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Stochastic variational formulas for solutions
to linear diffusion equations

Joseph G. Conlon and Mohar Guha

Abstract. This paper is concerned with solutions to a one-dimensional
linear diffusion equation and their relation to some problems in stochastic
control theory. A stochastic variational formula is obtained for the loga-
rithm of the solution to the diffusion equation, with terminal data which is
the characteristic function of a set. In this case the terminal data for the
control problem is singular, and hence standard theory does not apply.
The variational formula is used to prove convergence, in the zero noise
limit, of the cost function for the stochastic control problem and its first
derivatives, to the corresponding quantities for a classical control problem.

1. Introduction

In this paper we shall be concerned with solutions to a linear diffusion equation
and their relation to some problems in stochastic control theory. For T' > 0 let
b(y,t), y € R, t < T, be a function with a partial derivative in y that is continuous
in (y,t) and satisfies the uniform bound

(L.1) sup {[0b(y,1)/y|: y R, t <T} < A,

for some constant A > 0. We shall be interested in solutions wu.(x,y,t) to the
partial differential equation (PDE)

Ou,

Ou, n
ot

€
oy 2 02

(1.2) +b(y, t) =0, yeR, t<T,

with terminal condition

lim u.(x,y,t) =0 for y<u,
t—=T

(13) .
lim ue(z,y,t) =1 for y> a.
t—T
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It follows from standard methods [7] that u.(x,y,t) is a continuous function of
(z,y,t) for x,y € R, t < T, and that also the first derivative u.(x,y,t) in ¢ and
second derivatives in (z, y) exist and are continuous in (x, y,t). Evidently u.(z,y,t)
is given in terms of the fundamental solution G¢(y,y’,t, T) for (1.2) by the formula

(14) uleyt)= [ Gelny 0 T)dy
xT
It is well known [12] that if b(-, -) satisfies (1.1) then the stochastic differential
equation (SDE)
(15) AY.(s) = b (Ya(s), 5) ds + v AW (s),

where W(+) is Brownian motion, has a unique solution in the interval t <s <T
with given initial condition Y:(¢) = y. Furthermore, u.(z,y,t) is related to solu-
tions of (1.5) by the identity

(1.6) uc(z,y,t) = P(Yo(T) >z | Yo(t) =y), t<T.

The connection between solutions of (1.2)—(1.3) and control theory comes via
the function ¢.(z,y,t) defined by

(1.7) ue(x,y,t) = exp [ - qg(m,y,t)/e].

In view of (1.6) the function ¢. is positive, and by virtue of (1.2) and (1.3) it
satisfies the PDE

0q. 0qe 1 /0ge\?
(1.8) 5 TG 2<6y> +

with terminal condition

e 9%
2 Oy?

=0, yeR, t<T,

lim gc(z,y,t) =00 for y <z,
t—=T

(1.9) ]
lim ge(z,y,t) =0 for y > .
t—=T

If we let € — 0 in (1.8) we obtain a Hamilton—Jacobi equation, and therefore
should expect that the limit of ¢.(x,y,t) as e — 0 is given by the solution of a
variational problem. This turns out to be the case. Let ¢(z,y,t) be defined by

10 gty =min{ 3 [ [ b (y(s)0)] ds | 0 = v, u(r) > 2}

The functional in (1.10) is minimized over all paths y(s), t < s < T, with
initial point y(t) = y and terminal point y(7') > x. For z € R and ¢t < T, define
the function F(z,t) by F(x,t) = y(t), where y(-) is the solution to the terminal
value problem

(1.11) 1 = b(y(s),s), s<T, y(T)==zx.

s
Then one easily sees that q(z,y,t) = 0if y > F(z,t), whence the function ¢(x,y,t)
is nontrivial only for sufficiently large negative values of y. In Section 3 we prove
the following theorem showing that ¢. converges to ¢ as ¢ — 0.
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Theorem 1.1. Assume b(-,-) satisfies (1.1). Then for z,y € R, t < T and
0 < e <1, there is a constant C depending only on x,y,t,T and A, such that

(1.12) | ge(z,y,t) — q (z,y,t)| < CVe,

The inequality (1.12) implies, via (1.6), the large deviation result for solutions
to the stochastic equation (1.5),

(1.13) lim e log [P(Yo(T) >z | Yo(t) = y)] = —q(2,y,1),

a result which also follows from Theorem 1.2 of Chapter 4 of [8].

Inequalities of the type (1.12) for terminal data which is not singular, unlike
in the case of (1.9), have been known for many years [2], [4], [5]. Theorem 5.1 of
Crandall-Lions [2] implies that, in the case of constant b(-, -), the inequality (1.12)
holds for g.(z,y,t) satisfying (1.8) with terminal data g.(z,-,T") that is bounded
and uniformly Lipschitz. A short elegant proof of the Crandall-Lions theorem
has recently been given by Evans [3]. The techniques used in [2] and [3] are
pure PDE methods. The approach of Fleming [4] is closer to the one we use in the
present paper since it combines methods of stochastic analysis with PDE methods.
However as in [2], terminal data is assumed to be Lipschitz, and his result applies
for the PDE (1.8) only in the case when the function b(-,-) is constant.

In proving Theorem 1.1 we take the approach of showing that in some sense
ge(z,y,t) is the cost function of a stochastic control problem. The formal limit
as € — 0 of this stochastic control problem is a classical control problem with cost
function g(x,y,t) given by (1.10). The stochastic control problem can be described
as follows: Let y.(-) be the solution to the stochastic differential equation,

(1.14) dy(s) = \(+,8) ds + /e AW (s),

where A.(+, ) is a nonanticipating function. The cost function for the problem is
given by the formula,
(1.15)

T 2
el t) =minE [ [ [A9) = bue().5)] ds | 0) =9, (1) > 0],
c t

Thus the minimum in (1.15) is to be taken over all nonanticipating A. (-, s), t <
s < T, which have the property that the solutions of (1.14) with initial condition
ye(t) = y satisfy the terminal condition y.(T") > x with probability 1. One expects
that the function g.(z,y,t) of (1.15) is identical to the function ¢.(x,y,t) of (1.7),
and the optimal controller A, (-, s) is given by the formula

. 9q
(1.16) Ae(,8) = Ni(z,y=(s),5) = b (ye(s),s) — 5‘_; (z,y(s),5).
This is not so easy to prove. An immediate question that arises is how to define
a suitable space of nonanticipating functions A.(+, s), ¢ < s < T, which have the
property that solutions of (1.14) with initial condition y.(t) = y satisty y.(T) > «
with probability 1.
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For the purposes of proving Theorem 1.1, it is actually only necessary to show
that equality in (1.15) holds in the approximate sense

1 [T-VE 2
(1.17) ge(z,y,t)=E [§/t [)\8("5) - b(ys(s)as)] ds ’ Ye(t) = y} + O(\/g)a

where A\ (-, s) is a controller chosen suitably close to the formal optimizer (1.16).
The identity (1.17) turns out to be much easier to establish than the equality
in (1.15) when A.(+,s), t < s < T, is given by (1.16). The reason is that the func-
tion g (x, -, T — /) can be shown to have good Lipschitz properties by using PDE
methods. The original stochastic control problem on the time interval ¢t < s < T'is
then replaced by a stochastic control problem on the interval t < s < T — /¢, and
hence becomes closer to the situation studied in [2], [3], [4]. In Section 3 we obtain
upper and lower bounds on g (z,y,t) of the form ¢(z,y,t) + O(y/2) by exploit-
ing the variational formulation of the stochastic control problem on the interval
t < s<T—/e. To get the upper bound for q.(z,y,t) we choose \.(-, s) to be the
optimal controller for the corresponding classical control problem (1.10). To get
the lower bound on ¢.(z,y,t) we choose A\.(-, s) to be given by (1.16).

In Section 4 and Section 6 we address the issue of understanding in what
sense (1.15) holds when ¢ (z,y,t) is given by (1.7). Instead of attempting to
establish the formula (1.15) we shall confine ourselves to the simpler problem of
showing that the expectation on the right-hand side of (1.15) is greater than or
equal to g-(z,y,t) for certain nonanticipating functions A:(-,s), t < s < T, and
that there is equality when the controller \. is taken to be the formal optimal
controller A\¥ of (1.16).

In Section 4 we show that the solution y.(s), ¢t < s < T, of (1.14) with initial
condition y.(t) = y and A:(+,s) given by the optimal controller (1.16), has the
property that

(1.18) liminf y.(¢) >« with probability 1.
t—T
The proof of (1.18) depends crucially on obtaining a lower bound on the deriva-
tive of the function ¢. of (1.7),

0q-

(1.19) ~ %

(m,yvt)Z;;_Z[lfn(é)]? 0<T*t<571’7y<’7,

where 7 is independent of § and lims_,g 7(d) = 0. Observe that the inequality (1.19)
is only nontrivial for y < x since —0¢c(z,y,t)/0y > 0, y € R, by the maximum
principle. The proof of (1.19) relies on the use of the Cameron—Martin formula [21]
applied to the diffusion Y;(-) of (1.5). One can see from (1.4) that the inequali-
ty (1.19) gives some information about the short time asymptotics of fundamental
solutions to diffusion equations. Over several decades there has been much re-
search [11], [17], [18], [22] devoted to this subject. In particular, Molchanov [18]
has obtained short time asymptotic formulas for diffusions with bounded drift.
These results have been used by Fleming and Sheu [6] to prove a representation
formula analogous to (1.15) for the logarithm of the fundamental solution.
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In order to establish that the expectation on the right-hand side of (1.15) with
Ae(sy8), t < s < T, given by (1.16) is equal to the left-hand side, one needs to
prove that the inequality (1.19) holds uniformly for y € R, i.e., v = co. This turns
out to be a considerably more difficult task than proving (1.19) for some v > 0.
It is not possible to obtain estimates by means of the Cameron—Martin formula,
and instead one uses an induction argument. The problem of obtaining a uniform
lower bound (1.19) is closely related to the problem of estimating probabilities for
the diffusion Y:(-) of (1.5) tied at 2 different times. In Section 5 we prove the
following:

Theorem 1.2. Suppose b(-,s), 0 < s < T, satisfies (1.1) and suppose, in addition,
b(0,s) =0, 0 < s <T. Then there exist positive universal constants n,Ci,Ca,v
and 73, such that

Cl (T — t)y

(1.20) P(Y;(t) <=

| Ya(0) =y, Yo(T) =0)

cep[- L) o r e,

eT?

Oy (T — t)y

(1.21) P(Y;(t) >

| Y20) =y, Y.(T) =0)

cep[- 2L o r e,

eT?
provided AT <n and T —t <T)/2.

In Section 6 we not only show that the expectation on the right-hand side
of (1.15) with A.(-,s) given by (1.16) equals the left-hand side. We also obtain
corresponding formulas for the first derivatives of g-(x,y,t) in  and y. An im-
mediate consequence of this, Corollary 6.3, is that the fundamental solution G,
for (1.2) satisfies the inequality

—2loguc(z,y, )71/

(1.22) Ge(y,2,t,T) < [1+(T —t) A] “s(”f’?J’t){ e (T —1t) ’

where A is the constant in (1.1) and ue(z,y,t) is given by (1.4). The inequal-
ity (1.22) appears to be nontrivial even in the case b = 0, where it states that the
cumulative distribution function N(-) for the standard normal variable,

17 ) 11 2]
(1.23) N(z) = \/ﬁ/oo exp(—p/2)dp = 5+ 2Slgn(z) erf(ﬁ>,
satisfies the inequality
(1.24) exp (—22/2) < 2VAN(2)[ —log N(2)] '/, z€R.

Let us assume now that the function b(y,t), in addition to satisfying (1.1), is
also concave in y for each ¢t < T'. In Section 2 we show that in this case the function
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q(x,y,t) of (1.10) is C' in (z,y,t) and is a classical solution of the ¢ = 0 Hamilton—
Jacobi equation (1.8). Furthermore, for any ¢ < T the function ¢(z,y,t) is convex
in (z,y) and its second derivatives in (z,y) exist and are continuous on the set
{(z,y,t) : x,y € R, t < T, y # F(x,t)}, where F(z,t) is the function defined
by (1.11). In the appendix we prove, using the method of Korevaar [9], [10], [14],
that the function ¢.(z,y,t) defined by (1.7) is also convex in (z,y) for any ¢t < T
Although Korevaar’s method is simple in concept, considerable difficulty arises here
in its implementation due to the fact that we need to approximate solutions of the
linear equation (1.2) by solutions of a quasi-linear equation (A.34). Hence we need
regularity theory, Proposition A.4, for solutions to quasi-linear equations [7], [15].
Alternative approaches [1], [16] to Korevaar’s method seem to also give rise to
comparable technical difficulties in the implementation.

The proof that for fixed (x,t) the function g¢.(z,y,t) is convex in y, Theo-
rem A.2, is much easier to establish than the joint convexity in (z,y). Using this
fact and the representation theorem of Section 6 we prove in Section 7 convergence
of first derivatives of g.(z,y,t) in (z,y) to first derivatives of ¢(x,y,t) as e — 0.

Theorem 1.3. Assume b(-,-) satisfies (1.1) and in addition that b(y,t) is concave
iny for each t <T. Then q(x,y,t) is C' in (x,y,t) for t <T and

0q. 0
lim SE (z,y,t) = 22 (2,,1), @yeR, t<T,
(1.25) e—=0 Oz Ox
' . 0q. _ dq
811_r>% By (m,y,t)—a—y(x,y,t), z,y eR, t<T.

Theorem 1.3 gives no rate of convergence as ¢ — 0 like in Theorem 1.1, but
if one assumes some Hoélder continuity of 9b(y,t)/dy in y, then the proof of the
theorem yields a rate of convergence which is a power of €. It is of some interest to
compare Theorem 1.3 to the results of Kifer [13] on the asymptotics of the funda-
mental solution G (y,z,t,T) defined by (1.4) as e — 0. In that paper asymptotic
formulas are established by using the fact that G.(y, -, t,T) is the probability den-
sity function for the random variable Y;(7T') conditioned on Y. (¢) = y. Estimates on
the probability density are then obtained by using large deviation techniques [8].
Emphasis in the paper is placed on the local nature of the result. Thus the behav-
ior of the drift b(-,-) far from the minimizing trajectory in (1.10) is shown to be
largely irrelevant.

2. A classical control problem

Let b(y,s), y € R, and s < T satisfy (1.1) and consider the control dynamics

(2.1) j—i =), t<s<T, yt)=uy,

where the controller A(s), ¢t < s < T, is assumed to be piecewise continuous.
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We shall be interested in the optimal control problem with cost function ¢(z, y, t),
z,y € R, t < T, defined by

22) e =min{3 [ ) = b 9] ds |50 =y, 0(T) > o},

Formally the function ¢(z,y,t) of (2.2) satisfies the Hamilton—Jacobi equation

dq dqg 1 /0q\?2
2.3 S ,t—f—(—):
(2.3) 5‘t+(y)5‘y 5 \ay
Since the minimum in (2.2) is over paths y(s), t < s < T, satistying y(T') > z,
the terminal condition on the PDE (2.3) is given by

lim g(z,y,t) =00, y<u,
(2.4) o

lim g(z,y,t) =0, y>ux.

t—T

The optimal controller A(s) for (2.2) is given by the formula
(25)  As) = X(w,y(s),s) = b(y(s),s) — dq(,y(s),5) /0y, t<s<T,

and the Euler-Lagrange equation for the minimizing trajectory is given by

26)  L[W py(s),9)] + Z—Z W), )| 2 by(s),9)] =0, t<s<T.

Our first goal is to prove that there exists a minimizer for the variational prob-
lem. We have already observed that if F(-,-) is the function defined by (1.11),
then ¢(z,y,t) = 0 if y > F(x,t). Evidently in this case there is a unique mini-
mizer y(-) for (2.2), which is the solution to the differential equation (1.11) with
initial condition y(t) = y. For y < F(x,t) we need to define a space of func-
tions y(s), t < s < T, over which to minimize the expression in (2.2). For any
f € L?[t,T], let y(-) be determined from f by

(2.7) v =v+ | () s

Thus y(+) is Holder continuous of order 1/2 on [t,T] and y(t) = y. We define
E,..+ to be the space of all such functions y(s), t < s < T, with f € L?[t,T] and
y(T) > x. The distance between two functions yi,ys € Ey 4+ is given by the norm
lly1 —y2ll = ||f1 — f2ll2, where y; corresponds to fi and y2 to fo in (2.7). Evidently
the space E , ¢ is complete under this distance function. Now (2.6) indicates that
on a minimizer y(s), t < s < T, for (2.2) the expression y'(s) — b(y(s), s) does not
change sign for s in the interval [¢,T]. We shall show that if y < F(x,t) the sign
is in fact positive.

Proposition 2.1. Assume the function b(-,-) satisfies (1.1). Then there exists a
minimizer y(-) € Eg 1 of the variational problem (2.2). Any minimizer y(-) has
the property that y(-) is C* in [t,T]. If y < F(x,t) then y'(s) > b(y(s),s), for
t < s <T, and y(T) = x. The function q(z,y,t) of (2.2) is continuous for
(r,y) €R% andt <T.
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Proof. We define a functional Fy(-)] on E, ,; by

1 (Trdy 2
28) Pl =5 [ [E-ve.9)] a
Following the standard method [20] we show that F[] is weakly lower semicon-
tinuous on E, , ;. To this end let yn(-), N > 1, be a sequence in E, , ; converging
weakly t0 Yoo (-) € Eyy¢. Hence if f, N > 1, fo in L2[t, T] are associated with
yn(-), N > 1, and yoo(-) respectively, we have that
(2.9) lim (f, fv) =(f fx), fe€L[tT].

