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Harmonicity and minimality of distributions on
Riemannian manifolds via the intrinsic torsion

José Carmelo Gonzalez-Davila

Abstract. We consider a ¢-dimensional distribution as a section of the
Grassmannian bundle G4(M") of g-planes and we derive, in terms of the
intrinsic torsion of the corresponding S(O(q) x O(n—q))-structure, the con-
ditions that this map must satisfy in order to be critical for the function-
als energy and volume. Using this it is shown that invariant Riemannian
foliations of homogeneous Riemannian manifolds which are transversally
symmetric determine harmonic maps and minimal immersions. In parti-
cular, canonical homogeneous fibrations on rank one normal homogeneous
spaces or on compact irreducible 3-symmetric spaces provide many exam-
ples of harmonic maps and minimal immersions of compact Riemannian
manifolds.

1. Introduction

A ¢-dimensional distribution on an n-dimensional oriented Riemannian manifold
(M,g) can be view as a section of the Grassmannian bundle 7: G,(M) — M
of g-planes in T'M. Because G4(M) is diffeomorphic to the homogeneous fibre
bundle SO(M)/ S(O(q) x O(n — q)), where SO(M) is the the principal SO(n)-
bundle of oriented orthonormal frames of (M, g), it is endowed with a natural
Riemannian metric g% related with g known as the Kaluza-Klein metric [29)].
It makes 7: (G4(M), g%) — (M, g) a Riemannian submersion with totally geodesic
fibres. If moreover M is compact, since the fibres are also compact submanifolds,
(G4(M), g¥) is a compact Riemannian manifold.

The energy functional of a distribution o is then defined as the energy of the
map o: (M, g) — (G4(M), g¥) and its volume Vol(c) as the volume of the corres-
ponding submanifold o(M) in (G, (M), g*).
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The energy of amap o: (M, gn) — (N, gn) between Riemannian manifolds, M
being compact and oriented, is the integral

1
(1.1) E(o) = —/ trace L, dvg,,,
2

where L, is the (1, 1)-tensor field determined by (6*gn)(X,Y) = g (Lo X,Y), for
all X,Y €, where X(M) is the Lie algebra of C™° vector fields on M, and dv,,,
denotes the volume form on (M, gar). The volume Vol(o) of an immersion o: M —
(N,gn) is the volume of the Riemannian manifold (M,c*gn). If we choose a

metric gps on M then
Vol(o) = / Vdet Ly dvg,, .
M

The Euler-Lagrange equations of the corresponding variational problems give rise
to the definition of the tension of a map and the mean curvature of an immersion.
When M is moreover closed, their vanishing characterizes harmonic maps and
minimal immersions, respectively. We refer to [6], [7], and [25] for more information
about the energy and volume functional.

We also consider g-dimensional oriented distributions on M as sections of the
Grassmannian bundle 7: Gg"(M) — M of oriented g-planes in TM. Gg*(M) is
diffeomorphic to the homogeneous fibre bundle SO(M)/(SO(¢) x SO(n — q)) and,
with respect to the corresponding Kaluza-Klein metrics, Gg' (M) and G (M) are
locally isometric. Hence, the conditions characterizing harmonicity and minimal-
ity for oriented or unoriented distributions as maps into Gg'(M) or Gy(M) are
the same.

The Grassmannian bundle G"(M) can be identified with a subbundle of the
bundle 7: AY(M) — M of all g-vectors on M. This allows us to see Gg' (M) as a
Riemannian submanifold of A(M) equipped with a Riemannian metric g°, which
generalizes the Sasaki metric of the tangent bundle; see [2]. We shall show in The-
orem 3.2 that the Riemannian metrics ¢% and ¢° on G¢' (M) determine the same
Riemannian structure. Hence, studies of the harmonicity for distributions made
by viewing them as maps into (G,(M), g%), as in [5] and [28], among others; or
for oriented distributions by viewing them as maps into (G9*(M),i*g%), as in [4],
[8], [20] and [22], yield the same theory.

In terms of G-structures, g-dimensional distributions are in one-to-one corres-
pondence with S(O(g) x O(n—gq))-reductions of the SO(n)-bundle 7: SO(M) — M,
see [23]. In the present work, we analyze the energy functional of a distribution o
considered as a map o: (M,§) — (G4(M),g™), where § is an arbitrary metric
on M, and we show the central role played by the intrinsic torsion of the S(O(q) x
O(n — q))-structure in the characterization of critical points for the energy and the
volume functional (Theorem 3.4).

The use of the intrinsic torsion has made possible deeper study of the harmo-
nicity of G-structures (see [10] and [11]). Here, we focus attention on Riemannian
homogeneous manifolds (M = G/ K, g) equipped with a G-invariant integrable dis-
tribution F whose transverse geometry is locally modeled on a symmetric space,
called a transversally symmetric invariant foliation, and, using tools developed for
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the intrinsic torsion of S(O(q) x O(n— q))-structures, we show that F is a harmonic
distribution, a critical point of the energy functional restricted to I'*°(G,(M)),
and a minimal immersion into the Grassmannian bundle (G, (M), g*). When F is
moreover a Riemannian foliation, see [21], we will be able to show that it deter-
mines a harmonic map o: (M, g) — (G,(M), g®) (Theorem 4.2). This yields new
examples of harmonic maps between compact Riemannian manifolds.

A standard way of constructing transversally symmetric invariant foliations on
(M = G/ K, g) consists in taking as the leaves the fibres of a homogeneous fibration

F=L/K-M=G/K5N=G/L:gKw gL,

where (G, L) is a symmetric pair. In fact, if G is semisimple, any of these invariant
foliations becomes precisely a homogeneous fibration of the type above. Using a
different method, when G, L and K are compact Lie groups and the metric g is a
suitable homogeneous Riemannian metric, known as binormal, the harmonicity of
the transversally symmetric fibration is proved in [5]. Here, we extend this result
not only to harmonicity but also to minimality of homogeneous fibrations with
respect to any invariant metric on the total space M = G/ K.

Compact rank one normal homogeneous spaces ([13], [26]) and irreducible 3-
symmetric spaces of types AsIT and A3IIT ([9], [12], [14], [27]) admit canonical fi-
brations over (irreducible) symmetric spaces of compact type which are constructed
in this way. On compact rank one homogeneous spaces, they are all the generalized
Hopf fibrations (see Chapter 9H of [1]) together with the two exceptional fibrations

RP5 — B - CcP*, RP?— W’ — CP?,

where B'? and W7 denote respectively the Berger and Wilking spaces [26]. On
compact irreducible 3-symmetric spaces, we give the complete list of the canonical
fibrations and we show that for any homogeneous Riemannian metric on the total
space, all these fibrations determine harmonic maps and minimal immersions into
their Grassmannian bundles (Theorems 5.3, 5.4, and 5.6).

2. Intrinsic torsion of distributions

Let m: Gy(M) = U,ep Gq(TeM) — M be the Grassmannian bundle of the g-di-
mensional linear subspaces in the tangent bundle T'M of a n-dimensional ori-
ented Riemannian manifold (M, g). For each # € M, the fibre G4(T, M) is a
(n — ¢)g-dimensional compact homogeneous manifold diffeomorphic to G¢(R™) =
50(n)/ S(0(q) x O(n — q)).

Let mso(n) : SO(M) — M be the principal SO(n)-bundle of oriented orthonor-
mal frames of (M, g). A point p of SO(M) is a pair (z;p1,...,pn) where z € M
and {p1,...,pn} is an oriented and orthonormal basis of (T,M, g,) and the ac-
tion of SO(n) on the right on SO(M) is given by p - a = (z;ap1,...,ap,), where
api = a}p; and a = (a}) € SO(n).

Factoring the map SO(M) — G4(M), p = (z;p1,...,pn) — R{p1,...,pe} by
the Lie subgroup S(O(g) x O(n — q)) of SO(n), G4(M) is diffeomorphic to the
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orbit space SO(M)/ S(O(q) x O(n — q)) and so, it is naturally isomorphic to the
associated bundle SO(M) xgo(n) Gq(R™) via the map

[(p,aS(O(q) x O(n = q)))] = p-aS(O(q) x O(n — q)).

Moreover, the orbit map p: SO(M) — SO(M)/ S(O(q) x O(n — q)) is a principal
S(O(q) x O(n — q))-bundle and we have mgo(,) = 7 ° p. Hence, each o € I'**(G, M)
determines a reduction of SO, (M) C SO(M) to S(O(g) x O(n — q)) where

8Os (M) = {(x;p1,---,pn) € SOM) | o(z) =R{p1,...,pq}}

and conversely. Then there is a one-to-one correspondence between the set of
S(O(q) x O(n — q))-structures and the manifold I'*°(G,(M)) of all g-dimensional
distributions of (M, g). Moreover, the pair (V, = 0,H, = o), where o is the
orthogonal distribution of o on (M, g), determines a Riemannian almost-product
(AP) structure, i.e., an orthogonal (1,1)-tensor field P, on (M, g) with P? = Id
and P, # +Id. The wertical and horizontal distributions V, and H, are the
corresponding +1-eigendistributions of P, .

In similar way, if we consider the Grassmannian bundle G*(M) of the
g-dimensional oriented linear subspaces of T'M, with fibres diffeomorphic to the
Grassmannian manifold G{"(R") = SO(n)/ SO(q) x SO(n — q), one obtains that
each SO(q) x SO(n — g)-structure corresponds with a g-dimensional oriented dis-
tribution.

