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On filling minimality of simple Finsler manifolds

Henrik Koehler

Abstract. This paper states a formula for the difference of the Holmes—
Thompson volumes of two simple Finsler manifolds of arbitrary dimension,
in terms of the difference of the boundary distances and their derivatives.
An application is a conditioned result on filling minimality.

1. Introduction

Let M be a smooth compact manifold with boundary OM and a reversible Finsler
metric F'. Then (M, F) is called simple, if it is convex, without conjugate points,
and any two points x,y € M are connected by a unique geodesic segment. Simple
manifolds are known to be contractible, and whether a manifold is simple can
be determined from the data of boundary distances (see [3]; the change from
Riemannian to Finsler metrics has no consquence).

In this article, (M, F) shall be called minimal filling (for Finsler volume)
if volz(M) > volg(M) holds for all oriented Finsler manifolds (M, F) with OM =
OM and dist z(y, z) > distp(y, 2) for all y, z € OM, where vol denotes the Holmes—
Thompson (symplectic) volume. The notion of filling volume was originally intro-
duced in [6] in the context of systolic and isoperimetric inequalities. It should be
mentioned that the Holmes—Thompson volume coincides with the standard volume
in the Riemannian case; hence the above notion comprises filling minimality for
Riemannian manifolds.

An open question is whether simple manifolds are minimal fillings. In contrast,
a manifold that contains regions which are not (or are too sparsely) intersected by
minimal geodesics between boundary points clearly cannot be a minimal filling.
Therefore, some restriction has to be imposed on (M, F') to guarantee that the
data of boundary distances give sufficient information about the interior of M;
here simplicity seems a adequate requirement.

In the Riemannian case, the question of filling minimality is often considered
together with the boundary rigidity question, which asks whether a Riemannian
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metric is determined (up to isometries) from its boundary distances. Filling min-
imality was proved for conformal metrics and for two-dimensional Riemannian
SGM-manifolds (see [4]), and for metrics close to one another in a C3“-sense
(see [5]). In two recent articles ([1] and [2]), the problems of boundary rigidity
and filling minimality were solved for simple Riemannian metrics close to the flat
(resp., hyperbolic) metric in a C%-sense (resp., C*-sense). Also, filling minimality
was recently shown for two dimensional Finsler metrics with minimal geodesics
(see [7]). Further, a local result was obtained in [8], stating volume monotonicity
with respect to boundary distance increasing changes of the Finsler metric in a
C*>-neighbourhood for simple Finsler manifolds of any dimension.

Corollary 3.2 states that an inequality for the boundary distances of two simple
Finsler manifolds implies the same inequality between the symplectic volumes,

if the dimension is n = 2 (as already known from [7]);

or n =3 orn =4 and the sum of the boundary distances is again
a boundary distance function of some simple Finsler manifold;

or the boundary distance functions are C?-close to each other.

It should be noticed that the third condition differs from results like Propo-
sition 1.2 in [5] or Theorem 2 in [8] on volume monotonicity, since it pertains to
C2-small changes for the boundary distance function itself, rather than pertur-
bations of the underlying Riemann or Finsler metric. To clarify what “C?-close”
means for boundary distances, their behaviour near the diagonal is examined in
Section 4. One might ask, whether the second condition is necessary; however,
Proposition 5.1 shows, that for n = 3, the sum of boundary distance functions
need not come from a simple Finsler manifold.

The essential tool is a relationship between the canonical symplectic two-form
on the cotangent bundle and boundary distances (cf. [9]). This allows the bound-
ary integral in Santald’s formula to be expressed in terms of the mixed second
derivative of the boundary distance function (see Proposition 2.2). Using this
identity, Proposition 3.1 expresses the difference of Finsler volumes as an integral
of the difference of boundary distances; thereby it generalizes what was known for
two-dimensional Riemannian manifolds (Theorem 1.4 of [4]).

Acknowledgements. The author is grateful to Sergei Ivanov for his comments
on a prior preprint version. He also kindly provided a proof of the C''-regularity
of the exponential map along the zero section in the Finsler case (Proposition 4.1).
Further, the author would like to thank Christopher Croke, Gerhard Knieper and
the referee for their helpful remarks.

2. Santalé-type integral formulas

In all that follows, only simple Finsler manifolds are considered. Since these are
always contractible, one may restrict to the model case of an n-disk.

Henceforth, let B = {x € R" : ||z| < 1} denote the unit ball, let S"~! be
its boundary and let B = B U S""! be its closure. Suppose B is equipped with
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a reversible Finsler metric F': TB — [0,00), ie., F is a norm on every T, B,
depending smoothly on z € B, F(-v) = F(v) for all v € TB, and the blhnear
form associated to F at w € T, B\ {0} via

d2

Guw(u,v) = s di F*(w+ su+tv) (u,v € T,B),

s=t=0

is positive definite on T, B. For later use, notice also that g, (w,w) = F?(w)
and g, = g for all 7 # 0. Further, let £: B x B — [0,00) denote the length
metric induced by F; that is, £(x,y) = inf, [ F(¢), where ¢ ranges over all smooth
curves connecting  with y. Throughout, (B, F) is required to be a simple Finsler
manifold.