N—o00

From the uniform boundedness principle [20] it follows that supy~ || fx|l2 < co.
It also follows from (2.9) that imy_eoyn(S) = Yso(s), t < s < T, and that
sup{lyn(s)|: N > 1, t < s < T} < oco. Hence by the dominated convergence
theorem one has that

(2.10) lim b(yn(s),s)?ds = /t b (Yoo (s), 5)* ds.

N—oo Jy

Using the uniform boundedness of the fy, N > 1, we also have that
T
im [ [b(un(s),s) = b(yoe(s),5)] Fa(s)ds = 0.

N—oo Jy

Hence using (2.9) again we conclude that
T

(2.11) im [ by (s),s) f(s)ds = /t b (Yoo (), 5) fou (5) ds.

N—oo Jy

Now (2.10) and (2.11) imply that

N—oc0 ds

T s T
f/t b (yoo(s), 5) dy:;( )ds+%/t b (yoo(s), 5)2 ds.

. 1 [T rdyn(s))2
l}\rfrigloff[ij()] =3 hmlnf/t [ } ds

The lower semicontinuity of F[-] on E, , ; follows from the inequality

1/tT [dyoo(s)rds < %hminf/tT [dyN(s)rds,

2 ds NS00 ds

which is a consequence of the convexity of the Dirichlet form [20]. One eas-
ily concludes from the lower semicontinuity of F[-] the existence of a minimizer
Y() € Exye.

Suppose now y(-) € Eg, is a minimizer for F[-]. Then the first variation
of F[-] about y(-) must be 0, whence

(2.12) /tT [dg;is) — g—z (y(s), s) <p(s)} [ dy(s) — b(y(s), s)}ds =0,
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provided ¢(+) is a C! function satisfying ¢(t) = 0 and ¢(T') = 0. Setting

o) = v e [ [ S 0().5) 5] = vV (s),

it follows from (2.12) that

(2.13) /tT % [ fl—z —b(y(s), s)] V(s)ds =0,

for all C! functions 1 : [t,T] — R with ¢(t) = ¥(T) = 0. Equation (2.13) implies
that

dy

[ ds

from which we can conclude that if y < F(x,t) then y'(s) > b(y(s), s) for all s,
t <s<T,and y(-) is C'. Tt also follows that y(T) = z, for if y(T') > z then there
exists t; < T such that if y1(s), t1 < s < T, satisfies y1(t1) = y(t1) and yi(s) =
b(y1(s),s), t1 < s < T, then y1(T) > z. Evidently the function y*(s), t < s < T,
defined by y*(s) = y(s), t <s <t; and y*(s) = yi(s), t1 <s < T,isin E, ,; and
satisfies Fly*(-)] < Fly(-)], yielding a contradiction. One can argue in a similar
way to prove the continuity of the function q(z,vy,t), (z,y) € R?, t <T. O

(2.14) (y(s), s)} V(s) = constant, t<s<T,

We have already observed that for y > F(xz,t) there is a unique minimizer
y(-) € Eg 4. for the variational expression (2.2) and it is given by the solution
y(+) of equation (1.11) with initial condition y(¢) = y. For y < F'(z,t) we need to
impose some condition on the function b(-,-) beyond (1.1) to guarantee a unique
minimizer. To see what such a condition should be, suppose that y(s), t < s < T,
is a solution of the Euler-Lagrange equation (2.6) with initial conditions satisfying

(2.15) y(t) =y, y'(t) > b(y,1).

Hence (2.6) implies that y'(s) > b(y(s),s), t < s < T. Suppose now that
y(s) + (), t < s < T, is also a solution to (2.6) with ¢(t) = 0 and ¢'(t) = e.
Then, to first order in e, the function ¢(s), t < s < T, satisfies the linear equation

2 S
s 5 e )] + 5 w5
2 2
216 =[5 06.9)] )+ 5 w5 [ 3 bl 5)]wels) =0,

Suppose now that ¢(7) = 0 for some 7, ¢t < 7 < T. Then, on multiplying (2.16)
by ¢(s) and integrating over the interval ¢t < s < 7, we get

_/tT [dflis)rds—i—Q ;g—z(y(s),s)w(s)dﬁ—f)ds

(217) [ (G wer s [TV p?as=o.
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where V(s) is given by the formula

2
(218) V() =~ O3 wls). )| 2 by(s), )]

Observe that by the Schwarz inequality we have

T T 2 T 2
2 [ 5w oee B e [ (D) 4 [[F 6e.9)] v s
with strict inequality in general. Thus if V(-) in (2.18) is nonnegative the ex-
pression (2.17) is strictly negative in general. Since V(:) is nonnegative if the
function b(y, s) is concave in y, it appears that one gets a contradiction to the fact
that (2.17) is zero when one assumes that b(y, s) is concave in y, t < s <T. We
conclude therefore that the trajectories y(-) of the Euler-Lagrange equation (2.6)
which satisfy (2.15) are nonintersecting. In particular, for y < F(z,t) there is
exactly one which has the property that y(t) = y and y(7') = « . We make this
argument rigorous in the following proposition.

Proposition 2.2. Assume the function b(-,-) satisfies (1.1) and that b(y,s) is
concave in y for y € R and s € [t,T]. Then the minimizer y(-) € Eg . of the
variational problem (2.2) is unique for all (z,y) € R2. Furthermore the function
q(z,y,t) of (2.2) is C* for (z,y) € R? andt < T.

Proof. Since the minimizer is clearly unique for y > F(z,t) we assume y < F(x,t).
We show that the functional F[-] of (2.8) has a convexity property provided b(y, )
is concave in y, t < s < T. Let E be the set of C! functions y(-) on [t,T] which
satisfy y'(s) > b(y(s),s), t < s < T. It is evident that E is convex in y(-) for
t < s <T,in the sense that

(2.19) () y2(), A+ (1 =Nye()€eE, 0<A<1,

implies
FAyi() + (=N y2()] SAF[g1()] + (1= N) F 2]

To prove (2.19) we write
FAyi() + (1= Ny2()]

=5 [ {2 a9} + 0= N { 2 b))}
— (b Owr(5) + (1= M) ga(s),5) = Ab (3 (5). ) — (1= N) b 3a(s). )} .

Since y1(+), y2(+) € E and b(y, s) is concave in y, t < s < T, each term in the
last expression inside curly braces is nonnegative. Assuming also that Ay (-) +
(I =X y2(-) € E, we have that

0<b(Apn(s) + (1= A a(s), 5) — Ab (w1 (5), ) — (1= A) b (3a(s), 5
<o MY p a9+ - 0B ) 0)}] t<s<T
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We conclude therefore that
FAy() + @ =N ()]

< %/tT A yis), 0} + 0022 b y(s), 9)}] as
SAF (O + 0 =XNF[y20)],

and hence (2.19) holds.

The uniqueness of the minimizer y(-) € E, ,; follows from the strict convexity
of F[-] in the sense of (2.19). Let us assume y;(-), y2(-) € Eg 4+ are two minimizers
where y < F(x,t). Then by Proposition 2.1 the functions y;(-) and ya(-) are in
the set F and for sufficiently small A > 0 the function Ay (-) + (1 — A)yz(+) is also
in E, whence (2.19) implies that Ayi(-) + (1 — A)y2(-) is a minimizer. From the
strict convexity of F[-] we have then that

B b r(s)s) = 22— b(aa(s).5), tSs<T.

Since y1(t) = y2(t) = y, we conclude from this last identity that yi(s) =
y2(s), t < s < T, and so obtain the uniqueness of the minimizer.

To show that the function g¢(z,y,t) is C' we consider the optimal control
X (z,y,t) = y'(t) where y(-) € E,, is the unique minimizer for the varia-
tional problem (2.2). Evidently A\*(z,y,t) = b(y,t) if y > F(z,t). We first prove
that \*(x,y,t) is continuous in (x,y,t) for (x,y) € R?, t < T. To do this let
D, ,(8) C R? be the disc of radius § > 0 centered at (x,y). Then there exists a
constant K (d) > 0 depending only on ¢ such that

T rdz(s)12
e) [ [F2 KO, )€ By @) € Do)

where z(+) is the minimizer of the variational problem. To see (2.20), observe that

Flo()] > - /tT [dz(s)rds— %/th(z(s),s)st.

=4 S
Now from (1.1) one has that

T
’b(z(5)>5)|§|b(z(t)’s)|+A/ %

t

ds'’, t<s<T.

Hence from the Schwarz inequality we have that

Fla()] > © /tT AR )

=3 ds

where K'(§) is a constant depending on 6. Now (2.20) follows from this last
inequality and the continuity of the function ¢(-,-,t) on Dy ,(9).
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Next we show that for any ¢ > 0 there exists § > 0 such that

T
dy dz12
(2-21) /t {% B 5} ds <e, Z() € Eur iy 1, ('rl’y/) € Dw,y(é)a
where y(-) € E, 4 is the minimizer for (2.2) and z(-) € E, 4 is also the mini-
mizer. The inequality (2.21) follows from the convexity (2.19) of the functional FT-].
We first consider the situation y > F'(z,t), where the minimizer y(-) € E, ,; sat-
isfies y/(s) = b(y(s), s) and ¢(z,y,t) = 0. Thus for e1 > 0 there exists d; > 0 such
that

(2'22) .7:[2()] < €1, Z() € Ea:’,y’,ta (m/)y/) € Da:,y((sl)-
We can restate (2.22) as z(-) satisfies the initial value problem
dz ,
B o ba(s)s) +fs), t<s<TL 2 =y

where || f|l2 < v/2e1. Putting now ¢(s) = z(s) — y(s) it follows from (1.1) that
©(s) satisfies the initial value problem

de
ds
where sup,,<r|a(s)| < A. It follows that there are positive constants C; and Cy
such that

(2.24) sup_|z(s) —y(s)] < Cly’ —yl + C2 VEL.

t<s<T

(2.23) a(s)p(s) + f(s), t<s<T, )=y -y,

We write the left-hand side of (2.21) as
| b a-vee. 00+ [b a0 - F) o
T 2
<9 / [b(y(s), ) = b (2(s), 5)]) > + 4 F ()]

The inequality (2.21) follows from this last inequality, (2.22) and (2.24).

We prove (2.21) for y < F(z,t). First let 61 > 0 be such that closure of D, ,,(61)
lies in the set {(z',3y') € R? : ¢/ < F(2/,t)}. Then it follows from (2.20) that there
exists A\g, 0 < Ag < 1, such that

)\OZ() + (1 - )‘0) y() € Ev Z() € Ex/,y/,tv (m/,yl) € Dxty((sl),

where y(-) € Eyy and z(-) € Ey 4 are the minimizers for (2.2). Since z(-)
and y(-) are also in E' we may use the convexity (2.19) of the functional F[-]. In
particular we have that

Flroz(-) + (1 =Xo)y()] < Ao Flz(-)] + (1 = Xo) Fly(-)]
T 2
— M/t {% - Z—z +b(z(s), s) — b(y(s),s)} ds.
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Using the continuity of the function ¢(-, -, t) at (z,y) we conclude from the last
inequality that there exists d2, 0 < d2 < 071, such that

T P 2
(2.25) l/t {Z_Z - % b (2(s),5) — b(y(s),s)} ds < es,

2
2(-) € Evr oy, (2,y) € Day(d2),

where again y(-) € E,, and z(-) € Ey . are the minimizers for (2.2). Here
€9 > 0 can be chosen arbitrarily and do depends on e2. Now we may argue as
for the case when y > F(x,t). Thus letting ¢(s) = z(s) — y(s) we have that ¢(s)
satisfies the equation (2.23) with ||f|2 < v/2e2. Hence we obtain an inequality
analogous to (2.24), which together with (2.25) implies (2.21).

The continuity of A*(z,y,t) in (z,y) follows easily from (2.21) upon using (2.14).
Thus for a minimizer of (2.2), z(-) € E,s 4+ one has

dz

226) T -0 =AW e[~ [ e i<,
ds . Oy

where \* (2, 4/, t) = b(y/, t)+ A(2’, ¢, t). Evidently (2.21) implies that the function
A(+, -, t) is continuous at (z,y). Finally we observe that the continuity of \*(z,y,t)
as a function of (z,y,t) for (z,y) € R? and ¢t < T follows from (2.26). In fact
if y(-) € Eg ¢ is the minimizer for (2.2) then (2.26) implies that for fixed = the
function s — A*(x,y(s), s) is continuous for ¢ < s < T'. Hence if we combine this
with the previous argument on the continuity of A*(-, -, t) for fixed ¢ we obtain the
continuity of A*(-,,-) in all three variables.

We prove the C'! property of the function g(z,y,t) for (x,y) € R?> and t < T.
First we observe that the function ¢ is differentiable in at least one direction. Thus

_ !

s—t 2 [)\*(Lﬂ,y,t) 7b(y7t)]27

where y(-) € E; 4 is the minimizer for (2.2). We use the continuity of the function
A*(+,+,+) to show differentiability in the other directions. Let us assume that y <
F(z,t) and Ay are small enough so that |Ay| < F'(z,t) —y. Then

(2.28)  q(z,y+ Ay,t) —q(z,y,t) < —%/t [\*(s) = b(y(s), 5)] “ds

1 2

T
3 [ VO = Au/T =0 = blyle) + (7 = /(7 1)) s,

where y(-) € E, ¢ is the minimizer for (2.2) and \*(s) = y/(s) for t < s < T.
Letting Ay — 0 in (2.28) we conclude that

(2.29) limsup LY AV —a(@:9,1)
Ay—0 Ay
L ob

< [1+(T—s)ay

<7 (y(5). 5)| [\*(5) = b (y(s), )] ds.
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Alternatively let ya(-) € Euytay+ be the minimizer for (2.2) and suppose
AR (8) = ya(s) for t < s <T. Then one also has

(2.30) q(x,y + Ay,t) — q(m,y,t) > %/t [/\*A(s) — b(yA(S)js)]Q ds

1 (7 2
~5 ] DA+ 80T ) = buale) = (T = 9) Ap/(T ~1).5))"ds.

2
It follows from (2.30) by using (2.21), (2.26), and the continuity of the function
A*(-,-,-) that

’ Ay—0 Ay

T b

> [ @9 2 0] ) bt 0] s

The differentiability of ¢(x, y,t) with respect to y follows from (2.29) and (2.31).
Using (2.21), (2.26) again we also see from the formula on the right-hand side
of (2.29) that dq(z,y,t)/dy is continuous in (z,y,t) for y < F(x,t) and t < T. Tt
is easy to extend this argument to show that dq(x, y,t)/0y exists for all y € R and
the derivative is continuous in (z,y,t) for (x,y) € R? and t < T. This follows from
the fact that the formula on the right-hand side of (2.29) is zero if y = F(z,1).

One can see by a similar argument that g(x, y, t) is differentiable with respect to
x and that dq(x, y,t)/dz is continuous for (z,y) € R? and t < T'. Finally (2.27) and
the fact that dq(x,y,t)/dy is continuous shows that ¢(z,y, ) is differentiable with
respect to t and dq(x,y,t)/0t is continuous in (x,y,t) for (z,y) € R? and t < T.
We have shown that the function q(x,y,t) is C* for (x,y) € R? and t < T. O

Corollary 2.3. Assume b(-,-) satisfies the conditions of Proposition 2.2, q(x,y,t)
is the function defined by (2.2), and \*(x,y,t) is the corresponding optimal control
for (x,y) € R? and t < T. Then there are the identities

aq (m,yvt)/ay =b (yvt) - )\*(Lﬂ,y,t),

(2.32) 0 (2. .1)/0t = %[A*(x,y,t)z ~b(y,)°].

Furthermore, for y < F(x,t) there are the inequalities

dq (x,y,t)
dy

0q (x,y,t)

(2.33) 5

<0, > 0.
Proof. We first show the identity (2.32) for dq(z,y,t)/0y. We assume y < F(z,t)
since it is obvious otherwise. Using the fact that ¢(z,y, ) is the minimizer for the

variational problem (2.2) we have that, for A € R,

q(z,y,t) < % A=b(y, t)]QAt +q(z,y + AAL t+ At) + O[(AL)?].
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Since ¢ is C* this implies that

(2.34) %[A* (2,9,1) = b (y,1)]" < %[A —b(y, 0] + A= N (,9,0)] g—z (,y.1),
A € R, where we have used (2.27). The inequality (2.34) implies the first identity
of (2.32). The second identity follows from the first identity and (2.27).

The first inequality of (2.33) follows from Proposition 2.1. To show that
0q(z,y,t)/0x >0 we derive a formula for dq(x, y, t)/0x similar to the formula (2.32)
for Oq(x,y,t)/0y. We have already seen that dq(x,y,t)/0x is given by the expres-
sion

T b

@35) St =7 [ [1- 605 0069 [X (6 - byl 9)] ds

similar to the right-hand side of (2.29). Adding (2.29) and (2.35) we conclude that

dq dq T op

(2.36) — (x,y,t) + — (2, y,t) = — t 9y

0y ox (y(s), s) [/\*(5) —b(y(s), s)] ds.

If we use now the identity (2.26) we conclude from the previous expression that

T
@3 e =New-vwolew |- [ F

> 5, W) ds),

where y(-) € E; . is the minimizer for (2.2). Proposition 2.1 and (2.37) now imply
dq(x,y,t)/0x > 0. O

Remark 2.4. Observe that Proposition 2.2 and Corollary 2.3 imply that ¢(z,y,t)
is a classical solution to the e = 0 Hamilton—Jacobi equation (1.8).