Each of the Grassmannian manifolds G¢(R") and G¢*(R") is a Riemannian
symmetric space equipped with the normal homogeneous Riemannian metric that,
up to a scalar, is induced on so(n) by the inner product (X,Y) = —% trace XY.
The associated orthogonal symmetric Lie algebra is the pair (so(n),s), s being
the involutive automorphism s(X) = PXP of so(n), given by conjugation by the

matrix
(I 0
p( v )

Then so(n) = (so(q) @ so(n — q)) @ m is a reductive decomposition, where m is
the —1-eigenspace of s, the subspace of so(n) generated by the matrices {Bf =
Eitjo—FEag+jia=1,....,¢; j=1,...,n—q}. Here, E;; denotes the n x n-matrix
with a 1 in the ith row and jth column, and all of other entries equal to 0. These
matrices form an orthonormal basis on m with respect to (-, -).

Let so(M) be the subbundle of End(T'M) of endomorphisms skew-symmetric
with respect to g. It may be expressed as SO, (M) X 5(0(q)x O(n—q)) 50(n), for each
o € I'°(G4(M)). We consider the subbundle m, = SO, (M) Xg(0(g)x O(n—q)) M-
Then m,, consists of those skew-symmetric endomorphisms A of the tangent bundle
such that AP, = —P, A, where P, is the AP-structure associated to o.

An oriented Riemannian manifold (M, g) equipped with a G-structure o admits
a unique G-connection V7 = V — &,, the minimal connection, where V is the
Levi-Civita connection of (M, g), and the intrinsic torsion &, of the G-structure
belongs to T*M ®m,, [3]. Next we determine the minimal connection and intrinsic
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torsion of an oriented distribution in terms of the corresponding Riemannian AP-
structure, using the identification of SO(q) x SO(n — q)-structures as ¢g-dimensional
oriented distributions. Because SO(q) x SO(n — ¢) is the connected component of
the identity of S(O(g) x O(n — q)), these are also the minimal connection and the
intrinsic torsion of the corresponding unoriented distribution.

Proposition 2.1. The minimal connection of a q-dimensional distribution o co-
incides with the Schouten connection Vo =V — &,, where the intrinsic torsion &,
s given by

1
(2.1) (&)xY = —EPU(VXPU)Y, XY e X(M).
Proof. This follows from the identities

VP, =V9=0 and P, (&)x = —(&5)x° Py, forall X e X(M). O
Let

1 1
plzi(IdJrP):TM%V and pQ:E(IdfP):TM%"H

be the canonical projections. Then, from (2.1), the intrinsic torsion £ of o is
determined by

oV =p2AVuV), X =pi(VuX),
ExU =pa(VxU), &ExY =pi(VxY).

Here, and in what follows, U, V' and W denote elements of V; X, Y and Z denote
elements of H and, when a distribution o is fixed, we omit the subscript and we
simply write &, P, H, V,... The second fundamental forms (symmetric tensors)
hy : VxV — Hand hy : HXH — V, and the integrability tensors (skew-symmetric
tensors) Ay : VxV — H and Ay : H x H — V are defined in terms of £ by the
following formulas:

hV(U’ V) = %(fUV + fVU)’ AV(Ua V) = %(&]V - fVU)a
(X, Y) = 3(ExY + & X), Ap(X,Y) = 3(ExY — & X).

In view of the identities Ay (U, V) = %pz [U,V] and Ax(X,Y) = %pl [X,Y], the
distribution V (resp., ) is integrable, i.e., it determines a foliation, if and only
if Ay = 0 (resp., Ay = 0). The distribution V (resp., H) is said to be geodesic
if hy = 0 (resp., hyy = 0). This means that all geodesics with initial vector in V
(resp. H) remain in V (resp. H) for all time. Note that if £ is totally skew-
symmetric, i.e., £E4A =0 for all A € TM, then £ = 0.

A foliation on (M, g) is said to be Riemannian if each geodesic orthogonal to a
leaf at some point remains orthogonal to every leaf it meets. Tbus, a Riemannian
foliation is determined by an integrable distribution V whose orthogonal distri-
bution H is totally geodesic, or equivalently, has intrinsic torsion ¢ satisfying
&V = &U and ExY = —&y X. Locally the leaves are the fibres of a Rieman-
nian submersion.

(2.2)
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3. Harmonic and minimal distributions

The Kaluza—Klein metric g% relative to (g, (-,-)) on the Grassmannian bundles
G4(M) and GJ*(M) makes the projection 7 onto (M, g) a Riemannian submersion
with totally geodesic fibres. It is defined on G(M) —in similar way on Gg*(M )~
as follows, [29]: let TG,(M) =V @& H, where

V = Ker 7, = p.(Ker (Tso(n))«), H = p«(Ker w),

and w is the so(n)-valued connection form of the Levi-Civita connection on SO(M).
Then, for each p € SO(M), a vector in V,,y may be written as pspAy, for some
A € m, A* being the fundamental vector field on SO(M).

We consider the canonical bundle msonry = SO(M) Xg(0(q)x O(n—q)) M asso-
ciated to p with fibre m. Then the map ¢ : V — mso), pxpd, — [(p, A)], is a
vector bundle isomorphism, which may be extended to K : TG4(M) — msoarn
by saying that K(n) = 0 for all n € H and K(n) = «(n) for all n € V. Denoting
also by (,-) the fibre metric on mgo(as) induced by the inner product on m, the
metric g% is then characterized by
9" (1) = g(mann, manz) + (K(m), K(n2)).-

With respect to the corresponding Kaluza-Klein metrics on G¢* (M) and G,(M),
the projection p,. : Gg"(M) — G¢(M), [(p,aSO(q) x SO(n — q))| = [(p,a S(O(q) x
O(n —q)))], is a local isometry.

On the other hand, we can think of Gg'(M) as a subbundle of the bundle
m: AY(M) — M of all skew-symmetric contravariant tensors of order ¢; or briefly,
of all g-vectors on M (see [8]). This allows us to see G7'(M) as a Riemannian
submanifold of A(M) equipped with a Riemannian metric ¢°, generalizing the
Sasaki metric of the tangent bundle, see [2]. For o € AY(M) and 01,12 € T,A1(M),
g° is defined by

(3.1) 9% (1, m2) = g(many, map) + g(K (m), K (1)),

where ¢ also denotes the natural extension of the metric g of M to g-vectors and
K : TAY(M) — A%(M) is the connection map on A4(M) induced by the Levi-
Civita connection V of g. If ¢ is a smooth section, o € I'*°(A?(M)), one obtains
that K(0,X) = Vxo, for all X € X(M). Then, from (3.1), we get

(3.2) (0*g°)(X,Y) = g(X,Y) + g((Vo)t = (Vo) (X),Y),

where Vo is the map Vo: X(M) — IT®°(AY(M)), (Vo)(X) = Vxo, and (Vo)b :
I (AY(M)) — X(M) is the adjoint operator of Vo with respect to g defined by

9(Vo)lo, X) = g(p, Vxa), e D=(AYM)), X € X(M).

Let 30" (R™) be the set of all decomposable g-vectors o of R" such that ||o|| = 1.
Then o may be written as ¢ = e; A+ - - Aeg where {ey1, ..., e,} are the first ¢ vectors
of a positive orthonormal basis {e;}?_; of R™. The natural action of SO(n) on R"
determines a transitive action on X" (R") given by a-0 = aei1 A---Aaey, a € SO(n).
Write og = w1 A-- - Aug, where {u;}7_; is the canonical basis of R”. Then, we have:
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Lemma 3.1. The map ® : G (R™) — X" (R™), a(SO(q) x SO(n —q)) + a -0y, is
an isometry, where Lg'(R™) is considered as Riemannian submanifold of A(R™).

Proof. The tangent space T X" (R") at o = e1 A+ - Aeg is the subspace of AY(R™)
generated by

{of =(=1)egjAerA--Neg N Neg |la=1,...,¢; j=1,...,n—q}
(see Section 3 in [8]), where {e4+1,...,e,} are chosen such that they complete
{e1,...,eq} to a positive orthonormal basis of R"” and é, means that e, is omitted.
With respect to the induced metric on 3"(R") C A?(R"), the {of} form an
orthonormal basis of T,3¢"(R™). Moreover, this metric is SO(n)-invariant and
Lo (R™) becomes a homogeneous Riemannian manifold. Hence we must show that
for the corresponding inner products, ®., : m — T, X" (R") is a linear isometry,
or equivalently, ®.,Bj} = (O‘o)?, where o is the origin of the homogeneous space

SO(n)/ SO(q) x SO(n — q). Now, we have
q

d g
00 = U N\ N\ — e iy /\~~~Au).
0 ;( ! dt |t=0 b 1

d a
®,,B% = — tB;
T dt |t=oe

Then, taking into account that etBi Uq = €08t Uq + Sint ugy; and etBi up = up, for
b # a, it follows that

d
®.,Bj = (—1)““%| (cost ug +sint ugj) Aur A= Adig A--- ANug = (00)5. O
t=0
Let 39" (M) = U,en 297 (T M) be the subbundle of A?(M) comprising unit
norm decomposable forms. It can be expressed as the associated bundle SO(M)
X s0(n) 2 (R™) of Tgo(n)- Then, we have:

Theorem 3.2. The map ® : (Gr (M), g%) — (37(M),i*g®) given by
([(p,a SO(g) x SO(n — q))]) = [(p, ®(a SO(q) x SO(n — )))],

15 an isometry.

