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Paraproducts via H*°-functional calculus

Dorothee Frey

Abstract. Let X be a space of homogeneous type and let L be a sec-
torial operator with bounded holomorphic functional calculus on L?(X).
We assume that the semigroup {e_”“}t>o satisfies the Davies—Gaffney es-
timates. In this paper, we introduce a new type of paraproduct operators
that is constructed via certain approximations of the identity associated
with L. We show various boundedness properties on LP(X) and the re-
cently developed Hardy and BMO spaces H? (X) and BMO7(X). Gener-
alizing standard paraproducts constructed via convolution operators, we
show L?(X) off-diagonal estimates as a substitute for Calderén-Zygmund
kernel estimates. As an application, we study differentiability properties
of paraproducts in terms of fractional powers of the operator L.

The results of this paper are fundamental for the proof of a T'(1)-
Theorem for operators that are beyond the reach of Calderéon—Zygmund
theory, which is the subject of a forthcoming paper.

1. Introduction and main results

Paraproduct operators are an important tool in harmonic analysis, and play an
essential role in the theory of partial differential equations. They emerged from
the theory of paradifferential operators (see e.g. [15] and [13]), and have crucial
applications in the general theory of singular integral operators and the study
of nonlinear problems; see e.g. [32] in the context of Euler and Navier—Stokes
equations.

More specifically, in the proof of the T'(1)-theorem of David and Journé [19], the
following paraproduct plays an important role. Given b € BMO(R™), one defines
an operator I, on L?(R") via

(1.1 mr= [T aleomn . e,
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where P, and Q; are convolution operators with P;(1) = 1 and Q;(1) = 0. One
can then show that II; is a Calderén—Zygmund operator, bounded on L?(R™) and
satisfying II,(1) = b and II; (1) = 0.

In the last two decades, the study of properties of sectorial operators often de-
pended on pointwise Gaussian estimates for the kernel of the corresponding semi-
group, which, consequently, ensured the boundedness of the semigroup on L? for
p € [1,00]. In recent years, the theory has been extended to sectorial operators L
whose semigroup is bounded on L? only for a range of p strictly smaller than (1, c0).
For such operators, one cannot work with pointwise Gaussian estimates for the
semigroup, but one has to work with generalized Gaussian estimates, Davies—
Gaffney estimates or other off-diagonal estimates instead. A key role in this theory
is played by approximation operators that are constructed via the H°°-functional
calculus as introduced in [36]. For example, the semigroup {e~**},~¢ can be used
as an approximation of the identity and the derivative {td;e~*L};~¢ for the con-
struction of a resolution identity. In this way, various results have been obtained on
generalizations of operators and function spaces, that were originally constructed
via the Laplacian and Littlewood—Paley theory. This includes the Hardy spaces HY
and a corresponding space BMOy, that are associated with L, see e.g. [5], [22],
[7], [10], [29], [30], [27], and [21]; Riesz transforms, e.g. in [6], [28], and [12]; and
similar studies of operators beyond the reach of Calderén—Zygmund theory, e.g.,
in [11], [4], [3], and [2].

In this article, we introduce the following type of paraproduct operators and
generalize the above paraproduct in the following sense.

We assume X to be a space of homogeneous type and let L be a sectorial
operator with bounded holomorphic functional calculus on L?(X). We assume
that the semigroup {e 'L}, satisfies the Davies-Gaffney estimates and, for some
results, an LP-L? estimate for some p < 2. Standard examples of operators that
satisfy our assumptions are elliptic operators in divergence form with bounded
complex coefficients, see e.g. [2], Schrodinger operators with singular potentials,
see e.g. [35], and Laplace-Beltrami operators on complete Riemannian manifolds
with non-negative Ricci curvature, see e.g. [20], [25].

Using the H*°-functional calculus, we define a paraproduct associated with L by

[ee]
(12) L fo [ HEDE DY Al )] T
0

where 1 and ¢ are taken from the set ¥ of bounded holomorphic functions on
a sector with decay at zero and infinity, e.g. (tL) = (tL)Me™'F for M > [,
and A; denotes some averaging operator.

The appearance of the operator A; might seem surprising, but this is due to
the fact that we do not impose any kernel estimates on the semigroup {e=*%};~.

For X = R™ and L = —A, one can omit the averaging operator A; and the
definition in (1.2) then corresponds to paraproducts defined via convolution.

Paraproducts defined in this way allow for a great flexibility, making it possible
to adapt them to many situations in Calderon-Zygmund theory, and, more im-
portantly, beyond Calderén-Zygmund theory. The spaces H? (X) and BMO(X),
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that are associated with L, generalize the usual Lebesgue spaces and the space BMO
of John and Nirenberg and are the appropriate setting for paraproducts of the
form (1.2).

Our first main result is the following:

Theorem 1.1. Let b € BMOL(X) and let ¢ and 1) be as specified in Theorem 4.2.
Then T, defined in (1.2), is bounded on L*(X) and extends to a bounded operator
from LP(X) to HY (X) for p € (2,00) and from L>=(X) to BMO(X).

Moreover, if one assumes the conservation property e *#(1) = 1 in L12OC
then the paraproduct also satisfies II,(1) = b and II} (1) = 0.

For a second order elliptic operator L in divergence form, we denote by (p_ (L),
p+ (L)) the interior of the interval of LP boundedness of {e **};~. Then for
p € (p—(L), p+(L)), as shown in [30], there holds H¥(X) = LP(X), and there-
fore IIj is bounded on L?(X) for all p € [2,p4(L)). For other types of operators L,
one can obtain similar results via generalized Gaussian estimates; see Proposi-
tion 3.14 below.

The proof of Theorem 4.2 heavily relies on the following analogue of the Feffer-
man—Stein criterion. Assuming a growth estimate for b, we have

b€ BMOL(X) <= vy = ’w(tQmL)b(y)|2 M is a Carleson measure.

(X),

For 1(z) = z™e™* and M > ;. the result is proven in [29]. In Proposition 3.18
we generalize the result to allow more general 1.

We then define II(f,b) := II;(f), and consider the paraproduct as a bilinear
operator. By analogy with the fact that the paraproduct in (1.1) is a Calderén—
Zygmund operator, we show certain off-diagonal estimates for the paraproduct as-
sociated with L. These off-diagonal estimates allow us, as in e.g. [11], [2], and [29],
to extend the operator to certain LP(X) and H7(X) spaces. We obtain the fol-

lowing result:

Theorem 1.2. Let ¢ and ¢ be as specified in Theorem 4.10. Then II: L>®(X) x
L?(X) — L?*(X) is bounded and extends to a bounded operator 11: L>(X) x
HY(X) — LP(X) forp € [1,2) and I1: L*>°(X) x LP(X) — HY(X) for p € (2,0).

As before, the identification of HY(X) and LP(X) for a certain range of p
(see [30] and Proposition 3.14 below) yields boundedness results IT: L*°(X) x
LP(X) — LP(X).

We end the article with some results on differentiability properties of paraprod-
ucts constructed via H°°-functional calculus, and establish a Leibniz-type rule.
More results of this kind will be given in [23].

An important application of the paraproduct defined in (1.2) is given in [24],
where we generalize the T'(1)-Theorem for operators beyond the reach of Calderén—
Zygmund theory.

While this work was in preparation, we learned that similar paraproducts have
also been considered by Bernicot; see [9]. The main difference with our results is



638 D. FREY

that pointwise bounds on the kernels of the semigroup {e~**};~¢ are used in [9],
an assumption which is considerably relaxed here.

