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Initial boundary value problems for the
two-component shallow water systems

Kai Yan and Zhaoyang Yin

Abstract. In this paper we study initial boundary value problems of three
types of two-component shallow water systems on the half line subject to
homogeneous Dirichlet boundary conditions. We first prove local well-
possedness of the two-component Camassa—Holm system, the modified
two-component Camassa—Holm system, and the two-component Degasperis—
Procesi system in the Besov spaces. Then, we are able to specify certain
conditions on the initial data which on the one hand guarantee global
existence and on the other hand produce solutions with a finite lifespan.
Moreover, in the case of finite time singularities we are able to describe
the precise blow-up scenario for breaking waves. Finally we investigate
global weak solutions for the two-component Camassa-Holm system and
the modified two-component Camassa—Holm system on the half line, re-
spectively. Our approach is based on sharp extension results for functions
on the half line and several symmetry preserving properties of the systems
under discussion.

1. Introduction

In this paper we present a thorough study on initial boundary value problems of
three types of two-component shallow water systems on the half line.

The first type is the following integrable two-component Camassa—Holm shal-
low water system (2CH):

my +umy + 2u,m +opp, =0, t >0, R,
pt+(up)x:O7 t>071’€R7

where m = u — uy, and o = +1. The system (2CH) was recently derived by Con-
stantin and Ivanov [16] in the context of shallow water theory. The variable u(t, x)
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describes the horizontal velocity of the fluid and the variable p(¢,x) is connected
with the horizontal deviation of the surface from equilibrium, all measured in di-
mensionless units [16]. The case ¢ = 1 (0 = —1) corresponds to the situation in
which the gravitational acceleration points downwards (upwards) [16]. The case
o = 1 was originally proposed by Chen et al. in [7] and Falqui in [32], while 0 = —1
is identified with the first negative flow of the AKNS hierarchy and has peakon
and multikink solutions [7]. The extended N = 2 supersymmetric Camassa—Holm
equation was presented recently by Popowicz in [53].

For p = 0, (2CH) becomes the Camassa—Holm equation (CH), modeling the
unidirectional propagation of shallow water waves over a flat bottom. Here u(t, z)
stands for the fluid velocity at time ¢ in the spatial x direction, [5], [26], [45], [46].
CH is also a model for the propagation of axially symmetric waves in hyperelastic
rods [22]. It has a bi-Hamiltonian structure [33] and is completely integrable
(see [5] and [10]). There is also a geometric interpretation of CH in terms of the
geodesic flow on the diffeomorphism group of the circle [18]. Its solitary waves
are peaked [6]. They are orbitally stable and interact like solitons [2], [21]. It is
also worth pointing out that the peaked solitary waves replicate a feature that is
characteristic of waves of great height —waves of largest amplitude that are exact
solutions of the governing equations for water waves, cf. the discussion in [11], [15]
and [59].

The Cauchy problem and initial boundary value problem for CH have been
studied extensively, see [12], [13], [23], [31] and [55]. It has been shown that this
equation is locally well posed ([12], [13], [23], [55]) for initial data uy € H*(R),
s > 3/2. Moreover, it has global strong solutions ([9], [12], [13]) and also finite
time blow-up solutions ([9], [12], [13], [14], [55]). On the other hand, it has global
weak solutions in H*(R) ([3], [4], [20], [63]). The advantage of CH in comparison
with the KdV equation lies in the fact that CH has peaked solitons and models
wave breaking [6], [14] (by wave breaking we understand that the wave remains
bounded while its slope becomes unbounded in finite time [62]).

For p # 0, the Cauchy problems for (2CH) with ¢ = —1 and with ¢ = 1
have been studied in [28] and [16], [35], [37], [39], [40], respectively. Local well-
posedness for (2CH) with initial data in Sobolev spaces and in Besov spaces has
been established in [16], [28], and [39]. The blow-up phenomena and global ex-
istence of strong solutions to (2CH) in Sobolev spaces have been derived in [28§],
[35], [39], and [40]. The analyticity of solutions to (2CH) has been obtained in [64].
Recently, the existence of global weak solutions for (2CH) with ¢ = 1 has been
investigated in [37].

Note that in the hydrodynamical derivation of (2CH) [16] it is required that
u(t,z) — 0 and p(t,r) — 1 as |z| — oo, at any instant ¢. Then, setting n = p — 1,
we can rewrite the Cauchy problem of (2CH) with o = 1 as follows:

Up — Utze + 3UU; = 2UgUgy + Ulgge — MMz — Nz, t >0, 7 ER,
(1.1) e+ (un)e + ue =0, t>0,z€R,

u(0,2) = uo(x), z €R,

7(0,2) = no(x), z € R.
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The second type of system considered here is the following modified two-
component Camassa—Holm shallow water system (M2CH):

my +umy + 2u,m +opp, =0, t >0, €R,
Pt+(up)$:0, t>071’€R7

with m = u — Uy, p = (1 — 8%)(p — po) and o = +£1. The system (M2CH) was
recently introduced by Holm et al. in [43]. It is written in terms of the velocity u
and the locally averaged density p (or depth, in the shallow-water interpretation)
and pp is taken to be constant. The system (M2CH) is defined as the geodesic mo-
tion on the semidirect product Lie group ([42], [52]) with respect to a certain metric
and is given as a set of Euler—Poincaré equations on the dual of the corresponding
Lie algebra.

For p = 0, (M2CH) also becomes the classical Camassa—Holm equation. For
p #Z 0, many papers have been devoted to the Cauchy problem for (M2CH); see,
for example, [36], [38], [56], [57], [58] and [64]. Local well-posedness and blow-
up phenomena for (M2CH) with initial data in Sobolev spaces have been studied
in [36]. The analyticity of solutions to (M2CH) has been obtained in [64]. Recently,
the existence of global weak solutions for (M2CH) has been investigated in [38],
[56], [57], and [58].

For convenience, set v £ 5 — po. Then p = v —7,,. We can rewrite the Cauchy
problem for (M2CH) with o = 1 as follows:

my +umy + 2u,m+py, =0, t>0, xR,

’ u(0,x) = up(x), z € R,
(0, 2) = vyo(x), r e R.

The third type of system considered here is the Cauchy problem for two-
component Degasperis—Procesi system (2DP),

Up — Utgy + dUUp — SUgUgy — Ulger + e =0, >0, x € R,

(13) Nt + ung + 2u,n =0, t>0,zeR,
- U(O,iﬂ) = Uo(lﬂ), z €R,
n(0,z) = no(x), z €R,

where ¢ takes an arbitrary value. The system (1.3) as the Hamiltonian extension
of the Degasperis—Procesi equation was first proposed in [54].

For n = 0, system (1.3) becomes the classical Degasperis—Procesi equation (DP),
see [25]. It was proved formally integrable by constructing a Lax pair [24], and the
direct and inverse scattering approaches to studying it can be seen in [17]. More-
over, [24] also established that the DP equation has a bi-Hamiltonian structure
and an infinite number of conservation laws, and admits exact peakon solutions
which are analogous to the Camassa—Holm peakons. The DP equation is a model
for nonlinear shallow water dynamics [19]. The numerical stability of solitons
and peakons, the multi-soliton solutions and their peakon limits, together with
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an inverse scattering method to compute n-peakon solutions to the DP equation
have been investigated respectively in [44], [50] and [51]. Furthermore, traveling
wave solutions and the classification of all weak traveling wave solutions to the DP
equation were presented in [47] and [61].