Proof. By Lemma 3.1, the proof reduces to showing that ‘f*(X H) is horizontal,
where X* denotes the horizontal lift in G¢*(M) of X € X(M). Let o = aft)
be a curve in M and let {Ey,...,E,} be an oriented orthonormal frame field
along « obtained by parallel translation with respect to the Levi-Civita connection.
Then t — (a(t); E1(t),. .., Ey(t)) gives a horizontal curve in SO(M) and, via p,
the map t +— U(t) = R{E\(t),..., Ey(t)} determines a curve in G (M) tangent

to the horizontal distribution H. Its image under ® is the curve ¢ — o(t) =
Ey(t) A+ A Ey(t) in 9 (M). Since

Vo) VE.(t)
= fazz:lEl(t)/\uJ\ A A (1),

o(t) is parallel along «, or equivalently, a horizontal lift of «. Hence, ® sends
horizontal lifts of a curve v in M to horizontal lifts of the same curve a. O
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Remark 3.3. Denote by ¥, (R") the orbit space 9" (R")/ + 1 and by ¥,(M) the
associated bundle SO(M) xgom) & ( ") of ﬂso(n) Then ® induces an isometry
between (G, (M), g%) and (X,(M),i*g"), where i*g¥ also denotes the metric on
¥y (M) making X" (M) — X (M), [(p,o)] = [(p, [0])], a local isometry.

Under the identification above, G9*(M) is the subbundle of A?(M) compris-
ing unit norm decomposable forms, and each g-dimensional oriented distribution
o € T°°(G"(M)) can be considered as a global smooth section of the tensor bundle
A9(M). It can be expressed locally as 0 = E1A---AE,, where {E1, ..., E,} is a pos-
itive orthonormal local frame such that the £, ..., E; span o and the E 4 1,..., E,
span o, section of Gy y(M). Such a local frame {E1, ..., Eg; Egy1, ..., By} will
be called a local frame adapted to the distribution.

In what follows, the following convention for the indices is used: i € {1,...,n},
a,bye,--- € {1,...,¢q} and j,k,1,--- € {1,...,n — q}. Then, with respect to an
adapted local frame and using the summation convention, we have

(3.3) Vxo =B A AVxE A A Ey = g(Ex Eq, Egyj)ot

Since g(0¢,0p) = 656}, taking into account (2.2) we obtain

Jj-a’

(3.4) 9(Vx0,Vyo) = g(ExEa, Eqyj)9(&y Ea, Eqyj) = %g(§x,§y)-

If M is compact and oriented, the energy functional of an oriented distribu-
tion o is defined as the energy £(o) of the map o: (M,g) — (GJ"(M),g%) =
(3¢r(M),i*g®). Using (3.2) and (3.4), the tensor field L, defined in Section 1 can
be expressed as

1
Lo:Id+§£é°£aa

where &, is considered as the C*°(M)-map & : X(M) — I'*(m,), {&X = (&) x
Hence, the energy £(o) and the volume Vol(o) of o are given in terms of the
intrinsic torsion by

(35) £(0) = 2VoI(M /Hggn dvy, Vol(o /M\/det 1yl S €y,

In view of our applications, we also consider o as a map o: (M, §) — (A,(M), g°),
where ¢ is an arbitrary metric on M, which may be different from g. Denote
by £;(0) the energy of o as a map between these Riemannian manifolds. Let L, ;
and Q5 be the automorphism fields determined, respectively by

(0" g°)X)Y) = §(LogX,Y), §(X,Y)=g(Q;X.,Y).

Then L, = Qg ° Ly 5 and the energy of o can be written as

(3.6) Ei(o) = %/ trace(Q@ o)\/det Qg dug.
M
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In particular, for § = g, £(0) = £;(0) is the energy of the section o, and, for
G =0*g°, we have Qg = Lo and so

(37) VOI(O’) = % E(U*QS)(U).

Denote by 75(0) the tension field of o, i.e., the vector field along o given locally by

T5(0) = V%iU*E’i - U*@EiEz—,

where V and V° denote the Levi-Civita connections of § and ¢, respectively,
(V¥ is considered as the connection of g% on the induced vector bundle o*T Ay (M))

and {F;}1, is a local g-orthonormal frame. In [8], 7;(c’) has been characterized
as follows:

73(0) = (Xo5)"" 00 + (0,5)" " o0

where (X, 5)°" is the horizontal lift on Ay(M) of X, 5 = (R(Lg)ﬁ + 75(Id), Rs 5 is
the one-form on M defined locally by

(3.8) Ro5(X) = g(Rx 5,0,V ,0),

75(Id) is the tension of Id : (M, g) — (M,g), and (1y,5)"*" is the vertical lift of
No,5 € [°(Ay(M)), defined on the domain of {E;} by

No,g = Vfg(ld)a + (VQU)E;E}

Here Rxyo = V[X7y107VXVy0+VyVXU and (Vza)xy = vay(TfV(va)U.

Hence, the map o: (M, §) — (Ay(M), g%) is harmonic if and only if X, ; = 0
and 75,5 = 0. For § = g, putting R, = R, 4, 0 is harmonic if and only if Rx =0
and V*Vo = 0, where V*Vo = —(V?0) g, g, is the connection Laplacian (or rough
Laplacian)[17], { E;}_, being a local g-orthonormal frame. Because for compact M
the connection Laplacian of o vanishes if and only if ¢ is parallel (see page 154
of [17]), the harmonicity condition for o is equivalent to o being parallel.

Next, let K, 5 be the C°°(M)-linear map K, 5 : X(M) — I'°(A,(M)) given by

Ko =1/det Qg (Vo)o Q5"

Then, in [8] it is proved that

(3.9) V'K 5= —+/det Qg 10,5,

where V*K, 5 is defined locally by V*K, ; = —(Vg
G = o*g°, the condition Mo, = 0 implies that X, 5
and (3.9) that the immersion o: M — (A,(M),
V*K, =0, where K, is given by

(3.10) K, =+/det L, (Vo)-L,*

5. K5 5)E;. Since for the case
0, [ |, one obtains from (3.7)
%) i

g~ ) is minimal if and only if
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Denote by Sg(x) the subspace of AY(T,M) generated by o(z), by S;(x) to the
tangent space T (,) X9 (T M), generated by o, a=1,...,q,j=1,...,n—¢q, and

by Si(x) the subspace generated by
{U?;i’(w) | 1<a<b<q 1<i<j<n-—gq},

where 067 () = (=1)"*Pe,yjAegrrAer A - -AéaA- - -AépA- - -Aey. Then, using (3.3),
for every o € I'*°(X,(M)) we have
(V*Ko5)(x) € 532y ® Sate) ® Saay-

Since the harmonicity of o viewed as map into %9" (M) is determined by the van-
ishing of the projection onto T53¢" (T, M) of the tension, the map o: (M,g) —
(G (M), g%) is harmonic if and only if X,5 = 0 and g(V*Kgyz,0%) = 0. In
particular, o: (M,g) — (Ggr(M),gK) is harmonic if and only if R, = 0 and
g(V*Vo,0f) = 0. A critical point o of the energy functional & restricted to
[(Gr(M)) is called a g-harmonic distribution (or simply harmonic distribu-
tion if g = g); it is characterized by the vanishing of the vertical component of
75(0): g(V*KJ’g,(I}‘):O.

When the immersion o: M — (G"(M), g**) is minimal, o is called a minimal
distribution. Then the minimality condition for a distribution ¢ is determined
by g(V*K,,0§) = 0.

For general Riemannian manifolds (M, g), not necessarily closed and oriented,
we extend the above definitions for distributions satisfying such conditions.

Next, given a (1,2)-tensor field ¢» on M, we denote by d*t its coderivative,
which is defined by

(d*9)2(X) = =(Ve,1)e, X,
where {ey,...,e,} is any orthonormal basis of T, M.
Theorem 3.4. Let o € I'°°(Gg'(M)) be an oriented q-dimensional distribution on

a Riemannian manifold (M, g) with intrinsic torsion . Then, for any metric g,
we have:

(i) the map o: (M, g) — (Gfl’r(M),gK) is harmonic if and only if the following
conditions are satisfied:

(a) Ry g(X)+g(r3(1d), X) =0, for all X € X(M), where R, 5 is expressed
locally as Ry 5(X) = %Q(RXEivai)v and

(b) d*ko,5(Vs) C Vs (or equivalently, d*kq,5(Ho) C Ho), where
Ko,g = \/det Qg §°Q;1.
In particular, the map o: (M, g) — (GZY(M),gK) is harmonic if and only if

d*¢=0 and R, =0;
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(ii) the condition (b) characterizes g-harmonic distributions, and d*& =0 char-
acterizes harmonic distributions;

(ili) the immersion o: M — (G (M), g") is minimal if and only if
A" ke(Vs) CV,  (or equivalently, d* ke (Hs) C He),
where k, = \/det Ly o L;Y and Ly = Id + £ o €.

