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Commutators, paraproducts and BMO in
non-homogeneous martingale settings

Sergei Treil

Abstract. In this paper we investigate the relations between (martin-
gale) BMO spaces, paraproducts and commutators in non-homogeneous
martingale settings. Some new, and one might add unexpected, results
are obtained. Some alternative proof of known results are also presented.
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Notation

X: real line R or its subinterval.
L : lattice of intervals in X.
1. : characteristic function of the set I.

I
(f); : average value of the function f on I,
1y = f s@ o= 17 [ fa)da,

E, : averaging operator, E f := (f), 1,.

A, : martingale difference operator, A = (ZJEChﬂd(I) EJ) — E,; here child([)
denotes the collection of the “children” of I.

1. Introduction and main objects

This paper was started in an attempt to understand the relations between (martin-
gale) commutators, paraproducts and space BMO. The initial hope was to cover
both the one-parameter and multi-parameter cases, but it became clear at an early
stage that in the general, non-homogeneous case, even the one-parameter situation
is far from well understood.

While the results about H'-BMO duality for general martingales are well known
and can be considered classical, paraproducts and commutators have mostly been
studied for regular r-adic martingales.

In this paper several new, and one might add unexpected, results are obtained
for the non-homogeneous situation. Let me list some of them here; for the defini-
tions and exact statements the reader should see the sections that follow.

¢ Despite what one might expect, the condition b € BMO is not necessary (al-
though it is, of course, sufficient) for the boundedness of the paraproduct
in LP. This means, in particular, that unlike the homogeneous case it is
impossible to characterize b € BMO via boundedness of commutators of the
multiplication operator M, and martingale multipliers.

The condition b € BMO however is necessary and sufficient for the bound-

edness of the so-called extended paraproduct ﬂé*).

e The necessary and sufficient condition for the LP boundedness of the para-
product is, as one might expect, that it is enough to check the boundedness
on the characteristic functions of intervals. This statement is well known
and now almost trivial for p = 2; the result for p # 2 is new and its proof is
rather complicated.
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Note that this condition depends on p, unlike the condition b € BMO, which
guarantees the boundedness of ﬂé*) inall LP, p € (1,00).

e The condition b € BMO is, as one might expect, sufficient for the LP bound-
edness (p € (1,00)) of the commutator [My, T| = MyT —T My, of the multipli-
cation operator M; and a bounded martingale transform 7". This condition
(up to some technical details) is also necessary for the boundedness of the
commutator, provided that the martingale transform 7T satisfies some “mix-
ing property”.

This result generalizes the classical result of S. Janson [8], which gives the
description of BMO via commutators in the case of regular r-adic martin-
gales. The “mixing properties” that the martingale transform should satisfy
generalize (and in the case of a regular r-adic lattice coincide with) the notion
of the non-degenerate martingale transform, considered in [8].

The “mixing condition” introduced in this paper is necessarily more compli-
cated than the non-degeneracy condition in [8]. This is mainly due to the
fact that it includes a condition that was “hidden” (trivially satisfied) in the
homogeneous case. An example, demonstrating that this “hidden” condition
is essential is presented in the paper.

e It is shown in this paper that in the general non-homogeneous case the mar-
tingale difference spaces D, = A, L? do not constitute a so-called strong un-
conditional basis in LP, p # 2 (more precisely, in the martingale Hardy
space HP which is, in general for p € (1, 00) a subspace of LP with an equiv-
alent metric). Essentially this means that it is impossible to define an equiv-
alent norm in H? using only the norms of the martingale differences || A f],.

An equivalent statement is that, unlike the case p = 2, for each p # 2 one
can construct a martingale transform (essentially a block diagonal operator,
see the definition in the subsections that follow) with blocks 7', uniformly
bounded in LP, which is not bounded in LP.

A few words about general setup used in the paper. We do not work here in the
setting of martingale spaces, because we want to include the situation with infinite
measure, such as the standard dyadic lattice in R™. While getting results in the
case of infinite measure from the corresponding result in the martingale case (the
finite measure case) is usually pretty easy, there are some delicate situations, when
one has to be careful stating the result. (Of course, usually after the results are
stated, they are quite easy to prove, but stating the results requires some care).

For example, while this is well known to specialists, it might be a surprise to a
reader only casually acquainted with martingale Hardy spaces and BMO, that for
the standard dyadic lattice in R (and in R™) one can find a function b in dyadic
BMO such that the martingale difference decomposition » ;. A, b diverges a.e.
I haven’t seen this mentioned anywhere in the literature, probably everyone has
had to notice this fact for him or herself.

So, in this paper we work on the real line R, and our o-algebras are generated
by disjoint intervals. While practically everything can be stated and proved in the
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setting of arbitrary measure space, we want to avoid non-essential technical details
and concentrate on the main ideas. For example, at some point we will be using
the Fefferman—Stein maximal theorem, which is stated and proved for R™ but not
for an arbitrary measure space.

The setting of the real line covers the example of principal interest: the case
of R™ with the standard dyadic lattice and with an arbitrary Radon measure g,
where the averages are taken with respect to p. Such a situation is typical in
non-homogeneous harmonic analysis, see for example [10], [13] and [12].

1.1. Lattices, expectations and martingale differences

Let X be either the real line R or its subinterval (finite or infinite)0. A lattice £
is a collection of nontrivial finite (bounded) intervals of X (say, for definiteness, of
the form [a,b)) with the following properties:

(i) L is a union of generations Ly, k € Z, where each generation is a collection
of disjoint intervals, covering X.

(ii) For each k € Z, the covering Ly is a finite refinement of the covering Ly,
i.e., each interval I € Ly is a finite union of disjoint intervals J € Li11. We
allow the situation where there is only one such interval J (i.e., J = I); this
means that I € L also belongs to the generation Lpy1.

(iii) pez Lx = @, i.e., no interval I belongs to all generations Ly.

Remark. We allow situations where I € Ly for all K > N or for all k < N for
some N € Z, but the case when I € L, for all k € Z is forbidden, because in the
latter case nothing interesting happens on the interval I, as it does not interact
with the rest of the space.

Example. The main example we have in mind is the following one. Consider the
space R? with a Radon measure y and the standard dyadic lattice. Let us represent
cubes Qi = Qi = [0,2%)4 by the intervals I} = [0, u(Qx)) C R. For each cube Q}
we pick some ordering of its children (dyadic subcubes of Q} with side 2*~1) with
Qi_, = [0,2871)4 being the first, and split I} into a disjoint union of intervals
I,jc;l, of the form [a,b), |I,i;1| = u( 2—1)’ with the ordering of the intervals I,jc;l
given by the ordering of Qifl.

Then we the order children of Qi, j # 1, and represent them as subintervals
of Ii, then order their children, and so on.

We have represented the standard dyadic lattice in the first “octant” [0, 00)?
of R? with the measure p by our lattice (with X = [0, ([0, 00)%)), so the measure
of each dyadic cube equals the length of the corresponding interval. Note that
the dyadic cubes @, u(Q) = 0, are ignored, as the corresponding intervals are
empty sets.

If the measure 4 is finite, we can represent the dyadic lattice in all of R? as our
lattice: in general, we can only put 2 “octants” on the line, but the dyadic lattice
on the whole space can be represented as a finite disjoint union of our lattices.
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1.1.1. More definitions. For an interval I € L, let rk(I) be the rank of the
interval I, i.e., the largest number k such that £; > I. If no such number exists,
e, if I € L for all k > N, we say that rk(I) = oo.

For an interval I € £, rk(I) = k < oo, a child of I is an interval J € L1 such
that J C I (note that in this case an interval always has more than one child).
If rk(I) = oo we consider I to be its own (and only) child. The collection of all
children of an interval I is denoted by child(I).

We say that a lattice £ is homogeneous if there exists K < oo such that
[I1/|J] < K for all T € L, J € child(I).

Most of the results of this paper are well known for homogeneous lattices; the
non-homogeneous case is the interesting one here.

1.1.2. Conditional expectations and martingale differences. For an inter-
val I € L, let E, be the averaging operator,

B o= (107 [ @)1, = (0,1,
and let E; be the “conditional expectation”,

Enf= Y E,f

IeLly,

Consider the martingale differences A, and Ay:

AI:< Z EJ>7EI’ Ap =By —Ep1 = Z A
Jechild(I) IeLak(l)=k—1

(note that we cannot write Ay, = > ;.. A, here).

Let 2 be the o-algebra generated by L (i.e., countable unions of intervals
in Lj). Let Ao be the smallest o-algebra containing all 2, k € Z, and let 2A_
be the largest o-algebra contained in all 2y, A_ o = NgezAk.

The structure of the o-algebras 2o, and 2A_,, is easy to understand. Thus,
2A_ o is the o-algebra generated by all the intervals I of form

(1.1) 1= U I, where Iy € Ly, I, C Ix_1.
keZ

Note that X is a disjoint union of such intervals I and at most countably many
points (we might need to add left endpoints to the intervals I, if they happen to
be open intervals). It is possible that there is only one such I, I = X in which
case the g-algebra 2A_ . is trivial.

Let us denote the collection of the intervals I of form (1.1) by A% . Define

(1.2) AV LT e A0 : || < oo}

here “fin” is included in the notation to remind that the set consists of intervals
of finite measure.

For example, in the case of the standard dyadic lattice in R, we have that
A0 = {[0,00), (—o0,0)} and so A = .
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Instead of describing 20, let us describe the corresponding measurable func-
tions. Namely, a function f is 2,-measurable if it is Borel measurable and it is
constant on intervals

1= ﬂ I, where Iy € Ly, I, C Ix_1.
kEZ

Clearly, such intervals I do not intersect, so there can only be countably many of
them. Note, that if we assume that, for every x € X,

(13) Jim (1@ =0,

where Ii(x) is the unique interval in £ containing z, then 2., is the Borel
o-algebra.

1.2. Martingale difference decomposition of LP spaces

In this paper we always assume that all functions are 2.,-measurable.
One can easily see that

Z A, = Z A, =E, —E,,.

IeL m<k<n
m<rk(I)<n

Note that, for any f € LP (as mentioned above, we assume here that all the
functions are 2.-measurable),

E.f— f asn— +oo,

where the convergence is a.e. (for p € [1,00]), and in the L? norm for p € [1, 00).

To compute the limit E,, f as m — —oo, we notice that for a bounded com-
pactly supported f we can estimate [E, f| < C/|I], so if |I,| = 0o as n — oo, then
for such functions and for p € (1, 0]

Jim [E; [, =0.

Since bounded compactly supported functions are dense in LP, p € [1,00), and
the operators E,, are contractions in LP, we get, by applying the £/3 Theorem,
that for f € LP, p < o0,

E_.f— Z E, f asn— oo,
ITea%hin

where the convergence is in LP for p € (1,00) and in a weaker sense (say L'
convergence on compacts) for p = 1.

Therefore any function f € LP, p € (1,00) can be represented as an L? conver-
gent series

L4) f=DA+ > Ef=d Mf+ D> Ef=3 Mf+A_of

IeL T fin kEZ T fin kEZ

we use the notation A_oo =E_o = Zlem‘li‘;‘ EI here.
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We have shown the convergence of the partial sums ZZ@, but in fact the con-
vergence of the series is unconditional (independent of the ordering).

