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Log-Harnack inequality
for Gruschin type semigroups

Feng-Yu Wang and Lihu Xu

Abstract. By constructing a coupling in two steps and using the Girsanov
theorem under a regular conditional probability, the log-Harnack inequa-
lity is established for a large class of Gruschin type semigroups whose
generator might be both degenerate and non-Lipschitz.

1. Introduction

In recent years, regularity estimates has been investigated for some typical subel-
liptic diffusion semigroups; see [7], [22], [24] for the study of generalized stochastic
Hamiltonian systems, and see [2], [5], [6], [8] for gradient estimates and Harnack
inequalities on Heisenberg groups. This paper aims to investigate the log-Harnack
inequality introduced in [13], [15] for Gruschin type semigroups whose generators
are degenerate and possibly singular. This inequality is a weaker version of the
dimension-free Harnack inequality introduced in [14], and has a number of ap-
plications to heat kernel estimates and transportation-cost inequalities; see, e.g.,
Section 4 in [18].

Let us start with the classical Gruschin semigroup on R? of order I > 0, that
is generated by

1 2 . 1 82 1)21 82
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The corresponding diffusion process can be constructed by solving the SDE

ax{V =aBY,
dx? = [x{V|haB?,

where B; := (Bgl),Bt(Q)) is a two-dimensional Brownian motion. Clearly, the
equation is degenerate, and when [ < 1 the coefficient in the second equation is
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non-Lipschitz. In the simplest case that [ = 1, the generalized curvature-dimension
condition introduced in [4] holds, so that the gradient estimates and Harnack
inequalities derived in [3], [4] are valid for the associated semigroup. When [ is a
natural number larger than 1, a more general version of the curvature condition
has been confirmed in [18], which also implies explicit gradient estimates for the
semigroup. Moreover, for general [ > 1, a Bismut type derivative formula was
derived for the semigroup in [17] by using the Malliavin calculus. However, due to
the singularity of the coefficient, the arguments used in these papers are not valid
if 1 € (0,1), and except for [ = 1, the validity of the log-Harnack inequality for the
semigroup is not yet established. In this paper we aim to establish the log-Harnack
inequality for the Gruschin semigroup for all [ > 0. However, the argument used
here does not imply the dimension-free Harnack inequality in the sense of [14] for
the Gruschin semigroup.

A key tool in the study is the method of coupling by change of measure in-
troduced in [1]. This method has been developed and applied to various finite
and infinite-dimensional models; see, e.g., [7], [9], [10], [11], [12], [16], [20], [19],
[21], [23] and references therein. In the study we have to overcome new difficulties
due to the high degeneracy (for large [) and the singularity (for small I) of the
coefficient.

We consider the following more general SDE for X; := (Xt(l),Xt(2)) on R™ x
R? = R™*4 (m,d > 1):

{de” =D, XMy dt + oW (t)dBY,

1.1
1) AdX® =@, X)) dt + 0@ (¢, xV)dB?

where By = (Bt(l), Bt@)) is the (m + d)-dimensional Brownian motion on a com-
plete probability space (£, F,P) with natural filtration {F;};>0, and

b 1 [0,00) x R™ = R™, b :[0,00) x R™T9 - RY,
o :]0,00) 2 R"@R™, 0@ :[0,00) x R™ = R ® R?

are measurable, and b, b2 and ¢ are continuous in the second variable. As-
sume:

(A.1) There exists a decreasing function A : [0,00) — (0, 00) such that
V)W) > A2 L, t>0.

