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Partial spectral multipliers and partial Riesz
transforms for degenerate operators

A.F.M. ter Elst and E. M. Ouhabaz

Abstract. We consider degenerate differential operators of the type A =
- ZZ,].II Ok (ar;0;) on L*(R?) with real symmetric bounded measurable
coefficients. Given a function y € Cp°(R%) (respectively, a bounded
Lipschitz domain €2), suppose that (ax;) > p > 0 a.e. on suppx (re-
spectively, a.e. on ). We prove a spectral multiplier type result: if
F:[0,00) — C is such that sup,.,||¢(.)F(t.)||lcs < oo for some non-
trivial function ¢ € CZ°(0,00) and some s > d/2 then M, F(I + A)M, is
weak type (1, 1) (respectively, PoF'(I+ A)Pq is weak type (1,1)). We also
prove boundedness on L? for all p € (1,2] of the partial Riesz transforms
MV (I + A)~*2M,. The proofs are based on a criterion for a singular
integral operator to be weak type (1,1).

1. Introduction

Let A be a non-negative self-adjoint uniformly elliptic operator in divergence form.
More precisely, let ar; = aj: R? — R be bounded measurable functions for all
J.k €{1,...,d}, and assume that there exists a > 0 such that

d
(1.1) > ari(@) & = plél? forallé = (&,...,&) € R and z € R%.
k.j=1

The operator
d
A=— Z 8k(akj8j),
k,j=1

defined by quadratic form techniques, is self-adjoint on L?(R?). It is a standard fact
that — A is the generator of a strongly continuous semigroup (e~*4);50 on L2(R?).
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The well-known Aronson estimates assert that e~*4 is given by an integral kernel p;
(called the heat kernel of A) which satisfies the Gaussian upper bound:

(1.2) pe(z,y)| < Ct=4/2 e=cle=vl*/t for all t > 0 and z,y € R

Here C' and ¢ are positive constants.

In recent years, harmonic analysis of operators of type A has attracted a lot
of attention and substantial progress has been made, in which upper bounds for
the heat kernel play a fundamental role. We mention for example the theory
of Hardy and BMO spaces associated with such operators (see for example [11]
and [16]), spectral multipliers ([10]) and Riesz transforms (see [8], [2], [18], [20]
and the references therein). Concerning spectral multipliers, it is known that if
F:[0,00) — C is a bounded measurable function then the operator F'(A), which
is well defined on L? by spectral theory, extends to a bounded operator on LP for
all 1 < p < oo provided F satisfies the condition

(1.3) sup le()F(t)]lcs < oo

for some s > d/2 and some nontrivial auxiliary function ¢ € C2°(0,00). See
Duong—Ouhabaz—Sikora [10], where a more general result is proved. Note that
condition (1.3) is satisfied if F" has [d/2] + 1 derivatives such that

sup \N*|[FW(\)| < 0o for all k € {0,1,...,[d/2] +1}.

A>0
As an example, one obtains polynomial estimates on L? for imaginary powers of
type ||A® ||, < C(1+]s|)P for all B, > d|1/2—1/p|. Taking F(\) := (1-A/R)%,
one obtains Bochner-Riesz summability for all o > d/2.

Concerning Riesz transforms Ry, := 9, A~/2, it is an obvious consequence of
the ellipticity assumption (1.1) that Ry, is bounded on L?(R?) for all k € {1,...,d}.
As for multiplier results, the Gaussian bound (1.2), combined with recent develop-
ments on singular integral operators, make it possible to prove that Ry, is bounded
on LP(R?) for all p € (1,2) with only assumptions (1.1) and bounded measurable
coefficients (see Duong—MecIntosh [8], Auscher [2], Ouhabaz [18]). Under weak reg-
ularity assumption on the coefficients one obtains boundedness of Ry on LP(R?)
for all p € (2,00) (cf. Auscher [2], Shen [20]).

In the present paper we wish to study similar problems for degenerate operators.
Instead of (1.1) we merely assume that

d
(1.4) Z ag;(x) €& >0 forall £ = (&,...,8q) € R? and z € RY.
k=1

In this case, we define the form

d
(1.5) ao(u,v) = 3 /R an; (0u) (Op0)

k.j=1
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with form domain D(ag) = C2°(R%). If this form is closable, then A will be the self-
adjoint operator associated with its closure. If not, we take the regular part and
consider A as the operator associated with the closure of this regular part (see [21]
and [1]).

Proving results like the previous ones for these operators seems unattainable
because Gaussian (or Poisson) upper bounds are not true in general. Even the
L'-L>™ estimates of e~*4 are not valid in general. What we will do is to restrict
the operators to parts where the matrix (ay;) is elliptic. It is proved by ter Elst
and Ouhabaz [12] that if y € C°(R?) and p > 0 are such that (ay;(z)) > pl for
a.e. T € supp x, then Mxe’tAMX has a Holder continuous kernel K; which satisfies
the Gaussian bound

(1.6)  |Ki(z,y)| < Ct~¥2e=ele=vl*/t (1 4 42 for all t > 0 and ,y € R

Here M, is the operator of multiplication by x. The same result holds for Poe Py
if Q2 is a bounded Lipschitz domain such that (ax;(z)) > wl for a.e. z € Q for some
> 0. Here Pq is the operator of multiplication by the indicator function 1 of €.

Note that in general one cannot get rid of the extra term (1 +1)%2 in the right
hand side of (1.6). For example, if ay; = 0x; on a smooth bounded domain €,
then A is the Neumann Laplacian on L?(Q2) and 0 on L?*(R?\ Q). It is then
clear that the Gaussian bound is not valid without the additional term (1 + ¢)%/2.
Because of that additional term in (1.6), we shall consider in the sequel I + A
instead of A (of course, one can take eI + A for any € > 0 to absorb the factor
(1+1)%/2).

For spectral multipliers and Riesz transforms we will prove the following results.
Suppose that y € C°(RY) (resp., a bounded Lipschitz domain (2) is such that
(arj(z)) > pl for a.e. x € supp x (resp., for a.e. z € ) for some constant p > 0.
The main theorems of this paper are the following:

Theorem 1.1. Let F: [0,00) — C be a bounded function such that
sup [[p()F(t.)[lcs < oo
>0

for some s > d/2 and some nontrivial function ¢ € C°(0,00). Then the operator
M, F(I + A)M, (resp., PoF(I + A)Pq) is bounded on LP(R?) for all 1 < p < oo.