1.3. Martingale Hardy spaces

Everything in this subsection is well known. We present it only for the convenience
of the reader.

Let us recall the classical result of D. Burkholder, which in our notation can
be stated as follows.

Theorem 1.1 (D. Burkholder). Let f and g be two locally integrable functions
on X such that, a.e. on X,

A fI<|Ag] VIEL, and [E,f|<|E,g| VIeA2l:
Then
1fllp < (0" = Dllgllp
where p* = max{p,p'}, 1/p+1/p' = 1.
In [2] this theorem was proved for arbitrary discrete time martingales, which
immediately gives the above theorem in the special case where [X| = 1 an ), = {X}
for £ < 0. The general statement can be obtained from this special case by easy

and standard reasoning, which we skip.
Burkholder’s theorem implies that, for |ag| =1,

é £l < H > OékAkap < Clfllp,

keZU{—oc0}

where C' = p* — 1.
Taking for the oy independent Bernoulli random variables taking values +1
with probability 1/2, and taking expectations one gets

1 » p
— A P .
=</ | |3 oos@| wear) <,

Changing the order of integration, and noticing that, by the Khinchine inequality
for any sequence of xj € C, the averages

([
and

(/Q’ > ak(w)xk’ 2dP(w)> 2 (Z Irck|2>1/2

are equivalent with constants depending only on p, we can see that the quan-
tity ||Sf]lp, where Sf is the so-called extended square function,

(15) Sw=( 2 1av@e)”)

keZU{—o0}
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defines an equivalent norm in L? (recall that we assume that all functions are s
measurable).

In particular, this implies that for f € L? the sum in (1.4) converges uncon-
ditionally (independently of the ordering) in L?. Note that if for a formal sum f
of form (1.4) we have Sf € LP, then the series converges unconditionally in L?,
so L?, p € (1,00), is isomorphic to the set of formal series (1.4) with §f e LP.

Let us also introduce the classical square function S, where we do not add the
term |A_ o f|?,

(16) i@ = (3 1Ak @)

kEZ

1/2

The situation for p = 1 is more interesting. Recall the classical result of Burges
Davis [4] comparing the maximal function with the square function. Let us recall
that the maximal function M = M, is defined by

Mf(z):= sup |E f|=sup|Exf(z)]
reLizel keZ

Theorem 1.2 (B. Davis, 1970). Let M = M, be the mazimal function defined
above, and let S(f) be the extended square function defined by (1.5). Then

1 ~
¢ IM Al < 1S flle < CIM £,

where C is an absolute constant.

Remark. The theorem in [4] was proved for general discrete time martingales,
and in our case it can be applied directly to the situation where |X| = 1, 2, = {X}
for k <0, and E f = 0. However, the general case can be easily obtained from
this by standard reasoning, which we omit here.

Note that by the Lebesgue differentiation theorem, || f||1 < ||M f|]1. Therefore,
if |Sfalli — 0, then |[fu]l1 — 0, so if Sf € L', then the martingale difference
decomposition (1.4) converges unconditionally in L!.

Definition. The martingale extended Hardy space H' is the set of all functions
f € L' such that Sf € L' (equivalently, M f € L'), equipped with the norm

1l = 1Sl
The Hardy space H' consists of all the functions in H! such that E, f=0for

all I € A% (with the norm given by ||Sf||1). Note that ||Mf||; also gives an
equivalent norm on H'.

Remark. For p € (1, 00) the extended martingale Hardy space HP is also defined
as the space of all locally integrable functions f such that S f € L?, with the norm
Ifllz, = ISfllp. While, as we discussed above, for p € (1,00) the space H? is
isomorphic to LP, we will use the notation HP as well (for example, to emphasize
that we are using a different norm).

Finally, the spaces H? are defined as the subspaces of HP comprising functions f
such that E f =0 forall I € Ql(lig



NON-HOMOGENEOUS COMMUTATORS, PARAPRODUCTS AND BMO 1333

1.4. Martingale transforms and martingale multipliers

Let D, = AILQ. A martingale transform is a linear transformation T’
T(Z Alf) - ZTI(AIf)’
IeL IeL

where each T, is a linear transformation acting on the (finite-dimensional) space D .
We also assume that TE, f =0 for all I € Ofin

Such operators are well defined for finite sums; for now we will not assume the
boundedness of T'.

If all the operators 7', are multiples of the identity, the corresponding martin-
gale transform is called a martingale multiplier.

1.5. Paraproducts

For a function b let us consider the multiplication operator My, M, f =0bf. We do
not assume here that M, is bounded in L? (i.e., that b € L°). For our purposes,
it is enough to assume that b € LL _, so that (M,f,g) is well defined for f and g

locy
with finite martingale decompositions, i.e., for finite sums

(1.7) F=Y_AMf+ Y Ef 9= ANg+ > Eug

0,fin 0,fin
IeL €% IeL re

1.5.1. The “infinite measure” case. Let us first consider the situation where
2[22;’ = . In this case, as was discussed above, the space L? is decomposed as
the orthogonal sum of subspaces D, I € L.

Consider the decomposition

Myf =Y "> AMA,f
IeLJel

of the operator M, in this orthogonal basis. This sum can be split into 3 parts:
over I G J, JG I and I = J, respectively.

The first sum is called the paraproduct and is denoted by 7 f; the corresponding
operator 7y is also called the paraproduct. Since, for [ ; J,

AL (BAf) = (AD)(A,f),

we can write

18)  mf= > AGA )= D (ADAF) =D (AD)E,f):

IJeL:IGJ IJeL:1GJ IeL

the last equality follows from the fact that, for fixed I € L,

Z (A, N1, =E. f.

JeLiagy
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The second sum (over J ; I) is 7} f, where 7} is the dual of m, with respect
to the standard linear duality (f,g) = | fg. This can be seen easily from the fact
that (E, f,g) = (f,E,g) and so (A, f,g) = (f,A,g).

The third sum (over I = .J) is the “diagonal” term denoted by Af. It is easy
to see that

Abf = Z A[(bA[f) .
IeL
This diagonal term commutes with all martingale multipliers, so it can be ignored
when one studies commutators of M, with martingale multipliers.

In the situation when all intervals I € £ have at most 2 children, any martingale
transform is a multiplier, so in this case it is enough to consider the decomposition
of M, as

(1.9) My =m, +m5 + Ay,

where we can ignore the term A, when studying commutators with martingale
transforms.

In the general situation, we can only ignore a term that is a martingale mul-
tiplier, so a different decomposition is needed. To present this decomposition we
need the following lemma, which gives us a formula for ;.

Lemma 1.3. The ( formal) dual 7t} of m, with respect to the standard linear duality
18 given by

mf =Y E (AD)AN)) =) E, (b-Eb)(A,f)=> E, (b

IeL IeL IeL

The word “formal” here means that the equality (mpf,g) = (f,mig) holds for all
finite sums [ = ZIE£ AIf, g= ZELA g

Proof. 1t is easy to see that (E, f,g) = (f,E,g), and so (A, f,g) = (f,A,g). Using
these identities and the fact that (A b)(E, f) = A, (bE, f), we get

(mof,9) =D (A, (bE, f),9) =Y (bE,f.A,g)

Iel Iel
= (E,f.bA9) =) (f.E,(bA,9)).
Iel Iel

To complete the proof it remains to show that
E[(b A[g) = E[ ((b - E[b)(AIg)) = E[ ((A]b)(A]g)) )
which we leave as an exercise for the reader. O

To give an alternative (to (1.9)) decomposition of M, let us notice that

AL (BAf) =2, (b—E DA, f) + (E,b)A, f=A, ((A,0)A, f)+ (E,b)A, f.
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Therefore, we can decompose A, = A} + AY, where

(1'10) Aéf:ZA[ [(A[b)(A[f)]a
IeL

(1.11) AVf = Z(Elb)(AIf).
IeL

Note, that Ag is a martingale multiplier, so it commutes with all martingale trans-
forms.
Defining

(1.12) ﬂé*) = + A},

we can decompose the multiplication operator My, My f :=bf as

(1.13) My =m + 707 + A9,

Lemma 1.4.

(1.14) m ) =3(8,0)(4, f).
IeL

Proof. Notice that
(A 0)(AF) =E, (A0)(ALN) + A, (A 5)(A, ).

Taking the sum over all I € £ we get 7 f + A} f on the right side, which proves
the lemma. O

There is an alternative, probably a more natural way, to get the decomposi-
tion (1.13). Namely, let us consider the product bf, which can be written as

> (AD)(A, )

I1,JeL

(let us not worry about convergence here and assume that the sums in the mar-
tingale difference decompositions of f and b are finite).

Let us split the above sum into 3 parts, over the sets ; J, J ; lTand I =J
respectively.

The first sum gives us the paraproduct m f:

(1'15) Z (A]b)(AJf) = Z(A[b)(E[f) =:mpf;

I,Jell:I;CéJ IeL

see (1.8).
The second sum (over J G I) can be written as 7zb, so, using (1.8) with f
and b interchanged and recalling the definition of AY, see (1.11), we get

ST (AB)(A ) =D (B b)(A,f) = ARf.

I,JEL:J;I JeL
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Finally, the last sum gives us (see (1.14))
S, f) =t
IeL

Remark. Note, that if £ is the standard dyadic lattice, then E;((Arb)(Arf)) =
(Arb)(Arf)), so Fé*) = ;. This fact was used, for example, in [1].

1.5.2. Paraproducts in the general case. Let us now consider the general
case, where g(0fin # &. Consider the decompositions

—00
f:ZAIer Z E f QZZAIQJF Z E9,
IeLl [Egl‘ivii: Iel Iem(i,iioxl

and let us decompose (bf, g). For a fixed I € L

( Z A f+ Z EJf>]'I:EIf

JeL: 20 Jeau¥ir o1

(note that the second sum on the left-hand side has at most one term). Therefore,

(X A+ ZJ IE,f),A,g>—<(A,b)E,f,A,g>—<m,f,AIg>,
D

JEL:J;I Jem‘i’l“;

where, as above,

(1.16) mf =Y (B, f)(A,D).
IeL
Similarly,
A (0 Ae+ D Eig)) = (A, F.(ABE,g) = (A, [ mg).
JeL:J21 JeA¥ir o1

As we discussed above,
> (AL f A g) = (Muf, ),
Iel

where

(1.17) Apf =Y A (A, f).

IeL

The only terms in (f, g) that we did not yet count are the terms with I,.J € 2[(1’22,
which give us the remainder

> (B SEg) = (Y (ED)E, S Eg) = (Rof.g).

0,fi 0,fi
Iea Iea>
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So, the multiplication operator M can be decomposed as
Aﬂ,ZZFZ%—Ab%—Fb+an

where the paraproduct m, is defined by (1.16), w} is its adjoint, A, is defined
by (1.17), and

(1.18) Ryf = (E_oob)(Eocf) = Y (Eb)(E,f).
Te®fin

Note that Lemma 1.3 remains true in the general case as well: the proof is
exactly the same. Also, nothing changes in the decomposition Ay, = A) + A},
because we can investigate this decomposition separately in each block D, and

these blocks know nothing about 0 ", Finally, the proof of Lemma 1.4 works in
the general case without any changes.
Summarizing we can state the following proposition.