The Cauchy problem and the initial boundary value problem for the DP equa-
tion have been studied extensively, see [31], [41], and [66]. For example, the second
author [66] established the local well-posedness of the DP equation with initial data
ug € H°(R), s > 3/2, on the line, and derived the precise blow-up scenario and a
blow-up result. The global existence of strong solutions and global weak solutions
for the DP equation were shown in [67] and [68]. Similar to the Camassa—Holm
equation, the DP equation has not only global strong solutions [48], but also blow-
up solutions (see [29], [30], [48], and [67]). Apart from these, it has global entropy
weak solutions in L}(R) N BV (R) and L*(R) N L*(R), see [8].

Although DP is very similar to CH in many aspects, especially in the structure
of the equation, there are some essential differences between the two equations.
One of the famous features of the DP equation is that it has not only peakon
solutions wu(t, z) = ce~1*=°* with ¢ > 0, [24], and periodic peakon solutions, [68],
but also shock peakons [49] and periodic shock waves, [30]. Besides, CH is a re-
expression of the geodesic flow on the diffeomorphism group [18], while the DP
equation can be regarded as a nonmetric Euler equation [27].

For n # 0, local well-posedness for system (1.3) in Besov spaces and blow-up
phenomenon in Sobolev spaces have been researched in [65].

However, initial boundary value problems for the above three types of two-
component systems on the half line have not been investigated so far. The aim of
this paper is to find a general approach to investigate them. Our method strongly
depends on sharp results on the odd extension of functions and the conservation
of symmetry of the systems, by which we can convert initial boundary value prob-
lems on the half line into Cauchy problems on the whole line. Then, applying
known results for Cauchy problems for the systems (1.1)—(1.3), we obtain local
well-posedness results, blow-up and global existence results for strong solutions,
and global weak solutions on the half line, which cover and improve the previous
results for the classical CH and DP equations on the half line.

Our paper is organized as follows. In Section 2, we derive sharp extension
results, which are crucial for our approach. In Section 3, by using the conservation
of symmetry enjoyed by (2CH), we study initial boundary value problems of (2CH)
on the half line. In Sections 4 and 5, we investigate initial boundary value problems
of (M2CH) and (2DP) on the half line by the same method, respectively.

Notation. In the following, we denote by * the spatial convolution. Given a
Banach space X, we denote its norm by || - || x. If s is a real number then we use
the notation s = [s]~ + {s} T, where [s]™ is an integer and 0 < {s}* < 1.

Acknowledgments. The authors thank the referees for their valuable comments
and suggestions.
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2. Some crucial lemmas

In this section, we present some key lemmas which will be crucial for our purposes.
We here consider the case of the half line (0, c0).

Definition 2.1. Let 1 < p < oo and —oo < s < oco. Let =R, I =R, orlet I be

an open interval of R, where R, £ [0, 00). The Besov space B ,(I), the restriction
of By (R) (cf. [60]) to I, is defined as:

By () £{f €D'(I): 3g € B} ,(R),such that g|; = [},
equipped with the norm
I1f]

A

inf ||g||B;,p(R)

Bs ,(I)
pp 9€B; ,(R), glr=f

In particular, for 0 < s not an integer, we have the following equivalent definition
of By (I) (see [1]):

By (1) £ {u e W™P(I) : ||ul| g5 1) < o0}
with
[ () w1
[[ul By ,(I) £ Jullwm.r iy + // |m ST dx dy) ,

where s=m+ o0, me€ Nand o € (0,1).

Definition 2.2. Let p, s and I be as in the statement of Definition 2.1. The
Banach space X*P(I) is defined as follows:

Xer(q) & WeP(I), if s €N,
B, ,(I), if 0 < s not an integer, or s < 0.

Lemma 2.3. Assume that 1 < p < oco. We have:
(1) If s€10,1/p], then C§°(Ry) is dense in X*P(R,).

(2) If s€ (1/p,00), then C3°(R4) is dense in Xy*(Ry), where
X3P (Ry) 2 {f(z) € W(Ry) : f(0) =0, 7 =0, [s = 1]},

The proof of Lemma 2.3 is given on pages 219-220 of [60].

Lemma 2.4. Assume that 1 < p < o0 and 0 < s < 1 with s # 1/p. If f(z) €
C§°(Ry), then

<SP [f (@) = f)I?
/0 e dx < C(p,s / / |m — |1+p6 dx dy,

where C(p, s) = 2771 <1+( — )P (2 ))

[1—ps]
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Lemma 2.4 can be deduced from the conclusion on page 261 of [60] and Hardy’s
inequality, see page 262 of [60]. However, in order to obtain the exact constant in
the above inequality and to show that s = 1/p is a critical point for our problems,
we give the complete proof.

Proof of Lemma 2.4. For 0 < & < 00, we set

o) 2 1@ -1 [ rwar=1 [ 1w - 1) ay
By f(z) € C§°(R4), we have
lim g(z) = lim g(z) = 0.

Noting that

(o)~ [ 2ay - @) = @) - 1204 5 [ sy + 92 o) o

one can infer that

(2.1) ﬂ@—g@)!/w%%dy
Hence,
(2:2) e <2 (g + | [ 1D gy

Case (1): 0 < ps < 1. Thanks to Holder’s inequality, we have

o P  1gps-ap pla [ (1tvs
/ %dy’ S(/ y qdy) / lg(y) [Py~ P2 dy

) e

x

p,,—(1+ps)/2 dy,

where 1/g=1—1/p.

The above inequality together with Fubini’s theorem implies

fe'e) o0
/ —Ps / g_(y)dy‘pdm
0 xT
Pl [ /°° p o —(14ps)/2
s /2 4y \d
(1qu> A o ey y)da
( >P/q /°° —(1+ps)/2 (/y g~ (14ps)/2 drc> dy
1—ps)q 0 0
p/q
P ~Ps g
(1iwq) 1rps/|<>|y y

S () [
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Case (2): ps > 1. In view of (2.1), we have [~ g(y)/ydy = g(0) = 0. Thanks to
Hoélder’s inequality, we deduce

x 14+ps—2p p/q x _ s
/ ’/ (/ yo qdy / lg(y)[Py= P2 dy
T 0

_((sipl))p/q (ps— 1)/2/ ()P y= P92 gy

where 1/g=1-1/p.

