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Size estimates for the EIT problem with one
measurement: the complex case

Elena Beretta, Elisa Francini and Sergio Vessella

Abstract. In this paper we estimate the size of a measurable inclusion in
terms of power measurements for a single applied boundary current. This
problem arises in medical imaging for the screening of organs (see [17]).
For this kind of problem one has to deal mathematically with the complex
conductivity (admittivity) equation. In this case we are able to establish,
for certain classes of admittivities, lower and upper bounds of the measure
of the inclusion in terms of the power measurements. A novelty of our
result is that we are also able to estimate the volume of an inclusion having
part of its boundary in common with the reference body. Our analysis is
based on the derivation of energy bounds and fine quantitative estimates
of unique continuation for solutions to elliptic equations.

1. Introduction

In this paper we consider a mathematical problem arising in electrical impedance
tomography (EIT), a nondestructive technique for determining electrical properties
of a medium from measurements of voltages and currents at the boundary.

More precisely let €2 be the region occupied by a conducting medium and, at a
fixed frequency w, consider the complex-valued admittivity function

v(z) =o(x) +iwe(z),

where o(x) represents the electrical conductivity at the point = €  and e(z) the
electrical permittivity at a point x € Q.

EIT leads to the inverse problem of the determination of the admittivity v from
electrical measurements on 9. This technique has several applications in medical
imaging, nondestructive testing of materials and geophysical prospection of the
underground. We refer to the review paper [9] and to [11] for an extensive bibliog-
raphy comprising relevant examples of applications. For a variational approach of
the admittivity equation see [12]. We point out that the admittivity equation also
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appears in the study of a model of electrical conduction in biological tissues as the
asymptotic limit of an elliptic equation with memory subject to periodic Dirichlet
boundary conditions (see [7] and [8]).

Relevant medical applications of EIT are for example breast cancer detection,
(see for example [11]) and screening of organs in transplantation surgery ([17]). In
these particular situations one can assume v to have the form

Y =Y Xo\D + V1 XD

where D C () is a measurable subset of Q and 79 # v1. Here D represents the
cancerous tissue or the degraded tissue which has a different admittivity than the
surrounding healthy tissue represented by Q\ D. In particular in organ screening D
represents a region occupied by the degraded tissue imbedded in the healthy tissue
and an important test to decide the quality of the organ is to give an estimate of
the size of D in terms of boundary observations ([17]).

We describe the mathematical problem: let @ C R™, n > 2, be a smooth,
bounded domain and let D C  be a measurable subset of 2. We denote by g
and ;1 the admittivities of Q\D and D, respectively, with

Yo=o00+ic and 7y =01+ e,
(for simplicity we set w = 1), we assume that
o0 >cog >0, o1>c¢c>0,
this last condition corresponding to the dissipation of energy, and we let
Y=Y Xo\D + 71 XD-

Let h € H~/2(99) be a complex-valued boundary current flux and consider the
so-called background potential ug € H'() generated by the flux h, which is the
solution of

div(voVug) =0 in Q,

’yo% =h on 04,
v

and let u; € H'(Q) be the perturbed potential generated by the flux h in the
presence of the inclusion D, which is the solution to

div(yVu1) =0 in Q,
ou
’y—l =h on 0§,
ov
where the systems defining ug and u; are subject to some combon normalization
condition.
Consider now

Wl :/ hﬂl,
[519)
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which represents the power required to maintain the current A in the presence of
the inclusion D and analogously define

Wy = / hug,
o0

the power required to maintain the current A in the unperturbed medium. Let
W =W, — Wy

be the so called power gap.

We will show that, if the admittivities vy and ~; are constant or if v9 and v, are
variable scalar admittivities with g satisfying 39 = 0 and some extra conditions,
then the measure |D| of D can be estimated in terms of |§W|. For, we follow the
approach introduced in [5] and [6] where the authors derived estimates of |D| in
terms of the power gap for the real conductivity equation.

A different approach to deriving size estimates for real conductivity inclusions
when D comprises several connected components each of small size has been in-
troduced in [10]. There the authors use multiple boundary measurements of a
particular form to derive optimal asymptotic estimates of D. Recently Kang et al.
(see [18]) obtained sharp bounds of the size of two dimensional conductivity inclu-
sions from a pair of boundary measurements using classical variational principles.

We want to point out that in the the screening of organs it seems to be crucial
to consider complex admittivities since electrical permittivity plays an important
role in discriminating between degraded and normal tissue ([17]).

To derive our main results, as mentioned above, we follow the approach of [5]
and [6] making use of the following basic tools:

¢ Energy bounds.
e Quantitative estimates of unique continuation and A, weights ([13]).

More precisely, the first step is to find energy bounds, i.e., lower and upper
bounds for [, |Vugl* in terms of [§W|, and the second is to find lower and up-
per bounds for [, [Vug|* in terms of |D| by using regularity and quantitative
estimates of unique continuation of solutions to elliptic equations. Unfortunately,
differently from the conductivity case, the first step in the complex case seems not
to work for arbitrary admittivities but only for constant ones or for certain variable
scalar admittivities (see assumption (H3) in Section 2).

On the other hand we would like to emphasize that, in [5] and [6], the authors
make the following assumption

d(D,09) > dy > 0.

Clearly this hypothesis is rather restrictive in the medical applications we have
in mind since regions of the degraded tissue might extend to the surface of the
organ. In this paper we remove this assumption and prove size estimates also for
an inclusion having part of its boundary in common with 0€2. This is accomplished
by deriving fine quantitative estimates of unique continuation (Lemma 4.4), using
reflection principles and suitable changes of variables.
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The paper is divided as follows. In Section 2 we state our main assumptions
and our main results. In Section 3 we derive energy bounds of the form

K oW < [ [Vul? < Ko o]
D

In Section 4 we list some useful tools concerning quantitative estimates of
unique continuation. Section 5 is devoted to the proof of our main results. In
particular we derive lower and upper bounds for the measure of the inclusion in
terms of the energy of the background potential on D. Finally, in the appendix
(Section 6), we give, for the reader’s convenience, the proof of the doubling In-
equality stated in Section 4.

2. Main results

2.1. Notation and main assumptions

For every x € R™ we set x = (', x,) where 2/ € R"~! for n > 2.

Let zp € R™ and r > 0. We denote by By(zo) and BJ.(z{) the open ball in R”
centered at xg of radius r and the open ball in R”~! centered at 2’ of radius r,
respectively. We denote by Q(x¢) = {z € R" : |z; — x| < 1,7 =1,...,n} the
cube with center xy and side length 2.