Remark 3.5. Because the projection p, : G (M) — G4(M) is a local isome-
try with respect to the corresponding Kaluza—Klein metrics, the conditions which
a (unoriented) distribution o: (M,g) — (G4(M),g") must satisfy in order that
o be a harmonic map, or a g-harmonic distribution, or the immersion o: M —
(G4(M), g¥) be minimal, are, respectively, the conditions (i), (ii) or (iii) of Theo-
rem 3.4 for oriented distributions. The condition that ¢ be a harmonic distribution
is also equivalent to [P,, V*V P,] = 0, where [, -] denotes the commutator bracket
of endomorphisms (see [28]).

For the proof of Theorem 3.4, we shall need the following lemmas.

Lemma 3.6. Let 0 be a q-dimensional oriented distribution on a Riemannian
manifold (M, g) and let A be a (1,1)-tensor field on M. We have:

(i) d*(§-A) e T>°(s0(M)) and, if [€g,,Ear;] = 0, then d*(§° A) € T°°(m,);
(ii) g((d*(§° A)Ea, Eqyj) = g(V* (Voo A),07).

L]

Proof. Because & € T'™°(m,), we obtain d*({-A) € T*°(so(M)). For U,V € V,,
using (2.2), one gets

g(d*(§- AU, V) = g(6ar,VEU,V) = 9(VEEar, U, V)
=9(6ar,U,Ep,V) = 9(€r.U, 848,V ) = —g([€8:, EaE, U, V).

In the same way, g(d* (£ A)X,Y) = —g([€g,,&ar, ] X, Y), for all X, Y € H,. Hence,
if [€g,,€ap,] = 0, then d*({° A)V, C H, and d*(§° A)H, C Vs, which proves (i).
Next, we show (ii). From (3.3) we get

(3.11) VxVyo = Xg(y Ea, Eq1j)0] + 9(&y Ea, Eq45)Vxoj
and the projection of Vxof onto Sl is given by
9(VxEqyj, Egir)of — g(Vx Ey, Eq)o}.
Then, we have
9(VxVyo,07) = g(Vx& Ea, Eqj) + 9(&y Ea, Vx By )
=9y Ea, Eqr1)9(Vx Eqrj, Eqir) + 9(Vx Ea, Eb)g(Sy Eqyj, Eb)
= 9(Vx&y Ea, Eqyj) + 9(Vx Ea, §y Eqy ).
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Hence, one gets g(VxVyo,0%) = g((Vx&y)Ea, Eg1j). Then, using again (3.3),
(3.12) 9(Vx (Voo A)Y,0%) = g(Vx(§° A))y Ea, Egtj)
and this proves (ii). O
Lemma 3.7. We have:

(i) 9(RxyEa, Eqyj) = g(Rxvo,0]);

(il) Rog(X)=9g(Rxp Ba,&s,Fa) = 9(Ryx s, Bqrj,$, Eqvi) = 39(Rx .. €5.)-
Proof. A straightforward calculation, using (2.2), gives

g(nyEa,Eq+j) = g((va)XEa - (VXf)YEa,Equj)'

Because g(Rxyo,0%) = g(V3 xo0 — Vxy0,07), (i) is obtained from (3.12). From
this, and using (3.3), we get Ry 5(X) = 9(Rx g, Fa, Eg+5)9(§ 5, Eas Eqtj)- Then (ii)
is also proved. O

Proof of Theorem 3.4. The map o: (M, g) — (G5 (M), ¢%) is harmonic if and only

if X5 =0and g(V*Ky3,0%) = 0. From the definition of X, 5, it vanishes if and

only if Ry 5(X)+g(75(Id), X) = 0, for all X € X(M), where, using Lemma 3.7 (ii),

R, ; is expressed in terms of the intrinsic torsion as R, ;(X) = %Q(Rxéi’fﬁ;‘j)'
On the other hand, from Lemma 3.6, we obtain

9(V*Ko5,08) = g(V (Voo (/det Q; Q7 1)), oF)
9((d Ko5)Eas Bqtj) = =9(Ea; (d"Ko,5) Eq+j)-

Hence, the vanishing of g(V* K, 3,0f) is equivalent to each of the conditions for
d*ke.g given in (b), and we have proved (i). Now, the rest of the proof is a direct

consequence of this statement.

4. Transversally symmetric invariant foliations

Let (M, g) be a connected homogeneous Riemannian manifold. Then (M, g) can
be expressed as a coset space G/ K, where G is a Lie group, which assumed to
be connected, acting transitively and effectively on M; K is the isotropy subgroup
of G at some point o € M, the origin of G/ K; and g is a G-invariant Riemannian
metric. We say that g is a homogeneous Riemannian metric of M. Moreover, we
can assume that G/ K is a reductive homogeneous space, i.e., there is an Ad(K)-
invariant subspace m of the Lie algebra g of G such that g = £ ® m, £ being the
Lie algebra of K. Then, under the identification m = T,M, g corresponds with an
Ad(K)-invariant inner product (-,-) on m. When there exists an Ad(G)-invariant
inner product on g, which we also denote by (-,-), whose restriction to m = £+
is (-, ), the space (M = G/ K, g) is called normal homogeneous.
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Let jidenote the torsion tensor and R the curvature tensor of the canonical con-
nection V of (M, g) adapted to the reductive decomposition g = ¢®m (see [16], II,
page 190). At the origin, they are given by

(4.1) To(X,Y) = —[X,Y]w , Ro(X,Y)=adxy,

where [X,Y]m and [X, Y] denote respectively the m- and -component of [X,Y]
for all X,Y € m. For each X € m, consider X, the G-invariant vector field
defined on a small neighborhood of 0 in M = G/ K such that X} = X, [18].
Then [XT,Y*], = [X,Y]n and the G-invariant connection V is determined by
VxY T = 0. Using the Koszul formula, the Levi-Civita connection V is given by

(4.2) 2AVxY ™", Z) = ~(X,[V, Z]w) = (V. [X, Z]m) + (Z, [X, Y ]m),

for X,Y,Z € m. Let 4 : m x m — m be the symmetric bilinear mapping defined by
(4.3) 20X, Y), Z) = {([Z, X]|m, Y) + {([Z, Y], X).

Then the homogeneous structure S = V —V associated to g = ¢dm [24] is given by

(4.4) SXY:VXY+:%[X,Y]m+M(X,Y), for all X, Y € m.

Note that (SxY,Z) + (Y, SxZ) = 0. When 4 =0, (M = G/K, g) is said to be na-
turally reductive. Using (4.1), we have the following expression for the Riemannian
curvature R of V at the origin:

(4.5) Rxy = ad[xy], + S[x,v]. — [9x,Sy].

A ¢-dimensional distribution ¢ on (M = G/ K,g) is said to be G-invariant
if aszo(x) = o(a - x), for all @ € G and © € M, where a,, denotes the differ-
ential map of a at z. Since the linear isotropy representation, i.e., the differen-
tial of the action of K on T,M, corresponds, under the identification m = T,M,
with the adjoint representation Ad(K) of K on m, there exists a bijection between
Ad(K)-invariant subspaces p = 0(0) C m and G-invariant distributions on (M, g).
The (-, -)-orthogonal complement n of p in m is also Ad(K)-invariant and the pair
(p,n) determines an invariant orthogonal distribution (V,, H, ). Hence, the intrinsic
torsion is invariant and the existence of invariant distributions implies that G / K
must be isotropy-reducible. Moreover, if {E,; Eqy;} is an adapted orthonormal
basis of m = p@&n, then {Ef; E(;:_ j} is a local orthonormal frame around the origin
adapted to (V,, Hs).

From (2.2) and (4.4), we have:

Lemma 4.1. Let (M = G/ K, g) be a homogeneous Riemannian manifold with
adapted reductive decomposition g =€ @d m and let o be a q-dimensional invariant
distribution determined by the pair (p,n). Then the intrinsic torsion £ at the origin
of o is given by

oV = (SuV)n, &uX = (SuX)y,

ExU = (SxU)n, ExY = (SxY)p,
for allU,V €p and X,Y €n.

(4.6)
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Hence, o is
(i) totally geodesic if and only if h(p,p) C p;

(i) integrable if and only if [p,p]lm C p. Moreover, the foliation is Riemannian if
and only if (n,n) C n.

Then any G-invariant Riemannian AP-structure on a naturally reductive ho-
mogeneous space is totally geodesic, i.e., both distributions ¥V and H are totally
geodesic. If a G-invariant distribution is integrable, the corresponding foliation F
is a G-invariant foliation, meaning a-L, = L4, for alla € G and x € M, where L,
denotes the leaf through x, and conversely, and, by Lemma 4.1 (ii), [= ¢ D p is a
Lie subalgebra of g. We shall denote by L the connected Lie subgroup of G with
Lie algebra [.

A foliation F on a differentiable manifold M is called transversally symmetric
if there exists a symmetric pair (G, L) such that its transversal geometry is locally
modeled on G/ L. This means that F can be defined by a family of local submer-
sions f; : U; — G/ L such that {U;} is an open covering of M and f; =a;; - fi
with aji € G.

In the context of G-invariant foliations, we say that a G-invariant foliation F
determined by an Ad(K)-invariant subspace p C m is transversally symmetric if
(g,8) is an orthogonal symmetric Lie algebra, where s is the involutive automor-
phism of g whose +1-eigenspaces are [ and n, respectively. Then the brackets
satisty

(4.7) [p,n] Cn,  [n,n]w Cp.