Forv € TB,let v, : [t—(v),t4+(v)] — B be the maximal geodesic with 4, (0) = v,
50 Yy (t+(v)) € S"~1. Thus, the geodesic flow on the unit tangent bundle SB :=
{veTB: F(v) =1} is given by

O:{(v,;t) e SBxR:t_(v)<t<ti(v)} =SB, (v,t)— ¢'(v)=7(t).

Moreover, let ' := {v € SB: w(v) € S" ', t;(v) > 0} be the set of inward
pointing unit vectors over the boundary, where 7 : T'B — B denotes the footpoint
projection. Since (B, F') is simple, t; : I' — (0, 00) is smooth, and

O {(v,t):velte(0,ts+(v)} — SB

is an orientation preserving diffeomorphism.
On TB\ {0}, there is a natural one-form 6, called the Hilbert form:

TWwTB > & 0,(€) = guw(w, Dr(w)E)

It comes from the canonical one-form on 7B via the Legendre transform; conse-
quently, df is a symplectic two-form (cf. [10], page 26), and 6 A (d9)"~* defines a
volume form on SB. In fact, it is related to the Liouville form A via

(71)n(n+1)/2+1

n—1
=Cn ) h n ‘= )
A=cn, 0N (d) where ¢ =)

Hence, integration with respect to the Holmes—Thompson volume yields

/fdvol (S" oI5 1) SBJ’"Oﬂ'H/\(dt?)"_1 v feC(B).

Both df and A are invariant with respect to the geodesic flow (see [10], Section 5.4).
Now, a Finsler version of Santalé’s formula reads:

Lemma 2.1. For every function f € L*(SB,\), there holds

t4
_ ° t n—1
SBf/\—cn/F/o [ ot di (d6)
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Proof. For v € SB and t € (t_(v),t4(v)), fix some (£, 7) € T(y4)(SB x R). Then
there holds ®*A(, 1) = ¢ - ((¢")*0 + dt) A (d§)" !, because (¢")*df = df and

D*O(E,7) = Oty (DP(v, 1) (€, 7)) = Ope (1) (D' (V)€ + 756" (1))
= (¢")70(6) + 7941 (v) (¢' (v), gm0 &' (v)) = ((¢")°0 + dt)(&, 7).
Hence, the claimed identity is obtained from the transformation formula. O
Further, set S"~1 x §7~1\ diagonal =: II for brevity. Then the map
¢ =1L p(u) = (r(u), exp(ty (u)u))

is a diffeomorphism with respect to the orientation induced by . This allows the
integral in Lemma 2.1 to be expressed in the following form:

Proposition 2.2. The integral of any f € C(SB) can be computed via

/SB FdX=cn /H /Oe fo¢' o™t dt (didat)" .

Proof. Set V = exp~!(B) C TB and consider the map
U:V = BxB, ¥(w)=(r(w),exp(w)),

which is related to ¢ via ¢(u) = U (¢4 (u)u), for u € I'. Since all geodesics minimize
distance, the first variation formula yields that

dyl(z, exp(w))v = ~gu(w,v) Vo e B, v,weT,B, weV\{0}
F(w)
Therefore,
(21) (A1) = 7 dy (), exp(w)) =
: 10)w = 7 dil(m(w), exp(w = Flw)

Now, given u € T, £ € T,,I", consider a smooth curve u : (—e,e) — T with u(0) = u,
w(0) = & and set w(s) = t4(u(s))u(s), so that ¥ ou =V ow.
From equation (2.1) and g, = gy, one infers

g (da ) () = —T* (A1) (15(0)) = ﬁewmo»
gty (), 2| 7 0w(s)) = guu, Dr(u)i(0)) = O¢).

ty(u)

Using “d = dy + dy”, one concludes that df = —dy*dif = *didaf. Finally,
Proposition 2.2 follows from Lemma 2.1 and the transformation formula. O
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To illustrate the geometric nature of D%,Qﬁ, consider z,y € B, y # x, and let
u = exp, ' (y)/f(x,y) be the (Finsler) unit vector at  pointing towards y and

P,:T,B —T,B, P,w=uv—g.(uv)u
the projection onto the g,-orthogonal complement of u. Then there holds:

Proposition 2.3. The mized second derivative of {(x,y) satisfies

gu(Puv, D exp; ! (y)w)
U(z,y)

Proof. Let ¢ : (—¢,e) — B\ {z} a smooth curve with ¢(0) = y and ¢(0) = w and
set r(t) = £(z,c(t)); hence one can write ¢(t) = exp, (r(t)u(t)) with F(u(t)) =1
for all t. Again di/(z,c(t))v = —gyu@) (u(t),v), from the first variation formula, so

DiQf(x,y)(v,w): — VUGTQ;B, wGTyB.

d2

s gi | F () + 50)* = gu(0,1(0)).

DR, ) (0 0) = | gugoy(wlt), ) =

On the other hand, P, Dexpx (y)w = P,(7(0)u(0) + r(0)a(0)) = €(z,y)u(0),
because g, (u,4(0)) = 2dt|0 u(t))? = 0. O

Remarks. For z,y € S"! and w € T,S"!, one has u(t) = ¢~(z,c(t)), so
’LL(O) = D2w71(x7y)w and thus fDiJ(:c,y)(v,w) = gw—l(x,y)(vvD2w71(x7y)w)'
Further, if (&1,...,&,-1,v1,...,0,—-1) are local coordinates on II, the coordinate
expression of (dydaf)"~ ! reads

(dydal)™ ( Z a

where d§ A dv := d&y Advy + -+ + déy—1 A duy—1. In particular, nondegeneracy
of df implies that the determinant does not vanish.

