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Infinitely many nonradial solutions for the
Hénon equation with critical growth

Juncheng Wei and Shusen Yan

Abstract. We consider the following Hénon equation with critical growth:

N2
(%) —Au=ly|*uN-2, u>0 ye B(0),
u =0, on 9B1(0),

where a > 0 is a positive constant, B;(0) is the unit ball in RY, and
N > 4. Ni [9] proved the existence of a radial solution and Serra [12]
proved the existence of a nonradial solution for « large and N > 4. In
this paper, we show the existence of a nonradial solution for any a > 0
and N > 4. Furthermore, we prove that equation (*) has infinitely many
nonradial solutions, whose energy can be made arbitrarily large.

1. Introduction

Of concern is the following Hénon equation with critical growth:

Au = |y|*u™"2 0 By (0
(11) { U—|y| u ,u>0, ye 1( )7

u=0, on 9B4(0),

where o > 0 is a positive constant, B;(0) is the unit ball in RY, and N > 3.

Equation (1.1) arises in the study of astrophysics, see [7]. If the exponent
(N+2)/(N-2) is replaced by p, where p < (N+42)/(N—2), a solution can be ob-
tained easily by variational methods. When p = (N+2)/(N—2), the loss of com-
pactness from H}(B1(0)) to L%(Bl (0)) makes the problem (1.1) very difficult
to study. Ni [9] first proved the existence of a radial solution for any o > 0. On
the other hand, it is easy to check that the mountain pass value ¢ corresponding
to (1.1) is

1
_ —SN/2
C N s

Mathematics Subject Classification (2010): Primary 35J65; Secondary 35B38, 47.J30.
Keywords: Henon’s equation, infinitely many solutions, critical Sobolev exponent, reduction
method.



998 J. WEI AND S. YAN

where S is best Sobolev constant of the embedding from DV2(RN) to L¥2 (RV),
from which we can deduce that ¢ is not a critical value of the functional corre-
sponding to (1.1). When N = 2, Smets—Su-Willem [13] showed that the mountain
pass solution is nonradial when « is large. When N > 3, for the Hénon equations
with nearly critical growth (replacing (N+2)/(N—2) in (1.1) by (N42)/(N—2)—¢
with £ > 0 small), Cao—Peng [3] proved that the mountain pass solution is non-
radial and blows up as ¢ — 0. Thus, it is natural to ask whether (1.1) has a
nonradial solution. Using a variational method, Serra [12] proved that (1.1) has
a nonradial solution when N > 4 and « is large. As far as we know, up to now,
there is no result showing the existence of nonradial solution of (1.1), nor is there
a multiplicity result, with arbitrary a > 0, for (1.1).

The aim of this paper is to prove that (1.1) has infinitely many nonradial
solutions if N > 4. In fact, we will study a more general problem:

N2
(1.2) {—A“—K(Iyl)w 2, u>0, ye B(0),

u=0, on 9B4(0),

where K (r) is a bounded function defined in [0, 1]. Tt is easy to see that a necessary
condition for the existence of a solution of (1.2) is that K (r) is positive somewhere.
On the other hand, Pohozaev identity implies (1.2) has no solution if K'(r) <0
in [0, 1]. Concerning the existence of solutions for (1.2), using the same method as
in [15], we can prove the following existence result:

Theorem A. Suppose that there is a ro € (0,1), such that K(rg) > 0, and
(1.3) K(r) = K(ro) — Kolr — ro|™ 4+ O(|r — ro|™*?), asr — o,

where m € [2,N —2), Ko > 0, and 0 > 0 are some constants. Then, for N > 5,
the problem (1.2) has infinitely many nonradial solutions.

Note that for the Hénon equation, K (r) = r®, which has no critical point in
(0,1). So, Theorem A does not apply to the Henon equation (1.1).

Condition (1.3) implies that ro is a local maximum point of K (r), and thus a
critical point of K (r). The function r® attains its maximum on [0,1] at 7o = 1,
but ro = 1 is not a critical point of r¢.

The aim of this paper is to show that if K(r) is increasing near ro = 1 (so it
is a maximum point of K(r) on [1 — §,1] for some small § > 0), the zero Dirich-
let boundary condition makes it possible to construct infinitely many solutions
of (1.2), although 7o = 1 is not a critical point of K (r). Our main result in this
paper can be stated as follows:

Theorem 1.1. Suppose that N > 4. If K(r) satisfies K(1) > 0 and K'(1) > 0,
then problem (1.2) )has infinitely many nonradial solutions. In particular, the
Hénon equation (1.1) has infinitely many nonradial solutions.