Since the connected Lie subgroup L of the universal covering G of G with Lie
algebra [ is closed, (G, L) is a symmetric pair associated with (g,s) (see Propo-
sition 3.6, Chapter IV, in [15]). Hence, if F on M is a transversally symmetric
invariant foliation then it is in fact locally modeled on the simply connected sym-
metric space G/L.

Another homogeneous Riemannian metric § on M is said to be adapted to the
AP-structure (V,H), if the distributions V and H are g-orthogonal. It is clear
that if an invariant foliation is transversally symmetric, it is also transversally
symmetric for any adapted homogeneous Riemannian metric.

Using (4.7) and substituting in (4.3), one gets t(p,p) C p. Hence, transversally
symmetric G-invariant foliations are totally geodesic, but not necessarily Riemann-
ian foliations. In the next section we shall give examples of non-Riemannian
transversally symmetric foliations. By Lemma 4.1 (ii), the foliation is Riemannian
if and only if ${(n,n) = 0, or equivalently, SxY = %[X, Y, for all X, Y € n.

Theorem 4.2. Let o be the distribution tangent to a transversally symmetric
G-invariant foliation F of (M = G/ K, g). For any adapted homogeneous Rieman-
nian metric g on G/ K, o is a g-harmonic distribution. In particular, o provides
a minimal immersion into the Grassmannian bundle (G (M), g%). If moreover F
is Riemannian, then o: (M, g) — (G4(M), g%) is a harmonic map.
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Proof. Let p C m the Ad(K)-invariant subspace that determines the distribution o.
Then,

(4.8) Sep Cp, SpnCn.

Moreover, by (4.7), t(n,n) C p and U(p,n) C n, and this implies
(4.9) SagnCp,  SppCn

Hence, with these hypotheses, one gets

(4.10) & =0, & =5

Since g and g are G-invariant Riemannian metrics, the automorphism field Q3 is
also G-invariant and so it is determined by the Ad(K)-invariant linear isomorphism

Qo : m — m defined by (u,v) = (Qou,v), where (-,-) denotes the Ad(K)-invariant
inner product on m corresponding to g. Taking into account that the subspaces p
and n of m must be orthogonal with respect to (-, ), it follows that the decomposi-
tion m = p @ n is Q,-invariant. Hence, we can take the adapted (-, -)-orthonormal
basis {E,; Eq+;} in m as a basis of eigenvectors of @,. Then, applying (4.10) and
also (4.8) and (4.9), we get

d*(€-Q,")

(Ve 8o;1m — 5@;1%& — 80,1, VE)
=€, m, 9] +5Q;18E7-,E1- = [gQJIEqH’SE«H] =0.

Hence, using Theorem 3.4, ¢ is a §-harmonic distribution. For § = 0*¢° we have
Q5 = Lo. Then g is a homogeneous Riemannian metric on M and, from (4.10),
adapted to the AP-structure (Vy,H,). Thus Theorem 3.4 also implies that o is
minimal.

From (4.5), and from (4.8) and (4.9), one gets (RxyU, Z) = 0, for all U € p,
and XY, Z € n. Then, (Ry),(n) = 0. On the other hand, for each U € p, apply-
ing (4.10) and Lemma 3.7, together with the Riemannian condition for the foliation
and (4.5), we obtain

(Ro)o(U) = (RuE,.; Eqik:EByr; Egvr)
= <S[U»Eq+j]Eq+k + 5B,y SUEQ+k’§Eq+qu+k>
= <£Eq+_j ([U, Eq+k] + SUEq—Hc)aquﬂ‘ Eq+k>
= —([U, Eq1i] + SuEqik, &, ., Eqr)-

Because fiﬂqﬂ_ is a symmetric endomorphism with respect to (-, -} and preserves n,
J0

for each jo € {1,...,n — ¢}, we can take {Ey41,..., E,} as a basis of eigenvectors
of §,%;q+j0. Denote by g4k the corresponding eigenvalues. Then, using again that F
is a Riemannian foliation, we obtain

(U, Bqsr] + SuEqsn €8, ,, Bar) = Sq41{[Us Bgra] + Sv Bgns Eqrx) = 0.

Thus, R, = 0 and, applying again Theorem 3.4, ¢ is a harmonic map. O
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Finally we consider transversally symmetric invariant foliations F on (M =
G/ K, g) such that the connected Lie subgroup L of G with Lie algebra [ = ¢ @ p
is closed. This is the case if the center of g is {0} (see the proof of Proposition 3.6
in Chapter IV of [15]), in particular, when g is semisimple. With this hypothesis
we have:

Proposition 4.3. The leaves of the foliation F of M = G / K are the fibres of the
homogeneous fibration

F=L/K-M=G/K5N=G/L:gKw~gL.

The foliation F is moreover Riemannian if and only if the restriction (-, ")y of (-,-)
to n is Ad(L)-invariant. Then w: (M, g) — (N, gn) is a Riemannian submersion
and (N, gn) is a locally Riemannian symmetric space, where gy is the G-invariant
metric on N induced by (-, ).

Proof. From the uniqueness of maximal integral submanifolds through a point,
L/ K is the leaf through the origin o € M. For another point ¢ K € G/ K, we use
the following property: 7~ !(a L) = a- L/ K, for each a € G.

The metric (-, )y is Ad(L)-invariant if and only if ((X,U],Y) = (X, [U,Y]), for
all XY € nand U € p. From (4.3), this is equivalent to the condition 4(n,n) C n,
i.e., the foliation is Riemannian. For the last part of the proposition we use Propo-
sition 3.6 in Chapter IV of [15]. O

5. Examples of transversally symmetric fibrations

A homogeneous fibration 7: G/ K — G/ L as in Proposition 4.3 is called a trans-
versally symmetric fibration. Given a G-invariant metric g on M, 7 is said to be
g-Riemannian (or Riemannian with respect to g) if the foliation determined by its
fibres is Riemannian. Next, we give a useful method for obtaining many examples
of Riemannian and non-Riemannian transversally symmetric fibrations.

Let G be a connected compact Lie group and let K and L be connected closed
subgroups of G such that K C L C G. We consider the natural projection 7: M =
G/K - N = G/L, gK +— gL. Then 7 gives a homogeneous fibration with
fibre type FF = L/ K. Let B be an Ad(G)-invariant inner product B on the Lie
algebra g of G, and let m, p and n be subspaces of g making B-orthogonal the
following decompositions: g=¢t@m, [=¢t®pand g=[Hn. Then m =p Hn is
also a B-orthogonal decomposition.

Lemma 5.1. The B-orthogonal decompositions | =@ p and g = [ S n determine
reductive decompositions for F and N, respectively, and m = p & n is Ad(K)-
mvariant.

Proof. Because p is orthogonal to &, it is in fact a subspace of m and, since [ is
a Lie subalgebra, we get [¢ p] + [p,p] C [. Then, [p,plm = [p,p], C p and, taking
into account that g = £ @ m is a reductive decomposition, it follows that [¢,p] is
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orthogonal to ¢ and so, [¢,p] C p. Next, since B is Ad(G)-invariant, we obtain
B([t,n],p) = —B([t,p],n) = 0 and B([p,n],p) = —B([p,p],n) = 0. This implies
that [¢,n] C n and [p,n] C n, and consequently [[,n] C n. Now, using the inclusions
[¢,p] C p, [¢,n] Cnand [[,n] Cn, together with the connectedness of K and L, the
result follows. O

The isotropy group K acts on m by the adjoint map and induces a splitting
m=pPn=(PoEpP1® - Dp,) E(p®ny &--- dny),

where K acts trivially on mg = po @ ng and irreducibly on p; and nj, fori =1,...,r
and j =1,...,s. If the isotropy representations on p; and n; are inequivalent, any
G-invariant Riemannian metric on M = G/ K is determined by an Ad(K)-invariant
inner product on m of the form

(5.1) ()= Dojmo + D NiBjp, + > 145 B),
i=1 j=1

(-,-)o being an arbitrary inner product on mg and \;,pu; > 0, ¢ = 1,...,r, and
j=1,...,s. Hence, using Lemma 5.1 and taking into account that the subspace
n C m is Ad(L)-invariant, the following proposition is proved.

Proposition 5.2. We have:

(1) If po = {0} orng = {0} then any homogeneous Riemannian metric on M =
G/K is adapted to the G-invariant AP-structure generated by the pair (p,n).

(ii) For any homogeneous Riemannian metric adapted to (p,n), the fibration
7 M = G/K — N = G/L is transversally symmetric if and only if
[n,n] CL

(iil) If the linear isotropy representation of K on n is irreducible, the fibration
is g-Riemannian for any homogeneous Riemannian metric g on M.

5.1. Compact rank one normal homogeneous spaces

Homogeneous spaces admitting a normal invariant metric of strictly positive curva-
ture are called compact rank one normal homogeneous spaces (see, for example, [13]
and [26], and the references therein). They are in fact compact and the positive
normal homogeneous metric has rank one. In the simply connected case, a compact
rank one normal homogeneous space is diffeomorphic to

(i) the sphere S™ or one of the projective spaces CP™, HP™ and CaP?, or

(ii) one of the Berger spaces

B = Sp(2)/SU(2) and B = SU(5)/((Sp(2) x S")/{*(Id,1)}), or

(iii) the Wilking space W7 = (SO(3) x SU(3))/ U*(2).
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Spin(9) Spin(7) 15 m=podn
Spin(7) Go 7 irred.
G SU(3) 6 irred.

