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Ground states for pseudo-relativistic Hartree
equations of critical type

Vittorio Coti Zelati and Margherita Nolasco

Abstract. We study the existence of ground state solutions for a class
of nonlinear pseudo-relativistic Schrédinger equations with critical two-
body interactions. Such equations are characterized by a nonlocal pseudo-
differential operator closely related to the square root of the Laplacian.
We investigate this problem using variational methods after transforming
the problem to an elliptic equation with a nonlinear Neumann boundary
conditions.

1. Introduction

The relativistic Hamiltonian for N identical particles of mass m, position z; and
momentum p; interacting through the two-body potential aW (|x; — x;]) is given by

N
H= Z(\/p%(ﬁ +m2c4fm(:2> faZW(Lfci —z;]).
i=1

i#]

where ¢ is the speed of light and a > 0 is a coupling constant.

According to the usual quantization rules the dynamics of the corresponding
system of N-identical quantum spinless particles (a Bose gas) is described by
the complex wave function Uy = Un(t,21,...,2x) governed by the Schrodinger
equation

ihat\I/N = HN\I/N

where 7 is the Planck’s constant. Here Hy: D C L2(R3)®=N — L2(R3)®V is the
quantum mechanics Hamiltonian operator, obtained from the classical Hamilto-
nian via the usual quantization rule p — —ihV, and defined in a suitable dense
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domain D. In the case of interest here, Hy is

N N
= (35 B, T ) a3 W)

J=1 i#j

where W is the multiplication operator corresponding to the two-body interaction
potential, (e.g., W(|z|) = |x|~! for gravitational interactions).
The operator (from now on we will take =1 and ¢ = 1)

(1.1) V—A+m?

can be defined for all f € H'(RY) as the inverse Fourier transform of the L2
function /|k|%2 +m?2 F[f](k) (here F[f] denotes the Fourier transform of f) and
it is also associated to the quadratic form

ot.) = [ VP2 Flf) Fla)d

which can be extended to the space
HVARY) = {f € 2@®Y): [ HIFIA®P db < +oc)
RN

(see, e.g., [10] for more details).

In the mean field limit approximation (i.e., aN ~ O(1) as N — +o0) of
a quantum relativistic Bose gas, one is lead to study the nonlinear mean field
equation —called the pseudo-relativistic Hartree equation — given by

(1.2) i = (V—A+m2—m)p — (W= [¢])eh.

where * denotes convolution. We will consider attractive two-body interaction,
and hence W will always be a nonnegative function.

See [11] for the study of this equation when W is the gravitational interaction,
and [4] for a rigorous derivation of the mean field equation (1.2) as an N — +oo
limit of the Schrédinger equation for N quantum particles, and [3] for more recent
developments for models involving the pseudo-relativistic operator v/ —A + m2.

It has recently been proved that for Newton or Yukawa type two-body inter-
actions (i.e., W(|z|) = |z|" or |z]~" e~*! in R?®) such an equation is locally well
posed in H® s > 1/2, and that the solution is global in time for small initial data
in L? (see [8]). Blowup has been proved in [6] and [7].

Due to the focusing nature of the nonlinearity (attractive two-body interaction)
there exist solitary waves solutions given by

Uit ) = e p(z),
where ¢ satisfies the nonlinear eigenvalue equation
(1.3) —A+m?p—mp— (W *lo[*)p = —pup.

In [11] the existence of such solutions (in the case W(z) = |z|~") was proved
provided that M < M., M. being the Chandrasekhar limit mass.
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More precisely, the authors have shown the existence in H/2 (R?) of a radial,
real-valued nonnegative minimizer (ground state) of

(1.4) EyY] = E/RS V(V-A+m2—m)yds — 1/}1@3 (|ac|’1 * |1/;|2)|1/;|2 dx.

2 4

with given fixed “mass-charge” M = fRS [|? dz < M.. We call mass-critical the
potentials W whose associated functional £ exhibits this kind of phenomenon.

More recently, in [5] it has been proved that the ground state solution is regular
(H*(R?), for all s > 1/2), strictly positive, and exponentially decaying. Moreover
the solution is unique, at least for small L? norm ([9]).