Definition 2.1 (C*! regularity). Let £ be a bounded domain in R”. Given k,
with k& = 0, 1, we say that 9Q or Q is of class C*' with constants ro and Mo, if, for
any P € 09, there exists a rigid transformation of coordinates under which P =0
and

Qn {B;O(O) X (7M0T0,M07"0)} = {:L' S B;“o (0) X (7M07”0,M0T0) LTy > 1/}(%’)},
where ¢ is a C*! function on B/, (0) such that

$(0) =0, V()| =0 when k=1, and []cracs, ) < Moro.

For z,w € C™ we write by z-w = Z’.L

j=1 ZjW;.

Remark 2.2. Our convention is to normalize all norms so that that their terms are
dimensionally homogeneous with respect to their argument and they coincide with
the standard definitions when the dimension parameter equals one. For instance,
the norm appearing above is meant as follows when k = 1:

2
[lleracmy) = 1¥llLesy,) +ro [VYIl~(s,,) + 70 ’VWLB;.O»

where

Vol = sup VOO

x,yeB’TO |J) - y|
TFy
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Similarly, given a function u : Q +— C,

_ -1 2\1/? _ -1 2,2 Vul? 1/2
[ull2@) = 7o lul*) Nl =70 ul* +r5 [ [Vul®)
Q Q Q

and so on for boundary and trace norms such as || - || g1/2(90) or || - [ g-1/2(00)-
We denote by €., r > 0, the set
Q, ={z e Q: dist(z,00) > r}.

Let now state our main assumptions.

(H1) Assumptions on .
Let My, M, and ry be positive numbers such that My > 1. We assume that
1. Qis a bounded domain in R™ with connected boundary;
2. 00 has C%! regularity with constants ro and Moy;
3.9 < My rg.

(H2) Assumptions on D.
D is a Lebesgue measurable subset of {0 and

(H2a) there exists a positive constant dy such that dist(D, Q) > do,
or

(H2b) there exist 1 € (0,70] and P € 99 such that D C Q\B,, (P).

(H3) Assumptions on the coefficients.
Let ¢o € (0,1], uo, and L be positive numbers. We assume the reference
medium and the inclusion have admittivities v9 = oo + i€g and ;1 = o1 + i€y
satisfying
oj >co, |y <cgt inQ, for j =0,1,

and, moreover we assume that:
(H3i) vo and v are constants, and we set uo = |y — v1| > 0,

or
(H3ii) €y(z) =01in Q, and |og(z) — oo (y)| < %|x —y| for x,y € Q, and

ler(z)] > po or o1(z) —op(x) > po in Q.

(H4) Assumptions on the boundary data.
(H4a) Let h € H-/2(9Q) be a complex-valued nontrivial current density on
0N satisfying

h=0.
a0
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or

(H4b) Let h € H~/2(9%) be a complex-valued nontrivial current density on

0N satisfying
/ h=0,
oQ

supp h C I'g := 90N B, /2(P),

and such that

for the same r; and P as in assumption (H2b).

We denote by F(h) the frequency of h, that is

Rl 7r-1/2
o SO L Py

121l -1 (502
Let

Y =" Xo\D T V1 XD
and consider the unique solution u; € H(Q) of the problem

div(yVu1) =0 in Q,

8u1
(2.2) Yo = h on 09,

/ Uy = 0.
o0

Analogously we define the background potential ug € H'(Q) generated by the
same current flux A, to be the unique solution to the problem

div(voVug) =0 in Q,

(9’[1,0 -
(2.3) ’YOE =h on 99,

/ ug = 0.
[2}9]

We shall denote by W; and W, the power necessary to maintain the current h
when D is present or absent, respectively, so that

le/ hﬂlz/’YV’LHVEl,
o Q

and

W():/ hﬂoz/’}/ovuOVEo.
o Q

Let 0W = Wy — Wy be the power gap.
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2.2. The main theorems
We first state our main result in the case of an inclusion D strictly contained in 2.

Theorem 2.3. Let Q satisfy (H1) and let D be a measurable subset of Q satisfy-
ing (H2a). Let vo and 11 satz'sfy (H3) and let h satisfy (H4a). Then,

D] _ 5W'1/p

C1 C2

W() - |Q| - Wo
where Cy depends on the parameters co, o, Mo, My, do/ro and L, and the numbers
p > 1 and Cy depend on the same parameters and, in addition, on F(h).

We now state our main result in the case of of an inclusion that might have
part of its boundary in common with 9.

Theorem 2.4. Let Q satisfy (H1) with 9Q € CY1 with constants ro and My and
let D be a measurable subset of Q satisfying (H2b). Let vy and 1 satisfy (H3)
and let h satisfy (H4b). Then,

D 1/p
<Pl g, 5W’

1] Wo
where Cy depends on the parameters cq, o, Mo, M1, r1/7r0 and L,and the numbers
p > 1 and Cy depend on the same parameters and, in addition, on F(h).

C1

)

The proofs of Theorem 2.3 and 2.4 will be given in Section 5.

3. Energy bounds

3.1. Energy identities

In this section, following an idea first introduced in [19], we use energy identities
in order to derive suitable energy bounds.
Let 4 be a complex admittivity and define the sesquilinear form

az,(u,v):/gnyu-Vﬁ.

If us is a solution to
div(AVuz) =0 in Q,

'7% =h on 99,
ov
then
(3.1) as(uy,v) :/ kv, Vv e H'(Q).
oQ

We observe that in general a5 is not complex symmetric:

az,(u,v)—az,(v,u):/Q’?(Vu~VE—Vv~Vﬂ) 222'/9’?%(VU'V5).
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Lemma 3.1. Let vy and y1 be in L*°(Q), let v = 70 Xxo\p +71 XD, and let uy and
ug be the solutions of (2.2) and (2.3), respectively. The following identities hold:

(a1 [ 21900 =)l = [ (1= 20 Tuol =aW + 21 [ 43(Vur - Vi)

(42) [ 2019 =)+ [ (1 =0 Veal* = =5W =21 [ 203(Tus - Vi),

(id3) /D(’yo —v1)Vuy - Vg = oW + Qi/szfyo%(Vul - V),

(id4) /D(’yl —50)Vug - Vg = —0W — 2i /Q v (Vug - V).

Proof. We write ag(u,v) := a-,(u,v) and a;(u,v) := a(u,v) From (3.1) we have
ap(up,v) = ag(ur,v) = /an hw, Yo € HY(Q).