(A.2) There exists an increasing function K : [0, 00) — R such that
Ot 20)=bO(t, V), 20—y D) < K2 —yOP, ¢ > 0,20, 50 € R™,

(A.3) There exist increasing functions © : [0,00) — R, h : [0,00) — [1,00), and
@. :[0,00)2 = [0, 00) with ¢(0) = 0 such that

1 2
<b(2)(t,m) — @ (t,y),2? — y(2)> + §||a(2)(t,m(1)) —_ @ (t’y(l))HHS
< 0z —y P2 (|2 =y W) r(aW] v Iy M)
holds for all ¢t > 0 and z = (2, 2), y = (yV), y?)) € R+,
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It is well known that (A.1) implies the existence, uniqueness, and non-explosion
of strong solutions to the first equation in (1.1). Once Xt(l) is fixed, then it follows
from (A.3) that the second equation in (1.1) admits a unique global solution. Note
that (A.3) allows o(®)(¢,-) to be merely Holder continuous when, e.g., @;(r) = 7
for some constant o € (0,1). For any 2 = (2, 2)) € R™*9 we let X;(z) =
(Xfl)(:c),Xt@)(:c)) denote the solution to (1.1) with Xy, = z. Since Xt(l)(m) does
not depend on () we also write Xt(l)(:c) = Xt(l)(:n(l)). We intend to establish
Harnack type inequalities for the associated semigroup F;:

Pif(z) == Ef(X.(x)), f€By(R™?), t>0 2R

We remark that (A.1) means that the first component process Xt(l) is a non-

degenerate diffusion process on R™, (A.2) is the usual semi-Lipschitz condition
for this process, and when e.g. b® is independent of z(!) and semi-Lipschitz
in (3, (A.3) holds provided

%HU@) (t,2D) — 0@ (. y )24 < @ (120 — yOP) A(l®] v [y ]).

In particular, for the Gruschin semigroup where ¢(®) (¢, 2(1)) = |z()|!, this condi-
tion holds for ¢y (r) = r*! and h(r) = ¢V r&=" for some constant ¢ > 1.

In order to control the degeneracy of 0(2)(t, -), we need the condition
(1.2)

Yr(z®,yW):= sup Ey(l){H @, x _1||28up R(1XM]+]2® —yM))} < 0o
te[T,2T) s€[0,T]

for T > 0 and (M), y) € R™, where E¥" is the expectation of X(l)( N leamd|
stands for the operator norm of the inverse of a d X d-matrix o, and when the
matrix is not invertible we take [|o~!|| = oo

Theorem 1.1. Assume that (A.1), (A.2), (A.3), and (1.2) hold. Then for any
strictly positive function f € By(R™*%), 2 = (M), 2?)), y = (y(V), y?)) € R+,
and T > 0,

Kol — 502
Parlog f(y) < log Por f(x) + 21 = o 2KeT)

S R G AR {|x(2) @y (1 —e?°17) op(ja) —y M2 )}

+ e—2@2TT _ e—4®2TT @T

We return to the classical Gruschin semigroup for which m = d = 1, b)) =
b2 =0, o™ =1 and 0@ (t,2M) = [z(V|". Then (A.1)~(A.3) hold for X\ = 1,
K=0=0,¢()=r"tand h(r) =c, vV =17 for some constant c1 > 1. When
1 €(0,1/2), we may take h =1 so that

Pr(z®,yD) = e A WICON PP % < o0

te[T, 2T]/ |2[24/ 2t7r

for some constant ¢o > 0.
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Therefore, according to Theorem 1.1, the log-Harnack inequality
1) _ D)2
x
| vyt e
2T Ti+1

holds. On the other hand, it is easy to see that 1r = oo for [ > 1/2. Similarly,
for the Gruschin semigroup on R™*¢ ie., b =0, b®? =0, oM = I, and
o@ (M) = |zW "I q, (™, yM) < 0o (and hence the log-Harnack inequality
holds) if and only if I € (0,m/2).