Let us remark that these last results are heavily based on the specific form
(Newton or Yukawa type) of the two-body interactions in the Hartree nonlinearity.
Indeed in these cases the estimates of the nonlinearity rely on the following facts:

e for this class of potentials one has that

ekl )
- — — A -1 f RS > 0:

e the use of a generalized Leibnitz rule for Riesz and Bessel potentials;

¢ there holds the estimate

1 s 2
Hm * |u|2HLm < 9 ||(_A)1/4“HL2'

In [2] there has been proved an existence and regularity result for the solutions
of (1.3) for a wider class of nonlinearities by exploiting the relation of equation (1.3)
with an elliptic equation on Rf *1 with a nonlinear Neumann boundary condition.
Such a relation has been recently used to study several problems involving frac-
tional powers of the Laplacian (see e.g. [1] and references therein) and it is based
on an alternative definition of the operator (1.1) that can be described as follows.
Given any function u € S(RY) there is a unique function v € S(RY™") (here

RY™ = {(z,y) e RxRY | 2> 0}) such that

—Av+mPv =0 in R},
v(0,y) = u(y) for y € RN = gRY .

Setting

ov

Tu(y) = 7%(07 y)7

we have that the equation

—Aw+mPw =0 in Rf“,
w(0,y) = Tu(y) = —§£(0,y) for y € RN,
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has the solution w(z,y) = fg—;(:n, y). From this we have that
ow 0%
T(Tu)(y) = —87(0’9) = @(an) = (= Ayv +m?v)(0,y)
and hence T? = (—A, +m?).
In [2] we studied the equation
(1.5) V-A+m2v=pv+vof  o+a(Wsv)v inRY,

where p € (2,2N/(N — 1)), u < m is fixed , v, o > 0 (but not both equal to 0),
W e L"(RN)+ Le(RYN), r > N/2, W > 0, and W (z) = W(|z|) — 0 as |z| — +oo.

The results are obtained, following the approach outlined above, by studying
the equivalent elliptic problem with nonlinear boundary condition

(1.6) —Av+m?v =0 in R,
. —2 = v P o+ o (W o Jv on RN = gRY T

and the associated functional on H!(RY ™).

Let us point out that in [2] the L? norm of the solution is not prescribed. In
such a case existence of a (positive, radially symmetric) solution can be proved
for a class of potentials W and exponents p which is larger than the one we deal
with here.

When the L? norm is prescribed to be M (the most relevant problem from a
physical point of view), as in [11], then the Newtonian potential (Jz|~" in R3) is
critical, in the sense that minimization of £ given by (1.4) is possible only when
M < M, (see Theorem 1.1).

The main purpose of this paper is to exploit this approach also for the problem
of finding minimizer of the static energy

(1.7) S[u]:%/ u(\/—A—i—mQ—m)udx—l—%/ |u|pdx—%/ (W |ul?) |u]? dz
RN R RN

N

with prescribed L2 norm, for a wider class of attractive two-body potential includ-
ing the critical case.

To be more precise, we consider a class of two-body potentials W € L4 (RY),
with ¢ > N. We recall that L2 (RY), the weak L7 space, is the space of all
measurable functions f such that

supal {z | £(2)] > a}| V1 < +oc,

where | E| denotes the Lebesgue measure of a set £ C RY. Note that W (z) = |z|~*
does not belong to any Li-space but it belongs to LY (RY). We say that a poten-
tial W is critical if W € LN (RY).

Our main result is the following.
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Theorem 1.1. Let W € L4 (RYN), where ¢ > N > 2, and W (y) > 0 for ally € RV,
and suppose that

(1.8) WA y) > AW (y), for all X € (0,1) and for some o > 0.

We also assume that W (x) = W (|x|) is rotationally symmetric and that W(r) — 0
as r — +00.
Taken>0,0 >0 andp € (2+2/¢,2+2/(N —1)=2N/(N —1)]. Then:
e ifn>0o0rn=0and qg> N, then for all M > 0 there is a strictly positive
minimizer u € HY2(RN) of E[u] such that [ox u® = M;

e (mass-critical case) if n = 0 and ¢ = N, there is a critical value M. > 0 such
that for all 0 < M < M, there is a strictly positive minimizer u € H'/?(RY)
of Elu] such that [,y u* =M.