By using Fubini’s theorem again, we obtain
oo oo P
j[ - ]f giyzdy‘ d
0 T Yy
2p pla [ , @ 3
< (m) / x (””5)/2(/ ()P y~ 472 dy ) da
- 0 0
2p p/q [ B , oo ,
- (m) /0 91"y “*”5)/2(/ =2 g ) dy
y
2 \P [ P
(-1t (—) / 9@)” 4
ps—1 0 TPs
Consequently, for s € (0,1) with s # 1/p, we get

oo [l [ Bz ) [

Combining (2.2) and (2.3), and taking advantage of Hélder’s inequality and Fu-
bini’s theorem again, we obtain

[TUGE s [* B gy s [ [0,
<2 (14 (- l)p‘l(ﬁ)p) /OO lgmpjp de
<clpos) [Tor ([ 1@ - rwl an) ao
) [ / e () — )P dady

= C(p,s) /000 /Ooo(ff +9) Pz +y) — f(Y)]P dedy
Cp, s) / N / h w”’s’llf(x Ly) - )P dedy

@) = f@IP o
p) |x7 |1+p8 €z y'

This completes the proof of the lemma. O
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Lemma 2.5. Let 1 <p < oo, 0<s <1 withs#1/p. Assume that v € X*P(Ry)
if 0<s<1/porthatve X*P(Ry) withv(0) =0if 1/p < s < 1. Furthermore let

v (), if >0,
o) = { —v(—z), ifz<O.

Then o(z) € X*P(R).

Proof. 1t is obvious that the lemma holds true for s = 0.
For s = 1, we have v(z) € WyP(Ry). If v € C*(Ry) N Wy P (R, ), then one can

readily obtain that
PRS2 Rl P o) R ) R POt Bk (V)

z—0— T — z—0— x z—0t T z—0t z—0 ’

which implies & € C'(R) N WYP(R). Since C'(Ry) N Wy P(Ry) is dense in
W, P(R,), it follows that the lemma is true for s = 1.

Next, we prove that the lemma is true for 0 < s < 1, with s # 1/p. For
v € C§°(Ry), by the definition of ¥, Lemma 2.4 and the fact that |v(z) +v(y)|P <
271 (Jo(x)|P + |v(y)|P), we have

|0(z) — o(y) P
—2 77 dxd
/RR |z — y|ttps S
_2/ /OO|U |pdd+2/ /OO|U |dxdy
uf|Hm EETET
> Ju(z y)P / /°°|U z)|” + Jo(y)[?
<2 P
< |x— w o gl et e
> oz y)P 2rtt /°° (@) [”
=2
/ / |mfy|1+1’5 ——=dxdy + ps ; P dx dy

p+1 00 |v |p
(2 + pv / / |Jj — |1+ps — > dx dy?

which together with Definition 2.1 and 2.2 yields v € W?*(R), provided that
v € C°(R4). In view of Lemma 2.3 and the assumption of this lemma, one can
get the desired result. Therefore, we the proof of the lemma is complete. O

Remark 2.6. For the limit case p = oo, we have
(1) it v e L*°(R4), then o € L>®(R).
(2) if v € WHo°(Ry) with v(0) = 0, then © € Wh>(R).
Noting that C*(R.) N W1>°(R,) is not dense in W1°°(R, ), we cannot prove

Remark 2.6 (2) in the same way as in the proof of Lemma 2.5. To this end, we
first need the following proposition:
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Proposition 2.7. Assume that g € L= (R). If we set

h(m)é/ gt dt, ¥z R,
0

then h(z) € and

C(R)
[ H@) ¢ @ e == [ @) plo)do. Ve CLR)
That is, the weak derivative of h, denoted by h', is g.
Proof. Tt is obvious that h(z) € C(R).

Next, we prove that A’ = g. By Fubini’s theorem, we have, for ¢ € C}(R),

/Rh(m) o' (z) dm_/ug(/ox g(t)dt) o' (z) dx
_ —/O (Aog(t)dt>¢’(m)dm+/0m (/Oxg(t),dt>go'(m)dm

— 00

—/0 g(t)(/t ga'(m)dm) dt+/ooog(t)</too<p’(x)dx> dt

— 00 — 00

0 [ee]
— 7/ g(t)gp(t)dt—/ g(t) p(t) dt
0

— - [ @) ole) da,
R
which implies the desired result. g

Proof of Remark 2.6. It is obvious that (1) is true. For (2), by the assumption
v € Whe(R,), we have o € L>®°(R). Now it suffices to show that ¢ is weakly
differentiable and ¢' € L*°(R). Indeed, set

wna | V(x), x>0,
vi(e) = { v'(—x), if x<O0.

Hence, v*(z) € L>*(R). Noting that 9(0) = v(0) = 0 and using the definition of v*,
we can readily get

B(z) = /Ox () dt, VaeR.

Then Proposition 2.7 implies ¢ = v* € L>°(R). Therefore, the proof of the remark
is complete. O

Lemma 2.8. Let 1 < p < o0 and 0 < s < 1. Assume that v € X*P(R,).
Furthermore, let

v(—z), if x<0.

o(z) = { v(z), if 220,

Then 0(x) € X*P(R).
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Proof. 1t is obvious that the lemma is true for s = 0.

For s = 1, we have v € WYP(Ry). If v € CYRy) N WHP(R,), then we
get v € CO 1( +). Hence, v € Cloo’c1 (R). Note that a locally uniformly Lipschitz

loc
continuous function is weakly differentiable, cf. [34]. We have

~ o V(x), if x>0,
—v'(—x), if x <0.

A straightforward calculation yields
H’O(I)H{;VLP(R) =2 ||v(x)||€v1,p(R+).

Noting that C*(R;) N W1P(Ry) is dense in W1P(R, ), one can infer that o(x) €
WLP(R).

Next, we prove that the lemma holds true for 0 < s < 1. By the definition of 0
and the fact |« + y| > |z — y| for z,y > 0, one deduce that

[ [,
rJr |z —y[tPe
(o] [oe]
[v(z) —v@®)” lv(z) —v@®)”
72/ / |x_ |1+ps dz dy + 2 |x—|—y|1+Ps dx dy
= Jo(x) —v@)”
<4/ / |x7 |1+p8 dz dy.

By Lemma 2.3, we obtain the desired result. This completes the proof of the
lemma. O

Remark 2.9. For the limit case p = oo, in view of the definition of ¥, one can easily
get & € L®(R) or © € WH(R) provided that v € L=°(R,) or v € WL (Ry).

Lemma 2.10. Assume that 1 < p < oo and o € [0,1]. If u € W™P(I), with
m € Ny, then u € X™T0P(I) if and only if u(™ € X7P(I).

Proof. This is a direct consequence of Definitions 2.1 and 2.2. O

Lemma 2.11. Let 1 <p < oo and 1/p < s <2+1/p. Assume that v € X*P(Ry)
with v(0) = 0. Furthermore, let

o (), if ©>0,
o) = { —v(—z), if x<O.

Then o(z) € X*P(R).

Proof. For 1/p < s <1, the lemma is a consequence of Lemma 2.5.
For 1 < s <2, we have s — 1 € [0,1] and

. Sy — 4 V@), ifr=0,
o' (x) ='(z) = { v (—x), if 2 <0.
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In view of Lemma 2.10, one has v/(z) € X*~1P(R;). It follows from Lemma 2.8
that o/ (z) = v/(z) € X*~1P(R). Noting that #(z) € W?(R) and using Lemma 2.10
again, we have 0(z) € X*P(R) for 1 < s < 2.

