern and Atiyah forms. Combining this point of
view with the Cech-Dolbeault cohomology, we prove several results about
vanishing and localization of Atiyah classes, and give some applications.
In particular, we prove a Bott type vanishing theorem for (not necessarily
involutive) holomorphic distributions. As an example we also present an
explicit computation of the residue of a singular distribution on the normal
bundle of an invariant submanifold that arises from the Camacho—Sad type
localization.

0. Introduction

Characteristic classes are invariants of manifolds providing obstructions to the
existence of certain geometric objects. For instance, it is well known that the exis-
tence of a nonsingular vector field on a manifold M implies the vanishing of the top
Chern class of M. Roughly speaking, characteristic classes detect the necessary
existence of singularities (e.g., zeros of a vector field) of the given geometric object;
and thus it is only natural to expect that, in a suitable sense, characteristic classes
might be localized near those singularities. Residue (or index) theory systemati-
cally deals with such a localization procedure, and the results yield interesting and
deep information both on the manifold and on the geometric object.

This approach has been developed with considerable success for Chern classes
and singular holomorphic foliations, starting with the seminal work of P. Baum
and R. Bott [6], up to very recent applications. It is based on the Bott vanish-
ing theorem, which says that the characteristic forms associated to certain Chern
polynomials vanish in the presence of actions of (or of partial connections along)
nonsingular holomorphic foliations, i.e., involutive subbundles of the holomorphic
tangent bundle. This suggests that in general the corresponding characteristic
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classes should localize at the singular sets of holomorphic foliations, and thus it
should be possible to express them using (suitably defined) residues.

In this way important index theorems have been proved; for the normal sheaf
of a foliation (using Baum-Bott residues; see, e.g., [5], [6], and [13]), for the normal
sheaf of invariant subvarieties (using Camacho—Sad residues; see, e.g., [12], [17],
and [18]), and for the normal sheaf of the foliation along an invariant subvariety
(using the so-called variation residues; see, e.g., [23]). In turn, these index theorems
had important applications to dynamics. Just to give a few of examples, the
Camacho—Sad index theorem is crucial in the proof by C. Camacho and P. Sad
of the existence of separatrices for germs of singular holomorphic vector fields
in C? (see [12]); or, very recently, it has been effectively used by D. Marin and
J.-F. Mattei in their topological classification of generic holomorphic foliations
in C2 nearby a singular point (see [19]). We also cite [10] as a work giving diverse
applications of these residue theorems.

Localization of Chern classes has proved to be useful in discrete dynamics
too. For instance, in [1] (see also [8]) an analogue for holomorphic self-maps
of the Camacho-Sad theorem is proved and applied to show the existence of
parabolic curves for germs of holomorphic self-maps tangent to the identity in C?;
and analogues for holomorphic self-maps, valid in any dimension, of Baum—-Bott,
Camacho—Sad, and variation residue theorems, with further applications to dis-
crete dynamics, have been given in [2]. Furthermore, in [3] it is shown how these
results, both for foliations and for self-maps, fit into a unified theory which can be
described in the framework of the residue theory of partial holomorphic connec-
tions.

It should also be mentioned that localization techniques can also be applied
to the study of characteristic classes of singular varieties, as summarized in [9].
The residue theory in this framework leads to an analytic intersection theory on
singular varieties [24]. See also [22] for another development in this direction.

The present paper studies the localization of Atiyah classes of holomorphic vec-
tor bundles. Such classes have been introduced by M. Atiyah in [4] as Dolbeault
cohomology classes providing obstructions to the existence of holomorphic connec-
tions on a given holomorphic vector bundle. Since then, Atiyah classes have been
interpreted and used extensively in different contexts, for instance, in studying
Kéhler and hyper-Kéhler manifolds and Hochschild cohomology (see, e.g., [15],
[20], and [11]).

Our main result (see Theorem 6.10 for the complete statement) is a vanishing
theorem (analogous to the Bott vanishing theorem) for Atiyah forms in the presence
of not necessarily involutive holomorphic distributions:

Theorem 0.1. Let M be a complex manifold of dimension n and F a holomorphic
subbundle of rank r of TM. Let E be a holomorphic vector bundle over M and
(F,d) a holomorphic partial connection for E. If V is a connection on E exten-
ding 6, then

a(V)=0

for all d > n —r, where a®(V) denotes the Atiyah form of bidegree (d,d).
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This result provides the foundation for the residue theory of singular (and not
necessarily involutive) distributions that we shall describe in Section 8. As an
application, we present a Camacho—Sad type result (Theorem 7.1); and we shall
also work out an explicit example (Section 9).

To obtain these results, we exploit a presentation of Atiyah forms and classes
based on a Chern—Weil type construction via C°° connections of type (1,0) and
expressed by using Cech-Dolbeault cohomology. This viewpoint is particularly
suited for developing the localization theory of characteristic classes; furthermore
it allows us to understand and formulate clearly the relations between Chern and
Atiyah classes, because (see Section 1.3) we may compare directly the differential
forms representing Atiyah classes with those representing Chern classes, whereas
this would not be possible in general at the level of classes because Chern classes
and Atiyah classes live in different cohomologies.

The use of (1,0)-connections in this setting was already present in [4] in the
framework of principal bundles; and the idea of incorporating this into the Chern—
Weil theory had been noted in [5]. We bring these ideas to fruition by combining
them with the Cech-Dolbeault cohomology in order to suitably localize Atiyah
classes. We note that here the difference forms play a key role. These tactics are
analogues of those for Chern classes where the Chern—Weil theory is combined with
the Cech-de Rham cohomology (originally due to D. Lehmann [16], see also [23]).

The plan of the paper is the following. In Section 1 we describe Atiyah classes
using connections of type (1, 0), as said above; the comparison with the original def-
inition is carried out in Section 2. In Section 3 we summarize the Cech-Dolbeault
cohomology theory, so that in Section 4 we can express Atiyah classes in the Cech—
Dolbeault cohomology and explain the basic principle of localization; a vanishing
theorem always yields a corresponding localization theorem with the associated
residues. In Section 5 we briefly discuss the localization by sections, or more gen-
erally, by frames. In Section 6 we prove our main theorem, a Bott type vanishing
theorem for nonsingular distributions, the starting point for the residue theory of
singular distributions that we shall discuss in Section 8. As an important example,
we give the vanishing theorem coming from the Camacho—Sad action in Section 7.
Finally, in Section 9 we compute the Atiyah residues for an example of a singular
distribution.

1. Atiyah classes

For details of the Chern—Weil theory of characteristic classes of complex vector
bundles, we refer to [6], [7], [21], and [23]. Here we use the notation in [23] (with
connection and curvature matrices transposed and r and ¢ interchanged).

1.1. Atiyah forms

Let M be a complex manifold and E a holomorphic vector bundle over M of
rank ¢. For an open set U in M, we denote by AP(U) the complex vector space of
complex valued C*° p-forms on U. Also, we let AP(U, E) be the vector space of
“BE-valued p-forms” on U, that is, C* sections of the bundle A” (T§M)"®E on U,
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where (T§M)" denotes the dual of the complexification of the real tangent bundle
TrM of M. Thus A°(U) is the ring of C*° functions and A%(U, E) is the A°(U)-
module of C"*° sections of E on U.

Definition 1.1. A (C*°) connection for E is a C-linear map
V: A%(M,E) — AY (M, E)
satisfying the Leibniz rule
V(fs)=df @ s+ fV(s) for fe& A°(M)andse A°(M,E).

Definition 1.2. Forr =1,... /¢, an r-frame of E on an open set U is a collection
5" = (s1,...,8,) of r sections of E linearly independent everywhere on U. An
{-frame is simply called a frame.

Definition 1.3. Let V be a connection for F on U, and s = (sy,...,s,) an
r-frame of E. We say that V is s(")-trivial if V(s;) = 0 fori =1,...,r.

A connection V for F induces a C-linear map
V: AY(M,E) — A*(M,E)
satisfying
Viw®s)=do®s—wAV(s) for we A (M) andse A°(M,E).
The composition
K=VoV:A"M,E) — A*(M,E)

is called the curvature of V. It is not difficult to see that K is A°(M)-linear; hence
it can be thought of as a C'*° 2-form with coefficients in the bundle Hom(E, E).