Recall that a necessary condition for the existence of at least one solution
of (1.2) is that K'(r) is positive somewhere on [0,1]. If K(r) > 0 and N > 5,
Theorems A and 1.1 show that under a condition which is slightly stronger than
this necessary condition, (1.2) has infinitely many solutions.
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We think that the condition that N > 4 is just technical. The reason is that
the reduced energy does have a critical point when N = 3. The problem lies in the
reduction part which should be only technical. (Some partial (negative) results are
obtained by O. Druet and Laurain [6].).

The reader can refer to [1], [2], [4], [8], [10], [11], and [14] for results on Hénon
equations involving subcritical and near critical exponents.

Before we close this introduction, let us outline the main idea in the proof of
Theorem 1.1.

Let us fix a positive integer k > kg, where kg is large, which is to be determined
later.

Set

—1

p=kv=, N>4

to be the scaling parameter.
Let 2* = 2N /(N — 2). Using the transformation u(y) ~ u~N=2/2u(y/u), we
find that (1.2) becomes

o

(1.4) fAu:K(U) u?¥ "L u>0, ye B,0),
' u=0, on 0B,(0).

It is well known that the functions

A )(1\7—2)/2

(N—2)/4
Usa(y) = (N(N - 2)) (m

, pn>0, zeRN

are the only solutions to the following problem
—Au:u%, u>0 in RV,

As the scaling parameter A — +o00, U, A is called a single-bubble centered at
the point z. Since there is no small parameter in (1.1) (here p is fixed), we use
the scaling parameter A as the blow-up parameter. Our main idea is to place a
large number of bubbles inside 2. Then the scaling parameter will be determined
by the number of bubbles. We put many bubbles along a k—polygon inside the
domain B1(0) but near the boundary. See Figure 1. (The idea of using the number
of bubbles as parameter was first introduced in [15].)

Let us remark that the variational method of Serra [12] also uses the dihedral
symmetry of k—polygons. By using the Dy x O(NN —2) symmetry, the problem (1.1)
can be reduced to the one in a sector. He then showed that under dihedral sym-
metry, the loss of compactness can be recovered if the critical value is below some
constant, which holds true when N > 4. To show that the solution is nonradial, he
needed to compare with the energy level of a radial solution. There the condition
that « is large is needed. Our method of construction is direct and gives more
information.

We continue our construction. Since U, is not zero on 9B,(0), we define
PU,. a as the solution of the following problem:

(1.5) APU, p = AU,., inB,(0), APU, =0 ondB,(0).
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F1GuRE 1. The location of the bubbles.

Let y = (v,y"), ¥ € R%, 3 € RNV~2. Define

H, = {u Tu € H&(B#(O)),u iseven in yp,h =2,..., N,
u(rcosf,rsind,y") = u(rcos(d + %),rsin(e + %))y//)}-
Let , ,
T = (rcos 2(1;1)w7rsin wvo), j=1,...,k,

where 0 is the zero vector in RV=2, and let

k
Wra(y) =D PUs, a-
j=1

In this paper, we always assume that

re [,u (1 — %0),/1 (1 — %)}, for some constants 11 > rg > 0,
and
Lo <A< Ly, forsomeconstants L > Lo > 0.

Theorem 1.1 is a direct consequence of the following result:

Theorem 1.2. Suppose that N > 4. If K(1) > 0 and K'(1) > 0, then there is
an integer ko > 0, such that for any integer k > ko, (1.4) has a solution uy of the
form

up = Wy a,(Y) + wi,

where w, € Hg, and as k — 400, ||wkllpe — 0, Lo < Ax < Ly, and 1, €
(1 (1 = ro/k), 1 (1 — 1 /B)-

Unlike Theorem A, where the result was proved by constructing solutions with
many bubbles near the local maximum point rg € (0, 1), the solutions constructing
in Theorem 1.1 have many bubbles near the boundary of the unit ball B;(0). In
Theorem 1.1, ro = 1 is not a critical point of K (r) anymore. It is the zero boundary
condition that plays a very important role in the construction of solutions with
many bubbles near |y| = 1.
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2. Finite-dimensional reduction

In this section, we perform a finite-dimensional reduction. Let

k

(21) fulo = s (3 L) el

veB.(0) Vi (L4 ly—a;) 7= 77
and
k 1 1
(2.2) 1l = sup ) 1w,
yEB,.(0) Z(1+|y—363|) R

where 7 = (N — 2)/(N — 1) if N > 4. For this choice of 7, we find that
k

Z _Ck Zi<%<c’
ij—wllf S A

Let
ey = OPU,.. 2= OPU,, A
’ or ' oA
Consider
2 k
—Ag — (2 -D)E (LYW P =h+) ¢ Z Zij, in B,(0),
(2.3) =t =t

¢k: EHS,
<UZ Zig,dr>=0, i=1,... .k =12

for some numbers ¢;, where < u,v >= fB (0) WY
N

Lemma 2.1. Assume that ¢j, solves (2.3) for h = hi. If ||l goes to zero as k
goes to infinity, so does ||k«

Proof. The proof of this lemma is similar to the proof of Lemma 2.1 in [15]. There-
fore, we only sketch it.

