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On complete submanifolds with parallel mean
curvature in product spaces

Dorel Fetcu and Harold Rosenberg

Abstract. We prove a Simons type formula for submanifolds with parallel
mean curvature vector field in product spaces of type M"(c) x R, where
M"(c) is a space form with constant sectional curvature ¢, and then we
use it to characterize some of these submanifolds.

1. Introduction

In 1968, James Simons obtained an equation for the Laplacian of the second fun-
damental form of a minimal submanifold of a Riemannian manifold (see [18]). He
then applied this theorem in several ways; in particular by characterizing certain
minimal submanifolds of spheres. Over the years, such formulas, now called Si-
mons type equations, proved to be a powerful tool not only for studying minimal
submanifolds in Riemannian manifolds, but also, more generally, for studying sub-
manifolds with constant mean curvature (cme submanifolds) or with parallel mean
curvature vector (pmc submanifolds). Special attention was paid to cmc and pme
submanifolds in space forms, articles like [2], [5], [8], [10], [15], [16], [17], [20] being
only a few examples of contributions on this topic in which Simons type formu-
las are used to prove gap and reduction of codimension theorems. An excellent
presentation of the classical result of Simons and some of its applications can be
found in the very recent book [9]. The authors point out, for example, how Simons’
equation can be used to obtain curvature bounds for minimal surfaces with small
total curvature and also curvature estimates for stable minimal surfaces in R3, and
then, more generally, for stable minimal hypersurfaces in R"™.

Recently, such equations were obtained for cmc and pmc submanifolds in prod-
uct spaces of the form M"(¢) x R, where M"™(c) stands for an n-dimensional space
form with constant sectional curvature ¢, and then used to characterize some of
these submanifolds (see, for example, [6], [12]). More exactly, in [6] the author com-
puted the Laplacian of the second fundamental form of a cmc surface in M?(c) xR,
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as well as the Laplacian of the traceless part of the Abresch—Rosenberg differential
introduced in [1] for such surfaces, whilst in [12] there was found the expression of
the Laplacian of |Ay|? for a pmc submanifold in M"(c) x R with shape operator A
and mean curvature vector field H.

In our paper, we first compute the Laplacian of the second fundamental form
of a pmc submanifold in M"™(¢) x R and then we use this Simons type formula to
prove some gap theorems for pmc submanifolds in M™(¢) x R when ¢ > 0 and the
mean curvature vector field H of the submanifold makes a constant angle with the
unit vector field ¢ tangent to R, or when ¢ < 0 and H is orthogonal to €.

Our main results are the following four theorems.

Theorem 4.4. Let ¥ be an immersed complete non-minimal pmec submanifold
in M™(c) xR, n>m >3, ¢ > 0, with mean curvature vector field H and second
fundamental form o. If the angle between H and & is constant and

2¢(2 1 2
lo|? + Muﬂﬁ <2+ m_|H|2,
m m—1

where T is the tangent part of &, then X is a totally umbilical cme hypersurface
in M™¥1(c).

Theorem 4.5. Let ¥ be an immersed complete non-minimal pmc submanifold
in M™(c) xR, n>m > 3, ¢ < 0, with mean curvature vector field H and second
fundamental form o. If H is orthogonal to & and

2 1 2
o2 + Mm? < de+t m_|H|2’
m m—1

then X™ is a totally umbilical cme hypersurface in M™+(c).

Theorem 4.6. Let X2 be a complete non-minimal pmc surface in M™(c) x R,
n > 2, ¢> 0, such that the angle between H and & is constant and

lo|? 4 3¢|T|? < 4|H|* + 2¢.

Then, either

1. 32 is pseudo-umbilical and lies in M™(c); or
2. ¥2 is a torus S'(r) x S*(y/1/c —r2) in M3(c), with r* #1/(2¢).

Theorem 4.7. Let X2 be a complete non-minimal pmc surface in M™(c) x R,
n > 2, ¢ <0, such that H is orthogonal to & and

lo|? 4 5¢|T|? < 4|H|* + 4ec.
Then ¥? is pseudo-umbilical and lies in M"(c).

Acknowledgments. The first author would like to thank the IMPA in Rio de
Janeiro for providing a very stimulating work environment during the preparation
of this paper.
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2. Preliminaries

Let M™(c) be a space form, i.e., a simply-connected n-dimensional manifold with
constant sectional curvature ¢. Thus, M™(c) is the sphere S™(c), the Euclidean
space, or the hyperbolic space H"(c), as ¢ > 0, ¢ = 0, or ¢ < 0. Now, let us
consider the product manifold M = M"(c) x R. The expression of the curvature
tensor R of such a manifold can be obtained from

(RX,Y)ZW) =c{{drY,drZ)(dnX,dnW) — (dn X, dr Z)(drY,drW)},

where 7 : M = M"(c) xR — M"(c) is the projection map. After a straightforward
computation we get

RX,Y)Z = c{(Y,Z)X — (X, Z)Y — (Y. E(Z, )X + (X, ) (Z,§)Y
+ <X’ Z><Y7€>€ - <Y7 Z><X’§>§}a

where £ is the unit vector tangent to R. -
Let X" be an m-dimensional submanifold of M. From the Gauss equation

(RX,Y)Z,W) = (R(X,Y)Z,W)
n+1
+ i {{ALY, Z) (A X, W) — (Aa X, Z)(AY, W)},

a=m-+1

(2.1)

we obtain the expression of its curvature tensor,
R(X,Y)Z = c{(Y, HNX —(X,2)Y =Y\ TYZ,T)X + (X, TYZ,T)Y
X, Z) (Y. TVT — (Y, Z)(X.T)T}
n+1

+ Z {{ALY, Z) A X — (AuX, Z)ALY ),
a=m-+1

(2.2)

where T is the component of £ tangent to X and A is the shape operator defined
by the Weingarten equation

VxV =-AvX + VxV,

for any vector field X tangent to X™ and any normal vector field V. Here V is
the Levi-Civita connection on M, V= is the connection in the normal bundle, and
Ao = Ag,, where {Ea}gi}n_H is a local orthonormal frame field in the normal
bundle.