For 2 <s<2+1/p, we have s —2 € [0,1/p) and

N s v (2), if x>0,
v(w) = v(z) = { —v"(—=x), if z<0.

In view of Lemma 2.10, one has v” (z) € X*~2P(R,). It follows from Lemma 2.5
that & (z) = v" () € X*~2P(R). Noting that #(z) € W2?(R) and using Lemma 2.10
again, we have 0(z) € X*P(R) for 2 < s < 2+ 1/p. This completes the proof of
the lemma. O

Remark 2.12. For s > 2+ 1/p, under the assumptions of Lemma 2.11, generally
one cannot deduce v € X*P(R).

In order to obtain © € X*P(R), one has to add additional conditions. For this
we let £ € N, and for 2k + 1/p < s < 2k 4+ 2+ 1/p we set

VPP(Ry) ={v e X*P(Ry) : v (0) = w2 (0) = -+ = v(0) = 0}.
We now have the following generalized result:

Lemma 2.13. For k € N and 2k + 1/p < s < 2k + 2 + 1/p, assume that v €
Y;P(Ry). Furthermore, let

o ov(e), if ©>0,
o) = { —v(—z), if x<0.
Then v(x) € X*P(R).

Proof. By following the lines of the proof of Lemma 2.11, one can easily prove the
lemma by induction with respect to the index k. For the sake of brevity, we omit
the details here. O

Lemma 2.14. Let 1 <p < oo and 0 < s <14 1/p. Assume that v € X*P(R).
Furthermore, let

sy Jov(@), if =0,

o) = { v(—x), if x<O0.
Then v(z) € X*P(R).

Proof. For s € [0, 1], the lemma is a direct consequence of Lemma 2.8.

For 1 < s < 1+ 1/p, we have v € BJT?(Ry) with o € (0,1/p). Thus, v €
WHP(R,). Thanks to Lemma 2.8, we have & € W?(R) and

N Sy (o), it x>0,
) = v'(z) = { —v'(—z), if z <.

By Lemma 2.10, we only need to show that ¢'(z) € By ,(R) with o € (0,1/p).
Indeed, this can be deduced from the fact v'(z) € By (R;) and Lemma 2.5.
Therefore, the proof of the lemma is complete. O
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Remark 2.15. For s > 1+ 1/p, under the assumptions of Lemma 2.14, generally
one cannot deduce 0 € X*P(R).

In order to obtain ¢ € X*P(R), one has to add additional conditions. For this
we let k € Ny, and for 2k — 14+ 1/p < s <2k+ 1+ 1/p we set

ZPP(Ry) = {v € X*P(Ry) : vV (0) = @3 (0) = ... =/ (0) = 0}.
We now have the following generalized lemma:

Lemma 2.16. For k € Ny and 2k — 1+ 1/p < s < 2k + 1+ 1/p, assume that
v e ZyP(Ry). Furthermore, let

6@)_{ v(z), if x>0,

v(—z), if = <O.
Then 0(x) € X*P(R).

Proof. By following the lines of the proof of Lemma 2.14, one can easily prove the
lemma by induction with respect to the index k. We omit the details. O

For later applications of the above lemmas, we need the following new spaces:

Definition 2.17. (1) Let Il <p < oo, —co<s<oo,T>0and I =Ror I =Ry,
where R £ [0,00). The spaces V*P(I) and E;*(I) are defined as follows:

Hs(I), ifseN,
B, ,(I), if 0 < s not an integer, or s < 0,

Ver(r) & {

Ez"(I) £ C([0,T); V=P(1)) N CH([0,T); VE=HP(D).
In particular, V*2(I) = H*(I) and
Ex*(I) £ C([0,T); H*(1)) N CH([0, T); H*~*(1)).
(2) For k€ Nand 2k + 1/p < s <2k + 2+ 1/p, we set
DiP(R.) 2 {v € VIP(R) : v (0) = o2 (0) = - = v(0) = 0},
(3) For ke Ny and 2k —1+1/p < s <2k+1+1/p, we set
RYP(R,) 2 {v € VO (Ry) s vD(0) = v (0) = - = /(0) = 0},
Remark 2.18. Obviously, the extension of Lemmas 2.5, 2.8, 2.11, and 2.14 also
hold true for the space VP, a special case of X*P. And the generalized exten-

sions of Lemmas 2.13 and 2.16 can be also applied to the spaces D;” and R},
respectively.
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3. IBVP for two-component Camassa—Holm shallow water
system

In this section, we investigate initial boundary value problems of the two-component
Camassa—Holm shallow water system on the half line.

Let us now consider the following initial boundary value problem for (2CH) on
the half line:

Up — Uppy + FUUy = 2UpUgy + Ulggy — M — Nz, >0, 2 € Ry,

Nt + (un)s + ugy =0, t>0, 2Ry,

(31) U(O,ZL‘) = ’LL()(JT), T € R+,
n(oam) = 770($)a T € R+,
u(t.0) = 0, £>0.

We first present the following local well-posedness result for the system (3.1).

Theorem 3.1. Let 1 < p < oo and max(3/2,1+ 1/p,2 —1/p) < s < 2+ 1/p.
Assume that (ug,no) € V3P (R4 ) x VS~LP(R,) satisfies the compatibility condition
up(0) = 0. Then there exists a mazimal T = T(ug,n0) > 0 such that the sys-
tem (3.1) has a unique solution (u(t,z),n(t,z)) € EsP(Ry) x E5 "P(Ry). More-
over, the solution depends continuously on the initial data, i.e., the mapping

(w0, m0) = (u,m) : VOP(Ry) x VITVP(Ry) — EFP(Ry) x By P(Ry)
s continuous. Furthermore, the maximal T is independent of s in the following
sense: if (u,n) € Es®(Ry) x E5 V2(Ry) is the solution to the system (3.1), and
if (uo,mo) € H (Ry) x H¥ "Y(Ry) with 3/2 < s < ' < 5/2 satisfies uo(0) = 0,
then (u,n) € E5*(Ry) x E5~"?(Ry) with the same T.

Proof. We first convert (3.1) into the Cauchy problem for (2CH) on the line. For
this, we extend the initial data ug(z) and no(z) defined on the half line into the
odd and even functions on the line defined, respectively, by

N . uo(,]j)’ lf X Z 0,
(3.2) tio(z) = { —up(—2x), if z <0,
and

53 o) = { W EE20

By the assumption of the theorem, in view of Lemmas 2.11 and Lemma 2.14,

one obtain
(@o (), 70 () € V*P(R) x V*~HP(R)

with max(3/2,1+1/p,2—1/p) <s <2+ 1/p.

We now can convert (3.1) into the following system on the line:
Up — Upgy + Uy = 2UzUpy + Ullggy — ﬁﬁx - ﬁxa t>0,z¢€ R,
ﬁt+(aﬁ)ﬂf+aﬂf:07 t>0,r R,
(0, z) = Go(x) (odd), z € R,
7(0,z) = 7jo(z) (even), z € R.