Proposition 1.5. The multiplication operator My is represented (at least for-
mally) as

—Ry=m) A 4y =7 4 A+ =+ AD AL+,
where

Apf = ZAI(bAIf), Ay =AY + A},

IeL
AYF =B )(A, ), AF=D A [ADb)A,f)]
Iel Iel

2. Triebel-Lizorkin type spaces

This part is devoted to the investigation of the “coefficient space” of the spaces H?.
We are mostly interested in the spaces with ¢ = 2, but since the results for ¢ # 2 are
often obtained with little or no extra effort, we consider here the case of general q.

The notation g is chosen by analogy with the notation fg‘*q for Triebel-Lizorkin
spaces, see for example [6]. Since we use a different scaling here, to avoid confusion
we use different notation. Also, we do not use the smoothness parameter a (we
do not need it in what follows, and frankly, it is not completely clear what is
the correct smoothness in the general non-homogeneous case). For the standard
dyadic lattices in R? our spaces g] are isomorphic to fg*q, with isomorphism given
by rescaling of the entries.

2.1. Triebel-Lizorkin type spaces §1(L)

Let £ be a lattice. For 1 < p,q < oo define the sequence spaces g(L) to consist
of sequences s = {s; } 7 such that

Isllgeer = [ (S lst1) ™|

IeL

< 00.
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For p = 0o the norm is defined using the BMO-like norm

1/q
sl =sun (77 [ 3 1sylnr)

IeL,1CcJ

Formally, one can define the whole scale of spaces g2, A )(ﬁ), 1<r < oo,

r/q 1/r
ooy = (g [ (X 1srn)™)

IeL,ICJ

but it will be shown later that these norms are equivalent for 1 < r < oco.

To shorten the notation, we will omit £ and use the notation g instead of
£1(L), when it is clear from the context what the lattice L is.

The spaces g (L) can be naturally identified with subspaces of LP(£9) (L? with
values in £7). Namely, for a sequence s = {s, }1e., define functions

fo= > s1,, keZ:=7U{oc},
IeLixk(I)=k
and let B
[z, k) = fu(z), keZ, zeR.

Then clearly, for 1 < p,q < oo

1/p
Isllegie) = Illsseny = ([ 156, )1 do)

Thus, the space g#(L£), 1 < p,q < 0o can be naturally identified with the sub-
space of LP(£?) consisting of functions f such that f(-,k) is constant on intervals
I € L, rk(I) = k, and such that f(z, k) = 0 if there is no interval I € £, rk(I) = k,
containing x (recall that rk(I) is the largest integer k such that I € Ly, so the
condition I € L, does not mean that rk(I) = k).

We will routinely switch between the function and sequence representation of
elements of g%, so regarding f € &1 as a sequence { f, or as the corresponding
function f(-, -) € LP(£7).

We will also need the notion of the coordinate projection of f € gl. Namely,
for & C L define the coordinate projection f,. by

(21) fg = {fI}IGS

(meaning that entries corresponding to I ¢ £ are 0). In the function representation
this can be written as

(2.2) feC R =13 1), kezufs)

IeExk(I)=k

brec

For f € LP(¢?) define the vector Hardy—Littlewood maximal function f*:

[ (k) Sup |I|/|fsk|ds

We will need the following well-known theorem:
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Theorem 2.1 (Fefferman—Stein, [5]). Let f € LP(¢7), 1 < p,q < oco. Then
If Nl reay < Cl fllLr(ea,
where C' depends only on p and q.
The following fact is well known.

Proposition 2.2. For 1 < p,q < oo, the dual space (&}(L))* is isomorphic to
ggi (L), where 1/p+1/p' =1, 1/q+1/¢ =1, and the pairing is the standard one:

(23)  (f.g) = / D o) ate. ) do = / S a1, = 10,111

IeL IeL

Note that we only claim that the norm in ggi (L) is equivalent to the norm in the
dual space (except in the trivial case p = q = 2, where the norms coincide).

For the sake of completeness we present the proof of this proposition.

Proof. Since (LP(¢£9))* = L (19) (for 1 < p,q < o), any g € ggi (L) defines a
bounded linear functional L on g¢(L£), and ||| < Hg||gq/(£).

On the other hand, if L is a bounded linear functional on g(L£), it can be
extended by the Hahn—Banach theorem to a bounded linear functional on LP(£?),
which can be represented by a function g € LP (£7),

L) = [ S fe kg k) ds, vE € (L),
k

Note that the functional L does not change if we replace the function g by its
“orthogonal” projection g onto gg/ (L),

I [ a(s, k)ds, if tk(I) =k, and z € I,
(2.4) g(m,k){ 0 A5 o k(]) — k.

Clearly |g] < (g)*, so by the Fefferman—Stein maximal theorem (Theorem 2.1),
Hg”Lp/(éq/) <C ”E”Lp/(éq/)' U

The dual of g{ is given by the following theorem.

Theorem 2.3. Let 1 < ¢ < oco. Then the spaces gg;f’“), 1 <r < oo do not depend
on r, and the corresponding norms are equivalent. Moreover, the dual space (&1)*
is isomorphic to gg; = gg;*(‘” =~ gg;’"“
is given by (2.3).

); here again 1/q+1/¢' = 1 and the pairing

The notion of maximality, given in the definition below, plays an important
role in the proof of Theorem 2.3, as well as later in the paper.



1340 S. TREIL
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Ek

FIGURE 1. Level sets.

Definition. Let &€ C L. We say that I € £ is maximal for £, or E-mazimal, if
there is no J € &€ such that I & J.

We will use the following simple lemma often.
Lemma 2.4. Let ®: X — [0, 00) and let By, := {x€X: ®(x)>2*}. Then forp >0,
> 2" By §2p/¢(x)pdm.
kEZ X
Proof. See Figure 1. O

Proof of Theorem 2.3. The general outline of the proof is as follows. We first show
that

(2.5) KE ) <40 fllge gl ¥V fegl ¥gegl®.
1 oo

Testing a functional ¢ € (g7)* on sequences with one nonzero term, one can
easily see that there exists a unique sequence g = g, = {g, },., such that o(f) =
(f, g) for all sequences f with finitely many nonzero terms. We will show that, for
all r € (1, 00),

(2.6) g6l sy = C) Il

gl =
It easily follows from the Holder inequality that, for r» > 1,

(2.7) ||9Hggé,<1> < ||9Hgg;m~
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The estimate (2.5) means that |¢] < 4||g¢||gqf,(1). Combining this with (2.7)
and (2.6) we get that

el < 4llgell o0 < 4llgell o < 4C(r) [|ol]-

This proves the equivalence of the norms ||g¢|\gq/,<7v>, r € [1,00), and ||¢]|, and so
the theorem. b

Let us prove (2.5). It is sufficient to prove this inequality on a dense set
of functions f for which the corresponding sequence {s,}scs has finitely many
nonzero terms.

Let By, := {z € R: [|f(z, )|, > 2"}, and let & := {I € L : I C E;}. Note
that E} is a finite disjoint union of £x-maximal intervals I € &.

Lemma 2.4 implies that

(28) S 2 im <2 [ £, do
keZ

Since L is a disjoint union of the sets & \ Ex4+1 we write

f= Z ffk\5k+1

where f, is the coordinate projection of f, see (2.1) and (2.2). Note that

(2.9) /e (@, e <2711, (2).

k\Ekt1

Indeed, the estimate for © ¢ Fj4q is trivial. For x € Fj41, let J be the £ 41-maxi-
mal interval containing x, and let J be the parent of J. Clearly J ¢ Eky1, so there
exists a point y € J y ¢ Eky1. Then we can write

(210) |‘f5k\gk+1 (iﬂ, )HZ‘I = Z |f[|q = Z |f[|q

Iegp:I2J I€EL:IDT
< S0 LI = £, g, < 20D
IeL:I>y

(the last inequality holds because y ¢ Fj1), and (2.9) is proved.
To finish the proof of (2.5) let us take g € g o Hg||gq/,<1) <1, and estimate

|<f,g>|—\/;f,g,1,dx\ <Z/ S Uf g1, da
€

keZ " T€Ex\Ery1

= Z ||‘f5k\5k+1 ||L°°(Z‘1) !’ggk\5k+1 HLl(Z‘/) < Z2k+1|Ek| = 4HfHL1(€“)'
kezZ keZ

Here the last inequality follows from (2.8); to prove the previous one we notice

that by (2.9) we have ||f£k\5k || oo (eay < 28+ and the definition of &0 W implies
o +1

that |‘g£k\5k+l ey < HgSkHLl(Zq/) < |Eg|. So, (2.5) is proven.
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Let us now prove (2.6). Let ¢ be a bounded linear functional on g{. By the
Hahn-Banach theorem it can be extended to a functional on L!(£4), so it can be

represented as
PN =03 = | 3 fa b)) da

keZ
where § € L(7), [|g] o gy = ll2ll-

Let g = Pseq(g) be the projection of g onto the space of sequences, i.e., let the
function g be defined by (2.4). The projection Pseq, as can be shown easily, is
not bounded in L>°(¢9'), but by the Fefferman-Stein theorem (Theorem 2.1) it is
bounded in L"(¢9).

Therefore, for any (finite union of intervals) E C R and the collection £ :=
{IeL:ICE},

Hgg Zq ) — C Hgg Zq ) — C|E| HggHLoo(Eq )

which means exactly that g € ggo’““), ||g|\gq/,(r) < C|lel- O

2.2. Spaces gg;,(“ forr <1

Remark 2.5. In fact, any r € (0,00) can be used in the definition of g , i.e., all
the “norms” || - ||gq,<7v>, r € (0,00) are equivalent (of course, for r < 1 the quantity
| - ||gq,<r) is not a norm).

This can be proved using the standard John—Nirenberg type estimates, but we
present a different argument, based on a simple lemma below.

Lemma 2.6 (Extrapolation of inverse Holder inequality). Let pu be a probability
measure, and let LP = LP(u). For a function f € LP' and for some pa > pi,
suppose that there holds the following reverse Hélder inequality:

(2.11) 1fllp2 < C NS llps-

Then, for any p < p1,
b2 p1—p
flloe <CPNfllp, B= :
1 £1lps 11 P r—

Proof. Define r := (p2 — p)/(p2 — p1). Then the dual Holder exponent is given by
= (p2 — p)/(p1 — p). The exponent r is chosen so

1 1
(2.12) —p+ = -p2=p1.
r T

Assume without loss of generality that f > 0. Setting o = p/r we can write
IAI5: = APl < P e 2 by the Hélder inequality
= [IA1I5 W15
< A5 ClLfll)™ ™ by (2.11).