Definition 2.1. A submanifold ¥ of M"(c¢) x R is called a vertical cylinder over
ymolif ym = r=1(£m1) where 7 : M"(c) x R — M"(c) is the projection map
and ¥™~! is a submanifold of M"(c).

It is easy to see that vertical cylinders ¥ = 7~(X™~1) are characterized by
the fact that £ is tangent to X™.

Definition 2.2. If the mean curvature vector field H of a submanifold X™ is
parallel in the normal bundle, i.e., V- H = 0, then ™ is called a pmc submanifold.
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Remark 2.3. It is straightforward to verify that ¥™ = 7~1(¥™~1) is a pmc
vertical cylinder in M™(c) x R if and only if ¥~ ! is a pmc submanifold in M"(c).
Moreover, the mean curvature vector field of ¥ is H = mT_lHo, where Hj is the
mean curvature vector field of ¥~ 1.

We end this section by recalling the following three results, which we shall use
later in this paper.

Lemma 2.4 ([7]). Let ay,...,an, where m > 1, and b be real numbers such that

n

(2.3) (Zai>22(n—1)zn:a?+b.
=1

i=1

Then, for all i # j, we have

b
(2.4) 2a;a5 > n=1

Moreover, if the inequality (2.3) is strict, then so are the inequalities (2.4).

Lemma 2.5 ([14]). Let A,...,A,, where p > 2, be symmetric m X m matrices.
Then
P . 2
> {N(Aads — AgAs) + (trace(Aa Ap))? 5(2 )
a,B=1 ot

where N(A) = trace(A'A). Equality holds if and only if either
1) A1 =---=A4,=0; or

2) only two matrices An, and Ag, are different from the null m x m matriz.
Moreover, in this case, N(Aq,) = N(Ag,) = L and there exists an orthogonal
matriz T' such that

1 0 0 -~ 0 010 --- 0

0 -1 0 --- 0 100 -~ 0

¢ Lo o o - o0 ¢ Llo oo -~ 0
T°A,,T = 5| . ' and T Ag,T = 3 '

0 0 0 0 00 0 0

Theorem 2.6 (Omori-Yau maximum principle, [21]). If ¥™ is a complete Rie-
mannian manifold with Ricci curvature bounded from below, then for any smooth
function u € C?*(E™) with supgm u < +oo there exists a sequence of points
{pr}ren CE™ satisfying

1

hm u(pr) =supu, |Vu|(px) < % and  Au(pg) <
EHL

NIH
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3. A Simons type formula for pmc submanifolds in M"(c) X R

Let ¥™ be an m-dimensional pmc submanifold in M™(¢) x R with mean curvature
vector field H.

In the following, we shall compute the Laplacian of the squared norm of the
second fundamental form o of X", where o is defined by the Gauss equation

VxY =VxY +0(X,Y)

for any tangent vector fields X and Y.
Let {En+t1, ..., Eny1} be alocal orthonormal frame field in the normal bundle.
Then, normal connection forms s, are determined by

n+1

V)L(E = Z Sag(X)Eﬁ
B=m+1

for any vector field X tangent to X" and any o € {m+1,...,n+ 1}. Tt is easy to
see that s,3 = —sg, and that

+
L 1
1
H = —=Vx(t — ((trace A
Vx mV x (trace o) - a:Zm: (trace Ay)Ea )
1 ntl n+1
= Z (X(traceAa) - Z sag(X)traceAﬁ>Ea.
=m B=m+1

Therefore, the mean curvature vector field H is parallel if and only if

n+1
(3.1) X (trace Ay ) — Z Sap(X)trace Ag =0
B=m+1

for all a’s.
Now, from the Codazzi equation,

(R(X,Y)Z,Ey) = (Vxo(Y,2),Es) = (0(VxY,Z),Eq) — (0(Y,VxZ), Eq)
—(Vyo(X,Z),Eo) +{0(Vy X, Z),Eo) + (0(X,Vy Z),E,),

we get

(R(X,Y)Z,E.) = X((AY, Z)) — (0(Y,Z), V% Eo) — (Aa(VxY), Z)
—{(AY,VxZ) - Y ((AuX, Z)) + (0(X, Z), Vi E,)
(Aa(VyX),Z) 4+ (AuX,Vy Z)

VxAa)Y — (VyAa)X, Z)

n+1

— Y (sas(X)AgY — sas(Y)AsX, Z).
B=m+1

+
=
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Therefore, using (2.1), we obtain
n+1
(VxA)Y = (VyA)X + > (50s(X)AgY — sap(Y)AsX)
B=m+1
+ o(Ea, N)((Y, T)X — (X, T)Y),

(3.2)

where N is the normal part of €.
Next, we have the following Weitzenbock formula:

(3.3) %A|Ao¢|2 = |VAu|? + (trace VZ A, A, ),

where we have extended the metric (,) to the tensor space in the standard way.
The second term on the right hand side of (3.3) can be calculated by using a
method introduced in [16] and developed in [10].
Let us consider

Co(X,Y) = (V2A4,)(X,Y) = Vx(VyAs) — Vyyy Aa,
and note that we have the following Ricci commutation formula:
(3.4) Co(X,Y) =Co(Y,X) + [R(X,Y), A,].