0%
0&;0v;

-/\dvj) B det( ) (de A dv)™ 1,

3. An application to filling minimality

The Santalé-type integral formula from Proposition 2.2 can be used to obtain
an equality between volume differences and a certain integral of differences of
boundary distances. Again, set IT = S"~! x S"~1\ diagonal.

Proposition 3.1. Suppose (B,F) and (B, F) are simple Finsler manifolds with
induced distances £ and £, respectively. Then for the related Holmes—Thompson
volumes, there holds

VOlﬁ’(B) - VOIF(B) = ﬁnn—l) /H(Zf g) i(ddgg)k A (ddzg)nflfk'

k=0
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Proof. Taking f =1 in Proposition 2.2, one obtains

o VOIF(SB) - Cn n—1
volr(B) = Joren=1) = Sel(enT) /Hg(dldzg)

Subtracting this from the corresponding expression for F' gives

Vol (B) = volp () = s / 7 (ddyf)"" — £ (ddt)"

The integrand can be decomposed as

U (ddaf)" " = 0 (ddy0)"~ = (I — €) (ddaf)" " + 0((ddof)" " — (dd3)"~")
= (0= 0) (ddz)" ™" + £dda(l — £) A (ni(ddzi)’“ A (ddzt)"=27).
k=0

Writing 7 = Z;g (ddol)* A (dda)"~2~F for simplicity, n = 1 for n = 2, while for
n > 2, 7 is an exact 2(n — 2)-form of degree n — 2 in each factor of S"~1 x §7~1
Also, using “d = dy + dy” and “d? = 07, one obtains

tddy (0 — ) — (£ — 0)ddal = lddal — lddal = d(Pdol + d1l) — dol A dol + dyf A dil.

Because di/AdifAn and dol Adol A have degree n in the first and second variable,
respectively, they cancel. For simplicity, set

n—1
(ddo0)" " 4 ddpl A=Y " (ddpl)F A (ddot)" ™ 7F = 4.
k=0

One infers from the above decomposition that

Cn

volz(B) — volp(B) = oIS 1)

/ (0 — O)iy 4 d(Ldal A1) + d(Pdil A ).
II

Here, 7 is integrable, because 1) = n~f01(dd2((1 —a)l+af))"~" da holds pointwise on
I1, and the integrability of (ddy((1—a)l+af))" ! will be satisfied! in Corollary 4.5.

Now, let U(e) := {(x,y) € IT : £(x,y) < £} denote a tubular e-neighbourhood
of Ol = diag(S™~! x S™~1). Then Stokes’ theorem implies

/ d(edgém)z/ zd2ém7=a/ dgémze/ ddal A .
m\U(e) U (e) U (e) \U (¢)

n fact, since two-forms can be muted without invoking sign changes, 7 can be considered a
homogenous polynomial in dd2f and ddaf with all coefficients equal to 1. The claimed integral
representation thus follows from the binomial expansion and the fact that

-1 1
n(n )/ "1 —a)" " Fda=1 Vke{0,...,n—1}.
k 0
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However, ddal A = i) — (dda0)"1, so

lim ddol N1y = / M — / (ddof)"™' and lime / ddyl N1 = 0.
e—0 I\U(¢) 11 11 e—0 MU (e)

Likewise with U(e) := {(z,y) € I : {(x,y) < &}

e—0

/ i d(ld. € A n) :5/ i ddlﬁ/\n:f&:/ ~ddytAn — 0.
M7 (e) M7 (e) M7 (e)

Thus, the integrals of the exact forms cancel, and one obtains the claimed equality.
O

Corollary 3.2. Let (B,F) and (B, ~) be simple and such that £(y, z) < iy, 2)

holds for all y,z € S*~'. Then Volp( ) < volz(B) with equality implying {(y, z) =
€( y,2) for all y,z € S"~Y, provided one of the following criteria is satisfied:
1. The dimension is n = 2; or n < 4 and there is a simple Finsler metric F
having boundary distances £ = £+ (.

2. 0 lies in an appropriate C%-neighbourhood of (.

Proof. Conditions 1 and 2 guarantee that 7) is a volume form, so Proposition 3.1
implies the assertions: B

For n = 2, Proposition 2.2 states that 1 = ddof 4+ ddsf corresponds to the
sum of volume forms on the unit inward tangent bundle over 0B, hence is again a
volume form. Then 7) can be decomposed as

(ddat)* +
2(ddat)® +

(dds (£ + ) + L(ddo0)® for n=3 and
(dds (0 + lﬁ))3 + %(ddgg)g for n = 4.