Moreover there exists ;1 > 0 such that uw is a smooth, exponentially decaying at
infinity, solution of

(V=A+m2—m)u=—pu—n lulP "2 u + o (W« ul? Ju in RY,
and w is radial if W = W (r) is a decreasing function of r > 0.

Remark 1.2. The nonlinear term |u[’~> u is a defocusing nonlinearity, the convo-
lution term is a focusing nonlinearity. An open problem is to understand if solitons
exist also for other ranges of p, in particular for 2 <p <24 2/q and W € LY.

Remark 1.3. If W € L9 and (1.8) holds for some v > 0, then necessarily o €
(0,N/q]. If W(z) = |z|”“, then W € L4, if and only if « = N/q.

Remark 1.4. p is a Lagrange multiplier.

2. Preliminaries

Let (7,y) € RxRYN. We have already introduced RY ™' ={ (z,y) € RV+! |z>0}.
We will always denote the norm of u € LP(RY*™!) by |jul/,, the norm of u €
HY RV by ||ul|, and the norm of v € LP(RN) by |v],.

We recall that, for all v € HY(RN*1) N0 Cg(RV 1),

/ v Oylpdy—/ dy/ o7 (v y)l" de
RN +oo
p—1 | YY
Sp//N+1 v(z,y)l 'ax(fc,y)‘dwdy

1/2
// v(z,y)| 2p=1) gy dy //
N+1 N+1
That is,

(2.1) (0015 < pllvll3,, Hg_ZHQ’

1/2
(z,y ’ dmdy) .
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which, by Sobolev embedding, is finite for all 2 < 2(p — 1) <2(N+1)/((N+1) — 2),
that is 2 < p < 2%, where we have set 2 = 2N/(N —1). By density of H}(R¥+1)n
Ceo(RN+1) in HY(RY ') such an estimate allows us to define the trace y(v) of v
for all v € Hl(RfH). The inequality

v
(2:2) WO <ol || 5]

27
holds then for all v € HY(RY ™).

It is known that the traces of functions in H*(R}*") belong to H'/?(RV) and
that every function in H'/2(R") is the trace of a function in H'(RY ™). Then (2.2)

is in fact equivalent to the well-known fact that v(v) € HY/?(RN) — LI(RN)
provided ¢ € [2,2¢]. Here we also recall that

s = int {laf? | € HUERY), 9 =wh= [ 0+l Ful@)f ae
Let us also introduce the norm of the weak L%-space as follows:

IIf1

o = sup A" / f (@) de
A A

where 1/¢ + 1/r = 1 and A denotes any measurable set of finite measure |A|
(see, e.g., [10] for more details). Using this norm we can state the weak Young
inequality. If g € LI (RN), f € LP(RN) and h € L"(RY) where 1 < ¢,p,r < +00
and 1/q¢+1/p+1/r =2, then

(2.3) / FW) 9y = 2) hy) dy dz < Cp.q.r [|gllg,w | f1p Rl
RN JRN
We consider the class of two-body interactions W € L% (RY) for ¢ > N. By

the weak Young inequality and the Holder inequality we have for r = 4¢q/(2¢g — 1)
(€ (2,2%) since ¢ > N) and for all p € (4q/(2q — 1), 2],

4— 2p 2p
gw [W]o e |w|131(p72) .

(2.4) /N(W # Jul) [w]* dy < C|W g [w]y < CW]

R
For p = 2 we get

2 2 4-2N 2N
@5) [ Ol el dy < CIW g ol ol
In the (critical) case ¢ = N this gives
2 2 2 12

(26) L 0 <) ol dy < CIW o ol ol
We point out that one cannot deduce (2.6) from the weak Young’s inequality (2.3)

directly, and that it is not true, in general, that the L norm of W % |u|2 can be
bounded by the L% norm of u if W € LY.
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For allv e H 1(Rf 1), we consider the functional given by

// i (V0 2?0l davdy / my(v)[* dy)

*5/RN' F dy=5 [ W sh@P) )P d.