The article is organized as follows: in Section 2 we collect the most important
definitions and results about H°°-functional calculus, tent spaces and Carleson
measures, and state our assumptions on the operator L. In Section 3 we recall
the theory of Hardy and BMO spaces associated with operators. We generalize
results, usually stated for second order operators only, to higher order operators,
and prove a generalized Calderén reproducing formula and a Carleson measure
characterization of BMOp (X). Section 4 contains our main results, Theorem 1.1
and Theorem 1.2. We end with a Leibniz-type rule.

Throughout the article, the letter C' will denote possibly different positive con-
stants that are independent of the essential variables. We will frequently write
a < b for nonnegative quantities a and b, if a < Cb for some C.

2. Preliminaries

We assume that (X, d) is a metric space and p is a nonnegative Borel measure
on X with pu(X) = oo which satisfies the doubling condition:
There exists a constant A; > 1 such that for all z € X and all » > 0

V(z,2r) < A1V (z,r) < oo,

where we set B(x,r) :={y € X : d(z,y) <r} and V(z,r) := u(B(z,r)).
Note that the doubling property implies the following strong homogeneity prop-

erty: There exists a constant As > 0 and some n > 0 such that for all A > 1, for
all x € X and all » > 0,

(2.1) V(z, r) < Ay X" V(x,r).

In a Euclidean space with the Lebesgue measure, the parameter n corresponds
to the dimension of the space. For more details on spaces of homogeneous type,
see [17].

For a ball B C X we denote by rp the radius of B and set

(2.2) So(B):=B and S;(B):=2'B\2/7'B forj=1,2,...,

where 29 B is the ball with the same center as B and radius 2/rz.
Let ¢t > 0. We define the averaging operator Ay by

1
W/B(x,t)f(y) du(y)

for all z € X and every f € LL (X).

loc

We denote by M the uncentered Hardy-Littlewood maximal operator. For
p € [1,00) and measurable functions f : X — C we set M,,f := [M(|f|")]"/?.

(2.3) Auf(z) =
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2.1. Holomorphic functional calculus

We only state the most important definitions and results. For more details on
holomorphic functional calculi we refer to [36], [1], [34] and [26].

For 0 < w < o < 7, we define the closed and open sectors in the complex
plane C by

Sut :={C € C\{0} : |arg¢| < w} U{0},
20 .= {CG C: (#0,larg(| < U}.

We denote by H(X2) the space of all holomorphic functions on $2. We further
define

H(59) 1= {9 € H(SD) + [0l po sy, < 00},
o p(59) = {¥ € H(S) « (O] < CI¢|™ (L+1]¢[*"7) 7" for every ¢ € £7}
for every a, 8 > 0 and ¥(X0) := Ua. 550 U, 5(29).

Definition 2.1. Let w € [0, 7). A closed operator L in a Hilbert space H is said to
be sectorial of angle w if o(L) C S,+ and, for each o > w, there exists a constant
Cy, > 0 such that

[CI-L)7Y <Col¢I™ ¢ ¢ Sos

Remark 2.2. Let w € [0,7) and let L be a sectorial operator of angle w in a
Hilbert space H. Then L has dense domain in H. If L is assumed to be injective,
then L also has dense range in H. See e.g. Theorems 2.3 and 3.8 in [18].

Let w < 0 < 0 < 7 and let L be a sectorial operator of angle w € [0,7) in a
Hilbert space H. Then for every ¢ € ¥(29)

(2.4) (L) = QLM - B(A)(M — L)~ dA

defines a bounded operator on H. By sectoriality of L the integral in (2.4) is
well defined, and an extension of Cauchy’s theorem shows that the definition is
independent of the choice of 6 € (w, ).

Let L be in addition injective and set 1(z) := z(1+2) 2. Then ¢(L) is injective
and has dense range in H. For f € H*(X%) one can define by

a closed operator in H. We say that L has a bounded H*®(XY) functional calculus
if there exists a constant ¢, > 0 such that for all f € H>(X2), there holds
f(L) € B(H) with

[P < eo 1fll Lo 50 -

One can show that L has a bounded holomorphic functional calculus on H if
and only if the following quadratic estimates are satisfied:
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For some (all) o € (w,7) and some ¥ € ¥(2Y) \ {0} there exists some C' > 0
such that, for all z € H,

_ > dt
(2.5) ™ eff? S/O lo(¢L))® - = Cllz®.

Moreover, if 1,1 € ¥(20) \ {0} are chosen to satisfy fooo't/)(t)z/;(t) &=,
then the functional calculus of L on H yields the following Calderén reproducing
formula: for every f € H and every m > 0,

/ V(> L)Y t2mL)fd =f inH.

Observe that for ¢ € U(X9) \ {O} and a, > 0, one can always find a function
P € U, 5(29) \ {0} such that [ ()Y (t) & = 1.
2.2. Tent spaces and Carleson measures

We recall the most important definitions and properties of tent spaces and Carleson
measures. For proofs of the results, we refer to [16]. As mentioned in Chapter II
of [37], the proofs, given there in the case of the Euclidean space R™, carry over
to spaces of homogeneous type.

For any « € X , we denote by I'(z) the cone of aperture 1 with vertex x, namely

z) = {(y,t) € X x (0,00) : d(y,x) < t}.
If O is an open subset of X, then the tent over O, denoted by O, is defined as
O = {(z,t) € X x (0,00) : dist(z,0%) >t}.

Definition 2.3. For any measurable function F on X x (0, 00), the conical square
function &7 F' is defined by

// F(y,t)f d“()ﬁyp zeX
T'(x) 7 (.Z‘,t)t , ,

and the Carleson function € F by

% du(y )dt)1/2

)

CF(z) = sup / F(y

B:xEB

where the supremum is taken over all balls B in X that contain x.
For 0 < p < oo, the tent spaces on X x (0,00) are defined by

TP(X):={F: X x (0,00) — C measurable; 1Fllo(xy = 1 Fll 1o (x) < 00}
The tent space T°°(X) is defined by

T>(X) = {F: X x (0,00) — C measurable; [ (| oo (x0) =G F || oo (x) < 0o}
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When p € [1,00], the space (T?(X), || |74(x)) is a Banach space. Moreover,
one can show the following duality results.

Theorem 2.4. (i) Let 1 < p < oo and 1/p+ 1/p’ = 1. There exists a constant
C > 0 such that for all F € T?(X) and all G € T? (X)

//Xx(o ) [P, )G, )] M = C/X A (F)(x)e (G)(x) dp(z).

Further, there exists a constant C > 0 such that, for all F € T*(X) and all
GeT>(X),

//Xx(o ) [P, )G, )] M = C/x o (F)(x)€(G)(z) dp(x).

(ii) The pairing
w6 [[ s O
X %(0,00) t

realizes TP (X) as equivalent to the dual of TP(X) if 1 < p < oo and % + Z% =1,
and realizes T*(X) as equivalent to the dual of T1(X).

We finally state the definition of nontangential maximal functions and Carleson
measures and the connection between both.

Definition 2.5. For any measurable function F on X x (0, 00), the nontangential
maximal function F* is defined by

(2.6) F*(z):= sup |F(y,t)], xzeX.
(y,t)el(z)

The space N is defined by
N :={F: X x (0,00) — C measurable; ||F||, := IE N 1 x) < oo}

A Carleson measure is a Borel measure v on X x (0, 00) such that

vl ! // jdv] <
V|, :=su V| < o0,
¢ =PV )z

where the supremum is taken over all balls B in X. We define C to be the space
of all Carleson measures.