=
I

+ 1
2
+ L4
3

~>>
I
W N[=

Here, the mixed term is a volume form, if £ + ¢ is simple.
For the second condition: for every ¢ > 0, there is a constant § > 0 such that

|(dd20)" (2, y)| > 6|(dz Ady)" ™| and  sup |[D} ol (z,y)] < 3

for all (z,y) € II with ||z — y|| > €. Accordingly, the expansion

= (dda)" % A (ddol + ddo (0 — £))*

-y ni: <k> (ddo )"~ A (dda (€ — £))'

shows that 7 is dominated by the term n(ddyf)"~! as long as [|[Df (£ — £)]| is
smaller than some constant depending on ¢ and n. Since £ was arbitrary, this
yields a C%-neighbourhood for ¢; see, however, the following Remark 2. O
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Remarks. 1) The first condition could be generalized for n > 4. Namely, one
can choose a; € [0,1] and ¢; > 0, such that /) = 3. ¢; (dda(a:l + (1 — a;)0))" .
Then 7} is a volume form, if (1 —a;)¢ + a;¢ are boundary distances of simple Finsler
metrics Fj.

2) Boundedness of || D7 , (€ — )| would require that DiQE(J:, y) and D3 ,0(z,y)
have the same asymptotic behaviour as y — x; so F' and F' a priori would have to
coincide on S™!, as was pointed out by S. Ivanov. Namely, due to Proposition 2.3,
DiQE becomes singular along the diagonal; indeed the scaling depends on the
direction. To avoid this deficiency, one can consider another criterion for positivity
of hon {(z,y) € I : || —y|| < €}, for € small. Actually, in local coordinates (&, v),

1 1 2
. PN 0°((1 — a)l + al) _
=n [ (dd2((1—a)l+al))" 1da:n/ det da-(dé Adv)™ 1.
i=n | (@a((1-a)t+ad) e () g
Thus, it is sufficient to ensure that det ((1 — a)% + a%) does not vanish

for a € (0,1). In view of the remark after Proposition 2.3, this is satisfied, pro-
vided ® lies in a suitable C''-neighbourhood of 1 and 9h=1(z) is sufficiently close
t0 gy—1(a,y), for (w,y) € II. In the remark after Proposition 4.4, such a condition

is stated in terms of ¢ and /.

4. Analysis of Di2£ near the diagonal

Starting from Proposition 2.3, the objective of this section is to find two-sided
estimates for D%,Qﬁ(m,y) as x tends to y, in order to control the singularity of
(d1d2f)"~! on the diagonal.

First, since F' is a Finsler metric, there is a constant Cy > 1, such that

1 _
(4.1) Il < gu(v,0) < CRlell® V0 € LB, w0
1

where [[v|| denotes the standard Euclidean norm on R". Furthermore, C; can be
chosen to be independent of z, for compactness of B. As a consequence, one infers
for the related distances

1 _
(4.2) o llz =yl < tz.y) < Cillz—yll Va,yeB.

The term D exp; *(y) requires some scrutiny: On a Finsler manifold, the expo-
nential map at any point is known to be a local C'-diffeomorphism on a neighbour-
hood of the origin, but of class C* only away from zero (see [10], Theorem 11.1.1).
S. Ivanov mentioned that the regularity is in fact C'!:

Proposition 4.1. Let (N, F) a smooth Finsler manifold without boundary. Then
Jor every point p € N, the differential D exp, of the exponential map is Lipschitz-
continuous at 0 € T,N.
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Proof (by S. Ivanov). In local coordinates on a neighbourhood of p, the Finsler
metric F' can be considered a function F (z,v) of points € R™ and vectors v € R".
For simplicity, one can assume that 2(p) = 0 and extend F; arbitrarily to a smooth
Finsler metric on the entire R™. Define a family F;, t € R of “blow-ups” of the
metric Fy by Fi(x,v) = Fy(tx,v). This is a smooth family of metrics, so it defines
a smooth family of exponential maps E; : R™ — R" (here E; is the exponential
map at 0 of the metric F}). More precisely, this family is smooth on any compact
set separated away from the origin. We consider it in a neighborhood of the
unit sphere. As (R™, Fy) is a Minkowski space, Ey is the identity, so its second
derivative is zero. Since D?FE; depends smoothly on ¢, there exists a constant
C > 0 such that, for |¢| small enough, || D?E;(v)|| < C|t| at any point v of the unit
sphere (here || - || is a norm on bilinear forms). Because Fi(tx,tv) = |t| - Fi(z,v),
the map x +— tx is a constant stretch and thus transfers geodesics in (R™, F}) to
geodesics in (R", Fy). Consequently, E;(v) = tEi(v/t), so DE1(v) = DE(v/t)
and D?Ey(v) = $D?E,(v/t) for all t # 0. Rescaling back to the original metric,
we get || D2E; (v)|| < C for all v on the sphere of radius ¢ > 0. So D?E; is bounded
near the origin, hence E; = exp, is of class O, O

Notice that, because of the smooth dependence of the generating vector field on
the geodesic flow with respect to changes in the Finsler metric, the corresponding
maps D?E; , : St — (R™ ® R™)* vary smoothly with ¢t and p € N. Therefore,
the Lipschitz constant C' can be chosen in a way that depends continuously on p.
This allows for a uniform estimate in the next lemma:

Lemma 4.2. There exists a constant Cy > 1, such that for all x # y € B with
le =yl <1/Cs and all v € T,B,w € TyB, there holds

|0, y) - D 5l(x,y) (v, w) + g(Pyv,w)| < Callw =y - [wllv/gu(Puv, v).