(3.4)
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Note that if the Green’s function p(z) £ %e*m, r €R, then (1 -02)"1f =pxf
for all f € L?(R). Using this identity, we can rewrite (3.4) as the quasilinear
hyperbolic evolution equations

Uy + Uiy + Opp x (0% + 302 + 577 +7) =0,  t>0, z €R,

(35) ﬁt+(ﬂﬁ)x+ﬂx:0, t>0, z eR,
' w(0,2) = ag(x) (odd), z € R,
7(0,z) = 7o(x) (even), z eR.

Applying the local well-posedness result for the Cauchy problem for (2CH) on
the line obtained in [39], we conclude that there exists a maximal existence time
T = T (g, 7o) > 0 such that the system (3.5) has a unique solution

(a(t, z),q(t, 2)) € BEx¥(R) x Bp " (R),
and the solution depends continuously on the initial data, i.e., the mapping
(iig, 7o) = (@,7) : VI(R) x V*"VP(R) — Ez”(R) x By ""(R)

is continuous.

Moreover, the maximal T is independent of s in the following sense: if the
solution (@,7) to system (3.5) belongs to E3*(R) x Es "*(R) and if (g, 7o) €
VS 2(R) x VS "12(R) with 3/2 < s < s’ < 5/2, then

(a.7) € By *(R) x By~ *(R)
with the same T'.
In addition, note that the system (3.4) is invariant under the transformation
(ﬂ(tv £E), ﬁ(tv x)) - (7{1‘(@ 7£C), ﬁ(t, 7£C)) :

Since @g(z) is odd and 7jp(z) is even, it follows that @(t,z) is odd and #(t, z) is
even for any ¢ € [0,T). In particular, we have @(¢,0) =0 for all t € [0,T).
Set

(u(t,x),n(t,z)) £ (a(t,z),7(t,z)), restricted to (¢, z) € [0,T) x Ry.
Hence,
(ult,z),n(t,x) € B3P (Ry) x By P (Ry)

is a solution to (3.1).
On the other hand, if (v(¢,z),v(t,x)) is also a solution to (3.1) with the same
initial data (uo(z),n0(z)), set

. | vt z), if x>0,
(3.6) o(t,x) = { —o(t,—x), ifz<0,

and

. - ’y(t,I), 1f x Z Oa
(3.7) At x) = { y(t,—z), if z <O0.
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Then ((t,z),7(t,z)) is also a solution to (3.5). By the uniqueness for the sys-
tem (3.5), we conclude that

(u(t, x),n(t, x)) = (v(t, 2),~(L, ).

It is obvious that the continuity of (@, 7o) + (&, 7) implies that of (ug,n0) —
(u,n) as well. O

Remark 3.2. Assume that (ug,m) € VSP(Ry) x VS=LP(RL) with 1 < p < 00
and s > 2 4 1/p satisfies the compatibility condition u¢(0) = 0. If we fix some
r € (max(3/2,1+1/p,2 — 1/p),2 + 1/p), then Theorem 3.1 implies that there
exists a maximal T" = T'(ug,n9) > 0 and a unique solution (u(t,x),n(t,z)) €
ERP(Ry) x E57VP(Ry) to the system (3.1). However, one generally cannot deduce
that (u,n) € E7"(Ry) x E;7 P (Ry).

In order to study more regular solutions, we may consider the following initial
boundary value problem for k € N :

Up — Uppy + FUUy = 2UpUgy + Ulggy — M — Nz, >0, 2 € Ry,

ne + (un)z + ugy =0, t>0,zeRy,
(3.8) (0, z) = up(x), x € Ry,
' n(oam) = 770($)a T € R+,
u®P(t,0) = w2 (¢,0) = - = u(t,0) =0, t>0,
=D (,0) = n@*=3(t,0) = - =1/(t,0) =0, t>0.

We next present the following local well-posedness result.

Theorem 3.3. Let k € Ny, 1 < p < o0, and 2k + 1/p < s < 2k + 2+ 1/p.
Assume that (ug,m0) € DP(Ry) x Ry "P(Ry). Then there exists a mazimal
T = T(uo,n0) > 0 such that the system (3.8) has a unique solution (u(t,x),n(t,x))
in the space

C((0.T): D (R4) x BT (R4)) N CH([0.7); Dy (Ry) x Ry 2¥(Ry.)).

Moreover, the solution depends continuously on the initial data, i.e., the mapping
(wo,m0) = (u, 1) : DyP(Ry) x Ry (Ry) —

C([0,T); DyP(R+) x Ry P(Ry)) N CH([0,T); Dy P (Ry) x Ry TP (Ry))

s continuous. Furthermore, the maximal T is independent of s in the following
sense: if the solution (u,n) to (3.8) belongs to

C([0,7); Dy*(Ry) x Ry (Ry)) N O ([0,7); Dy (Ry) x By *(Ry)),

and if (ug,mo) € DZ/’Q(R” X RZLLQ(RQ with 2k +1/2 < s < s’ < 2k+5/2, then
(u,n) belongs to

C([0,7); DY *(Ry) x By ~"*(Ry)) N CH(10,T); Dy~ (Ry) x B > (Ry))

with the same T'.
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Proof. Arguing as in Theorem 3.1, we first extend the initial data uo(x) and no(z)
defined on the half line into the odd and even functions on the line g (z) and 7jo (),
defined in (3.2) and (3.3), respectively.
Since (ug,7m0) € DP(Ry) x Ry VP(Ry), it follows from Lemmas 2.13 and 2.16
that
(@i (), 70 (x)) € VIP(R) x V~HP(R).

The conclusions follow now as in Theorem 3.1. O

Remark 3.4. From Lemmas 2.13 and 2.16, and Theorems 3.1 and 3.3, we see
that s = 2k 4+ 1/p with k € N are the critical points for the problem (3.8).

Now we are in a position to present a precise blow-up scenario for strong solu-
tions to the system (3.1).

Theorem 3.5. Let (ug,no) € (H*(Ry) N HY(Ry)) x H*H(Ry) with3/2 < s < 5/2,
and let (u(t,x),n(t,x)) be the corresponding unique solution to (3.1). Then the so-
lution (u,n) blows up in finite time T < 400 if and only if
hrtr%lTnf { $1€n§+ ug(t,z)} = —o0.

Proof. As before, we first extend the initial data ug(z) and 7y(x) defined on the
half line into the odd and even functions on the line tg(z) and 7jo(z), defined
in (3.2) and (3.3), respectively. By Theorem 3.1, we obtain that (3.5) has a unique
strong solution (u(t,x),7(t,x)) with the initial data (to(z),70(z)). Moreover,
(u(t,z),n(t,x)) = (a(t,z),7(t, ) restricted to [0,7) x R, is the unique strong
solution to (3.1) with the initial data (ug(x),no(x)).