Next, consider an orthonormal basis {e;}77, in T,X™, p € ™, extend e; to
vector fields F; in a neighborhood of p such that {E;} is a geodesic frame field
around p, and write X = Ej. We have

(trace VZAa)X = Cao(Ei, E))X.
i=1
Using equation (3.2), we get, at p,
Cu(E;, X)E; =Vg, ((VXAQ)Ei)
n+1
= in ((VEjAa)X) + ij, ( Z (Sag(X)AgEi — sa,g(Ei)AgX))
B=m+1

+ Ve, ((Ea, N)((E;, T)X — (X, T)E;))

and then
n+1
Co(Ei, X)E; = Co(E;, B)X + VEi( > (sap(X)ApE; — SaB(Ei)Aﬁx))
B=m+1
n+1
(35) e Y (sap(E)Es N)((Ei, T)X — (X,T)E;)
B=m+1

— C<AaEl,T><<El,T>X — <X, T>El)
-+ C<Ea, N><<ANE“ E1>X — <ANX, E1>El),
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where we used o(F;, T) fVJ- N and Vg, T = Ay E;, which follow from the fact
that ¢ is parallel, i.e., V& = 0.
We also have, at p,

(3.6) Coa(X, E5)E; = Vx((VE, Aa)Ey),

and then, from (3.4), (3.5) and (3.6), we get

Co(Ei, E)X = Vx((VE,Aa)E;) + [R(E;, X), Ao] E;

n+1
—VEi< > (sap(X)AE; —Sa/a(Ei)A/aX)>
B=m+1
n+1
—c > {sap(Ei)Es, N)((E;, T)X — (X, T)E;)
B=m+1

—+ C<AQEZ,T><<E“T>X — <X, T>El) — C<Ea, _]\7><<14NEIZ7 E1>X — <ANX, E1>El)

Since Vg, A, is symmetric, from (3.2) one obtains

(V5 A 2) = 3 (B0 (V5 4)2)

n m n+1
3.7) =D (B (VZA)E:) =Y (Y sap(2)AsE;, Ey)
i=1 i=1 B=m+1
m n+1 m
+3 (> sap(B)AE:, Z) + ¢(Ea,N) > _(Ei,(Z,T)E; — (E;, T)Z),
i=1 B=m-+1 i=1

which, together with (3.1), leads to

m n+1

<Z(VEiAa)Ei,Z> = Z(trace A,) — Z sap(Z) trace Ag
=1 B=m+1
m n+1
(3.8) + (D7 > sap(Ei)AsE; + c(m — 1){Ea, N)T, Z)
i=1 f=m+1
m n+1
= (> > sap(E)AsE; + c(m — 1)(Eq, N)T, Z)
i=1 B=m+1

for any vector Z tangent to X™.
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Therefore, we have

(trace V? A,)X = Z Co(Ei, E))X

1=1
n+1
= Z {X(Saﬁ(El))AﬂEz -+ Saﬁ(Ei)vXAﬂEi
i=1 B=m+1
— Ei(sap(X))AgE; — 8a(X)VE,AgE;
+ Ei(sap(Ei))ApX + sap(Ei) Ve, AgX |
n+1
(3.9) +e(m=1)( Y sap(X)Es,N)T
B=m+1

m n+1
—e> > sap(E)Es,N)((Ei,T)X — (X,T)E)

i=1 pB=m+1

+ (AT, T)X — (X, TYALT — cm(E, N)(H, N)X
+cem(Ey, NYANX — c(m — 1)(A T, X)T

+Z (Ei, X), Ao Ei.

Now, using the Ricci equation
(RY(X,Y)Eq, Eg) = ([Aa, Ap)X,Y) + (R(X,Y)Eq, Eg),

we get, after a straightforward computation,

m n+1
> Y (X(sas(E)AsEi — Bilsap(X))AsE:)
i=1 f=m+1
m n+1
=3 Y (Vxsas)(B)AE: — (Vi 5a8)(X)Ap )
(3.10) =1 f=m+1
ntl m n+1
B Z AplAa, AplX — Z Z Savy(Ei)syp(X)AsE;
A=m+1 i=1 B,y=m+1
m n+1

—I—Z Z Say(X)sys(E;)ABE;.

i=1 B,y=m+1
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From (3.2), we have

m n+1 m n+1
Z Z saﬂ VxAgE Z Z saﬂ VxAg)
i=1 f=m+1 i=1 B=m+1
m n+1
(3'11) = Z Z Saﬁ VE Aﬂ) 7C<E5,N>(<X’T>Ei - <E17T>X)
i=1 B=m+1
n+1
- Z (s59(Ei) Ay X — 55,(X) A, E;) }.
y=m+1

We now use (3.8) to compute

m n+1 m n+1
Z Z saﬂ VE AﬁE Z Z saﬂ VE Aﬁ)
i=1 B=m+1 i=1 f=m+1
m n+1
(3.12) =D sap(X)spy(E)ALE;
i=1 B,y=m+1
n+1
+e(m=1)( > sap(X)Eg, N)T.
B=m+1

From the Gauss equation (2.2) of ¥, we get

ZR(Ei,X)AaEi = c{Aa X — (trace Aq) X + (trace Ao )(X,T)T
i=1

(3.13) — (A X, T)T — (X, T)AT + (AT, T)X }
n+1
+ Y {ApAsAsX — (trace(AnAg))ApX },
B=m+1
and
ZA R(E;, X)E; = —c{(m — 1 — |T|*) A X — (m — 2)(X,T) AT}
i=1
(3.14) -~
+ Z {Aq A2 — (trace Ag)Aq ApX }.
B=m+1

Finally, taking into account that
Ei(sap(Ei)AsX = (Vi sap) (Ei)ApX

and then replacing (3.10), (3.11), (3.12), (3.13) and (3.14) in (3.9), we obtain, after



1292 D. FETCU AND H. ROSENBERG

a long but straightforward computation,

(trace V2A,, Ay) = Z <(trace VZAQ)Ei, AaEi>
i=1
m n+1
= Z { Z 2sa8(E;) trace ((Vg, Ag)Aa)
i=1 [B=m+1
n+1
— Z Say(Ei)sya(E;) trace(Aq Ag)
Byy=m+1
(3.15) ntl
+ Z (Vi Sap)(Ei) trace(AaAg)}
B=m+1