The spaces (N, ||.[|y) and (C,|.|lo) are Banach spaces. Observe that, for
F eT>(X),

d dt
(27) 1F 1By = 16 F ey = [P P 4

Theorem 2.6. If F € N and v € C, then

/ / F(a,t)] du(zt) < C|FlLy - I¥]lc-
X x(0,00)

Hc'
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For applications, we also need the following corollary:

Proposition 2.7. Let 2 < p < co. Let F' be a measurable function on X x (0, 00)
with F* € LP(X) and let G € T*°(X). Then

[€F - GllLox) < CIE N o x) 1€ e (x) »

with a constant C > 0 independent of F and G.

2.3. Assumptions on the operator

We fix our assumptions on the operator L. Let m > 1 be a fixed constant, repre-
senting the order of the sectorial operator L. Unless otherwise specified, we will
assume the following:

(H1) The operator L is an injective, sectorial operator in L?(X) of angle w, where
0 < w < /2. Further, L has a bounded H°°(3%)-functional calculus for
some (all) w < o < 7.

(H2) The operator L generates an analytic semigroup {e~*F};~( satisfying the
Davies—Gaffney condition. That is, there exist constants C, ¢ > 0 such that
for arbitrary open subsets F, ' C X

_ dist(E, F)?™\ 5=t
@28) e |y < Coxp | = (F===—) " 1 ey

for every t > 0 and every f € L*(X) with supp f C E.

For the theory of Hardy and BMO spaces associated with L, these two assump-
tions will be enough. In order to show L?(X)-boundedness of certain paraproducts,
we need one additional assumption. Henceforth, we will explicitly mention when-
ever we take into account the following assumption.

(H3) The semigroup {e~F};~¢ satisfies an L? — L? off-diagonal estimate for some
p € (1,2) and an L% L9 off-diagonal estimate for some § € (2,00), i.e., there
exists a constant C' > 0 and some ¢ > 0 such that for every ¢ > 0, every

j € Ny and for an arbitrary ball B in X with radius r = t*/?™
(2.9) |’€7tL]lsj(B)f||L2(B) <275 v(B)zTr 1N Lo s, By
and
_ —j(ny 11
(2.10) le™ 1ag|l o5, () < C277TTIVBYITE gl 2

for all f € LP(X) and all g € L?(X). Here, ¢ is the conjugate exponent of g
defined by 1/¢+1/¢ = 1.
Observe that (2.10) is just the dual estimate of (2.9). That is, if L satisfies (2.10)
with exponent ¢, then L* satisfies (2.9) with exponent ¢’ and vice versa.
One can show that the Davies-Gaffney estimates imply L? off-diagonal estima-
tes for more general operator families associated with L. The proof of Lemma 2.28
in [30] carries over with only minor changes to our more general setting.
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Proposition 2.8. Let L satisfy the conditions (H1) and (H2). Let 0 € (w,7),
€ U, 5(30) for some o, 8> 0, and p € H>(XY). Then the family of operators
{w(tL)p(L)} =0 satisfies L? off-diagonal estimates of order o, with a constant
controlled by H@”LOO(EO)' That is, there exists a constant C > 0 such that for
arbitrary open sets E,F C X

dist(E, F)2m -

IED)PD Nz < Clelmgssy (L+ 2===) " I fleca

for every t > 0 and every f € L*(X) supported in E.

We end the section with an observation on conservation properties of the semi-
group.
Lemma 2.9. Let L satisfy (H1) and (H2), and let o € (w,7/2).

(i) Let v > f=.
that for all t > 0

For every ball B C X there exists some constant Cg > 0 such

—tL*”

He < CBt

L2(B)—LY(X\4B) =

tL can be defined via duality as an operator from L>°(X) to L?

In particular, e~ e (X).
(i) Let o« > 0, B > 4% and ¢ € Vg o(32). Moreover, let b € L>(X). If for
every t >0
e () =b in L, (X),
then, for every t > 0,
YEL)(b) =0 in Li, (X).

Proof. (i) Let f € L?(X) with supp f € B. Due to the Cauchy—Schwarz inequal-
ity, (H2) and the doubling condition (2.1), there holds

o0
HeftL fHLl(X\43) < ZV(QJB 1/2||eitL fHL2 5(B))

Jj=1

> dist(B, S;(B))*™
ZV QJB 1/2 (7 ( t]( )) > ||f||L2(B)
7j=1

K

n t v
<WQW§yw%@EWﬁnmwmé%ﬂmmm»
j=1

where in the last step we used the assumption v > ;.

(ii) Let B be an arbitrary ball in X and let v € (7%, 3). Moreover, let w < 6 <
o < m/2and A € 959. According to (i), the integral

oo
/ e*)\teftL dt
0

converges strongly as an operator from L?(B) to L'(X \ 4B) with operator norm

bounded by a constant times [A| 777"
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This also implies that [[»(A)(A + L*) " r2(pymnr (x\up) S [U(A)] A7 and
the integral

1
— ANA+ L*)~tdA
i g VIO

converges strongly as an operator from L?(B) to L'(X \ 4B), since 8 > . On
the other hand, due to the Cauchy-Schwarz inequality and (H1), both integrals
converge strongly as operators from L2(B) to L'(4B). The assumption e "**(b) = b
then yields, for every f € L?(B),

.0+ 270 = (b e et pa) = / "), f)dt = (0, ).
We finally obtain for ¢(L)(b) the equality
W) ) = o)) = 50 [ 6O)b 0+ 297 p)
RS

= ——=d\ (b, f) =0
s g x A 0) =0
where the last step is due to an extension of Cauchy’s theorem and the assumption
1 € U(3Y). Since B was chosen arbitrarily and f € L?(B), we obtain via duality
the equality ¥(L)(b) = 0 in L _(X). Replacing ¢ by 1(t-) for t > 0 gives the

assertion. O

3. Hardy and BMO spaces associated with operators revi-
sited

In the following, we will always assume that the operator L satisfies the assump-
tions (H1) and (H2) and that o € (w,7/2). We denote by D(S) the domain and
by R(S) the range of an unbounded operator S, and by S* the k-fold composition
of S with itself, in the sense of unbounded operators.

We summarize the most important facts about Hardy and BMO spaces asso-
ciated with L. For more details and proofs of the results, we refer to [29], [30],
[27] and [21]. The proofs given there carry over with only minor changes to our
more general setting. In addition, we generalize a Calderon reproducing formula
for elements of H} (X) and BMOp«(X) and a Carleson measure estimate. Both
results have their origin in [29].

3.1. The spaces HY(X) and BMOL(X)

Let ¢ € ¥(22)\ {0} and consider for every f € L*(X) the square function &/Qy, 1. f
associated with L, namely

2 du(y) di\1/2
X.
V(m,t)t) » TE

#Quatd)@) = ([ pernsw)
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Definition 3.1. (i) Let 1 < p < 2 and let 19 € ¥(39) be defined by 1¢(z) := ze~*.
Define H7 (X)) to be the completion of the space

(3-1) HY (X) == {f € L*(X) + & Qu,.1f € LP(X)},
with respect to the norm ”fHHfZO,L(X) = H%Qll’ovaHLP(X) .

(ii) Let 2 < p < oo. Define H? (X) := (H?.(X))’, where 1/p+1/p’ =1 and L*
is the adjoint operator of L.

Observe that, by definition,
17 Qi L) = 1@ )

where Q. 1f(z,t) :== (t*™ L) f(z). Moreover, there holds H?(X) = L*(X).