Notice that a connection is a local operator, i.e., it is also defined on local
sections. This fact allows us to obtain local representations of a connection and
its curvature by matrices whose entries are differential forms. Thus suppose that
V is a connection for E. If () = (eq,...,e;) is a frame of E on U, we may write,
fori=1,...,4,

3

Vie) =Y 0/ ®e; with 6] in A'(U).
j=1
The matrix § = (0{) is the connection matriz of V with respect to e®). Also, from

the definition we get

¢ ¢
K(ei):Z/@gQ@ej with K?Zd@?—l—Z@i/\@f.
j=1 k=1

We call k = (/ff) the curvature matriz of V with respect to e®).
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If 6 = (&y,... ,vég) is another frame of £ on U, we have € = Z§=1 alej for
suitable functions a] € A°(UNU), and the matrix A = (a?) is nonsingular at each
point of U NU. If we denote by 6 and & the connection and curvature matrices

of V with respect to é©) we have
(1.1) f=A"1-dA+A9A and F=A"'kA in UNU.

Up to now E could have been only a C'**° complex vector bundle. Now we use
the assumption that E is holomorphic.

Definition 1.4. A connection V for E is of type (1,0) (or a (1,0)-connection) if
the entries of the connection matrix with respect to a holomorphic frame are forms
of type (1,0).

Remark 1.5. 1) It is easy to check that the above property does not depend on
the choice of the holomorphic frame.

2) A holomorphic vector bundle always admits a (1,0)-connection. In fact let
VY = {Vi} be an open covering of M trivializing E. For each A, let V be the
connection trivial with respect to some holomorphic frame on V). If we take a
partition of unity {px} subordinate to V and set V. = 3, pAV,, then V is a
(1, 0)-connection for E.

If V is a (1,0)-connection for F, we may write its curvature K as
K = KQ,O + Kl,l

with K20 and K1, respectively, a (2, 0)-form and a (1, 1)-form with coefficients in
Hom(E, E). Locally, if 0 and « are respectively the connection and the curvature
matrices of V with respect to a (local) holomorphic frame of E, then we can
decompose k = k>0 + k1! according to type, and K2° and K'! are respectively
represented by

(1.2) K20 =00+0A0 and wk'=00.

Thus K'!, being locally O-exact, is a O-closed (1,1)-form with coefficients in
Hom(E, E).

With respect to another holomorphic frame, K'! is represented by a matrix
similar to k"1 (cf. (1.1)). Thus for each elementary symmetric polynomial o, (with
p=1,2,...) we may define a d-closed C* (p,p)-form o,(K">') on M. Locally it
is given by o, (k"!), which is the coefficient of ” in the expansion

det(I +ts") =1+ oy (kP )t 4+ Fop (KPP - -
In particular, oy (k1) = tr(k™?!) and oy (k1) = det(xb1).

Definition 1.6. Let V be a (1,0)-connection for a holomorphic vector bundle E
of rank ¢. For p =1,...,¢, we define the p-th Atiyah form a?(V) of V by

(V) = (L2) 0y 110,

It is a O-closed (p, p)-form on M.
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More generally, if ¢ is a symmetric homogeneous polynomial of degree d, we
may write ¢ = P(01,09,...) for a suitable polynomial P. Then we define the
Atiyah form (V) of V associated to ¢ by

P (V) = P(a}(V), (V).
it is a O-closed (d,d)-form on M.
Remark 1.7. The p-th Chern form ¢?(V) of V is defined by

—1\P
p = _—
(V) = (=) o),
which is a closed (2p)-form having components of bidegrees (2p,0), ..., (p,p). The
Atiyah form a”(V) is then the (p, p)-component of ¢?(V). In particular, a”(V) =
¢"(V), where n denotes the dimension of M.

More generally, the Atiyah form (V) of V associated to a symmetric homo-

geneous polynomial ¢ of degree d is the component of type (d, d) of the Chern form
©(V) = P(c}(V),c(V),...) associated to ¢. Again, if d = n then ©4(V) = (V).

1.2. Atiyah classes

Let E be a holomorphic vector bundle over a complex manifold M. As in the case
of Chern forms, to any finite set of (1,0)-connections for E one can associate a
difference form. Here we recall the construction given in Proposition 5.4 of [25].

Thus, given ¢ + 1 (1, 0)-connections Vo, ..., V, for E, we consider the vector
bundle E x R? — M x RY and define the connection V for the bundle by V =
(1=>"0  ti)Vo+>_1 , t;V;, where (¢; ...,t,) denote coordinates on R?. Denoting
by A% the standard g-simplex in R? and by 7 : M x A? — M the projection, we
have the integration along the fiber

et AP(M x AT) — A2=9(M).

Then we set

P (Vo,...,Vq) = m(P(V)).

The Atiyah difference form a?(Vy,...,V,) is the (p,p — ¢)-component of the
form ¢?(Vo,...,Vy). It is alternating in the ¢ + 1 entries and satisfies

q
(1.3) > a’(Vo,..., Voo, Vy) + (=1)99a? (Yo, ..., Vy) = 0.
v=0

In particular, if ¢ = 1, we have
(1.4) 5a”(V0,V1) =aP (V1) —a?(Vo),

which shows that, if V is a (1, 0)-connection for E, the class of a?(V) in HZ"(M)
does not depend on the choice of V.

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, we can
define a (d,d — q)-form ¢*(Vy,...,V,) as the (d,d — q)-component of the Chern
difference form ¢(Vy, ..., V). It satisfies an identity analogous to (1.3).
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Then we can introduce the following definition:

Definition 1.8. Let E be a holomorphic vector bundle E of rank ¢. For p =
1,...,¢ the p-th Atiyah class of (E) of E is the class represented by a?(V) in
HEP(M), where V is an arbitrary (1,0)-connection for F.

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, the Atiyah
class o (F) of E associated to ¢ is the class of (V) in Hg’d(M), where V is an
arbitrary (1,0)-connection for E.

Remark 1.9. If n denotes the dimension of M, there is a canonical surjective map
HZ™(M) — HZi (M), the de Rham cohomology of M, which assigns the class of
a form w to the class of w. If d = n, then (V) = (V) for any (1,0)-connection
V for E and the image of ¢ (E) by the above map is ¢(E). In particular, if M is
compact, [,, o*(E) = [,,; o(E).

Moreover, if d = n, then p*(Vy, V1) also coincides with the usual Bott differ-
ence form ¢(Vy, V1) for any pair Vo, Vi of (1,0)-connections for E.

1.3. Atiyah classes on compact Kahler manifolds

Let M be a complex manifold (not necessarily Kihler) and E a holomorphic vector
bundle on M. Let h be any Hermitian metric on E and let V" be the associated
metric connection, i.e., V" is the unique (1, 0)-connection compatible with h. The
curvature K of V is then of type (1,1), and hence

(V") =aP(V") forall p> 1.

In other words, Atiyah and Chern classes of the same degree can be represented
by the same form. Of course, as classes they are different, because they belong
to two different cohomology groups: ¢?(E) = [cP(V")] € Hgﬁ(M), while a?(E) =
[aP(Vh)] € HEP(M), the Dolbeault cohomology of M.

However, if M is compact Kéhler, the Hodge decomposition yields a canonical
injection HP (M) — H2P (M), and hence we obtain the following useful relation:

Proposition 1.10. Let M be a compact Kdahler manifold and E a holomorphic
vector bundle on M. Let I: HYP(M) — HZP (M) be the injection given by the
Hodge decomposition. Then

I(a”(E)) = cP(E) forallp>1.

2. Atiyah classes via complex analytic connections

Atiyah classes were originally introduced by Atiyah in [4], with a different con-
struction. In this section we show that our definition yields the same classes.

Let M be a complex manifold and O the sheaf of germs of holomorphic functions
on M. For a holomorphic vector bundle E over M we denote by &€ = O(E) the
sheaf of germs of holomorphic sections of E. We also denote by @ = O(TM)
and 21 = O(T*M) the sheaves of germs holomorphic vector fields and of 1-forms
on M. All tensor products in this section will be over the sheaf O.
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Definition 2.1. A holomorphic (or complex analytic) connection for E is a homo-
morphism of sheaves of C-vector spaces

V:E— e

satisfying
V(fs)=df @ s+ fV(s) for fe Oandsec€E.

If e = (eq,...,e,) is a local holomorphic r-frame of E, we shall say that V
is e -trivial if Vej=0forj=1,...,r.

Remark 2.2. A holomorphic connection V on a holomorphic vector bundle E
induces naturally a (1,0)-connection V. In fact, let s be a C*° section of E. Let U
be an open set trivializing E and let (e1,...,e¢) be a holomorphic frame on U.
Write s = 30_, fie; with f* € C°°(U), and set Vs = Y0, (df' @ e; + [V (e;)).
It is easy to check that the definition does not depend on the choice of the frame.

Conversely, a (1,0)-connection V such that (Vs)(u) is holomorphic wherever s
and u are holomorphic clearly determines a holomorphic connection.