G K dim G/K isotropy repr.
(1) SO(m+1) SO(m) m irred.

(2) SUm+1) SU(m) 2m+1 m=pldn

(3) Um+1) U(m) 2m+1 m=pldn

(4) Sp(m+1) Sp(m) dm + 3 m=p3dn

(5) Sp(m +1) x Sp(1)  Sp(m) x Sp(1) 4m + 3 m=pldn

(6) Sp(m +1) x U(1)  Sp(m) x U(1)  4m +3 m=pZ®pidn
(7)

(8)

(9)

TABLE 1.

The (compact) Lie groups acting transitively on the sphere have been classified by
D. Montgomery and H. Samelson, and A. Borel, see [19]. They are given, together
with the isotropy representation, in Table 1. In Table 2, those corresponding to
the exceptional cases are described. Here, the superscript represents the dimension
of the subspace.

The unique projective space admitting an isotropy-reducible quotient expres-
sion is CP?™*! = Sp(m +1)/ Sp(m) x U( ) [19]. Tts isotropy representation deter-
mines the decomposition m = p? &n = p? @ H™. All the homogeneous Riemannian
metrics on these homogeneous spaces are obtained from inner products as in (5.1)
and the following transversally symmetric homogeneous fibrations result:

(i) St — §?m*!t = SU(m + 1)/ SU(m) — CP™,
(ii) S? — CP*m*! = Sp(m + 1)/ Sp(m) x U(1) — HP™,
(iii) 93 — S§*m*3 = Sp(m + 1)/ Sp(m) — HP™,
(iv) 87 — S5 = Spin(9)/ Spin(7) — S8,

(v) RP® — B — CP*,

i) RP? - W7 — CP?.

Because in all cases the subspace n C m is irreducible under the linear isotropy
action, it follows from Proposition 5.2 that the above six homogeneous fibrations
are all Riemannian with respect to any invariant metric. The case (i) corres-
ponds with the classical Hopf fibration. Note that the sets of SU(m + 1)-invariant
and of U(m + 1)-invariant metrics coincide on S?™*1. The Sp(m + 1) x Sp(1)-
invariant and Sp(m + 1) x U(1)-invariant metrics on S*"*+3  according to their
corresponding isotropy representations, cases (5) and (6) in Table 1, are special

classes of Sp(m+1)-invariant metrics, as in case (4). Moreover, except for case (iii),
any homogeneous Riemannian metric on the total space is binormal.

(v
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G K G/ K isotropy repr.
Sp(2) SU(2) B” irred.
SU(5) (Sp(2) x SY)/ 4+ (Id,1) B¥ m=p>@nd
SO(3) x SU(3) U*(2) W' m=pian
TABLE 2.

From Theorem 4.2, we have:

Theorem 5.3. For any homogeneous Riemannian metric on the total space of the
homogeneous fibrations (1)-(vi), the distribution tangent to the fibres is minimal
and determines a harmonic map into their Grassmannian bundles.

5.2. Compact irreducible 3-symmetric spaces

A Riemannian 3-symmetric space (see [14], [27] and also [9], [12]) is defined to be
a triple (M = G/ K, 0, (-,-)) satisfying the following conditions:

(1) Gis a connected Lie group and 6 is an automorphism of G of order 3,

(2) K is a closed subgroup of G such that G € K C G?, where G’ = {z € G |
0(z) = x} and GY denotes its identity component,

(3) (-,-) is an Ad(K)- and f-invariant inner product on m = Ker ¢, where ¢ is
the endomorphism of g given by ¢ = 1+ 6 + 62.

If there exists 0 satisfying (1) and (2), we shall say that G/ K is a 3-symmetric
coset space. The automorphism J = \%(29@ +1d}) on m is Ad(K)-invariant and
so it determines a G-invariant almost complex structure on G/ K, known as the
canonical almost complex structure. It makes the 3-symmetric space a quasi-Kdhler
homogeneous manifold.

We will focus on compact irreducible Riemannian 3-symmetric spaces (M =
G/ K,#0,(-,-)) of type A3, meaning that G is a compact connected simple Lie group
acting effectively and 6 is an inner automorphism on the Lie algebra g of G.

We need some general results about complex simple Lie algebras. See Chap-
ter IIT in [15] for more details. Let gc be a simple Lie algebra over C and let b
be a Cartan subalgebra. Let A denote the set of nonzero roots of gc with respect
to b and let II = {aq, ..., a;} be a system of simple roots. For each aw € A, there
exists a unique element H, € hc such that C(H, H,) = a(H), for all H € b,
where C' is the Cartan-Killing form of gc. Moreover, we have hc = > .o CHq
and C' is strictly positive definite on hr = Za e RH,. We can choose root vectors
{Ea}aea such that gc = be + Y., ca CE, and, if a + 3 # 0, E, and Epg are
orthogonal under C' and C(E,, E_,) = 1.

Denote by A* the set of positive roots of A with respect to some lexicographic
order in II. Then each a € AT may be written as a = Zic:l ni(a)ay, where
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Type 0 m; TI(H)

Asl Adexp my=T g, 1 {ap €I | k # i}
AsIT AdeprTr\/—_l(Hr,:—Hj) mi=mj =1 {apell|k#1i, k#j}
ASIIT Adirgery, 2 {an € I | k # i}
A3V Adgporny=tm, 3 {ag € L[k #i}U{—p}

TABLE 3.

ni(a) € Z, ni(a) > 0, for all k =1,...,1. The R-linear subspace g of gc given by
g=b+>,cnRUS+RU,)

is a compact real form of gc, where h = > A Ry-1H, and U} = E, — E_, =
~U%, and U} = V/-1(E,+ E_,) = UL, (see Theorem 6.3 in Chapter III of [15]).
Let p = 22:1 m;a; be the mazimal root of A and consider H; € b, i =1,...,1,
given by
Oéj(Hi) = %“(51']', i,j = 1, cen ,l.
An inner automorphism 6 of order 3 on g¢ can be written, up to conjugation,
as 0 = Adgyp, 0./ —1H, Where H = %mle with 1 < m; <3 or H= %(Hz + Hj)
with m; = m; = 1. Then there are four classes for § with corresponding simple
root systems II(H) for g%, namely types A3I-A3IV, given in Table 3. We have
hct=g’ and
E=b+> pearm(R Ug+RU,),

where AT (H) denotes the positive root system generated by IT1(H). Hence, each
Ad(K)-invariant inner product (-,-) on m is also f-invariant and so, every 3-
symmetric coset space G / K with 6 of type As is a Riemannian 3-symmetric space
for any G-invariant metric. Moreover, {U?, Ul | « € AT\ AT(H)} is an orthonor-
mal basis for (m, B}y, ), where B = f;C.

Compact irreducible 3-symmetric spaces of type A3l are Hermitian symmetric
spaces. Together with those of type A3V, they are isotropy irreducible. So, in
order to obtain homogeneous fibrations, we consider only irreducible 3-symmetric
spaces of types Asll and AslI]I.

If M = G/K is of type A3II then m; = m; = 1, for some i,j € {1,...,1},
1<y Let Apg ={a € Alni(a) =p, nj(a) =q}, 0 <p,qg <1, and consider the
subspaces of m:

Vi=R{US| a€ Af}; a=0,1},
(5.2) Vo =R{US| € A5 a=0,1},
Vs =R{UZ | aEA(‘;l; a=0,1}.

Then m = V; & V5 @ Vs is a B-orthogonal decomposition as isotropy-irreducible
subspaces stable under J, satisfying ([12])

(5.3) Vi, Vil Ct, k=1,2,3; [Vi, V.| C Vs, (k, 7 s) a permutation of (1,2, 3).
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Theorem 5.4. Let M = G/ K be a 3-symmetric coset space of type AsIl. For
any homogeneous Riemannian metric g on M, the G-invariant distribution asso-
ciated to each Vi C m, k = 1,2,3, determines a harmonic map oy : (M,g) —
(G (M), g¥), where g, = dim Vy. Moreover, o : M — (G, (M), g%) is a mini-
mal immersion. The corresponding transversally symmetric fibrations are:

(i) CGr,\ry — S(U(rl)xsltjj((:;))xU(m)) — CGrpn—r,, wherer; > 1, ri+ro+r3=mn,

and (i,7,k) is a cyclic permutation of (1,2,3);

.. . SO(2n) S0(2n) .
(i) CP" ' = gonyxsom — ooy P2 4

...y SO(2(n—1)) SO(2n)
(iil) o D=1 %5002

y RGo(n-1),2, 1 > 4;

(iv) RGag — SO(S)XS(I;:?Z)XSO(Q) - so<1o?§so<2)~

Proof. Put p = Vg, for k =1,2,3,and n =V, ®V;. (From (5.3), we have [p,p] C &,
[n,n] C p and [p,n] C n. Then, using Lemma 4.1, the G-invariant distribution
determined by p is integrable and the foliation is transversally symmetric for any G-
invariant metric on M. From Theorem 4.2, it is a harmonic totally geodesic foliation
and a minimal immersion into its Grassmannian bundle. The irreducibility of Vi
implies that each G-invariant metric on M = G/K is determined by an Ad(K)-
invariant inner product of the form (-,-) = 22:1 ArBpy, on m, for A\, >0, r =
1,2, 3, and its corresponding homogeneous structure S satisfies

(5.4) Svkvk =0, Svkvr Cc Vs,

where (k,r,s) is a permutation of (1,2,3). From this and (4.5), since £ = 0
and &, = Sy,

RO’(U) = <£E7ECL)RUE7ECL> = <SEq+an7RUEq+an> = <SEq+an)S[U,E Ea>?