Next we show that g(z,y, t) is twice differentiable in (z,y). Since this is obvious
for y > F(xz,t) we consider y < F(x,t). Let ¢(s), t < s < T, be the solution of
the first variation equation (2.16) with terminal data ¢(7') = 0 and ¢'(T) = —1.
Then one should have the identity

(2.38) ON*(2,y,t) /0y = ¢'(t)/o(t).

We have already given an argument to show ¢(s) > 0 for ¢t < s < T, if we
assume b(-, s) is concave for t < s < T. Hence in this case the right-hand side
of (2.38) makes sense. Note also that we may write (2.16) in the form

(230) [ d b dp b

55 W) [ 3 - 5 ws)s) els)] ~ Vi) els) =0,

where V(s) > 01if b(-, s) is concave for all s, t < s < T'. Hence it follows from (2.39)
that if we assume the concavity of b(-, s)t < s < T, then ¢'(t) — 9b/dy(y(t),t) p(t)
< 0. Thus from (2.32) and (2.38) we conclude that 9?q(z,y,t)/dy? > 0. We make
this argument rigorous in the following proposition.
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Proposition 2.5. Assume the function b(-,-) satisfies (1.1) and that b(y,s) is
concave in y fory € R and s <T. Then the function q(x,y,t) of (2.2) is convex
in (z,y) for (x,y) € R? and t < T. Suppose in addition that b(y, s) is twice differ-
entiable in y for y € R and s < T, and 8*b(y, s)/0y? is continuous in (y,s). Then
q(w,y,t) is twice differentiable in (x,y) for (z,y,t) € Ur = {(z,y,t): (z,y) € R?,
t < T,y < F(z,t)}. The second derivatives of q(x,y,t) with respect to (x,y)
are continuous in Ur and satisfy 0%q(x,y,t)/0x® > 0,0%q(x,y,t)/0y> > 0, and
02q(z,y,t)/0x0y < 0. Furthermore, if (zo,y0,t0) € OUr and to < T then
(2.40) lim 0*q(x,y,t)/0x* > 0, lim 0?%q(x,y,1)/0y* > 0.
(z,y,t)—=(w0,Y0,t0) (z,y,t)—=(z0,Y0,t0)
Proof. Observe that the function F(z,t), x € R, t < T, defined by (1.11) is a
convex function of z. In fact one has

(2.41) g—i (x,t) = exp [ -/ g—z (y(s),s) ds},

where y(s),s < T, is the solution to (1.11). Hence, by the concavity of b(-, s) for
t < s < T, one has that OF(x,t)/0x is an increasing function of z. It follows that
the set V; = {(x,y) € R? : y > F(x,t)} on which g(-,-,t) vanishes is convex. We
also have from the argument of Proposition 2.2 that ¢(z,y,t) is locally convex on
the not necessarily convex open set R?\V;. Hence q(x,y,t) is convex in (z,y) for
all (z,y) € R2.

We assume now b(y, s) is twice continuously differentiable in y for y € R and
s <T. We can write (2.39) as a system

de b o 8
(2.42) @5 oy WEhs)e(s) = —U(s), t<s<T
% + S_Z (y(s),s) Id)(s) = *V(S)(p(s), t<s< T,

where y(-) € E,,+ is the minimizer for (2.2). Evidently (2.42) has a unique
solution [p(s),(s)] defined for ¢t < s < T, with terminal data ¢(7T) = 0 and
¥(T) = 1. Multiplying the first equation in (2.42) by v (s) and the second by ¢(s)
we see, upon integrating, that

(2.43) B(s) o(s) = / B()? + V() p(s)2ds', t<s<T.

From the terminal conditions on [p(s), 1 (s)] we have that ¢(s) > 0 and ¢ (s) > 0
for s close to T. Tt follows then from (2.43) that ¢(s) > 0 and ¢(s) > 0 for
t<s<T.

Next we use (2.26) to write the equation for the minimizer y(-) € E, ,; of (2.2)
in a form similar to (2.42). Thus we have

Z—Z —b(y(s),s) = —p(s), t<s<T,
(2.44) dp  ob
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In (2.44) the first equation is the definition of the Hamiltonian momentum p(s)
while the second equation is equivalent to (2.26). Suppose now z(-) € Egs ¢ is
also a minimizer for (2.2) and define ®(s) = z(s) — y(s) and ¥(s) = P(s) — p(s),
where P(s) is the momentum corresponding to z(-). Then since z(-) satisfies an
equation similar to (2.44) we have that

(2.45)
T =) [ 5 () (1= ) 2(6).) d = W) £ <5 < T,
2
@y G @@);@(s)p(s)/ 5o () + (1= ) 2(5).5) s £ < s < T.

We consider now the situation where 2’ = 2 so ®(T) = 0. Then if y =y + Ay
we may write

(2.46) O(t) = a(Ay)¥(T), V(t) = B(Ay)¥(T),
where the functions a(-) and 3(-) satisfy

(2.47) Aim a(Ay) = @(t),  lim B(Ay) =¢(t)

since the coefficients in the equations (2.45) converge as Ay — 0 to the coefficients
in the equations (2.42). Now we have that

)‘*(1’7y+Ayvt)7)‘*(m7yvt)_ 1 18[)
) =5 [20) [ 5 () + (1=)=(0).) du—10)]

and ®(t) = Ay. Hence it follows from (2.46), (2.47) that \*(z,y, t) is differentiable
with respect to y and

(2.48) ON(x,y,1)/dy = b (y, 1) /0y — P(t)/(t).

One also sees easily from the representation (2.48) that ON*(z,y,t)/0y is con-
tinuous in Ur and that the limit exists as (x,y,t) — (xo,¥0,t0) € OUr provided
to < T. The fact that 8%q(z,y,t)/dy* > 0 follows now from (2.32) and the fact
that ¥ (t) > 0 and ¢(t) > 0.

We can similarly see that \*(z,y,t) is differentiable with respect to x, that
ON*(z,y,t)/0x is continuous in Urp, and that the limit exists as (z,y,t) — (o, Yo, to)
€ U7 provided ty < T. To see that 9%q(x,y,t)/0xdy < 0 we note that

9%q(z,y,1)/0wdy = »(t)/p(T),

)], defined for ¢t < s < T, is the solution of (2.42) with initial data
t) = 1. We have in this case

where [p(s), (s
(1) = 0 and 4

- / T 4 V() ols')? d

whence o(T) < 0 and so 9%q(x,y,t)/0xdy is negative.
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To prove the twice differentiability of ¢(z,y,t) with respect to x we use the
representation

(2'49) 6q(x,y,t)/6x = p(T),

where p(s) is given by (2.44) for the minimizer y(-) € E, ¢ of (2.2). The differen-
tiability of dq(z,y,t)/0z and the positivity of 9%q(x,y,t)/dx? proceeds as before
by representing 02¢(z,y,t)/0z? in terms of a solution to (2.42). Finally we observe
that (2.49) follows from (2.26), (2.32), and (2.36). O

Remark 2.6. Proposition 2.5 shows that all second derivatives of ¢(x,y,t) with
respect to (z,y) have jump discontinuities across the boundary y = F(x,t). Hence
q(x,y,t) is not C? in (x,y) for all (z,y) € R2.

3. Proof of Theorem 1.1

Our main goal in this section is to show that the function g.(z,y,t) defined by (1.7)
converges as € — 0 to the function ¢(z,y,t) defined by (1.10). The formula (1.15)
for g.(z,y,t) makes this intuitively clear, but it is not obvious under what cir-
cumstances the function defined by (1.7) has the representation (1.15). As part of
our proof of convergence we shall make use of various situations in which (1.15) is
valid. First we regularize the terminal data (1.9).

Lemma 3.1. Suppose b(-,-) satisfies (1.1) and q-(x,y,t) is given by (1.7). Then
there exists § > 0 and universal positive constants Cy and Co such that, if T—t < §
and € < 1, the inequality

(3.1) Cy (z —y)* /(T —t) < qo(z,y,t) < Ca (x — y)* /(T —t),
holds for y in the region

(3.2) x—y> Q/t |b(x, s)| ds + /e (T —t).

Proof. Since b(+, -) satisfies (1.1) one can uniquely solve the stochastic equation (1.5)
with given initial data. The solution u.(z,y,t) of the terminal value problem given
by (1.2) and (1.3) is then the probability (1.6). Letting Z.(s) = Yz(s) —y, we have
then that

(3.3) 9= /d“a (1Y) + (1= 1) 9.8)| Z2(') s
+/t b(y,s')ds' + e [W(s)—W(t)], s>t

Now applying Gronwall’s inequality to (3.3) we conclude that

B s 26| < ART) s | [ b0s)ds £ VEWE) W)

t<s<T t<s<T

)

where A(t,T) is a constant depending only on ¢ and 7. The lower bound in
inequality (3.1) follows from (3.4), (1.6) and (1.7).
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To obtain the upper bound we consider the stochastic process Z.(s), s > t,
defined by the equation

(3.5) dzl(s) = [AZL(s) = b(z,s)| ds + VedW(s), ZL(t)=xz—y,

where A is the constant in (1.1). If 7 is the first hitting time at x for the process
Y (s) of (1.5) with Yz(¢) = v, then it is evident that Z/(s) > x—Y(s) fort < s < 7.
It follows that

(3.6) P(r <T)>P(ZUT) <0 | ZL(t) =z —y).

Since the stochastic equation (3.5) is exactly solvable, we can estimate the
right-hand side of (3.6). Assuming = — y satisfies (3.2) we conclude that

(3.7) P(ZL(T) <0 | Zlt)=x—y) >exp|—C(z — y)?/e(T — t)],

for a constant C' depending only on the parameter A in (3.5). The upper bound
n (3.1) follows now from (3.6), (3.7), and the inequality

(38) P(Y(T) >z |Ye(t)=y) = P(r < T)tgigléTP(Ys(T) >z | Yo(s) =),

since it is clear that for § small enough the infimum in (3.8) is larger than 1/4. O

We consider a controller A.(y,s) for y € R and s < T, which is uniformly
Lipschitz in y for t < s < T — . Thus there is a constant C' such that

(3.9) Ae(y,s) = Ae(y,8)| < Cly—y'|, y,y eR, t<s<T -4

Hence we may solve the stochastic differential equation (1.14) for t < s < T —¢.
We show that in this case the the expectation on the right-hand side of (1.15) is
bounded below by the left-hand side.

Lemma 3.2. Suppose A.(,-) satisfies (3.9) and b(-,-) satisfies (1.1). Then if
qe(z,y, 1) is given by (1.7) the inequality

1 T-6
610 el <B{G [ Dells)0) - bluale) o)) s
t
+ Q€<x7y€(T - 5)7T - 6) ' ys(t) = y}
holds, where y<(-) is the solution to the SDE (1.14).

Proof. Let V.(y,s) for y € R and s < T — 0, denote the right-hand side of (3.10).
Arguing as in the proof of Lemma 3.1, one sees that

(3.11) 0<Viy,s)<Ay>*+B, yeR, t<s<T—4,

for some constants A and B. In addition V., dV./ds, V. /0y, and §*V. /dy? are all
continuous functions of (y, s) for y € R and t < s < T — 4, and satisfy the equation
V. V. e V.

1 2
E+/\E(y’s)8—y+§ 92 +§[/\E(yas)_b(yas)] =0,

(3.12)
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fory € R, t < s < T — 4§, with terminal condition
(313) ‘/E(yaT_(s):qE(mayaT_(s)a yGR

Note that the twice differentiability of V. (y, s) with respect to y uses the fact
that the function A-(,s) — b(-,s) is Lipschitz continuous for ¢t < s < T — 0 (see
Theorem 9 in Chapter 1 of [7]). From (1.8) and (3.12) we conclude that the
function We(y, s) = Ve(y, s) — ¢-(x,y, s) satisfies the PDE

oW,
0s

oW. e *W. 1 9ge1?
o o AE ) —b )

+ A (y, 8) =0,

fory € R, t <s < T -4, and all the derivatives W, /ds, OW./dy, and 9*W. /dy?
are continuous. Furthermore by (3.13) the terminal condition for W, is W_(y, T —
0) =0, y € R. Tt follows then from Lemma 3.1, (3.11), and the maximum principle
(see Theorem 9 in Chapter 2 of [7]) that W.(y,t) > 0, y € R, whence the result
follows. O

Lemma 3.3. Suppose b(-,-) satisfies (1.1). Then for z,y € R, t < T, and e < 1,
the inequality

(3.14) ge(z,y,t) < q(x,y,t) + Clz,y,t,T)V/e

holds, where q(x,y,t) is given by (1.10) and C(z,y,t,T) is a constant independent
of €.

Proof. Let y(s), defined for t < s < T, be a minimizer for (1.10), whose existence
has been established by Proposition 2.1. We set A (y,s) = A(s) = ¢/(s) for y € R
and t < s < T, and apply Lemma 3.2, taking 6 = /. We consider first the case
y < F(z,t) so y(T) = x. Hence x — y(T — §) < C4/e for some constant C. Tt
follows then from Lemma 3.1 that

(3.15) E{qe(x,y(T = 6), T —6) | ye(t) =y} < C1v/E

for some constant C;. Here we are using the fact that y.(s) — y(s) = /2 [W(s) —
W (t)] and that g-(x,y,T — ) is a decreasing positive function of y € R. We can
similarly see that

T—6
(3.16) E{ %/t [A(s) = b(ye(s),5)) ds | y(t) = y} < q(x,y,t) + Cy Ve

for some constant Cy. Thus (3.14) follows from (3.15) and (3.16) in the case y <
F(z,t). For y > F(x,t) we may use the same argument, noting that ¢.(z,-, T — 0)
is a decreasing positive function. O

To obtain a lower bound for g (z,y,t) corresponding to the upper bound estab-
lished in Lemma 3.3 we shall need to use the fact that the function d¢.(z,y, s)/dy
is uniformly Lipschitz continuous in y for (y, s) in any region {(y,s) : y > yo, t <
s <T — 4}, where § > 0, yo € R can be chosen arbitrarily.
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Lemma 3.4. Suppose b(-,-) satisfies (1.1) and uc(x,y,t) fort <T and y € R, is
the unique bounded solution to (1.2) and (1.3). Then for any 6 > 0, yo € R, and
t < T, there is a positive constant C(0,yo,t) such that

us(mayas) Z 1/0(6ay0at)7 Y Z Yo, t S S S T_(Sa

3.17
( ) |8u5(:c,y,s)/8y|+|82ug(x,y,s)/5‘y2| < C(67 y07t), Y= Yo, t <s< T—4.

Proof. To prove the first inequality in (3.17) we proceed as in the proof of Lem-
ma 3.1, using the representation (1.6). Since the solution Yz(s) of (1.5) which has
initial condition Y (t) = y satisfies the inequality (3.4), it follows that there exists
y1 > x with the property that uc(z,y1,s) > 1/2 for t < s <T. We consider now y
in the interval yo < y < y1. Let a be defined by

a=inf{b(y,s):yo—1<y <y, t<s<T},
and Z.(s) satisfy the stochastic equation
dZ.(s) = ads ++edW(s), Z.(t)=y.

Then Y.(s) > Z.(s) for t < s < 7, where 7 is the first exit time of Z.(s) from
the interval [yp — 1,y1]. We can easily estimate from below P (7 < T, Z.(7) = y1).
Combining this with (3.4) we see that the first inequality in (3.17) holds for
Yo <y <Y1.

We turn to the problem of estimating the derivatives in (3.17). Let y; € R
and 77 < T. We shall be interested in constructing the solution to the terminal-
boundary value problem

Aw ow & 0w
by, t)— + == =0, —np<y< . t<Ty,
s 5‘t+(y)8y+25‘y2 yi—n<y<wyr+n 1
' w(y, T1) = wo(y), yey—n v+,
w(yl - 77a5) = U}_(S), w(yl + 77’5) = w+(s)’ s < Tla

where 1 > 0 and the functions wy(+), w_(-) and w4 () are assumed to be continuous
on their domains. The solution to (3.18) can be represented in terms of the Dirchlet
Green’s function G(y,y’,t,T1) for the problem. Thus

y1+mn , , , T oG
w(y,t):/ Gy, y',t,Th) wo(y') dy +€/t dsw_(s) oy (Y, y1 — 5, 8)
Yyi—n

T
! oG
(3.19) - 5/ ds w4 (s) oy (y,y1 +n,t, ).
t

We shall show that the Green’s function may be constructed by perturbation
expansion provided ¢ < Ty lies in an interval ¢ € [Th — A, T1] where A and 7 satisfy
the inequalities

2

(3200 A<, A< ve
e

[sup {|b(y,8)] 1 —n<y<wi+n 1 —A<s<T}]*

for some v < 1 independent of b(-,-) and e.
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We construct the Green’s function by the standard method [7]. Thus let
Gp(y,y',t) be the Green’s function for the heat equation on the interval [—1,1]
with Dirichlet boundary conditions. The function Gp is given from the method of
images as an infinite series:

(*1)p(m) G(y - y;nvt)»

]2

(321) GD(y,y/,t) =
0

3
I

where y, = ¢y’ and y/,,, m > 1, are the multiple reflections of y’ in the boundaries
y = —1 and y = 1, with p(m) being the parity of the reflection, p(0) = 0. The
function G(y,t) is a Gaussian with mean 0 and variance t. We now set K (y,v',t, s)
to be

/
(3.22) lﬂ%yﬂt®=ﬂf4GD(y_yﬂy'_mads;w),
n n n
fory,y' € [yr —myn + ), t <s.
The Green’s function G(y,y’,t,T1) is formally given by an expansion in terms
of the function K. et L;, denote the operator on the left-hand side of (3.18),
so (3.18) is L yw = 0. Then

oo

G(yay/ataTl) = K(y y/ t Tl) - Z (yay/ataTl)a

Ty y1+n
(3.23) vn(y, v, t,Th) / ds/ dz K(y,z,t,8) gn (2,9, 5, Th),
: Yy
90(yay/>t,T1) = Et,y (yay ataTl)a

, B Ty y1+n ,
gn-‘rl(yay 7taT1) - ds dz ‘Ct,yK(y?Z’tas) 9n (Zay 757T1)'
t Y

1=
One easily obtains from (3.23) the estimate

n+1
bd%%tﬂﬂSC%&mﬂM%QMM—nSZ§m+n,tSSSE}

(Tl _ t)n/Q —1/2

(3.24) c(n+1)/2

Gly—vy,2e(Ty —t)), n=0,1,2...,

for some universal constant C, provided nn > +/e(Ty — t). It follows from (3.24) that
the series expansion (3.23) for the function G converges provided t € [Ty — A, T},
where A and 7 satisfy (3.20) for some sufficiently small universal v > 0. In that
case one has for the Green’s function the estimate

(3.25) Gy, y' t,Ty) <CG(y—vy,2e (Th — 1)),

for a universal constant C' > 0.
We can obtain estimates for the derivatives of G analogous to (3.25) by differ-
entiating the expansion (3.23) term by term. We first consider 0G(y,y’,t,T1)/0y’
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for t € [Ty — A,T1] and A and 7 satistying (3.20). We have from (3.23) that

C v

3.26 -~
( ) T1 —t eA

Gly—vy,2¢e(Ty — 1))

for some universal constant C'.