In both cases, for p < 2 and for p > 2, there is a characterization of H? (X) by
general square functions constructed via functions ¢ € ¥(%2) \ {0} with a certain

decay at infinity and at zero, respectively. For a proof, we refer to Corollary 4.21
of [30].

Theorem 3.2. Let o > 0 and B > g-. Further, let either 1 < p < 2 and
Y€ Wop(BY)\ {0} or2 <p<ooand ) € Upo(X)\{0}. Define HY, | (X) to be
the completion of the space

HY, (X) = {feL*X): @Qu.rf€LP(X)},

with respect to the norm Hf||H,7 L(X)= 7 Qu, L 1o (x) - Then H}(X)=H], (X),
with equivalence of norms.

There also exists a molecular characterization of H}(X). We begin with a
definition of molecules associated with L.

Definition 3.3. Let M € N and ¢ > 0. A function m € L?(X) is called a
(1,2, M, ¢)-molecule associated with L if there exists a function b € D(LM) and a
ball B in X with radius rg > 0 such that

(i) m = LMp,
(ii) for every k =0,1,2,..., M and all j € Ny,

H(T%mL)kap(sj(B)) <rgrMoTiEv(2B)T12

The molecular Hardy spaces associated with L are then defined as follows:

Definition 3.4. Given M € N, & > 0 and f € L*(X), one says that f = Zj Ajm;
is a molecular (1,2, M,e)-representation of f if 3372 |\;| < oo, each m; is a
(1,2, M, )-molecule, and the sum converges in L*(X).

Let € > 0 be fixed. Set

HlL,mOLM(X) = {f € L'(X) : fhasa(l,2,M,e)-representation}
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with the norm given by

[e.¢] o
HfHHi,mol,M(X) = inf { Z IAj] o f = Z)\jmj is a (1, 2,M,E)-representation}.

=0 =0
The space H] 0 2(X) is defined to be the completion of HF, ) 5, (X) with
respect to the norm || . HHi LX) defined above.

One can show the following equivalence. For a proof, we refer to Theorem 3.12
of [21].
Theorem 3.5. Suppose that M € N, with M > ;. Then Hlll,mol,M(X) = H}(X)
with equivalence of norms.

Next, let us define the space BMOp(X). Let us fix some element 2o € X that
will henceforth be called 0. The ball By := B(0, 1) will then be referred to as the
unit ball. One first defines a space Eys(L) in such a way that for every f € Ep(L)

there holds (I — eTQBmL)Mf € L2 (X), and therefore the expression in (3.2) is well
defined.

Definition 3.6. Let ¢ > 0, M € N and let ¢ € R(LM) C L?(X) with ¢ = LMy
for some v € D(LM). Introduce the norm

M
R JE 7 1/2 k
[0l pgz200e (1) = s {2 V(2/Bo) ];) £z V”L?(Sj(Bo))}’

where By is the unit ball, and set

Mg (L) 1= {6 € RILM) w116l gy 2z < o0}

One denotes by (My**<(L))" the dual of M *™*<(L). For any M € N, let
En (L) be defined by
Em(L) = [ My>™= (L))
e>0
Remark 3.7. Let M € N and ¢ > 0. Then for every f € (My®"=(L*)) and
every t > 0, one can via duality define (I — e*tsz)Mf and (I — (I +t*mL)~HM§
as elements of L2 (X).

loc

Definition 3.8. Let M € N. An element f € &y (L) is said to belong to
BMOy (X)) if

82 Wloo, o0 = 5 (77 [ [0 =759 f@)

‘2
cx

1/2
du(x)) " < oo,
where the supremum is taken over all balls B in X.

One can then show the following duality result. For a proof, we refer to Theo-
rems 3.23 and 3.24 in [21].

Theorem 3.9. Let M € N, with M > ;. Then (H} (X)) = BMOpr- p(X).



PARAPRODUCTS VIA H°°-FUNCTIONAL CALCULUS 647

In particular, the theorem yields that the definition of BMOy a/(X) is inde-
pendent of the choice of M > n/(4m). This leads to the following definition:

Definition 3.10. Let M € N with M > ;%-. The space BMO(X) is defined by

3.2. Interpolation of Hardy spaces

The spaces HY(X) form a complex interpolation scale. For a proof, we refer
to Lemma 4.24 of [30], where the authors reduce the problem to complex interpo-
lation of tent spaces.

Proposition 3.11. Let L be an operator satisfying (H1) and (H2). Let 1 < py <
p1r < oo and 0 <0 <1. Then

[HP (X), HY (X))o = H(X)  where 1/p = (1—6)/po +0/p1,
[H7°(X),BMO(X)]g = HE(X) where 1/p = (1 - 6)/po.

The next result is a slight generalization of Theorem 3.2 of [29], and comple-
ments Theorem 1.1 of [11].

Proposition 3.12. Let M € N, M > n/(4m). Assume that T is a linear or a
non-negative sublinear operator defined on L*(X) such that T : L*(X) — L?*(X)
s bounded and T satisfies the following weak off-diagonal estimates:

There exists some v > n/(2m) and a constant C' > 0 such that for every t > 0,
arbitrary balls By, By € X with radii v = t'/?™ and every f € L*(X) supported
m Bl,

dist(By, By)?™\

(83) T = MM ()] o < Or(1+ M) £ 225y -
dist(By, By)?™\

(3.4) T (L M ()| o,y < Cr (14 M) 11225, -

Then T : H}(X) — LY(X) is bounded and there exists some C' > 0, independent
of Cr, such that for all f € Hi(X)

”TfHLl(X) <CCr HfHHi(X) :

Remark 3.13. If (3.3) and (3.4) are satisfied for arbitrary open sets E, F C X,
one need only require a decay of order v > n/(4m).

A sufficient condition and a detailed proof for the equivalence of HY (X) and
LP(X) is given in Theorem 4.19 of [38]. The reader should compare the assumption
below to assumption (H3).
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Proposition 3.14. Let L satisfy (H1) and (H2). If for some py € [1,2), there
exist constants C,c > 0 such that, for all x,y € X and allt > 0,

—tL
||ﬂB($’t1/2m)e ILB(y»tl/zm')||LT’O(X)~>LP6(X)
_ 1/ 2m .\ 1/(2m—1)
< OV (w, ¢1/2m) /o1 /r) exp(f(d(fc,y) ) /(2m )
ct
then

H}(X)=LP(X), po<p<pp

For further relationships between HY (X) and LP(X) in the case of second order
elliptic operators in divergence form, we refer to Proposition 9.1 of [30].

3.3. A Calderén reproducing formula and Carleson measures

As shown in [29], Lemma 8.4, it is possible to generalize the Calder6on repro-
ducing formula, originally given on L?(X) via functional calculus, to functions
f € BMOg- p(X) and functions g € H} (X), that can be represented as finite
linear combinations of molecules. We state a more general version of Lemma 8.4
in [29], that gives greater freedom in the choice of functions v, e U(x9).

Lemma 3.15. Let M € N and suppose that [ € Ep(L*) satisfies the “controlled
growth estimate”

(1 — (I + L) )M f ()|’
(35) T O 1 a0y
for some g1 > 0. Let ¢ € g, o, (39)\ {0} and ¢ € ‘11527(“(20) \ {0} for some
constants ax, az, B1, Ba > 0, with By + P2 > =L and [ (t)ﬂ = 1. Then

4m
for every g € H}(X) that can be represented as a finite lmear combination of

(1,2, M’, e)-molecules, with e > e1/2, M' — M > mﬂil and o + g > M, we have

dp(z)dt
t

du(x) < oo

— Jim / / P2 L7) f () D L) g(x)

Remark 3.16. If f € BMOy« »(X), then condition (3.5) is fulfilled for every
e1>0.