Proof. When extending F to a neighbourhood of B, Proposition 4.1 guarantees
the existence of some C3 > 0, such that || D exp,(?) — 1| < Cs]|9|| for all & € T,.B
with ||9]] < 1/Cs; and again C3 can be selected independently of x, since B is
compact. If ||0|| < 1/(2Cs), then the inverse of D exp, (0) satisfies

|| D exp, (0) — 1]

- <2Cs |9,
— [Dexp,(0) — 1]

|Dexp, (@) = 1| < 1

where the first inequality follows from
AT = Dwll < |A =1 - A7 ]| < JA =1 - (lwll + [[(A™F = 1)w])).
Taking © = exp, *(y) in the above estimate, one obtains that
(4.3) [Dexpzt(y) = 1| <207 Cs - ||z — y||
as long as ||z — y|| < 1/(2CF Cs), because, due to (4.1) and (4.2),

lexpz ' ()]l < C1 - Flexp; ' (y)) = Cr - Uz, y) < CF [l —yll.
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Now, applying the Cauchy inequality to the formula from Proposition 2.3 yields
|€(:E,y) ~D%72€(m,y)(v,w) + g(Puv,w)| = !gu(Puv, (D exp;l(y) — 1)w)|

< \ou((Dexpr () — Dw, (Dexpz (y) — V) - v/gulPuv,0)

for all v € T, B,w € T, B. According to (4.3), the first factor satisfies

J%«Dwmﬂw—lmmemﬂw—1MOSGWDmew—lmﬂ
<267 Gz —yl - |wl]
provided that ||z — y|| < 1/(2C? C3), which proves the assertion. |

Restricting to the case of z,y € S" !, let e,y € TS~ ! denote the Euclidean
unit vector tangent to the shortest arc on S™~! that connects z with y. Then
T,S"~1 allows a decomposition into R - e,y and Ty, = T,S5" 1 N T,S"" 1, its
orthogonal complement with respect to the Euclidean scalar product (-,-). The
following estimates for g, (P,v,w) will be needed in the sequel.

Lemma 4.3. There exists a constant Cy > Cy such that there hold
gu(Puexyv exy) < C4||:L' - yH2 > gu(Pueyxv eyw)’
1
Gu(Puv,v) > C—||UH2 Vo € Tyy
4

whenever z,y € S satisfy 0 # ||x —y|| < 1/Cy.

Proof. First, when integrating (4.3) from the proof of Lemma 4.2, one obtains
1
Iy =2 —exp; @)l = || [ (1= Dexp; ey + (1 - 00)) (v — )
0
1
(4.4) < [ 2t Cally = tall e =yl dt = C2 G o =y

if |x — y|| < 1/(2C% C3). On the other hand, one infers from plane geometry that

— €uy ’ = 2sin(s/4) < ||z — y/[,

(&
HHw’yl\ - yH

where s = 2 arcsin(||z — y||/2) is the Euclidean length of the shortest arc between a
and y on S™~!. One concludes from the triangle inequality that

H exp, !
Hw-—yH
Since P, (exp; ' (y)/|lz — y||) = 0, one can apply (4.1) and (4.4) to get
—1 -1
exp, " (y) exp, (y)
gu(Puea: ; € ):gu(Pu(ex *7>7Pu<ex *7>>
o Yl =l ol =l

2
| <cictle -yl

ea|| < (14 CF o)l -yl

— €xy

<at T y|)




ON FILLING MINIMALITY OF SIMPLE FINSLER MANIFOLDS 341

Similar reasoning shows the same estimate for ey, thereby verifying the first two
claimed inequalities.

Next, let z € R™ be the unique vector such that g, (v,z) = (v,y — ) for all
v € R™. Since (v,y —z) =0 for all v € T}, a Bessel inequality yields
gu(u, 2)?

gu(u,v)? N gu(u, 2)?
gu(2,2)

= P, >
0u@0) T gaze) = o) 2 gu(v,0)

1=gu(u,u) >

For the numerator, the Cauchy inequality and (4.4) and (4.2) show

gulu, z) = <m7y ,x> _lly—z?—{y—z—exp;'(y)y — )

Uz, y) U(x,y)
S llz = ylI? = llz—yl - lly — = —exp ()]
- U(z,y)
< |z —y|> (1= C? Cy |z —yl|) S llz—yll
- £($,y) o 201

Further, (4.1) implies a similar inequality for the dual metric g}, so gu(z,2) =
gi((y — )T, (y — 2)7) < C?||x — y||* in the denominator. Collectively, these
estimates demonstrate that g,(P,v,v) > ﬁgu(v,v) > ﬁ”v”2 for all v € Ty,y.
At the end, C4 can be chosen to be the largest of the constants above. O

Returning to the situation of Proposition 3.1, consider another simple Finsler
metric F' on B with corresponding distance function £.

Proposition 4.4. There exists a constant C > 1, such that for arbitrary a € [0, 1]
and all © # y € S"~ with ||z — y|| < 1/C, there holds

|(did2((1 = a)l + ag)(m,y))"_1| < WK(M Ady)" .