The integral representation in (3.23) for dvy(y,y’,t,T1)/0y’ gives rise to a non-
integrable singularity in the integration with respect to s, t < s < Ti, if we
use (3.26). We therefore need to use the fact that

gO(zay/asaTl) = b(Z,S) aK(Zay/>5>T1)/82

and integrate by parts with respect to z in the representation (3.23) for v (y, y', t, T1).
We conclude that

22 o] < (22" + (%) et viasm -

(3.27)

for some universal constant C', where A is the upper bound in (1.1) on the derivative
of b(+,-). We can use a similar method to obtain a bound on the derivative of g;.
Thus we have

091 v \1/2 v
3.28 £ ‘_{A(—) +7}CG 2 (T, —t
(328) |57 't Th) = AT (v—v'.2e(Thi—1)

for some universal constant C. Choosing A now to satisfy also A < /v/A we
conclude from (3.28) and the representation (3.23) for g, that

Ogn yit U2 — 2 -1 /
(3.29) o (vt Tl)‘ < NEINGE C"Gy—y,2¢(Th —t)),
for n = 1,2,..., where C' is a universal constant. The estimate (3.29) gives an

estimate on the derivatives of v,,, n > 1,
V(n+1)/2(T1 _ t)n/2
NEINGRVE
for a universal constant C. We conclude then from (3.27) and (3.30) that upon

choosing v > 0 sufficiently small in a universal way, the function G(y,y',t,T}) is
differentiable with respect to ¢y’ for t € [Ty — A, Ty] and

‘aG(y?y/ataTl) ‘ < C
ay/ E(Tl — t)

330) |52 wynT)| <

oy C"G(y -y, 2e(Ty —t)),

(3.31)

G(y - y/725 (Tl - t)),

for some universal constant C'. Hence the integral representation (3.19) is well
defined for A and 7 satisfying (3.20) and ¢ € [T} — A, Ty].

We can obtain estimates on other derivatives of G by a similar method. Observe
that from (3.24) we may conclude that G(y,y’,t,T1) is differentiable with respect
to y for t € [Ty — A, Ty] and

aG(yvy/,thl) ‘ < c
ay E(Tl — t)

(332) G(y - ylv 25 (Tl - t)),
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for some universal constant C. To obtain an estimate on 9°G(y, ', t,T1)/0y?* we
must first obtain estimates on dg,(y,y’,t,T1)/0y. Evidently we have that

A n N
(Tl - t) (T1 — t)\/E_A

0
(333) ﬂ (y’y/ataTl)‘ S |: E

9y }C’G(y—y',Zs(Tl—t))

for some universal constant C'. To estimate d¢1(y, ', t, T1)/0y we write the integral
representation (3.23) as an integral over ¢ < s < (T7 + t)/2 plus an integral
over (Th +1t)/2 < s < Ty. Since the integral over (T} +1)/2 < s < T can be
estimated using (3.24) we concentrate on the integral over ¢t < s < (T1 + t)/2.
Now the kernel £, ,K (y, z,t, s) which appears in the integral representation (3.23)
for g1 is a sum of terms generated by the boundary reflections which occur in the
representation (3.21) for Gp. We consider the principle term in this series, which
makes a contribution to the representation for g, given by

(Th+t)/2 y1+n o
f(yvy/7t7T1) :/ dS/ de(y’t)_G(yf’%E(S*t)) 9o (Zvylvsle)
t Y

1—n ay
(Tv+t)/2 y1+m 890
(3.34) = / ds/ dzb(y,t) Gy — z,e(s — 1) = (2,9, s, T1)
t y1—=1 0z

(T1+1)/2
+/ dsb(y,t) G(y —y1 +n.e(s — 1)) go (y1 — n,', 5, Th)
t

(Ty+t)/2
- / dsb(y,t) Gy —y1 —m,e(s — 1)) go (y1 + 0,9, 5, T1).
t

Denoting the first integral on the right-hand side of (3.34) by I (y) we see
from (3.33) that I (y) is differentiable with respect to y and

dl, A(Ty —t) + v (Ty — )12
@(y)‘ < NN

A NG /
1 S —t)M}CG@—y»?e(n 1),

(3.35)

for some universal constant C. Let I5(y) denote the second integral on the right-
hand side of (3.34). Using the fact that

9 2 00 —z/2
§ § / e/

d : - | = dz ——,
/0 s (58)3/2 exp [ 258:| £2/(eb) : 52’1/2

we see that I (y) is differentiable with respect to y and

(3.36) ’dlzl(jy)‘ < (5%)1/2 {A+ {m}m} CGy—y, 2e(Ty — 1),

for some universal constant C. We get an estimate similar to (3.36) for the third
integral on the right-hand side of (3.34). It is clear that the higher terms in the
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series (3.21) for L;, K(y, z,t,s) make smaller contributions to dg;/0y than the
right-hand sides of (3.35) and (3.36). We conclude that

’%_?(y’yl’thl)'

(3.37) < (Tlg_t)l/2 A+ {m}mrca(y L2 (T - 1),

for some universal constant C. Using the representation (3.23) for g,41 we can
now see by induction that, for n > 0,

’ Oag; (yay/ataTl)’
(3.38) < W [A n {m}mrﬂcn Gy—y,2e(Ty — 1)),

for some universal constant C. We can use (3.24) and (3.38) to estimate the second
derivative of the function vy, (y, v, t,T1) in (3.23) with respect to y. Thus we have,
forn >0,

vy,
8;2 (yvylvt’Tl)‘
(Tl—t)” v 1/2 9n+1 " ,

for some universal constant C. We conclude then from (3.39) that G(y,y’, ¢, T1) is
twice differentiable with respect to y for ¢ € [Ty — A, T1] and

82G(yay/ataT1)’ C
Dy = (T —1b)

(3.40) | Gly—y.2¢(Ty 1))
for some universal constant C'.

Next we wish to estimate 902G (y, ', t, T1)/0ydy’. We can easily obtain this from
the representation (3.23) for v, and (3.29). Thus from (3.29) we can estimate
v, (y,y' t, T1)/Oydy’ for n > 1. We need to integrate by parts to estimate
0vo(y,y',t, T1)/Oydy’ just as was the case for the estimate (3.27). We conclude
that

82G(y7y/7t7T1) < C
dyoy' T e(l—-t)

(3.41) Gly—vy,2¢e(Ty — 1))

for some universal constant C, provided ¢ € [T; — A,T;]. Finally we need to
estimate the derivative 903G (y,y',t,T1)/0*y0y’. To do this we must first obtain
estimates on 92g,(y,y',t,T1)/0y0dy’. Evidently we have that

ang(y,y/,thl) < 1 v

(342) 8y6y’ € (Tl—t) |:A+ { A(Tl—t

)}1/2}CG(yy',2g(T1t)),



606 J.G. CONLON AND M. GUHA

for some universal constant C. To estimate 9%g;(y,v,t,T1)/0ydy’ we write the
integral representation (3.23) for g; as an integral over ¢ < s < (11 + t)/2 plus
an integral over (11 +t)/2 < s < Tj. The second integral cannot be bounded
by using (3.26) so we need to resort to integration by parts as we did for the
estimate (3.27). To bound the contribution to g; from the integral over ¢t < s <
(Th +t)/2 we use the representation (3.34). We conclude that

g1
oyoy’

for some universal constant C. Now by induction we see from the representa-
tion (3.23) for g, that, for n > 0,

(3.43) v/t 10| < 2[4+ { 5o )}1/2]20G(yy’,2e(11 1),

AT, —t

0?9, ,
‘8ygy,(yay 7taT1)‘
(Tl—t)n71 v 1/29n+1 . ,
(3.44) < - [A+{A(T17t)} } C" Gy -y, 2e(Ty — 1)),

for some universal constant C'. Similarly to how we obtained (3.39) from (3.38) we
conclude from (3.44) that, for n > 0,

0°vy,
oy20y’ (yvy/’thl)‘
(T -t~ 12 v MR, /
(345) < [A+{A(T1_t)} } C" Gy -y, 2e(Ty — 1)),

for some universal constant C'. We conclude then from (3.45) that provided ¢ €
[T1 — A, T3], there is a universal constant C' such that

P*G(y,y' t,Th) ‘
Oy20y’ = [e(Ty —1)]3/?

We use the estimates (3.32), (3.40), (3.41), and (3.46) to obtain bounds on the
derivatives in (3.17). In (3.19) we set w(y,t) = 1 —u(z,y,t), where the boundary
functions wp,w_ and w4 are all bounded by 1. Then we estimate the derivatives
of uc(x,y,t) with respect to y by setting y = y; and estimating dw(y,t)/dy and
0?w(y,t)/0%y at y = y; using the Green’s functions estimates. It is clear then that
by choosing A to be given by its maximum value in (3.20) that we get an estimate

(3'47) |8u6(‘r? Y, 5)/8y| + |82u8(m7 Y, 5)/ay2| < 0(5, Y0, Yoo, t)

for (y,s) in any rectangle yo < ¥ < Yoo, t < s < T — 4. Our final task is to show
that the constant C(d, yo, Yoo, t) can be chosen independently of Yoo as Yoo — 00.
To see this we use the fact that the boundary functions wg,w_ and w4 converge
to 0 as y; — o0.

Let Yz(s) for t < s < T, be the solution of the stochastic equation (1.5) with
Y.(t) =y, where y > x. We need to estimate P(Y.(T) < z | Y(t) = y) as y — oc.
To do this we let Z.(s) be the solution to the equation

(3.48) dZ.(s) = [— A Z(s) + b(x,s)| ds+edW(s), s>t Z(t)=y—u,

(3.46) Gy —y',2¢e(Ty —t)).
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where A is the upper bound in (1.1) for the derivative of b(-,-). Then Y:(s) >
Z:(s) +a for t <s <7, where 7 > ¢ is the first hitting time at 0 for the diffusion
Z(s) with Z.(t) = y — x. The solution to (3.48) is given by

(3.49)  Z.(s) = (y — x)e ALY —|—/ e A= b (2,8 ds' + E(s), s>t
t

where & (s) satisfies the stochastic integral equation

S
(3.50) £(s)= —A / () ds' + VEW(s), s>t
t
Applying Gronwall’s inequality to (3.50) we have that
(3.51) sup [&(s)| < TV VE sup [W(s)].
t<s<T t<s<T

We can estimate the probability that inf;< <7 Z.(s) < 0 by using the inequality

2

(3.52) P(t;lgT [W(s)| > a) < {%} 1/2 exp [f ﬁ}

Let us assume that the second term on the right-hand side of (3.49) is smaller
in absolute value than half the first term for ¢ < s < T. This can evidently be
accomplished by choosing y — x sufficiently large. Then from (3.51) and (3.52) we
conclude that

P( inf Zg(s)<0)

t<s<T

8(T — t)} 1/2 2, /fe 2A(T—1) (y — x)? e—4A(T—t)} )

(3.53) < { -z P {_ 8e (T —t)

™

Using the inequality

PYAT) <z | Ya(t) = y) < P( inf_ Z.(s) < o),

t<s<

we obtain from (3.53) bounds on the boundary functions wp, w_ and w4 in (3.19).
Evidently these decay exponentially in y; as y; — 0o, whereas it follows from (3.20)
and the Lipschitz condition (1.1) on b(-,-) that we may take A ~ 1/y? as y; — oo.
We conclude that (3.47) holds uniformly as y., — oc. O

Lemma 3.5. Suppose b(-,-) satisfies (1.1). Then for x,y € R, t < T, ande < 1
the inequality

(354) qs(x7y7t) > Q(xvy,t) - C(m,y,t,T)\/E

holds, where q(x,y,t) is given by (1.10) and C(z,y,t,T) is a constant independent
of €.
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Proof. Suppose yg < x and y > yo. Then by Lemma 3.4 we have the representation

2

(T—-6)AT
65 aGud) =Bz [ D)9 - b0 ds

+a: (2,5 (T = 8) A7), (T =) A7) | welt) = ).
Here A\ (y, s) is given by the formula
(3.56) Ae(y,s) =b(y,s) — 0q:(x,y,5)/0y, yeR, s<T.

By Lemma 3.4 the function A:(y, s) is uniformly Lipschitz in y for y > yo and
t < s <T-—94. Hence (1.14) has a unique solution y.(s) for t < s < (T — ) A T,
where 7 is the first hitting time at yq.

We consider a random path y.(s) for t < s < T — ¢, for which 7 > T — 4,
and associate with it a classical path y. .(s) for t < s < T. To do this let k& be
defined by

T—§
(3.57) k = max [:E —d—y— / Ae (Ye(s), s) ds, O]
t
Then y. .(s) for t <s < T is the solution to the initial value problem
d £,C
eelS) _ 3 (yo(s),5) + /(T —t—3), t<s<T—6
ds
(3.58) dye o(5)
%T; =2 b(2,8) +b(yee(s),s), T—06<s<T, yeolt) =y.

Since from (3.57) one has that y. (T — 0) > « — ¢, it follows that y. .(T) > «
provided ¢ is sufficiently small. Hence from (1.10) we conclude that

1 [T rdye..(s) 2
. a —_— = €,c ’ 2 v Iy Y
(3.59) 5 | [T bl 0)] ds = gt
From (1.14) and (3.58) we see that
k(s—1)

(3.60) Ye,o(8) —ye(s) = T—1-0) +Ve [W(s)—W(@)], t<s<T-4.

We may also rewrite the parameter k in (3.57) as
(3.61) k=max [z — 6 — y(T — &) + e [W(T — ) — W(t)], 0].

Observe now that

%/ " Delwe(6)9) b9, 9
(3.62) > % /t<T6> { dygd’iz(s) B b(yw(s)vs)rds
- /t(T_6) ‘dyiTCS(S) — b(Ye,c(s), s)‘

|0 (Yerc(s), 8) = b(ye(s), 8) — k/(T — t = 5)| ds.
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Evidently from (3.59) the first term on the right-hand side of (3.62) is bounded
below by ¢(x,y,t) — C§ for some constant C. Using (3.61) and Lemma 3.1 we may
bound the second term on the right-hand side of (3.62). First observe that this
second term is bounded in absolute value by

n

(T'=96)
3039 3 [ ello)s) b (s).0)) ds

2

(T—6)
+[1+2177}/ [0 (yz.c(5),8) = b (y=(s), 8) — k/(T —t = 8)] " ds,

for any n > 0. From (3.60) and the Lipschitz condition (1.1) on b(-,-), the second
term in (3.63) is bounded from above as

2

(T—6)
[ 1) 9= buels).) ~ /T 1= 8)) s

T—6
(3.64) <Oy 5/ W (s) — W) ds+ Co k2,

where the constants C; and Cy depend only on T — ¢, assuming 6 < (T — t)/2.
Hence from (3.61), (3.63), and (3.64) we conclude that the second term on the
right-hand side of (3.62) is bounded by

(T'-9) (T-9) 5
Bo5) 3 [ P9 b Pds+ S5 [ W - W) as

B n Ji
+ CT—jE[W(T—é) — W) + %{max (o =0 — (T = 9), 0]},

for any 1, 0 < n < 1, and constants Cy,C5, and C5 depending only on 7' — ¢. It
follows then on taking 7 ~ d in (3.65) and using Lemma 3.1 that

(T—3)
0 (oM =0.T=0) +5 [ Pelwe)5) = b (o). )] ds
ng (T—-9)

(3.66) = qla,y,t) — Crd — = t [W(s) — W ()] ds + O(c)

) (T-9) ,
N % [W(T —8) —W(t)]” — Cud /t [\ (y=(5), 8) — b (y=(5), 5)] > ds,

for constants Cy, Cy, Cs, and Cy depending only on T — t.