To derive the log-Harnack inequality for the Gruschin semigroup for alll > 0, we
relax the condition (1.2) by using the invertibility of the following integral matrix
Qr to replace that of 0(2). To this end, we will need to assume that b(2)(t,m) is
linear in #(); that is, 8@ (¢, z) = Az® + @ (¢, 2(1)) for some d x d-matrix A and
some b® € C([0,00) x R™; RY). Let

Pyrlog f(y) < log Por f(x)+

{|m<2> —y@2 27Dy |2z}

27
Qr = / A= 5(2) (t,Xt(l)) 0(2)(t,Xt(1))* AT qr T > 0.
T

Theorem 1.2. Assume that (A.1), (A.2), and (A.3) hold for b (t,z) = Az 4
b3 (t, M), where A is a d x d-matriz and b € C([0,00) x R™;R?). Let 67 =
supye(o.7) lle” |- If Qr is invertible and

2T
B,y ) =8 (s ([ ot x| )
T

X sup h(|Xt(1)| + ]z — y(1)|)} < 00,
te[0,7)

then for any strictly positive f € By(R™T9),

Kplz® -y
Porlog f(y) < log Por f(x) + 32 (1= o 2KiT)
9T eQGTT ‘l/T(m(l) , y(l))

2

1— e—2®TT
(2) (2))2
T\ — +—
{I vl o,
Because of Theorem 1.2, we can prove the log-Harnack inequality for the Grus-
chin semigroup on R™*? for any [ > 0. Of course, one may also construct more
general examples to illustrate Theorem 1.2.

er(le® -y},

Corollary 1.3 (Gruschin Semigroup). Let b =0, ) =0, ¢V = I,,xn, and
o@ (M) = |2MW | 4 g for some constant | > 0. Then there exists a constant ¢ > 0
such that

|x(1) _ y(1)|2
Pyrlog f(y) < log Por f(x) + By

c(|zM 20-D7 ¢ |y 20Dy T(lfl)*) (J2® — y@ 24 27| — y(D]20AD)
T Ti+1

holds for all T > 0 and z,y € R™*4,
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In the next two sections, we prove Theorem 1.1, Theorem 1.2, and Corollary 1.3.
In the proof of Theorem 1.1, the additional drifts constructed in the coupling are
adapted so that the usual argument applies. However, in the proof of Theorem 1.2
the drift constructed for the coupling of the second component process is merely
adapted under the conditional probability given B(). A new trick is then intro-
duced to derive the log-Harnack inequality.

2. Proof of Theorem 1.1

Let z = (2, 23),y = (y™,y®), and T > 0 be fixed. The idea for establishing a
Harnack type inequality of Pop using a coupling by change of measure is as follows.
Construct two processes X;, and Y; and a probability density function R such that
Xor = Yor, Xo =2,Y) =y, and

Porf(z) =Ef(Xor), Parf(y) =E{Rf(Yar)}, f € By(R™?).

Then, by the Young inequality, for strictly positive f one obtains

Pyrlog f(y) = E{Rlog f(Yor)} = E{Rlog f(X2r)}
(2.1) < E(Rlog R) + log Por f ().

This implies the log-Harnack inequality provided E(Rlog R) < oo.

When the SDE is driven by additive noise, this idea can be easily realized by
adding a proper drift to the equation and using the Girsanov theorem. In the case
of nondegenerate multiplicative noise, the argument has been modified in [16] by
constructing a coupling with singular additional drifts. For the present model, as
the SDE is driven by multiplicative noise with a possibly degenerate and singular
coefficient, it is hard to follow the known ideas to construct a coupling in one step.
What we will do in this paper is to construct a coupling in two steps, where the
second step will be realized under the regular conditional probability given B(M!):

(1) We first construct a coupling (Xt(l), Yt(l)) by change of measure for the first

component of the process such that Xt(l) = Yt(l) for t > T. This part is
now standard as the first equation in (1.1) is driven by the nondegenerate

additive noise (1) (t) dBfl).

(2) Once Xt(l) = Yt(l) holds for ¢ > T, the equations for Xt(z) and Yt(z) will have
the same noise term for ¢ > T, so that we are able to construct a coupling
by change of measure for them such that XQ(QT) = Y;;).