In view of (2.2) and (2.4), all the terms in the functional Z are well defined if
p € (2,24 and W € LI (RY) with ¢ > N.
Note that from (2.1), with p = 2, it follows that

@D m [ by <2mpl el < [ 9+ ),

showing that the quadratic part of the functional Z is nonnegative.
Moreover the following property can be checked easily:

Lemma 2.1. Foru € HY(RY™), let w = v(u) € HY/?(RN), @ = F(w) and

ofa,y) = F L eV P ) = / ==V M gy (€)eit .
RN

Then v € Hl(RfH), ol = [|[wl| g1z, Z(v) < Z(u) and Z(v) = E[w).

3. Minimization problem
We consider the minimization problem
(3.1) I(M) =inf{Z(v) : v € M},

where the manifold M, is given by

My = {v e HYRY™ : /

2
[(w)* = 0}
RN
Remark 3.1. The term m [y [y(v)|? in the functional Z(v) is constant for all
v € Mjs. The presence of such a term will allow us to show that the infimum of
the functional Z on M, is negative.

Concerning the existence of a minimizer for problem (3.1) we start by proving,
in the following lemmas, boundedness from below on M j; of the functional Z, and
some properties of the infimum I(M).

Lemma 3.2. The functional Z is bounded from below and coercive on My C
Hl(Rf'H) for all M >0 if n >0 or g > N and for all M small enough if n =0
and g = N.
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Proof. First we examine first the convolution term. If n > 0, from (2.4) and
|’y(u)|§ = M we have

LT =
gw 7wl Iy (u)p

B2 0= [ WrhP) bl <cw]

= O |Wllgw M* T3 ()T .
a, RACZ

Since by assumption % < p, this is enough to prove coercivity if n > 0.
Indeed in such a case we have that

1 1 ]
T(w) > Slull? ~ gmM + O (@)l — Co ™7 > 2l Cs.
In the case n = 0 we deduce from (2.6) and |y(u)|,; < C||u|| that
Z(u) 2 [[ul® = mM = C|[W g M=/ ||u] /4.

It is then clear that the functional is bounded from below and coercive whenever
g > N and, when ¢ = N, if ||W||n M is small enough. O

Lemma 3.3. I(M) <0 for all M > 0.

Proof. Take any function u € C§°(RY) such that |u|§ = M, and let w(z,y) =
e~ y(y). Then,

I(M) = inf Z(v) < I(w)

1
— // (laxU)lQ + |Vyw|2 +m? |w|2) dx dy — E/ lul® dy + G(u)
2 RY+1 2 Jrpn

m 9 1 2 m 2 m 2
2 — 2 - dy + G
4/RNIu| dy+4m/RN|vyu| dyu/RN'“' dy 2/RN'“' Y+ Glu)

1
=g L1l dy G

where

G =" [ =5 [ (W)l dy
D JrN RN

For \ > 0 take uy(y) = AN/2u(\y) and wy (z,y) = e~ uy(y) € M. We find
that

< i
I(M) < ir;%l'(w)\)

: 1 2 77/ O'/ ) )
< inf {_ v n p T - }
= el 4m /RNl yUa| +p on Jux] 1 RN( * uxl”) |ual

)\2 )\N(g_l) A&
< anf [ [ vl e [ = 2 [l ],
A€(0,1) 4m RN p RN 4 RN

and since a < N(p/2 — 1) < 2, the infimum is negative. O
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Lemma 3.4. For all M >0 and 5 € (0, M) we have that I(M) < I(M —B)+1(8).
Moreover, I(M)/M is a concave function of M and hence I(M) is a continuous
function of M.

Proof. The subadditivity is a consequence of the fact that, for all 6 > 1,
1

(3.3) I(OM) < 0I(M), which implies gl(M) < I(M/0).

Indeed, taking 61 = M/S and 03 = M /(M — ), we have that

B M-p
M

I(M) < I(B) +1(M — p).