Proof. Given z,y € S" ', —y # x # v, let e1,...,en—_g be a basis of Eu-
clidean unit vectors of T, such that (e1,...,en—2,€4y) and (e1,...,en—2, —€yz)
form an oriented orthonormal basis of T,,S"~* and T,S™~!, respectively. Then
dydal(x,y)" ' = det A-(dzAdy)™~!, where the coefficient matrix A € R(?=1)x(n=1)
has block structure:

qij = D3 5 0(z,y) (e, e5) (i,j <n—2)

A= (&’L) with Cj = D%,ée(mby)(ex’yaej) (] <n-— 2)
s i :_Dl,QE(xay)(eiaeyx) (1 <n-—2)
s = _D%,2 f(,r’ y)(exya eyx)-

Next, suppose that ||z — y|| < 1/C5. Then Lemma 4.2, and inequalities (4.1)
and (4.2) imply

<C%¢ . VveT,B,weT,B.
gy | =6 2 vl - lw]| Vve w e T,

DY 5 Uz, y) (v, w) +
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Hence, the difference between the matrices = (gu(P ei,€;))i,; and @ is bounded

by C? Cy. According to (4.1), the matrix (g, (P €i,€;))i,; in turn is bounded from
above by C%. Thus, due to (4.2),

1(gu(Puci, €5)): P
(z,y) [l =y

On the other hand, if ||z — y|| < 1/C4, Lemma 4.3 states that g, (P,v,v) is also

73” +0102_

(4.5) 1l < +Cf Ca.

bounded from below by |[v]|?/Cy for all v € Ty,. Hence, if ||z — y|| < m,
1
vz oy z ooy e
Cuyllz,y) C1Cyljz =yl
2
(4.6) o] VveR™2,

Z e
2C1 Cylz —yll

Likewise, if ||z — y|| < 1/C3, Lemma 4.2 together with the Cauchy inequality
and (4.2) show that, for w € T, 5"~ 1,

|gu(Puexy,w)| + C2||m - y” : Hw” gu(Puexyaea:y)

|Di2£(x7y)(ewy’w)| < e(m y)
Gu Puwaw)
<y gu(ﬂ%y&xy)(ﬁ + C2Hw||>-

When w = e; and ||z — y|| < 1/C4, one infers from Lemma 4.3 and (4.1) that

Chlle; C:
(4.7) lej| < Civ/Cy ||l — y||<|;| jy||| + Cz) < Ci1vVCy (01 + 62>
Thus ||¢|| < vVn —2C1/Cys(C1+C2/Cy), and the same estimate holds for ||r||, too,
since ¢ is symmetric upon switching = with y. Also, setting w = —e,, and using
Lemma 4.3 again, one obtains:

C
s 1o < /@l -l (Y ) — v+ ol -l

After possibly taking larger constants, estimates similar to (4.5)-(4.8) hold
true for the entries of A corresponding to £ and even for the convex combination
A:=(1—a)A + aA and its submatrices Q, ¢, 7 and 5. Especially, (4. 6) states the
claimed lower estimate for D ,0(z, y) on Tyy. Now

(dids((1 — @)l + al)(z, y))rh1 =det A (dv Ady)" !

As Q@ is invertible for ||z — y|| sufficiently small, det A can be computed via

(4.9) detA—det( ? I ? )det( 71 I Q;E > =detQ-(5—-7Q '),

e.g., by Laplace expansion along the last row.
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Furthermore, one infers from (4.5) and (4.6) that

- 203 \n—2 ~
detQ< (—o)  and Q7Y <2Ci Gl — gl
Izl

Combining the above estimates, (4.9) implies for ||z — y|| < m
1

_ ~ _ ~ _ — C
|det A < [det Q- (|5] + [I7]| - [|e]| - |Q~M]) < o= ys

for some constant C, thereby proving the assertion. O

Remarks. 1) The estimates in the proof also yield a sufficient condition for the
nonvanishing of § = n- fol (dda((1—a)l+al))"~* da. Namely, assume for ||z —y|| <
g = 1/(20{’0204), that

D%,z(g—f)(m,y)(vjv) < ellv]?

—— Yv eT,,.
= 201 Cyllx —y o

Here, C1, C and Cy are the constants related to £ as before. Then, with the above
notations, (1—a)@Q+a(Q is non-degenerate on T, for all a € [0,1] and ||z —y|| < e.

Further, (dda2((1 — a)l + af))"~!(z,y) = 0, if and only if

B det A

= %0 =s+a(5—s)—(r+aF—7))(Q+a@Q—-Q)) c+a(@—c)).

Since (d1d2f)"~1 is non-degenerate, 0 # det A and thus 0 # s — rQ~!c. Therefore,
one could deduce bounds on [5 — s, |7 — 7|/, and ||& — c||, that would guarantee
det((1 —a)A+aA) #0 for all a € [0,1] and ||z —y|| <e.

2) In the model case of the Euclidean metric on B, it follows from

v,w>—<v,u>-<u,w> y—x y—<l‘,y>l‘

Dzé(m,y (’an):_< ) u = ) € =

) o=l e’ = Tt
that @ = —[jlz —y| = -1, r =" = (0,...,0) and s = ||z — y|/4. This example

might suggest, that [s—rQ~c| > ||z—yl||/C’ should hold in general for some C’ > 1
and ||z — y|| < e. However, the estimates from Lemmas 4.2 and 4.3 are too weak
to verify this conjecture, since the error term is of the same order.