+c{(m — |T])|Aal® — 2m|AaT|? + 3(trace Ay) (AT, T)
+ m(trace(An Aq))(Ea, N)—(trace Ay)*—m(trace Ay )(H, N)(E,, N) }

n+1
+ Z {(trace Ag)(trace(AZ Ag)) + trace[Aq, Ag)?
B=m+1
— (trace(AaAp))?}.
From equation (3.3), we know that
1 1 n+1 n+1
(3.16) §A|a|2 =5 SooAAL= > 1 {IVAL? + (trace V2 A,, A) },
a=m+1 a=m-+

and, in order to estimate this Laplacian, we first note that

n+1
D (trace Ag)(AT,T) = m(o(T,T), H),
a=m+1
n+1
> (trace Ay)(H, N)(Ea, N) = m(H, N)?,
a=m-+1
n+1 n+1
D (trace(AnAn))(Ea, N) = [Ax[?, Y (trace Ay)? = m?|H|?,
a=m+1 a=m-+1
and, since so3 = —5gq, that
n+1
Z (VE;sap)(E;) trace(Aq, Ag) = 0.
a,B=m+1

Next, we easily get

(VYo)(X,Y,Z2) =Vxo(Y,Z) - o(VxY,Z) - o(Y,VxZ)
n+1 n+1
S ((VxADY — Y sas(X)AsY, Z)E,

a=m+1 B=m+1
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for all tangent vector fields X, Y and Z, and then

Viok = Y |(VEa)EL By Bl
2,7,k=1
n+1 njz n+1 n+1
=> > <(VEiAa)Ej — > 5ap(E)ASE;, (VEAL)E; = Y Say(E >
a=m+1i,5=1 B=m+1 y=m+1

which means that

n+1 m n+1
|Vio)? = Z {|VA(X|2 + Z ( Z 2s05(E;) trace ((Vg, Ag)Aq)
a=m+1 i=1  B=m+1
n+1
- Z Soé»y(Ei)S,yB(Ei) trace(AaAB)) }
B, y=m+1

Using (3.15) and (3.16), we can state the following proposition.

Proposition 3.1. Let X™ be a pmc submanifold of M™(c) x R, with mean curva-
ture vector field H, shape operator A, and second fundamental form o. Then we
have
n+1
Sl = (V4o +ef(m — [TP)lo? ~2m 3 |ALTP?
a=m+1
+3m(o(T,T),H) + m|Ax|> = m*(H,N)* — m? H|*}
n+1
+ Z {(trace Ag)(trace(A2 Ag)) + trace[Aq, Ag]® — (trace(AaAp))?},
a,f=m+1

where { By}
Corollary 3.2. If 3™ is a minimal submanifold of M"(c) x R, then we have

o m+1 s a local orthonormal frame field in the normal bundle.

n+1

SAlof? = V4ol + e (m [Tl ~2m 3" |4GTP +m|Ax|?}
a=m-+1
n+1
+ Z { trace[Aq, Ag]* — (trace(AaAg))Q}.
a,f=m+1

Now, let us consider a non-minimal pmec submanifold 3™ of M™(¢) x R. For
any normal vector field V', define ¢y = Ay — % I, the traceless part of Ay .
We shall also consider ¢ the traceless part of o, given by

(X, Y)=0(X,Y)— (X,Y)H.

It is easy to see that Vi¢ = Vto, |02 = |¢]> + m|H|? and |Av|? = |¢v|® +
(trace Ay )?/m. It is also easy to obtain, from the Ricci equation, that if a normal
vector field V' is parallel in the normal bundle, then [Ay, Ay] = 0 for all normal
vector fields U.



1294 D. FETCU AND H. ROSENBERG

Let {E41,. .., Ent1} be alocal orthonormal frame field in the normal bundle
such that E,,11 = H/|H|. Then, we obtain the following corollary directly from
Proposition 3.1.

Corollary 3.3. If ¥ is a non-minimal pmc submanifold of M™(c) x R, then we
have

1 n+1
SAIG° = [VE6I* + (cm — |T2) +m[HP) 6] —2em Y |¢aT|?
a=m+1
n+1
—em(¢(T,T), H) + cm|pn|*> + m|H| Z trace(¢Z dmi1)
a=m-+1
n+1

+ Z trace[pa, ¢5)* — Z (trace(d)ad)g))z.

a,f>m+1 a,f=m+1

In the following, we shall compute the Laplacian of the squared norm of the
tangent part T of &.

As above, let us consider an orthonormal basis {e;}!", in T,X™, p € £, and
then extend e; to vector fields F; in a neighborhood of p such that {E;} is a
geodesic frame field around p. Then, at p, we have

1 m m
§A|T|2 :; (Ve T, VET)+ (Ve VET,T)) = |An|* + ; (Vi ANE;,T)
and, since Vx Ay is symmetric,

> (Ve ANE,T)=> (Ve AN)E,T) =Y (Ve AN)T, E;)
=1 i=1 =1
(Ve ANT — ANVE,T,E;) = (Ve VT —~Vy, 1T, E;)

i=1

.

s
Il
—

(Ve NrT+Virp T E) =Y ((VrVe,T, E) — (R(T,E)T, E;))

1 i=1

I
hE

.
I

I
hE

(<VTANEZ, El> - <R(T, EZ)T, Ez>) = T(trace AN) - <R(T, El)T, El>

i

1

.
I

3
3
S

=mT((H,N)) = > (R(T,E)T, E;) = —m{o(T,T),H) = Y (R(T,E)T, E;)

i=1 i=1

where we used VxT = Ay X and V}(N =—o(X,T).
From the Gauss equation (2.2), it follows that

m n+1
> (R(T,ENT, By = c(1-m)|TP(A—|T )+ > {|AT|*—(trace Ao ) (AT, T)},

=1 a=m+1
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and then we get

1
FAITE =[AN[* = m{o(T,T), H) + e(m = DIT*(1 = |T]?)

n+1
= > {lAaT|? — (trace Ao ) (AT, T)},

a=m-+1

where {E,}2T) .| is a local orthonormal frame field in the normal bundle.