We compute

J1 = a1 (w1 — uo,u1 — uo) — [a1(uo, uo) — ao(uo, uo)]

(32) = / hu 7/ hugy + 22/ 'yS(Vul . Vﬂo)
le) o0 Q
On the other hand,

Ji1 = /Q’V|V(U1 —U0)|2 —/Q(V—VO)WUOF
(3.3) =AﬂWm—ijém—WWmﬁ

and so, by (3.2) and (3.3) and the definition of éW, the identity (id1) follows.
Analogously we can compute

Jo i= ag(up — u1,uo — u1) — [ao(ur, u1) — a1 (u1, u1)]

= — h(ﬂl — ﬂo) — Qi/ Yo %(Vul : VEQ)
20 Q
On the other hand,
Ja= [ 30190 = w)? + [ (0= 70) [Vua?
Q Q

and, hence, (id2) follows.
Finally let us compute

%whwyfmwhmo:/XWAWon-Vm,
D
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and, observe that
ao(u1, uo) — ay(ui,ug) = ao(ur,uo) — ai(u, uo) + ao(uo, u1) — ao(uo, u1)
= / h(ﬂl — ﬂo) + Q’i/ Yo %(Vul . Vﬂo),
o0 Q

so that (id3) follows.
By symmetry we have also shown (id4) O

Remark 3.2. Note that by combining (id1) and (id4), we get as an easy conse-
quence of the definition of ug and w1y, that

(3.4) /QV |V (ug — uo)|2 = /D('yo —y1)V(uy — 1up) V.

3.2. The constant case

Proposition 3.3. Assume vy and y1 satisfy (H31) and let ug and uy solve (2.3)
and (2.2). Then

Co 2 1 2
ow §/ Vugl* < [ —+ —— ) [6W].
ey e L MG et o)LL
Proof. Since vy is constant and not zero we can write
/ %(Vul . Vﬂo) = 7/ %(VUO -Vu; — Vug - Vﬂo)
Q Q
_ 1
= 7/ %(’70<V’LLO . Vu1 — V’u,() . VU())—>
Q Yo
1 1 oW
_ Rv:r T — — = — o 2
= \y(% /Q’yo(Vuo Vu1—Vug Vuo)) \y(’YO agh(m uo)) \s( o ),
and, hence,
oW
S(Vuy - Vg) = =90 S —
/Q’Yo (Vuy 0) == ( o )
Then, if we set
0
(3.5) SV = W — 2iv, %(7W> =W + 22'/ o S(Vauy - Vi)
0 Q

we can write the identities of Lemma 3.1 as

(id1c) /ny |V(u1—u0)|2—/D('yl —0)|Vug|*= Qi/D(’y1 =) (Vuy - Viig)+ 6V,
(aze) [0V —ua)+ [ (1 =0 Vs = =5V,

(id3c) /D (Yo = 71)Vaur - Viip = 3V,

(id4C) / (’)/1 - ’)/0)VUQ -Vu, = —Qi/ (’)/1 - ’)/0)% (Vul . Vﬂo) — V.
D D
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We write

/|Vu0|2:/ |V(u0—u1)|2—/ |Vu1|2+2/ R(Vus - Vo)

D D D D

(3.6) §/|V(u0—u1)|2—/ |Vu1|2+2/ R(Vus - Vilo).
Q D D

By taking the real part of (id2c) we get

/QO’()|V(U()*’LL1)| + (01 — 00) / |Vui|*> = —R(OV).

By dividing by the positive constant oy and using the fact that both oy and oy are
positive we have

(3.7) /Q|V(u0 —u)P - /D V| < —%((f:/).

Now we divide (id3c) by the constant v — 1 # 0 and take the real part. We get

/Dsfe(vul.wo)zére( oV ).

Yo—n
which, together with (3.7) and (3.6), gives
R(S 1
/ Vo ( V) 251%( Y )

Yo — M1

This leads to the upper bound

2
Vuo|? < |6V SE—
/| O| | |( |70—71|>

To prove the lower bound observe that, by (3.4) and since Ry > ¢p, we have

(3.8) /|v o — 1) ) < ho=ml /IVu|

Hence, using the identity (id3c), we have

V| = ‘/D(’YO — 1)V 'VEO‘ = ‘(’YO —’71)(/DV(U1 — ) - Vg +/D |Vu0|2>’

§|’yo’yl|((/D|V(u1u0)|2>1/2(/D|VUO|>1/2Jr/D|vuO|2>
< o=l (220 [ 9ol + [ (7o),
0 D D

from which the lower bound

1
Yugl? >
J vl 2 e e

6V

follows.
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Now, by using (3.5), we can see that

2
v = 05T,
170l

Hence, in particular,

[oV] = oW |

and the claim follows. O

3.3. The variable case

Proposition 3.4. Assume o and 1 satisfy (H3ii) and let ug be the solution
of (2.3). Then

(3.9) K oW g/ Vuol? < K [0V,
D

where )
c

22+ )

111
K and Ko =2(—+—+—).

HoCy Mo Co

Proof. If (H3ii) holds, then vy = 0p and ¢y = 0. In this case, we have

/ JOS(Vul . Vﬂo) = / 003 (Vu1 -Vug — Vug - Vﬂo)
Q Q
= %(/ ooVug - Vui; — ogVay - VU())
Q
- %( T —/ Euo) = SOW) = —S(6W),
o9 o9
and the energy identities become
(1d1%) [5[9(un — )P~ [ (1 = 20)[Fuol = 57 +2 [ (32 = 30)3(Tur - V),
Q D D
(142%) [ 20V~ un)f*+ [ (= 20V = =5,
Q D
(id3*) / (’70 - 71)Vu1 : Vﬂo = W
D
By (id3*) we have that

!W! = ’/D(% —Vl)VmVEo‘

= ’/D(yo —v1)V(uy — ug)Vig + /D(’YO - ’Yl)|v“0|2‘

10)  <swpho = nl(( [ 1960 - wP) ([ wul) "+ [ [wul).
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By (3.4), we have
/2 su — 1/2
([ 196 - uw)P) " < M(/ o),
Q €o D

and by combining this with (3.10) we get
su — 2 /2
6W] < sup o — ) (22210 =010 ) / Vuol? < = (5 +1) / [Vuol?,
D Co D Co \Cp D

and one side of the estimate (3.9) follows.
To derive the upper bound, let us first assume