To prove that (3.3) holds, we remark that for all v € My, and A = /2 > 1 we
have, thanks to (2.7),

)\2
Z(A\v) // Vv| +m2|v| ) dx dy — m/
N+1

o\t
X @7 dy === [ (W b)) (@) dy < X Z(v).
Db JrNy RN
Hence, since I(M) < 0,
IOM)= inf Z(v)= inf Z(#Y%0)<6®> inf Z(v)
lv(v) 5= M [y (v)l;=M [v(v)[g=M

=0?1(M) < 0I(M) < I(M).
To prove the concavity of I(M)/M, we remark that

I(M 1 (VM
M) L g gw) = e 2O
M M uweM ueM;y M

We now show that, for all u € My, M — Z(vMu)/M is a concave function of M.
This will immediately prove that I(M)/M is a concave function. Since

1 2 2 92 / 2
= - Voul|™ + dx dy — d
2(//@“(' o ) dedy — [ mlyo)* dy)

nMp/Q 1 O'M
I [0 =T [ bR o) d

it is immediate to check that the second derivative with respect to the variable M
is negative for all M > 0 when p/2 < 2 and that the function is linear when p = 4
(namely the critical exponent for N = 2). O

We are now ready to prove the existence of a minimizer for the functional Z

on M.
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Proposition 3.5. For every M > 0 there is a function u € Hl(RfH) such that
Z(u) = I(M),
| np ay =
RN
i.e., a minimizer for T in M.

Proof. Let {u,} C Mjs be a minimizing sequence. It follows from Lemma 2.1 that
vnla,y) = FH VT F(y(un)

is also minimizing. From Lemma 3.2 we deduce that v,, is bounded in H 1(R$ )
and that w, = y(v,) = v(uy) is bounded in H'/?(RY) and 5y lwn|* dy = M.

We will now use the concentration-compactness method of P.L. Lions [12].
Namely, one of the following cases must occur:

(vanishing) for all R > 0,

lim sup / lwn|? dy = 0;
z+Bgr

wﬁ+wz€RN

(dichotomy) for a subsequence {ny},

lim lim sup / lwn, | dy = o € (0, M);
z+Bgr

R—+00 k—+oc0 2ERN

(compactness) for all e > 0 there is R > 0, a sequence {yx} and a subse-
quence {wy,, } such that

/ |wn,€|2 dy > M —e.
yrt+Br

Following the usual strategy we will show that the vanishing and dichotomy
cases cannot, occur.

Lemma 3.6. If vanishing occurs, then
/ (W « |wn|2) lwn|? dy — 0.
RN
Proof. Take any 6 > 0 and R > 0. Define W5 = Wl >s) and

WE () = Ws(ly)) — R) "Tyy<ry + W (9D Ly Ry

where 4 is the characteristic function of the set A . Then it easy to check that
W € L4 (RY) implies that W5 € L¥(RY) for any s € [1,q) and moreover that
[WE|; — 0 as R — 400 for any § > 0. Also define I'f = W; — WL, Tt is clear
that

0< (W —=Ws)(jyl) <6, 0<TH(y) <R vy eRY

Then, for any given 6 > 0 and R > 0 and for some s > N/2 (which implies that
2 <4s/(2s—1) <2N/(N —1)), we get from the Young inequality (also taking into
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account that by the Sobolev embedding theorem the sequence {w,} is bounded
in LP for p € [2,2N/(N —1)]),

/ (W * |wn|2) |wn|2

RN

< / ((W_Wé) * |wn|2) |wn|2 +/ (WziR * |wn|2) |wn|2 +/ (F? * |wn|2) |wn|2
RN RN RN

< Shunlh + WF ol + R [ 10 en() P Dy dy ds
RN xRN

< SM? 4+ CIWE|, + RM sup / lw,|? dy.
2€RN Jz+Br

Now, first letting n — 400, then letting R — +o0, and finally letting § — 0T, we
conclude the proof of the lemma. O
Lemma 3.7. If dichotomy occurs, then for any o € (0, M) we have

I(M) > I(a) + I(M — «).
Proof. Tf dichotomy occurs, then there is a sequence {n;} C N such that, for

any € > 0, there exists R > 0 and a sequence {z;} C RY such that

lim |wn, ? dy € (0 —e,a+e).
k—4o00 21.+Bn

Define wy, = wy, (- + z;) and
in(z,y) = F eV (),

so that {@y} is a minimizing sequence for Z on M such that

lim Iy(ax)|* dy € (a — e, a0+ €).
k— 400 Br

Since {ay} is a bounded sequence in Hl(RfH), Uy — u weakly in Hl(RfH)
and Wy = (i) — w = y(u) weakly in H/? and strongly in L} (RN) for p €
[2,2N/(N —1)). Hence, for all € > 0 there is R > 0 such that