From [40], we know that the solution (u(t,x),7(t,x)) to the system (3.5) blows
up in finite time 7 if and only if

liminf { inf @ = —o00.
im in {;rElRux(t,x)} 00

Since (t, -) is odd, it follows that (¢, -) is even. Thus, we have

(3.9) hrtr%%nf { ;EFRux(t, z)} = hrtr%%nf { a:lenJIé ug(t, )},
which implies the desired result. O

Next, we state two blow-up results and one global existence result for (3.1).
Theorem 3.6. Let (ug,no) € (H*(Ry)NHF (R4 )) x HS7HR4) with 3/2 < s < 5/2.
Assume that the initial data (uo(x),no(x)) satisfies

1/2
ug(@o) < —(Iuol|F e,y + [1m0l72 () and  no(zo) = —1,

with the point zo € Ry defined by ujy(zo) = infyer, uf(z). Then the corresponding
solution (u,n) to (3.1) blows up in finite time Ty, with

0<Ty < -,
O = (1= d)up(xo)

where § € (0,1) is such that —/d uf(x¢) = (||u0||§p(R+) + ||7)0||%2(R+))1/2,
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Proof. As mentioned earlier, let @o(z) and 7jo(z) be defined as in (3.2) and (3.3).
Since ug(x) is odd, ag(x) is even. By the assumption of the theorem and the fact

1ol gy + 70l 172y = 2(/uol [,y + [1m0lIZ2 e, )

we can find some x; € R defined by
(1) £ inf () = inf wh(z) = uh(xo),

which satisfies

~/

1 N N 1/2 .
ag(x1) < ——= (ol F gy + [170l72 ) and  fjo(z1) = —1.
V2

From [39], we get that the solution (@,7) to (3.5) with initial data (@o(x),o(x))
blows up in finite time Ty with

0<Th< ——- .
O (- d)ap(a)

where § € (0,1) is such that

N 1 - . 2
~VBiy(an) = 75 (ol + lolzae)
This implies the desired result. O

Theorem 3.7. Let (ug,no) € (H*(RL)NHE(Ry))x HS7H(Ry), with 3/2 < s < 5/2.
Assume that the initial data (ug,n0) satisfies up(0) < 0 and 1n9(0) = —1. Then the
corresponding solution to the system (3.1) blows up in finite time.

Proof. Let tp(z) and 7jo(x) be defined as in (3.2) and (3.3). Then the assumption
of the theorem ensures

ip(0) <0 and 7jp(0) = —1.

From [39], we know that the corresponding solution (,7) to (3.5) blows up in
finite time.

Since u(t,-) is odd, in view of Theorem 3.5, it follows that the solution (u,n)
to (3.1) with the initial data (ug(x),n0(2z)) blows up in finite time. O

Theorem 3.8. Let (ug,no) € (H*(RL)NHE(Ry))x HS7H(RY), with 3/2 < s < 5/2,
and let T > 0 be the maximal existence time of the solution (u,n) to system (3.1)
with initial data (uo,no). If

inf (no(x)+1) >0,

zER4

then T = oo, i.e., the solution (u,n) exists globally in time.
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Proof. Let tg(z) and 7jg(x) be defined as in (3.2) and (3.3). By the assumption of
the theorem, since 7jo(z) is even, we infer that

inf (7 1 .
inf (flo(2) +1) >0
From [40], we conclude that T = oo. o

Remark 3.9. Let k € N} and 2k + 1/2 < s < 2k 4+ 5/2. Assume that (ug,n0) €
D% (Ry) x R V?(Ry). Then Theorems 3.5-3.8 also hold true for the correspond-
ing solution (u,n) to the system (3.8).

We conclude this section with the existence of global weak solutions to (3.1).
Definition 3.10. Let (ug,n0) € Hj(Ry) x L*(Ry). If
(u,m) € L ((0,00); Hg(Ry) x L*(R+))
solves (3.1) and (u(t,-),n(t,-)) converges to (ug(:),70(+)), in the sense of distribu-
tions, as t tends to 07, and moreover
I[(u, 77)||L°°((0,oo);H5(R+)xL2(R+)) < [[(uwo, o) |H5(R+)><L2(R+)»
then (u,n) is called a global admissible weak solution of (3.1).
Theorem 3.11. Let (ug,n0) € (H(Ry) NWE=(R)) x (L2(Ry) N L¥(Ry)). If

there exists some o > —1 such that no(x) > « for all x € Ry, then (3.1) has a
global admissible weak solution

(u,n) € C(Ry; Hy(Ry) x L*(R4)) N L™ (Ry; Hy(Ry) x L*(R4)) .

Moreover, E(t) = ||(u(t,-),n(t, '))'l?—[l(R+)><L2(R+) is a conservation law. Further-
more,
(%”7) € Lloc?c (RJM WLOO(R+) X LOO(R+)) .

Proof. Let @p(x) and 7jg(x) be defined as in (3.2) and (3.3). By the assumption of
the theorem, in view of Lemmas 2.5 and 2.8, and Remarks 2.6 and 2.9, we obtain
(@o(x), 70(2)) € (H'(R) "W (R)) x (L*(R) N L*(R))

and
fo(z) > a, Vel
From [37], we get that (3.5) has a global admissible weak solution
(,7) € C(Res H'(R) x L2(R)) N L (R H'(R) x LA(R)).

Moreover, E*(t) £ ||(a(t,-),7(t, DI Ft (myx2(m) 15 @ conservation law. Further-
more,

(@, 1) € Lis, (Ry; WHe(R) x L®(R)) .

loc
Set
(u(t,x),n(t,z)) £ (a(t,z),7(t,z)), restricted to(¢,z) € Ry x R,.

Thus, (u,n) is a global admissible weak solution to (3.1), which together with the
fact E*(t) = 2E(t) yield the desired result. O
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4. IBVP for the modified two-component Camassa—Holm shal-
low water system

In this section, we use the same method as in Sections 2 and 3 to deal with initial
boundary value problems for the modified two-component Camassa—Holm shallow
water system on the half line (0, 00).

Consider the initial boundary value problem for (M2CH) on the half line

my +umy + 2u,m+py, =0, t>0, xRy,

pt+(up)$:07 t>071’€R+7
(4 1) ’LL(O,IL') :uo(m), z € Ry,
. 7(071‘):70(1‘)7 z €Ry,
ult,0) = 0, t>0,
’Y(t,o) =0 t >0,

with m = u — Ugy, p =¥ — Yau-
We first present the following local well-posedness result for (4.1).

Theorem 4.1. Assume that (uo,v) € H*(Ry) x H*(Ry) with 3/2 < s < 5/2
satisfies the compatibility condition ug(0) = v9(0) = 0. Then there exists a max-
imal T = T(ug,v0) > 0 such that (4.1) has a unique solution (u(t,z),v(t,x)) €
BA(R,) x B (RL).

Moreover, the solution depends continuously on the initial data, i.e., the map-
ping

(w0,70) = (u,7) : HS(Ry) x HY(Ry) — Ep*(Ry) x Ep?(Ry)

is continuous. Furthermore, the maximal T is independent of s in the following
sense: if (u,7) € B3’ (Ry) x EX*(Ry) is the solution to (4.1), and if (uo, o) €
H (Ry) x HY(Ry) with 3/2 < s < s < 5/2 satisfies uo(0) = ~0(0) = 0, then
(u,v) € E;/’Q(R+) X E;/’Q(R+) with the same T .