The proof works is in most respects analogous to the one of [29]. We need one
additional lemma, which gives us a primitive of a function ¢ € ¥(39).

Lemma 3.17. Let o € (0,7), a, 3 > 0 and ¥ € U ,(22)\ {0}. Then for every
1 € N with | > « there exists a function p € ¥ o(X2) and some v € C such that

P(2) = 2¢(2) +7(1+ﬁ> z€ Xy,

Proof. Let us define a function G' on X% by setting

G(z) := 1/’20 ¢, zex?,
Yz
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where 7, (t) 1= te'®8% t > |z|, is the parametrization of the half-ray with angle
arg z starting at z. By assumption there holds 1(¢)/¢ = O(|¢|”*™") for |¢| — oo
and consequently, G(z) = O(|z|™“) for |z| — oo. By definition of G, we further
have

2G'(2) =Y(2), zeXl.
To get the desired behaviour at 0, one has to do a little more work. We know by
assumption that 1(z)/z = O(|z|°~") for |2| — 0 and, since 3 > 0, the integral

(3.6) YO 4

ry ¢
converges for every 0 € (—o,0), where I'y(t) := te’?, 0 < t < co. Using the same
arguments as in Remark 9.3 of [34], one can show that due to Cauchy’s theorem,
the integral in (3.6) is independent of the angle 6 € (—o, ). Therefore, let us set
ci= fFe % d¢ for any 0 € (—o,0). We then obtain

c—G(z) = (40 d¢, 2€xl,
7. €
where 7, (t) 1= te!®8% ( < t < |z|, is the parametrization of the half-ray with angle
arg z starting at 0 and ending at z. From the assumption ¥(¢)/{ = (’)(|z|ﬁ_1) for
|z| = 0 we now get that ¢ — G(z) = O(|z|ﬁ) for |z| — 0. Therefore, by defining for
a given | € N with [ > «
c
=G(z) — —— »0

P:) = 6e) ~ iy 2 € 3%,
we obtain the following: By construction there holds ¢(z) = O(|z|”) for |z| — 0
and p(z) = O(|z|” ") for |z| — co. In addition, a simple calculation shows that

h(z) = 2G'(2) = 2¢'(2) —

lez
(1+ z)H1’
which concludes the proof with v = —lc. O

The relation of elements of BMOp,(X) and Carleson measures can be described
as follows:

Proposition 3.18. Let M € N, M > J-. Further, let « > 0, 8 > 7= and
€ Vg o(X29)\ {0}. Then the operator

feryp@mL)f
maps BMOL(X) — T>(X), i.e., for every f € BMOL(X),
(3.7 v = w1 ) DL

t
is a Carleson measure and there exists a constant Cy, > 0 such that

lvw.£lle < CollfllEno, (x)
for all f € BMOL(X),
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Conversely, if f € En(L) satisfies the controlled growth bound (3.5) (with L in
place of L*) for some €1 > 0, and if vy ¢ defined in (3.7) is a Carleson measure,
then f € BMOL(X) and

2
H.fHBMOL(X) < Cllvgglle -
For a special choice of 1, namely (z) = zMe~*, the result is Theorem 9.1
of [29]. In the generality as stated above, the first part of the result is Proposi-
tion 4.13 of [30]. The second part is new and can be shown by combining the proof
of Theorem 9.1 in [29] with Lemma 3.15.

4. Paraproducts via H*°-functional calculus

In this section, we introduce paraproduct operators associated with a sectorial
operator L and investigate various of their properties.

4.1. Boundedness of paraproducts via Carleson measures

We begin with the study of the following paraproduct operator:

Definition 4.1. Let L satisfy (H1). Assume that ¢,¢ € ¥(29)\ {0}. For b €
BMO/(X) and f € L?*(X) we define the paraproduct

(41) (f) = [ OEm D e Db A D) T

where A; is the averaging operator defined in (2.3).

For convenience, we do not index I, with the defining functions ¢ and ¥. The
defining functions will always be clear from the context.

Theorem 4.2. Assume that L satisfies (H1) and (H2). Let o >0, 3 > ;== and
let ¥ € Wg o (32)\ {0}.

(i) Let L satisfy in addition (2.9) of (H3) and assume that ) € W(X9)\ {0}.
Then the operator I, defined in (4.1) is bounded on L*(X) for every b € BMOL(X),

i.e., there exists some constant C' > 0 such that, for every f € L*(X) and every
b€ BMOL(X),

I (Pl L2 x) < Clbllsaon, (x) 1112 x) -

(ii) Let p € (2, 00] and assume that ¥ € W, 5(22)\ {0}. Then the operator IIy,
initially defined on L*(X) in (4.1), extends for every b € BMOL(X) to a bounded
operator 11, : LP(X) — H7(X). That is, there exists some constant C > 0 such
that for every b € BMOL(X) and every f € LP(X)

I (Nl e (x) < Clollgnmo, x) 1 Lo x) -

Here, we designate H°(X) := BMOL(X).
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The combination of Theorem 4.2 and Proposition 3.14 yields appropriate bo-
undedness results on LP(X) instead of Hf (X).

We start the preparations for the proof with the following definition of a mod-
ified nontangential maximal function. The modification is required in the absence
of pointwise estimates. It has its origin in [33] and was e.g. recently applied in [29].

Definition 4.3. Given an operator L satisfying (H1) and a function f € L?(X)
we define the nontangential maximal operator N}, 1 associated with L via

1 2m 1/2
Nnof(z):= sup / L ()| dp( , z€X.
(v)e (@) (V(%f) B(y.t) e ) )

We can then show the following:

Lemma 4.4. (i) Assume that L satisfies (H1) and (2.9) of (H3). Then the oper-
ator Ny, is bounded on L*(X), i.e., there exists a constant C > 0 such that for
every f € L*(X)

||Nh,Lf||L2(X) <C ||fHL2(X)

(i) Assume that L satisfies (H1) and (H2). Then the operator Ny, 1, is bounded
on LP(X) for every p € (2,0].

Proof. (i) We will show a pointwise estimate of NV}, 1 f by the uncentered maximal
function M f, where the index p € (1,2) comes from the assumption (H3).

Let f € L?(X) and « € X. To apply the LP-L? off-diagonal estimates for the
semigroup, we use an annular decomposition of f. This yields

r)= su 1 e L f(2)) z
Nof(@)= sy )(V(y)t) L e o)

(y,t)

1/2

—1/2 [
: (where )ZV vt) 2 e sy a0y fll L2 sy

o

S sup > 27ROV (G ) TP fl s,

~

i (B
(y)€el(x) 55 (y:1))) "

By application of the doubling condition (2.1), we further get that the above is
bounded by a constant times

o

sup  sup ZQ‘j(’L/ﬁ‘*‘E) 2PV (y, 274) P 1N 2o (B ey,200)
>0 yeB(x.t) =

< [MUFP)@)] P = Mt ().

As M is bounded on LP(X) for every p € (p, oo, the proof is finished.