[ ohr = tim_ [ h@f dye(a-caso
Br k——+oo Br
and

/ P dy= tim [ @) dy =

RN R—+oc0 Br

We set vy, = @y — u and B = fRN |’y(v;€)|2 dy. By weak convergence of the
sequence {7y(ax)}in L? we get limy_ 10 B = M — .
Now we claim that
_ SN . . . .
I0M) = T T(i) = Z() + lim T(w) > 1(0) + Tim_I(5)
Then, by the continuity of the function I, as stated in Lemma 3.4, the lemma
follows.
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Now we prove the claim. We will show that

kETm(I@k) = ZI(vx)) — Z(u)

Indeed, by weak convergence in H 1(Rf 1), we immediately get

kgr—ir-loo (//RN+1 |Vﬂk|2 a //RNH |V1}k|2) - //RN+1 |Vu|2
+ + +
i ([0 = [ ) = [ o
[e%e] R++1 Rf+l Ri’+1

and by the Brezis-Lieb lemma

Jim ([ n@r- [ ner) = [ e

for 2 < p < 2N/(N —1). Hence we have to investigate the last nonlinear term.
We will show in Appendix A that

Jim ([ sl @l - [ P ) = [ o e?)

—+o0 RN RN RN

from which the claim follows. O
Finally, since we have ruled out both vanishing and dichotomy, then we may

conclude that indeed compactness occurs, namely that for all € > 0 there is R > 0,

a sequence {y;} and a subsequence {wy, } such that

/ lwn, |* dy > M —e.
yrt+Br

Define as before @y = wy, (- + yx) and 4z, y) = F (e 2V m2+"‘2]-'(ﬁ)k)). Then
) 18 a minimizing sequence for Z on M, such that

/ ()2 > M .
Br

Since {ix} is a bounded sequence in H'(RY™), @y — u weakly in H'(RY 1)
and Wy = (i) — w = y(u) weakly in H/? and strongly in L} (RN) for p €

[2,2N/(N —1)). As in the proof of Lemma 3.7 we deduce that [y ly(w)]* = M.
Moreover we claim that, as k — +oo,

/ (W*|1I)k|2)|ﬂ)k|2—>/ (W w?)w.
RN RN

Indeed, by the weak Young inequality and the Holder inequality we have

[ oveayt - [ veuted| < [ o+ - o

RN
< CHWHq,wW’i + w2|s|1I),2€ - w2|s < Clwy — wlzs = 0

since 2 < 2s =4q/(2¢ — 1) < 2N/(N —1).
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Hence, finally, by the weakly lower semicontinuity of the H' and L” norms (the
positive terms of the functional Z), we conclude that

Z(u) < liminf Z(ug) = I(M),
k—+oo

which implies the u is a minimizer for Z in M. O
Now we collect all the results obtained to conclude the proof of Theorem 1.1.

Proof of Theorem 1.1. By Proposition 3.5 there exists a function u € Hl(RfH)
which minimizes Z in M ;. Therefore u can always be assumed nonnegative and,
by Lemma 2.1, to have the form

u(z,y) = FH eV Fw)),

where w = y(u) € H/?(RV).

If W is a nonincreasing radial function, then w can be assumed to be a radial
nonincreasing function. Indeed let w* be the spherically symmetric decreasing
rearrangement of w and define

u*(m,y) _ f'—l(e—xw/ﬂbz‘i‘"‘zf’(w*)).

Then Z(u*) = E[w*] (this also follows from Lemma 2.1). We can then use the
properties of the spherically symmetric decreasing rearrangement, namely

(i) w* is a nonnegative, radial function;
(ii) w € LP(RY) implies w* € LP(RY) and |w*|, = |w)p;

(iil) symmetric decreasing rearrangement decreases kinetic energy (Lemma 7.17
n [10]), that is,

/w*(\/fA+m2fm)w*dy§/ w(\/fAer?—m)wdy;
RN

RN

(iv) Riesz’s rearrangement inequality (see Theorem 3.7 in [10])),

[ W PPy [ o)l dy
RN RN

if W(y) = W*(|y]) (in particular if W is radial and nonincreasing);

to deduce that
Z(u*) = E[w*] < E[w] = Z(u) = I(M).