NON-HOMOGENEOUS COMMUTATORS, PARAPRODUCTS AND BMO 1343

The last inequality implies that

1fll5, < CP 1A,

which gives us the conclusion of the lemma with 8 = (p;—a)/a. To see that it is the
same [ as in the lemma, recall that a = p/r, so by (2.12) we have py —a = pa/r’.
Therefore

_ P2 pP1—Pp

6:p170‘:]2 r_ R S O
o " p P P2—p
To show the equivalence of the norms || - ||gq,<7v> for all r € (0,00), take ro >
r1 > 1 >r > 0. We have proved that the norms || - || o) and || - || q.(n) are
g% g%

equivalent, i.e., there exists C'= C(ry,72) such that, for all sequences s = {s, }ser,
(2.13) I8l ga.cr0> < Ml8llga.02) < Cllsl om0

(the first inequality here is Holder inequality).
Take e > 0 and let J € £ be such that

. % .
(2.14) [ 2 1, P,) 7 2 @ sl e

IelL:1CcJ

Combining this inequality with (2.13) we get

B 1/2
(077 32 1, P,) ) < llsllggen < Clsllgaen

IeL:1cJ
. 5 1/2
<@rec|(lt X Is,ly)
IeL:1CcJ

)
T1

i.e., we have the inverse Holder inequality assumption of Lemma 2.6. Therefore,
by Lemma 2.6,

[0 3 )

IeL:1cJ

<avore(u S i),

IeL:.1cJ
< (1 + E)ﬁcﬁnng&(m .

T1

Combining this estimate with (2.14) we get that

loll gy < 1V sl

which gives the equivalence of Hs||gq,<r) and ||5ng,(m (the opposite inequality
S| ..y < ||S]|.a.r) follows immediately from the Holder inequality). O
& &
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2.3. Embedding theorem for gg

Let {a be a collection of numbers. We want to know when the operator

f = {a1<f>]}[EL

is a bounded operator from L? to g; recall that for a function f the symbol (f),
denotes its average, (f), = f; f.

The answer to this question is well known if p = ¢, and is given by the famous
Carleson embedding theorem, that says that a necessary and sufficient condition
for the boundedness is

I}IEL

1
sup — Z o, [T < o0,
rec Ml ;75

which means exactly that {« I} rer € gg’o@ = g7 . This result is especially well

known for p = ¢ = 2; the situation for p = ¢ can be obtained, as it will be shown
below, by a standard comparison with the maximal function.

Below, we will show that the answer is the same for all p € (1,00). For p =1
the above condition is not sufficient for the embedding, but if we replace L' by H L
then the result can be extended to p = 1.

Theorem 2.7. Letp € [1,00) and g € (1,0), and let o = {« be a collection

of numbers. Then the operator A, defined by
Aof = {a[<f>[}[€[;

I}IEL

s a bounded operator HP — gl if and only if o € g%,

Proof. To prove the necessity of the condition @ € g2 for p > 1 we just have
to test the embedding operator on the functions 17, I € £. Since (1;); = 1 for
J C I, and since for p € (1,00) the HP-norm is equivalent to the LP norm (see
Section 1.3), the boundedness of the operator A, implies

H( 2 |aJ|q1J)1/qHZSC”]-[”Z:CUL

JeLl:.JcI

which means o € ggg(” ) = g% (by Theorem 2.3 the space gg;f” ) does not depend

on p).
For p =1 we need a bit more complicated test function, since generally 1, is

not in H!'. To prove the necessity in this case, take I € £. We need to consider
two possibilities:

(i) |K|<2|I|forall K € L, K D I.
(ii) There exists K € £, K D I such that |K| > 2|I|.

In the first case

|supp(M,1,)| <2|I|, so |[[M.1,]:1<2[]].
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The maximal function characterization of H* (Theorem 1.2) implies that 1, € H Y
[1,]l7: < C|I], so testing as above the operator A, on f =1, we get

(215) (2 tayi)"| < clfiz <o

Jel:Jcl

In the second case, let K € £ be the first ancestor of I such that 2|I| < |K].
Let f := 17 + alg\;, where o € R is chosen such, that [ fdz = 0. It is easy
to check, using again the maximal function characterization of H! (Theorem 1.2),
that f € H' and HfHHl < C|I|. Since for J € L, J C I we still have (f), =1,

J
testing A, on f we get the estimate (2.15).
Let us now prove sufficiency. Let

Ey={xeX:|Mcf(z)| >2"}, and & ={I€L:]CE}.

We can write

Aol =) (Aah)g e, 1

kEZ

where (Aqf)e\e,,, denotes the coordinate projection of A, f, see (2.1), with
E=E\ Ekyr.

Assume that |[alge. < 1, and let ag,\¢,,, be the corresponding coordinate pro-
jection (2.1) of c. Since |E, f| < [M, f| < 2" on I € &\ Exy1, we conclude that

< 2(k+1)p ||a < 2(k+1)p |Ek|

||(A°‘f)£k\£k+1 Hi”(fq) E\Ert1 ||Lp(“

Therefore,
216) Sl Aaf)g gy By < 302507 B < C M, I < O£,
keZ

here the second inequality follows from Lemma 2.4, and the last one is the bound-
edness of the maximal function in L? for p > 1.
The estimate (2.16) is exactly what we need if p = q.

The case p < ¢ is also easy. We can write (in the functional representation)

14a fHLp (£9) /X <Z H(Aaf)fk\fk-ﬂ (z, .)ng)
keZ
=P
< [(ZIaley, o) e sl <l 2 <

kEZ

= Aah) g e, o < C A, by (2.16).
kEZ

p
dx

Q=

The case p > ¢ is a bit more complicated. To treat this case let us first make
some simplifications. Of course, without loss of generality we can assume that
f >0 and that all a, > 0.
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Lemma 2.8. Let f € L, 1 < p < oo, and f > 0. There exists a function f
satisfying [ > [ and | Fll, < Cyllflly such that

Mf<G,f,
where M is the Hardy-Littlewood mazimal function.

The condition M f < C'f for f > 0 is the so-called Muckenhoupt (A;) condition.
It implies, in particular, that for any interval I,

frsbupse

C zel
Proof of Lemma 2.8. Define fby
F=> yFMtky,

E>0

where M* is kth iteration of M, and v > 0 is sufficiently small, so that
1
VMY, < 5kl VA€ IV o

Replacing f by the ffrom Lemma 2.8 we can assume without loss of generality
that M f < Cf.

It is an easy exercise with the Holder inequality and the Resonance Lemma
(the fact that equality is attained in Holder’s inequality) to see that if p > ¢ and

L/p+1/r=1/q,
[Fll, =sup{[|[Fgllq:9 €L gl <1}

Take g € L such that g > 0 and ||g|l» < 1. Since clearly r > ¢, applying
Lemma 2.8 to g? with the exponent s = r/q for p, we get a function g > g such
that M (g?) < C¢? and

gl = lg*llz < Cllg?lls = Cligly-

So, replacing g by g we can assume without loss of generality that Mg < Cyg

and |lg|l, < C.
To complete the proof, let us first notice that
(2.17) [Aa(fDN Lagey < Cllfglla < ClIFlpllgllr < C N1 f[lp-

This inequality follows from the case p = ¢ we discussed above. We used here the
fact that ||o| g < [|ex]| g1, which follows immediately from Holder’s inequality;

- q,(p)

note that we do not need here the full equivalence of the g5’ -norms for all p.

So, in light of (2.17), we only need to show that

||(A0¢f)g||Lq(Zq) S C ||A0t(fg)||Lq(eq)7
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which follows immediately if the estimate
F 100 < Cigan.

holds uniformly for all I € £. We know that

(2.18) min f(z) < (f); < Cmin f(z)
and that
(2.19) {97); < Cming¥(z) = C (ming(2))? < C{g)]

and therefore

F D8l = (700",

by (2.19) by (2.18)
< C

Nigyt " < Cmin f@)(g)t < Cfg)t. O

3. H? and BMO, spaces

Most of the results of this section are well known, and are presented here only for
the convenience of the reader. However, I believe some of the proofs are new.

3.1. HE spaces

As we discussed in Section 1.3, the L” norm of a function f, p € (1,00) (H* norm

if p=1), is equivalent to the LP norm of the square function Sf.
Acting by analogy, one can use the “g-function” instead, and consider the
space HE, p,q € [1, 0], of formal martingale difference decompositions, such that

(3.1) £ = H(Z A flT+ > |1E1f|q>1/qHLp < oo.

Iel IEQIO’ﬁn

We assume here that the “martingale differences” A, f are simply some func-
tions h,, constant on children of I and such that Jxh ;dz = 0. The functions E, f
are just some multiples of 1,. While we do not assume that all the i, are mar-

tingale differences for some function f, we will still use the notation A o meaning

by f the whole collection of such “martingale differences”.!

We can also consider the space H?, consisting of formal martingale difference
decompositions for which E, = 0 for all I € Ql(lig

The spaces ﬁgand HE are clearly Banach spaces, as closed subspaces of LP(09).

As we discussed above in Section 1.3, if f € 7-7’2’ , then the series converges to a
function in L (to a function in H' if p = 1), and for p € (1,00) the norm ”f”ﬁg
is equivalent to the standard LP norm.

ISuch notation is partially justified by the fact that, in the essential case where our collection
has only finitely many nonzero terms, all A ¢ are martingale differences of the function 1ec & f-
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Since [|z][s2 < [|z][¢a for ¢ € [1, 2], any formal martingale decomposition f € H?,
q € [1,2], converges to a function in LP. Thus, in this case we can identify the
spaces ﬁg and ‘HP with function spaces, which we denote by H P and HY, respec-
tively. _

For g > 2 convergence is not clear, so in this case we only consider the spaces H
and H} of formal martingale differences.

Remark 3.1. Informally, we can say that f € H} if {A f}, . € gl. We are
saying “informally” here, because the Ay are not numbers but functions, so we
have to interpret the sequence {A f trer as a sequence of numbers.

In this paper we will interpret this by saying that each A f determines the
number x;, J € child(/), where z; is simply the value of A f on J.

The space HJ is the classical martingale H! space, and we will often skip the
index g referring to the case ¢ = 2. The spaces H} were studied by many authors;

for example the spaces H[,g ? were considered in [15] (the superscript stands for
“square function”).

Remark. There are alternative ways of obtaining the numbers z; from the martin-
gale differences A . For example, one puts z, := (E,|A, f|7)*/9, and the condition
{7, }1ec € g}, defines a martingale Hardy space that is denoted by H,? in [15]
(note that the superscript here is s4, no the S, of the previous paragraph).

For homogeneous lattices it is not hard to show that this definition is equivalent
to the first one. It is also well known and can be seen from what follows, that in
the general, non-homogeneous case, these spaces can be different.

3.2. BMO spaces and H'-BMO duality
We want to define BMO spaces, so we have the H'-BMO duality, as usual.

Definition. We say that a formal martingale difference decomposition

F=> A1

IeL

belongs to the space BMQO,, q € (1,00) if the sequence {z obtained from

{Alf}leﬁ as in Remark 3.1, belongs to gZ.
The extended BMO spaces BMOy are obtained by adding to the formal sum
f € BMO, additional terms

I}IEE’

Y Ef B fle<C<oo VI
Ie%fr

We can rewrite the definition of BMO, by picking r € (0, 00) and saying that
feBMO, if, for any I € L,

(3.2) ]{( > IAJfIq) " o <0<

Jel:Jcl
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(uniformly in I), and, in addition

(3.3) sup [|A; flleo < 00.
IeL

These two conditions mean exactly that the sequence z = {x I} rer, obtained from
{A, f}iec as in Remark 3.1, belongs to ggg(”. Since, as we discussed above (see

Theorem 2.3 and Remark 2.5) the spaces gg’o“"), r € (0,00) coincide, this means
T € gg;fq’ =:g7.