(3.11) a1 — 00 > Ho.
From the real part of (id2*) we get

(3.12) / 00|V (u1 — up)/|? +/ (o1 — 00)|Vui |> = —R(SW),
Q D
hence, by assumption (3.11),

/ Vs — ) < — W),

[ v < -2,

1 1
/ Vuol? < 2/ IV (w0 — )| + 2/ Vua]? < —2 (— + —) R(W).
D D D ¢ Mo

On the other hand, if |e1| > 0, then, from the imaginary part of (id2%*), we get

[ lalivup = [sew))
D
and, hence,

o
(3.13) / V|2 < M
D Ho

From the real part of (id2*) (see (3.12)) and from (3.13) we get

/ IV (s — o) < / cocy |V (us — up)® = ¢3! / (00— 00)|Vur|? — e SR(5W)
Q Q D

< cal sup |og — 01|/ |Vu1|2 - 0613?(6W)
D D

(3.14) < sup loo — a1 |S(OW)| — ¢ ' R(SW)
Co [0
1
3.15 < (oW ——%(5W.
(3.15) _c%uol\s( )= o ROW)

By (3.13) and (3.14) we get the upper bound

1
/ |Vuol? < 2 7+ — —)|5W|. |
Ho Cp Ho
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3.4. A one-dimensional example

We are not able to derive energy bounds and hence also estimates on the size
of D for arbitrary variable admittivities. Although the lack of symmetry in con-
dition (H3ii) may seem unnatural, it is in some sense optimal, as the following
example shows.

On the other hand we have seen in Proposition 3.4 that assumption (H3ii)
leads to energy estimates. The lack of symmetry of condition (H3ii), that seems
not natural, is in some sense optimal as the following example shows.

Let Q = (—1,1) and let D = [a,b] C (—1,1). Consider the background solu-
tion ug of

(youp) =0 in (—1,1),
(roup) (—1) = (roup) (1) = K € C, ug(—1) + uo(1) = 0.
Integrating the equation, (youy)’ = 0, and using the normalization conditions one

gets that
uo(z) = Fo(z) + M, for z € (—1,1),

K
FO(x) :/'70(1‘) dl‘,

where

and M = (Fy(1) + Fo(—1))/2.
Considering the perturbed solution u; of

{ (yuy) =0 in (-1,1),
(vuh) (1) = () 1) = K € C, wi(-1) +wui(1) =0,

one gets
Fo(z)+ M if x € (—1,a),
uy(z) = Fi(z) + M+ Fo(a) ;— @) _ A ;_Fl(b) if z € (a,b),
Fo(z) + M + 210 5 h@) _ K@) ;FO(“) if 2 € (b, 1),
where "
Hence

W = K (u1(1)—uo(1)) — (ur(—1)—uo(—1)) = K (u1(1)—uo(1))

2 b
:ﬁ/ (Li)dm’
2 Jo\m
K2 b (o) g1
pow) = 55 [ (5% - 50 ) an
a \Og 1+ of+e€
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and

K|? b
%(6W):u/ ) da
2 Ja opte€ 01 tT€
So, if one of the monotonicity conditions
> (<)

01
2 2
o] + €]

0o
2 2
oy + €

in (—1,1)

or
€1

€0 .
< -1,1
U%+€%>()U(2)+6(2) ln( 7)
holds, then either R(0W') # 0 or F(6W) # 0 and JW recovers (a,b) uniquely.

In particular observe that if g = 0 we find that S(0W) # 0 if €; has constant
sign in (—1,1) and R(W) # 0 if 01 — 09 > 0 in (—1,1) which are exactly the
condition (H3ii). If the above conditions fail uniqueness does not hold. Consider,
for example, v = (2 + iz)? for z € (—1,1) and 7, = 17/4. Then one easily sees
that

4 4 —ab
ROW) = K10~ 03 - s
N o 2(a+0b)
S(6W) = |K]| (b*a)( - m)

and clearly R(OW) = S(0W) =0 fora=1/2 and b= —1/2.

4. Main tools: quantitative estimates of unique continuation

We list now various forms of the quantitative estimates of unique continuation that
we will need in the sequel. Throughout this section we will assume that 2 C R™ is
a bounded domain of class C%! with constants ro and M. and A is a symmetric
n x n matrix with real entries defined in R™ satisfying:

(Uniform ellipticity) For a given A\, 0 < A\g < 1,
(4.1) Molél? < A(z)€-€ < N €%, for every € € R™, z € R™.

(Lipschitz regularity) For a given Ay > 0,
A
(4.2) |A(z) — A(y)| < 2 |z — y|, for every z,y € R™
To

Theorem 4.1 (Three spheres inequality, [3]). Let u € HY(Q) be a solution to the
equation
div(A(z)Vu(z)) =0 in Q.

For every r1,1r9,7r3,7, 0 <11 <19 <713 <T, and for every xo € Qz,

o -6
/Brz(ff)) |VUO|2 : C(/Bfl (zo0) |VU|2) (/B,B(xo) |VU|2)1 ’

where C' >0 and 0, 0 < 0 < 1, only depend on X\, A1, r1/r3, and r2/rs.
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Theorem 4.2 (Lipschitz propagation of smallness, [3]). Let h satisfy (H4) and
let u € H'(Q) be the solution of the Neumann problem

div (A(z)Vu(z)) =0 in £,
(43) { AVu-v=h on 0.

For every p > 0 and for every x € Qa,, we have

/ Vu? > ¢! / VP,
Bﬁ(x) Q

where C > 1 only depends on Ao, A\1, My, M1, F(h), and p/ro.

The three spheres inequality and the Lipschitz propagation of smallness in [3] are
obtained for real valued functions u and h but with straightforward modifications
they apply to complex valued functions.

Theorem 4.3 (Doubling inequality). Let u € H'(By,(z0)) be the solution of
(4.4) div(A(z)Vu(x)) =0 in By, (xo).

Then, there exist positive constants o and C, depending only on Ao and on Ai,
such that

s |Vu|? \ @
(4.5) / w%%%) / |Vul?,
Bar(0) JB,, a0 VU Br(z0)

for every r such that 0 < r < ry/2.

The doubling inequality was first derived by Garofalo and Lin in [15]. Later
it was also derived by Kukavica in [20] using Rellich’s identity. In the appendix,
for the convenience of the reader, we will give the proof of the doubling inequality
following the proof in [20], showing the modifications one must make in the case
of complex-valued functions and estimating more carefully the constant occurring
in the inequality.