Theorem 1.2. The Riesz transform type operator M, O (I+ A)*l/zMX 1s bounded
on LP(RY) for all1 <p <2 and k € {1,...,d}.

Now we discuss how we prove these results. In the elliptic case, besides the
Gaussian bound (1.2), the proof of the boundedness of the spectral multipliers or
Riesz transforms rely on a criterion proved by Duong and McIntosh [9] for singular
integral operators to be weak type (1,1). This criterion says that if 7' is bounded
on L? with a (singular) kernel K such that there exists a family of operators (A4¢)=o
given by integral kernels a; which satisfy Gaussian (or Poisson) bounds, T'A, is also
given by a (singular) kernel K; and there are C,0 > 0 such that

(L.7) / K (2,y) — Ki(a,y)| do < C
lz—y[>5VE
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for all ¢ > 0 and a.e. y, then T is weak type (1,1). In applications to spectral
multipliers of elliptic operators we start with 7 = F((A) and one takes A; = e~ ‘4.
Therefore, K; is the kernel of the operator F(A)e~*4 which can be seen as a
regularization of F'(A). In the degenerate case and because of (1.6), it is tempting
to choose Ay = M, e *U+A M . Then,

TA; = MyF(I + A) M Mye "N, = M F(I + A)Me UL,
Now, the presence of M} makes it imposible to regularize F/(I + A) by e~ tUI+A4),
The simple fact that we do not have F(I + A) next to e */+4) in the expression
for T'A; destroys this strategy. The same problem occurs for the truncated Riesz
transform M, 0y (I + A)~'/2M,. To overcome this difficulty we prove a version of
the Duong—MecIntosh criterion that is suitable for our purpose. It reads as follows
(see Theorems 2.1 and 2.3 together with Remark 2.2 for precise and quantitative
statements).

Theorem 1.3. Let T be a bounded linear operator on L? and (At)i>o a family
of linear operators which satisfy L'-L? off-diagonal estimates. Suppose that there
exists a bounded linear operator S on L? and 5, W > 0 such that

(18) / (T — SAu(y)| dy < Wulx
lo—y|>(1+8)t

for all x € RY, t > 0 and u € L' N L™ supported in the ball B(xz,t). Then T is
weak type (1,1).

Note that the estimate (1.8) is satisfied if T and SA; are given by (singular)
kernels K and K; and there are C,§ > 0 such that

[ Ky - Kyl <0
|lz—y|>5vE

for all t > 0 and a.e. y € R,

Theorem 1.3 gives the extra freedom to choose any appropriate operator S,
which not need equal T. Returning to spectral multipliers for degenerate oper-
ators A, we had T' = M, F(I + A)M, and we choose now S = M, F(I + A)
and Ay, = e 'UTA N, . Then TA, = M F(A+ Ie *UTA M, for which we can
prove the estimate in Theorem 1.3. Similarly for the Riesz transforms where
T = M,0x(I + A)~'M,, we take S = M, (I + A)~! which turns out to be
bounded on L? and A, = e *U+A) M . We emphasize that 4, = e *U+A N,
satisfies the usual L'-L? off-diagonal estimates but it is not known whether it
satisfies Gaussian upper bounds in general!. We believe that our version of the
Duong—MclIntosh criterion can be used in other circumstances in which products
of several operators come into play. Also, as in [9], our version holds for operators
on domains of spaces of homogeneous type.

IUnder the additional assumption that ap; € W1oo(R4), we proved recently in [13] that
e tI+A) N has a kernel which satisfies a Gaussian bound.
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Notation. We fix some notation which we will use throughout this paper. If
(X, p, 1) is a metric measure space, € X, r > 0 and j € N, then we denote by
B(z,r) :={y € X : p(x,y) < r} the open ball of X with centre 2 and radius r,
by Cj(x,r) the annulus B(z,2/T1r) \ B(x,27r) if j > 2, and by Cj(z,r) the ball
B(z,4r). Let v(z,r) = pu(B(z,7)) be the volume of the ball B(z, ). Next, ||T||p—q
is the norm of T" as an operator from LP to L?. If F is a measurable set, then Pg
denotes the operator of multiplication by the indicator function 1g of E. If s €
(0,00) \ N, we denote by C* the space of all Lipschitz functions on [0, c0) of order s
(i.e., functions that are continuously differentiable up to [s] and for which the
derivative of order [s] is Holder continuous of order s — [s]). By WP we denote
the classical Sobolev spaces on RY.

All our operators are linear operators.

We emphasize that we shall use C,C’,c,... for all inessential constants. A
constant C' may differ from line to line, even within one line.

2. Singular integral operators

Let (X, u, p) be a metric measure space. We shall assume that 0 < v(z,r) < oo
for all x € X and r > 0, and that X is a space of homogeneous type. This means
that it satisfies the doubling condition

(2.1) v(x,2r) < Cou(z,r)

for some Cp > 0, uniformly for all x € X and r > 0. If (2.1) is satisfied then there
exist positive constants C'; and d such that

(2.2) v(z, \r) < Cp A w(z,r)

forall z € X and r > 1. Let Q2 be an open subset of X. It is endowed with p and p
but (£2, i, p) is not necessarily a space of homogeneous type. Let T be a bounded
linear operator on LP°(Q) := LP°(Q, u) for some py € [1,00). We say that T is
given by a kernel K: Q x  — C if K is measurable and

(2.3) Tu(z) = / K (2, y) u(y) du(y)

for all uw € LP°(Q2) with bounded support and a.e. z outside the support of u. We
also say that K is the associated kernel of T'. A classical problem in harmonic
analysis is to find conditions on the kernel K under which the operator T' can be
extended from LP°(Q) to other LP(Q)-spaces. Several results are known in this
direction. We refer the reader to [22], [9], [3], [2] and the references therein.