Remark. One would expect that the condition (3.2) alone defines the space
BMQOy, but it has been known for a long time that the additional condition is
needed. One can look, for example, at Garsia’s 1973 book [7], where the BMO5
space was defined. One can easily see that the definition from [7] is equivalent to
the one presented here.

If [X] < o0, BMO, C Hj, so (see Section 3.1 above) for ¢ € (1,2] the formal
martingale difference decomposition f € BMO, converges to a function in L". So
in the case |X| < oo one can identify for ¢ € [1,2] the spaces BMO, and BMOY
with function spaces, which we will call BMO, and BMO_’, respectively.

The following theorem is known, but the proof presented here is probably new.

Theorem 3.2. The dual of the space Hé (respectively, Hé), 1 < q < oo, is the
space BMO, (respectively, BM(’);).

Proof. We will prove the duality between "H; and BMO, . The duality between

ﬁé and BMO;; follows trivially.

The sufficiency of the condition g € BMO, for the boundedness of the linear
functional f+— (f,g) on 7—[; follows immediately from Theorem 2.3.

To prove the necessity of this condition, let us note that by definition HY can
be identified with a subspace of g{ (by identifying the family {A g}, ¢, With an
element in g as described in Remark 3.1).

Thus a linear functional ¢ on "Hé can be extended by the Hahn-Banach theorem

to a functional on &f, so by Theorem 2.3 there exists § = {g,},., € g7 Hﬁng/ <
C||#l|, such that the functional ¢ is given by

B e= [ Y Aseia=Y [ X A f@Ede

X reL jechild(l) IeL Jechild(I)

We would like to interpret the function ) ;. aan g,1, as a martingale difference,
but this function does not have average zero. But since fx A, fdz = 0, the integrals
on the right side of (3.4) do not change if we subtract from g, J € child(/), a
constant ¢ = ¢, .

Therefore, if for J € child(I) we define g, :==g, — 1|7} > reenitacn 9, ' we

get that
so(f):Z/ ST A, f(a)g,da.

1eL X jechild(I)
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However now the functions ) ;. enitan) 9,15 have zero average, so we can treat
them as martingale differences.

Let us check that {g,}, cr € g4 . Using the fact that the averaging operator
J = (f);1, is a contraction in all L?, p € [1,00] (it follows immediately from the
Hélder inequality), we can see that

H 95 J’ 9; J‘

Jechild(I) JEchlld(I)
Using this inequality we get that for Iy € £

S gl =g, 1l Y | X e,

JeL:clo IeL:ICI, JEchlld(I)

ot o2 3 | X | < lag ol 2
IeL:ICIy Jechild(I) b

Noticing that |g, | < Hﬁng/,(q/), and therefore |g, | < 2H§||gq/,(q/>, and taking
into account that gg;*(” norms are equivalent for all r € [1,00), we conclude that

149} reg e < Clialye - Thus g = {g,},., € BMO,. 0

3.3. BMOy as function spaces

Proposition 3.3. For g € [1,2] the space BMO, can be identified with a function
space, i.e., for each formal martingale decomposition f = ;.. A, f € BMO,

there exists a locally integrable function f such that for all I € L
A f=Af
A similar statement holds for the spaces BMOY as well.

Remark. As can be seen from a simple example below, the martingale difference
decomposition f = ;.- A, f € BMOg, ¢ € (1,2], does not necessarily converge
if |X] =

Let £ be the standard dyadic lattice D in R, and let I, = [0,2%), k € N.
Consider the formal martingale sum f =3, A I f, where

Alkf = 1[072k—1) - 1[2k—172k).
It is easy to see that f € BMO, for all ¢ € (1,00), but the series clearly diverges.

Proof of Proposition 3.3. 1t is sufficient to analyze the convergence on each interval
J € A% separately.

If [J| < oo, then the series f, := >, . ;c; A, f belongs to 7—[2. Therefore, as
was discussed before in Section 3.1, the series converges to an L? function.
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Let now consider J € A% _ such that |J| = co. It is not hard to see that any
such interval can be represented as the union

J=J I Ixecchild(Iy) VE>1
E>1

(note that here k is not the number of generation). Let
L(J):={I€eL:ICJI#IVkeN}

so the collection {I € £ : I C J} is split into a disjoint union of £ and the set
{Ir,: k € N}.
For k =2,3,... let ay be the value of AIk on I_1, and let a; = 0. Define the

function f on J by

Fm D0 A F+) (8, f-as1))

IeL(J) seN
Let us show that the sum restricted to any of the above intervals I}, converges in
L?(Iy). This will immediately imply that Alf =A fforall T €L, ICJ.
The second sum converges trivially, because AIQ f—al, =0onl if s > k.
Let us show the convergence of the first sum. Note that we only need to count
the terms A f with [ € L£(J), I C I, because the terms with I € L(J), I ¢ I

are zero on [y.
The condition f € BMO, implies that

> A feHICHS,
rec(J)ICI,
so the sum converges in L?(I}). O

Remark 3.4. For r € (1,00), the condition that the sequence obtained from

{AI}Ieﬁ belongs to gig(’") can be rewritten as

—1 o r .
sup 11170 [ 1 = (7)1 < s

here I denotes the parent of I.

4. LP bounds of paraproducts

4.1. Martingale differences do not form a strong unconditional basis
in HP in the non-homogeneous case

In [9] the notion of a strong unconditional basis was introduced. A system of
nontrivial subspaces £; (of a Banach space X), j € J (where J is a some countable
set) was called a strong unconditional basis if

(1) the linear span L{&; : j € J} is dense in X;
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(ii) there exists an ideal Banach space Y of sequences {c;}jcs and a constant
A > 0 such that for any sequence {z;}je7, z; € & with finitely many nonzero

elements .
Sl <htei,el, < 4] S
JjET ey

Recall that a Banach space Y of sequences {¢;}jes of complex numbers is called
ideal if for any sequence of factors a, |a;| < 1 the sequence {ojc;}jey € Y and
Hajeitieally < {etieally -

Note that a strong unconditional basis is an unconditional basis, meaning that
any vector x € X admits a unique representation

$:Z$j, itjggj,
jeT

and the series converges unconditionally, i.e., independently of the ordering of 7.

One can easily see that the martingale difference spaces D, = A, form an
unconditional basis in HP, p € [1,00). It is also well known that for a homogeneous
lattice £ the subspaces D, form a strong unconditional basis.

Unfortunately, as we demonstrate below, that is not the case in the general
situation.

If the system of the martingale difference spaces D, were a strong unconditional
basis, one might imagine that the natural “coefficient space” for H? should be the
Triebel-Lizorkin type space gf,.

In other words, one could guess that one could get an equivalent norm in H?
by replacing the functions A, f in the square function by multiples of 1,. The
norms have to be equivalent on singletons f = A, f, so if one wants to replace
the functions A, f by ¢,1,, ¢, = ¢,(f), the functions A, f and ¢;1, should have
equivalent LP norms (uniformly in ).

If everything works when the norms of A, f and ¢, 1, are equivalent, it works
when they are equal. So everything reduces to the question of whether the quantity

(4.1) | (§<EI|AIf|P)””)WHp

gives an equivalent norm on H?.

The answer is well known to be “yes” in the case where the lattice is homoge-
neous. In fact, in this case for ¢ € [1, 00) the averages (EI|AI|q)1/q are equivalent,
so one can replace A, f by any of these averages (the case ¢ = 2 is usually consid-
ered in the literature).

In the general case, as the theorem below asserts, only “half” of necessary
inequalities are true, so the answer is unfortunately “no”.

Note that Theorem 4.1 does not imply that the system of martingale difference
spaces D, is not a strong unconditional basis: it only implies that a particular norm
on the coefficient space does not give an equivalent norm. However, modifying the
proof of Theorem 4.1 one can show that indeed the martingale difference spaces D,
do not form a strong unconditional basis in H?.

4
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Theorem 4.1. Let f € HP.
(i) Forp € [1,2] the inequality

an (e, <ol (Sinm)

IeL

holds; here C' = C, and does not depend on f and L.

(ii) For p € [2,00) the opposite inequality

an [(Sm) | < (S|

IeL Iec
holds with C' = C,.

(iil) For p € (2,00) the inequality (4.2) fails, i.e., for each p > 2 one can find
a lattice £ and [ € HP such that the left side of (4.2) is infinite (while the
right side is finite because f € HP).

(iv) For p € [1,2) the inequality (4.3) fails (in the same sense as in state-
ment (iii)).

4.1.1. Proof of two of the estimates in Theorem 4.1. To prove state-
ment (i), let us consider the sequence {|A1f|p}I€£ € g1, ¢ = 2/p, where as in
Remark 3.1, |A, f[P defines numbers =, J € child(I), =, being the value of
|A; f[P on J. Then the estimate (4.2) follows immediately from the boundedness
of the averaging operator Av in g7, ¢ = 2/p,

(Ave), = [I|7! Z x| J].

Jechild(T)

To prove that Av is bounded, let us notice that its adjoint Av* is the “forward
shift”
(Av* ), = Ty I is a parent of [.

We want to show that this operator is bounded in gg; = (gh)*. Ifz =
{2, },c, €84, then for J € £

Z [(Av ), 11, = Ja 7|1, + Z 2,11,

IeL:1cJ IeL:1cJ

where J is the “parent” of J. Since |.Z‘j| < H.Z'”gq/ and

’ /
f S e 11, < ],
J 8o

IelL:1CcJ
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we conclude that
][ (A" x),|q/11)dx <2|z|?,,
J gOO
IeL:IcJ

which proves that Av* is bounded. Therefore Av is a bounded operator in g,
which proves (4.2).

Statement (i) follows from (4.2) by duality. Namely, take g€ H?', 1/p+1/p/ =1,
llgll gz < 1 and estimate

/fgdl" <Z/|A fAIg|dm<Z/ E |A flp 1/10(E |Alg|p)1/p dr

IeL IeL

= [ E18,57) " B 18 9) Y

IeL

< [(SEia,1)) . (S tea0)") .

<[ (i) ] (S @80 )
IeL

p/.

By (4.2),

, ’ 1/2
H (Z<E1|A19|p )2/p 11) H , = Cllgllz
IeL p

So by taking the supremum over g € H?', llgll g»r < 1, and taking into account
that the dual of HP is isomorphic to le, we get

)

191 < | (S (E,18,51)77) "

IeL

which is exactly condition (ii). O

4.1.2. Counterexamples in Theorem 4.1. To prove (iii), take Iy = [0,2). Fix
n €N, n>2and let
Ik = [O,Tk), Jk) = [Tkark_l)a

where r =1—1/n, k =1,2,...n. Note that I;_; is a disjoint union of I and Jj.
We assume here that Iy, Ji € Lg; we will only consider functions whose only
nonzero martingale differences are A Lo f, k=1,2,...,n, so the other intervals
in Ly are irrelevant for our construction.
For k=1,2,...,n define
A f=1 F al

Ix 1 Iy,

where a =1/(n—1),s0 [y A, fdz =0. Since [ N Jy = @

2 2 2
fIF= 1, +a’1, <1, +a’1,

Ilcl
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Since the intervals Ji, k = 1,2,...,n, are disjoint, we can see that on Iy

("Zf |A1kf|2)1/2 < (1 + Zn:(f)l/z < (1 —l—n(n%)z)l/z < 21/2
k=0 k=1

(each point x € Iy belongs to at most one of the intervals Ji, which contributes 1
to the sum, and each Iy contributes o). Therefore

(4.4) > |A,kf|2)1/2’]p <212,

On the other hand, for = € Ij_q,

E, |A

1
fIP =+ (1= 1/n)a? >

Iy—1

so for z € I,,,

D (B, 18, f17)* = n(%)% =n!"2P,

Since p > 2 we have n'~2/P — o0 as n — oo, so by increasing n we can make
the left side of (4.2) as large as we want (because |I,| = (1 — 1/n)™ > 1/2e for
sufficiently large n). By (4.4) the right side of (4.2) is uniformly bounded. Thus,
the uniform (in all lattices) estimate (4.2) fails.