Lemma 4.4. Let Q satisfy (H1), let T and R be positive numbers such that
3ynR <7, and let u € HY(Q) be a nontrivial solution of

div(A(z)Vu(z)) =0 in Q.

Assume that Q= # 0. Then, for every xo € Q and for every measurable set
E C Qr(zo), we have

|E| ( H [, |Vul? >1/P
4.6 < )
. Qro)] = \ Ty VP
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where H and p > 1 are given by

log 4F=(u) p(p—1)
=1y B2 g H = (27F ,
P=1F gijtey " (27 Fr(w))

where

Jo IVul? )C

fQF/z [Vul?

and C' depends on Ao, \1, Mo, My, and T/ro.

(4.7) Fr(u) = c(

Sketch of the proof. Lemma 4.4 can be proved by adapting the proof of Lemma 2.4
in [21]. We describe in detail the necessary changes. The most important difference
between Lemma 2.4 in [21] and our lemma is that |Vu|? appears in the bound (4.6)
while in [21] |u|? is involved.

Observe that |Vu|? satisfies the following reverse Holder inequality (RHI):

<|QR1$O)| QR(xo)(Wu'z)lM)

c vy [VU® @
(45) (fB o) [
|QR fB ~/2(z0) [Vl Qr(zo)

for any ¢y € Q7 and R such that 0 < 24/nR < 7, where C' and « depend only
on \g and \; and ¢ > 0 is arbitrary.
In fact, if we set

1/(1496)

T= o u(x)dx,

from [16], the Poincaré inequality and (4.5) we get,

sup |Vul? < < sup  |u—7]? < ¢ / lu — 72
Qn(xo) ~ R Qyan(a0) ~ R JQun(a0)

C// C//
< Vit [ v
R JQun(wo) R Jp, oo

C/// fB?(xo) |Vu| a )
< R T va? [Vul?,
fB?/2($O)| ul Qr(zo)

where C’,C” and C""" and « depend on Ay and A; only. We derive (4.8) in a trivial
manner.
Using iteratively the three spheres inequality we get the estimate (see [4])

(4.9) /Q/ Vul? < c(/me) |w|2)9(/9|w|2)19,



SIZE ESTIMATES FOR THE EIT PROBLEM: THE COMPLEX CASE 567

where 0 < 0 < 1 and 6 and C depend on A\, A1, Mo, My and 7/ry. From (4.9) we
have trivially

(4.10) fB?(xo) |Vu|2 < fQ |Vu|2 < (CfQ |Vu|2 )1/9
. ‘/‘B?/z(ﬂfo) |V’LL|2 - fB?/z(ﬂfO) |V’LL|2 - fQ?/2 |VU|2

From (4.10) and (4.8) we get the following version of RHI:

1 Loy 1/(149) F
411 (e (IVuf?)™*) < Vul?,
|QR(x0)| |Qr(z0) |QR(‘T0)| Qr(xo)
for any xg € Qr and for any R such that R € (0, %] and § > 0, where
C fo, |Vul>\*/°
(4.12) F= ( Jo u|2) ,
Jo. /2 [Vl

with C, @ and 0 depending only on g, A1, My, My, and 7/rg. In order to prove (4.9)
we used the Lipschitz regularity of 92 in order to guarantee that €2, is a connected
set for p sufficiently small. If (4.11) holds for 7 small then it clearly holds also for
large 7. The most difficult part of the proof is to show that the lemma follows
from (4.11) but this can be found in Theorem 2.11 in [14], while an explicit eval-
uation of the constants can be found in [21]. O

5. Proof of the main results

In this section we will use the quantitative unique continuation estimates stated
in the previous section and regularity results for solutions of elliptic equations to
get upper and lower bounds of the measure |D| of the inclusion D, in terms of the
energy related to the background potential ug.

Throughout this section we will assume that A is a symmetric real n X n matrix
defined in R™ satisfying (4.1) and (4.2)

Proposition 5.1. Let Q C R" satisfy (H1) with 0Q of class C%' and let D C Q
satisfy (H2a). Let h satisfy (H4a) and let w € H'(Q) be a solution to the Neu-
mann problem (4.3) such that

(5.1) / u=0.
o0
Then
|D[\? Jp|Vul? |Vu|2
5.2 — <C
where p, p > 1 and C' depend only on dy/ro, Mo, M1, Ao, A1, and F(h), where F(h)
is given by (2.1).
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Proof. Let 6 = dy/(44/n) and cover D with pairwise internally disjoint closed
cubes, Q;, j =1,..., N, of side length §. Assume that Q;ND # @ for j=1,...,N.
We have

The value of p > 1 will be chosen later. From (5.3) and Hoélder inequality (in
what follows p’ = (p — 1)/p) we get

D
D] = z|m@,|—z' 0910,

1Qj
N N
< (S ()" (Sier)™ = o (3 (G52
Hence, for any p > 1 we have
N
(5.4) (%) < Z(|D|8JQJ ).

Jj=1

Now, in order to choose p and to bound the right-hand side of (5.4) we apply
Lemma 4.4 with 7 = 3dy and we bound F(h) defined in (4.7) from above. We
bound fQ*/Z |Vu|? from below by observing that, for Z € Qr, applying the Lipschitz

propagation of smallness (LPS) with p =7/2, we get

(5.5) [owekz [ wapzort [ v
Q7 /2 Br2(%) Q

where Cy; > 1 depends on dy/ro, Mo, M1, Ao, A1, and F(h), where F(h) is given
by (2.1). Hence, by (5.5), we obtain that

F=(h) < Ch.
Now let
B log 4C?
(5:6) P= 2T og(17/16)°
By Lemma 4.4 we have
2
|D N Qj[\? w1y ong, VUl
5.7 ) < eroype-) 25 =1, . N.

We use the LPS property again to estimate the right-hand side of (5.7) from above.
Denoting by z; the center of the cube @); we have

(5.8) / IVl 2/ IVl zc;l/ Vul,
j Bsya(x4) Q

J

where Cy > 1 depends on dg/ro, My, M1, Ao, A1, and F(h). By (5.8), (5.7), (5.6),
and (5.4) we get the claim. O
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Proposition 5.2. Let Q C R" satisfy (H1) with 02 of class OV, let D C Q
satisfy (H2b), let the function og be as in (H3), and let h satisfy (H4b). Let
u € HY(Q) be the solution to the Neumann problem

div((oo(z)Vu(z)) =0 in €,
ooVu-v=~h on 0,

satisfying the normalization condition (5.1). Then
|[D|\P Ip IVul?
Y <ol
(|Q|) B (IQWUP))
where p, p > 1 and C depend only on r1/rg, Mo, M1, co, L, and F(h), where F(h)
is given by (2.1).