We argue by contradiction. Suppose that there are k — +oo, h = hy, Ay €
[L1, Ls], i € [u(1 —ro/k), u(1 —r1/k)], and ¢y, solving (2.3) for h = hi, A = Ay,
and r = ri, with ||hg]l. — 0, and ||¢g||« > ¢ > 0. We may assume that ||¢g|. = 1.
For simplicity, we drop the subscript k.

We rewrite (2.3) as

1 .
+/B <0>W Jrzcjzz’j Vs () d2.
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Using Lemma B.3, we have

* 1 2*72
k
2% -2 1
(2.5) <C H(b” / yIN 2 Wr,A 4 N-2 dz
]_

= (142 —a24]) 2
< gl Z

It follows from Lemma B.2 that

(1+1y —xl)

k

1 1
eo) | [ sG] <ol -
B0 |2 —yIN 72 ;(1+Iy*wj|)'v22”

and

(2.7) ’/ Zia(2) U2 3%( dz‘<C’
P e |NQZ Z

Next, we estimate ¢, [ = 1,2. Multiplying (2.3) by Z1,; and integrating, we see
that c¢; satisfies

1 + |y - xz') ST

2 k
8) Y Y U2 Ziss Zuiyer = (= A¢—(2"—1)K (LYW 720, Z01)— (b, Z14).

t=1 i=1

It follows from Lemma B.1 that

k
[(h, Z1)| §C||h||**/ (1+|z Z

On the other hand, using Lemma B.3, we can prove

dz < Cl|h||sx-
le_%')w I

(=8¢ — (2" = DE(F)W %6, Z11)
=@ - )1 -KEYW2220,6) = o(6].).

However, there is a constant ¢ > 0,

(2.9)

k
N (U222, Zha) = (@ +o(1)) du.

~.
=

Thus we obtain from (2.8) that

(2.10) ¢ = o([|0]l+) + O([I Al )
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So,

N-—-2
Sy (L4 |y — )~ 279)
N-2 N
Zj:l (I+ly—a;)= =7
Since ||¢||« = 1, we obtain from (2.11) that there is R > 0, such that
(2.12) |‘¢(y)||BR(3:7‘,) 2 a>0,

for some i. However, ¢(y) = ¢(y — ;) converges uniformly in any compact set to
a solution u of

(2.11) 6l < (o<1> T il +

(2.13) —Au— (2" =1 U5 Pu=0, inRY,

for some A € [Ly, Lo], and u is perpendicular to the kernel of (2.13). Hence, u = 0.
This is a contradiction to (2.12). O

From Lemma 2.1, using the same argument as in the proof of Proposition 4.1
in [5], we can prove the following result :

Proposition 2.2. There exists kg > 0 and a constant C > 0, independent of k,
such that for all k > ko and all h € L=(RY), problem (2.3) has a unique solution
¢ = Li(h). Moreover,

(2.14) 1L < Cllhller,  ea] < C]loe

Now, we consider

2 k
_A( rA‘f'(b) (,L)( rA—i—(b +thz Ziy, in B,(0),
2.15 t=1 i=1
( ) (bk e HS)
<U§;/—\2Z’i,l,¢k >=0, izl,...,k, l:l,Q
We have

Proposition 2.3. There is an integer kg > 0, such that for each k > ko, Ly <
A<Li,rec [u(l —ro/k), (1 — Tl/k)], (2.15) has a unique solution ¢ = ¢(r, A),

satisfying e st
ol <c(2) " tal<e(5)

if N >4, where o > 0 is a small constant, and p = ENE

Rewrite (2.15) as
2 k
—A¢—(2*—1)K(7‘) W2 20 =N(6) + I+ ¢ ¥ U2 3*Ziy, in By(0),

2.16 =1 =l
( ) (b e HS)

< UZ,XQZi,l,sb >=0, i=1,...,k =12,
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where
N(¢) = K() (Woa +0)> 71 =W27 = (2" = )W 29),
and
Iy = K 2* 1 Z U2* 1
In order to use the contraction mapping theorem to prove that (2.16) is uniquely
solvable in the set where ||¢||. is small, we need to estimate N(¢) and .
Lemma 2.4. If N > 4, then
IN@lx < Cllgfl* 2.
Proof. We have
o 1, N > 6;
IN(¢)| < % o
CWI 2>+ 9> 71), N=4,5.