Following Atiyah [4], we set
D)= (' ®E),

which is a direct sum as a sheaf of C-vector spaces. It is endowed with the O-module
structure given by

[-(s,0) = (fs,df @ s+ fo).

Then we have the following exact sequence of (locally free) O-modules:
(2.1) 0—2'0& -5 DE 5 E—o.

A splitting of this sequence is a morphism 7: &€ — D(E) of O-modules such
that pon =id.

Lemma 2.3 ([4]). Let E be a holomorphic vector bundle on a complex mani-
fold M. A morphism n: € — D(E) is a splitting of (2.1) if and only if it is of
the form n(s) = (s, V(s)), where V is a holomorphic connection for E. Thus F
admits a holomorphic connection if and only if (2.1) splits.

The following is also easy to see:

Lemma 2.4 ([4]). Let V be a holomorphic connection for a holomorphic vector
bundle E. If ¢ € Homo(E, 21 @ E) then V + £ is a holomorphic connection for E.
Conversely, every holomorphic connection for E is of this form.

We see that the sequence (2.1) determines an element b(E) in the cohomology
H! (M, Hom(E, 21 ®5)) as follows. First, applying the functor Hom(&,-) to (2.1)
we get the exact sequence

0 — Hom(E,2' @ &) — Hom(S,D(S)) — Hom(E,E) — 0,
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and thus the connecting homomorphism
§: HO(M,Hom(E,€)) — H'(M,Hom(E, 2" ® £)).

Then b(E) = 6(id) € H*(M,Hom(E, 2" ® &)). It is not difficult to prove the
following;:

Lemma 2.5 ([4]). A holomorphic vector bundle E admits a holomorphic connec-
tion if and only if b(E) = 0.

Now, we have the Dolbeault isomorphism
H' (M, Hom(£,2' ® €)) = H' (M, 2" @ Hom(E,€)) ~ H}'' (M, Hom(E, E)).

Let a(E) denote the class in Hé%’l (M,Hom(E, E)) corresponding to —b(E) via the
above isomorphism (cf. Theorem 5 in [4]). Then the original Atiyah class of type
(p,p) is defined as

V-1

P
at(E) = (*5—) ovlalE));
we shall show that a?.(E) = aP(FE) for all p > 1. To do so we need some definitions.

Definition 2.6. Let V = {V)\} be an open covering of M. A V-splitting of (2.1) is
a collection {n*} of splittings n* of (2.1) on each V. A holomorphic V-connection
for E is a collection {V*} of holomorphic connections V* for E|y, .

By Lemma 2.3, a V-splitting determines a holomorphic V-connection and vice-
versa. Furthermore, every holomorphic vector bundle E admits a holomorphic
V-connection for some open covering V. In fact, let V = {V)} be a covering
trivializing E; then take as V* a holomorphic connection which is trivial with
respect to some holomorphic frame of E on V).

Definition 2.7. We shall call 9-curvature of E a d-closed (1,1)-form with coeffi-
cients in Hom(FE, E') representing the class a(E).

The next theorem shows that we can get a 0-curvature as the (1, 1)-component
of the curvature of a suitable (1, 0)-connection:

Theorem 2.8. Let E be a holomorphic vector bundle over a complex manifold M.
A holomorphic V-connection for E determines a (1,0)-connection V for E such
that the (1,1)-component of the curvature of V is a 0-curvature.

Proof. Let {V*} be a V-connection for E with respect to a (sufficiently fine) open
covering V = {VA} of M. On Vy NV, the difference ¢ = V* — V" is an
O-morphism from € to 2! ® &, and the collection ¢ = {¢*} is a 1-cocycle on V
representing —b(E).

We denote by AP:¢ (Hom(E,E)) the sheaf of germs of smooth forms of type
(p,q) with coefficients in the bundle Hom(F, E); in particular, we may think of
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Hom(E,2' @ €) = 2' @ Hom(E,E) as a subsheaf of A'?(Hom(E, E)). Since the
sheaf AP7(Hom(E, E)) is fine, there exists a 0-cochain {r*} of A»°(Hom(E, E))
on V such that

M =1t 72 on VANV,.

Hence

VA =VE 4 on VANV
In this way we have defined a global (1,0)-connection V which coincides with
VvV 4+ 7 on Vy.

Since the forms é* are holomorphic, on Vy NV, we have Ot = Or*. Hence we
get a global d-closed (1,1)-form w with coefficients in Hom(FE, E) which is equal
to Ot on V). By chasing diagrams, it is easy to see that the form w represents
the class a(F), and thus it is a d-curvature. Moreover, (1.2) shows that w is the
(1,1)-component of the curvature of V, and we are done. O

Corollary 2.9. Let E be a holomorphic vector bundle on a complex manifold M.
Then

for allp > 1.

Remark 2.10. Given a holomorphic V-connection {V*}, the d-curvature w con-
structed in the proof of Theorem 2.8 is not uniquely determined; it depends on
the choice of the O-cochain {7*}. One way to choose {7*} is to take a partition of
unity {p,} subordinate to V and set 7 =" p, &2,

We give now a more explicit expression for the forms introduced in the proof
of Theorem 2.8. Let ¢ be the rank of E, and choose an open cover V of sufficiently
small open sets trivializing E. On each V) take a holomorphic frame (e7,...,e})
of E and let V* be the connection on Vj trivial with respect to this frame. Finally,
let {h*} be the system of transition matrices corresponding to these choices,
that is

¢
Z h)‘“ ep on VANV,

k=1
Then ,
e}y ==Y (W) - d(h M) @ e
Jrk=1
Thus, with respect to the frame (e, .. ,e?), &M is represented, as an element of

Hom(é’, 2N &)~ N @ Hom(E,E) on VNV, by the matrix
—hMC AR = AR - ()T = OpM - (BA) T

Taking a partition of unity {p,} subordinate to V, we may set 7* = 3" p,£"*, asin
Remark 2.10; the global (1, 0)-connection constructed in the proof of Theorem 2.8
is then given by V.= 3" 0, V", and its curvature matrix with respect to the frame
(e2,...,€)) is given by 7*, and the corresponding J-curvature by d7*. As a direct
consequence of Lemma 2.5 and Corollary 2.9 we get:



LOCALIZATION OF ATIYAH CLASSES 557

Proposition 2.11. Let E be a holomorphic vector bundle over a complex mani-
fold M. If E admits a holomorphic connection then aP(E) =0 for all p > 1, that
1s, all Atiyah classes of E vanish.

Remark 2.12. In fact, the existence of a holomorphic connection V implies the
stronger vanishing a? (V) = 0 for all p > 1. This can be easily seen from (1.2), since
the connection matrix 6 of V with respect to a holomorphic frame is holomorphic.
See Theorem 6.10 below for more general vanishing results of this type.

It should be remarked that the converse of Proposition 2.11 is not true. Namely,
it might happen that a?(E) = 0 for all p > 1 but a(E) # 0, as the following example
shows.

Example 2.13. Let M be a compact Riemann surface and L a line bundle over M
such that a*(L) = ¢!(L) # 0. Let E := L & L*. Then ¢'(E) = ¢}(L) — (L) =0,
and by Proposition 1.10 it follows a'(E)=0. For dimensional reasons, a?(FE)=0
for all p > 2. Now we claim that F does not admit a holomorphic connection, and
hence a(E) # 0 as a class in Hé’l(M, Hom(E, E)). In fact, aiming at a contra-
diction, let V denote a holomorphic connection for E. Let 7: 2' @ FE — 2' ® L
denote the projection and ¢: L — E the immersion. It is easy to show that moVo.
is a holomorphic connection for L. But then c!(L) = a'(L) = 0, contrary to our
assumption.

3. Cech-Dolbeault cohomology

In this section, we recall the theory of Cech-Dolbeault cohomology in the case of
coverings consisting of two open sets. Although it is technically more involved, the
ideas are similar for the general case of coverings with arbitrary number of open
sets. We review relevant material for this case in Section 9 and refer to [25] for
details

Let M be a complex manifold of dimension n. For an open set U of M, we
denote by AP4(U) the vector space of C* (p, q)-forms on U. Let U = {Uy, U} be
an open covering of M. Set Uy; = Uy N U; and define the vector space AP4(U) by

APAUY) = APU(Ug) @ AP9(Ur) ® AP (Upy).

Thus an element o in AP9(U) is given by a triple o = (0g,01,001) with o; a
(p, q)-form on U;, i = 0,1, and 091 a (p,q — 1)-form on Up;.

We define a differential operator D: AP4(U) — AP9+L(Uf) by
Do = (9og,do1, 01 — 09 — doo).