We conclude with the following proposition.

Proposition 3.4. Let ¥™ be an m-dimensional pmc submanifold in M™(c) x R,
with shape operator A. Then we have

1 n+1
FAIT = AN + e(m = DITP(1 - |T1%) - > AT

a=m-+1

4. Some gap theorems for pmc submanifolds in M™(c) X R

In this section we shall present some applications of Propositions 3.1 and 3.4 in
the study of pmc submanifolds. First we have the following result.

Proposition 4.1. Let ™ be an immersed complete pmc submanifold in M™(c) xR
with second fundamental form o. If

sup {|o|*> + c(m — 1)|T*} < max {0,c(m —1)},
E’HL

then either
1. X™ lies in M™(c), if ¢ > 0; or

2. X™ s a vertical cylinder m=1(X™~1) over a pme submanifold X1 in the
space form M"™(c), if ¢ < 0.

Proof. Let us consider first the case when ¢ > 0. Then, from Proposition 3.4, using
our hypothesis, we have that

n+1

1

FAIT = [An[* + e(m = DITP(1 = T]7) — D ATP
a=m+1

> [T (e(m — 1)(1 ~ [T1%) — [o]?) = 0.

Next, let us consider a local orthonormal frame field {E;}7", on £, X a unit

tangent vector field, and an orthonormal frame field {E,}77} .| in the normal

bundle. From equation (2.2), we get the expression of the Ricci curvature of our
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submanifold

NE

Ric X = > (R(E;, X)X, E;)

1

.
I

{c(|X|2 — (X, E;)? — (X, T)2 + 2(X, T)T, E)(X, E;)

.

=1

n+1
—(TEXPXP) 4+ Y (AaBi B (AaX, X) — (AoX, Ei)Q)}
a=m-+1
n+1
=c(m—1—|TP = (m=2)(X,T)%) + m(AuX,X) = Y [AX[".
a=m-+1
It follows that
n+1
Ric X > c(m—1)(1 = |T]?) —=m|AgX|— Y [Au> > —m|Ay| - |o]*.
a=m+1

Since by hypothesis |o| is bounded, we can see that the Ricci curvature is bounded
from below, and then the Omori—Yau maximum principle holds on X™.

Therefore, we can use Theorem 2.6 with u = |T'|2. Tt follows that there exists
a sequence of points {pg}ren C U™ satisfying

1
lim |T|%*(px) =sup|T|> and A|T)*(pr) < —.
k—o0 nm k
Since supsm {|o]?>+c(m—1)|T|?} < c(m—1), it follows that 0 = limy_, |T|*(px) =

sups;m |T'|?, which means that T = 0, i.e., X lies in M"(c).
When ¢ < 0, we come to the conclusion in the same way as above, using that

1 1 n+1
SAINP = —SAITP = —[Ay = clm — DITPQ - TP) + Y AT
a=m-+1
> [N[*(=|of* = e(m = 1)[T]*) > 0,
and that
Ric X > c¢(m — 1) —m|Ag| — |o]?,
and then applying Theorem 2.6 to function u = |N|%. O

For minimal submanifolds in M™(c) x R, with ¢ > 0, we have the following:

Proposition 4.2. Let ™ be a complete minimal submanifold in M™(c) x R, with
c>0. If

sup {3|o|* + 2c(2m + 1)|T*} < 2cm,

2771,

then ¥™ is a totally geodesic submanifold in M™(c).

Proof. From Corollary 3.2, since Schwarz inequality implies |A,T|? < |T|?|Aql|?,
using |Anx|? > 0 and Lemma 2.5, we obtain

Alo|* > = (3|o]* 4+ 2¢((2m + 1)|T|> = m))|o|* > 0.



COMPLETE PMC SUBMANIFOLDS 1297

As we have seen, since |o| is bounded, the Ricci curvature of 3™ is bounded
from below, and then we can apply the Omori—Yau maximum principle to the
function u = |o|%. One obtains that there exists a sequence of points {p. }ren C E™
satisfying

lim |o|*(px) =sup|o* and Alo|*(py) < l,
k— o0 m k
from where it follows that 0 = limg_,o |0|?(pr) = supsym |o|?, which means that
o = 0. Moreover, Ay = 0 and then the hypotheses imply that |T']? = constant < 1.
From Proposition 3.4, it follows that 7" = 0, which means that our submanifold is
totally geodesic in M™(c). O

Before stating our first main result, we shall prove the following lemma, which
will then be used in its proof.

Lemma 4.3. Let ¥™ be an immersed non-minimal pme submanifold in M™(c) xR
with mean curvature vector field H. Then we have

A(H,N) = —c¢(m — 1)|T|*(H,N) — trace(Ag An).
Proof. Let {E;}7, be a geodesic frame field around a point p € ¥™. Then, since
H is parallel and V%N = —o(X,T), we have, at p,
m m
N)=> E(E((H,N)) =-> E;({AuT., E;)).
i=1 1=1
Using the facts that Vx Ay is symmetric and that VxT = Ay X, and also equa-
tion (3.7), we get
A(H,N)==> E,((AuT.E;)) = = > (Vg AuT, E;)
i=1

i=1
m

= fz (Ve AT, E) + (AgVE,T, E;))

m

- Z <(inAH)E'L') T> — trace(Ag AnN)

= —c(m —1)|T|>(H,N) — trace(Ag An). O

Our main results are similar to those obtained in [5], [8] for the pmc submani-
folds of a sphere and Euclidean space, and as in the above cited papers, their proofs
rely on the use of the formulas obtained in Section 3 and Lemmas 2.4 and 2.5.