(ii) First recall that, due to Lemma 2.9, the operator e~L can be defined via

duality as an operator acting from L>(X) to L% (X) for every t > 0. With the
same reasoning, one can also define e 7' for every p € (2,00) by duality, as an
operator acting from LP(X) to L2 (X).

loc
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Let p € (2,00] and let f € LP(X). Then, repeating the arguments in (i), but
with the LP? — L? off-diagonal estimates replaced by the Davies-Gaffney estimates
for the semigroup, we obtain, for every = € X,

= —1/2 2mL
Nupf(z) < " ;‘éfr’( )ZV(y t)=/2||e ]lsj(B(y,t))f||L2(B(y,t))
) ) =0
= 27 )2m m—
< sup V(1) 2 (EES) 7T
(y,t)el(x) =0
<sup sup ZQ—J'(n/Q—&-s) 9in/2 V(%th)—l/z Hf”m [ < Mo f(x).
>0 yeB(x,t) {2 (B(y,29t))

Il 22 By 200))

The claim follows from the fact that Ms is bounded on LP(X) for every p € (2, x].
|

Remark 4.5. The boundedness of N}, r+ in L?(X) immediately follows from
Lemma 4.4 and the assumptions (H1) and (2.10) of (H3).

Remark 4.6. Let L satisfy (H1) and (H2). Let p € (2,00] and f € LP(X). The
proof of Lemma 4.4 (ii) shows, in particular, that for every ¢t > 0 and every = € X,

e ) < s [ W] dul) $ Maf (@)

z,1)

The boundedness of My on LP(X) for every p € (2, 00| then implies that

_42m
||Ate k Lf”Lp(x) 5 HfHLP(X)
uniformly in ¢ > 0.
Proof of Theorem 4.2 (i). For f, g€ L?(X), the Cauchy—Schwarz inequality implies

(7).} < [V L)b(e) - Ao~ )| Y
X x(0,00) t

//XX(ooo) (L) g ()| dp(z )dt)l/z.

The second factor is bounded by a constant times ||g|[ 2 ) according to assump-
tion (H1) and (2.5). Recalling the definition of vy ; in (3.7), we see that the first
factor is equal to

(4.2) (//Xxm,oo) A ) @) ()

As we assumed S > n/(4m), Proposition 3.18 yields that vy, is a Carleson
measure with ||vy, bHc/ S bllsmo, (x)- On the other hand, observe that the
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Cauchy-Schwarz inequality yields, for every h € L (X) and every y € X, the

estimate |Ayh(y)|? < % fB(y " |h(2)|” dp(z). With the help of Theorem 2.6, we
can therefore estimate (4.2) by a constant times

P sw ke D) dutw)

(y,t)el(x)

15,01

1 2m 2 1/2
<||b (/ sup —/ e UL f(2 duzdum)
Wllsso,co ([, s gy [ 1o G dute) dute)

= ”bHBMOL(X) ||Nh,Lf||L2(X) S Hb”BMOL(X) Hf”L?(X) )
using the boundedness of AV}, 1, on L?(X) in the last step. O

Via the duality of H}.(X) and BMO[,(X) and with similar arguments as those
used in Section 8 of [29], we moreover obtain the following:

Proof of Theorem 4.2 (ii), p = co. Let f € L*®°(X). Moreover, let ¢ > 0 and

M e N, with M > % and let g € Hj.(X), where H}.(X) = H}.(X) N L*(X) as
defined in (3.1). For every R > 0 let us consider ¢ defined by

R 2m dt
(B L) 1, [P Db A" ] S ),
1/R ¢

(4.3) Cr(9) :

where Bg := B(0, R) and the pairing is that between H}.(X) and its dual.

On the one hand, since 8 > n/(4m), Theorem 3.5 yields that the function G,
defined by

(4.4) Gla,t) = (> L)g(z), (z,t) € X x (0,00),
is an element of T (X) with

(4.5) ”GHTl(X) = HfdGHLl(X) S HgHHi*(a:)'

As in the preceding proof, we use that vy = \7,/}(t2mL)b(y){2 M is a Carleson

measure with ||1/¢,b|\(1:/2 S bllpao, (x)- Thus, the function F, defined by

(4.6)  F(a,t) =02 L)b(x) - Ae "L f(x), (z,t) € X x (0,00),
is an element of 7°°(X) with

(4.7)

[F 7o (x) = 1€ F oo (x)

= Hm »—);;1&3(% /OTB/B W(ﬁmL)b(y){2|Ate*t2mLf(y)|2 dﬂ(?)dt>1/2HLm(X)

1/2
Al e 0y 1 6ll6 2 S F e (30 1blBnto, (69 »
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where we used Remark 4.6 in the penultimate step. This estimate also shows
that (g € L*(X ) for every R > 0, since Minkowski’s inequality, the uniform
boundedness of {¢)(tL)}+~o and the Cauchy—Schwarz inequality yield

</R 1P O o o
L2(x) "~ Ji/r VA (BR)

dt

R
tnlise = | [ 9 Dts,r(0%

R dp(x)di\1/2
<cn( [ [ 1peor HE < ovimn 1Pl

Therefore, according to Theorem 2.4, we obtain from (4.5) and (4.7)

dt

tn(@) < [ |- ARG L) | G

< /X CF(2) o G (@) dp() S |Fll i) Gl )
S Hf||L°°(X) Hb”BMOL(X) HgHHi*(a:) :

Since H} . (X) is dense in H1.(X), the above implies that /g defines a continuous
linear functional on H}.(X) which can, due to Theorem 3.9, be identified as an
element of BMOL(X) for every R > 0 with

(4.8) Is%li% HKRHBMOL(X) S HfHLoo(X) HbHBMOL(X) :

Moreover, in view of the duality of T1(X) and T°°(X) stated in Theorem 2.4, /g
converges pointwise on H} . (X) for R — oo with

R 00
€R(g):/1 <]lBRF(.,t),G(.,t)>ﬂ %/0 <F(.,1t),G(.,1t)>ﬂ

/R t
>~ 2m —t2ML e T2m dt

= [ (Db A LG L)) T R o,
0

By uniform boundedness we can define II,(f) in this sense as an element of
BMOy(X). The estimate (4.8) finally yields the desired norm estimate for the
operator IT;. O

One possibility for showing that I, also extends to a bounded operator from
LP(X) to HP(X) is to use the interpolation result for Hardy spaces stated in
Proposition 3.11. We will present a more direct approach, that is similar to the
above proof and does not require assumption (H3). The idea goes back to [31].

Proof of Theorem 4.2 (ii), p € (2,00). Let 1/p+1/p’ =1 and let f € LP(X) and
g€ HY, (X). For every R > 0, let {p be defined as in (4.3), where the pairing is
now that between HY (X) and its dual. Further, let G and F be defined as in (4.4)
and (4.6). Then, due to Theorem 3.2 and the assumption ¢ € ¥, 5(X2) with
B > n/(4m), we obtain G € T (X)) with

(49) 16l ) = NGl ) S Mgl -
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Let us now split F into F = H - Fy with H(.,t) := ¢(#*™L)b and Fy(.,t) :=
Ate_tszf. On the one hand, Proposition 3.18 yields, as before, that H € T°°(X)
with ||HHTOQ(X) = ||V,¢,7b||clg/2 < HbHBMOL(X)' Observe that, on the other hand,
Fg = Ni,f, thus we obtain from Lemma 4.4 that Fj € LP(X) with [[Fg]| vy S

HfHLp(X). Therefore, Proposition 2.7 implies that F' € T?(X) with

[E e x) = 1€ CH - Fo)ll Lo xy S 1 Nl oo (x) 16 Wl v )
(4.10) S bllsymo, x) 1o (x) -

We get by Theorem 2.4, Holder’s inequality, and the fact that HJZ%FHLP(X) <
|€'F||(x), according to Theorem 3 of [16],

[tr(g)] < / (B2 L9, w2 Db - A" )| &

0

S Xﬂ(F)(w)W(G)(m) dp(x) SNCF | Lo x) 19 Gl Lo (x)
< Wbllvion oy 1153 Dol

where the last step is a consequence of (4.9) and (4.10). Since H'Z* (X) is dense in
Hf’* (X) and H?(X) was defined as the dual space of HY, (X), we can therefore
identify ¢z with an element of HY (X). With the same reasoning as in the above
proof and in view of the duality of T?(X) and T*'(X), we can finally define IT,(f)
as an element of H7 (X) and II;, as an operator acting from L?(X) to H} (X) with

I (Nl g2 (x) < Cllbllsmo, ) 1 llLex) - .