First, we consider N > 6. Using

k
Zajbj< > ) Up(zbg)l/qv L l=1ag 20,
j=1 j=1 i=1 b

we obtain

V@) < ol (3

Ma-

N—_2
1ty - xyl)T”

TS
Il

4

r 2
> o)

Jj=1

<Clell2 >

Jj=1

k
(217) < cu¢||§*—1z

1+|y*%| = (

e

Thus, the result follows.
Suppose that N =4 or 5. Noting that N —2 > (N —2)/2 + 7, we find

£ P 1 2
V@)= Clol (X7 =) (2 )
i=1 1+|y Sltly—a)
k
+CH¢||3*71 Z N+2
= 1+|y—xj|>T+T
k 1 21
< Clll2( =) +Clel
;Hw—mw“ Z 1+|y—m;|>
u 1
= C H(b”i Z N+2+T'

j=1 I+ ]y —m;0) =
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So, we have proved that, for N > 4,
[N (®)][+« < C Hq;”;nin@,z _1). )

Next, we estimate [j.

Lemma 2.5. Assume that v € [p(1 —ro/k), u(1 —r1/k)]. If N >4, then

ful. < 0(5)",

Proof. Define

- . — (o)
Q; @-y (v',9") € BL(0 <WI|A> }
We have
k
=K (W) (W2 =3 (PUL,)" )
=1
k ’ . k
K (3 (PUL)TT = UB R + Zvi;l( Ity 1)
j=1 j=1
=:Jo+ Ji + Jo.

Using the assumed symmetry, we can suppose that y € €. Then,
ly —zj| = ly—a1|, Vyeh.

First, we claim

1 C
< )
Lty — a5 = oy — 2

(2.18) Vye, j#L
In fact, if |y — zq1| < %|:c1 — x|, then |y — z;| > %|mlf:cj|. If ly — x| > %|:c1 —xjl,
then |y — z;| > |y — 21| > $|z1 — 2], since y € Q.

For the estimate of Jy, we have

k
Jo| <C
51 < = 72 (EaTErAE
k .
1 2% 1
2.19 +O( ) .
(219 2 Tr - a)
Using (2.18), and taking 1 < a < N — 2, we obtain that, for any y € 4,
1 1
Aty — )t A+ Jy — ;N2

1 1

2.20 < s
(2:20) STy e oy — el

j>1.



1006 J. WEI AND S. YAN

Take o > max((N —1)/2, 1) satisfying N +2 —« > (N + 2)/2+ 7. Then

k
> 1 < < (&)
(1+|y—m1 4;:2 1+|y—xj =2 = (14 |y — | )NFT2- \p
C 1

1/2+0
— —a/(N-1)
(L4 |y =z [J)NF27e (1+ |y — aq]) 247\

(2.21)

Using the Holder inequality, we obtain

k 2% —1
<jz 1+|y—x N 2)

- u 1 4/(N-2)
Z 1+|y_m]|) 2 247 (Z N+2(N—2 N_Q)) .

j=2 = (It y =) 7

Noting that 22 (822 — T%—_T_g) > 11if N > 4, we obtain

k 2" 1
(JZ: 1+|yfm|N 2)

k

4/(N-2)
—_ N+2(N 2 >

2
j=2 |.Z‘1 _mJ|

N
i=1 1+|y*lg|) 3t

7_

k N+2(N2 N—2 42 k
2.22 <C|-
e =e()) R
1\ M2 (- 57) &
:C(;)le Z

]=1 (1+ |y—$]|)

—e(by 5

Ntz
i=1 1+|y*%|) T T

since ﬁ(% - NT+2) % Thus, we have proved that if N > 4,
1\ 1/2+0
Il < ()
1

Now, we estimate J;. Let H(y,z) be the regular part of the Green function

for —A in B;(0) with the zero boundary condition. Let Z} be the reflection point
of Z; with respect to 0B1(0). Then

H(g,z;) C c
J/ < .
N NG S (L = )V
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Take ¢t =1 — 60 with 6 > 0 small. Then using (A.1), we find

k _
C H(y,z;)

Ji| <
. ;<1+|y—xj|>4 p2

k
C H(y,z;)
<
_jz:l(l+|yxj|)4+t(N2)( uN—2 >

1 1
| o)™
229 = Z<1+|y—acj|>4+t<N—2>
1y &
<c(3)
1/240 F
S ( ) Z Nf24 77
=1 1+|y—$|) 2

since tN=2 > 1/2 for N >4, 4+ ¢(N —2) > (N +2)/2+ 7, and d > ro/k.
Fmally, we estimate Jo. For y € 4, and j > 1, using (2.18), we have
._ 1 1
U2 1(y) <C N2 Niz_

ot (L+ly =)= |1 —

which implies

1 k 1

|Z/| 2*—1’
= —1 U <C
’Z( )”“A (L+ly— @)+ o oy — 2y 2

N+2 1/240
(224) <C ! (§> e L (l> .
(14 ly —aa)) 47 \n (L+ly—a) 277

For y € Qy and ||y| — | > du, where 6 > 0 is a fixed constant, then

N+2

—r

1
[yl = lzal| = [lyl = ] = [lor] = p| = Som.