The main result in [9] states that if there exists a family of bounded opera-
tors Ay, with ¢ > 0, which are given by integral kernels a; satisfying a Gaussian
or Poisson estimate and if the associated kernel of T'— T'A; does not oscillate too
much in a certain sense then T is weak type (1,1). Here we prove by the same
method that if there exists a bounded operator S on L% (X) for some ¢g € (1,00)
such that the associated kernel of T' — S A; does not oscillate too much then T is
weak type (1,1).
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As explained in the introduction, this new version gives the extra freedom
to choose any appropriate S which need not coincide with 7. This extension
turns out to be powerful for proving spectral multiplier type results as well as
Riesz transforms for degenerate operators, whereas it is not clear how to apply
the condition from [9]. Note also that, following ideas from [3] and [2] we can
weaken the assumption on the kernel of A;. Instead of assuming a Gaussian or
Poisson bound, we merely assume an L'-L% off-diagonal estimate (see (2.4) below).
This difference is again illustrated in our application to degenerate operators. In
addition it is possible to formulate the result in [9] without reference to the kernels
(see also the remark immediately after the next theorem).

We first state and prove the result in the case 2 = X.

Theorem 2.1. Let T be a nonzero bounded linear operator on LP°(X) for some
po € (1,00). Suppose that there exists a bounded linear operator S on L% (X) for
some qp € (1,00), a family of bounded linear operators (At)i=o on L?(X) and a
sequence (g(j))jen in R such that

1 1/q0 . 1
(2.4) (W /Cj(w A1) =90) e s /Bw)lfl

forallz € X,t>0,j €N and f € L?(B(z,t)), and 372, 274g(5) < co. Finally,
suppose there exist 6, W > 0 such that

(2.5) (T = SAp)ul < W jul

/><\B<x,<1+6>t)

forallz € X,t>0 andu € LY(X)NL>(X) supported in the ball B(x,t). Then T
is a weak type (1,1) operator with

(2.6) Tz prw < CA+ )W + 1T lpospo + 151800 1T 155 L)

qo—q0 Po—Po

Here C is a constant depending only on the constants in (2.2). In particular, T
extends to a bounded operator on LP(X) for all p € (1,po).

Remark 2.2. Let pg,qo € (1,00), T € L(LP°(X)), and for all ¢ > 0, let S, A; €
L(L%*(X)). Suppose that T and S A; have kernels K and K, respectively. Let
6, W > 0 and assume that

(2.7) / K (2,y) — Ku(w,y)| du(z) < W < oo,
p(x,y)>dt

forallt >0and y € X. Fixnowz € X, ¢t > 0 and u € L'(X) N L*(X) supported
in the ball B(x,t). Then

/ (T — SAJu(y)| du(y)
X\ B(z,(149)t)

-/ [ (K2 - Kl 2))ue) d(2)] )
X\B(z,(1+8)t) | J B(x,t)

< /X / o V0 2) K2 ) ) 4 ) < Wl
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Thus, (2.5) is satisfied. The condition (2.7) is the direct analogue of the condition
in Duong—McIntosh [9].

We also observe that one does not need kernels for both operators T" and T Ay,
rather only a kernel Hi(x,y) for the difference T — SA;. We may then replace
K(z,y) — K¢(x,y) in (2.7) by Hi(x,y). On the other hand, the use of the local
estimate (2.5), which does not appeal to kernels, may have the advantage of avoid-
ing issues of the measurability with respect to x and y of the expected singular
kernels.

Proof. As mentioned before, the arguments are similar to those used in [9] and [2].
We give the details for convenience. Recall we denote by C' all inessential constants.

We begin with the classical Calderén—Zygmund decomposition. There exist
¢, N > 0 such that the following is valid. Fix f € LY(X) N L*(X) and o >
Il £]l1/p(X). There exist g,b1,ba,... € L'(X)N L (X) such that

f=g+b=g+> b
and
(i) |g(x)| < ca for ae. z € X,
(ii) each b; is supported in a ball B; = B(x;,r;) and ||b;||1/v(zi,r:) < ca,
(iii) > v(wi, i) < cllfll1/e, and,

(iv) there exists a constant N such that >, 1p,(z) < N for a.e. z € X.
See Section ITI.2 in [5].

We proceed in several steps.

Step 1. Using the boundedness of 7' on LP° we have

wl{z € X+ (Tg)@)] > a) < LB oy

aP

il 1Tz
< Car- lglh < € F=2=2 g,

Tt follows from (ii) and (iii) above that ||b||1 < ¢||f|l1 and hence ||g||1 < (1+0)| f]1-
Therefore,

175
(28) p(fe € X [(Tg)(a)] > a}) < C =222 ),
Step 2. We shall prove that

(2.9) H

< Cal 7| fp.
0

T’ii
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We use arguments similar to those in [2]. Fix u € L% with lullg, = 1, where qq is
the dual exponent of go. Let ¢,j € N and set C; ; := Cj(z;,7;). Then

L= () ane) ()

(i, 20 py) /a0 27+1y 1/qo N L/ag
<o) =y (f )( ), )

, 1 AN 1/4h
< cag(f)v(e, P (—— b / fujee) "
( g o, ")

v(w;, 29ty
where we have used (2.4) and property (ii) in the Calderén—Zygmund decomposi-
tion. Denote by M the Hardy—Littlewood maximal operator. Then
e [l < M) )
(i, 27%0r) Jo, -

for all y € B;. Combining the previous inequalities and using the doubling condi-
tion (2.2) one estimates

id ;- / 1/q
[ 140l < Cai gy o) (M(luf)w) /.
Taking the integral over y € B; gives
j . ’ 1/qg
|t < ca2to) [ (i) ) dus).

We sum over j and i and use ) 27g(j) < oo together with property (iv) in the
Calderén—Zygmund decomposition to obtain

N o U B ul® 1/4q
/X@Anbzu <cC /Xn 5. () (M (] %) () % da(y)

1/q0 /0 1/q
o < Ca( D vt ™l .

[

[ (M(fufb)) /2

Note that we have used the fact that M is weak type (1,1) to obtain the last
inequality. Using now (iii) of the Calderén-Zygmund decomposition and [luf/, =1,
we obtain (2.9).