Then we have D o D = 0 and thus a complex for each fixed p:

ppra—1

o A gy PN gpag) DU gpatiyy
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We set
H29(U) = Ker DP? /Im DP9~

and call it the Cech-Dolbeault cohomology of U of type (p, q). We denote the image
of o by the canonical surjection Ker D*7 — H2(U) by [o].

Let HZ“(M) denote the Dolbeault cohomology of M of type (p, q).

Theorem 3.1. The map «: APY(M) — AP9(U) given by w — (w,w,0) induces
an isomorphism
a: Hg’q(M) — H%’q(U).

Proof. 1t is not difficult to show that « is well defined. To prove that « is surjective,
let o = (00,01,001) be such that Do = 0. Let {po, p1} be a partition of unity
subordinate to U and set w = pgog + p1o1 — Ipo A oo1. Then it is easy to see that

Ow =0 and [(w,w,0)] = [o]. The injectivity of « is also not difficult to show. O

We define the cup product
(3.1) APUUY) x AP () — APTP et (),

assigning to o in AP¢(U) and 7 in A?7 (Uf) the element o « 7 in APTP4+4 (1)
given by

(c—«T)g=09AT0, (0~7T)1=01A7 and

(0~ T)or = (1) o0 A 701 + 01 A 71

Then o « 7 is linear in ¢ and 7 and we have
D(oc~7)= Do~ 7+ (-1 < Dr.
Thus it induces the cup product

HPDAI(U) % H;g,q' (U) N H%er/’quq/ (Z/{)
compatible, via the isomorphism of Theorem 3.1, with the product in the Dolbeault
cohomology induced from the exterior product of forms.

Now we recall the integration for the Cech-Dolbeault cohomology. Let M and
U = {Uy, U1} be as above and let { Ry, R1} be a system of honeycomb cells adapted
to U (cf. [16], [23]). Thus each R;, i = 0,1, is a real submanifold of dimension 2n
with C'*° boundary in M such that R; C U;, M = RoUR;, and Int RyNInt Ry = (.
We set Rg1 = Ro N Ry, which is equal to Ry = —9R; as an oriented manifold.

Suppose M is compact; then each R; is compact and we may define the inte-
gration

/ L AMU) — C
M

/a:/ 00+/ U1+/ 001
M Ro Ry Ro1

as the sum
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for o in A™™(U). Then this induces an integration on cohomology

/ CHRMU) — C,
M

which is compatible, via the isomorphism of Theorem 3.1, with the usual integra-
tion on the Dolbeault cohomology Hg"(M ). Also the bilinear pairing

API(U) x ATPRI(QY) —s AM(UY) — C

defined as the composition of the cup product and the integration induces the
Kodaira—Serre duality

(3.2) KS: HY(M) ~ HEU) =5 HE P 9U)* =~ HE P90

Now let S be a closed set in M. Let Uy = M ~\.S and U; a neighborhood of S
in M, and consider the covering U = {Up, U1} of M. We denote by AP1(U,Up)
the subspace of AP9(U) consisting of elements o with og = 0, so that we have the
exact sequence

0 — APUU,Uy) — APYU) — AP1(Uy) — 0.

We see that the operator D maps AP4(U,Uy) into APt (U, Up). Denoting
by HZ(U,Up) the g-th cohomology of the complex (AP*(U, Up), D), we have the
long exact sequence

(3.3) -+ —> HP"N(Ug) — HEZY U, Uo) — HEU) — HYI(Up) —>
In view of the fact that H}(U) ~ HZ*(M), we set
HEY M, M~.S) = Hp* (U, Uy).

Suppose S is compact (M may not be) and let { Ry, R1} be a system of honey-
comb cells adapted to Y. Then we may assume that R; is compact and we have
the integration on A™™ (U, Uy) given by

/0—/ 01+/ 0o1-
M Ry Ro1

This again induces an integration on cohomology
/ : Hg’”(u,Uo) — C.
M

The cup product (3.1) induces a pairing
APUU, Uy) x AP 9(Uy) — AU, Uy),
which, followed by integration, gives a bilinear pairing
AP (U, Uy) x A"~ Pn=4(U;) — C.
This induces a homomorphism

(3.4) A HPY(M, M~S) = HZY(U, Up) — HZ """ (Uy)",
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which we call the 0-Alezander homomorphism. Note that, although the cohomol-
ogy Hg’q(M,M\S) does not depend on the choice of U;, because of the exact

sequence (3.3), H; " "%(U;)* does depend on the choice of U;. From the above
construction, we have the following:

Proposition 3.2. If M is compact, the following diagram is commutative:

*

HYI(M,M~S) ——  HY(M)

Al ZlKS
Hg—pm—q(Ul)* i Hg—pm—q(M)*_

4. Localization of Atiyah classes

In this section we describe a general scheme for dealing with localization problems.

4.1. Atiyah classes in the Cech—Dolbeault cohomology

Let M be a complex manifold and U = {Uy, U} an open covering of M consisting
of two open sets, so that

APP(U) = APP(Up) © APP(Ur) @ APP~H(Upr).
For i = 0,1, let V; be a (1,0)-connection for E on U;. Then the cochain
aP(V.) = (a?(Vo),aP(V1),a?(Vo, V1))

is in fact a cocycle, because of (1.4), and thus defines a class [a”(V.)] in HE"(U).

As in the case of Chern classes, it is not difficult to show that the class [a? (V)]
does not depend on the choice of the connections V; and corresponds to the Atiyah
class a?(E) via the isomorphism of Theorem 3.1 (cf. Ch.II, 8. D, of [23]).

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, the cocycle

(4'1) @A(v*) = (@A(VO)’@A(Vl)’QDA(vOavl))

defines a class in H%’d(l/{), which corresponds to the class ¢ (E) via the isomor-
phism of Theorem 3.1.

4.2. Localization principle

Let M be a complex manifold of dimension n and E a holomorphic vector bundle
of rank ¢ over M. Also, let S be a closed set in M and U; a neighborhood of S.
Setting Uy = M \ S, we consider the covering U = {Up, U1} of M. Recall that
for a homogeneous symmetric polynomial ¢ of degree d, the characteristic class
©4(E) in H%’d(l/{) o~ Hg’d(M) is represented by the cocycle ¢*(V.,) in A%4(U)
given by (4.1).
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It often happens (see, e.g., Remark 2.12, Theorems 5.1 and 6.10 below, or
[2], [3]) that the existence of a geometric object v on Uy implies the vanishing of
©0(E|y,) or of 9 (E|y,), or even of the forms representing them, for some symmet-
ric homogeneous polynomial ¢. In this section we shall show that in this case we
can localize the class p(E) at S.

To formalize this idea, assume that given a symmetric homogeneous polyno-
mial ¢ we can associate to v a class C of (1,0)-connections for E|y, such that

(V) =0
for all V € C. We shall also assume (see, e.g., Theorem 6.10) that
SDA(VO» vl) =0

for all pairs Vg, V1 € C. In this case we shall say that ¢ is adapted to v, and we
shall call any connection in C special.

Assume that Vg is special and ¢ is adapted to 7. The cocycle ¢*(V,) is
then in A%4(U,Uy) and thus it defines a class in Hg’d(M,M\S), which is de-
noted by ¢4 (F,~). It is sent to the class ¢ (E) by the canonical homomorphism
J*: Hg’d(M,M\S) — Hg’d(M). It is not difficult to see that the class p4(E,7)
does not depend on the choice of the special connection Vg or of the connection Vy
(cf. Chapter III, Lemma 3.1 in [23]). We call ¢4 (E,~) the localization of ¢ (E)
at S by .

Suppose now S is compact. Then we have the 9-Alexander homomorphism (3.4)
A HYN(M, M NS) — HZ =" (Uy)*.

Thus the class ¢4 (E, ) defines a class in Hgid’”fd(Ul)*, which we call the residue
of v for the class ¢*(F) on Uy, and denote by Res (v, E;Uy).

Suppose moreover that S has a finite number of connected components {Sy}x.
For each A, we choose a neighborhood Uy of Sy so that UxNU, = 0 if A # . Then
we have the residue Res,a (v, E;Uy) in Hg_d’"_d(U)\)* for each \. Let Ry be a
2n-dimensional manifold with C'*® boundary in U) containing S) in its interior and
set Rox = —OR\. Then the residue Res,4 (v, £/;U,) is represented by a functional

(4.2) 0= @A(Vl)NH/ ©*(Vo, V1) A7
Ry Rox

for every d-closed (n — d,n — d)-form 1 on Uy.