As a result,

1 1
2.25 U2*1KU—1‘< .
( ) z1,A ( (u) ) (1+ |y*£L'1|) 2 2., MN;Q_T

If y € Qp and |Jy| — p| < dp, then

K ()~ 1] <8 - 1] < Z (o~ bl + lloa| = )

c C C C C
[yl — |=’E1||+E = ;||y| *|$1||+M11§—%§ < Z||y|* |IE1||+W,

and
[yl = |21]] < [lyl = p| + |1 — |21]] < 204
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However,

[yl — | 1 __C Ayl = |z
poo (Lt ly—a DN pt/2e (Lt |y — o )VH2
C 1 c 1

< < .
pl/2+eo (1+y— m1|)N+2—1/2+a pt/2+e 1+ |y — 1)) B

Thus, we obtain

(2.26)

[yl — p| < dp.

" C 1
U2 LK (e — 1 ’ < ,
z1,A ( (u) ) ul/2+o‘ (1+|y—m1|)N2+2+T
Combining (2.24), (2.25) and (2.26), we obtain

1>1/2+a

12w < C(;

Now, we are ready to prove Proposition 2.3.

Proof of Proposition 2.3. Let us recall that

N-—-1
M:k‘N—Q, N24
Let
1/2
E:{u:uGC(BH(O))OHS, lull < () "7

/ Ui,*XQZim:O,i:l,...,k,l:1,2}.
B.(0) "
Then, (2.16) is equivalent to

¢ = A(¢) =: Lr(N(9)) + L (lk),

where Ly is defined in Proposition 2.2. We will prove that A is a contraction map
from E to E.
We have

[A(@)Ilx < CIIN(@)[[«x + Cllli]l«x

min(2* — C 1
< Ol 2™ ) 1 Ol | <

(2.27)
- <
= kl/24+0 — [1/2

Thus, A maps E to F.
On the other hand,

[A(¢1) — A(2)ll+ = ILk(N(¢1)) — Li(N(¢2))[l+ < CIN(d1) — N(¢2)|l+x-

If N > 6, then
IN'(8) < Clt]* 2.
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As a result,

|M@%Nwmgcwﬁ“%MW“m@—|
< C (o2l =2 + 12l 2)llér = 2]l (Z

J=1

)2 -1
1+|y—wyl)¥” '

As before, we have

k

* k
1 271 1
(Z |)¥+7—) SCZ ) %_A’_T'

j=1 (1+ |y—l'j

So,
14(61) = A@2)l+ < CIN(@1) = N(2)]|
< C(I61) 2 + 19202261 = 2l < 51161 — ball.

Thus, A is a contraction map.

For N =4 or 5, o
IN'(6)] < CW2? [t + C It 2.
So,
IN(¢1) — N(¢2)|
< C(l¢n* 72 + 162> ) |pr — 2| + C(I61] + |62]) W, 2|¢1—¢2|
2% 2 2*—2 -l
C (len 2 + el =2 o1 - u(; 1+|y_m = )
(2.28) .
6—N 2
C * * - *WN_2 N—2
(Il + 162ll.) g1 — d2ll.W, % @1 1+|y%|)2+7)
1
C (I¢all« + llpall«) o1 — ¢2ll« Z 5

A+ly—a )=+

Thus, A is a contraction map.

It follows from the contraction mapping theorem that there is a unique ¢ € F,
such that
¢ = A(9).
Moreover, it follows from Proposition 2.2 that
min(2*—1,2
1611 < Cllikllas + C [N (@) e < Clliglln + C [[S]F :
which gives, if N > 4,
1/240
loll. <o (=),
1

Finally, the estimate of ¢; comes from (2.14). See also (2.10). O
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3. Proof of Theorem 1.2

Let
F(d’ A) = I(WT,A + d))v

where r = |z1], d =1 — r/p, ¢ is the function obtained in Proposition 2.3, and

I(U):E/ |Du|2fi/ K<M> Juf?”
2 JB,(0) 2" JBu) MM

Proposition 3.1. If N > 4, then

F(d,A) = I(W,.A) + 0( 11+a>

(s BERE) s ma- Y B o)),

where A, By and Bs are positive constants, and o > 0 is a small constant.