2.1. Construction of the coupling

Throughout this section, we assume that (A.1)—(A.3) and condition (1.2) hold. We
first construct the Brownian motion B; as the coordinate process on the Wiener
space (2, F,P), where Q = C([0, 00); R™*%) = C(]0, 00); R™) x C([0, 00); RY), F is
the Borel o-field, and PP is the Wiener measure (that is, the distribution of the
(m + d)-dimensional Brownian motion starting at 0).
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Let
Bi(w) = (B{V (), BP ) = (", w{?), w=(@",u®)eq, t>0

Then By is the (m + d)-dimensional Brownian motion with respect to the natural
filtration (F)¢>o0. Let FO = (T(Bél) :t>0) and }"t(Q) = O'(B§2) 0<s<1),t>0.
It is well known that the conditional regular probability P(-| F(1)) given F(!) exists.

This structure will enable us to first construct a coupling (Xt(l),Yt(l)) for the
first component process up to time 7T under the probability P, then construct a
coupling (X,SQ),EQ(Q)) for the second component process from time 7" under the
regular conditional probability P(-|F(1)). For any probability measure P on (Q, F),
we denote by Eg the expectation with respect to P. When P = P, we simply denote
the expectation by E as usual.

Let X; = (Xt(l),Xt(Q)) solve the equation (1.1) with Xy = = = () 2(3).
Given Yy = y = (y™,y®) € R™*¢, we are going to construct Y;(l) on R™ and
Y;(Q) on RY respectively, such that Y;(l) = Xt(l) for ¢ > T and Y;;) = XQ(QT)

2.1.1. Construction of Y;(l). Consider the equation
22  ar V=W,V dt + oW ) dBY — oV at, v =y,
where

2K o) —yWeFr 0 - x{)
1 1 xMay Dy
(1 _ ef2KTT)|Xt( ) Y;( )| { # }

vél) = t>0.

Obviously, the equation has a unique strong solution before the coupling time
mo=inf {t>0: XM =y}

Then, letting Yt(l) = Xt(l) for t > 71, we see that (Yt(l))tzo is a strong solution
0 (2.2). So, we can reformulate vél) as

(1) _ 2K |z — (V)| =Kt (Yt(l) _ Xt(l))

(2.3) v 1o, (t), t>0.
t (1 e*QKTT)|Xt(1) — Yt(l)| [0,71)

Proposition 2.1. For anyt > 0,

—Krt _ —KT(QT—t)
(S (§]
@4) |X Y| < eV =y () < [V =y D119 (0).

Consequently, m < T and Xt(l) = Y;(l) fort>1T.
Proof. By (A.2) and (2.3), we have

2KT|1'(1) — y(1)|efKTt
1 _ e_2KTT

4xP -0 < (KTIXF)*Y}”I* )dt, t € [0,71)N[0, 7).
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Then
—Krt _ 7KT(2T7t)
1 1 € e
X =Y < 0 =yl e l0,m)n(0.7].
This implies 71 < T and also (2.4), since Xt(l) = Yt(l) for t > . O

To formulate (2.2) as the first equation in (1.1), we let
B t
B =B - / §0(s)ds, V()= D )Mo, 120,
0

From (A.1) and (2.3) we see that ¢M(s) is bounded and adapted. So, by the
Girsanov theorem, B, is an m-dimensional Brownian motion under the probability
measure QY := Ry (T)P, where

Ru(t) = exp [/ (€M (s),dBD) — / €D (s)2ds], ¢ >0
is a martingale. Obviously, (2.2) can be formulated as
(2.5) av, Y =M, v,V dt + oM (1) dBY, YD =y,

As shown in (2.1), for the log-Harnack inequality we need to estimate the entropy
of R1 = Rl(T)

Proposition 2.2. Let Ry = Ri(T). Then

KT |x (1) _ y(l |2

(2.6) E{Rilog R} < N2 (1 — o-2KrT)"

Proof. By 1 < T, (A.1), and (2.3), we have

T 1) _ ., (1))2
D (1) TV 2 2K |zt —y'Y)
(2.7) /0 oM (1)~ " dt < A2, (1 — e 2KrT) "