To conclude the proof we take the expectation of (3.66) on a set of paths
ye(s), t < s < T =4, for which 7 > T — 4. To find a suitable set of paths
note that dg.(z,y,s)/0y < 0 for y € R and s < T, whence (3.56) implies that
Ae(y,8) > b(y,s), y € R,s <T. Thus ye(s) > Yo(s) for t <s <T — 6, where Y.(s)
is the solution to (1.5) with Y;(¢) = y. We have already estimated the fluctuation
of Yo(s) for t < s < T, from y by (3.4). We therefore conclude that for given y we
may choose yp < y such that

(3.67) sup |W(s)—W(t)| <1/ye implies 7>T —3.
t<s<T
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The inequality (3.54) follows now upon taking 6 = /¢ in (3.66) and taking the
expectation on the paths for which (3.67) holds. O

Proof of Theorem 1.1. Evidently (1.12) follows from Lemmas 3.3 and 3.5. O

4. The optimally controlled process

In Lemma 3.5 we already used the optimally controlled process y.(s) of (1.14)
with controller (1.16) to obtain a lower bound on ¢.(z,y,t). The main goal of this
section is to prove that liminf,_,7 y.(s) > x with probability 1. To do this we
need to prove some short time asymptotic results for the cost function g (z,y,t).

Lemma 4.1. Suppose that 0 < T —t < § < e < 1. Then the function q-(x,y,t)
satisfies the inequalities

0 < qe(x,y,t) < Ce+ (x —y)* /(T —t)
—i—C(m,é){(y—m)Q—i—|y—x|+\/£(T—t)}, y <,
0 < ge(z,y,t) < Ceexp|— (v —y)*/2e (T —t)]

—i—C(m,é){(y—m)z—i—|y—x|+\/£(T—t)}, y >,

where C is a universal constant and C(z, ) depends only on x and 6. The function
0q-(x,y,t)/0y satisfies the inequality

(4.1)

(4.2) _%q; (r.9.1) > (522 exp [~ €, 0){ (7 — 1) Hos(T — 1)
+ (T =0/ + (y— )/ + ly - al/e} ],

for a constant C(x, ) depending only on x and d.

Proof. We apply the Schwarz inequality to the PDE (1.8) for ¢ (z,y,t). Thus for
any o > 0,

0q.
ot

+% [b(y,t)—b(x,1)]° > 0.

9g- 7}(17a)<8qg>2+§82q€

4.
(4.3) oy 2 Oy 2 0y?

+0b(x,t)

Setting v (y,t) = exp[—(1 — @)qe(z,y,t) /€], we see from (4.3) that

vy

e € vy _ (1-0)
T <
dy 2 0y? — 2ace

2
[b(y,6) = b (@,8)] " va,
provided o < 1. Tt follows now from (4.4) that v, is bounded below by
(45) valy,t) > B[ va(y+g(T) + VE W(T —¢),T)

~exp{ — /tT(l —a) [bly+ g(s) + Ve W(s—1),s) — b(m,s)]st/ZozEH,
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where W (-) is Brownian motion and g(-) is given by
s

(4.6) g(s):/ b(z,s')ds’, t<s<T.
¢

Observing that v, has terminal data v, (y,T) =0 for y < z, and v, (y,T) =1
for y > x, we conclude from (4.5) that

> 1 (y—2)?°
A7) et > / o T o s g e

where F'(y, z) is given by the formula

(4.8) F(y,2)=E [exp{ - /tT(1 —a) [b ([(T — Sy + (s—1)2] /(T — 1)
FVEW(s—t) = (s — )W(T — t)/(T — )] + g(s),s) - b(x,s)rds/ZozeH.

In (4.7) we have used the Brownian bridge representation for Brownian motion
conditioned at times ¢t and T'. Using Jensen’s inequality in (4.8) and the Lipschitz
bound (1.1) on b(-,-), we conclude that
A%(1 - a)

2ae

+g(s) +VE[W(s—1t) — (s — )W (T — £)/(T — t)] }2}

T
~log Fly,2) < | asE[{@-9u-a)+6-nE-a1/T-0

21— o) (T
(4.9) _ %/t ds {[(T — )y — 2) + (s~ )z — )] /(T ~ )+ g(s)}
2(1 — o T
Jr%a)/t ds (s —t)(T —s)/(T —t).

It follows now from (4.6) and (4.9) that for any ¢ > 0 there is a constant C(z, )
depending only on x and ¢ such that

A1 —a)

4.10) —logF <
(110) —logF(y,2) < 5 —

(= 2T =) + (y = 2)A(T 1)
+ Oz, 0)(T — )3 +e(T —t)?/6|, T —t<§.

We may combine (4.7) and (4.10) to obtain an upper bound on g (z,y,t). Thus
on using the inequality (2 — 2)? < 2(z — y)? + 2(y — x)? in (4.10), we conclude
from (4.7) that for T —t < 4,

1-a) {3 T 1) + O, 0)(T — 1)° += (T~ 1)*/6}]

LA *a> (T_ﬂ}}dza

. >~ - 2
/xyg(T) A /27TE(T—t) eXp|: z {2€(T*t) e

va(yat)zexp[ oz

(4.11)
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Let us recall the inequality
1 1 o 1
(4.12) —(1 - —2)6_“2/2 < / e Pdz < = e 2 a>0.
a a a a
We shall use it to show that there is a universal constant C' such that
o0 2 o0 2
(4.13) / e *2dz > exp[—nQ/Q—CnmaX{a, 1} / e /2dz, n>0,ack.
a+n a
To see this observe that, by Jensen’s inequality,
/ e*ZQ/zdzzexp[ff/an(Z)]/ e*ZQ/zdz,
a+n a

where Z is the standard normal variable conditioned on Z > a. Evidently if a < 2
then | (Z) | < C for some universal constant C;. If a > 2 we see from (4.12) that

IN

1\-t 4
<Z>§a(1—a—2) ga,
whence (4.13) holds for all a € R.
We shall apply the inequality (4.13) in (4.11) to obtain an upper bound on
ge(x,y,1t) in terms of the cumulative distribution function ® for the standard nor-
mal variable. Now the integral with respect to 2z’ on the right-hand side of (4.11)

is given by

1 (yfwﬂz(T)

(4.14) —
[1+4242(1 —a) (T — )] e(T—1)

[1+424%(1 — o) (T —t)] 1/2)

if we set « = T —t. We write the argument of ® in (4.14) as —[a + 5] with
= (z —y)//e (T —t) and apply (4.13). Thus for T —t < 6 < &, we obtain the
inequality

y—z+g(T) 2 1/2
@(W (142421 — a) (T — 1)] )

@15) 2 o( A ) exp [~ T a2y a1+ VT )],

e(T —1t)

for some constant C(z,d) depending only on x and ¢. If we combine (4.15)
with (4.11), taking o = T — ¢, we obtain for ¢. the upper bound

(4.16) g-(w,y,t) < —¢ log®([y — «]/\/ (T — 1))
+C(,0)|[(y—a)+ly—a|+Ve(T-t)], T—-t<s<e,
for a constant C(z,) depending only on z and 6. The inequality (4.1) follows

from (4.16) upon using (4.12). Note that (4.12) for y < z follows from (4.16) upon
using the fact that log a < a?/2 for a > 1.
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Next we turn to estimating dq.(z,y,t)/0y. To do this we consider the Green’s
function G(y,y’,t,T) of (1.4). It follows from (1.4) that

—Ouc(z,y,t)/0x = G (y,x,t,T).

If we differentiate (1.2) with respect to y and use the maximum principle, we
see also that

(4.17) Oue(z,y,t)/0y > e~ AT-Yg (y,x,t,T),
where A is the Lipschitz constant in (1.1). Since

78q€(x7y7t)/ay = [8u€(m’yvt)/ay]/UE(xvy,t) ’

we may obtain the lower bound (4.2) by finding a lower bound for G(y, x,t,T) and
a lower bound for g (z,y,t) which is complimentary to (4.16).

We turn to the problem of obtaining a lower bound for ¢.. Instead of (4.3) we
use the differential inequality

aqs aqg 1 aqs 2 e 82(]5 9
4.1 —_ (1 € _ B 90 <
(418) Zr b (1) 2(+@(@J 5 s [b.)—b(.1)"/20 <0,
for any a > 0. Setting v, (y,t) = exp[—(1+ a)g:(z,y, t)/c] we see from (4.18) that
- 1 (y — 2)?
419 « )t S _— _ N "7 F , d ,
oy /xg@wm“p[ 25(T7t)} (v, 2) dz

where F(y, z) is given by the formula

2ae

F@w)=E[wp{ATfﬂli31wUT—sXy—m+ws—ﬂu—mnﬂT—w

(120) 4 gs) +VE[W(s— 1) — (s - W@~ )/ - 1)) }].

The expectation in (4.20) cannot be evaluated exactly as was the case with (4.9),
but it may be estimated using the fact that one knows the probability density
function of sup,« W (s —t). Taking a =T — ¢ in (4.20), we see from this that,
for T —t<6,

2
(421)  logF(y,2) <

(2= @) + (y = ) + Clw,0) (T = 1) + £ (T - 1),

for a universal constant C' and a constant C(z, ¢) depending on only x and 4. Note
here that we require § < 1/A? for the expectation (4.20) to be finite. To obtain
the lower bound on g. we combine (4.21) and (4.19) with the inequality (4.13).
Since we are obtaining an upper bound on the function v, (y,t), we apply (4.13)

with a +n = (z —y)//e(T —t). Hence we get an inequality

(4.22) qe(w,y,t) > —¢ 10%‘1’(%)

—C’(m,é){(y—m)2+|y—m|+\/5(T—t)}, T-t<b<e,

complimentary to (4.16), for a constant C(x, ) depending only on x and 9.
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The lower bound for G(y, z, ¢, T) may be obtained in a similar way to the upper
bound on ¢.(z,y,t). Let 0 < A <T —t and 0 < a < 1. Then, just as in (4.5), we
have that

>~ 1
G ,m,t,Tl_az/
w ) o V2me (T —t—A)

(y —2)?
2¢ (T —t—A)

where Fa is as in (4.8) but with 7" replaced by T'— A. Observe that we cannot
take A — 0 on the right-hand side of (4.23) since the integrand would contain in
the limit d(z + g(T — A) — )17, which is identically zero. We shall choose A
so that 0 < A << T —t and a« = T — ¢, in a way that the function z — G(z +
g(T — A),z, T — A, T)' =% is approximately a Dirac delta function concentrated at
x—g(T = A).

It is evident that the right-hand side of (4.23) is decreased upon replacing G
by the corresponding Dirichlet Green’s function Gp for an interval centered at z.
As in Lemma 3.4 we choose this interval sufficiently small and A sufficiently small
so that Gp may be expanded in a perturbation series. The condition for this has
already been given in (3.20). Thus the Green’s function Gp(z,x, T — A, T) on the
interval x — n < z < x + n has a convergent perturbation expansion provided 7
and A satisfy the inequalities

(4.23)  -exp [f }FA(y,z) G(z+9(T - A),z,T — A,T)lfa dz,

ve
4.24 A<y, AN<—mF A<,

(4.24) B A+ C@op ©°

where A is the Lipschitz constant from (1.1) and C(z, ) is a constant depending
only on z and §. In this case there are universal constants C; and Cy such that

T+n
(4.25) / Gp(z,z,T — A, T)dz >1— Cyexp|[—n°/de A]
z=1

— Cy[An+C(z,0)](A/e)Y?, 0< A <.

Observe that if we take A = (T — t)% and n = (T — t)/€ then the right-hand
side of (4.25) is bounded below by 1 — C(z,d)(T —t) for 0 < T —t < § < &, where
C(z, ) depends only on x and §. Taking o =T — t we may see further that with
the same values for A and 7 the inequality

T+n
(4.26) / Gp(z, 2, T —AT)' " *dz >1—C(x,6) (T —t)|log(T —t)|,
z—1
0<T—t<d < e, holds for a constant C(x,d) depending only on = and 4. It
follows then from (4.10), (4.23), and (4.26) that

Gly,z,t,T) > —exp[foC(m §){(T —t) |log(T — 1|
T 2me (T —0) 2¢(T—1) ’
(4.27) +(y—m)2/5+|y—x|/5}}, 0<T—t<d<e¢,

for a constant C(x,0) depending only on x and 4.
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To obtain the lower bound (4.2) we combine (4.22) and (4.27) using (4.17).
The inequality (4.2) now follows from (4.12). O

Remark 4.2. There is a vast literature on short time asymptotics of solutions
to diffusive equations. See in particular the classical papers of Kannai [11], Mi-
nakshisundaram [17], Molchanov [18], and Varadhan [22].

Lemma 4.1 shows that for y < x and s < T with T — s small, the optimal
controller A\*(z, vy, s), given by (1.16) for the stochastic control problem (1.15), is
approximately A\*(z,y,s) = (¢ —y)/(T — s). This will enable us to show that
the solution y.(s) of the corresponding stochastic differential equation (1.14) sat-
isfies liminfs_,7 y-(s) > = with probability 1. First we show this for the linear
approximation which we have just established.

Lemma 4.3. Suppose p > 0 and € > 0, and that Z.(s), fort < s < T, is a
solution to the SDE

uZ()

(4.28) dZ.(s) = T

ds + /e dW (s),

with initial condition Z.(t) = z € R. Then lims_,7rZ.(s) = 0 with probability 1,
and if > 1/2 then iminf,_,7Z.(s)/v/T — s = —oo with probability 1.

Proof. The SDE (4.28) is explicitly solvable, whence we find

(4.29) Z(s) = (?7 #z—i—\/g/t (zjjij)#dW(s'), t<s<T.

Thus Z.(s) is a Gaussian variable with mean of order (T' — s)* as s — T. We
shall assume without loss of generality that ;1 > 1/2, in which case the variance of
Z(s) has order T — s as s — T'. Hence the standard deviation of Z,(s) dominates
the mean for s = 7. Forn=0,1,2,...,let s, =T — (T —t)/2", 80 t = s9 < $1 <
sg < -+ <T.Fort<s<T we consider the martingale M (s) defined by

M) = | (T -y aw(s),

which by Doob’s inequality satisfies

P M 2(2u—1)n
< .
(2, MOI> ) < e >0

It follows that

t<s<sn

Z ( sup |M(s)| > 2(“71/4)") < 0.

Hence, by the Borel-Cantelli lemma, limsup,_, (T — s)* |M(s)] = 0 with
probability 1. We conclude from (4.29) that lims_,7 Z.(s) = 0 with probability 1.
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We turn to showing that liminfs_ 7 Zg(s)/\/T — s = —oo with probability 1.
For a positive integer n we define variables Y,, by

Vi = (T — s0)" 2 [M(30) — M(sp-1)].

We may write the Z.(s,,) in terms of the Y}, as

T — 8, \ 1 "
(4.30) Ze(sy) = ( Tfl) VT —50) Y Y /2mme1D g
m=1

t

Evidently the Y,, n > 1, are independent and Gaussian with zero mean and
variance var(Y;) = [1 — 2'72#] /(2p — 1). By the Borel-Cantelli lemma, for any
K > 0one hasY,, < —K for infinitely many n, with probability 1. Thus if in (4.30)
we were to replace the sum over 1 < m < n by its dominant term m = n, we would
have shown that liminf,,_, Zg(s)/\/T — 8, = —oo with probability 1.

To take account of the sum in (4.30) we need to make a more elaborate argu-
ment. Denoting the sum in (4.30) by &, it is easy to see that

(4.31) bn = Yo+ &1 /2072 >,
where £, = 0. For £ € R and n > 1, we put
w(n) =Pl >a, 1<m<n|&=¢],

where the &, are defined by the recurrence (4.31). Setting § = 1/2(+=1/2) < 1 it
is easy to see that the u(§,n) satisfy the recurrence equation

(4.32) wu(&,n) = d¢ u ( nfl)exp[f(f’féf)z/Qaz], n>1,

=l

where we define u(£,0) = 1, ¢ € R, and 0% = [1 — 2'72#]/(2p — 1). If, for
z >0, 4(¢, z) is the Laplace transform of w(&, n),

o

W&, 2) = > ulgn)e ™, EER, 23>0,

n=0

then we see from (4.32) that

(4.33) a(&,2) = 1+ de' (€, z) exp [—(€'—6£)?/20°], E€R, z>0.

=

It follows from (4.33) that for n > 0,

(4.34) sup [ﬂ(f,z) 67775] <e "+ e Fsup [ﬁ(f, 2) 67"5] sup hy(§),
&>a &>a E>a

where h, () is given by the expression

hy(§) = \/ﬁ /OO d¢" exp [n(¢' — &) — (¢ —68)* /207].
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Evidently sup., hy(§) = 1if n = 0. We shall show that there is an 7 > 0 such
that supe., hy(§) < 1.