Proof. Define I' := 9Q N B, (P). First we construct a suitable family of cylinders
covering OOQ\T'.
Let
. 71 7o
2 = { 4/n’ 2/n, }
and fix r € (0,72], to be chosen later. Let {Q;}7_; a family of closed mutually

j=1
internally disjoint cubes of side length 27 such that

J
OND)(Q; #0, j=1,....J, and IOI'cC Q.

j=1
Fix j € {1,...,J} and let z; € (OQ\I') N Q. Let v; be the exterior unit normal
vector to 0 at x; on Let R; the cylinder centered at x; with axis parallel to v;
and with base a ball of radius 2y/nr and with height 2\/nMgr. Setting R; =
2(R; — xj) + x; one sees easily that

J
U R o 2\ z,
j=1

and hence

(5.9) dist (Q\ LJJ B, aQ) > 2./nr.

j=1
Furthermore, since the interiors of the cubes Q;, 7 =1,...,J, are pairwise disjoint
and since, obviously,
J
U Q; C {J: e R™ : dist(z,00) < 2\/57“},
j=1

we obtain for J the estimate

(5.10) J< @) LJJ Qi < O(%O)”*l,

j=1
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where C' depends only on My and M;. Let
J ~
D' =p(UR), and D"=D\D".
j=1

From (5.9) we have
dist(D",09Q) > 2v/nr.

From this last inequality and Proposition 5.1 we get

7|\ p o | Vul?
(5.11) (||1?2||) SCr(fo'TP)a

where C. depends only on r/rq, My, M1, co, L, and F(h).
Let, for a fixed index j € {1,...,J},

Dj = éj OD/ and Rj = 2(R~J *l'j)‘i’l'j.
It is easy to see that if
r < min {T—l , T—z}
16y/ny/1+ M3 2

then

(5.12) dist(R;, o) > %,

where we recall that 'y = '\ B,., /2(P). Furthermore, up to a rigid transformation
such that z; = 0, we have

RiNQ={(2,z,) €R™ 1 2, > (2'), |2'] < 8/, |zn| < 8v/nMor},
where
P(0) = [V(0)[ =0

and
9] + rol| V|| Lo + gl D?|Lee < Moro.

Without loss of generality we may assume that 0o(0) = 1. Following the ar-
guments of [1] or [2] we can construct a function ¥ € CY1(B,, (0),R"), where

po = 164/n+/1 4+ M2 r such that
(5.13) U(2',9(2")) = (2,0), vz’ € B, (0),
(5.14) U(R;NQ) C {(a,2,) : 2, >0}

Moreover, there exist C7,Cy > 1 depending only on My such that

(5.15) C’l_1|x —z] <|¥(x) = V(2)| < Chlz — 2|, Vax,z € B, (0),
(5.16) Oyt < |detD¥(z)| < Cy, Va € B, (0),
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and, setting A(y) = {a;;(y)}};—;, where
(5.17)  Aly) = |detDT ™ (2)] (D) (¥ (y) 00 (T (1) (D) (¥ (1)),
(518)  w(y) =u(T(y),

we have

(5.19) A(y) =1d,

(520) ank(ylvo) = akn(ylvo) :07 k= 1,...,7’L,

(5.21) Ci' |6 < AWw)s- £ < CslEP, VEER™, Yy e (AN Ry),
C .

(5.22) |A(y) — A(2)| < 74|yfz|, Vy,z € U(QNRy),

where, in (5.19), Id denotes the identity matrix and C3,Cs > 1 depend only on Mp.
Furthermore, recalling R; N Ty # () and (5.12) we have

div((A(y)Vyo(y)) =0 in (2N R;),

5.23 .
(5:23) ;Z’ (y',0) =0 on T(9Q N R;).

From the properties of the matrix A, in particular from (5.20), we have that the
function v defined by

(5.24) oy, yn) = vy, [ynl)

solves an elliptic equation with Lipschitz coefficients in the principal part. More
precisely, let A(y) = {a;(y)}},—; be the matrix with entries

aij (' lynl) = ai; (¥ lyml), i 4,5 €{Ll,....n =1} or i=j=n,

aij (y/,yn) = a”LJ (ylvyn) = Sgn(yn) Anj (y/, |yn|)7 if 7’7] 6{17 cees— 1} or i :.7

Then we have

div((A(y)Vyo(y)) =0 in A,

where

Aj= {(ylvyn) eER™: (ylv lyn|) € Aj},
with
Af =T(QNR)).
It is easy to see that the matrix A satisfies uniform ellipticcity and Lipschitz

continuity with the same constants as in (5.21) and (5.22).
In the sequel we will use the notation
A;r = \I/(Q N Rj),
Aj = {(ylvyn) ER™: (ylv |yn|) € A;r}v

Dj := W(D;).

Since our aim is to bound |D,|, we proceed initially as in the proof of Proposi-
tion 5.1.
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First we note that from (5.15) we get

~ " 2
dist(D;,04,) > 6y := \éﬁr,
1

where C7 is the constant appearing in (5.15). Cover Dj by pairwise internally
disjoint closed cubes, Q; x, k= 1,...,Nj, of side length &1 := do/(4\/n). We have

N
D; cC U Qj,k C A%%'
k=1
Since we are interested in applying Lemma 4.4 with Q = Aj and 7 = dp/4 we need
to prove first the following claim
Claim 1. There exists a constant C' depending only on co, L, Mo, M1,7/10, and

F(h) such that

(5.25) Fip(0) = 7 oes <O =1,

(with C independent of j).

Proof of the claim. Since for 7 = y/4 we have that ZA\j’,—ﬂ/g S A, recalling that v is
the even reflection of v = v o U~!, by a change of variables we derive

- 5 o | Vul?
(5.26) Fj#(0) < C—f’%ﬁmQ =
féjj/QmQ |V’LL|

where C' depends only on ¢, L, My, My, and r/ry. Now, since

j=1,...,J,

R;NQ D B (x; — 2/nrv) .= BY,
dist(BYW,9(R; N Q)) > v/nr,

estimating the right-hand side of (5.26) and applying the LPS property we get

- Vul?

Fj,f(f)) < Cf9|7u|2 < C’,
me [Vl

where C” depends only on ¢y, L, My, My, r/ro, and F(h).