Remark 4.7. Let us for a moment assume that the semigroup satisfies the con-
servation property

e (1) =1 in L} (X)

for every t > 0. Let 9,9 € U(£2), let g € H}.(X) be a finite linear combination of
(1,2, M’, e)-molecules for some € > 0, and let M € N be such that the assumptions
of Lemma 3.15 and Theorem 4.2 (ii) are satisfied. If one chooses 1,1 € ¥(£9) such
that fooo't/)(t)w(t) % = 1, then Theorem 4.2 (ii) implies that II,(1) € BMO(X)
with
~ 2m —t2™ L T p2m dt
W(1),0) = [ (W L)b- Ae= " PG L)) &
0
> 2m T(42m T * dt
= [ (b d 1)6) § = (h.0)
0

due to the reproducing formula of Lemma 3.15. Since g was chosen arbitrarily
from a dense subset of H}.(X), we thus obtain

Hb(l) =b in BMOL(X)
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For the adjoint operator II; we also obtain, at least at a formal level, the
equality

> 2m 1 * — ~ dt
HZ(l)Z/0 e B A [ (2 L)b - (P L)1) ~ =0,

whenever $(tL*)(1) = 0. The condition ¢(tL*)(1) = 0 in L} .(X) is fulfilled in the
case that e 7*" (1) = 1in L2 (X) and ¢ € U ,(X2) for some a>0 and B>n/(4m);
see Lemma 2.9.

4.2. Boundedness of paraproducts via off-diagonal estimates

Throughout the section we will assume that L satisfies (H1), (H2), and also (H3).
This is done to avoid technicalities, even if assumption (H3) will not always be
necessary.

To obtain further boundedness properties of the paraproduct II defined in (4.1),
we will consider IT in this section as a bilinear operator, initially defined on L?(X)x
BMO(X) for 1,9 € U(29) by

(.11) (f.g) = [ S D[ L A"

for every f € L?(X) and g € BMO(X). In Section 4.1, we already showed that IT
extends to a bounded bilinear operator

IT: L*(X) x BMO(X) — L*(X),
IT: LP(X) x BMOL(X) — HP(X), 2<p< oo,
IT: L>®(X) x BMOL(X) — BMO(X),

if the defining functions , 1) € U (39) of the paraproduct have enough decay at 0
and infinity, respectively. In addition, we will now show that II extends to a
bounded bilinear operator

II: LX) x HY(X) —» LP(X), 1<p<2,
IT: L°°(X) x L*(X) — L*(X),
II: L>®(X) x LP(X) — HY (X), 2<p<oo.
We begin with the simplest case, namely the boundedness of II: L>°(X) x

L*(X) — L?(X). This is an immediate consequence of quadratic estimates and
Remark 4.6.

Lemma 4.8. Let ¥,v) € U(X0). Then the operator 11, defined in (4.11), extends
to a bounded operator 11 : L>°(X) x L*(X) — L?(X), i.e., there exists a constant
C > 0 such that, for every f € L>=(X) and every g € L*(X),

I 9 2x) < C e xy M9l 2 (xy -
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Proof. Let f € L°(X) and g,h € L?(X). The Cauchy—Schwarz inequality, Re-
mark 4.6 and quadratic estimates for {1(tL)}:~¢ and {1 (tL)}+~0, which hold due
0 (2.5), then yield

o0 m dt 1/2
@(f.9).m)] < ( /0 [ D) A" f 2y T )
oL dt\1/2
([ 19zl 7)
S ||fHLoo(X) H9||L2(X) ||hHL2(X) : O

Next, we show that II extends to a bounded operator IT : L>(X) x Hi (X) —
LY(X). We therefore first check that the off-diagonal estimates (3.3) and (3.4) of
Proposition 3.12 are satisfied.

Lemma 4.9. Let oy, a9, 51,82 > 0 and let b € g, o, (39), ¢ € Uy, 5,(X2).
Further, let § > 0 and p € H>®(22) with p(z) = (’)(|z|6) for |z] = 0.

Then for every v > 0 with v < min(f1,@2) and v < min(f2,d) there exists
some constant C' > 0 such that for every f € L>°(X), every t > 0, arbitrary open
sets E,F € X and every g € L*(X) supported in E

dist(E, F)?™\ —v

e ) ey < (1 EHELEE 11 gl
Proof. According to Lemma 4.8, we can without restriction assume that dist(E, F')
> t. Let us abbreviate p := dist(E, F'). Similar to the proof of Lemma 2.3 in [28],
we define G := {z € X: dist(x, F) < §} and G2 := {r € X: dist(z, I') < p/4},
and then split X into X = G2 U X \ G3. By construction, G; and G2 are open
with dist(E, G1) > 4 and dist(F, X \ G2) > 4. We then obtain, via Minkowski’s
inequality,

o™ LY(f, 9)|[ 12
ds

< [ e Do I, [0 g - A oy T

(o)
- d
[ e DR L e 6, [ D) - Ay

=: J@z + JX\GQ'

To handle Jx\g,, we split the integral into two parts J)l(\ G, and J? represent-

X\G2’
ing the integration over (0,¢) and (¢, 00), respectively. '
Observe that, due to Proposition 2.8, the operator family {p(tL)1(sL)}s 150
satisfies off-diagonal estimates in s of order as. Using in addition the uniform
boundedness of {¥(sL)}ss0 on L2(X) and of {Ase=*""L},o0 on L*(X) in the

second step and the substitution v = s/t in the third step, we can therefore estimate
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the term J)lc\G*z by
t : ~ \2m . _
dist(F, X \ Gi2)*™\ —az _2m ds
1 ’ 27 L
JX\C;2 § /0 (1 + 52m ) ||'¢)(8 rLL)g - Age s f||L2(X\C_¥2) :

dist(B, F)*™\ =02 [ rs\2maz ds
() LG S e el

dist(E, F)?™\ —a2
(412) S (1+ ) Wl lglleey -

. 2
For an estimate of the second part .J X\G

(4.13) P(tL)i(sL) = () (L) (L) (L) P51,

By assumption on ¢ and 1) there holds z — z~%p(z) € H>®(29) and z — z%)(z) €
Vostap—a(BY) for every a > 0 with a < § and a < B2. An application of Propo-
sition 2.8 therefore yields that the operator family {(tL)~%@(tL)(sL)%)(sL)}s.1>0
satisfies off-diagonal estimates in s of order as + a (thus, in particular of order as).
Hence, with arguments similar to those before, we get

sz(\ég < /too (E)Q'"La<1 n dist(F, X \ G‘z)%q)_a2

s 82m

let us write for a > 0

ds

SQm
Lf||L2(X\(;2) s

o sty 2ma dist(E, F)?™\ —c2 ds
(4.14) 5/t (g) <1+T> ~ 1l ) gl 2y -

< ol Lg - Ave™

Recall that we assumed < min(f52,4). Thus, we can fix some a > v with a < §
and a < 2. For such a choice of a we further get, in view of the assumptions
dist(E, F) >t and v < ag,

% 1\ 2ma dist(E, F)2m\ —ez d dist(E, F)2m\ =7 [ /t\2m(a—) d
A e I e I B R

s 52m s t2m s s

dist(E, F)?™\=7 [* . du dist(E, F)?™\ =
(4.15) = (T> /1 U (a= — S (1 + T) :

Combining equations (4.12), (4.14) and (4.15) yields the desired estimate for Jx\ g, -

Let us now turn to Jg,. By functional calculus, we obtain from (4.13) that
there exists a constant C' > 0 such that for all s,¢ > 0

7 . t\e
||<p(tL)'¢(8L)||L2(X)*>L2(X) < C min (1,;) .