Repeating the construction (with n — 00) on disjoint intervals, we get a lattice
where the uniform (in f) estimate (4.2) fails. But from this one can easily construct
a function such that the right side of (4.2) is finite, but the left side is infinite.

The same construction allows us to prove statement (iv) as well. We can easily
see that on J = U}_, Jg,

(S a,78) " =
k=0

Note that [J| =1 —7" =1 — (1/n)", so for sufficiently large n, we can estimate
that |J| > 1/2. Therefore

n—1
|18, 2) 7, 227
k=0 P

On the other hand, for x € I}_q,

E, |A

I —1 n
so for x € I,

n

2/p 2 2/:0_ ) .
(6, 3 g0 <a(2) <

k=1
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Therefore

n—1

1/2
H(Z(Elk |A1kf|p)2/p) / Hp < 2YPpl/2=UP 0 as n— oo,
k=0

because p < 2. So for p € [1,2) the uniform estimate (4.3) fails, and from this
it is easy to get a function for which the right side is finite, but the left side is
infinite. O

4.1.3. Not a strong unconditional basis.

Proposition 4.2. There exist a lattice L such that the martingale difference
spaces D, do not form a strong unconditional basis.

This proposition also demonstrates that, unlike the p = 2 case, the uniform
boundedness in LP of the blocks T, of a martingale transform 7" does not imply
the boundedness of T in LP if p # 2.

The proof of the proposition can be obtained by modifying the construction
in Section 4.1.2. Define Iy = [0,1). Fix n € N, n > 2. Let split Iy into two
subintervals, I; and Jy, where |Ji| = (1/n)|lo], so |I1] = (1 — 1/n)|Iy|, and let us
split the intervals I; and J; into two equal subintervals, IF, JF, k = 1,2. These
four intervals will be children of Ij.

For an interval I, let i, be the Haar function (normalized in L°),

hy=1, -1, ,
where I and I_ are the right and left halves of I respectively.
Define the martingale differences in D I’

AIOf: th +ahh, Alogzﬁ(hJ1 +hh)’
1/p

where, as in Section 4.1.2, o = (n — 1)7!, and 8 =n"P (1+ (n — 1)'77)

(4.5) 1A, fllp = 1A, gl

SO

We then apply the same construction to the “children” I of Iy, then to all
“children” I3 of all I¥ and so on. Note, that we do not care about the “children”
of the “smaller” intervals J*, because we set the martingale differences to zero for
all intervals different from one of I.

So, we get the collection of intervals [ ,i and the corresponding martingale dif-
ferences Alif and Alig, constructed in the same manner as in (4.5).

Now let us notice that this construction just models the construction from
Section 4.1.2. Namely, for every k € N, the total length of the intervals I3 is
exactly the length of the interval I from Section 4.1.2. It is easy to see that
the function |A1if| and the function [A, f| from Section 4.1.2 have the same
distribution function.
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Moreover, the corresponding square functions
1/2 1/2
(o 18, 7B) " and (3218, 1P)
k,j k

also have the same distribution function.
The distribution functions of the square function

(S1a,07) "
kj k

and of the function 1/2
(Z (Elk |A1k |P)2/p>
k

from Section 4.1.2 also coincide. Therefore, all estimates from Section 4.1.2 apply
here, and repeating the reasoning from that section we prove the proposition. 0O

4.2. “Paraproduct” version of the embedding theorem

Let b = {b'} rec be a family of functions such that b’ is supported on I and is
constant on “children” of I. Define a “paraproduct type” operator @ = 7, by

(4.6) ol k)= > (O

IeLak(l)=k

Ifol = A ;b for some scalar function b, this is just the vector representation of the
classical paraproduct. However, here we do not assume that the b’ are orthogonal
to constants, so here b is simply a collection of functions b'.

We want to know when this operator is a bounded operator LP — LP({?),
1 < p < oo (or from HP — LP(£7), if we are also interested in the case p = 1).

If each b’ is constant on I, the answer is given by Theorem 2.7 above, and it
does not depend on p € [1,00). In the general case, if we do not assume that the
lattice is homogeneous, the answer generally depends on p; one can easily come
up with a counterexample in the simplest situation when only the b’ with I in a
disjoint family are nonzero.

Theorem 4.3. Let p € [1,00), ¢ € (1,00). The operator 7, defined above is a
bounded operator HP — LP((?) if and only if

(4.7) sup]{( Z |bJ(m)|q) 51’(195 = KP < 00

TeLJI s rger

Moreover, the norm of T, is bounded by CK , where C' = C(p).

Proof. (Necessity and the easy case p < ¢). The necessity of the condition (4.7)
is trivial, one just needs to test the boundedness of 7, on the characteristic func-
tion 1,, I € £, and when computing the LP(£9)-norm count only the (f) b’
corresponding to J C I.
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To be completely honest, this test function works fine for p > 1; for p = 1 one
should take for the test function f = 17 —alg\ 7, where K is the first ancestor of I
for which 2|I| < |K|, and o € R is such, that [ fdz =0 (if no such K exists, one
can take 1, for the test function). We refer the reader to the proof of Theorem 2.7
for the details.

To prove the sufficiency, let us first fix the notation. As in the proof of Theo-
rem 2.7, let By :={z € X: M, f(z) > 2} and let & :={I € L: I C E}}.

For & C L let (T f) ¢ be the coordinate projection of 7, f corresponding to the
set £, meaning that the sum in (4.6) is taken only over I € &.

The sufficiency for p < ¢ is proved in exactly the same way as in Theorem 2.7:
using the same reasoning as was used there, we get the analogue of (2.16), namely

that
Z H(ﬂ-bf)gk\gk+1 ||§p(€<1) < ClIfII5,
keZ
(this inequality holds for all p,q € (1,00) with C' = C(p, q)).
If p < g, this gives immediately the desired estimate in the same way as in the
proof of Theorem 2.7. We did not use the fact that the a, were constants there;
the estimate works for arbitrary functions. O

4.2.1. Stopping moments and the hard estimate in Theorem 4.3. To
treat the estimate in the situation when p > g we employ the stopping moment
technique. _

First of all let us note that if p > ¢ > 1, then p > 1, so the space HP is
isomorphic to LP. This means that without loss of generality we can assume f > 0,
which we will do in what follows (note that we cannot do this for H1!).

So, let us assume f >0, f € LP.

To prove the theorem we are going to construct the generations G;; of stopping
intervals. For an interval J € L let G*(J) be the collection of the maximal (with
respect to inclusion) intervals I € £, I C J such that

() >20),

Fix some kg € Z (later we let kg — —o0) and define G := Ly,

Giw=UJowm g=a.

I€G;, k>1
For an interval J let £(J) :={I € L:I C J}, and let
(4.8) F(J) = L(J) \ Ureg- (L)

We will need the following simple lemma.

Lemma 4.4. Let J € L. Then,
(i) for any I € F(J) we have (f), <2(f) ;
(i) >rege(n I < 1J1/2.

Proof. The proof is an easy exercise for the reader. O
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Corollary 4.5. The collection G* of stopping intervals satisfies the Carleson mea-
sure condition

(4.9) o2l vIeL
Ieg*,1CJ

Proof. For an interval I € £ let G(I) be the collection of intervals which are
maximal for the family {I’ € G* : I’ C I}. Denote G; := G(J), and for £ > 1

define
Ge=J o= 9.
I1€Gy Iegy,

The collection G; = G(J) consists of disjoint intervals, so » ;. < [J|. State-
ment (ii) of the lemma implies that

1
> |I|§§Z [, k>1.
I€Gp i1 I€Gy,
Since {I € G*: I C J} = U;—; Gk, we immediately get (4.9) by summing a geo-
metric series. )

Remark 4.6. The estimate (4.9) means that the sequence w = {w, }rer

w = [ VP Tegr
I 07 I¢g*7

belongs to the space gZ_.

Recall that for £ C L the coordinate projection (7, f), is defined by taking the
sum in (4.6) only over I € £.
Let Lko .= UkaO Ly.. To prove the theorem it is sufficient to get an estimate

of the norm of (%bf)ﬁko uniform in ko. Since £k = J;cg. F(J) (sce (4.8) for the
definition of F(J)), we have the decomposition
(%bf)ﬁko = Z (%bf)]:(J)
Jeg*

Statement (i) of Lemma 4.4 together with the assumption (4.7) imply that

(4.10) |Gol) | < 21T,

Lr(ea) —

Take g € L?, ||g|l,» < 1. Then

@1 1 @ ala@lde < 3 [ 1) 5 o)l

Jeg*

Let us denote by G(J) the “shadow’ of G*(.J), G(J) := Ureg+(s)I. Each integral
in the sum on the right-hand side of (4.11) can be split as

/J — /J\G(J)... +/G(J)... = A(J)+ B(J).
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The sum of A(J) is easy to estimate. Namely, using (4.10) and the fact that
the sets J \ G(J), J € G* are disjoint we can write

STAWD) < S NG 5 Loy 19

Jeg Jeg*
p N 1/P
T P .
= ( Z H(ﬂbf)f(J)Hzp(gQ)) ( Z ”glJ\G(J)”p’) Holder
Jeg* JegH
- 1/p o
< (NG I ey) Nl J\ G(J) are disjoint
Jeg*
p l/p
<2k (30 [, "11) gl by (4.10).
Jeg*

The collection G* satisfies the Carleson measure condition (4.9), so by the Carleson
embedding theorem (Theorem 2.7 for p = ¢; see Remark 4.6) we get that

(4.12) ST, I ClifE,

Jeg

which gives the desired estimate for ;5. A(J).

To estimate the sum of the B(J), let us notice that for J € G* the function
(7o) 7() is constant on intervals I € G*(J), so the integral B(.J) does not change
if we replace g there by the function g,,

95 = Z (9),1;-

Ieg=(J)

Since

g, = > o), I,

I€G;, . ICT

using (4.10) we can estimate

(4.13) () <260, (3 1, 1r)
I€G*(J)

Since the collections G*(J), J € G* are disjoint and | ;cg. G*(J) C G*, applying
the Holder inequality to (4.13) we get

aw Y < (X ) (S Tl )"

Jeg* Jeg* Ieg*

The first factor on the right side was already bounded by C| f|, in (4.12). The
second factor is estimated in exactly the same way by ||g||,». Note that while
the collection G* of stopping intervals depends on f, only the Carleson measure
condition (4.9) was used to prove (4.12), so (4.12) holds for g (with p’ instead of p).
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Combining (4.14) with the estimate for the sum of A(J)s, we get

| 1Ghe, @Yl ot do < C 151l

ko

Letting kg — —oo concludes the proof. O

Remark. The estimates (4.10) and (4.12) imply that, for p > 1,

Jeg*

Since ||z]l¢a < ||z||er for p < ¢, the conclusion of Theorem 4.3 for 1 < p < ¢ follows
easily from (4.15).
This reasoning does not work for p = 1: if p = 1 we cannot assume without loss
of generality that f > 0, and this assumption was essential in the construction.
The proof we presented earlier for the easy case p < ¢ works for all p > 1.