By assumption, S is bounded on L%. Hence

(x| an)e] ) < st

Now we use (2.9) to obtain

2100 p({zex: ‘(SZAnb (@) >a}) < g 1511, 11£1-

’l"ii
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Step 3. Let 0 be as in (2.5) and for all ¢ € N set Q; := B(z;, (1+0)r;), the ball
of centre x; and radius (1 4+ ¢)r;. Then

,u({:n e X: ’Z(Tf SAri)bi(m)‘ > a})
<> @) +n({ze X\UQj : (Z ((T = S4,,)b:) ()] > o })
<C(1+5)dz (l‘i,’l“z) /X\U o ’Z T SAn i ( )‘du(l‘)

[

(1+5 1l + = Z/ ((T = SA;,)b;) (z)] du(z)

sC(”‘” 1+ 2 /|b )l du(y)
< (1 +5)a(1+W) Il

Note that the penultimate inequality follows from assumption (2.5) and the last
one from properties (ii) and (iii) in the Calderén—Zygmund decomposition. Hence

O+ )41+ W)

(2.11) u({x €X: ‘ > ((r- SAm)bi)(x)' > a}) < £

Step 4. It follows from (2.8) that

,u({:c eX:|(Tf)x)] > a})
<p({z e X :|(Tg)()| > a/2}) + u({z € X : |(Th)(z)| > a/2})

c!r ‘W’JO Il + n({z € X [(TH)()] > a/2}).
For the second term we use (2.10) and (2.11) to estimate
p({z € X 1 [(Th)(x)] > a/2})
—u({zex: ‘ Z(SAmbi)(x) + Z((T - SATi)bi)(m)‘ >a/2})

< ({IEGX ‘(SZA b) ‘>a/4}>
+u({zex: ‘Z ((T =S4, )b:) (2)] > a/4})

< QOO (15, + 1+ W) I

We then conclude that T is of weak type (1,1) with a weak type estimate

(2.12) Tzt < C (L4 0T (LW + ITI5S S p, + 15115 -q0)-
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Replacing T and S by || T[]\, T and | T'||, L, S, we obtain (2.5) with |||, 1, , W
instead of W. Thus applying (2.12) to

[ A O YT R e 14

Po—Po Po—Po Po—Po

yields (2.6).
Finally, by the Marcinkiewicz interpolation theorem the operator T' extends to
a bounded operator from LP(X) N LP°(X) to LP(X) for all p € (1, po). O

Following again an idea in [9] we can prove a version of the previous theorem on
arbitrary domains. Let 2 be an open subset of X and assume that 7" is bounded on
LPo(Q) and S and A; are bounded on L% (€2). We define T': LP°(X) — LP°(X) by

Tf=1aT(laf)
and similarly for S and A;. If A, satisfies (2.13) below then A, satisfies (2.4). The
operator T is weak type (1,1) if and only if T is weak type (1,1). Applying the
previous theorem to T', S and A; gives the following result.
Theorem 2.3. Let T be a nonzero bounded linear operator on LP°(Q)) for some
po € (1,00). Suppose there exists a bounded operator S on L% (Q) for some qo €

(1,00), a family of bounded operators (A¢)i>o on LT(Q) and a sequence (g(j))jen
in R such that

e (ogrm [ ) M <gos [
' v(z,2711) Jo, @nna ' =9 v(,t) JB(zne

forallz € Q,t>0,j€N, feL®(B(x,t)NQ), and 327, 274g(5) < co. Finally,
suppose there exist 6, W > 0 such that

(2.14) / (T — SA)u) )| duty) < Wl
Q\B(x,(14+9)t)

forallz € X, t>0 and u € L*(Q) N L>(Q) supported in the ball B(x,t) N Q.
Then T is a weak type (1,1) operator with

(2.15) [T (|21 (@)—r1m@) < CL+ O (W A+ | Tllpg-spo + IS 12— g0 1 Tl 5055, ) -

q0—q0 Po—Po
Here C is a constant depending only on the constants in (2.2). In particular, T
extends to a bounded operator on LP(QY) for all p € (1,po).

As in Remark 2.2 the condition (2.14) follows if the operators T' and SA; are
given by kernels K and K (in the sense of (2.3)) and there are §, W > 0 such that
(2.16) / K (2,y) — Ki(2, )| du(z) < W < oo,

p(z,y) >0t

for all > 0 and y € €. It suffices to note that the associated kernel of T is the
extension by 0 outside © x Q of the kernel of T' where T'f = 1T (1 f) as above.

Similarly for the kernel of Sf’:{t
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In the previous theorems, we may replace the annulus C;(x,r) by the annulus
Az, j,r) == B(z,(j + 1)r) \ B(x,jr). In that case, v(z,2/7!r) has to be replaced
by v(z, (j + 1)) and the condition on g becomes 3~ 7%9(5) < oo.

Following [3], it is proved in [2] that a bounded operator T'on L?(X) is of weak
type (r,r) if

(2.17) (m /Cjw) IT(I — At)f|2)1/2 < g(j)(v(:i—,t)/m,t) Ifl’")l/r

and

(2.18) (m /Cjw) |Atf|2)1/2 < g(j)(@ /Bw) Ifl’")l/r

forallz € X, ¢t >0, j € N, f € L? supported in B(z,t), and >_ g(j)2¥% < oc.
One can prove a version of this result in which T'— T'A; in (2.17) is replaced by
T — SA; as in Theorem 2.1. We do not give the details here since we have no
concrete application. Theorem 2.1 is suitable for our purpose.