Then, it follows from (2.2) and the definition of R; that

E{Rl log Rl} = EQ(l) log Rl

1 Loyt 2 gy < K2 =y WP
= §EQ(1)/O |U( )(t) Ut | dtS m o

2.1.2. Construction of Y;@). Consider the equation
28) A =p@ vy dt + 0@, vy dB, — vfP dt, VP =y,

where

@ . 2027 [ X5 - VPOt (v - X))
t T

> 0.
(e=2027T _ —402rT) |Xt(2) _ Yt(2)| 1{t2T7Xt(2)7£Yt(2)}7 t=0
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As Yt(l) is now fixed, it is easy to see that (2.8) has a unique solution before the
time

1nf{t>T X 2)}

Letting Y;@) = Xt(Q) for t > 79, we see that (Yt(z))tzo solves the equation (2.8).
Thus,

o _ 2621 X5 = v et (v — X7
@

(2.9)
(e=202rT _ g—4027T) |Xt(2) _ Yt(2)|

g (t), > 0.

Proposition 2.3. For anyt > T,

ef@QT (t*T) _ 67@2T (3T*t)

2100 |x2 -v®| < X5 = Y22 | g am (0)-

1 _ e—2@2TT

Proof. Since ¢.(0) = 0 and Xt(l) = Yt(l) for t > T, by (A.3), (2.9), and Itd’s
formula we obtain

2 2)| —Oart
@ (2 @ @, 2027 |Xp -V e
d |Xt - Y; | S (@2T|Xt - Y; | - 67262T — 6*4@2TT ) dt

for t € [T,72) N [T,2T]. This implies (2.10) for t € [T,72) N [T, 2T]. Therefore,
T < 2T and (2.10) holds for all ¢t > T. O

To formulate (2.8) as the second equation in (1.1), we need to make use of the
Girsanov theorem to get rid of the additional drift. To this end, let

£ (s) =@ (s, YD) WW®  se [T, 277,

and
t
Rz(t):exp[/(é“(z( ),dB@) /|§<2 (s)|*ds|, te|[T,2T).
T

Since Bt(z) is independent of F(1), the following result ensures that {Ra(t) }eerr,2m

is a uniformly integrable fo)—martingale under P(-|F1)).

Proposition 2.4. Under P(-|FW), {Ra(t)}ieiror is an fo)-martingale, and
Ry := R9(2T) satisfies

203 e oD (V)2
(6_2@2TT _ e—4®2TT)2 >

Ep(.jrm){Rz2log Ra} < (/
T

(2.11) « (20rT)p® _yp SO L op
| yOP+ T o () )

x sup A(Y, M|+ [z —y D).
te[0,7)
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Proof. We use an approximation argument. Let fff)(s) =@ (8)1{je@ (s)|<n}> and
t
Ry (t) = exp {/ (P (s),dB?) / 1€ ( |2ds n>1,te[T,2T].
T

Then {Ran(t)}ie(r,2r is an }"t(Q)—martingale under P(-|FM). So, it remains to
show that

( /” 203, =20 lo®) (1, v, ) 712 )

EP("-F(I)){RZ” IOg R27"}(t) § (e—2@2TT _ e—4®2TT)2

T
2@TT_1

e
(2.12) X (62@TT|$(2) —yPP2+ Or or(jz® — y(1)|2))

x sup A([Y, |+ [z -y D))
t€[0,T]

holds for all ¢ € [T,2T] and n > 1. Let Q2,, = Ra,,(2T)P(:|FY). By the Girsanov
theorem, under Q2 the process

B TVt
BY =B - [ Pe)ds, te o)
T

is a d-dimensional Brownian motion. Then, by the definition of §§L2)(s) and (2.9),
we have

1
(213) E]p(,‘]:u)){RQm log Rg’n}(QT) = E@z,n log Rgm(QT) = 2 / EQ2 n

D (s)1ds

<

(/ 203, e 20! 0@ (1, v, ) 2

2 2
(e*zGZTT — e*4e2TT)2 dt) . EP(.‘]—'U)) {Rz,n(QT)lxj(“) - Yi(“ )|2}'