Due to the fact that Go C G and using that {1(sL)}s¢ satisfies off-diagonal
estimates in s of order 8y according to Proposition 2.8, we thus obtain

oo . t\ 2ma m _gm ds
JGQ g/o min (1, g) Hl/f(sz L)g : Ase ’ LfHLz(Gl) ;

< 1\ 2ma dist(E,G1)*™\ 81 ds
(4.16) < /o min (1, g) (1 + T)) . ||f||Loo(X) ||9||L2(E)
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Since we assumed v < 1 and chose a > 7, we can further estimate the integral
in (4.16) by

/OO min (1, E)zma (1 + w)*ﬂl ds
0 s

§2m s

< [T (000 () T
(PO O]

(1 N dist(E, F)?™ ) -

(4.17) S o

~

The combination of (4.16) and (4.17) then gives the desired estimate for Jz,. O
Using Proposition 3.12, and interpolation and duality, we obtain the following:

Theorem 4.10. Let a; >0 and az, 81,82 > 7~

(i) Let p € [1,2). If ¢ € Up, o,(29) and i € Uy, 5,(30), then the operator 11
defined in (4.11) extends to a bounded operator 11 : L>=(X) x HY (X) — LP(X);
i.e., there exists a constant C > 0 such that, for every [ € L*(X) and every
g € HL(X),

ITI(f, g)”Lp(X) <C HfHLoo(X) HQHHQ(X) .

(ii) Let p € (2,00). If 1) € Wy, 5,(X2) and 1 € Vg, o, (X2), then the operator 11
defined in (4.11) extends to a bounded operator I1: L (X )x LP(X) — HY(X); i.e.,
there exists a constant C > 0 such that, for every f € L*°(X) and every g € LP(X),

IITI(S, 9)||H§(X) <cC Hf”Loo(X) HgHLP(X) :

Proof. Concerning (i), observe that Lemma 4.9 yields the off-diagonal estimates re-
quired to apply Proposition 3.12. To see this, choose some M € N with M > n/(4m)
and define p € H>*(X2) by either p(2) = (1 —e )M or ¢(z) = (ze7*)™. In both
cases, |p(2)] < |2|™ for z € 29 with |z| < 1. Thus, we can choose some v > n/(4m)
with v < min(f1, a2) and v < min(Ba, M). Due to Lemma 4.9 the operator family
{p(t*™ L)II(f, g)}i>0 satisfies L? off-diagonal estimates of order v with constant
Cllfll e (x) for some C' > 0 independent of f. We therefore obtain from Propo-
sition 3.12 that II(f, .) extends to a bounded operator from H}(X) to L'(X)
with

I ey < C Ul iy Ny v

for all ¢ € H}(X) and some constant C' > 0 independent of f and g. Hence, II
extends to a bounded operator II : L>°(X) x Hi(X) — L'(X). Via complex
interpolation between H}(X) and H#(X) = L?*(X), which holds due to Propo-
sition 3.11, and interpolation between L'(X) and L?(X), we also obtain that II
extends to a bounded operator II : L>(X) x HY (X) — LP(X) for every p € (1,2).
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The assertion (ii) is now obtained from (i) via duality. If p’ denotes the conju-

gate exponent of p € (2,00), then H? (X) was defined as the dual space of Hf/* (X).
Observe that the dual operator of TI(f, .) is the operator

I /OO (ML) [P L) - Are L] %,
0

which is according to (i) bounded from H fl (X) to LP' (X)) with its operator norm
bounded by a constant times || f||;« (. Thus, II(f, .) is bounded from LF(X) to
H?(X) with

IS D e x) < C Il oo x) 191 Lo () - =

4.3. Leibniz-type rules

Let us conclude the section with an observation on differentiability properties of
paraproducts constructed via functional calculus. One of the fundamental proper-
ties of paraproducts, as they were e.g. considered in [13] and [15] in the context of
paradifferential operators, is that they satisfy a Leibniz-type rule and “preserve”
Sobolev classes. We will show a corresponding result for the paraproduct II defined
in Section 4.2, according to the general philosophy, “differentiability” is not mea-
sured in terms of derivatives, but in terms of fractional powers of the operator L.

Let 1,1 € U(XY). Let us recall the definition of the paraproduct operator II,
now more precisely denoted by II; , as defined in (4.11): For f € L*°(X) and

g € L*(X) we set

R " _42m dt
g yfo)= [ 9@ DBE g A1) .

Then the following fractional Leibniz-type rule for paraproducts is valid:
Proposition 4.11. Let s > 0, let 1 € U o(29) and 1 € ¥, 5(X0) for some
a> 32 and 8> 0. For f € L™(X) and g € D(L*/*™)

Ls/QWrLH1;7w (f, g) — lesws (f, LS/ng),

where g, s are defined by 1/35(2) = zs/zmd}(z) and Vs (2) == 275/2™q)(2).
Moreover, there exists some constant C > 0 such that, for all f € L*°(X) and
all g € D(L*/?™),

122 T(F, )| 12y S 1F ey 127270l 2y

Proof. Due to functional calculus, the proposition is a consequence of the simple
calculation

LS/2mH1/;$1/; (f, g)

_ / (tsz)s/zm'J)(tsz) [(tsz)78/2ml/}(t2mL)Ls/2mg . AteftQ’"Lf] %
0

=10, (f, L7*"g),

combined with Lemma 4.8. O
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In view of Theorem 4.10, one can obviously obtain a similar result for the
spaces H7 (X) and LP(X), where p # 2. We refer the reader to Section 8.4 of [30]
for a discussion of Hardy—Sobolev spaces associated with a second order elliptic
operator L in divergence form.

A corresponding result for paraproducts constructed via convolution operators
is stated in Proposition III. 23 of [14].

With the help of paraproducts and under some additional assumptions on L,
one can also show a fractional Leibniz-type rule for products of functions. It can be
understood as a generalization of an inequality of Kato and Ponce, see Lemma X4
of [32], where fractional derivatives are replaced by fractional powers of the oper-
ator L.

To simplify notation, we only state the result for the case X = R™ and p = 2.
For the same result in more general spaces of homogeneous type and a proof of
the result, we refer the reader to [23] (see also [8]). The essential idea in the proof
is a representation of the product of two functions with the help of paraproducts.
That is, via functional calculus one can write

where II; and II; are appropriately defined paraproduct operators.

Theorem 4.12. Let L satisfy (H1) and (H2) and let e 'L : L>°(R") — L>(R")
be bounded uniformly in t > 0. Additionally, let e '*(1) = 1 and assume that
VL=1/2m . [2(R™) — L*(R™) is bounded. Then for every s € (0,1) there exists
some C > 0 such that, for all f,g € D(L*/*™) N L>(X),

HLs/zm(fg)HLZ(Rn) < CHLS/meHN(Rn)

9l poe®@my+ € ”fHLOO(]R")||LS/2mgHL2(R")'
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