The next corollary fills a gap in the proof of Proposition 3.1.

Corollary 4.5. (ddx>((1 — a)l + al))"~! is integrable on 11 for all a € [0,1].

Proof. For continuity in the interior of II, it is sufficient to verify integrabil-
ity in a neighbourhood of the diagonal. To this end, let zx = yr — xx; hence
(1,...,Tpn,21,...,2y) are new coordinates on R™ x R™, and the diagonal is just
{(x,2) : 2 = 0}. Further, (dz Ady)"~! = (dx A dz)"~! plus a term that involves
(dz)™ and thus vanishes after restriction to S"~1 x S"~1. In the new coordinates,
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Srlx §n=l = {(2,2) 12z € S"71, 2z € S~ — 2}, where S"~! — z is the sphere
translated by —z. One can switch from z to polar-like coordinates (r, 61, ..., 0,_2),
with 7 = [|z|| and local angle coordinates (01,...,0,—2) on S?=t N (S"~1 — x).
From the transformation formula, there is a coefficient function ¢ = ¢(6) such that
(dz)"= 1 = ¢(0) -r"2dr A (d9)"~2 on S"~! — z. Since r = ||z — y||, one infers from
Proposition 4.4 that

[(didz((1 = a)l +al ) (z,y))" '] < WK

= Cr|e(B) dr A (d8)"2 A (da)" |

dx N\ dy)"_1|

holds for (z,y) € II with ||z —y|| < 1/C. O

5. A counterexample for positivity of 7

One can ask whether 7 (as defined in Proposition 3.1) is always a volume form in
the given situation. Unfortunately, this is wrong.

Proposition 5.1. There are simple Riemannian metrics, such that induced dis-
tances ¢ and { satisfy ((y,z) > L(y,z) for all y,z € S™1, but such that 7 is
indefinite and there is no simple Finsler metric with boundary distance { + £.

Proof (by construction). Let ¢ be the Euclidean distance on B C R3?. Take
y=-e3=(0,0,1), 2 = —e3, v € T,0B and w € T.90B. Using v L e L w, one
obtains:

2

ddal(y,z)(v+ 0,04+ w) = i

_4d
Tdt

ly + sv — 2 — tw||
s=t=0
(v,y — z — tw) (v, w)

o ly—z—tw| — 2

Further, let ¢ : B — B be a diffeomorphism with ¢(y) = y and ¢(z) = z, and
consider the metric £ := rp*¢ for some constant r > 1. Since £ is induced by the
flat Riemannian metric r2p*(-,-), (B, ¥) is still simple, and for v, w L e3

2

dd2l(y, 2)(v + 0,0 + w) =

rlle(y 4 sv) — @(z — tw)||

dsdt| ._,_,
_ 4| De)vy — oz —tw)) _ (De(y)v, Dp(z)w)
dtly  lly—e(z —tw)]| 2 '

Let A,1 € R?*2 denote the matrices of Dy(y)? Dp(z) with respect to e; and e,
and the identity, respectively. The evaluation of 7)(y, z) on the basis of T, .yM ~
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T,0B ®T,0B given by by =e1 +0,bo =0+ e1,b3 = e2 +0,b4 = 0 + ey yields
ﬁ(ya Z)(bla b2a b3v b4)
= 5 (ddal(y, z)* + dd(¢ + )y, 2)* + dda(y, 2)°) (by, by, bs, ba)
= 1(det(31) +det(31 4+ ZA) + det(%A))
= 1(2+r-tr(A) + 2r° det(A)).

In order to get a negative result, A should have two negative eigenvalues of
different magnitudes, so as to get a large negative trace and a comparatively small,
though positive determinant. A possible way to construct ¢ with such A is to
compose @ by stretching the ball near y and z with reciprocal factors and U-turn-

torsion around the es-axis.
Therefore, consider the two parametrizations

&1
Yx i R? = 520 {23 >0}, 9e(§) = %MHQ ;
+1

of the upper and lower hemisphere. Further, set p(t) = exp(—s%t?/2) for s > 1
fixed and define maps ¢+ : R? — R? via

¢+(§) = ( &1 F p(€2)é2/s ) .

&2 £ sp(&1)&1
Finally, set (z) := ||z| - ¥1" o ¢x oy (z/[z]]) for 23 # 0 and <p( ) = x other-
wise. Notice that ¢ is differentiable along the equator, since ¢ﬂ: = j[—( ) and
exp(—s®z7 5/223) decays rapidly as |z3| — 0. The differential of <Z5i is
1 F(1 - s*G)p(&2)/s
D¢y (5) = 262 °
+5(1 = 577)p(61) 1

with det(D¢+(€)) = 1+ (1 — s262)p(&1)(1 — s%€3)p(&2). Also, as follows from
4(1—t)e t? = 52e7t/2 = 0 & t = 3, the coefficients (1 — s%¢?)p(¢;) range
between —2e~3/2 and 1; so det(D¢+(£)) > 1 — 2e3/2 > 1/2. Consequently ¢
are diffeomorphism, and thus ¢ is also a diffeomorphism outside the origin, where
it could be smoothed without loss of the boundary distance estimate.