Finally, let us mention that a Gaussian upper bound implies assumption (2.4).
Indeed, assume that A; is given by a kernel a; such that

C p(z,y)™/ (D
|at(:c,y)| S U(y,tl/m) eXp{ o CW}

for all t > 0 and z,y € X. Here m > 2 and C, ¢ are two positive constants.
Fix zop € X. Note that the operator 1¢, (4,,1)Atm L B(s0,¢) has the kernel given by

(#,y) = L, (20,0)(T)arm (2,Y) L Bao,0) (y)- But

[, 0.0 () @0 (2, 9)L Bty (0)]
C
< v(y,t) L, (wo,t) () L B(ae,t) (¥) eXp{ .
C  _gim/m-1) C _gim/m=D)
’ 1 < c
= (y.t) € B(ao.t)(¥) < D

where the doubling property was used in the last step. This is an L'-L> estimate.
By interpolation, it implies an L'-L% estimate giving (2.4) for every go € (1,00).

pla,y)™/ "D
tm/(m—1) }

)

3. A partial multiplier theorem for degenerate operators

Let the coefficients ay;, form ag, and the self-adjoint operator A associated with ag
be as in the introduction. For every bounded measurable function F': [0, 00) — C,
the operator F/(A) is well defined by spectral theory and is bounded on L?(R?).
As mentioned in the introduction, if A is uniformly elliptic then F'(A) extends to
a bounded operator on LP(R?) for all p € (1, 00) provided F has a finite number of
derivatives on [0, 00) which have good decay. We address here the same problem
for degenerate operators. This is a difficult problem because no global Gaussian
upper bounds are available for A in general.
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We prove a partial result by projecting on the part where the matrix (ay;) is
uniformly elliptic. There are two versions.

Theorem 3.1. Let Q C R? be an open bounded set with Lipschitz boundary.
Suppose there exists a p > 0 such that (aj(x)) > pd for almost every x € Q
and denote by Pq the projection from L*(R?) onto L?(Y). Set H = A+ 1. Let
F:[0,00) — C be a bounded function such that

(3.1) iggl\@(-)F(t-)l

cs < 00
for some s > d/2 and some nontrivial function ¢ € C°(0,00). Then PoF (H)Pq is
of weak type (1,1) and extends to a bounded operator on LP(R?) for all p € (1, 00).

Theorem 3.2. Let x € C°(R?), > 0 and suppose that (ay;(z)) > pl for almost
every x € supp x. Set H= A+ 1. Let F: [0,00) — C be a bounded function such
that

(3.2) sup le()E ()]

s < 00

for some s > d/2 and some nontrivial function ¢ € C°(0,00). Then M, F(H)M,
is of weak type (1,1) and extends to a bounded operator on LP(R?) for allp € (1, 00).

The proofs of both theorems are almost the same. They rely mainly on weighted
estimates for the associated kernel of M, F(H)M, (or the kernel of PoF(H)Pq),
together with Theorem 2.1. The proof of weighted estimates for the kernel of
M, F(H)M, (or of PoF(H)Pq) is based on partial Gaussian bounds proved in [12]
and a similar strategy as in [10] and [18].

In the rest of this section we assume that there exists a constant g > 0 such that
(arj(z)) > pl for a.e. x € Q, respectively for a.e. x € supp x Usupp X. In the first
case (2 is a bounded Lipschitz domain of R? and in the second case x, Y € C°(R?).
We denote by S; := e~* the holomorphic semigroup generated by —A on L?(R?).
We recall the following result from [12]:

Theorem 3.3. There are C,c > 0 such that for all t > 0 the operator MzgS; My
(respectively PoSiPq) is given by a kernel p, which satisfies

lpe(,y)| < Ct=4? e—clz=yl*/t (14+t)Y%  for allt >0 and z,y € R

The theorem is stated in [12] with x = Y, but the arguments work with differ-
ent x and Y. It is also proved there that

(3.3) || My Stll2soo < Ct=Y* (1 4+ )4+ vesp. ||PoSilaseo < Ct~4(1 4 )4/,
If z=t+1is € C with t = Rez > 0, then

| M Se Myll1—00 = || My St/2SisSt/2Myll1moe < C™H1 4+ 1)441S538, /2 My |12
S Ct A+ 1)V Sy oMy ll2moe < CE Y2 (14 1)42,
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Similarly,
(3.4) P S Polliseo < C(Rez)~%2(1+Rez)%?

for all z € C with Rez > 0. Using the Gaussian bounds of Theorem 3.3 for
real ¢ together with the uniform bounds (3.4) for complex z it follows as in Theo-

rem 3.4.8 in [7] or Theorem 7.2 in [18] that for all € > 0 the kernel pgo) of M, S.M,,
respectively PoS, Pq, satisfies the bound

2
(3.5) |p§0)(x,y) e < C: (Re z)~/? exp{ —c i |z|y| cos(arg z)}

for all z,y € R? and z € C with Rez > 0.

Let H = A+ I and define p,(z,y) = pgo)(x,y)e_z. Then p, is the kernel of
Mye *H M,. We shall formulate the results below for M, F(H)M, only, but all
statements are also valid for PoF(H)Pq. In the following lemmas, we shall always
assume that (apj(x)) > pl for almost every x € supp x. Since associated kernels
with several operators are involved in the sequel we shall denote by K7 the kernel
associated to a given operator T, whenever it exists.

Lemma 3.4. For all s >0 and € > 0 there exists a C > 0 such that

2 s
/d | Ko pam, ()| (L4 Vrlz = yl)* do < Cr¥? |6, F || 2 jose
R

forallr >0,y € R? and F € C*/?*¢ supported in [0,7]. Here (6,F)(\) := F(r)\).

Proof. The arguments are very similar to those of Lemma 4.3 in [10]. Fix r > 0
and assume first that F is supported in [0,1]. Set g()\) := F(A\)e* and H, := 1H.
By (3.5), the kernel p, /. of Mye=*Hr M, satisfies

2
_ T —
(36)  [pesr@.y)] < Cr¥2 (Rex) ™ exp { —or |Z|y| cos(arg =)}

for all z,7 € R? and z € C with Rez > 0, with constants C, ¢ independent of 7.
We write

g(N) = /R 3(6) P e,

where ¢ is the Fourier transform of g. Then

from which one obtains

(3.7) Kt rinon, (@,y) = /R 3(E) r1—ier o () dE.
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Let y € R%. Using the estimate (3.6) with z = 1 — ¢ gives
2 s
/Rd [p—ieyr (@ 9)|” (14 Vrle —y|)" do

2
SCrd/exp{26r|glc+§L }(1+\/F|:E*y|)sdm

P
SCTCI(1+£2)S/2/QXP{CT|:§+Z§J£ }d:c

_ CTd/2(1 +£2)(d+s)/2'

<ortarey (t tfzy‘”

It follows from (3.7), the continuous version of the Minkowski inequality, and the
previous estimate that

(/Rd | K a1, )0 (m,y)|2 (14 vile - y))° dm)m

< [10OI( [ Ipu-ientenl” (4 vile - ) ar) " ae

<t [ 1) (14090 dg
R
(38) S CTd/4 Hg”w(d+5+2)/2,2 S C?“d/4 HF||W5/2+a,2.