T
Since {Ra () }re[r,2m) is an fo)—martingale under P(-|FM), and Ry, (T) = 1,
2 2 2 2
(2.14) Ep( 70§ Ron(2T) XY — Y212} = Ep 7o) | X2 — Y212
Finally, by (A.3), (2.4), and It6’s formula, we obtain
d|Xt(2) _ }/t(2)|2 < 2<X(2) _ Y(Q) {0'(2)(t X(l)) _ (2) (t Y(l) }dB(2)>
+2{0r1X{Y — Y2 + or(la® —yO PRy |+ 20—y D))} dt
for t € [T, 2T]. Since h > 1, this implies

Ep ron | X2 = V22 < sup h([V, |+ [« — y0))
t€[0,T]

(2.15) « (20T )@ _y@p  CO g e
- YOI+ —g—wer (2 —yP) ).

Combining this with (2.13) and (2.14), we prove (2.12). O
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Proof of Theorem 1.1. Let X; = (Xt(l),Xt(Q)) and Y; = (Yt(l),Yt(Q)) be as con-
structed above. Let R = RiRs. By Propositions 2.1, 2.2, 2.3, and 2.4, we have
Xor = Yor, EP(_‘}'(U)RQ = 1, and, noting that the distribution of Y under RyP
coincides with that of X (y()) under P,

E{Rlog R} = E{ (R, log Rl)EP(,|;(1))R2} n E{RlEP(,mU) (Rs log Rg)}

- KT|:E(1) _ y(1)|2 Ey(l){( 2T QG%TefzethHU(Q)(t,Xt(l))71||2 dt>
>~ )\%(1 — e—QKTT) (e—2®2TT _ e—4@2TT)2

% (ezeTT|x(2) @24

T
e2@TT -1

Or

x sup h(|IXV]+[a® -y M)}
te[0,7)

Kr |z —yM12 07 2077 o)y (2 y(1)
— )\% (1 _ e_2KTT) e—2@2TT _ e—4®2TT

er(le® -y WP},

pr(|zV —y M)

1— e—2@TT
x {|$<2> —y@P 4 ——
T

Therefore, the desired log-Harnack inequality follows from (2.1), since under the
probability measure Q := RP

t
B = Bt—i—/ (€D (s), D (s))ds, >0,
0

is a Brownian motion on R™*% and Y; with Y = y solves the equation

av,V = o0, v V) dt + oW () dBY,
4y, =@ (1, v;) dt + o@D (¢, v,V dBP,

so that Pyr f(y) = Eqf(Yar) = E{Rf(Yar)} = E{Rf(X2r)}. O

3. Proofs of Theorem 1.2 and Corollary 1.3

Proof of Theorem 1.2. Let X; = (Xt(l),Xt(Q)) and Yt(l) be constructed as in the

(

previous section. We now modify the construction of Y, %) to take into account the

condition ¥ < oco. Let

n =oP(t, Yt(l))* AT (T—1) Q;I(YT(Q) _ X;Q)) Ugar(t), t>0.
Let Yt(2) solve the equation
(3.1) v =3 (1, v3) dt + 0@ (¢, V) {aBP —ppat), v =y,

Since under P(-|F™M) the processes Xt(l) and Yt(l) are fixed and sz) is a d-
dimensional Brownian motion, by (A.3) this equation has a unique solution. Since
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Xt(l) = Yt(l) for t > T, for the present b we have b (t, X;) — b2 (t,Y;) =
AXP =Y P) for t > T. So,