<1+j]m
for all U € p. Then, using (5.3) and (5.4) and taking {Eg41,...,En} as a (-, -)-
orthonormal basis of n adapted to the decomposition n = V,. @& Vs we obtain
R,(U) = 0. Because for any transversally symmetric G-invariant foliation, R,
vanishes on n, it follows that R, = 0 and then, by Theorem 4.2, ¢ is a harmonic
map.

If 0 is of type AsII, the complex simple Lie algebra g¢ is a,—1 (n > 3), 0
(n > 4) or ¢6. On a,_1, a set A" of positive roots is given by AT = {a, ,
ap+ - t+ag |1 <p<qg<n—1} Then, for § = Ad,, 9, /1y, With H
$(Hi+ Hj), 1 <i<j<n-—1, weobtain AT(H) = AT (H)UAJ (H)UA] (H)
where AT (H) = {apq | 1<p<qg<i}l, AJ(H) ={ap,| i <p<q<j}and
A;(H) ={apq| j<p<qg<n—1}. Then tisof type ai,l@aj,i,l@an,l,j@fz.
Hence M is the quotient manifold SU(n)/ S(U(i) x U(j — i) x U(n — j)).

Onm = ZQGA+\A+(H) RU¢, we consider the orthogonal decomposition m =
Vi @ Vo @ Vs, given in (5.2), where Afl ={apq| p<i<j<gql}, AIO = {ap,q |

3
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1§p§i§q<j}andAg’1:{ap,q| 1 < p<j<gq<n-—1}. Then, putting
I, =t®Vy, k=1,2,3, it follows that [, can be written as [, = [,1€ &) [%, where
h = (Zae{aj,...,aj_l} RV=1H, + ZaeA;(H) RUS)
®( 2aeat, Ry—1H, + 2acAf UAF(H)UAT (H) RU),
ly = (ZaeAfo Rv/=1H, + ZaeAfouAf(H)uA;(H) RU&I)
@<Zae{aj,...,an_1} Ry~1H, + Daend () RUY),
5 = (ZaeAgl Rv/=1H, + 2acAd,UAS (H)UAT (H) RUZ)
D(Xaefar, .} RV—1Ho + D aent () RUS).

Therefore I = su(j) @ su(n — j) & T' and [3 = su(n — i) & su(i) & T'. More-
over, it is clear that [} = su(j — i) & T'. Next, we show that [} is isomor-
phic to su(n + i — j). Denote by m,—14,—; a system of simple roots m,_14;—; =

{B1,..., Bn-14i—j} of an_14i—;. Let ¢ be the map ¢(81) = a1,...,d(Bi—1) = i1,

¢(Bi) = aij, ¢(Bit1) = 1, (Bn-1+i—j) = ap-1 between m,_14,—; and
{a1,..., i1, 045, 0541,...an_1}. Then ¢ can be extended by linearity to a bi-
jection from AY - to AT, UAT(H)UAZ (H), where AT | s the positive

root set of a,_14i—; generated by m,_14,—;. It gives the isomorphism, also de-
noted by ¢, between [ and su(n+i— j) by setting ¢(v/—1Hp,) = vV—1Hys,) and
o(Ug)) = Ugpy, fors=1,....n—1+i—j.

Taking 1 =4, ro = j — ¢ and 3 = n — j, we have the fibrations given in (i).

On d, (n>4), L

o,
1 2 2 /
[e] [e] o
(05] (%) N Ap—2
\ 1
(o)
Op—1,

the automorphism 6 of type AsII is determined by H = %(Hn,l + H,,). The other

possibilities for H,i.e., H = %(HnJan,l) or H= %(Hl +H,), give automorphisms
conjugate to the first one. Here, a set AT of positive roots is given by

AT :{ap (1<p<n), apq(1<p<g<n), pg=apn-2+agn
(I1<p<qg<n,p<n-—2)}.

Then A+ (H) = {ap, (1 <p<qg<n—2)}and € is of type a,_» ® T2 Hence M is
the quotient manifold SO(2n)/ U(n— 1) x SO(2). Next, we consider the orthogonal
decomposition m = V; @ V5 @ V3 where the corresponding subsets of positive roots
are given by

Afy={apg | 1<p<q<n—1}, Afg={apa1| 1<p<n-—1},
A(T,l :{an)dp,n| 1 SpSn—Q}.
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Putting again [, = ¢ ® Vi, k£ = 1,2, 3, we have:

[ = (ZaeAIﬁl Rv—-1H, + ZaeAiIUA‘*'(H) RU%) @ Ry/—1H,,,
s0(2(n—1))® T,

o = X aer RV—1Ho + ZaeAfouAﬂH) RUE = u(n),
[3 = Daex RV-IHa + 3 cny uatm RUS = u(n).

1%

Here, the isomorphism between ZQEAIH R—-1H, + ZaeAfluA+(H) RUS and
50(2(n — 1)) is obtained from the bijectic;n ¢ Tp—1 — {oa,...,0n_2,0n-2n-1},
given by ¢(6’L) = Qj, i = 17' sy — 27 and ¢(6n71) = 657172,7171, where 7, 1 =
{P1,...,Pn—1} is a simple system of positive roots for 9,,_1. Then the fibrations (ii)
and (iii) are determined; (ii) corresponds with the vertical distributions V5 and Vs
and (iil) with V.

Finally, a system of positive roots AT on eg,

2
o
Q2
1 2 3 2 1
o o o o o
e73} a5 o7 a3 aq,

is given by

At = {ai,a2; apg 3<p < q<6); arpaz, (4<p <6);
a1t az, (3<p<6); aztas, (4<p<6);
st apg (p=1,2,¢=05,6); a6+ pq (3<p<q=<5H); aze+ s,

Q15+ a34, 16+ Q35+ g, =016+ Q25+ a4}

and the automorphism 6 of type A3l is determined by H = %(Hl + Hg). Hence
we get

AT(H) = {az,0p4 3<p<q<5),a04,005,0a2 + g0 + 5,04 + 25},
AT ={as, a1+ aze,u+a16,006+apg (3<p<qg<5h),
ai6+azs + ag, i},
A1+,0 ={a1,a1, (p=4,5),0n +az, B<p<b),au+ais,w15+ azal},

A:{l = {ape B<Pp<6),a6,02 + 46,01+ Qop,0u5+ a6}
Then the Lie subalgebras [ = ¢ ® Vi, k =1,2,3, are

= (Taear, RV=THa + Xoeat uas ) RUS) & RY=THo,,
o= (ZaEW\{as} Ry —1Ho + ZaeAfOUAHH) RUZ) & Ry —1Hag,
3 = (Zaer\{al} R v 71H0‘ + ZQEA[;IUA‘*’(H) RUS) + R\/ 71Ha1'
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Using the corresponding Dynkin diagrams, one gets [y 2 I3 2 50(10) & T!. Next we
also show that ZaeAfl Rv—-1H, + ZaeAtIUA‘*’(H) RU¢ is isomorphic to so(10).

Let Aat) be the positive root set for 05 generated by a system of simple roots
75 = {B1,...,05}. Let ¢ be the bijection ¢ : m5 — {on + a3 6,a2,...,a5}, given
by ¢(81) = a1 +asze, ¢(B2) = az, ¢(Bs) = au, ¢(B1) = a5 and ¢(B5) = a3. Then ¢
can be extended to Ay, — A(H) U Ay 1 by linearity and the result follows as in
the preceding cases. Hence, the fibration (iv) can be constructed. O

Remark 5.5. Because the base space of these fibrations is an irreducible symme-
tric space of compact type, it must be isotropy irreducible and so, up to homoth-
eties, it admits a unique invariant metric. Then, using Proposition 4.3, a fibration
as in Proposition 5.4 with p =V, and n =V, @ Vs, k = 1,2, 3, is Riemannian if
and only if the homogeneous metric on the 3-symmetric space is determined by an
inner product (-,-) = Zle AiB)y,, such that A, = A,.

Next suppose that 6 has type AsIII. Then m; = 2 (H =
i=1,...,1. Consider the subspaces of m:

Wi

H;), for some

H=R{US| acAf, ;a=0,1}, V=R{US| acAJ;a=0,1},

where AF = {a € AT | ni(a) =p}, p=0,1,2. Then A(H) = Ag and m =V O H
is an orthogonal decomposition of isotropy-irreducible subspaces stable under J,
and satisfying, [12],

(5.5) HHwCV, WV cCe [V,HCH

Theorem 5.6. Let M = G/ K be a 3-symmetric coset space of type AsIII. For
any homogeneous Riemannian metric g on M, the G-invariant distribution V de-
termines a harmonic map o: (M,g) — (Gq(M),g™). Moreover, the immersion
o: M — (Gy(M),g%) is minimal. The corresponding transversally symmetric
(Riemannian) fibrations are:

N SO(29) S0(2n+1)
() T = Txsoem—97D

— RG2; 2(n—iy+1, (0> 2, 7> 1);

..y Sp(i Sp(n ;

(ii) % — W — HG; p—i, (n>2, i <n);

) S0(2n) ; .
(lll) U(z)z — U(i)XSO(QL(n—i)) — RGQiQ(nfi)a (n > 4, 2<i1<n-— 2),

: 2 G G .
(iv) 5% = 7y = svyxsvy

2 F F }
(V) 8% = sEr%som — SHE ST

. F Fy
(vi) RG27 = somyxsom — 50ty

(vii) CG15 = SEHT<ETE — 506 <50

EG EG .
6)xTT " SU6)xSU(2)’

(viil) S? = g7
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(ix) S% —

—

Er Er .
SO(12) xSO(2) SO(12)xSU(2)

E E; .
(x) CGL7 = someomy — st

. E E )
(xi) RG2,10 = 550a7%50007%500@ — S0(13)£5000)

3 2 Es Es .
(xil) 5% = 5586w = Ex o)

(xiil) RGo 14 — SO(14)x50(2)  SO(16)"

Proof. From (5.5), the distribution V is integrable and the G-invariant foliation is
transversally symmetric. Moreover, by Proposition 5.2, it is Riemannian. So it
follows from Theorem 4.2 that V determines a harmonic map and a minimal im-
mersion.