Moreover, by the theory of Lagrange multipliers, any minimizer u € H 1(Rf 1) of
the functional Z on M, is such that

RN

// ooy (VuVw st mPuw) dedy — | moy(u)y(w) dy + u/ v(u)y(w) dy
R RN

Ba) [ P di—a [ (O« P ) dy =0

RN
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forallw € H' (Rf +1), i.e., u is a weak solution of the nonlinear Neumann boundary
condition problem

(3.5) —Au+m?u=0 in RY™*,
| — %%+ pu=mu—n a2 ut o (W ju2)u on RN = oRY ",

for some Lagrange multiplier i € R. To prove that u > 0 we take w = w in (3.4)
to get

0= [ (Val Py dedy = [l dusn [P dy
0 [ dy=o [ 0V s@P) el dy
=27 +u [ P ayea(i=2) [ P d

RN
g

=5 [, 0 ) bl dy.

Since Z(u) < 0, we have in particular that

p L b < § [ nP) b dy

and hence, since p < 2N/(N — 1) < 4, for N > 2, we get

n [ == =n(1=2) [ n@P+F [ 0¥ h@P) b d

>n(f;—1) / (W) dy > 0.

Finally the regularity, the strictly positivity and the exponential decay at in-
finity of the weak nonnegative solutions of (3.5) follow straightforwardly from
Theorems 3.14 and 5.1 in [2]. O

4. Appendix A

We prove that

/RN | (W s wy (o)) wy(vw)| + /RN | (W (o)) w?| + /RN |(W s wy(vi) ) w?|
+ /RN |(W*7(Uk)2)w7(vk)| —0 as k — +oo,

as claimed in the proof of Lemma 3.7. Indeed we have the following result.
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Lemma 4.1. For any w € H'/?(RN) and for sequences {fn, gn, hn} bounded in
HY2(RN) and such that f, — 0 in L2 . we have

/ (W * |fngn|)|'IUhn| —0 asn— +oo.
RN

Proof. 1t is convenient to introduce, for any given 6 > 0 and R > 0, W5 = Wiy >s
and
Wit(y) = (Ws — B)*Ijyj<r + Wsljy > .

Then for W € L% (RY) we have W5 € LP(RY) for any p € [1,¢) and moreover
that |[W{|, — 0 as R — 4oo for any § > 0. Define again also I'f = W; — W}
Note that supp I‘f;‘ C Brand 0 < I‘f <R.

From the Young inequality (with p = N/2, r =2p/(2p—1) = N/(N — 1)), the
Holder inequality and the Sobolev embedding theorem we have

[ gl
RN
< [ W = Wo) s fugal) bl + [ (WF x| fagal)
RN RN
b [ O ugal)
RN
<9 |fngn|1 |U)hn|1 + |W5R|N/2 |fngn|r |U)hn|r + /N (Fg * |fngn|) |U)hn|
R
(1) <@+ W) + [ (O x| fuga .
R
First we claim that
/ (F? * |fngn|)|whn| —0 asn — +oo.
RN

Indeed, for any € > 0 we fix Ry > 0 such that [Ig~\ g, w|2 < €, where By = Bg, .
We define also Ry = Ry + R and By = Bg, so that for any y € By and z € R\ By,
we have |z — y| > R and hence I'¥(z —y) = 0.

Now we estimate the term as follows:
[ @i fagablbl = [ (el faga) bl + [ (x| faga ]
RN By RN\ By
< R| 1, fngn| L | L, why, | Lt |F§ * (fngn)| - |HRN\Blhn|2 |HRN\Blw|2
< R|gn|2 |hn|2 (! ]IB2fn| 9 |w|2 +R |fn|2 !HRN\B1w| 2)
S CR <| HBan| 2 + | HRN\Blw| 2).
Since f, — 0 as n — +o0 in L?(By), the claim is proved.

We conclude the proof of the lemma letting first n — 400 , then R — +o00 and
finally 6 — 0 in (4.1). O
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