2T
X2<2T) _ }/2(;) _ eAT(Xj(?) _ YT(2)) +/ QART—1) 1(2) (t’Yt(l))??t dt =0
T

as Yt(l) = Xt(l) for t > T. Therefore, Xor = Yor. Moreover, let

B 2T @ 1 2T
RQ = exp |:/ <nt»dBt > — E/ |7]t|2 dt:| .
T T

Following the proof of Proposition 2.4 and using (3.1), we obtain

R ~ 1 27
Ep( 7o { Rz log Ra} = E/T E (o el dt

9T 2 2 _ = 1

< o (Beeiron X2 = Y22 12) Q712 /T lo® (&, v;)|1? dt
9T Q—l 2 eQGTT _

< I 2T I {62@TT|x(2) _ y(2)|2 + o SOT(|-1'(1) _ y(1)|2)}

2T
x sup A([Y, |+ 2D — y D)) / lo® (&, v, )| dt.
te(0,T] T

Repeating the proof of Theorem 1.1 and using this inequality instead of (2.11), we
obtain

Ko [o) — y0)p2
22 (1 — o—2KrT)
Or e20rT Ur (1'(1), y(l))

(32) + ; {|33<2>_y<2>|24r

E{(R1R2) IOg(R1R2)} S
1 _ 672@TT
Or

pr(le® =y},

Since Bf2) is a d-dimensional Brownian motion under P(-[F()), by the Girsanov
theorem, under RoP(-|F(M)) the process

t
B® .= B® _ / nsds, te[T,2T)
T
is a d-dimensional Brownian motion. Noting that

t t
YO =y [0yt [ oy aBE, e (o)
T T

we see that the distribution of Y;;) under RoP(-|F(V) coincides with that of }72(;)
under P(-|FM), where

o _ ¥ if t € [0,7),
T\ s ) ds + fho® (s YV B, it e (1,21
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Therefore,

Ep(. ry{Ralog f(Yor)} = Ep(. 7 { log f( (v, Y(Q))}_
Combining this with X7 = Y37, we obtain
E{Ry Ry log f(Xor)} = E{ RiRylog f(Yor)} = E(R1Ep( |z { Ralog f(Yar)})
o = E(BiBp o {log S (Vg Vo)) = E{ Ralog £ (Y7 737}

Moreover, since
B TAt
BY =B - [ e(ds te o),
0

again by the Girsanov theorem, under R;P the process (Bgl),Bt(Q))te[o,QT] is a

(d4+m)-dimensional Brownian motion. Noting that (Y;(l), }715(2)) solves the equation

v =y (V) dt + o (r) aBL, v =y,
A =1, v,V v ) dt + 0@ (¢, v,V aB? VP =y,

we conclude that the distribution of (YQ(%), Y(Q)) under R;P coincides with that of
Xor(y) under P. Therefore, it follows from (3.3) and the Young inequality that

Porlog f(y) = E{Rilog f(Yar), Vi) = E{ R, Ry log f(Xor)}
< log Por f(z) + E{(R1R2) log(R1 R2) }.
Combining this with (3.2) we complete the proof. O
Proof of Corollary 1.3. It is easy to see that (A.1)—(A.3) holdfor A\ =1, K=0 =0,

o(r) =r"" and h(r) = ¢, V 2= for some constant ¢; > 1. Moreover,

2T
Qr = Idxd/ |BMY 4 22 ae
T
is invertible and

—12 T @) v O\12 34 1
IRz o= (X DI dt = —57
T T

|Bt(1) + |2 ar
Then, using the fact that for any r > 0,

E sup |B£1) T $(1)|2T < C(T)(|$(1)|2r T
te[0,T]

holds for some constant ¢(r) > 0, and noting that Lemma 3.1 in [18] implies

2T 9
E(/ 1B 4+ 212 dt)
T

~efe(( [ - 8 0 420 ) )} <
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for some constant C' > 0, we conclude that

1/2
Ur(a®,y®) < (E sup h(1Bi +20) 1V - y))?)
telo,

2r —2\1/2
X (E(/ |Bt(1) + 2z dt) >
T

¢ D20-1)7* 1)20-1)* -t
Sm(u()“ 7 |y PR =D )
holds for some constant ¢ > 0. Therefore, the desired log-Harnack inequality follows
from Theorem 1.2. O
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