Here oo = (d + 2)/2 and the constants are independent of » and y. On the other
hand M, F(H,)M, = M,g(H,)e rM,. It follows from (3.3) that

||6_HTMX||1*>2 < C?"d/4 (1 + %)d/4 6—1/7' < C?"d/4
for all » > 0. Moreover, ||M,g(H.,)|2—2 < el|X|loo||F|loc- Therefore

2

6:9) [ |Kuromn, @)l do < IMFPHM I, < Cr2 1P
This is valid for all F' with support in [0, 1] and for all s > 0. The estimates (3.8)
and (3.9) together with an interpolation argument (see [17], p. 151, and [10], p. 455)
give then that for all s > 0 there exists a C' > 0 such that

2
Cs/2+a .

2 s
E10) [ |Kasrinan, @)l (14 Vil =) ds < Cr2 P

Finally, if F has support in [0, 7] we use the last estimate with ¢, F and obtain the
lemma. O

Lemma 3.5. The operators A, := e’tQHMX satisfy (2.4).

Proof. Let 1 € Wh>(R? R) be such that |Vi| < 1. For all p € R define U, =
Moy and set Sf := U,e *HU_,. Tt follows from [12] Proposition 3.6 by duality
and a limit n — oo that there exist C,w > 0, independent of ¢, p and v, such that

(3.11) 1SPM, ||1mn < Ct %4 e2r™t,
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Now fix two bounded open nonempty sets E and F of R? and choose (x) :=
d(x,E) A N, where N =sup{|z —y| : x € E, y € F} + 1. For all h € L*(E) and
p > 0 one has

Mye " =M U_,S¢h.

Therefore

M= b ooy < €U M SR < C 47U = PAEE) 0™ | 5.

Choosing p = d(QEw’f) yields the Davies—Gaffney type estimate
(B.F)?
(3.12) | Pr(Mye™ ) Ppllayee < Ot~ e~

In particular,
2 .
HPCj(af,t)eft HMXPB(x,t)H1ﬁ2 <Ot M2t

for all z,y € R and j € N. This shows the lemma. O

Proof of Theorems 3.1 and 3.2. As mentioned above, the proofs of both theorems
are almost the same. We consider M, F'(H)M, only. The proof is based on The-
orem 2.1 and the previous lemmas. It is in the same spirit as in the elliptic case
where a Gaussian bound holds (cf. [10], [18]). Let ¢ € C:°(0,00) be such that
supp ¢ C [1/4,1] and

> e =1
for all A > 0. Then
F)= Y @@ "NFN) = > Fu(N).

We apply Theorem 2.1 to M, F,,(H)M, for each fixed n € Z. We choose
S:=DMF,(H) and A;:= e_tQHMX.

By Lemma 3.5, the operators A; satisfy (2.4). It remains to prove (2.7). For this
we have to estimate for all y € R? the integral

In,t ::/ |KMXGn,t(H)MX (:c,y)| dl‘,
|z—y[>t

where ) )
Gni(N) = Fo(\) = Fu(Ne ™ = 27"\ F(\)(1 — e 7).
First, by the Cauchy—Schwarz inequality we have

2 9 1/2
I"vt S (/d |KMXG7Lyt(H)MX ('r’y)| (1 + 2”/2 |J) - yl) ) d.]?)
R

1/2
(3.13) X ( (1422 |z — y|) =2 dx)
lz—y|>t
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We apply Lemma 3.4 with » = 2" and obtain

2 2s
(314) /Rd !K-MXGW,,t(H)MX (:E,y)! (1+2"/2|1~7y|) dx § 02"(1/2 H62"Gn,t|

2
Cste-

Simple computations show that there exists a C' > 0, independent of n and ¢, such
that

”52”Gn,t| Cs+e = ||80(.)F(2”_)(1 et 2n_)|
(319) < C sup [p()F(E') e min(1, 227)
t’>0

Cs+5

On the other hand (see [10] or (7.46) in [18]) one estimates
(3.16) / (142722 — y|)"2 do < C27"Y/2 min(1, (27/2)42%).
lz—y|>t

Using (3.13), (3.14), (3.15) and (3.16) we obtain

Iy < C min(1,¢*2™) min (1, (¢ 2"/2)‘1/275) sup [[p()F(t".)||gs+e-
/>0

Hence

oo

S one<c( Y e Y (27272 sup [pOF(E ) o
n=—oo nezZ, t227<1 n€EZ, t2n/2>1 >0

and the right hand side is bounded by a constant independent of ¢ since s > d/2.
This proves Theorem 3.1. O

As explained in the introduction, the reason why we consider H = A+ I instead
of A in the previous results comes from the fact the Gaussian upper bound in
Theorem 3.3 is valid with the extra factor (1+¢)%/2. If one considers the case where
ar; = 0r; on a smooth bounded domain €2, then A is the Neumann Laplacian on
L2(Q2) and 0 on L2(R4\ Q). Tt is then easy to see that L2-L> estimates (respectively,
Gaussian bounds) for M, e~ or Poe 4 (respectively, Mye™*AM, or Poe 4 Pq)
cannot hold without an extra factor (1 + )%* (respectively, (1 4+ ¢)%2). On the
other hand, in the previous theorems we can replace H = A+ 1 by H = A+ ¢l
for any € > 0.

It may be possible that if (ay;) > pl on a connected subset F' of R? which
is ‘large enough’ (in some sense), one can obtain Theorem 3.3 without the extra
factor (14 t)%2 in the Gaussian bound. This remains to be proved. We mention
that if such a bound holds, we obtain by the same proof Theorems 3.1 and 3.2 for
F(A) rather than F(H).