From the above considerations and Proposition 3.2, we have the following
residue theorem:

Theorem 4.1. Let E be a holomorphic vector bundle on a complex manifold M
of dimension n. Let S be a compact subset of M with a finite number of connected
components {Sx}r. Assume we have a geometric object v on Uy = M ~\.S and a
symmetric homogeneous polynomial ¢ of degree d, adapted to . For each A choose
a neighbourhood Uy of Sx so that UxNU, = 0 when A # p. Then:
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1) For each connected component Sy the residue Res,a (v, E;Uy) in the dual
space Hgid’"fd(U)\)* is represented by the functional (4.2);

2) if moreover M is compact, then

Y (ix):Resga(y, BsUs) = KS(o™(E)) in Hy~*"~"(M)",
A

where iy: Uy < M denotes the inclusion.

Remark 4.2. If d = n and if M is compact and connected, Hg_d’"_d(M)* =

Hg’O(M)* may be identified with C, and in this case, (ix)«Res,a(v, E;Uy) is a
complex number given by

|t [ oA,
R)\ ROA
and K S(¢?(E)) may be expressed as [,, o (E).
Furthermore, in this case Hg’O(M)* = Ho(M,C), and ¢ may be replaced by ¢
(cf. Remark 1.9) so that the Atiyah residue equals the Chern residue.

We finish this section by studying what happens in the case of compact Kéhler
manifolds. Let M be a compact Kéhler manifold of dimension n, and F a holo-
morphic vector bundle on M. We have the following commuting diagram:

I
HEP(M)  ———  Hip(M)

KSlZ ZlP
n—p,n— * I,
Hé P p(M) m— Hgnfgp(M,(C).

where I denotes the injection given by the Hodge decomposition, I, the injection
given by the dual decomposition, and P the Poincaré isomorphism, which is given
by the cap product with the fundamental cycle [M].

Since I(p?(E)) = ¢(F) in this case (Proposition 1.10), applying I, to both
sides of the formula in Theorem 4.12), we actually have a localization result for
Chern classes:

Theorem 4.3. Let E be a holomorphic vector bundle on a compact Kdhler man-
ifold M of dimension n. Let S be a compact subset of M with a finite number of
connected components {Sx}x. Assume we have a geometric object v on Uy = M\S
and a symmetric homogeneous polynomial ¢ of degree d, adapted to ~. For each A
choose a neighbourhood Uy of Sy so that UxNU, = 0 when X\ # u. Then

> L((ix)«Resya(y, B;Un)) = @(E) ~ [M] in Hap_2a(M,C).
A

Notice that I, ((i)\)*Re%A (v, E; UA)) is represented by a cycle C' such that for
each closed (2n — 2d)-form w, the integral fcw is given by the right-hand side
of (4.2) with n a 0-closed (n — d,n — d)-form representing the (n — d,n — d)-
component of the class [w] € Hap ™ 24(M).
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5. Localization by frames

In this section we give a first example of localization of Atiyah classes following
the scheme indicated in the previous section.

The starting point is the following vanishing theorem, which is a consequence
of the corresponding vanishing theorem for Chern forms (see, e.g., Chapter II,
Proposition 9.1 in [23]).

Theorem 5.1. Let E be a holomorphic vector bundle of rank £ on a complex
manifold M. Let s7) = (sq,.. ., Sr) be an r-frame of E on an open set U C M,
and let V be an s -trivial (1,0)-connection for E on U. Then

a?(V)=0, onU forp>0—r+1.

Let S be a closed set in M and assume we have an r-frame s(") of E on M~.S.
We let Uy = M NS, choose a neighborhood U; of S, and consider the covering
U = {Uy, Ui} of M. Let Vo be an s("-trivial (1,0)-connection for E on Uy,
and V7 an arbitrary (1,0)-connection for E on U;. The p-th Atiyah class a? (E) is
represented by the Cech-Dolbeault cocycle

af”(V*) = (ap(VQ),ap(V1),ap(V0,V1)).

By Theorem 5.1, if p > £ — r 4+ 1, we have a? (V) = 0; thus a?(V.) € APP(U,Up)
determines a class in H2" (M, M ~\.S), which we denote by a?(E, 5(M) and call the
localization of aP(E) by s7).

Remark 5.2. If we have several s(")-trivial (1,0)-connections, we also have the
vanishing of their difference form, and so s(")-trivial (1,0)-connections are special
in the sense discussed in the previous section. As a consequence, the localization
a?(E,s(M) does not depend on the choice of the s("-trivial (1,0)-connection Vg
(or of the (1,0)-connection V); see [23].

Example 5.3. Let C' be a compact Riemann surface and L a holomorphic line
bundle over C'. Suppose we have a meromorphic section s of L and let S be the set
of zeros and poles of s. The previous construction gives us the localization a'(L, s)
in H(%’l(C’,C\S) of a'(L) in H%’l(C). Note that S consists of a finite number
of points. Let p be a point in S and choose an open neighborhood U of p not
containing any other point in S and trivializing L. Let e be a holomorphic frame
of L on U, and write s = fe with f a meromorphic function on U. Let V( be the
s-trivial connection for L on C'\. S and V; the e-trivial connection for L on U. If
we denote by i the embedding U — C, we have (by Theorem 4.1 and Remark 4.2)

ixResgi (L, s;U) = /

1 — (11 1)
[ al(9) /Cm (Vo. V1)

But we also have a'(V1) = 0, and a computation gives

v-1df

a’l(vOavl) = o f
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So

ixResqi (L, s;U) = df),

1 Res (_
omy/—1 "\ f
and Theorem 4.3 yields

1 df
Z — Resp(—> = / a'(L).
peS 271'\/ -1 f C
In particular we have recovered the classical residue formula for the Chern class,

as [, c' (L) = [, a'(L) in this case.

_ See [25] for another fundamental example of localized classes of this type, the
“0-Thom class” of a holomorphic vector bundle.

6. A Bott type vanishing theorem

Let M be a complex manifold and E a complex vector bundle over M. If H is
a subbundle of the complexified tangent bundle TigM, then its dual H* is canon-
ically viewed as a quotient of (Ti5M)*. We denote by p the canonical projection
(TgM)* — H*. Following [6], we give the following definition:

Definition 6.1. A partial connection for E is a pair (H,J) given by a subbundle
H of TgM and a C-linear map

§: A°(M,E) — A°(M,H* @ E)
satisfying
5(fs) = p(df) @ s+ fo(s) for f € A°(M) and s € A°(M, E).

As in the case of connections, it is easy to show that a partial connection is a
local operator and thus it admits locally a representation by a matrix whose entries
are C'*° sections of H*.

Definition 6.2. Let (H,0) be a partial connection for E. We say that a connection
V for E extends (H,J) if the diagram

AY(M,E) —Y— AY(M,E) = A°(M,(TSM)* ® E)

idl p®1l
AYM,E) —2— A°(M,H* ® E)
is commutative.

It is easy to see that the following lemma holds (see Lemma (2.5) in [6]).

Lemma 6.3. Any partial connection for a complex vector bundle admits an ex-
tension.
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Example 6.4. If E is holomorphic, then we have the differential operator
9: A°(M,E) — A" (M, T*M ® E).
The pair (T'M, 9) is a partial connection for E.
The following is not difficult to prove:

Lemma 6.5 ([6]). A connection V for a holomorphic vector bundle E is of type
(1,0) if and only if it extends (T M, D).

Definition 6.6. Let E be a holomorphic vector bundle over M. A holomorphic
partial connection for E is a pair (F,d) given by holomorphic subbundle F' of T'M
and a C-linear homomorphism

6:&E—F"®E&

satisfying
0(fs)=pldf)®@s+ fo(s) for fe O andsecf.

We shall also say that § is a holomorphic partial connection along F.

Remark 6.7. A holomorphic partial connection (F,d) for a holomorphic vector
bundle E induces a partial connection in the sense of Definition 6.1 (cf. Re-
mark 2.2). Conversely, if (F,d) is a (C*) partial connection such that 0(s)(u)
is holomorphic wherever s and u are holomorphic, then it defines a holomorphic
partial connection, and we shall say that (F,J) is holomorphic.

Note that, if there is an “action” of F' on F, it naturally defines a partial
connection for E along F' (see Ch. II, 9, of [23]).

Remark 6.8. A holomorphic connection V on E clearly gives a holomorphic
partial connection (7'M, V). The connection V in Remark 2.2 (that is, V viewed
as a C'™° connection) is a connection extending (TTM & TM,V & 0).

Definition 6.9. Let (F,§) be a partial holomorphic connection for E. An F'-
connection for E is a connection for E extending (F @ TM,0 & 0).

Using holomorphic partial connections we have a vanishing theorem generaliz-
ing Proposition 2.11:

Theorem 6.10. Let M be a complex manifold of dimension n and F a holomorphic
subbundle of rank r of TM, r < n. Let E be a holomorphic vector bundle over M
and (F,6) a holomorphic partial connection for E. If Vg, ..., V4 are F-connections
for E, then

©*(Vo,...,V4) =0

for all homogeneous symmetric polynomials ¢ of degree d > n — r.