We choose r = 3. Proceeding as in the proof of Proposition 5.1 and using (5.26)
we obtain

5 1< i (J VI
2 D;| < |Aj| | == =1,...
(5:27) D <l (Fgap) a1

where C' and p € (1, 00) depend on ¢y, L, My, M1,71 /70, and F'(h).
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From the definitions of ¥ and of f\j, with some simple change of variables and
using again the LPS property, we derive from (5.27)

0 fD |VU|2 1/p
2 D;| < — =1,...
(5.29) D<ol (Prag) o d= e

where C' and p € (1, +00) depend on ¢g, L, My, My,71 /70, and F(h).
From (5.28) and from (5.10) we have

J 2\ 1/p
j})/|‘714
(5.20) i< Y sclal(Re)
;;; ! j}z|‘7142
where C' and p € (1,00) depend on co, L, My, My,r1/ro, and F(h). From (5.29)
and (5.11) the claim follows. O

Proposition 5.3. Under the same hypotheses of Proposition 5.2 we have

Ip IVul? N
JPO 1 < D
Jo IVul? = Cntib,

where C' depends only on ri/rog, Mo, M1,co and L.

Proof. Trivially we have

(5.30) / [Vul> < D[ || Vull7<(p) < IDI[Vull7<@\5,, -
D

Since ooVu - v = 0 on IQ\B,, /5(P), from standard estimates for elliptic equa-
tions, [16], and from the Poincaré inequality, we have that, letting 7 = ﬁ fQ u,
there hold

4 C1Cy

”VUH%W(Q\B”(P)) Sz lu =77 nns ) < =gz lu =722\, ()
1 271 7”1 1/2

Cy Cy C1 Ca C373

(5.31) S e Ju = 7720 < Tniyzo IVulZ2(0),

1 1

where C depends only on ry/rg, Mo, My, co and L; Cy depends on 11 /7o, Mo, My
and c¢p; and C3 depends on My and M;. From (5.30) and (5.31) we get

Vul?
o VU < curi o,

Jo [Vul?
where Cy depends only on 7y /rg, My, M1, co and L. O
We are now ready to prove our main results.
Proof of Theorem 2.3. By standard elliptic estimates, we have

S%P|VU0| < C sup |ug| < Clluollz2(0)s

do/2
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From the trivial estimate
/ |Vuo|2 < cal/ Vug - Vug = cglwo,
Q Q
and from the Poincaré inequality, we have

(5.32) sup |Vug| < C’Wol/z,
D

where C depends on cg, L, do/r9, and My. Hence from (5.32) we get for |D| the
lower bound

(5.33) /D Vul? < D] [Vl ) < C|D| W,

By Proposition 5.1 and (5.33) we obtain

fD|Vu0|2 | fD|VU0|2 1/p
o o[Vl 1Dl g, (fp [Tl e
Wo |Q| Wo

where C} depends only on dy/rg, My, My, ¢ and L and Co depends only on dg /7o,
My, My, co, L and F(h). Finally, applying Proposition 3.3 if 79,1 are constant
and satisfy (H3i) or applying Proposition 3.4 if 7 and ~; satisfy (H3ii), we get

D SW |1/p
D] _ < 0| ’

C
1W0 _|Q|_ Wo

)

where C; depends only on the a priori constants co, o, Mo, M, do/ro, L, and
the number p > 1 and C5 depends on the same parameters and F'(h). O

Proof of Theorem 2.4. By Propositions 5.2 and 5.3 applied to the background po-
tential ug that solves (2.3) (in the constant case up to a rescaling by a constant)
we get

/fD|vu0| <|D| fD|VU0|2 1/p
= Wo _|Q|—C2( Wo ) ’

where C] depends only on 71 /1o, My, M1, co and L and C% depends on 71 /rg, Moy,
My, ¢o, L, and F(h). Finally applying Proposition 3.3 if 9,71 are constant and
satisfy (H3i) or applying Proposition 3.4 if vy and 7 satisfy (H3ii) we get

Cl C12

>~ |Q| = WO )

|D| (5W’1/p

where C7 depends only on the a priori constants cg, po, Mo, M1,71 /70, L, and the
number p > 1 only and C5 depends on the same parameters and F'(h). O
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6. Appendix

Proof of Theorem 4.3. The doubling inequality proved in [20] and [4] can be ex-
tended with straightforward arguments to the case of complex valued solutions of

div(A(z)Vu(z)) =0 in By, (x0).

We give an idea of the modifications that need to be done to the proof. We
assume that

(6.1) A(0) = 1d
and define, for 0 < r < Ry,

= MUQ) 2 )= X ’U'_U T) =
©2) #0)= [ SRR 10)= [ A@ve Fi Ne) =

T

If, instead of Rellich’s identity used in [20], we use the relation
R[(B - Vo)div(AVv)| = div[2R((8 - VO)AVv) — B(AVv - V)]
+ (divB)AVuv - Vo — 25]?[5‘; Bj ay Oxv aj@] + B3;(0jaix) Orv0;,
with [ sufficiently smooth vector field on R™, we get that there exist constants

C1 > 1,09, and ¢, with C; > 1,C5, depending only on Ag and A; and ¢ an
absolute constant, such that

(6.3) / lv|? < )\(2)7*/ lv[?,  forr < @,
B, OB, Ch
-1
(6.4) 1)~ "= L) — 20(r)| < D m ()
r Ry
(6.5) N(r)e€2m/Fo increasing in (0, Ry).
From (6.4) we have
d H(r) ¢\ 2N(r)
. il <& 2
(6.6) dr(lOg r"—1> ~ Ry + r
2N(r) _d H(r) e\
. < - A
7 AU RS =

Let Ry := Ro/C1 and p, R € (0, Ry] be such that 3p < R. Integrating both sides
of (6.6) in the interval [p, 3p] we get, using (6.5),

3 3
log _HBP) 20/\10+/ P2N(r) _ 20/\10+/ P2N(r) cor/ro
p p

g3”*1H(p) - Ry A 41 r
2 2chip 20)\1R
"Ry 3Ry

+ 2N (3p) €320/ R0 log 3 +2N(R) €321/ o Jog 3.