Due to Dy (£ez) = 1, the matrix A related to the specified ¢ is

A=D¢,(0)"Dg_(0) = ( 718:512‘/8 181L11//8$2 )

with tr A = 2 — 52 — s72 and det A = 4. For 7(y, 2)(b1, b2, b3, bs) to be negative, it
is then necessary that
0> 2247 tr(A) +2r*det(A)) = 2 (2+7r(2— 5> —s7%) + 8°),

whereas r must also match s to guarantee that r¢*¢ > £. This in turn will hold,
provided that || D(v+ o ¢+ )(&)v]| > || DY+ (€)v]| for all £,v € R2.
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Therefore, one computes

el e
s = T+ €~ T+ €2

IDé()0]” | (Do (&), 9 (€))?
L+le+ @I~ (T+Illo=(©I%)*

Applying (a + b)? < 2a® + 2b? and the triangle inequality gives

1621 < ([|( wuerniey )+ [ TEEEN)

<2601+ 5°p(61)*) + 265 (1 + p(&2)*/5%)
< 2[€)7 + 2% p(61)° + 25°E5p(&2)” < 2|1 + 4

oo =14,

so  [[D(¥+ 0 ¢4 )(Ev]* =

because of s2£2p(&;)?
tors the bound

242
< 1;—252 < 1. This yields for the quotient of the denomina-

1 2 5420€)?
@I 52l o
1+ € 1+ €
It remains to estimate the numerators. In the sequel, vectors are interpreted
as single-column matrices; e.g., (v, w) becomes vTw. Then for ¢ € R? fixed,

o loll? = (14 €12~ v, &)
1) = S0 B @0l — (17 62 |5 (Do E)v, b2 (©))2
. ST (L4 €2 eeT)
verz VT D1 ()T (1 — (1 + [0+ (O)]12) 10+ (£)p+(€)T) D+ (v

Since (1 —(1+ ||’WH2)U)’!UT)71 = 1+ww7 is positive and symmetric for all w € R3,
it has a unique positive, symmetric square root. When substituting v = D¢ (5)—1.
V14 ¢+(€)d+(€)Tu, one obtains

o(6) = sup WL AP 16T Do ()L + (0O ul”

ueR? [

Writing B(§) for the operator in the numerator, this is just the largest eigenvalue
of B(¢)TB(£). Tt can be majorized by its trace, and using the invariance of traces
under cyclic permutation and linearity gives

q(€&) < tr(B(§)T B(¢))
=tr(Do+ ()T (1 — (1 +[|€]]*)"¢€T) Do (&) (1 + ¢£(£)d=(6)T))
= tr(Dpx(§) 7" Dp(§)7") — (1 + [I€1*) " tr (D (&) "¢  Dpa()7")
+ tr(Dg+ ()7 (1 — (1 +[I€1*)7¢€T) Do (€)M b (£)d (6)T)
< tr(Do+ (&) Do (6)71)
+ ¢+(8) Do ()T (1= (1 + [[€]]*) 71 ¢€T) Do (§) 1 9(6)
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Because D¢y (€)7! = det(Do1 (€)1 Do (), the first summand reads

r T
tr(D¢+ (&) Do (§) ™) = t ({)ﬁtjzgc)b;();));(g))

_ 2+ 81— $%€2)%p(&1)* + 572 (1 - 5°63)p(&)?
- 2
(1+ (1 = s267)p(&) (1 — s263)p(&2))
due to —1/2 < (1 — s2€2) p(&;) < 1, as stated before. Further, one can apply
_ 14 JEIET : 0 -1
1-—(1 2\—1¢¢T — " H\YSS h _
to rewrite the second summand and obtain

D¢+ (E)ox (I + <J5»D¢:F(f)¢ﬁ:(f)>2>
(1 +11€12) '

<4(s* +3),

q(€) < 4(52 13+

Now,

& +&(1 = s%63)p(&r)p(&2) ) N ( —s€3p(2)? )
&2+ &2(1 — s°€7)p(61)p(&2) s*€ip(é1)® )
Because £t™p(t) = (m — s?t2)t™~!p(t) vanishes for (¢t = 0 and) t* = ms~2,

the functions £€™p(&;) have their maxima at (m/e)™/?s~™. Hence, the triangle
inequality gives

Do () (€) = (

3\3/2
1Ds5 @0+ <20l + (52) " VIt <2lell+1,

and (a + b)? < 2a® + 2b% implies | Do+ (&)L (£)]]? < 8|€]|2 + 2. Also,
(J€, Do (€)p+(€)) = 5° (6165 — E162)p(&1)p(E2) + sE3p(&2)* + 57l p(&1)”

<2.3%%e72572 41 922 2(s3 4571 < 3.
Assembling these estimates leads to

8[1€))% + 2+ 32

0 <443+ S e

) < 4(s? + 14)

and shows that

[ DY+l
DY+ © ¢+)(&)v]|

Finally, s can be chosen sufficiently large to guarantee that

<10Vs2+4 =1 VYu,£eR? v#£0.

1
0> i)(y, 2)(b1, b2, b3, bs) = 5(2 +r(2—5>—s72) +8r7).

This also proves that there must not be a simple Finsler metric with boundary
distances £ + £, because then /) = 1 (dds0)? + 1 (dda (¢ + 6))2 + 1(ddy0)?, as a sum
of volume forms, would be positive. O
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