Proof. For simplicity, we prove the theorem for the case ¢ = 0. The case for
general ¢ follows from the construction of the difference form (see Subsection 1.2).
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Thus let V be an F-connection for E. Note that the problem is local; so choose
a holomorphic frame s() = ($1,...,8¢) of E on some open set U, and let 6 be
the connection matrix of V with respect to s(). Taking a smaller U, if necessary,
we may write TM = F & G for some holomorphic vector bundle G of rank n — r
on U. We have the corresponding decomposition T*M = F* @ G*. Taking, again
if necessary, a smaller U, we can choose a holomorphic frame u(") = (u1,...,u.)
of FonU. Let (uf,...,u’) be the holomorphic frame of F* dual to (") and let

*

(vf,...,v5_,) be a holomorphic frame of G* on U. Since V is of type (1,0), each
entry of 6 may be written as Z;Zl aju;f + Y hC1 bror with of, b € AO(U). By
definition, we have V(s;)(u;) = (s;)(u;), which is holomorphic. Thus each @’ is
holomorphic and hence the corresponding entry of k' = 96 is of the form

n—r
Z obF Ay,
k=1
which yields the theorem. O

Another proof of the same theorem can be given along the lines of the original
Bott vanishing theorem and of Theorem 6.1 in [3]:

Second proof of Theorem 6.10. Let V and TM = F @ G be chosen as in the pre-
vious proof. The curvature K of V satisfies

K(X,Z)=0
for all sections X of F and Z of TM. Hence, if

*

* * * — —
{uy, ... us o), v dzy, ..., dZy )

is a basis of (T;5M)* with respect to the decomposition T§M = F & G & TM, it
follows that the (1,1)-part of each entry of the curvature matrix of K in such a

frame is of the form
n—r n

5o na,
j=1 k=1
and again the assertion follows. O

Remark 6.11. The previous vanishing theorem is an analogue of the Bott van-
ishing theorem for Chern forms. As shown in Theorem 6.1 of [3], under the same
hypotheses we have (V) = 0 for a symmetric homogeneous polynomial ¢ of degree
d >n —r+ [Z], where [g] denotes the integer part of g.

See Section 9, Remark 9.2 below for an example where the Atiyah form vanishes
but the corresponding Chern form does not.

Remark 6.12. A version of this Bott type vanishing theorem for Atiyah classes
is proved in Proposition (3.3) of [5] and Proposition 5.1 of [13] by cohomological
arguments (actually, in the latter the authors assume F to be involutive, but
involutivity is not really needed in their argument). The above theorem gives a
more precise form of the vanishing theorem in the sense that it gives the vanishing
at the level of forms.
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From Theorem 6.10, Remark 6.11 and Propositions 1.10 and 2.11, we have:

Theorem 6.13. Let E be a holomorphic vector bundle on a complex manifold M .
Assume that E admits a holomorphic connection V, and let V be corresponding
(1,0)-connection (cf. Remark 6.8). Let ¢ be a a symmetric homogeneous polyno-
mial of degree d > 0. Then (V) = 0. Moreover if d > [2], then ¢(V) = 0.
Furthermore, if M is compact Kdhler then p(E) = 0.

7. Partial connection for the normal bundle of an invariant
submanifold

Let M be a complex manifold. A (nonsingular holomorphic) distribution on M
is a holomorphic subbundle F' of TM. The rank of the distribution is the rank
of F'. In this section, we construct a partial connection for the normal bundle of
an invariant submanifold of a distribution.

Let V' be a complex submanifold of M. We denote by Zy C O the ideal sheaf
of holomorphic function germs vanishing on V' so that Oy = O/Zy is the sheaf of
germs of holomorphic functions on V. Denoting by Ny the normal bundle of V'
in M, we have the exact sequence

0— TV — TM|y - Ny — 0.

We say that a distribution F' on M leaves V invariant (or F' is tangent to V),
if Fly CTV.

Theorem 7.1. Let V' be a complex submanifold of M. If a distribution F on M
leaves V' invariant, there exists a holomorphic partial connection & for the normal
bundle Ny along F|y .

Proof. Let x be a point in V and take u € Oy (F|y), and s € Oy (Ny),. Let
u € F, and 5 € O, be such that 4|y = u and 7(s]y) = s, where 7: Oy (TM|y) —
Oy (Ny ) is the natural projection. Define d : Oy (Ny) — Oy (F|v)* @ Oy (Ny) by

6(s)(u) :=7([a, s]|v).

It is easy to show that & does not depend on the choice of 5. As for @, let F
be locally generated by holomorphic sections v1,...,0, of TM, where r = rank F'.
Choose local coordinates {z1, ..., z,} on M such that V= {zm+1 =z, =0}.
We shall denote by T} any 1oca1 vector field of the form Z o 8L Wlth a’ € I’C
(where clearly ZU, = O); by N}, any local vector field of the form > " iem +1 a’ 8z]
with a/ € ZF; and by Ry any local vector field of the form " i1 aJ 7z; with
al € I‘k/.

Since F'|y C TV, it follows that ©; = Ty + N1 + Ry for j = 1,...,r. Therefore,
since the rank of F' and the rank of F|y are the same, if

s
u= E 9’ vi|v
=1
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with g7 € Oy, then
T
-3
=1

with g7 € O such that §7|y=g¢’. Denoting by ¢’ the natural extension (21, ..., 2, )+
¢ (Zma1,- .-, 2n), it follows that

7 —g =h eIy,

Hence

However,
hj’f)j = hJ(To + Ny +R2) =T+ Ro,

and it is easy to see that this latter term does not contribute to the expression
m([@,S]]v). From this it follows that § is well defined, and it is easy to check that
it is a holomorphic partial connection. O

Note that the above partial connection is already known for foliations (see,
e.g., [18]). From Theorems 7.1 and 6.10, we have:

Corollary 7.2. Let V be a complex submanifold of M of dimension m, and let F
be a distribution on M of rank r < m leaving V invariant. Also let V be a
(1,0)-connection for Ny extending the partial connection & of Theorem 7.1. Then
©A(V) = 0 for all symmetric homogeneous polynomials ¢ of degree d > m — r.

We also get the following obstruction to the existence of distributions (not
necessarily integrable) tangent to a given submanifold:

Corollary 7.3. Let V and F be as in Corollary 7.2. Then ¢ (Ny) = 0 for all
symmetric homogeneous polynomials ¢ of degree d > m — r.

Moreover, if V is compact Kdhler then we have ¢(Ny) = 0 for all symmetric
homogeneous polynomial ¢ of degree d > m — r.

8. Residues of singular distributions

A general theory of singular holomorphic distributions can be developed modifying
the theory for singular holomorphic foliations (see [6], and Chapter VI of [23]), by
omitting the integrability condition.

Let M be a complex manifold of dimension n. For simplicity, we assume that M
is connected.

Definition 8.1. A (singular) holomorphic distribution of rank r on M is a coherent
sub-Op-module F of rank r of 6.
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In the above, the rank of F is the rank of its locally free part. Note that,
since @ is locally free, the coherence of F here simply means that it is locally
finitely generated. We call F the tangent sheaf of the distribution and the quotient
Nz = O/F the normal sheaf of the distribution.

The singular set S(F) of a distribution F is defined to be the singular set of
the coherent sheaf Nz:

S(F) = Sing(Nx) = {z € M | Nr, is not O,-free }.

Note that Sing(F) C S(F). Away from S(F), the sheaf F defines a nonsingular
distribution of rank r.

In particular, if F is locally free of rank r, in a neighborhood of each point in M
it is generated on U by r holomorphic vector fields vy, ..., v, without relations.
The set S(F) N U is the set of points where the vector fields fail to be linearly
independent.

Singular distributions can be dually defined in terms of the cotangent sheaf.
Thus a singular distribution of corank q is a rank ¢ coherent subsheaf G of 2%, Its
annihilator

F=G"={vebd|(v,w)=0 forallwe G}

is a singular distribution of rank r =n — q.

Corollary 7.3 in the previous section has a slightly stronger version when the
rank of the distribution is equal to the dimension of the submanifold. Namely,

Proposition 8.2. Let V C M be a complex submanifold of dimension m. Let F be
a (possibly singular) holomorphic distribution of rank m. Assume that F @ Oy C
Oy (TV) and that ¥ = S(F) NV is an analytic subset of V' of codimension at
least 2. Then a? (Ny) =0 for all p > 0.