576 E. BERETTA, E. FRANCINI AND S. VESSELLA
Hence, for p € (0, R/3], and R € (0, R;], one has

(6.8)

1 H(3p) 2ch car/ry N(R)
—1 < 2eC2 R/ o 1og 3.
R %3 1H(p) = 3R, R ®

From (6.8) and (6.7) we get, for p € (0, R;/3] and R € (0, Ry],

L HGY) _Cs e d o HR)
. Zlog —2P) 3 4 Co £
(6.9) i log S1H(p) = Too +e2(log3) TR <log T )

Calog3

where C3 = ¢ + 2¢A1/3. This last inequality implies, in particular, that for
any p € (0, R1/9] and R € (R1/2,3R1/4] one has (integrating both sides of (6.9)
over [R1/3, R))

H S| H
log6logﬂglog%/ —logﬂdt

3"~ 1H(p) ryst 3" H(p)
R— , H(R)
<C3\ “*(log3) log (BR/Ry)""1H(R:/3)
H(R)

< O3 M + e (log3) log (s ey

Hence, for p € (0,R1/9] andR € (Ry1/2,3R1/4], by the elementary properties of
the logarithm, we have,

(6.10) H(3p) < 04(%)0515!@),

where Cy and C5 depend only on A\ and A;. Integrating both sides of (6.10), we
derive, for every p € (0, R1/9] and R € (R1/2,3R1/4],

/pH(3s)ds < C4<%>C5 /OPH(s)ds.

From (6.2) we get

P A
/ H(s)ds < Ay / lv*> and / H(3s)ds > 2 [v|?.
0 3 JBs,

From the last two inequalities and from (6.10) one has

(6.11) /B > <352 Cy (H(%%)CS/B 0%,

P
for p€ (0,R1/9] and R € (R1/2,3Ry/4].
Now, (6.11) holds also if instead of v we insert v — 7, where 7, = ﬁ pr v

Denoting by H (r) the function upon substituting v — 7, for v in (6.2), we have,
recalling local boundness of solutions to elliptic equations, [16],

(6.12)  H(R) < )\52/

_ _ C
|'U o Tp|2 S 4)\02R"L 1 ||'l)HLoo(BR) § R_/ |’U|27
OBRr 1 JBg

1
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for every R € (R1/2,3R1/4] where C depends only on Ag. On the other hand,
applying (6.3), we obtain

(6.13)  H(R1/3) > Ao /

8BRl/3

where C' > 1 depends only on Ag. From (6.12), (6.13), and (6.11) we get

(6 14) / | |2 <0 < fBRl |U|2 >Cs/ | |2
. v—=T,|" < Co| 55— v —T7,[%,
B, ’ R fBal/s |v]? B .

P

Ry
ponlz [ penPzd [ v,
Br,/3 Br, /6

where Cg > 1 depends on Ag, A\1. Using the Poincaré inequality and the Caccioppoli
inequality to bound the right-hand side of (6.14) from above and the left-hand side
of (6.14) from below, we obtain, for any p € (0, R1/3],

. v xUrl = =5 v,
B R fBRl/G [Vol? B

P
where C > 1 depends on A\g and A;.
Iterating (6.15), by simple calculations we get

2p

(6.16) /B Vo2 < Cs N along/1°g2/ Vol?,

ap 3

for any o > 1 and p such that 3ap < R;. Here we have set

v (Y

2
! Ry fBRl/G [Vol?

and Cs depends on Ag and A; only. Now we remove condition (6.1). To this end,
let A(x) be a symmetric matrix satisfying (4.1) and (4.2) and let v € H'(Bg,)
a weak solution of (4.4). Let us introduce the change of variables y = Jx where
J =+/A71(0) and consider, for any r > 0, the ellipsoids

E,:={zeR": A7 (0)z -2 <r’} =J '(B,).
Setting w(y) = v(J~'y) and A(y) = JA(J 'y)J one has
div(fl(y)Vyw(y)) =0 in Bg /x5
MIEP < A@y)€-€ <A, Yy € R™, VEERT,

. . ATH2), .
[A(y1) — A(y2)| < ORO ly1 —y2l,  Vy1,92 € R" and A(0) = Id.
Furthermore, since
B 5r CEC B, 5y Vr >0,

by simple changes of variables we have

(6.17) /\3/2“/ |Vv|2dx§/
B

|Vw|? dy < /\a(n/zﬂ)/ |Vo|? da.
B fror

B, /%

"
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for all » > 0. We apply (6.16) to w and we obtain

(6.18) / |Vw|2dygcgNga1°gNZ/1°g2/ |Vw|? dy
B

ap By

for any a > 1 and p such that 3ap < R/ Ao := Ra, where

N,,_( [, lwldy )Cé

©T\REL, VP

and Cf and C§ depend on \g and Ay only. From (6.17) and (6.18) we derive easily

/ Vol de < A5 "/2*Y / V2 dy
Bap Bap/y/ro
< Cé NQZ ()\ala)bg N /log 2 )\a(”/Q-‘rl)/ |Vw|2 dy
B, xe
(6.19) < oAy T N (A L)l N /loa 2 / V|2 dz,

P

for any o > 1 and p such that 3ap < Rs. From (6.19) and using (6.17) to estimate
N/' in terms of v we get

fB |U|2 Co
(6.20) / |Vv|2dx§010< = ) / Vol de
B B,

R? fBRMO/G V|2
for any p < R1\/6 and where Cy and C7¢ depend on Ag and A; only.
Applying (6.20) to v — ﬁ I} B U and using the Poincaré inequality we have
1 1

. v r < U1 v X
B R% fBR1A0/6 |VU|2 By

for p < Ry1\g/6. Finally we want to prove (4.5). Let p € [R1\o/6, Ro/2]. We
trivially have

[z, |Vol* dz
/ |Vl de < / |Vl do = ( ° 5 > / |Vo|? da
B2y Brg fBRIAO/G |VU| dx BRrixg/6
[5. |Vv|?dz
g( Brq Vol d )/ Vo|? dx.
‘/‘BRIAO/6| v*dz ) Jp,
From last inequality and from (6.21) we immediately get, for p € [0, Ry/2],

(6.22) / Vol dr < C ( fBRO |Vo|? dx )/ o d
. v r < U1 v xX.
B fBRMO/G [Vol2dz ) Jp,

2p

2p

2p
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Now, we apply the three spheres inequality
0 1-6
(6.23) / Vo2 dz < 012(/ Vo2 d:c) (/ Vo2 d:c) :
Bry/2 Br, Brirg/e

where C2 and 6 € (0,1) depend only on A\g and A;. From (6.23) we have trivially

fBRO |Vou|? dx . ( fBRO |Vo|? dx )1/(1—9)
s < Oel w5
fBRMO/G |Vv|? dx fBRO/2 |Vo|? dx

From this last inequality and (6.22) we finally get (4.5). O
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