To see this we shall assume without loss of generality that a < 0 and 0 < n < 1.
We choose a to satisfy § < a < 1, and for £ > 0 consider the integral

/ :O de' exp [1(€ — &) — (¢ — 56)%/20%]

:aexp[—n(l—é)g] /Kooexp [770(:—(:2/2] d¢,

where K = [a — §]¢/0o. We have now that
= 2 2022 [ —¢%/2
/ exp[naCfC/Q}dC:e”"// e 2dc
K K—no
> 2
< exp [77202 +C(K —no)no] / e~ /2de,
K
where we have used (4.13) and assumed K —no > 1. Taking C' > 1 and choosing «

so that (1 —§) > C(a — 9), we conclude from the last two inequalities that there
exists & > 0 depending only on ¢ and «, such that

/ :O de' exp[n (€ — €) — (€ — 56)°/20%]

<exp[-ne{(1-9) - Cla-a)] [ € exp [~ (€ —5)%/20°)
provided & > &y. It follows easily that

(4.35) hy(§) <exp[—pné&], &>&, 0<n<l,

where p = min [(1 —6) — C(a — ), 1 — a]. One can also see that we may choose
n > 0 sufficiently small such that sup, ¢ ¢, hy(§) < 1. Combining this with (4.35),
we conclude that sup., hy(€) < 1 for sufficiently small n > 0. Now, on letting
z — 0 in (4.34), we see that

Z P(§m>a, 1§m§n|§0:§)<oo.
n=1

Hence, by the Borel-Cantelli lemma, liminf,, . &, < a with probability 1. Now
(4.30) implies that liminf,, Zs(sn)/\/T — 8, = —oo with probability 1. O

Theorem 4.4. Let A\:(-,-) be the optimal controller defined by (3.56). Then the
SDE (1.14) has a unique strong solution y(s) fort < s < T, with initial condition
Ye(t) = y. Furthermore liminf,_,1 y-(s) > = with probability 1.

Proof. To show the existence and uniqueness of a solution to (1.14) we argue as
in Lemma 3.5. Thus for yo < y let 7(yo) = inf{s >t :5 < T, y.(s) = yo}. Since
Ae(y's) > b(y, s) fory’ € Rand s < T, it follows that lim,,_,_ P(7(yo) < T') = 0.
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Hence by the Lipschitz property of A.(y',s) for v/ > yo and t < s < T — 6, we
obtain for any § > 0 a unique strong solution to (1.14) up to time T' — 4. Letting
0 — 0 we get existence and uniqueness in the interval ¢t < s < T.

To show that liminf, .7 y-(s) > x we consider for yo < y and t < s < T,
solutions y.(s) of (1.14) with y.(t) = y such that 7(yo) = 7. From (4.2) and the
fact that b(-, s) is uniformly Lipschitz for ¢t < s < T, we see that there exists sg
with ¢t < so < T, and pg > 0, such that such that

(4.36)  dy.(s) > (b(:c, s) + M?iiw> ds +EdW(s), so <s<T,

on paths y.(-) for which 7(yo) = T. It follows then from (4.36) and Lemma 4.3
that on paths y.(-) for which 7(yo) = T one has in fact liminf, 7 y.(s) > « with
probability 1. Letting yo — —oo, we conclude that liminf, 7 y.(s) > x with
probability 1 on all paths y.(-) for which y.(t) = y.

Next, for n > 0 and so < T, let Uy 5, = {ya() cY(t) =y, ye(s) >z —m, sp <
s < T}. If p and T — sy are sufficiently small it follows from (4.2) that we
can take po > 1/2 for a path y.(-) € U, s,. Hence by Lemma 4.3 we have that
limsup,_, 1 [ye(s)— ] /V/T — s = 400 with probability 1 for all paths y=(+) € Un so-
Since limg, 7 P(Uy,s,) = 1, we conclude that limsup,_,p [y=(s) — 2] /VT —s =
~+o0 with probability 1 on all solutions to (1.14) with y.(t) = y.

For K > 0 we define a stopping time 75 by

TK:inf{sZt:s<T, yg(s)f:c:K\/Tfs}.

We have just shown that P(rx < T) = 1. Consider now a solution y.(s) to (1. 4)
for s < s < T, with initial condition y.(s1) = y1. Now y.(s) > Y.(s) for
s1 < s < T, where Y.(s) is the solution to (1.5) with Y.(s;) = y1. From (3.4)
we conclude that

(437) i p(s)2;m-C swp | / (1, ') ds' + VE [W(s) ~ W(s1)] |

s1<s<T sl<s<T

for some constant C'. We take now s1 >t and y; = + Kv/T — s1 in (4.37). It is
clear that there is a constant Ky > 0 such that, for K > K,

(4.38) P( inf _y.(s) < )gP(\/E sup |W(s)7W(sl)|>K\/Tfsl/2)

s1<s<T 51<s<T
<4e/K*.

Taking s; = 7k in (4.38) we conclude that, for K > K, one has
P(liminf ye(s) < x) < 45/K2.
s—T

Letting K — oo yields the result. O
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Corollary 4.5. Let A\.(-,-) be the optimal controller defined by (3.56), and let
ye(8) be the corresponding solution to (1.14) with initial condition y-(t) =y. Then
one has

(4.39) lim ¢.(z,y.(T —6),T — ) =0 with probability 1.
6—0

Proof. We use the second inequality of (4.1) to obtain an estimate on g (z,y, T —9)
when y > x. Since g. (J:, T — ) is a positive decreasing function we have that

Y
%} + OOV, z<y<azt(ed)VY
qa(may?T_(s) < 01(56)1/4a y>m+(<€5)1/4,

_5 < _
(4.40) ge(z,y, T —0) < Ce exp{

for some constants C' and C;. Now (4.39) follows from (4.40) and Theorem 4.4. O

5. Proof of Theorem 1.2

The problem of estimating dq.(z,y,t)/0y is closely related to the problem of es-
timating certain conditional probabilities. For 0 < § < T'/2 we shall consider the
conditional probability P(Yz(T —6) € U | Yz(0) =y, Yo(T) = 0), where Yz(s), de-
fined for 0 < s < T, satisfies the SDE (1.5) and U is an arbitrary open set. In the
linear approximation b(y, s) = A(s)y the variable YZ(T') conditioned on Yz (0) =y
is Gaussian with mean A(T)y and variance e0?(T), where A(T) and o*(T) are
given by the formulas

(5.1) A(T)—exp[/OTA(s)ds], UZ(T)—/OTeXp[Q/STA(s’)ds'} ds.

The variable Y.(T — §) conditioned on Y-(0) =y, Y-(T) = 0, is also Gaussian
with mean and variance given by the formulas
(5.2)

BIYAT = 9)[¥(0) =, Vo) =0] =258y [ oxp[2 [ s av'as,

Var[Yo(T —6) | Yz(0) =y, Yo(T) = 0] :%/T_éexp {2/ A(s’)ds’}ds.

The mean in (5.2) is equal t0 Ymin(T — 0), where ymin(s), defined for 0 <
s < T, is the unique minimizer for the functional F[y(-)] of (2.8) conditioned on
y(0) = y and y(T') = 0. One sees easily from (5.2) that there are positive universal
constants C1 and Cy such that

CQ(Sy 016y
(5.3) S EYAT = 6) [ Y(0) =y, Yo(T) = 0] < =,

Cied < Var [Yo(T —0) | Y2(0) =y, Yo(T) = 0] < Coc,
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for y < 0 provided 0 < § < T/2 and AT < 1. It follows from (5.3) that there are
positive universal constants Cs, s, Cy, and 74 such that

(5.4)
PV -8) < B | v0) = 5. v1) = 0) < exp [ - BOL] <1 /o8,
P(vr =) > L0 | v0) = 5 v1) = 0) < exp [ - BOL] <1 /o8,

provided 0 < § < T/2 and AT < 1.

Evidently (5.4) proves Theorem 1.2 in the case of b(y, -) linear in y € R. There-
fore we need to show that (5.4) continues to hold for nonlinear b(-, -) satisfying (1.1)
and b(0,-) = 0. Towards this goal we first observe that in the linear case there are
positive universal constants Cs, s, Cy, and ~y4 such that if Finin = F[Ymin(+)] then

«7:[19()] — Fumin = 73 6y2/T2 if y(T — (5) < (3 (Sy/T’
Fly()] = Fmin = 7209 /T? it y (T —06) > Cydy/T,

(5.5)

provided 0 < 6 < T/2, AT < 1, and y < 0. For nonlinear b(-,-) there is not
necessarily a unique minimizer of the functional F[y(-)] subject to y(0) =y < 0
and y(T') = 0. Nevertheless, if Fiin denotes now the minimum of F[y(-)] then (5.5)
continues to hold.

Lemma 5.1. Let b(-,-) satisfy (1.1) and b(0,-) = 0. Assume further that y < 0,
d < T/2, and AT < 1, and that Fmin s the minimum of the functional Fly(-)]
of (2.8) subject to y(0) = y and y(T') = 0. Then (5.5) holds for some positive
universal constants Cs,~vs, Cy, and 4, on any path y(s), defined for 0 < s < T,
satisfying y(0) =y and y(T) = 0.

Proof. We first show that there are positive universal constants C; and Cs such
that

(5.6) C19? /T < Froin < Coy®/T.

The upper bound in (5.6) can be obtained by estimating F[y(-)] for the linear path
y(s) = (T — s)y/T, defined for 0 < s < T. To get the lower bound we consider a
path y(s), defined for 0 < s < T, satisfying y(0) = y and y(T") = 0, and write

Y= b(u(),9) + (5) = Als)u(s) + 1 (9)

where |A(s)] < A for 0 < s < T. Evidently we see from (5.7) that

(5.7)

y=y(0) = — /OT esp| - /0 A(s') ds'] £ (s) ds.

Since AT < 1 we conclude that

wi<e [ il <evT [ [ iera]”

whence we obtain the lower bound in (5.6) with C; = 1/2¢2.
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To prove the first inequality in (5.5) we consider for A > 1 a path y(s), defined
for 0 < s < T, satisfying y»(0) = y, yx(T) = 0, and y\(T — ) = Noy/T. We
derive a second path y} from y\ by setting y3(s) = 0 for T — 6 < s < T, and
yi(s) = ya(s) — sAoy/T(T —¢) for 0 < s < T — 6. Thus yi(-) is continuous and
y3(0) = y and y3(T') = 0, whence we must have F[y3(-)] > Fmin. We also have
that

T—0 *(g 2
(5.8) Flyr()] :%/0 [dygi ) +T(AT6_3’5) = b (y3(s) + s ASY/T(T = 8),5)| "ds

+ % /TT_6 [% — b(yA(s),s)rds.

Arguing as we did to get the lower bound in (5.6) we see that

1 [T rdya(s) 2 A26 2
. = — > — .
(5:9) 2 /T,(; [ ds b(yA(S)’S)} ds = 5 s

The first term on the right-hand side of (5.8) is bounded below by

2ASlyl [T | dys(s)
1 £()] = 220 ‘ GNE) gy d
E10)  FRO) - gt [ [T b0 s
where we have used the fact that AT < 1. It follows then from (5.9) and (5.10)
that

2260 |y . A26 42
C V2N e

(5.11) Fln O] 2 Flin O] = ———5 26272

Observe now from (5.6), (5.8), and (5.9) that there is a universal constant
Cs such that if A\6/T > Cs then Flyx(-)] — Fmin > A\26y?/2e2T?. Suppose now
that \0/T < Cs. If Flyi()] > [2C2 + 64C2]y?/T it follows from (5.11) that
Flyr()] = Fmin > A26y%/2€2T2. On the other hand if Fy}(-)] < [2C2+64C3]y? /T
we see again from (5.11) that Flyx(-)] — Fmin > A20y%/4e*T? if X > \g > 1 for
some universal A\g. We have proven the first inequality of (5.5).

We turn to the proof of the second inequality in (5.5). Let y1 () be a trajectory
satisfying y1(0) = y and y1(T) = 0, and set 7 = inf{s > 0 : y1(s) = 0}. Suppose
now that 7 < T — 4. From (5.6) one has that Fly;(-)] > C1y?/7, and so the second
inequality of (5.5) follows if 7 < C1T/2C5. We assume therefore that C17/2C5 <
7 < T — 9. Let Ymin(-) be a minimizing path for the functional Fy(-)] subject to
the conditions y(0) = y and y(s) = 0 for 7 < s < T. Then Fly1(-)] = F[Ymin(-)]-
From (2.14) we see that there are positive universal constants C3 and Cy such that

Cslyl _ dymin(s) Caly|
12 < - min ) S G S S .
(5.12) T = Is b (Ymin($), $) T 0<s<r

Since AT < 1 we conclude from (5.12) that

(5.13) eCy(t = 8)Y/T < Ymin(s) < C3(t —s)y/eT, 0<s<T
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It is clear that there is a positive universal constant ¢ such that for 0 < ¢ < gq
we may define a path y.() as follows: y-(s) = Ymin(s) for 0 < s < 7 — &4, and
Ye(8) = (T — 8)Ymin(T — €0)/(T — 7 + &6) for 7 —ed < s < T. Since y.(-) is
continuous, y:(0) = y and y.(T') = 0, we have that Fly-(-)] > Fmin. From (5.12)
and (5.13) we also have that

(5.14) Flymin()] = Flye()] > €6 C2¢?/2T? — 2C325y*/2 (1 + ) T? ,

where we have used the fact that 7 < T — §. Evidently the second inequality
of (5.5) follows from (5.14) by choosing ¢ = min[1, C3/2eCy]?.

To complete the proof of the second inequality of (5.5) we need to consider the
case T — 6 <7 < T. It is evident that if Coy/T < y1(T — §) < 0 for sufficiently
small universal C' > 0 we may repeat the argument of the previous paragraph.
Hence the result follows in all cases. O

We begin the proof of (5.4) by sharpening the estimate (4.27) on the Green’s
function G(y, z,t,T) defined by (1.4).

Lemma 5.2. Suppose b(-,-) satisfies (1.1) and, in addition, b(0,-) = 0. Then there
are universal positive constants C and 6 such that the Green’s function G defined
by (1.4) satisfies the inequalities

1 —y2
1 T) < AT
(5.15) G(y.0,0,T) < Tﬂexp[m( oA ¢ B
1 —y*(1+ CAT)
. > _
(5.16) G,0.0.T) > ——— ex { ST CAT},

provided AT < 6.

Proof. We shall first prove (5.16). Suppose that we have shown that

,yQ
L {1+ CA(T—t)} — C’A(Tft)} ,

1
V2me (T—t) eXp{ZS(

for T —t = T/2V, where N is some integer N > 1. We shall show that for a
sufficiently large universal constant C' > 0, (5.17) also holds for T'—t = T/2N~1,
The inequality (5.16) will then follow by induction if we can prove (5.17) holds as
T—-t—0.

Defining ty by T —ty = T/2Y, N € N, we see in a similar way to how we
derived (4.23) that

(6.17) G(y,0,t,T) =

G(y,o, thl, T)lia

(y —2)*

% 1
> ——— e[
) /_OO\/QWET/2N P72z

where Fi(y, z) is given by the formula,

(5.18 | Pty 2) Gz, 0,00, 7)1,

A’21—a) T A%2(1—a) T?
QQ—N(gfﬁ—zy#—zQ)—Q }

519)  Fn(y,z) = {— -
(5.19) N (Y, 2) = exp B 22N

6ae
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Assuming now that we may bound G(z,0,ty,T) according to (5.17), then the
right-hand side of (5.18) becomes a Gaussian integral which we can evaluate. Tak-
ing « = AT/2N in (5.18) and Cy to be the constant C' in (5.17) when t = ty, we
see that it is possible to take Cy_1 = 5Cn/8 + 2 provided N > 1 and § < 1. We
conclude therefore that

o =B @) e we

The inequality (5.16) follows from (5.20) if we can show that

lim 5VCy /8N = 0.
N —o00
We can do this by the same method we used to derive (4.27).
We shall show that the inequality (5.16) holds with a constant C' = C(AT)
which can diverge as T'— 0, but in a mild, in fact logarithmic, way. As in (4.23)
we write

(5.21)  G(y,0,0,T)

> /77 ; exp [— M Fy(y,z)Gp (z 0,7 - A T)l_adz

= L /727T5(T7A) QE(T*A) ) M s Uy ) )
where G p ;, is the Dirichlet Green’s function for the equation (1.2) on the interval
[-n,n]. The function Fp is given by the formula (5.19) when N = 0, and we take
o= AT. As in Lemma 3.4 we use perturbation theory to estimate Gp ,. In order
for the perturbation expansion to converge we need that

(5.22) n=KVeA, (An)?A=ve,

where K >> 1 and v << 1. In this case the lower bound
2

\/271? o {5x f ~CreT

2
_ 1/2 =
Calp) ' exp {5 xf]s <

holds, where C; is a universal constant, p > 0 can be arbitrary, and Ca(p) is a
constant depending only on p. We shall substitute the right-hand side of (5.23)
into (5.21), choosing A/T, K, and v to be powers of AT, in order to obtain a lower
bound as in (5.16).

Consider the situation when we approximate G'p, by the first term on the
right-hand side of (5.23). From (5.21) we have that

(523) GD,n(Zvo,Ti A,T) 2

(5.24)  G(y,0,0,T)' > > lzi&fn{exp [f %} Fo(y,z)}

1 K —
—/ GDm(Z,O,T—A,T)l “dz.
2me (T —A) Jy
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Observe now that

" 2(1 1/(1-a)
{ 1 / 1 _ exp [7 z2(1 a)}dz}
[2me (T — A) 7n(27r5A)(1 @)/2 2¢e A

(5.25) > \/% [1- e_K2/4] exp [ — CkoAT |log(AT)|],

for some universal constant C, provided we choose A/T = (AT)* with ko > 1
and AT < 1/2. From (5.25) it is clear that it is sufficient to choose K = (AT)~*1
for any k; > 0, whence (5.22) implies that v'/2 = (AT)ko+1=k1_If we now use the
inequality

20 yl/e T < (AT)*/27M [y e T +1],

and choose kg > 2k; + 2, we conclude from (5.24) and (5.25) that (5.16) holds
with C' = C’|log(AT)| for some universal constant C’. We may easily extend this
argument to apply to the actual lower bound (5.23) on G p ,, by using the inequality

(5.26) max[a — b,0]'"* > (a —b), a,b>0, a< 1.