Theorem 4.4. Let ¥™ be a complete non-minimal pmc submanifold in M™(c) xR,
n >m > 3, ¢ >0, with mean curvature vector field H and second fundamental
form o. If the angle between H and £ is constant and

2¢(2m +1)
m

(4.1) lo|? + IT)? < 2¢ +—— |H|2

then X™ is a totally umbilical cmc hypersurface in MmH(c).
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Proof. We shall prove first that ¥ actually lies in a space form M™%1(c), and,
in order to do that, we will show that, if {E,,4+1,..., Ent1} is a local orthonormal
frame field in the normal bundle such that F,,11 = H/|H|, then A, = 0 for all
a>m+ 1.

Let us recall now the following formula proved in [12], which can be also ob-
tained as a particular case of the computation in Section 3, tacking into account
that, since E,, 1 is parallel, we have [A,,41,4,] =0 for all « > m + 1:

1
§A|Am+1|2 = |VAmi1 P+ c{(m — |T*)|[ Ay [
—2m|Ap 1 T + 3m{o(T,T), H)

(42) +m(trace(An Am+1)) (Ems1, N) — m?(H, N)? — m?|H|*}
n+1
+ Z {(trace A,)(trace(AZ,, 1 Aa)) — (trace(Am4144)) }.
a=m+1

Next, we define the function | A2 on X™ by |A> = 3
ing (4.2), we obtain, from Proposition 3.1, that

a>m4l |A|?, and, us-

1 *
SAMAR= YV Aa|2+c{(mf|T|2)|A|272m 3 AaTP

a>m-+1 a>m++1

+m|An|? — m(trace(An A1) (B, N>}

4.3
(4.3) + Z {(traceAmﬂ)(trace(AiAmH))f(trace(AaAmH))Q}
a>m+1
+ Z {trace[Aa,Ag]zf(trace(AaAﬂ))z},
a,f>m+1

where V* is the sum of the tangent and normal connections and

Vida =VxAa— Y sap(X)As.

B>m+1
The Schwarz inequality implies that
(4.4) — D AT = —ITP Y A = —|TPIAP
a>m+1 a>m++1

From Lemma 4.3, since (H, N) = constant, we have
(4.5) |An|*—(trace(An Apmi1))(Ems1, N) = |Ax|*+c(m—1)|T|*(Epi1, N)? > 0.
Since trace[Aq, Ag]> = —N(AnAp — AgA,), using Lemma 2.5, we get
3 2 3
(4.6) Y {trace[An, Ag]* — (trace(AnAg))*} > _5( > |Aa|2) - _§|A|4.
a,f>m+1 a>m+1

Next, we shall evaluate the term

Z {(trace Ap11)(trace(AZ Ayy1)) — (trace(AqAm1))? }

a>m-+1
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n (4.3). In order to do so, we note first that, since [A,41, Aa] = 0, the matrices
Apny1 and A, can be diagonalized simultaneously, for each @ > m + 1. Let A;
and A\{, i =1,...,m, be the eigenvalues of A,,; and A,, respectively. Then, for
each a > m + 1, we have

(trace Api1) (trace(A2 Apt1)) — (trace(AqAm+1)) ?

:(i&)(iAj(Aﬁ)z)_(iAiAg)(ixjxy)— ZA/\ (A2 = A2)2.

1,j=1

Our hypothesis (4.1) can be written as

(mlH1)? > (= Dl Adgeal? + (m— 1) (142 + ZE0H Do)

which means that

m m

(4.8) (Z/\) > ( —I)Z()\i)Q—i—(m—1)(|A|2+%|T|2—2c).

Thus, from Lemma 2.4, it follows that

1 c(2m+1)
(4.9) Ay 2 AP+ D e
for i # j, and then
I & 0 e 1/1 c(2m+1) S
S A (-2 5(§|A|2 + ST o) Y (8 - X
i,j=1 i,j=1

(4.10)

= (g1 + e o) S ()2 aga)
ij=1
( A2+ c(2m + 1)|T> - cm>|A |2

C(Lap e CmED b ) (3 e
(i 2 ) ($5)
moae2 2 2
= (5AR + c@m+ 1)|TP - om) | Aa .
Substituting this in (4.7), we get

Z {(trace Ap11)(trace(AZ Am1)) — (trace(Aa Ami1))* }
(411) a>m+1
> (%MF +c@m+ )T em) | A1

Now, from (4.3), (4.4), (4.5), (4.6) and (4.11), one obtains

(4.12) %A|A|2 >
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As we have seen in Proposition 4.1, the fact that |o| is bounded implies that
the Ricci curvature of ™ is bounded from below. Therefore we can apply Theo-
rem 2.6 to the function u = |.A|?, and we get that there exists a sequence of points
{pr ey C ™ satisfying

lim [A]*(pr) = sup [A]* and  AA[(py) <
k—o0 sm

|-

From the inequality (4.12) it follows that

0= lim AlA(pr) > (m — 3)sup |A]* >0,
k— oo m

AJ? = 0. Therefore, we get that m = 3 or |A|?> = 0.

Next, we shall split our study in two cases as m >4 or m = 3.

Case I: m > 4. In this case, we have |A|*> = 0, and then A, = 0 for all
a > m + 1. Moreover, all the inequalities (4.4), (4.5), (4.6) and (4.11) become

equalities. Since Ay = 0, we get that |T'|? is constant and that (H, N) = 0. We
also have

0=X((H,N)) = (H,VxN) = ~|H{(Em1,0(T, X)) = ~|H[{An1 T, X),

ie., (m — 3)supym

for any tangent vector field X. Therefore, from Proposition 3.4, it follows that
0=c(m—1)|T(1—|T]*),

i.e., either T =0 or T = ££.

If T = +¢, then ™ is a vertical cylinder 7= 1(X™~!) over a pmc submanifold
Ym=1in M"(c) with second fundamental form o, satisfying |oo| = |o|, and mean
curvature vector field Hy = "5 H. Then, condition (4.1) can be rewritten as

2¢(m +1
00l < (m — 1)[ Hof? — 2 E D

< (m —1)|Hol?,
which is a contradiction, since the squared norm of the traceless part ¢g of og
satisfies

0 < [¢o|* = loo|* = (m — 1)|Ho|*.