Moreover, if V' is compact Kihler then ¢?(Ny) =0 for all p > 0.

Proof. We shall show that there exists a holomorphic connection for Ny, then the
result follows from Theorem 6.13.

By Theorem 7.1 there exists a holomorphic connection V for Ny on V \ X.
We are going to prove that such a connection extends holomorphically through .
Indeed, let p € ¥. Let U be an open neighborhood of p in V such that Ny |y is
trivial. Let eq,...,er be a holomorphic frame for Ny |y (here k = dim M — m).
Let 6 be the connection matrix of V on U\ X. With respect to local coordinates
(21,..,2m) on U, the entries of ¢ are (1,0)-forms of the type >_; a;(2)dz;, with
a;j: U\XY — C holomorphic. Since ¥ has codimension at least two in U, Riemann’s
extension theorem implies that each a; admits a (unique) holomorphic extension
to U. In this way we have extended V over U, and hence Ny admits a holomorphic
connection. O

Now suppose F is a singular distribution of rank r and set Uy = M \.S and
S = S(F). Let Uy be a neighborhood of S in M and consider the covering U =
{Uo,U1}. On Uy, we have a subbundle Fy of TM such that F|y, = O(Fp).
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Suppose F is a holomorphic vector bundle on M admitting a partial holomor-
phic connection (Fp,d) on Uy. Then, choosing an Fy-connection Vo on Uy and
a (1,0)-connection V; on Uy, for a symmetric homogeneous polynomial ¢ of de-
gree d > n — 7, we have the localization ¢ (F,F) in HdD’d(L{, Up) of p(E) in
Hg’d(U) o~ Hg’d(M ) and, via the d-Alexander homomorphism, the correspond-
ing residues.

We restate the residue theorem (Theorem 4.1) in this context:

Theorem 8.3. In the above situation, suppose S has a finite number of connected
components {Sx}x. Then:

1) For each X\ we have the residue Res,a(F, E;Uy) in Hg_d’"_d(U)\)*;
2) if M is compact, then

> (in)sRespa (F, E;Uy) = KS(*(E)) in HY~ " 4(M)*".
A

9. An example

In this section, we give an example of the Atiyah residue of a singular distribution
on the normal bundle of an invariant submanifold.
We start with the 1-form

w=zdr+zdy—ydz

on C3 with coordinates (z,y, z). It defines a corank one singular distribution on C?
with singular set {y = z = 0}. As generators of its annihilator, we may take the
vector fields

(9.1) vlzyagerz% and ’02:%7%.

The distribution defined by w leaves the plane {z = 0} invariant. Note that
from wAdw = —zdx Ady Adz, we see that w defines a contact structure on C? with
singular set {z = 0} (Martinet hypersurface). We will see that the first Atiyah
class of the normal bundle of the (projectivized) Martinet hypersurface is localized
at the singular set of the corresponding distribution.

Now we projectivize everything. Thus let P2 be the complex projective space
of dimension three with homogeneous coordinates ¢ = (o : (1 : (2 : ¢3). The
projective space P? is covered by four open sets W@, 0 < i < 3, given by ¢; # 0. We
take the original affine space C* as W) with z = ¢; /¢, y = (2/{o and z = (3/Co.

We consider the corank one distribution G on P? naturally obtained as an
extension of the above:

0) On W G is defined by wy = zdx + zdy — y dz as given before.
1) On W we set 21 = Co/C1, y1 = (3/C1 and 21 = (o/¢1. Then G is defined by

w1 = —y1dxry — 121 dyr + x1y1 dz.
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2) On WP we set x5 = (3/C2, yo = Co/C2 and 2o = (1/Ca. Then G is defined by
wo = —y2 dry — T222 dy2 + X2y2 dzs.
3) On W), we set 3 = (2/C3, y3 = (1/C3 and z3 = (o /(3. Then G is defined by
w3 = zg drs + 23 dys — y3 dz3.

Note that w; = ({;/¢)%w; in W& N WU so that the conormal sheaf of the
distribution G is locally free of rank one and, as a line bundle, it is —3 times the
hyperplane bundle on P3. Let F = G® be the annihilator of G, which defines
a singular distribution of rank two on P2. The singular set S(F) of F, which
coincides with that of G, has three irreducible components S; = {(2 = (3 = 0},
Sy ={¢ = ¢3 =0} and S5 = {{o = (1 = 0}. We have a subbundle F of rank 2 of
TP3 on P\ S(F) defining F away from S(F).

The distribution F leaves the hyperplane V = {(3 = 0} ~ P? invariant and we
work on V. In fact the distribution F also leaves invariant the singular hypersurface
{¢o¢3 = 0}, which contains the whole S(F). This case is treated in [26].

Thus we consider the singular distribution Fy = F ® Oy on V| whose singular
set S is given by S = S(F)NV =5, US;. Welet P=(0:1:0:0), which is the
intersection point of Sy and S. The restriction of the bundle Fy o = Fy|y defines
Fy on Uy = V~.S. As is shown in Section 7, the normal bundle Ny of V in P3
admits a partial connection along Fy o on Uy and the first Atiyah class al(NV) is
localized near S and yields an “Atiyah residue”.

Note that, although a priori the first Chern class c¢!(Ny) is not localized in
this context, it has the “Atiyah localization” and the “Atiyah residue”, since it
coincides with a'(Ny ), V being compact Kihler (see Remarks 9.2 and 9.5 below).

To describe the localization more precisely, we need the Cech-Dolbeault coho-
mology theory for coverings involving more than two open sets, as S is singular in
our case. We briefly recall what is needed in our case.

Let Uy = V\.S be as above and let Uy, Uz and Us be neighborhoods of S1~{ P},
So~{P} and P in V, respectively, such that U; ¢ W, Uy ¢ W® and U3 ¢ W),
Then U = {Uy,...,Us} is a covering of V' and U’ = {U;,Us,Us} is a covering of
U’ = U, U3 UUs, which is an open neighborhood of S in V. Letting U;; = U;NU;
and U, = U; NU; N Uy, we set

(9.2) APIU) = @, AP (U;) @5 AP (Ui) @ik AP (Uign),

where in the first sum, 0 < ¢ < 3, in the second, 0 < i < j7 < 3 and in the third,
0 <i < j <k <3. The differential operator

D AP9(U) — AP
is defined by

D(0i,0i5,0ijx) = (00i, 05 — 03 — 00ij, 0k — Oik + 045 + O0ijk).
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The g-th cohomology of the complex (AP*(i), D) is the Cech-Dolbeault coho-
mology H %’q(Z/{ ) of U of type (p,q), which is shown to be canonically isomorphic
to the Dolbeault cohomology HZ*(V) of V (see Theorem 3.1).

Likewise we have the cohomology HY(U’) of the complex (AP*(U’), D) by
omitting Uy in the above.

Also, setting AP1(U,Uy) = {0 € APYU) | o9 = 0}, we have the relative
cohomology H (U, Up), which we also denote by HZ(V,V\.S).

The Atiyah classes are defined in the Cech-Dolbeault cohomology as in Subsec-
tion 4.1, taking a (1, 0)-connection on each open set and making use of difference
forms. In our case, the first Atiyah class a'(Ny) is represented by the cocycle
a'(V.) in

(9:3) AV U) = @AV (Us) @iy AV (Uyy),
(note that AP4=2(Uyj) = 0 in (9.2), if (p,q) = (1,1)) given by
al(v*) = (al(vi)v al(viv Vj)),

with V; a (1,0)-connection on U;. If we take an Fy ¢-connection as Vy, we have
a'(Vo) = 0 (see Theorem 6.10?. Hence a'(V.,) is in AL (U, Uy) and defines the
localization a!(Ny, Fy) in H}j’ U, Uy).

Recall that V is defined by (3 = 0 in P3. Thus, in W it is defined by z = 0
with (x,y) coordinates on W NV (D Uy); in W® it is defined by 29 = 0 with
(y2, z2) coordinates on W) NV (D Us); and in WM it is defined by y; = 0 with
(1, 21) coordinates on W) NV (D Us).