Proof. Since

(I'(Wya +¢).0) =0, Yoeb,

there is ¢ € (0, 1) such that
F(d,A) = I(W,.A) — %DQI (Wrn +t0) (¢, 0)
=107 5 [ (pof - i () (W )
21 /Bm K(%) ((Won +0)" 77 = W272) 2
_ %/&(0) (N () + 1)

= I(W,.0) +O(/B N (

n

2% -2

¢*)

=I(W,a)+

2 1 IN@)II6]+ 1xl19]))-
However,

/ (IN@6] + ixll6]) < C (IN(@)lox + llallen) 18]

B,(0
E

X/ 1 Xk: 1
N2 N-z2, -
Bu(0) j=1 (Itly—z;) = im A+ ly—a)) = F
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Using Lemma B.1, for N > 4,

N_2
j=1 1+|y*%| i=1 1+|y711|) =T

1

1011

Mw

(1+ |y N+27 ZZ

1

J

E

M=

1 1
(1+|y—m|)N+27 Z 1+|y—m|N+TZ|xJ—JU1|T

Jj=1

1

k
Z 1+|y71 [N+

Jj=1

J

IN
Q

Thus, we obtain

[ UN@o+ulio)) < Ok (IN@ )il o). < Ch ()7
5 1%

(0

On the other hand,

. . 1 2
[ e [ )
B,.(0) B,.(0) 1+|y—le) 2

"

R‘

However, using (2.18), if y € Qq, and N > 4,

>

1+|y—fc1|) S

Jj=2
b 1
Z T_C N=-2"
(1+|y*wl T —$1| L+]y—z]) =
Thus,
k g c
2 § 9 ngl,
(jzl 1+|yzj|)¥+7> (L+ [y — 2 |)V
which gives
k o
/ (Z ) < Cklnk.
= 1+|y*%|)

So, we have proved

. . 1\2°(1/2+0)
[ ek <cormilol < Crink () . N4
B H

”w

j=1 i#j 1+|y_$1|) a (1+|y_$z|) T+

N > 4.
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Proposition 3.2. We have

6F(d,A):kBl(N_2)(_ H(z1,71) <~ G(z,71) o( 1 ))

A AN=TN=2 T Ly AN—T N =2 plto
and
OH(T1,T1 k 0G(Z;,T1
8F(d7A) :k(Bl (ng:) +B2K’(1)7 Bl (gdx) O(i))
9d AN=2,N=2 L AN-IN=2 o))

if N > 4, where By and By are the same constants as in Proposition 3.1, and
o >0 is a small constant.

Proof. We estimate OF (d,A)/OA first. We have

aF(d’ A) B , aWr,A 8¢
T = <I (WT,A + (b)a 8A + 8_A>
oW, A 2 & 22 9¢
frng <I/(W7’,A + ¢)7 —,> + Cl<U93iyA Zi’h _>'
oA ;; oA

However,

. 96
<U$2i,/\22i,l, a_A> = 7<

Thus, using Proposition 2.3,

k

a2 5y

=1
<Clalldl. | | Z MZ < <
1+|y—x| + 1+|yij|) pite

On the other hand,

aWrA 8WTA
D(W,p +¢)D="2 = [ DW, D
RN( AP . AT
and
e OW, A
KM Wr +¢2 1 T,
[ KO+ 2 S0

_ M 2% 1 r, A E m 2% _2 r,A 2
7/RNK(H)WT,A OA +(2 1)/RNK<H)WTA ¢+O(/}RN|¢| >




INFINITELY MANY SOLUTIONS FOR THE HENON EQUATION 1013

Moreover, from ¢ € E,

lyl 2*728Wr,A
/RNK( ;L)WT,A BTN QS

-, OW, e e S OUs A
_ lyl 2% -2 rA 2% -2 3>
- /RN K (W3t - XU 51) ¢

k | | 2% _9 aij7A
e3> [ () -zt

Ly W, oy U
_ lyl 2% -2 rA 2% -2 s
=k | K ) (W St §_1jij$A =)

ouU,
lyl 2% —2 z1,A
+k/RN(K<u) )leA BTN ¢7

( /Q (W) (w2 aVaV—AA = fjlvg;; ag_AA> ¢‘

j=

<C /Q (Uﬁjff(Um,A — PU,, p) + UL Y Z Uz, n + Z U 7‘1) o] < ia

and
. 8U «_o OU.
KU—l U2*2 z1 / il—l U2 -2 z1,A
[ ez Tt < | [ e R Tt
«_q OU,
_| _ 1\ U2 z1,A
YIRS S

— Ml—i—o’

Thus, we have proved

OF(d,A)  OI(W,) 1
on = o o)
and the result follows from Proposition A.2.
Finally, noting that 0/0d = —p0/0r, we can estimate OF (d, A)/0d in a similar
way. O

Now, we estimate H(Z1,Z1) and G(Z;,%1), i > 2. Let 7 = (1/(1 — d),0,...,0)
be the reflection of Z; with respect to the unit sphere. Then

%IN*Q (1+0(d)).