Hence, we have T'= 0, i.e., £ is normal to ¥™. Since A, = 0 for all @« > m+1,
it follows that the subbundle L = span{c} = span{H} of the normal bundle
is parallel, i.e., VXV € L for all V € L. Now, one can see that TY™ @ L is
parallel, orthogonal to £, and invariant by the curvature tensor R. Using Theorem 2
in [11], all these lead to the conclusion that ™ lies in an m + 1-dimensional totally
geodesic submanifold of M™(c) x R, which is also orthogonal to £, i.e., ¥ is a cmc
hypersurface in M™*1(c).

Case II: m = 3. We shall prove that |A|*> = 0 in this situation too, which
means, as we have seen above, that 33 is a cme hypersurface in M4(c).

Our hypothesis (4.1) implies that the sequence {o7;(pk) }ren, where
o = <0’(Ei, Ej), Ea>,

)
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is bounded for all i, j and a. We also know that the sequence {|T|?*(px)}ren is
bounded. Therefore, there exists a subsequence {pg, }r,.en of {pk}ren such that
the following limits exist:

oy = lim_of(p,) <o and [T = lim [TP(p,) < oc,

and we denote by -
Ay = lim A, (Pk,,.)

ky—00

the matrix with entries &f}.
From limy, . AJA]?(pr,) = 0, it follows that, when we take the limit after
kr — oo, all the inequalities (4.4), (4.5), (4.6), and (4.11) become equalities. Then,

from (4.6) and (4.11) we obtain

(4.13)
o o 3 N2 3 2
S {trace[An, Ag)* — (trace(AnA5))} = 7(2 |Aa|2> - fi(sulp |A|2)
a,B>4 a>4 3
and
(4.14)
Z {(trace Ay)(trace(AZ Ay)) — (trace(Aq,Ay))?}
a>4
= (§ Z |An|? + 7c|T|? — 30) Z |A.? = (§sup |A|2 + Tc|T|? - 30) sup |A[?
2 ¢ N 2 53 53 ’

a>4 a>4
respectively. From (4.13) and Lemma 2.5, it follows that either
1. /_15:...:[1n+1 =0; or

2. only two matrices Aq, and Ag, are different from the null m x m matrix,
|Aao|? = |Ap,|> = L, and there exists an orthogonal matrix 7" such that

o /1 0 0 o /0 10
(415) T'Ao,T=1/5 | 0 ~1 0 |, T'AT=,/5( 1 0 0
0 0 0 00 0

In the first case, one obtains

0= 3" 1Aaf* = sup AP,
a>4 3
which means that |A|?> = 0 or, equivalently, that A, = 0 for all a > 4.
In the following, we shall assume that the second case occurs, and we will come
to a contradiction.
Restricting (4.10) to the sequence of points {pg, }r.en and then taking the limit,
we get, also using (4.14), that

3 3
Y)W« o 1 7c .z o o
E )\1)\] ()\Z — )\j )2 = (5 S;P |./4|2 + §|T’|2 - C) E ()\z - )\j )2,
i,j=1 ,5=1

where \; = limy, ;0 A\; and ;\f‘ = limy, 00 AY.
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From (4.15) we have \¢ # 5\? for ¢ # j, and then, from (4.9), one obtains
. 1 9 TC =09 .,
(4.16) Aidj = —sup|Al* + —|T|° —c for i#j.
2 w3 3

Now, on the one hand, taking the limit in (4.8) and applying Lemma 2.4, we get

S _\2 L ldc, -
(Z)\Z) :QZ(Ai)2+2(sup|A|2+—|T|2720>,
i=1 i=1 B3 3

or, equivalently,
3 - l4c -
(4.17) §|H|2 = |¢al? + sup |A]* + T|T|2 —2¢,
23

where ¢4 = Ay — |H| 1 is the traceless part of Ay and ¢4 = limg, o0 ¢a(ps,)-
On the other hand, we have

3

3 2
ST = (D0A) =SSO0 = lHE — (164> +31HIZ) = 6H[> — |6,
i#j i=1 i=1
which, taking the limit and using (4.16), gives
(4.18) |pa|? = 6|H|* — 3sup | A]> — 14¢|T|* + 6c.

»3

Summarizing, from (4.17) and (4.18) one obtains
_ 3
|¢4|2 = 7Z|H|27

which is a contradiction and, therefore, this case cannot occur.

We have just proved that our submanifold X actually is a cmc hypersurface
in M™*1(c) for any m > 3.

Now, from (4.1), it is easy to see that

m
6> < 2¢+ mﬂrﬂ2 <r?

where ¢ is the traceless part of ¢ and r is the positive root of the polynomial
m(m — 2)
— 1)

We then use Theorem 1.5 in [2] (see also [17]) to conclude that ¢ = 0, i.e., X" is
a totally umbilical cmc hypersurface in M™*1(c). O

P(t)=1*+ |H|t —m(c+ |H?).

m(m

Theorem 4.5. Let 3™ be a complete non-minimal pmc submanifold in M™(c) xR,
n >m > 3, ¢ <0, with mean curvature vector field H and second fundamental
form o. If H is orthogonal to & and

2¢(m+1)
m

2

m
4.19 2 T|? < 4c+ ——|H|?
(4.19) |lo]® + ||_c+m_1||,

then ¥™ is a totally umbilical cme hypersurface in M™*1(c).
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Proof. Let us consider a local orthonormal frame field {E,,41,..., Ent1} in the
normal bundle such that E,, 11 = H/|H|. Then, since H L &, we have

Av= > (N,E.)Aq
a>m+1

and, therefore, from the Schwarz inequality, one obtains

(X v EIA)

An=| S (N Ea)Aa

a>m—+1 a>m+1
(X UVEIR) (X 14a) S INPIAP = (1 - TP)IAR,
a>m—+1 a>m+1

where [A]* =37 0 .1 [Aal?. Then, from (4.3), it follows that
1
SAMAP > c(2m — (m + 1)[T?) | AP

+ Z {(trace Ap11)(trace(AZ Ay y1)) — (trace(AqAmi1))? }

a>m-+1

+ Z {tlrace[Aa,Ag]2 — (trace(AaAg))z},

a,f>m+1

(4.20)

where we also used the fact that —c>_ . ., |A.T|? > 0.
Next, in the same way as in the proof of Theorem 4.4, we get

Z { trace[A,, Ag)® — (trace(A,Ap))*} > 72|A|4
a,B>m~+1
and, using (4.19),
Z {(trace Ayi1)(trace(AZ A y1)) — (trace(Aq Apmi1))® }

a>m-+1

> (%|A|2 +e(m+1)|T* - QCm) |A]%.