4.3. Bounds for paraproducts

We will need the following simple lemma.

Lemma 4.7. Let I be a disjoint union of sets Iy and Is, and let h be a “Haar
function”, i.e., h = oy 111 + s 112 and fx hdx = 0. Then, assuming without loss
of generality that |I1| < |Iz| we get that for p € [1,00)

RIS < 21k, I
and that the inverse Hélder inequality holds:
[Bllpllhll < 20Rl13, 1/p+1/p = 1.

Proof of Lemma 4.7. Assume without loss of generality that |I;| < |I2|. The con-
dition [y hdx = 0 means that

a1 = —ao| I,

which immediately implies |as| < |aq|. Then

/ Bl dx = Jon|” [I] + ozl | T2] = |onl? | 1] + e~ Jaa | 1] < 2aa P11,
X
SO

R[5 < 2h1 117

and similarly for p’.
Since for constant functions the Holder inequality becomes an identity, using
the above estimate we can write

P p = 7llp 7y = I 3_ g
[Aallpllnlly < 2(R1 |[p (R, [l = 2[A1, [z < 2] O
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Theorem 4.8. Let b = {Alb}leﬁ be a martingale difference sequence, and let
p€[l,00), ¢ € (1,00). Then:

(i) The paraproduct my, is a bounded operator from HP to HE if and only if

(4.16) sup][ Z | A b(x )q”dm = KP < 0.

TELJI N ycryct

Moreover,

K<|ml -, ., <CK,
HP —=Hy

where C = C(p,q).

(ii) The paraproduct 7r( ) is a bounded operator in Hr = ﬁg if and only if b €
BMO = BMOs. Moreove'r,

<llm”l,

¢ lspo L SOl -

where C = C(p).

Remark 4.9. For ¢ = 2, statement (i) of the theorem describes the boundedness of
the paraproduct 7, in Hr (or equivalently, in HP ). For p € (1,00) this is equivalent
to the boundedness of 7, in LP.

Note that, unlike the condition b € BMQO, which is necessary and sufficient
for the boundedness of Wé*) in all H?, the above condition (4.16) (for ¢ = 2, for
example) does depend on p.

Remark 4.10. Note that the condition (4.16) (for p = ¢ = 2) is weaker then the
condition b € BMO. Since by Proposition 1.5

Mb:WbJrWZJrAbJer,

and A\, and Rp, commute with all martingale multipliers, the above theorem implies,
in particular, that unlike the homogeneous case, it is impossible in general to
characterize b € BMO via boundedness of the commutators of M, with martingale
multipliers.

Proof of Theorem 4.8. The statement (i) is easy. The “only if” part and the esti-
mate K < ||| follow from testing the boundedness of m, on functions 1, I € L.
The “if” part with the estimate ||7,|| < CK follow from Theorem 4.3 above.
Let us prove statement (ii). Notice that, by Proposition 1.5,
71'15*) =7} + A}

If b € BMO, we know that, for any p’ € (1, 00),
%p, p/
sup][ S 1A b ) dz < C||p[% o
TeLJI Y repgct

Taking p’ to be the exponent dual to p, 1/p+ 1p’ = 1, we get that, by (i), m is
bounded in H?', so by duality 7} is bounded in HP.
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Since, by Proposition 1.5,
(417) A f =D A [(ADAN] =D (ADA )= E, ((AD)A, ),
Iel Iel Iel

and by the definition of BMO we have [|A bll < [|b]lsrmo, We can conclude
that A} is bounded in HP. Indeed, since A, b]loe < [[bllBMOS

p/2 » p/
(Sl mia, )" e < oo [ (S18,7F)" de = 1bllsuol 1,
IeL IeL
By the Fefferman—Stein maximal theorem we get from this inequality

/(ZUE (8,0)(A, )| )p dz < Cbl5pol FIZ,

IeL
Hence both sums in (4. 17) can be controlled and we get that A} is bounded in HE.
Assume now that 7r is bounded in H”, so that

() =m0+ (M) =m + A}

is bounded in H?'. Testing this operator on the functions 1, and counting in the
result only martingale differences with J C I, we get

119 s f(S 1) e < K <o K =) T

T€LJI N jergcr

By (i) this means that 7, is bounded in H?' (with norm at most C'K), and so A}
is also bounded in H?" with the norm at most C; K. By duality, A} is bounded

in H? (with the same norm).
The estimate (4.18) also implies that [|A b, < K|I|M",

To prove that b € BMO, there remains only to show that, for all I € L,

A bllee < CK.

Assume that ||A o > 2'/PK, because otherwise we already have the desired
estimate. Let J € child(/) be an interval where [|A, b||« is attained. Then

2KP[T < [|AB]E ] < [|A bl K7 |11,

so ] < |1]/2.
Define a test function A by

hi=1,—al, . a=[J|/11-|7)<1

s0 [y hdx = 0. Since |J| < |I'\ J|, Lemma 4.7 implies that

P15 < 201,15 =211,
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Our test function A h = h is the only nonzero martingale difference, so (4.17)
yields
1hA bl < [Aphllp + 1E, (RA D).
We can estimate
”hA]bHP 2 H]‘J hA[pr = |J|1/p ”A]bHoo
On the other hand,
AR, < CLE [l = CLE (2] )M

and
IE, (RA D), < |I|1/p7€|hA1b| da < |TIMP=1 1Ay 18]l

< O|I|1/”’1K |]|1/p’ (2|J|)1/p —9l/p i |J|1/p.
Combining the preceeding we get that
[TIVPIA blloe < 2VPCLK || 4 2V K|,
$0 [|Abllee < CK, C =2YP(Cy +1). m

5. Boundedness of commutators in LP

5.1. Sufficiency
We start with a simple proposition.

Proposition 5.1. Let p € (1,00), and let T be a martingale transform bounded

in L? (equivalently in flg) Let b be a locally integrable function.
If the formal sum by := ) ;. A b is in BMO, the commutator [My,T] =

MT — T M, is bounded in LP (equivalently in I;'p), Moreover, for C = C(p),

|82, T, < CUT oyl

P e B0l a0

Remark. Note that the case p = 1 is not included here. While the condition
bo € BMO is necessary and sufficient for the boundedness of the paraproduct
in H', this condition is not sufficient for the boundedness of the adjoint 7} there,
even in the simplest case of the standard dyadic grid.

This can be seen easily by going to the dual space and noticing that the con-
dition b € BMO is not sufficient for the boundedness of the paraproduct m in
BMO (here we are considering the simplest case of the standard dyadic grid on R,
so all BMO spaces are the same). Since the condition f € BMO does not imply
any bounds on the averages (f),, one can take an unbounded function f € BMO
(so the averages (f), are not uniformly bounded) and easily construct a function
b € BMO such that m, f ¢ BMO.

Proof of Proposition 5.1. By Proposition 1.5,
My, = ﬂ'é*) —l—Ag + 7 + Rp.
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The operator Ag commutes with all martingale transforms, so we can exclude
it from the commutator. Since TRy = RyT = 0, we can exclude R} as well, so

(M, T) = [my + 77, T).

Therefore, if 7, and Wé*) are bounded, the commutator is bounded as well. But
according to Theorem 4.8, the condition b € BMO implies the boundedness of both
of the paraproducts m, and Fé*) (for ¢ = 2 condition (i) of Theorem 4.8 follows
from condition (ii) there). O

It will be shown later that in the case where nggf N L = @ and the martingale
transform 7" has the right “mixing” properties, the condition ), . Asb € BMO
is also necessary for the boundedness of the commutator. If 2[922 NL # @, the
sufficient condition rer Arb € BMO can be relaxed a little. As will be shown
below in Section 5.2, this relaxed condition is also necessary (again if the martingale
transform 7" has the right “mixing” properties).

5.2. Necessity

We want to state and prove an inverse (at least partial) to Proposition 5.1. Of
course, to prove such a theorem one needs to make some additional assumptions
about the martingale transform T (for example, the identity is a martingale trans-
form, and it commutes with everything).

Definition 5.2. Let T be a martingale transform. Following S. Janson [8], we
say that an interval I € £ with parent I’ is (p, e, K) non-degenerate for T if there
exists h = h[’ S DI, = AI, L?, such that

(@) [l =1,
(ii) hl; =0,
(i) 11,7, A, >,
(iv) [|hllee < K|I'|~Y/P if T is “small”, namely if |I| < |I'|/K.

The last condition (iv) means that for “small” intervals I the function h has to
be “spread” over the interval I’. If we omit condition (iv), we get the definition of
a (p,e) non-degenerate interval.

We say that the martingale transform T is weakly (p,e, K) mizing if each
interval I with a parent is either (p,e, K) non-degenerate for T or (p/,e, K) non-
degenerate for the adjoint T*.

We say that the martingale transform T is strongly (p,e, K) mizing if each
interval I with a parent is (p, e, K) non-degenerate.

Using the notion of (p, ) non-degenerate intervals, one can define weakly and
strongly (p,e) mixing martingale transforms.

Remark. The above definition of weakly (p, £) mixing martingale transform is es-
sentially a restatement (and a generalization) of the definition of a non-degenerate
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transform from [8]. It was given there for the case of the uniform r-adic lattice,
with all the operators T7 being equal (after canonical identification of the sub-
spaces Dry).

Recall, that in our notation the r-adic lattice can be represented as a union of
generations Ly, k € Z,, where

Lo={[0,1)} and Lp={j+27"%0,1):j=0,1,2,...7F —1}.

For the case considered in [8], our definition coincides with the definition given
there. The easiest way to see this equivalence is to look directly at the proof of
Theorem 2 in [8] (at least that was the easiest way for me).

Note also, that for homogeneous lattices the norms | f||,|I|='/% on D, are all
equivalent. This means that any (weakly or strongly) (p,e) mixing martingale
transform is also (p,e, K) mixing (resp. weakly or strongly) with appropriate K.
It also mean that any (p, €) mixing martingale transform is also (r,&’) mixing with
appropriate g’.

Recall that we defined the formal sum by = > ;.. A,b. Define also the for-
mal sum

(5.1) boi= > A

Iec\a%in
(note that by = by if Ql(lig NL=o).

Theorem 5.3. Let p € (1,00) and let T be a strongly (p,e, K) mizing martingale
transform, such that its blocks T, are uniformly bounded in LP 2

If the commutator [T, My is bounded in LP, then by € BMO = BMOs.

Moreover, for p =2 it is sufficient to assume that T is a weakly (2,e, K') mizing
martingale transform.

Finally, the norm ”bOHBMO can be estimated by a constant depending on p,
1Mo, TVl ;o ps SUPres |71, and € and K from Definition 5.2.

Proposition 5.4. Let p € (1,00) and let T be a (possibly unbounded) strongly
(p, &) mixzing martingale transform (weakly (p,e) mizing for p = 2).