Proposition 9.1. Let F be the singular distribution on P? as above. It leaves the
hyperplane V' given by (3 = 0 invariant. We have the localization a*(Nvy, Fy) in
Hll—)’l(l/{,Uo) of a*(Ny) in Hll—j’l(l/{) = Hé’l(V). By a suitable choice of connections
Vi, it is represented by the Cech-Dolbeault cocycle a*(V.) = (a*(V;),a'(V4,V;))
given by

vV—1ldx + dy

a'(V,) =0, 0<i<3, a!(Vo, V1) = 5=~
) VL dys _ _Volgdn  da
a*(Vo, Vo) = 27 (ZQ Y2 d22>’ @ (Yo, Vs) 27 (96121 21 >
/1 d v=1d
0! (V1, V) = L =22, @ (V1 V) = S5
2'r Y2 2 I
v=1d
a'(Va, V) = v
2 Z1

Proof. By taking an Fy g-connection for Ny on Uy as Vi, we have al(Vi) =0 as
above. We have the exact sequence

0 — TV — TPy = Ny — 0.
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On each of Uy, Us and Us, the bundle Ny is trivial and we may take v; = ’/T(%),
vy = W(a%z) and v3 = ﬂ(%), respectively, as a frame of Ny. Let V; be the
connection trivial with respect to v;. Then we have a*(V;) =0, 1 <i < 3.

To compute the difference forms a'(V;, V;), we first make the following obser-
vation (cf. Subsection 1.2). Let 0; be the connection matrix (form, in this case)
of V; with respect to some holomorphic frame v of Ny . Then, since the 6;’s are
of type (1,0),

sy

(9.4) a'(Vi,V;) = c'(Vi, V;) = o

(0; —6;).
Moreover, if 7 = av is another holomorphic frame and if the 6;’s are corre-
sponding connection forms, we have (cf. (1.1))

da
=

We first compute a'(Vg, V). For this, we find the connection forms 6y and 6,
of Vo and V7 with respect to the frame 1. Since #; = 0, we only need to find 6.
Note that Uy; € W(®, where we may take the vector fields v; and vs in (9.1) as
generators of F. We set

9 o 9
u1:UI|V:y8_y and U2:U2|V:%fa_y.

Since 6 is of type (1,0), we may write as 6y = f dx + gdy. Then, on the one
hand we have Vo (v1)(u1) = yg - v1 and Vo(v1)(u2) = (f — g) - v1. On the other
hand by definition,

Vo(v1)(ur) = W([y% + z%, a%} |V) S—

and

Hence we get

which gives the expression for a'(Vo, V1) by (9.4).

Similar computations show that the connection forms of V with respect to the
frames v and v3 are, respectively, —22% + dzs and afllizll — Ci—zll, which give the
expressions for a'(Vy, Va) and a!(Vy, V3).

Finally the relations vy = y%l/l, V3 = ;—11/1 and vz = %1/2 give the expressions

for a'(V1,Vs), at(V1,V3) and a'(Va, V3) by (9.5). O
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Remark 9.2. From the above, we see that the curvature form of Vy with respect

to 11 is given by
dx N dy
y: o

ko = dbOg + 6y NOy = —

Since it has no (1, 1)-component, there holds a'(Vq) = 0, while ¢!(Vy) = %/ﬁo
does not vanish.

We now try to find the corresponding residue. For this, we first consider the
cup product in our case. Recalling (9.2) and (9.3), it is the pairing

AVYU) x AV U) — A2 (U)
given by
(0i,0i5,0) ~ (74, 75,0) = (05 A Ti, 03 A Tij + 0ij NTj, —04ij A Tik)-
This induces a pairing Hlﬁ’l(Z/l) X H}j’l(U) — H2D’2(U), which followed by

integration [, : H%’Q(L{) ~ H;Q (V) — C defines the Kodaira—Serre duality.

In the relative case, we have op = 0 and the above cup product involves only
(73, 7i;) with 4 > 1. Hence we have the pairing

AV U, Up) x ABY U — AU, Up).
This in turn induces the pairing
HE U, Up) x HE'U') — HE* (U, Up),
which, followed by integration, defines the 0-Alexander homomorphism
A:HE U Uy) — H5' U')*

and we have a commutative diagram as in Proposition 3.2, to which we return
below (see (9.9)).

We examine the 0-Alexander homomorphism more closely. We take a “system
of honeycomb cells” (R;) adapted to U, which will be given explicitly below. For
a class [o] in Hgl(u, Uo), 0 = (04,045), the image of [o] under A is a functional

assigning to each class [7] in H}j’l(U’), T = (73, Ti5), the integral

o~ T= (/ 0'/\T'+/ 00'/\7’-)
/V > ([ wnmt [ ownn

1<i<3
(9.6) ==
+ Z (/ UiATij+0ij/\Tj_/ 001-/\7'ij>.
1<i<j<3 Rij Roij

In the above, each R; has the same orientation as V. We set R;; = RN R; =
OR;NOR;, which has the same orientation as OR; (opposite the orientation of R;)
and Ry;; = Ro N R;; = ORp N OR;;, which has the same orientation as 0R;.
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In fact, the right-hand side of (9.6) can be reduced by choosing Stein open
sets as the U;, i = 1,2,3, which is possible (for example, we may take as Uy a
tubular neighborhood of S; ~ {P} in V N W containing Ry, or even the whole
Vnw© ~C?).

Lemma 9.3. If we choose U;, 1 < i < 3, to be Stein, we may represent every class
in Hll—j’l(U’) by a cocycle of the form & = (0,&;;).

Proof. From Dt = 0, we have 07; =0,1<i<3. Since each U; is Stein, there
exist a (1,0)-form p; such that 7; = dp;. If we set & = (0,&;;) with
§ij = Tij + pi — pjs
Then we have 7 = ¢ + Dp, p = (p;,0). O
If we use the representative as above, the right-hand side of (9.6) becomes
(97) Z / O'z/\fz] / Uoi/\fij).
1<i<j<3 Roij

Recall that the residue Res,: (Fy, Ny;U’) of Fy with respect to a! for Ny
on U’ is the image of the localization a!(Ny, Fy ).

Proposition 9.4. If we choose connections V; as in Proposition 9.1, and a
representative & of each class in HY'(U') as in Lemma 9.3, then the residue
Resqi (Fv, Ny;U’) is the functional assigning to [£] the value

- > /R Y(Vo, Vi) A i

1<i<j<3 0ij
Proof. The proposition follows from a'(V;) = 0 and (9.7). O

The domains of integration Ro;; can be given explicitly, for example, as follows.
Let § be positive number with 42 < 1, and set

Ry={CeV | |G+ <G},

Ro={CeV| |G]* <8¢l }\IntRs,
={C¢eV| |G| <8 |¢l* } \Int Rs,

Ro = Up~ (U It By Uy ;<5 Int Ryj).

From § < 1, we see that Rio = () and thus Ry12 = (). We first express Roi3
explicitly. As a set, it is given by

lyl =09, 14 y|>=6*|z> and z=0.

Setting §' = ¥ 1;”52, we have

(9.8) Roiz = { (z,y) | [ = &, ly| =4 },
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oriented so that argx A argy is negative. Similarly we have

Rozs = { (y2,22) | |y2| = 6, |z ="},

which is oriented so that argys A arg z, is positive.
Now we consider the commutative diagram

HE U, Uy) —2—  HE'U) = Hy' (V) = Hy'(P?) = H2(P?,C)
(9.9) lAV lKSv=PV
HE U S HG )" = H (V) = Hy (B2)" = Hy (P, C).

The normal bundle Ny of V in P? is isomorphic to the hyperplane bundle Hs
on V = P2. Since P? is compact Kihler, we know that the first Atiyah class a'(Ny/)
in H(%’l(V) = H?(P?,C) ~ C coincides with the first Chern class ¢! (Ny) = ¢! (Hz),
the generator of the cohomology.

We try to find 7,Res.: (1]: , Nv; S) and verify the Residue Theorem 4.1. Recall
that the isomorphism Hé%’ (P?) — Hlﬁ’l(Z/l) is induced by 7 — (7, 75) = (7,0)
(cf. Theorem 3.1). Also note that H%’l(IP’Q) ~ C, which is generated by the class of

/—

1 -
T0 = 7 00log ||C||2

(see, e.g., [14]). For 7o we may take, as p; in the proof of Lemma 9.3, the forms
__\/—1 Tdr+ydy __\/—1 Yo dys + Zo dzo
S N G T R T R PA L
\/71 T dl’l +zZ1 le
21 1+ |z1]2 + |21 ]2’

p3=—

and we compute

v—1 dx v—1 dz
Sis=pr—p3=—"—F——5 Cp=p2—p3=——F——.
2t x 2m 29

Thus, to the canonical generator [7p], the residue assigns the value

_/ al(VOavl)A£13 _/ a/l(vo,VQ)/\§23
Ro1s

Ro23

\/T
=G (T [ (w5 —a) a2
:_(\/—_1)2/R dz Ndy _
013

—_— 1
2w Ty

(see (9.8)), as expected.
The above computation appears to suggest that the residue is concentrated
on Si.

Remark 9.5. Although the first Chern class ¢! (Ny) is not localized as a Chern
class (see Remark 9.2), it has the “Atiyah localization” and the “Atiyah residue”.
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