Substituting this in (4.20), we obtain that
m—3
2
which, as in the proof of Theorem 4.4, implies that |.A|> = 0, and, therefore, A, = 0

for all @ > m + 1.
On the other hand, since H L £ implies that A,, 17 = 0, and Ay = 0 implies
that |T'| = constant, from Proposition 3.4, we can see that

0 =c(m —1)|T2Q —|T)?),

1
SALAP = Tt jag,

which means that either T'=0or T' = +£. If T' = ££, then ™ is a vertical cylinder
7= 1(Z™~1) over a pmc submanifold X" ~! in M"(c), with second fundamental form
0o, satisfying || = |o|, and mean curvature vector field Ho = "5 H.
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Then, from (4.19), it follows that

2¢(m —1
o0l < (m — Dl Hof? + 2D < 1y

which is a contradiction. Hence T' = 0 and, using Theorem 2 in [11], this leads to
the conclusion that ¥™ is a cme hypersurface in M™ 1 (c).
Finally, we observe that, using (4.19), we have

|¢|2 < 4dc+ L|H|2 <r?,
m—1

where ¢ is the traceless part of ¢ and r is the positive root of the polynomial
m(m — 2)

vm(m —1)
and then, from Theorem 5 in [4], we get that ¢ = 0, which means that ™ is
totally umbilical in M™*1(c). O

P(t)=1t>+ |H|t — m(c+ |H|?),

In the case of pmc surfaces, we can state the following two results.

Theorem 4.6. Let X2 be a complete non-minimal pmc surface in M™(c) x R,
n > 2, ¢ >0, such that the angle between H and & is constant and

|o|? 4+ 3¢|T|? < 4|H|* + 2¢.
Then, either
1. 32 is pseudo-umbilical and lies in M™(c); or

2. ¥% is a torus S*(r) x S*(y/1/c —r2) in M3(c), with r* # 1/(2c).

Proof. The map p € X2 — (Ay — pu1)(p), where p is a constant, is analytic, and,
therefore, either ¥? is a pseudo-umbilical surface (at every point), or H is an
umbilical direction on a closed set without interior points. In the second case, H
is not an umbilical direction on an open dense set W. We shall work on this set
and then we shall extend the results to the whole surface by continuity.

If ¥? is a pmc surface in M"(c) x R, then either ¥? is pseudo-umbilical, i.e.,
H is an umbilical direction everywhere, or, at any point in W, there exists a local
orthonormal frame field that diagonalizes Ay for any normal vector field U defined
on W (see Lemma 1 in [3]). According to Theorem 1 in [3], if 2 is a pseudo-
umbilical pme surface in M"™(¢) x R, then it lies in M"™(c), and if the surface is not
pseudo-umbilical, then it lies in M?*(c) x R.

In the following, we shall assume that %2 is not pseudo-umbilical and we shall
prove that, in this case, it is a torus in M3(c).

First, let {Fs = H/|H|, E4, E5} be alocal orthonormal frame field in the normal
bundle, and then observe that [A,, Ag] = 0 for all & and 3. Moreover, diagonalizing
simultaneously A4 and As, we easily get

1
(trace(As4s))° = 2| Ag|?|A5? < = (JAuf? + |452)% = 5 M1

| =

which means that

(4.21) trace[Ay, As)* — (trace(A4A5))2 = —2|A4? | A5 > f% |A|*.
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Now, taking into account that
2 _ L 2
|AaT| = 5 |T| |Aa|

for o € {4,5}, since trace A, = 0, and then working exactly as in the proof of
Theorem 4.4, we obtain

1
NAanmﬁzo
By hypothesis, we have that the Gaussian curvature K of our surface satisfies
2K =2¢(1 — |T*) +4|H> — |o|* > ¢|T|* > 0,

which means that 2 is a parabolic space. Therefore, since |A|? is a bounded
subharmonic function, we get that |A|> = 0, i.e., Ay = A5 = 0. Moreover, using
Proposition 3.4, we see that either T'= 0 or T'= +£. Again as in Theorem 4.4 we
discard the second case and we conclude that 2 lies in M?(c) by using Theorem 2
in [11].

Finally, since X2 is not pseudo-umbilical, from a result in [13] (see also Theo-
rem 1.5 in [2]), we obtain that |o|? = 4|H|? + 2¢ and that our surface is the torus

SH(r) x St (y/1/c —r?), with r? # 1/(2¢). O

Theorem 4.7. Let X2 be a complete non-minimal pme surface in M™(c) x R,
n > 2, ¢ <0, such that H is orthogonal to & and

lo|? 4 5¢|T|? < 4|H|* + 4ec.
Then Y2 is pseudo-umbilical and lies in M"(c).

Proof. Let us assume that ¥? is not pseudo-umbilical. Then, from (4.21), and
working as in Theorem 4.5 we can prove that 32 lies in M?3(c). On the other hand,
we observe that |o|? < 4|H|? + 4¢ < 4|H|? + 2¢, and, therefore, using a result
in [19], we have that the surface is totally umbilical, which is a contradiction. O
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