Proof. As before, we first convert (4.1) into the Cauchy problem for (M2CH) on
the line. For this, we extend the initial data (ug(z),v0(z)) defined on the half line
into odd functions defined on the line. That is (3.2) and

- oy a ) @), if z >0,

(4.2) fo(z) & { i, ez
By the assumption of the theorem and Lemma 2.11, one obtains

(to(x),50(x)) € H*(R) x H*(R)

with 3/2 < s < 5/2.
Similar to the proof of Theorem 3.1, by using the Green’s function, we can
convert (4.1) into the following system on the whole line:

Uy + Uy + Opp » (02 + 302 + 57° — 572) =0, t>0, z €R,
(4-3) '?/t + Uz ‘f:p * ((ax'%:)x + 'ax’?) =0, t>0, z €R,
(0, z) = to(z) (odd), zr €R,
¥(0,2) = Ao(z) (odd), z € R.



930 K. YAN AND Z. YIN

Applying the local well-posedness result for the Cauchy problem for (M2CH) on
the line obtained in [36], we conclude that there exists a maximal existence time
T = T (g, 7o) > 0 such that the system (4.3) has a unique solution

(a(t, 2),3(t, 2)) € B (R) x B (R),
and the solution depends continuously on the initial data, i.e., the mapping
(0, F0) > (2,7) : H(R) x H*(R) = Ez*(R) x Ep "*(R)
is continuous. Moreover, the maximal 7T is independent of s in the following
sense: if the solution (@, %) to system (4.3) belongs to E*(R) x E5*(R), and if
(10, 50) € H¥ (R) x H* (R) with 3/2 < s < s’ < 5/2, then
(@,7) € EL2(R) x EBLV(R)
with the same T'. In addition, note that (4.3) is invariant under the transformation
(ﬁ(tv £E), ’?(tv x)) - (7'&(157 71’), 7’?(@ 7£C)) :

Since tg(x) and o(x) are odd, it follows that @(t,x) and (¢, x) are odd for any
t € [0,T). In particular, we have @(t,0) = 4(¢,0) = 0 for all t € [0,T).
Set

(u(t,x),y(t,x)) = (a(t,x),5(t,z)), restricted to (¢, z) € [0,T) x R,.
Hence,
(ut,2),7(t,2)) € Ep*(Ry) x By *(Ry)

is a solution to (4.1).
On the other hand, if (v(t, ), p(t, z)) is also a solution to (4.1) with the same
initial data (ug(z),~vo(x)), set

_  plt,x), if >0,
plt,z) = { —p(t,—x), if x <0,
This together with 3.6 yield (0(t, x), p(t,z)) is also a solution of (4.3). By the

uniqueness for the system (4.3), we conclude that

(u(t, ),y (8, x)) = (v(t, z), p(t, 2
%)

))-

It is obvious that the continuity of (&g, 40) — (@,%) implies that of (ug,vo) —
(u,y) as well. O

In order to obtain higher regularity of of the solutions, we consider the following
initial boundary value problem:

my + umy + 2u,m + py, =0, t>0,zeRy,
pt+<up)3320a t>0,$€R+,
pr— ]R
(4.4) u(O,x)_ug(m), e Ry,
’7(0,.1‘) - ,70(‘13)’ T € R+,
u®®)(t,0) = w2 (t,0) = --- =u(t,0) =0, t>0,
AER(t,0) = 4BF2(1,0) = -+ = 4(1,0) =0, >0,

with m =u — ugy, p =7 — Vau-
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Similar to Theorem 3.3, we have the following result:

Theorem 4.2. Let k € Ny and 2k +1/2 < s <2k +5/2. Assume that (uo,v0) €
D{*(Ry) x DY*(Ry). Then there exists a mazimal T = T(ug,v0) > 0 such
that (4.4) has a unique solution (u(t,z),v(t,x)) in the space

C(10.7): DA (Ry) x Dy (Ry)) N CH(0,7); D) WA (Ry) x Dy (Ry)).

Moreover, the solution depends continuously on the initial data, i.e., the mapping
2 )
(u0,70) = (u,7) : D" (Ry) x Do (Ry) —

C(10.7); DA (Ry) x Dy (Ry)) N CH(0,7): D) WA (Ry) x Dy (Ry)).

is continuous. Furthermore, the maximal T is independent of s in the following
sense: if the solution (u,~y) to (4.4) belongs to

C([0,7): Dy (Ry) x D (Ry)) N CH([0,T); D7 (Ry) x D™ (R4)),

and if (uo,v0) € Di2(Ry) x DI 2(Ry) with 2k +1/2 < s < s' < 2k +5/2, then
(u,7y) belongs to

C([0,7); Dy *(Ry) x D} *(Ry)) N CH([0,7); Dy~ (Ry) x Dy > (Ry))
with the same T.

Remark 4.3. From Lemma 2.13 and Theorems 4.1 and 4.2, we see that the critical
points for the problem (4.4) are s = 2k + 1/2, with k € N,..

Now we are in a position to present a precise blow-up scenario for strong solu-
tions to (4.1).

Theorem 4.4. Let (ug,v) € (H*(Ry) N H(Ry)) x (H*(Ry) N HF(Ry)), with
3/2 < s < 5/2, and denote by T the mazximal existence time of the solution
(u(t,x),y(t,z)) of (4.1) with initial data (uo,~yo). Then T is finite if and only if
hrg%nf { a:lean+ ug(t, )} = —oo.

Proof. As before, we first extend the initial data (uo(z),vo(z)) defined on the half
line into the odd functions on the line (ug(x),%o(x)) defined in (3.2) and (4.2),
respectively. By Theorem 4.1, we obtain that (4.3) has a unique strong solution
(a(t,x),5(t,z)) with the initial data (ig(x),o(z)). Moreover, (u(t,z),y(t,z)) =
(au(t, x),¥(t, z)) restricted to [0,T) x Ry is the unique strong solution to the sys-
tem (4.1) with the initial data (ug(x),vo(z)).

From [36], we know that the solution (a(t, x),¥(t, x)) to (4.3) blows up in finite
time T < 4o0 if and only if

lntr%%nf { ;Ienﬂzuz(t,x)} = —00.

Since 4(t, -) is odd, it follows that (3.9) is true, which implies the desired result. O
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Next, as we did in Section 3, by using blow-up results for (1.2) established
previously in [36], one can easily obtain the following blow-up theorem.

Theorem 4.5. Let (ug,v) € (H*(Ry) N HY(Ry)) x (H*(Ry) N HE(Ry)), with
3/2 < s < 5/2, and denote by T the mazximal existence time of the solution
(u(t,x),y(t,z)) to (4.1) with the initial data (ug,v0). If there exists some xy € Ry

such that
up(z0) < V2([[woll3n @,y + IMollfn @),
or if
up(0) < (luolFn gy ) + [10lFn y )%

then T is finite.

Remark 4.6. Let k € N} and 2k + 1/2 < s < 2k + 5/2. Assume that (ug, ) €
Dy%(Ry) x Dy*(Ry). Then Theorems 4.4 and 4.5 also hold true for the corre-
sponding solution (u,~y) to (4.4).

We conclude this section with the existence of global weak solutions to (4.1).