H(yai‘l) = |y
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So, we obtain
H(Z1,Z1)
On the other hand,

(14+0(d)).

T 9N—2N—2

|Zi — 27| = /| — 71| + 4d% — 4d|Z; — T1| cos s,
where 0; is the angle between Z; — 71 and (1,0,...,0). Thus, §; = /24 (i — 1)7/2.

1 1
G(z;,T1) = — 1+0(d
(%4, 71) |z — 31| N2 |ji_3—c»{|N—2< +0(d))
B 1 (1 1+ 0(d) )
|a‘ci _ f1|N72 (1 + 4d2+4d\9’ci‘:_jil;jr‘12((i—l)7r/2))(N—Q)/Q .
Since -
|Z; — x1| = 2 |x1] sin (sz )W, 1=2,...,k,
using dk — ¢ > 0 and
sin((j — V)7 /k) .
O<d <—>——> L2 j=2...,k/2],
(J—Dn/k
we obtain
ao _ 4d?+4d|7; — 71| sin((i — 1)7/2) P!
J* |2 — 21| T
for some constant a; > ag > 0, which implies

ag
N
J

d 1 a; d

+0(53=3) < pr=s 0@ 1) < 55+ 0(75)

for some constant a} > af, > 0. Hence, there is a constant By > 0, such that

k
B 1
ZG(i‘jai‘l) = kN—2(|j1|]372 +O(kN71) —|—O(d)) — B4kN—2 +O(kN_2d)

j=2

Thus, we obtain that there are positive constants A1, Ao and As, such that

Ay AgkN72 1
(81)  F(dA) =k(a+ Ayt A - gy O(MHJ)),
OF(d,A) A1 (N —2) Az(N —2)kN-2 1
(32) S =k(- +0(55)):
OA AN-1N-24N-2 AN-1N-2 plto
OF(d,A) Ay (N —2) 1
63) 55— = k(- grmmzgr + 42+ 0(55))

Note that d = 1 — r/u, and p = kN2 Define D = d/k. Then, from (3.2)
and (3.3), OF(d,A)/OA =0 and OF(d,A)/9d = 0 are equivalent to

A(N—-2)  A3(N-2) 1y
(34) T AN-1pN-2 AN-1 + O(,u_f’) =0,
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and
A1 (N —2) 1
respectively.

Proof of Theorem 1.2. Let

Ai(N —2)  A3(N —2)
T AN-1pDN-2 AN-1
Then, f; =0 and fo = 0 have a unique solution

Dy = (é)l/(N_m, Ay — (%ﬁ)lw_”,

A1 (N —2)

H(D,A) = AN pN-T

+ As.

and fo(D,A) =

As
On the other hand, it is easy to see that

9f1(Do, Ao) —0 df2(Do, Ao) 0f1(Do, Ao) _ 9f2(Do, o)

A , 3D >0, and 3D A > 0.
Thus the linear operator of f; = 0 and fo = 0 at (Do, Ag) is invertible. As a
result, (3.4) and (3.5) have a solution near (Dg, Ag). O

A. Energy expansion

In both appendices, we always assume that

2(]];1)7r,7"sin20;1)7r,0>, j=1,...k,

where 0 is the zero vector in R¥=2 and r € [u(1 — ro/k), p(1 — r1/k)]. Let

€Ty = (7" CcOos

_ 1
Lﬂj = ;Ij.
Let G(y, z) be the Green function of —A in By(0) with the Dirichlet boundary
condition. Let H(y, z) be the regular part of the Green function.
Recall that

N-—1
p=kN=2,
tw =gz [ at g [ K
2 JB,(0) 2* /B, (0)

AN=2)/2

- (N—2)/4
ij,A(y) - (N(N - 2)) (1 + A2|y _ mj|2)(N_2)/2’

and

k
Wea(y) = PUs; a(y),
j=1
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where PU, A is the solution of (1.5). It is well known that

_ H(y,7) 1
(A1) Us; A(Yy) — PUs;a(y) = Nt O(dNuN>’

where d=1—|z| =1— |z|/u.
In this section, we will calculate I(W, ).