If the commutator [My, T is bounded in H5, then for any interval I € £\A%5
there holds the uniform estimate

p/2
(5.2) ]{( ) IAJblz) dz <C <oo, CYP=Cy|[My,T]|/e.

JeLl:.JcI

where Cy = C1(p).

Proof of Proposition 5.4. The proof follows [8] directly. For an interval I, let I’ be
its parent, so I € child(I"). We know that I is (p, €) non-degenerate. Let h=hp € Dp
be the function from Definition 5.2 such that ||Al, =1, h[; = 0 and |1, T, hl|, = &.
Note that [|All, = [[A]lyz-

2Note, that for p # 2 this condition is weaker than the boundedness of 7" in LP.
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Recall that the function Th = Ty/h is constant on I, and let ¢ be its value
there. The inequality || 17T h|, > € means that || > ¢|I|71/7.
We get that, on I,
MbTh =cb.
On the other hand, bh = 0 on I, so (Tbh)|; is a constant, so for J C I,

AJ ((MbT — TMb)h) = CAJb.

The fact that MT — T M, is bounded in 7—2’2’ implies that

A (X )| e =T,

JeLijcil

so taking into account that |c¢| > |I|~/? we get the conclusion of the proposition.

For p = 2, we can assume that 7" is weakly (p,e) mixing, because if I is (p, )
non-degenerate for T”, we can consider the adjoint of the commutator, to get the
same conclusion. This would not work for p # 2, because in this case we get the
estimate with the exponent p’ instead of p. m

5.2.1. Proof of Theorem 5.3. To prove the theorem we need to show that
A, b]|oo are uniformly bounded for all I € £\ O,

—o0
Consider an interval (let us call it I') belonging to £\A%". Notice that inequal-

ity (5.2) implies that [|A ,b], < CYP|I'|V/P < co. Assume that M := 1A, bl|oo is
attained on I € child(I").
We can assume that |I| < |I’|/K, because otherwise
11,8,,b% = 117Y1,A b2 < |T7H|A, b2 < 71710 < KC.
Define
9=l =7
where the constant ~ is chosen so fX gdx = 0. Let E C Dy be the annihilator of g

in Dy,
E:{fer:/ngdm:O}.

Note that E consist of all functions f € Dy supported outside of I. Indeed, any
such function annihilates g, and counting dimensions, we can conclude that these
are all the functions in the annihilator.

This structure for E implies that

/fydxzo Vf € E,
X

so F is the orthogonal complement of g in Dj,. Therefore, D, can be decomposed
as the direct sum of span{g} and E.
Let h = hI, be the function in Definition 5.2. We can decompose

(5.3) (A DT, h=ag+f+E,[(A,b)T,h)] feE.
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By the assumption (iii) from Definition 5.2, |T, h| > e|lI|='/? on I. Therefore,
since f|; =0 and g|; = 1, from (5.3) we get, by restricting to I and comparing L?
norms (divided by |I]*/?), that

YPYA bl < Jal + B (A )(T, )]l
(5.4) < lal +1I'[7HA bl 1T, IRl < lal +C1I7HIA bl

So, to estimate [|A ,b]|c we need to estimate both terms on the right side of (5.4).
We get the bound on |a| from the boundedness of the commutator. Namely,
since
— _. r
bl,=E, b+A b+ > A b=E,b+A b+b
JeL:agr

and b!' L DI,, bI/DI, 1L DI,, we can write

(MyTh,g) = (MT,,h,g) = (A, b)T, h,g) + ((E,b)T,, h,g),
(TMyh, g) = (T}, Myh, g) = (T,, (A, b)h, g) + (T, (E,b)h, g).

Here we slightly abuse notation by treating TI, as an operator on all of LP, i.e.,
as a martingale transform whose only nonzero block is TI, (we need to do that
because (A ,b)h does not generally belongs to D ,). In this context T', (A ,b)h =
T, [(Al, b)h—E (A, b)h)], where T, on the right side can be treated as a block
acting on D ,

Using the fact that (E ,b)T,h =T, (E b)h we conclude, abusing notation as
above, that, for the commutator [My, T| = M,T — T My,

(5.5) ([My, T)h, g) = <(A b)T, h ,g) — < (A, ,b)h, g).
We get from (5.3) that
(5.6) (A, B)T, h.g)| = lof - [lg]l3 = ol - |1].

By Lemma 4.7, g, < 2Y/7||1, ||,y = 2Y/7|I|'/?". Using this estimate and the
assumption ||h]|o < K|I'|~YP, we get

(T, (A0 g)| < IT, 11 Il 1A Bl gl
<CK|I'|"Vre|r|/rat/v |]|1/p/ < C|I|1/”l.
Using the above estimate together with the estimate
|([My, TIh, g)| < C IRl llglly < C- 1117
we get from (5.5) and (5.6) that
laf - 11| < [((A )T, k. g)| < [([My, TIh, g)| + (T, (A, b)h, g)|
<O 4 CUE =i,

SO
la| < C|I|7V/P.
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Combining the last inequality with (5.4) we get

III1 III1

(5.7) 1A bllee < Fo—a] + 0=
<crepr 1|\A,,b||pf .

1A, b7

If p’ < p, the Holder inequality implies that
[P bl < VPIA b, < O

SO
1A bllee < C+ CHVPII|TVP < O

If p’ > p, Lemma 5.5 below implies that
1A, bl < 1A blE7 (1Al
and we get, from (5.7),
(5-8) 1A, bl < C+CIMPI[THIA BB (1A, b5
< CH O A b
the last inequality being true because
_ ’ ’ _ / / ’
[IYPNA Bl = (117 A o))" < o< .
Since |I| < |I'|, (5.8) implies
1-p/p’
A bllo <C+ CIA b7,
which gives us a bound [|A ,bjoc < C". O

Lemma 5.5. Let f be a bounded measurable function on a measure space X. Then
for any g >p
1£llg < IAIB 9N F1SSP

Proof.
9= [ 15dn= [ 1P < gl [ 1 dn = 1517 101,
X X X
and raising this inequality to the power 1/q we get the conclusion of the lemma. O

5.3. Relaxing the sufficient condition

If £nNn Qlo_i;n = @, we have by = EO, so by € BMO is a necessary and sufficient
condition for the boundedness of the commutator [M;, T'] (provided that T satisfies
the assumptions of Theorem 5.3).
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IfL ﬂQl(l’Eg # & there is a gap between the necessary and sufficient conditions.
Notice, that the situation £ N Qlo_gg # & is not an exotic one. For example, it
happens in the classical martingale situation, which in our notation means that
Ly =Lo=Xforall k<0 and |X|] =1.

To bridge the gap between the necessary and sufficient conditions in the case
LN 2[22;’ # @, we can relax the sufficient conditions in Proposition 5.1.

Proposition 5.6. Let b be a locally integrable function, and let T be a martingale
transform bounded in LP. Assume that

(1) by € BMO, where by is defined by (5.1);
(i) for any I € £ A%

—00 7

IT, 2,0l < CullL,llp = ColIIVP, I T;A by < CulL, lly = CUIIY?

(iii) for any I € L ﬁQl(i’i?,
H [(A;)I’TI] ||LP~>L1> § C2 < oo

here (A}), is the restriction of A} to D, .
Then the commutator [My, T is bounded in LP, and

H[Mb’T:I|’LP~>LP < C(”THLP—’LPHFEOHBMO +C1+ CQ)»
where C' = C(p), and Cy and Cy are the constants from (ii) and (iii).

The proof of the theorem is obvious, since for any I € £N2A*™ conditions (ii)
and (iii) are necessary and sufficient for the boundedness of the commutator
[Mbo—EovT] in LP. The necessity here is quite easy: condition (ii) is obtained
by testing the commutator [Mboio’ T] and its adjoint on the function 1 ;- To get
condition (iii) one needs to restrict everything to the subspace D, .

Remark 5.7. As follows from the above discussion, if T satisfies the assump-
tions of Theorem 5.3, then conditions (i)—(iii) of Proposition 5.6 are necessary and
sufficient for the boundedness of the commutator [My, T] in LP.

5.4. Some examples and counterexamples

In this subsection we present examples which will show us that:
(i) Boundedness of the commutator [Mj, T'| does not imply any bounds on A b
for I € £ N A,

(ii) If the martingale transform T is only strongly (p,e) mixing (not strongly
(p, e, K) mixing), then the boundedness of the commutator [Mj, T] does not
imply any bounds on [|A b[|oc, I € £. This means that the new condition (iv)
in Definition 5.2 is essential and cannot be skipped.

The main building block of our construction will be as follows. Let an interval I
be divided into two subintervals 12, |I*|/|I?| = § > 0. Divide I' into four equal
intervals Ij,, 1 < k < 4 and I? into four equal intervals I, 5 < k < 8.
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The intervals I, will be the children of I. Define the “Haar functions” h*F =
hi € D, by

k. o
P=1, -1, 1<k<4

Note, that the functions k¥ do not span the martingale difference subspace D Iz
Define also a “Haar function” h=h, € D, by h = 111 — 61[2.
On D/, define a block T', by

1 _ 32 2 _pl
T,h'=h®,  T,h? =",

3 _ 14 4 _ 13 _
TIh =h y T[h =h ’ TI |span{hk:1§k§4}L70'

If A,b = ah,, then the block (A}), of A} commutes with T',. This together
with the fact that T, h, = 0 implies that if I € £N 2% and the block T, of a

oo
martingale transform 7 is as described above, then multiplication operator My,
commutes with 7.
So, if we add to b any multiple of /i, we will not be able to detect it by looking

at the commutator [Mj, T], which gives a example of the statement (i) above.

To give an example of statement (ii), take a finite interval Iy =: X, divide it
into 8 subintervals, as was described above (with 6 = ;) to get the “children”
of Iy, then divide each child into 8 parts, and so on. We assume that in each step
we take § = 4, §, — 0 as n — oo. This will be our lattice L.

Let T' be a martingale transform on L, where each block 7', is as described
above. Notice, that T is strongly (p, ) mixing (but not strongly (p, e, K') mixing).

Notice also, that T is clearly bounded in L2.
Take an interval I € £\ 2% = £\ {I,}.

Take p = 2 and define h= EI = 6"Y2h, where h = h, is the “Haar function”
defined above, h = 1, - 61[2.

By Lemma 4.7, ||k]ly < 21/2|I|'/2. On the other hand, ||A]s = 071/2, so we
can pick I such that ||2]|« is as large as we want.

Note that for b = E, the martingale transform 7' commutes with A} (and so
with A%), so it is easy to check that the paraproducts 7, and m,, and so also the
commutator [Mj, T, are bounded. However, as we discussed above, ||b||leo = 6~ 1/2.

So, if we consider a collection C of disjoint intervals in £\ A% with § — 0,

and define _ -
b=> h,
IeC

then the commutator [Mp, T] is bounded. This can be seen, for example, by notic-
ing that A} commutes with 7 (one needs to treat each block separately, which

reduces it to the case b = h 1)’ and the paraproducts m, and 7} are “direct sums”

of the paraproducts with b = h,, treated above.
So we constructed an example of b and a strongly (p, £) mixing martingale trans-
form T such that the commutator [My, T is bounded in L2, but sup ;e o | A [Joo = c0.

An easy modification allows also to get an example for LP.
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