Returning now to (5.20), it follows that we may take Cnx = O(N), and so we
conclude that limy_,o 5V Cx /8" = 0. We have therefore shown that (5.16) holds
for some universal constant C' > 0 provided AT < d where § is also universal.

To prove (5.15) we use a method similar to that used in the proof of the lower
bound. Suppose we have shown that

1 —y?
Vre @ P [2 e(T—t)[1 + CA(T—1)]

for T —t = T/2N where N is some integer N > 1. We shall show that for a
sufficiently large universal constant C' > 0, the inequality (5.27) also holds for
T —t=T/2N~1. Analogously to (5.18) the inequality

(5.27) G(y,0,t,T) <

+ C’A(Tft)},

G(y,0,ty_1,T) e

N2
M} Fy(y,2) G(2,0,t5.T) " dz

oo 1
<[ ——=ew]-
_/_00\/2775T/2N PL™ 2e1/N

holds, where Fi(y, z) is given by (4.20) with ¢ =0, x =0, and ¢t = ty_1, and T
is replaced by ty. Using the fact that one knows the probability density function
of sup,c ;<7 W(s —t) we see that Fy(y, 2) is bounded above by

(5.28)

A%(1 T
(629  Fy.2) <exp{TUED Loy o)

0 ( +a) }
3ace

a 922N
for a universal constant Ko > 0, where we are assuming o = AT/2N < § and §

is a sufficiently small universal constant. Letting Cy be the constant C' in (5.27)
when ¢t = ¢y, we see from (5.28) and (5.29) that it is possible to take Cn_1 =
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2Cn/3+ Ko+ 4, N > 1, provided AT < ¢ and ¢ is sufficiently small. Arguing as
before, in order to complete the proof of (5.15) we need to show that

lim 2NCy/3Y = 0.
N—o0

To do this we show that (5.15) holds with a constant C' = C'(AT') which can
diverge as T — 0, although only in a logarithmic way. We use the inequality

(5.30) G(y,0,0,T)"**

(y —2)*

° 1
< — exp| - 2
- /m JIre@n) T | 2¢ (T—A)
where Fj is given by the right-hand side of (5.29) when N = 0.

Choosing 1 and v as in (5.22) we see by perturbation theory that there is an
upper bound

GDJ](Z, 07 T— Av T)

}Fo(y,z)G(z 0,T-A T)H_ad ,

z

(5.31) S\/ﬁ[exp{ QzA}—i—C'z( % exp{—m”a

for |z| < n, analogous to the lower bound (5.23). Suppose now that 0 < z < 7/2.
Then

G(2,0,T — A, T)
T
632 =G0 - AT+ [ dt Y ple.t)Goylon/2.0.6T),
T=A o==+1
where p(o,t) is the density of the hitting time at on/2 for paths of the diffusion
Ye () satisfying (1.5) with Y.(T'— A) = z, which exit the interval [—n, 7] before
time 7" and make their final returns through on. Since |z| < 1/2, it is evident that

T
/ Z atdt<1—/ Gpy(z, 2", T — A, T)d
T_Aa:tl

(5.33) < CLe K6 4 0yt

for universal constants C; and C3. One can also see from (5.31) on replacing T — A
by t > T — A that

Cs _K?
5.34 G 2,0,t,T)< —2— ¢ K16 T_Ac<t<T,
( ) D (77/ ) = m
for some universal constant Cs.
Substituting the right-hand sides of (5.33) and (5.34) into the right-hand side
of (5.32), we conclude from (5.31) that
2

Txlow{ - aeg) e
2

O e~ R

(5.35)  G(2,0,T —A,T) <

Hoolel <2
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We may estimate G(z,0,T — A, T) similarly for |z| > n/2. Thus we have
T
(5.36)  G(2,0,T—A,T) = / dt p(t) Gn/2,0.4,T), = > n/2,
-A
where again p(+) is the hitting time density at /2. Evidently we have that

T
(5.37) /TiA p(t) dt = P(TiianT Yo(t) <n/2 | Yo(T - A) = z>

It is easy to bound the right-hand side of (5.37) by using the inequality b(y, s) >
—Ay for y > 0 in (1.5), and estimating the probability on the right-hand side
of (5.37) for the corresponding Gaussian process. Assuming that AA < 1/10
and z > 27 we have that

(5.38) /T p(t)dt§P< inf /teASdW(s)<z/2\/§>,
0

T—A 0<t<A

where W () is Brownian motion. We may estimate the right-hand side of (5.38)
by using the fact that

t
exp [)\ / e dW (s) — \? [ezAt —1] /4A}
0
is a martingale for any A € R. We conclude that
2

T y4
. t)dt < - 2n.
(5.39) | o <en[- 5] 2>

From (5.35) and (5.39) applied to (5.36) we can see now that there is a universal
constant C5 such that

Cs —z2
V2meA P [QCE,EA}’

The estimates (5.35) and (5.40) may be substituted into the right-hand side
of (5.30) to obtain the inequality

(5.40) G(z,0,T—A,T) < |z| > n/2.

2
_ 1
G(y,0,0,T)'+* < e 0 s —
(y ) —|z|835/2{exp{ 25(T—A)} O(yz)} 27e(T — A)
n/2 1+a
/ G(2,0, T —A,T) "dz
-n/2
e [_KQ/C]/OOL@{ [_M}
P R 2me (T —A) Y 2¢(T - A)
Co 22
(5.41) Fo(y, 2) @ren)iror P [’ ZCGEA}’

where C is a universal constant. The second term on the right-hand side of (5.41)
is a Gaussian integral and so can be explicitly evaluated.
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To estimate the first term we use (5.35) and the inequality
(a+0)'* < a't* 4291 4 a)a®b + 2D b >0,

in the integration over the interval [—7/2,7/2]. From (5.41) one sees then that (5.15)
holds for a constant C' = C’|log(AT)| where C” is universal. Hence, as for the lower
bound, we may conclude that (5.15) holds for some universal C' provided AT < ¢
with 0 > 0 also universal. O

We can use the methodology of Lemma 5.2 to obtain similar estimates on
G(y,&,0,T) for all £ € R. To motivate the estimates we shall obtain, consider the
linear case b (y, s) = A(s)y for which

(€ - AT)y)*
2reo?(l) exp | - 2 02(T) J

where A(T') and 02(T) are as in (5.1). Observe now that

G(y’ E? 0? T) =

T
y=§/MT) =yt [ b(Es)ds— ¢+ O[ATPIe.
It follows that, provided AT < 1, there is a positive universal constant C' such that
T 9 ,
[y —&/MT))" < [y+ / b(&,5)ds — €] (1+ CAT) + C(AT)* €2,
0
Lemma 5.3. Suppose b(-,-) satisfies (1.1) and, in addition, b(0,-) = 0. Then there

are universal positive constants § and C such that the Green’s function G defined
by (1.4) satisfies the inequalities

G(y,£,0,7)
1 {y+ " b(&s)ds — €} O(AT)3¢
(642) < Zo—p e - T CAT) T 2T +oar|,
and
(5.43) G(y,¢,0,T)
1 {y+ [T b s)ds — €} C(AT)3¢>

provided AT < 4.

Proof. We proceed as in Lemma 5.2. To establish (5.43) we suppose we have
already shown that

Ayt S ds— ¢}

G(y,f,t,T)z\/ﬁexp[ 22 (T —1) {1+ CA(T -1)}
_4)13e2
(5.44) - % —cA (T—t)}
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for T —t = T/2V, where N is some integer N > 1. We shall show that for a
sufficiently large constant C' > 0, (5.44) also holds for T'—t = T/2N~1. Using (4.4)
with z = £ we obtain an inequality analogous to (5.18). Thus on setting T —ty =
T/2N for N € N, it follows from (4.5) that

(y —2)*

o0 1
o> —_— X =z 7
= /_oo 2reT/2N d 2 T/2N
tn 11—«
G+ [T b gy )

tN—1

(5.45)  G(y,&tn_1,T }FN(y,z)

where similarly to (5.19) one may take

A 1—a) T

—log Fy(y,2) = ——— 55 [ ="+ (4 =z = O + ( = &)’
2 —« tN s 9 2 —a 2

We change the variable z of integration in (5.45) to 2z’ where

T
(5.47) z’:er/ b(&,s)ds — &.

tN—1

From (5.46) we see that

—log Fn(y,2) < M QENHer/T b(f,s)dsff}2 +z'2}

e tN_1

3A2(1—a) T [ATE12  A%2(1—a) T?

+ ae QN[ 2N } 120 22N°

Using the variable 2z’ of (5.47) and (5.48) we may argue as in the proof of
Lemma 5.2 that (5.44) holds for t = t_; with constant Cy_1 = 5Cn /8 + K for
some universal constant K, where Cy is the constant in (5.44) when ¢ = ¢x. Thus
we have established (5.43) provided we can show that limy . 5V Cn/8Y = 0.

As in Lemma 5.2 we shall complete the proof of (5.43) by showing that it holds
with a constant C' = C(AT) which diverges logarithmically as T — 0. To see this
we observe, as in (5.45), that

(5.48)

I-a oo 1 {erfo s)ds — ¢ *Z}
G(y,£,0,7) Z/M\/m@cp[ 25(T ) ]
T —«
(5.49) -F(y,z)G(erf—/ b(€,s)ds, & T — A, T)1 dz,
T—A
where, as in (5.48), we may take F'(y, z) to be given by
A? A(1-a)
(5.50) —log F(y,z) = s / b(&,s)ds — } +z }
+ Lz( —9) TIATEP + A=) o

Qe 12«
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Let F(-,-) be the function defined from (1.11). Then the function
v(z,t) = G(z+F(§,t), &ty T), t<T,
satisfies the terminal value problem

31} g 621]
s Lot [b(z+ F(&6),8) = b(FE 1) D)] 5-+ 5 5

0z—-¢) = tli_}n%v(z,t), z €R.

t<T, zeR,

From (5.51) we see that we can proceed now exactly as in the proof of Lemma 5.2
by replacing the Green’s function on the right-hand side of (5.49) by the solution
to (5.51) on the interval |z| < n with Dirichlet boundary conditions on |z| = 7.
Using the fact that

T

e -{e- [ vesas}| < clar-o]

for some universal constant C, we conclude that the inequality (5.43) holds. The
proof of the upper bound (5.42) on the Green’s function is obtained in a similar
way, following the argument of Lemma 5.2. m

Corollary 5.4. Suppose b(-,-) satisfies (1.1) and b(0,-) = 0. Then there exist
positive universal constants n,Cs,v3,Cy, and 4 such that (5.4) holds provided
AT <nandé="T/2.

Proof. To show the first inequality in (5.4) we consider

P(Y.(T/2) < Csy/2 | Y=(0) =y, Yo(T) = 0)
= G(y,0,0,T7)"" /C3y/2 d¢ G(y,£,0,T/2) G(£,0,T/2,T).

— 00

It is easy to see now by using Lemma 5.2 how to bound G(y,0,0,7T) from below
and G(£,0,7/2,T) from above. Using also Lemma 5.3 to bound G(y,&,0,7/2)
from above, we conclude that the first inequality in (5.4) holds for § = T'/2 provided
n > 0 is sufficiently small. To show the second inequality of (5.4) we write

P(Y(T/2) > Cay/2 | Y=(0) =y, Yo(T) =0)

— G(y,0,0,7)"! / Gy, £,0,T/2) G(£,0,T/2,T),

Cay/2

and argue as in the previous paragraph. O

In order to show that (5.4) continues to hold when §/T << 1/2 we need to ob-
tain some further estimates on Green’s functions. Towards that goal we strengthen
Corollary 5.4 as follows.
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Lemma 5.5. Suppose b(-,-) satisfies (1.1) and b(0,-) = 0. Then there exist positive
universal constants n, Cy, and Cy such that, if AT <mn,

(552 P( swp [Va(s)| > p| ¥a(0) =y, Ya(T) = 0) < exp [~ Cup?/2¢7T],

provided |p| > Cs [|y| + VeT].

Proof. We make a dyadic decomposition of the interval 0 < s < T'. Thus for n € N,
let S,, be defined by S, = {jT/2" : 0 < j <2"}. It is evident from the continuity
of Y-(+) that

(6:53)  P( sw [YV.(5)|> p | Y.00) =y, Ye(T) =0)

gzp( sup [ Va(s)| > p(1— p ),
ne1 s€ESR—Sn—1

sup |Ya(s) < p(1— ") | Yo(0) =y, Yo(T) = 0),

SESn—1
provided p € (0, 1) satisfies p(1 — ) > |y|. Observe next that
(5.54)

P(_swp [V >p (1= "), sup [Ve(s) <p(1—p")
EIS

L(0)=, Y.(T)=0)

n—"Sn—-1 SESn -1
< N P(Yels) = Yels +T/27)] > pu(1 = p) | Y(0) =y, Yo(T) =0).
s€S,—Sn_1

The probability in the sum on the right-hand side of (5.54) can be expressed
in terms of the Green’s function (1.4) as

P(|Ya(s) = Ya(s +T/2")| > pu™(1 = 1) | Ya(0) =, Yo(T) = 0)

(555) = G(y,0,0,T)"" [ [ d¢ ¢ G(y,€,0,8) H(I€ — ¢ — pu"(1 — )

G(¢&.¢s,s+T/2Y)G(¢,0,s+T/2",T),

where H(z), z € R, is the Heaviside function. We may estimate the integral on the
right-hand side of (5.55) by using Lemma 5.2 and Lemma 5.3. We first consider
the integral with respect to € in (5.55) for a fixed £ € R. From Lemma 5.3 we have
that

G(:U? g’ 07 S) G(g’ C? S) S + T/Z',L)

1 {y+fo ) ds’ —§} _
S27r5—:\/sT/2” exp[ 258 CAs)
C(As)3¢? {§+fS+T/2 b(¢,s")ds' 74} N
+T+CAS QET/Q” 170AT/2 )
C(AT/2m)3

(5.56) 2+ (JAT/Q"} .

2:T/2"
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Setting z =y + fos b(¢,s")ds" — ¢ we see from (5.56) that
G(y, g’ 07 S) G(§7 C’ s’ s + T/Qn)

1 {2 +200-92+ (9%} (-¢?
(557) = 2re/sTjzn ¥ [* 2es 2eT/2"
+%[(gfg)2+22+42] +C’AT},

for some universal constant C'. Integrating the right-hand side of (5.57) over the
region |§ — (| > pu™(1 — p) we conclude that

/_ dE G(y,€,0,8) H(€ — (| — pu" (1 — ) G(£,C. 5.5 + T/2")

2,2 2
popt (1 —p) 1
(5.58) SeXp[_ 1eT/2n }\/m
22 (1 20ATY CA, ,
-exp[—QETn{§— o }—i—T{z +¢ }+CAT},

where 7, = T/2" + s/2 — 2C AsT/2™. Hence if we use the inequalities
(y = Q%[1 = As] = AsC® < 2% < (y = Q7 [L + As] + 245C7,

which are valid for AT < 1, and substitute the right-hand side of (5.58) into the
right-hand side of (5.55), we may conclude from Lemma 5.2 that the left-hand side
of (5.55) is bounded by a Gaussian integral in (. Evaluating this integral we have
then that

P([¥als) = Yals +T/2")| > pu(1 = p) | Y2(0) =y, Ya(T) = 0)

(559) § G(y,()vo»T)il \/E 1/2
[2me (T +T/2m)]
2 2n 2 2 2
(- p)? y CAy
exp |: 4€T/2" %2¢ (T + T/Q”) + - + CAT:|

for some universal constant C. Choosing now f in (5.59) to satisfy 1/v2 < u < 1
and using the lower bound for G(y,0,0,7T) in Lemma 5.2 we conclude from (5.59)
that
P(|Yels) = Yels+T/2") | > pu™(1 = 1) |
—p* (1 — p)?
8eT/2n

provided Cs is a sufficiently large universal constant. Hence (5.53) and (5.54) imply

P(oi‘jET'Yg(s)' > p | Y(0) =y, Yo(T) = 0)

Y(0) =y, Y2(T) = 0)

(5.60) gexp[ } it p> Cof |yl + VaT],

2

o o —p* " (1 — p) Cip
(5.61) < ;2 1 exp [—SET/Q” } < exp [f ZE—T}’

for some universal constant C7 > 0. O
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To prove (5.4) under the assumptions (1.1) and b(0,-) = 0 we actually need
versions of Lemma 5.3 and Lemma 5.5 which hold in the situation when b(0, -) # 0.
A slight modification of the proof of Lemma 5.3 yields:

Corollary 5.6. Suppose b(-,-) satisfies (1.1). Then there are universal positive
constants n and C such that the Green’s function G defined by (1.4) satisfies the
inequalities

(5:62)  G(,£,0,T) < \/% o {yj;;{(;b(ﬁS)CﬁT_) .
+C(124%52+CAT+%{/OTIb(O,s)IdS}Q},

(5.63) G(y.6,0,T)> ﬁ exp[ {y+ [0 QE,T -}’ (1+ CAT)
~ 0(3%752 _CAT - CgA {/0 b (038)|d8}2}»

provided AT <.
We can also slightly modify the proof of Lemma 5.5 to obtain the following.

Corollary 5.7. Suppose b(-,-) satisfies (1.1). Then for any y € R which satisfies

T
(5.64) lyl + VET > / b(0,5)|ds,
0

the result of Lemma 5.5 holds.