We emphasize also that we consider here general degenerate operators with
nonsmooth coefficients. One may obtain global results for some specific operators
which are degenerate at every point and have coeflicients that are not continuous at
every point. For example, one might take a pure second-order subelliptic operator
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in divergence form with real measurable coefficients on a Lie group with polynomial
growth. Then global Gaussian bounds are valid by Théoreme 1 of [19], together
with a regularization argument (see, for example Section 2.1 in [14]). Therefore a
global spectral multiplier result for such operators follows directly from [10]. Note
however that the order of smoothness required on the function F' is larger than
half the Euclidean dimension. On the other hand, the operators that we consider
in this paper are allowed to vanish on big sets.

Examples 3.6. We give some examples which are direct applications of the pre-

vious theorems.

Imaginary powers. Set F(A\) = A where s € R. Then Theorems 3.1 and 3.2,
together with the Riesz—Thorin interpolation theorem, imply that for all
e >0 and p € (1,00) there exists a C' > 0 such that

||MXHiSMX||p%p <C.(1+ |3|)(d+€) I1/2=1/7]

and _
| PaH™ P £(zry < C (1 + |s|)(dFe) 11/2=1/p]

for all s € R.

The Schridinger group. Set F(\) = (1 + \)~ %" with t € R and a > d/2. The
operators M, (I + H)~“e®™ M, and Po(I + H) “e"" P, are bounded on
LP(R?) for all p € (1,00). Their LP-norms are estimated by C(1 + [¢])®.
By interpolation, we obtain boundedness on LP for all a > d|1/2 — 1/p|
and t € R.

Remark. Using the same proof as in [4], these results can be obtained di-
rectly from the Gaussian upper bound of Theorem 3.3 without appealing to
Theorems 3.1 and 3.2.

Wave operators. Set F(\) = (1 + )\)*0‘/26“‘/X with t € R and a > d/2. The
operators M, (I + H)~ ™A M, and Po (I + H)~*¢"™VH Py are bounded on
LP(R) for all p € (1, 00).

4. Riesz transforms

The aim in this section is to prove boundedness on LP(R?) of a type of Riesz
transform operator M, V(I + A)~'/2M,. We keep the same notation as in the
previous section. The main result of this section is the next theorem.

Theorem 4.1. Let x € C°(R?), > 0 and suppose that (ay;(z)) > pl for almost
every x € suppx. Set H = A+ 1. Then for every k € {1,...,d}, the operator
MXOkH’lﬂMX is of weak type (1,1) and is bounded on LP(RY) for all p € (1,2].

Here 0y denotes the distributional derivative. The proof is based on Theo-
rem 2.1 and uses some ideas from [6], [8], and Chapter 7 in [18] in the uniformly
elliptic case. We start with the following lemma. Let a be the closure of the regular
part of the form ag defined in (1.5).
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Lemma 4.2. Let x € C°(RY), u > 0, and suppose that (ay;(x)) > pl for almost
every x € supp . Then xu € WH2(R?) and

2
Idull? < % |2,

for allu € D(a) = D(HY?) and k € {1,...,d}.

Proof. Let u € D(a). Then there exists a sequence (u,)nen in D(ag) = C2°(R?)
such that limu,, = v in L?(R%) and a(u) = lim ag(u,). By the ellipticity assump-
tion on the support of x one deduces

d
@0 [ VP 3D [ g @) @) < el so(u)
k,j=1

for all n € N. Therefore (xuy)nen is bounded in W2(R?). Hence it has a weakly
convergent subsequence in W12(R%). Since lim yu, = yu in L#(R?) it follows that
xu € WH2(R4). Then taking the limit n — oo in (4.1) one estimates

M/Rd X 10l < [Ixl13 a(u) < [Ixl13 IH?ull3

for all k € {1,...,d}. O

Lemma 4.3. Let x,X € C°(RY), u > 0, and assume that (ax;(x)) > pul for
almost every x € supp x Usupp x. Then for all § > 0 small enough we have

/ |(Mze™*H M) ()" P15 dy < € 5742 €250)5 672 ||u 3
Rd

forallt >0, s>0,z€Rand u € L*(RY) with suppu C B(x,t).

Proof. By Theorem 3.3 one estimates

2
Otze= " a0 = | [ e yute) s e
B(z,t)

< Cefs( 5=0/2 g=ely==1*/3 Bla=yI*/(29) |y )| dz)z
B(z,t)

<Cet( [ s e ) dz) s
Rd
<Cess R uly [ TR ()| e
Rd

Taking 8 < ¢/2 and integrating over y yields the lemma. O

Since e L2(R?) C D(a) for all s > 0 we obtain from Lemma 4.2 the in-
clusion M, Ve s M, (L?(R%)) ¢ WH2(R?) for all s > 0. The following weighted
L?-estimate is in the same spirit as weighted gradient estimates for heat kernels
(see [6], [15] and Theorem 6.19 in [18]).
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Lemma 4.4. For all 5 > 0 small enough we have
QT s ) e dy < €

for allt >0, s >0, x € R and u € L*(R?) with suppu C B(z,t).

Proof. In order to avoid problems related to the domain of forms, we shall proceed
by approximation. First, we prove the lemma for uniformly elliptic coefficients
with constants 8 and C' depending only on p > 0 such that (ap;(z)) > pl a.e.

X € supp x.

Assume that there exists a pp > 0 such that (ag;(x)) > po I for a.e. z € RZ
In this case the form a has domain W!2(R%). We use ideas similar to those in
the proof of Theorem 6.19 in [18], but we want to prove that the constants in
the estimates are independent of pg. Let 1 € C°(R?) be such that v(z) = 1
for all z € B(0,1) and 0 < 9 < 1. For all n € N, define ¢, € C>*(R?) by
thp(x) = P(n~1z). Set

I, ::/ IX(w) (Ve M) ()| €177/ i () dy
Rd

and define f := e ¥ M, u. Then,

iy [ ) @) 0) @) 4 x(0)? 0 (0)
= %%:/Rd ar; (Onf) 0 (feﬁ‘””*"% X %)
#5200 1) 22 W) cotevle ()2 ) dy
2 ) O 1) 000 X0 )

1 2
=3 [ o) @) ) ) 0,0) )
k.j
= Jl,n —+ JQ,n + JS,n + J47"'

T —Yy 2
Since y f(y)eﬁ‘ 2 X(¥)%n(y) is an element of W12(R?) we have
1 1 , ,
Jin = ; a(f, feﬁla:—.|2/sx2wn) _ ; /Rd (Ae_SHMXu) (e_‘(’HMXu) eﬁlx—.|2/s X2 Un

% HHe*SHMx“Hz Heﬁ\zf.ﬁ/s MxeisHMXuHZ'

IN

The standard estimate ||[He *||3_,5 < 57! and Lemma 4.3 give

2
(4.2) Ty < C s )]
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. . . . . . =y le—y|?
if # is small enough. Using the obvious inequality les—vil < \/18—3 e=" = we have

s =

| J2,n| < % Z/Rd |Oke =T Myu| X2 e~ Myu| e2Plo— 1/
k

C —s z—y|?/s 1/2
< 7 I, </Rd |(Mye HMXu)(y)|263m v’/ dy) .