Proposition A.1. We have

B1H(Z1,%1) G(%;, T 1
I(Wﬂ/\):k(AJFAljvf;zvflerB?K )d — Z AN—2 N12 O(u1+a))7

where A, By and Bs are positive constants.

Proof. By using the assumed symmetry, we have

DW, U¥ L pPu,,
/Bu<0>| AP ZZ/ ok a

j=11i=1
k
:k(/ Uovl—/ U2 3 (Usy p — PUs, ) +Z/ UL SPU, )
B,.(0) B,.(0) — J5.(0)
- BiH(%y, 7)) Bk Gz, 71) 1
= 2" _ 21 1,41 i=2 y
=k (/]RNU AN—QMN_Q + AN_Q[,LN_Q +O(ﬂN/(N—1)))’
where
Blz/ Ur-t,
RN
Let /
1o Y Zj ™
o - YT T
Q; {y Yy (y,y)EBH(O),<|y/|, mj|>_cosk}
Then,

[ R(E)waE =k / K(&)w,
Bu(o) Q1

—k K (Y (pPu,,. / PU,, 4)? ~'PU,, A

([ KR =2 [ S (e e

1 =2
k
+O(/Ql |K(%)1|Z;U§:,A1Uxi,A+/ Uz Zle, )z /2))

Note that for y € Q4, |y — x;| > |y — z1]. Using (2.18), we find that for any
te(1,N—-2),

k
U,, <
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If we take the constant t close to N — 2, then
k 2% /2 Tyt 1
2"/2 _ N=z\
[ oA () =o((5) ) =o( )
oh 2 2 2
On the other hand, it is easy to show that
_ By G(z4,71) kN
2% —1 2 iy L1
/ ZPUMA PUs, n = S +0(%5)
D=2 K
By G(zi,71) 1
AN—2  N—2 +O(M1+0>
and
1
2" 1
/ s _1| ZU Uai.n O( 1+a>
Ql =
Moreover,
9
/Ql K(Y)(PU,, )
_ 2 lyl 2 o1 H(y,z1)
/ (PUs, ) +/ (K (1 1)Um+o(/ K (W) - 1oz 3 =25
oh) (oH) oh) M
. B1H(Z1,%1) . 1
. 2 « D1 1,71 lyl 2
_/RN vs -2 AN-2,N-2 "'/Q1 (K(T) -1) le,A"'O(IuHa)'
However,

[ o) e = <an - [ 07 ol L)
:7K’(1)d/ U? 4+ 0(d?) = *K’(l)d/ u* +0( : )
RN RN

Ml—i—o’

Thus, we have proved

. . . B1H (%1, T
/ K ()W, :k(/ U2 —K’(l)d/ pz _ o Bl (@1,71)
RN RN RN

AN72MN72

+ 27

[
BlG(fi,fl) 1
— 2 TO0(5))-
— AN 2/”’N 2 l’[’1+ >

We also need to calculate

OI(W;. p)

I(W;
A) g AWrea)

oA or
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Proposition A.2. We have

OI(WT,A):k(N_Q)Bl( H(z1,71) <~ G(#1,7:) o 1 )

" AN—-1,N—2 N—1,N—2 1+o
oA ANy P AN—Ty urt
and
8](W ) B OH (T1,T1) 1 k dG(J:l,J: ) 1
S — k(BliAN S B ;71 2 AN e O(MHJ)),

where By is the same positive constant as in Proposition A.1.

Proof. We use 0 to denote either 9/9A or 9/dr. Using the symmetry, we have
k
AI(Wy.p) = ( Z/ U2 32 0(Usy ) PUs, o
i=2

- [ K@ wE W),

Then the proof of this proposition is similar to the proof of Proposition A.1, so we
omit it. |

B. Basic estimates
In this section, we list some lemmas, whose proofs can be found in [15].

For each fixed i and j, i # j, consider the function

1 1
(I + 1y =z 1+ ]y —xi])?’

(B.1) 9ii(y) =

where a@ > 1 and 8 > 1 are constants.

Lemma B.1. For any constant 0 < o < min(«, 8), there is a constant C' > 0 such

that
C 1 1
9i;(y) < ( + )
W < o Ty e e T U g g

Lemma B.2. For any constant 0 < 0 < N — 2, there is a constant C' > 0 such
that

/ 1 1 < C
z .
av ly— 2V (L4 [z 7 7 (L))

Recall that

k
y) = PUs .
j=1
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Lemma B.3. Suppose that N > 4. Then there is a small 0 > 0, such that

k
1 Mwm
L )> —d
ANW—ANQ :

F11+V—%D

Z

1+w—xD

Proof. The proof can be found in [15]. We only need to use

k
1
Wea(y) <C
A SO Ty
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