If 0 is of type A3III, one gets that gc is one of the following: b,, (n > 2), ¢,
(n > 2), (U (n > 4), g2, f4, €g, €7 and ¢s.

In similar way as for type AslI, we can determine on these complex simple
Lie algebras the sets of positive roots A* and A;, for p = 0,1,2, and the Lie
subalgebra [ = €5V, which now can be expressed as [ = thZaeA;qu; RUE. Here,
we only consider exceptional Lie algebras. This involves the fibrations (iv)—(xiii).
For by, ¢, and 0, the sets AT and Af, p =0, 1,2, are described in [12].

For g2,

3 2
g2: 031 — Cﬁz )
a set of positive roots is given by AT = {a1, a2, 01 + ag,201 + 2,301 + g,
1= 31 + 20z}, In this case H = 2H,, A = {u} and AT(H) = {o1}. Then

[ = (RV—-1H, @ RU;}) @ (RV—1H,, @ RUS,) = su(2) @ su(2). Hence F is the
2-sphere S? and the fibration (iv) is obtained. On fy4,

2 3 4 2
(o) ] o ]
(051 Qg == Q3 Qy

=204+ a3 + ag and a set of positive roots is given by

At = {ap»q (1 <p<q< 4)» Q23+ Q3,01 4+ Qp3 (p = 2»3; q= 374),
azataszy (q=3,4), aa+ops (p=2,3), 014+ a2+ az (¢=3,4),
Q14+ Qo4+ aps3t+as (p=2,3), 1}

Here H = %Hl or H = %H4. For H = %Hl, one gets
AY(H) = {apq 2<p<qg<4),a0+ 203, a9 + 203 + s, az + 2a3 + 204},
which coincides with a positive root set for ¢3. Then, A = {u} and we have

[ = (RY=1H, ®RU) & (R{v/~THa,,V—1Ho,, V—1Ha,}
@ZQGA+(H) RUS) = su(2) @ sp(3).
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This gives the fibration (v). For H = %H4, one gets

AT(H) ={ap, (1 <p<q<3),as+2a3,a1 + az + 2as, a1 + 200 + 203}

A;r = {052$4 +ag4,14+ Qp g (p =2, 3), Q14+ a4+ Qg,
a1+ oa+apstas (p=2,3), 1}

Putting f1 = as4 + aza, B2 = a1, f3 = az and By = as, {B1,...,04} is a
system of simple roots of by and the positive root set generated by it coincides
with AT(H) U AJ. Hence [ 2 50(9) and we obtain (vi).

On ¢, H = %Hg and H = %H5 determine conjugate automorphisms of type
AslIl. Also H = %Hg determines an automorphism of type AslI1. We start with
H = %Hg. Then

A+(H) - {al,OQvap,q (4 Sp S q S 6),&2 +054,p (4 §P S 6)}»

+_
Ay ={a1s+azs, 06 +a3s,016+ 035,006+ 35+ g, 1}

Let AjE) be the positive root set for a; generated by a system of simple roots
w5 = {f1,...,85}. Let ¢ be the bijection ¢ : m5 — {@2, a4, a5, ap, @15 + 3.4},
given by ¢(81) = az, ¢(82) = au, ¢(83) = as, #(B1) = ag and ¢(B5) = a15+ Q3 4.
Then ¢ can be extended by linearity to a homomorphism from su(6) to [ and one
gets

[:( Y RrRUSH Y RﬁHa> @ (RV=TH,, ®RUS) = su(6) & su(2).

acA+ a€AY

Hence we get the fibration given in (vii). Next, we consider H = %HQ. This implies
that
AT(H) ={a1,0p4 3<p<q<6),a1 + a3, (3<p<6)}
and A = {u}. Since AT(H) is a root set for as and {a1,as,...,a6} a simple
system, we have [ 2 su(6) @ su(2). This gives the fibration in (viii).
On e7,

2
o
Q2
1 2 3 4 3 2
] (o) ] (o) [} (o)
ar Qg Qs Oy %] aq

a positive system of roots is given by
At ={ar,02; apg B<Pp<qg<T); 1p,a0p (A<p<T); ant+az,(3<p<T);
agt oy, (A<p<T) as+ap, (p=1,2;¢=05,6,7); a16+ pgq
B<p<qg<b)yagp+ass (p=06,7),u6+ 7,017+ aps (p=3,4),
a7+ ap, (3<p<q<5), s+ aza, a6+ aps+as (p=2,3),
a7+ apgtas(p=2,3¢=5,6), ar7+ape+ass (p=2,3),
a17+ e+ aps+ou (p=3,4), u}.
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The possible automorphisms of type A3l are determined by H = %H 1, H= %HQ
or H = %Hg. If H= %Hl, then
AY(H) ={az; apq B3<p<q<T); a2, (4<p<T);az+asy (d<p<T7)
Qg + Q2 .q (q = 576a 7)7 a2p + 4.5 (p = 67 7)’ Q4.6 + a2,7}’
and A} = {u}. Using Dynkin diagrams, A*(H) is a root set for dg with simple
system {f1,...,06}, where B = as_, k = 1,...,6. Hence, [ & s50(12) @ su(2).
This gives the fibration in (ix). If H = 2H,, then
AT(H) ={a1,0pg B<p<q<T); artasp B<p<T7)}
A ={oig+ass+as, 0174 azg+as (¢=5,6),a17+ase + s,
arr+oage+aps+ay (p=3,4),u}.

Put 81 = aq, fo = a3, B3 = a4, fs = as, Bs = ag, s = ar and By = a6 + a5
+ay. Then {f1,...,B7} is a system of simple roots of a; and the positive root set
generated by them coincides with A*(H)UAJ. Hence [ 2 su(8) and we obtain (x).
If H= %Hﬁ’ then
AT (H)={a1, a2 apq 3<p<q<5); ar,a1p,a2,p (p=4,5); a1 +as,
(p=3,4,5); az +auy (p=4,5); au+aps (p=1,2); a15+azal,
AF={az7 +aus 017 +apes (p=3,4),a17 + ape + as (p=2,3),
a7+ ape+ass (p=2,3),a17+aze+aps+ayg (p=3,4), 1}
Let A;ﬁ be the positive root set for 0 generated by a system of simple roots
w6 ={Bk | k=1,...6}. Let ¢ be the bijection ¢ : 76 — {27+ ue,m,..., a5},
given by ¢(B1) = az7 + aue, #(B2) = a1, ¢(Bs) = as, #(B1) = au, ¢(B5) = a2 and
¢(Bs) = as. Then ¢ can be extended by linearity to Af, — A+ = AJ U(AT(H)\
{a7}) and so,

(= ( S rRUZ Y R\/—_IH(X) ® (RV=TH,, ® RUS.) = 50(12) @ su(2)

a€A+ aEAT
Thus we get the fibration (xi). On eg, 3
o
Qa2
2 3 4 5 6 4 2
o o o o o o o
ag ar e73} a5 &%} a3 aq,

we consider the automorphisms 6 of type A3IIl determined by H = %Hl and
H = %Hg. If H = %Hg, AT(H) is the set of positive roots of e7 and At =
AT(H)U{pu} U{a,u—a}, where p = 2a1 8 +asr +ase + a5 + aq and « is any
element of the following set:
{ops (1 <p<8),an8+asgo8+aug0og+ouy (4<qg<T),
azg+ar,aa8+as, 18+ agg+as (5<qg<T),
arg+asgtas (5<q¢g<6),018+ a6+ asst.
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Since A7 = {u}, [ = e7 @ su(2). This gives the fibration (xii). If H = 2Hy, we
have

AT(H) ={a2,apg 3<p<q<8),a0, (4<p<8),astaz,(5<p<8),
astoyp (A<p<8),asp+aus(6<p<8),
agpt+ous (p="7,8), 008 + a7},
A ={u,p—a},
where « is any element of

{ag,0p 4 B<p<qg<8),a2, (d<p<8),as+ g, ass+au, (4 <p<8)}.

Put f1 = pu — (042,8 + 04473) = o174+ o016+ o35+ oy and By = oo, for k €
{2,...,8}. Then {f,...,8s} is a system of simple roots of dg and the positive
root set generated by it coincides with A+(H) U AJ. Hence [ = s0(16) and we
obtain the fibration (xiii). O
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