Therefore Lemma 4.3 implies
(4.3) | Jom| < C\/Tp s~ Y4712 =512 388 s ||y .

We estimate the third term in a similar way.

Tanl <O [ Jore= Ml [x oy e~ a2,
k

—S 2 r—- 2 S 1/2
< C\/LL(/W | Mo, e Myu|* efle=1"/%)
(4.4) < C /I, s UA=1/2 g=s/3 Bt/ (]|

Finally,

¢ s —s z—y|?/s
|| < — Z/Rd | (xe ™" M) ()| |(Mye ™" M) (y)] eP17=1°/
k,j

< |(9;0)(5 )| dy
C 0, Vet M Me sH )\ 2 28lz—yl*/s ¢ 1z
o Pacv et anal, ([ [00e M) e )

IN

(4.5) < % HMXVe—sH Mx“”z /4 g=s/2 2617 /s 1.
Therefore, we obtain from (4.2), (4.3), (4.4) and (4.5) that
I, < (s 21 £6Bt% /s ) + % HMXV(SH Mx“”g /4 28 /s ).
Letting n — oo and then using Fatou’s lemma yields
(4.6) /Rd | (My Ve Myu) (y)|2e/3\zfy\2/s dy < C 5~ 2=1 65%/s |12,

The constants C' and § are independent of p.

Now we prove the lemma for degenerate operators. For all n € N set a,(;;) =
akj + 0xj/n. Then (a,(;;)(m)) > L7 for ae. € R? and (ag;)(m)) > ul for a.e.
x € suppy. Moreover, ||a,(€?)||oo < 1+ |larjlloo. We denote by A, the elliptic
operator with the coefficients a,(;;) and let H, = I+ A,,. We apply (4.6) to H,, and
obtain

—sH, 2 z—vyl?/s _ _ 2/
(4.7) /Rd|(MXve e M) (y)|” Pl sdy < € 574271 500/ |y 1.
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for some constants C' and 8 > 0 which are independent of n. Let k € {1,...,d}.
Then
-2

[ (7 M, M (9”70 )| < C s~ 2 39 g

for all p € C°(R4). On the other hand, e~*» converges strongly in L?(R) to
e " (see Corollary 3.9 of [1]). It follows then that

(e My, My (p 8 “50))| < €512 99812 ]y g

Since this is true for all ¢ € C2°(R%) we have by density

, le—.|2 ,
H (anke_‘(’HMXu) e H2 < O smATL2 3Bt /s [Jel]1.
This proves the lemma. O

Proof of Theorem 4.1. Tt follows from Lemma 4.2 that the truncated Riesz trans-
form M, 9, A~'/? is bounded on L2(R9).

In order to prove a weak type estimate for T = M, 0 H~'/>M, we apply
Theorem 2.1 with § = M, 0, H /% and A, = e ""HM,. These operators are
bounded on L?(R?) and by Lemma 3.5 the operators A; satisfy assumption (2.4).
It remains then to check (2.5). By the formula

1 o ds
H—1/2 _ / e—sH_
2v/7 Jo Vs

we have

’ 1 o0 2 ds 1 o ds
H-1/2,—H _ _/ —(s+tHH 22 _/ T oy ———.
COTREL S T wEL © T e

Let 8> 0 be as in Lemma 4.4 and let § > 0. Fix # € R%, ¢ > 0 and let u € L?(R?)
with suppu C B(z,t). Set

1 1
v(5:0) = Loy =5 = 5
Then

27 | (T~ 490 dy
RI\ B(x,(1+6)t)
o0
S/ / | (M Oe ™ Myu) (y)| dy v(s, t) ds
0 JRINB(z,(1+6)t)
> 2 2.
S/ v(s,t)(/ |(Myde* T M) (y)|* elz=vI*/s dy)
0 Rd
x (/ o—Bla—yl?/s dy)l/st
R\ B(z,(1+6)t)

> 2y 1/2
< C/ (s, t) s~ V4712 38t/ Hqu(/ e Blz—vl*/s dy) ds.
0 R4\ B(z,(1+46)t)

1/2
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Note that we have used Lemma 4.4 in the last inequality. Now
e—Ble=ul*/s gy < e—ﬂ<1+6>2t2/<2s>/ e—Ble=ul*/(25) gy
R4
< O 52 =B+t /(25)

/]Rd\B(x,(l+6)t)

Choosing § > 4 we obtain a positive constant v such that

/ (T — SA u(y)| dy < C/ v(s,t)s~/? e /s ds.

R\ B(z,(146)t) 0

The last integral is bounded by some constant M independent of ¢. This proves the
estimate (2.5) and hence T = ankalmMX is weak type (1,1). By interpolation,
it is bounded on LP(RY) for all 1 < p < 2. O

As discussed at the end of the previous section, we note that if one proves a
version of Theorem 3.3 without the extra factor (1 + ¢)%/2 if (ax;(x)) > pl for
a.e. x in a ‘big’ domain, then Theorem 4.1 holds with A in place of H. That
is M, 0y A=Y/2M, is weak type (1,1) and bounded on LP(R?) for all 1 < p < 2.
In [13], we prove by a different method that if the coefficients ay; € W (R%),
then M, 0k (I + A)~'/2 and M, 0y, 9;(I + A)~! are bounded on LP(R?) for all p €
(1,00). Moreover, if aj; € W**>(R? C) then we show that M, dy(I + A)~Y/2 M,
is bounded on LP? for all p € (1, 00).
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