Definition 4.7. By a solution to (4.1) on [t1, 2] we mean a pair of Hélder continu-
ous functions (u(t, x), (¢, z)) defined on [t, t2] x Ry with the following properties:
at each fixed time t,

(ult, ), 1(t,) € HY(Ry) x (HY(Ry) NW2(R,))

Moreover, the maps u(t, -) and ~y(t, ) are both Lipschitz continuous from [t1, t2] to
L?(R.), and satisfy (4.1) in the L?(Ry) sense. Furthermore, if the energy

B(t) 2 ||u(t, )3 @, + 1) @,

is a nonincreasing function of ¢, then (u,~) is called a dissipative solution to (4.1).
If E(t) is a conservation law, we call (u,7) a conservative solution to (4.1).

Theorem 4.8. Assume that (uo,v0) € H}(Ry) x (H§(Ry) N WE=(Ry)). Then
the system (4.1) has a solution, defined for any given time interval [0,T], in the
sense of Definition 4.7. That is, (4.1) has a global dissipative solution and a global
conservative solution.

Proof. Let tg(z) and 4o(x) be defined as in (3.2) and (4.2). By the assumption of
the theorem, in view of Lemma 2.5 and Remark 2.6, we obtain that

(i (z),%0(z)) € H'(R) x (H'(R) N W(R))

From [56] and [57], we get that (4.3) has a global dissipative solution and a global
conservative solution, defined on Ry x R.
Set

(u(t,x),y(t,2)) = (a(t,z),5(t,x)), restricted to(t,z) € Ry x Ry.
This together with the fact that

@t ) ey + 13wy = 2 ([ult @y + G @)
yields the desired result. O
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5. IBVP for two-component Degasperis—Procesi system

In this section, we use the method established in Sections 2-4 to deal with initial
boundary value problems for the two-component Degasperis—Procesi system on the
half line (0, 00).

Consider following the initial boundary value problems for (2DP) on the half
line:

Up — Upgg + 4UUy — SUgUpy — UUgzy + e =0, £ >0, 2 € Ry,

N + ung + 2u,m =0, t>0,zeRy,

(5.1) u(0, ) = uo(z), T € Ry,
7(0,x) = no(x), x € Ry,
u(t,0) =0, t>0.

We first present the following local well-posedness result for (5.1).

Theorem 5.1. Let 1 < p < oo and max(3/2,1+ 1/p,2 —1/p) < s < 2+ 1/p.
Assume that (ug,no) € VP (R4 ) x VS~LP(R,) satisfies the compatibility condition
up(0) = 0. Then there exists a mazimal T = T (ug,n0) > 0 such that (5.1) has a
unique solution (u(t,x),n(t,x)) € B3P (Ry) x Es7"P(Ry.). Moreover, the solution
depends continuously on the initial data, i.e., the mapping

(uo,m0) = (u,n) : VIP(Ry) x VETIP(Ry) — EgP(Ry) x E5 VP(Ry)

s continuous. Furthermore, the maximal T is independent of s in the following
sense: if (u,n) € B3?(Ry) x E5 V2 (Ry) is the solution to (5.1), and if (ug,m0) €
H (Ry) x HY YRy with 3/2 < s < s < 5/2 satisfies ug(0) = 0, then (u,n) €
E;/’z(R+) X E;Ll’z(R_F) with the same T.

Proof. As in the proof of Theorem 3.1, let @g(x) and 7jo(x) be defined as in (3.2)
and (3.3). Then

(@o(x), 7o (2)) € VIP(R) x V*VP(R)

with max(3/2,14+1/p,2—1/p) <s <2+ 1/p.
By using the Green’s function, we can also convert (5.1) into the following
system on the whole line:

Uy + Ully + Ozp * (3/202 + $7%) =0, t>0, z€R,

52) e + i)y + 20gn = 0, t>0, R,
' (0, z) = to(z) (odd), zr € R,
7(0,z) = 7fjp(x) (even), z €R.

Applying the local well-posedness result for the Cauchy problem for (2DP) on the
line established previously in [65], and following the lines of the proof of Theo-
rem 3.1, we can easily prove the theorem. O
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In order to obtain solutions with higher regularity, let us consider the following
initial boundary value problem:

Up — Upgg + 4UUy — SUgUpy — Ulgzy + e =0, £ >0, 2 € Ry,

M + ung + 2ugn =0, t>0,reR,,
(5 3) U(O,iﬂ) = ’U,o(:L'), z € Ry,
' U(Oax) = 7]0(1'), T € R+,
uk)(t,0) = w2 (t,0) = --- = u(t,0) = 0, t>0,
n@R=(t,0) = =3 (t,0) = - = 9/(t,0) =0, ¢ >0.

We have the following result, similar to Theorem 3.3:

Theorem 5.2. Let k € Ny, 1 < p < o0 and 2k +1/p < s < 2k + 2+ 1/p.
Assume that (ug,m0) € DyP(Ry) x Ry "P(Ry). Then there exists a mazimal
T = T(uo,nm0) > 0 such that (5.3) has a unique solution (u(t,z),n(t,x)) in the
space

C([0,T): DY (Ry) x Ry P(Ry)) N CH([0,T); Dy VP (R x BYP(Ry)).

Moreover, the solution depends continuously on the initial data, i.e., the mapping
(w0, m0) = (u,n) : DyP(Ry) x Ry P(Ry) —

C([0.7); DyP(R) x Ry WP (R4)) N CH(10.7); D P(Ry) x Ry (Ry))

s continuous. Furthermore, the maximal T is independent of s in the following
sense: if the solution (u,n) to (5.3) belongs to

C([0,T); Dy (Ry) x Ry (Ry)) N O ([0,7); Dy (Ry) x By *(Ry)),

and if (ug,no) € D} 2(Ry) x RS “V2(Ry) with 2k +1/2 < s < s < 2k+5/2, then
(u,m) belongs to

C([0,7); Dy *(Ry) x By~ (Ry)) N CH((0,T); Dy~ (Ry) x By > (Ry))
with the same T'.

Remark 5.3. From Lemmas 2.13 and 2.16, and Theorems 5.1 and 5.2, we see
that s = 2k + 1/p, with k € N, are the critical points for the problem (5.3).

Next, similar to Section 3 and by using the previous blow-up results of (1.3)
in [65], one can easily obtain the following results about (5.1).

Theorem 5.4. Let (ug,no) € (H*(Ry)NHE(Ry)) x HS7H(Ry) with 3/2 < s < 5/2,
and let (u(t,z),n(t,z)) be the corresponding unique solution of (5.1). Then the
solution (u,n) blows up in finite time T < +o0 if and only if

hrg%nf { a:lean+ ug(t, )} = —oo.
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Theorem 5.5. Let (ug,n0) € (H*(R)NHY(Ry))x HS YRy, with3/2 < s < 5/2.
Assume that ¢ > 0, up(0) < 0 and 1n9(0) = 0. Then the corresponding solu-
tion (u,n) of (5.1) blows up in finite time T, with 0 < T < —1/uy(0).

Remark 5.6. Let k € Ny and 2k 4+ 1/2 < s < 2k + 5/2. Assume that (ug,n0) €
Dy%(Ry) x Ry™V?(Ry). Then Theorems 5.4 and 5.5 also hold true for the corre-
sponding solution (u,n) to (5.3).
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