Proof. We simply use the Green’s functions bounds of Corollary 5.6 in place of the
bounds of Lemma 5.3 in the argument proving Lemma 5.5. O

Lemma 5.8. Suppose b(-,-) satisfies (1.1) and b(0,-) = 0. For XA € R define bx(-,-)
by ba(y,s) = by + As,s) fory € R and 0 < s < T, and let Gy be the Green’s
function (1.4) associated with by. Then there are universal positive constants n
and C such that the following inequalities hold provided AT < n:

GA(y,0,0,T) C|NAT 9
. < AT AT
(5.65) Cely 0.0.T) _exp[ {ly] + (NAT?} + C }
G(y,0,0,T) |)\|AT )
: > e il _ .
(5.66) LT 2 exp[ ——{lyl + INIAT?) CAT}

Proof. Consider first the situation when |y| < |\ AT?. The result follows from
Corollary 5.6 upon using the inequality fOT |bA (0, 5)|ds < |A\|AT?/2, whence we need
only prove (5.65) and (5.66) for |y| > |[A\|JAT?. Observe now that if |y| = O(VeT")
then |A\|AT|y|/e = O(y?/eT) = O(1). Hence we might expect to prove (5.65)
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and (5.66) for |y| = O(v/eT ) by perturbation methods. To implement this we
consider the function uy(z,t), z € R, t < T, defined by

(5.67) ux(z,t) = Gy (z - /tT bx(0, s) ds, 0, t, T>.

Evidently u) is a solution to the terminal value problem

duy - Ouy & 0%uy
GUN () 2 & U
(5.68) gt TRED IS

th_}rr% ux(z,t) = 0(2),

=0, zeR, t<T,

where E)\(Z, t) is given by the formula

(5.69) Ba(z.t) = ba (= - /tT br(0.5)ds, £) — ba(0.1).

Following the argument of Lemma 3.4 we see that the terminal value prob-
lem (5.68) on the interval |z| < n with Dirichlet boundary conditions can be solved
by perturbation expansion for times 0 < ¢ < T provided

sup{|ba(z,1)] : |2] < 1,0 <t < THT/e)/? << 1.
Assuming now that y and 7 satisfy the inequalities
(5.70) INAT? < ly] < VET/(AT)®, n = VET/(AT)?,

it is clear that the perturbation expansion converges provided § < 1/2 and AT is
smaller than some constant depending only on ¢. In fact, letting G(z,¢) for z € R
and ¢t > 0, be the probability density function for the normal variable with mean 0
and variance t we have that

T n B Y
wr(2.0) = Glee (T =) = [ ds [ deGlz—gels—0) ha(eos) %&T»‘
(5.71) < C(AT)* ™ Q(z, 2¢(T — 1)),

provided |z| < VT /(AT)°. Here AT needs to be smaller than some constant
depending only on §, and the constant C' on the right-hand side of (5.71) also
depends on §. It is easy to see that

(672 | /_77 dEG(z — €, 6(s — 1)) ba(E, ) a% GlEe(r )|

%/_Z dEG(z — &, e(s — 1)) E(TLS) 362+ A2N2T2(T — 5)2] G(&,e (T — 5))

B 1{A3/\2T2(T —s)  BA(T —s)2z?  3A(s
T2

IN

5 e (T —t)2 Ti_tt)}G(z,e(T—t)).
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Substituting the inequality (5.72) into (5.71) we conclude that ux(z,t) satisfies
the inequalities

(5.73) < G(z,e(T —1t) +CAT)> 2 G(2,2e (T - 1))
342 2 2 P _
+{AAT i) +3‘:€ +3A(Z t)}G(z,E(T—t)),
(5.74) > Gz, t)) — C(AT)* G (2,2¢(T — 1))

A3)\2T2 —1)? 3422 3A(T -
—{ 45_: ‘) +348 43 (4 t)}G(z,e(T—t)).

We have shown that (5.73) and (5.74) hold for the function uy(z,t) which sat-
isfies (5.68) on the rectangle |z| < n, 0 < t < T, and with Dirichlet boundary
conditions on |z| = 7. It follows that the function wuy(z,t) defined by (5.67), also
satisfies (5.74) for |z| < VeT/(AT)? and 0 < t < T. From the argument of
Lemma 5.2 we see that the upper bound (5.73) continues to hold for the func-
tion (5.67) when |z| < VT /(AT)°.

The inequalities (5.65) and (5.66) can be deduced from (5.73) and (5.74) in the
case when y lies in the interval |\|AT? < |y| < Kv/eT, where K > 1 is a constant.
The constant C' now in (5.65) and (5.66) depends on K, and AT must be chosen
sufficiently small depending only on K. To obtain the lower bound (5.66) we set

0=1/8, z=y+ fOT bx(0,s)ds, and t = 0 in (5.74). Thus we obtain the inequality

T 2 3
N (AT)*T
(5.75) GA(y,0,0,T) > G(y+/ b (0, s) ds, ET) exp |:—C{¥+AT6K2}:|
0 €
for some universal constant C'. Lemma 5.2 implies that Go(y,0,0,T) satisfies the
upper bound

(5.76) Go(y,0,0,T) < G(y,eT) exp [CAT(1 + K?)]

for some universal constant C. Now (5.66) follows by estimating from below the
ratio of the right-hand side of (5.75) to (5.76). The upper bound (5.65) can be
similarly obtained from (5.73) and Lemma 5.2.

To complete the proof of the lemma we use induction as we did in the proof of
Lemma 5.2. We consider the lower bound (5.66). Observe first that the previous
arguments imply that the lower bound

Grp0.0T) ,  1=ONAT
9

G0 ot =

{lyl + INAT(T - t)} = CA(T —t)
holds for 0 <t < T if y lies in one of the regions |y| < |A|AT(T'—t) or |\[AT(T—t) <
ly| < K+/e(T —t). For the former region the constant C' in (5.77) can be chosen
in a universal way provided AT is smaller than some universal constant. For the
latter region C' depends on K and AT, and must be taken to be sufficiently small
in a way depending only on K.

Suppose now we have proved (5.77) for T —t = T/2 and y € R, where N is
some integer N > 1 with constant C' = C. We show that (5.77) also holds for
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T —t=T/2N"1 y € R, with a constant Cy_; given in terms of C. To do this

we use the inequality

—

GA(:U,OvthlvT)l

o (1—a) A2N2T3
. > _ —
(5.78) _/_OOGO(y,Z,tN 1,tN) exp[ o N

}G)\(Z,O,tN,T)l_a dz,

where T —t, = T/2", n =0,1,2,..., and 0 < o < 1. The inequality (5.78) is
derived similarly to (5.18).

We assume y in (5.78) satisfies |y| > max [|[N|AT(T—tnx_1), K\/e(T — ty)] and
set a = |\AT?/|y|2"Y < 1/2. Then, on substituting (5.77) for ¢ = ¢y into (5.78)
we obtain the inequality

G/\(yvo,thl,T)l_a
Go(yaoatN—laT)l_a
(1— ) [N AT |y —Cn(1 = a) AP(AT)’T  Cn(1— a)AT}

2¢ e2N 2N
«

(5.79)  >exp [ -

: GO(yaoatN—laT)a E {GO(Y;‘(tN)aO)tNaT)_

exp [_ Cn(l-a) I/\EI AT |Ye(tn)|

} ’ Ye(tn-1) =y, Ye(T) = 0},
where Yz (+) is the solution to (1.5). From Lemma 5.2 we have that

GO (yaoatN—laT)
Go(2,0,tn,T)

y>  CAT

(5:80) 2:T/2N 2N

Zexp{f—long }, z eR,

for some universal constant C'. Since we are assuming that |y| > K+/e (T — ty),
we conclude from (5.80) that, for sufficiently large K,

z € R.

GO(yaoatN—laT)a > XD |:_ |A|AT|y|i|

5.81
(5.81) Go(2,0,t5,T)" ~

9

To get a lower bound for the right-hand side of (5.79) we are therefore left to
estimate from below the expectation

B exp | - OH0L =) NIAT oo
Cn(1—a) NAT
3

} ‘ Yo(tn-1) =y, Ye(T) = 0}

(5.82) > exp [— {|y;(tN)| ‘ Yo(tnoy) =y, Yo(T) = oH

We estimate the expectation on the right-hand side of (5.82) by

E[[Ya(tn)] | Yeltn-1) =y, Ye(T) = 0]
689 < [ PV /21> | Velt) =0, Yo() = 0).
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‘We have now that

(5.84)  P(|Ya(tn) —y/2|>p | Ye(tn-1) =y, Yo(T) = 0)

- GO(ZUaO,tN—l,T)_l/ dgGO(yﬂgatN—latN) H(|£ _y/2| _p) Go(gaoatNaT)a

with H(-) being the Heaviside function. Now, arguing in the same way as we did
to obtain (5.60), we conclude from (5.84) that

P([Ye(tn) —y/2 > p | Ye(tn—1) =y, Yo(T) = 0)

P2 CAy2 )
(5.85) SeXp[fQET/QNJr . }, if p > Kov/e (T —tn),

where C' and K are universal constants. Hence we have that

/00/4 dp P(|Y-(tn) = y/2| > p | Yeltn—1) =y, Yo(T) = 0)

22N74 CA 2
| N y}

eT ly
. < _ _
(5.86) =P [ 2¢T e

= ly[2N
provided the constant Ky in (5.85) satisfies K > 4Kjy. Now (5.83) and (5.86) imply
that the expectation on the left-hand side of (5.83) is bounded by 4|y|/5. Hence it
follows from (5.79), (5.81), and (5.82) that we can take Cn_; = 4Cn /5 + K for
some universal constant K. Thus in order to complete the proof of (5.66) we need
to show that Cy satisfies imy_, o 4%V CN/5N = 0. To do this we proceed as in
the proof of Lemma 5.2 by proving that (5.66) holds with a constant C = C(AT)
which diverges logarithmically in AT as AT — 0.

We have already observed that (5.66) holds for a universal constant C' if |y| <
IANJAT? and for a constant C' depending only on K if |\[AT? < |y| < KvVeT.
Hence we shall assume that |y| > max [ [A\AT?, KveT|. Analogously to (5.78),
the inequality

GA (ya 0,0, T)l_a

(5.87) 2/ Go(y, 2,0, T=A) exp| - —(12;2‘) A2XT] G (2,0, T-A,T) " dz

holds. We set v = |A|AT?/2|y| in (5.87), whence 0 < o < 1/2 and the exponential
on the right-hand side of (5.87) can be absorbed into the right-hand side of (5.66).
As in (5.67) we shall obtain a perturbation expansion of Gy (z,0,7 — A, T) by
considering the function

(5.88) ux(z,t) = Ga(z 4+ pa(t), 0, t, T),
where (b/A (t) = b)\(@A (t)a t)a t<T, T2 (T) =0.
Then uy(z,t) is a solution to the terminal value problem (5.68) but now with
drift bx(z,t) given by

(5.89) ba(z,t) = ba(z 4+ oa(t),t) — bx(pa(t),t).
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Since |b(z,t)| < A|z| for z € R, we may expand the solution of the Dirichlet
problem (5.68) by perturbation theory on the rectangle |z| <n, T — A <t < T,
provided 7 and A satisfy

(5.90) n=FKwVeA, (An)?A=ve,

where K1 >> 1 and v << 1. Thus if uy p(z,t) denotes the solution to this Dirichlet
problem we have, as in (5.23), the inequality

(5.91) UA,D(Z,TA)zﬁ{eXp{QS_ZZ}Cgexp[KTf}
~Culpp e { - ] <o

where Cj is a universal constant, p > 0 can be arbitrary, and Cy(p) is a constant
depending only on p. We choose now v, K1, and A/T by
Ky = (AT) ™ exp [C1Ay?/e], V2 = (AT)*2 exp [— CoAy?/e],

(5.92) AJT = (AT +R2 =L exp [ = (C) + Co) Ay?/e],

where ki, ko, C1,C5 > 0 and ky + ko > 1. Evidently the choice of Ki,v, and A
in (5.92) is consistent with (5.90).
To estimate from below the left-hand side of (5.66) we use the inequality

(1-a) IAIATIyI}
9

(5.93) Ga(y,0,0,T) ™" > exp [_

n+ex(T—-A) —a

/ Go(y,z,O,T—A)uA,D(z—@A(T—A), T—A) dz,
—ntea(T-A)

derived from (5.87) and (5.88). If we substitute now the right-hand side of (5.91)

into the right-hand side of (5.93) we obtain an integral which we would like to

show is comparable to Go(y,0,0,T)1=%. To do this we write

(5.94) Goly,0,0,T) :/ Goly, 0,7 — A) Go(2,0,T — A, T) dz,

and use perturbation analysis to show that Go(z,0,7 — A,T) is comparable to
the right-hand side of (5.91). Using the upper bound (5.35) on Go(z,0,7 — A, T)
in (5.94) we obtain an upper bound on Gy(y,0,0,7) which has the same form as
the integral on the right-hand side of (5.93).

We compare the principal terms of these integrals. Thus for the integral on the
right-hand side of (5.93) the principal term is

nt+ex(T—=A) dz

5.95 2 A“/Q/ — & Go(y,2,0,T— A
(59) (med) —ntea(T-2) V2Te A o2 )

RGNS

~exp{f(1fa) 5 A
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For the integral on the right-hand side of (5.94) the principal term is

2

(5.96) Go(y,z,O,Tf A)

° 1

/. VRPN

Observe now that we may assume |px(T — A)| < n/2. To see this we first
note from (5.88) that [px(T — A)| < CAMNTA for some universal constant C,
whence it follows that |ox(T — A)| < Cly|A/T. Thus from (5.90) the inequality
lox(T — A)| < n/2 will follow if we can show that 2C|y| < K1(T/A)Y? VeT,
which is equivalent to showing that 4C?|y|?/eT < K?(T/A). Choosing K; and
T/A as in (5.92) we see that this inequality holds provided 3k; + ko > 2 and AT
is sufficiently small, depending only on Cj and C5. Similarly we have that

AT =2 | nlea(T - A) _ C2APPT?A | CoANT

2 A e A - 2e €
C2A?2IN2 T3 CKily| (ANV2  C?A%|NT? ,
. < — < - AT
(5.97) - 2¢ VeT (T) 2¢ + AT,

provided the constants in (5.92) satisfy ks > k1 + 5, Cy > C;. In that case the
constant C” in (5.97) depends only on ki, ko, Cq, and Co. We conclude then that
the expression in (5.95) is bounded below by

2 4273
(5.98) (2%5A)a/2 exp{ - CW# - CAT]
n/2 22 dz
: G ’ ,OvaA G Al T T/
/n/z O<y : )exp[ QEA}\/Q’]TEA

for a constant C' depending only on the constants in (5.92).

Next we bound the integral in (5.98) from below by a constant times the integral
in (5.96). To show this we use Lemma 5.3. Thus the the inequalities

1 (y—2)2 CA o
G 0,t) < — — CAt
(599) 0<yaza ) )_ Snet exp{ 2¢:1¢ + c (y +z )+ i|7
' 1 (y—2%2 CA , ,
G 0,t) > —— - — CAt
O(yaza ) )_ Snet exp{ 2¢:1¢ c (y +Z) i|a

give upper and lower bounds on the Green’s function Go(y, z,0,t). Substituting
the lower bound of (5.99) into (5.96) we conclude that

22

o 1
/_OOGO(y,Z,O,T*A) \/ﬁ exp |:* 25A:|dz
1 . y? CA
V2reT

(5.100) > -— y* — CAT|,

< _
2meT p|: 2¢T
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for some universal constant C. Using the upper bound in (5.99) we also have that

1 22
G 7270,T7A —— X 7—dz
/|Z|>n/2 oly )\/27T5A p[ 25A}

2 2

SeXp[_ 16775A} /_O;Go(y,z,O,T—A) \/ﬁ exp[— 4'ZA}dz

. {_ "oy
16e A 2eT

1
5.101 <
( ) T V27eT
for some universal constant C. Observe that in (5.101) we are assuming that the
constants in (5.92) satisty kq + k2 > 2 so that A/T < AT. Now taking 1 to be
given by (5.90) and (5.92), we conclude from (5.100) and (5.101) that

cA 1
=y CAT + 5 1og2},

/IZI>n/2G0 (y,2,0,T — A) \/ﬁ exp | - Q’Z—QA}dz
(5.102) <exp|- W} /O;Go(y,z,O,T— A) ﬁ exp | - QiQA]dZ'
Tt follows that (5.95) is bounded below by
(5.108) (2mea)™?exp | - M —cAT| {1-exp | - WH
/O; Go(y,20,T — A) \/ﬁ exp | - Zz—Z}dz.

The integral in (5.103) is the principle term in the expression (5.94) for Gy (y, 0,
0,7T). Assuming then that we can replace the integral by Go(y,0,0,7T) and that we
take into account only the principal term for uy p in (5.93), we have from (5.103)
that the inequality

(5.104) G (y,0,0,7)" " > [(ZweA)l/Q Go(y,0,0,T)r

W{m + AT} = C(1-0) AT] Go(y,0,0,7)"

. exp [ _
holds for some universal constant C. By Lemma 5.2 we have that
(5.105)

o 2
[(QWEA)l/z Go (v, 0,0,T)} > exp [f % log(T/A) — 2a€—yT (1+ CAT) — aC’AT}

for some universal constant C. Taking « as before to be given by a =|\ AT?/2|y| <
1/2 and using the fact that |y| > KveT we see from (5.92) and (5.105) that

1/2 « Ayl
(5.106) [(QMA) Go(y,o,o,T)} > exp [7(17(1) CAT{T |log(AT)|+1H,
where the constant C' depends only on the constants Cy, Co, k1, and ko of (5.92)
and also K. Combining then (5.104) and (5.106), we have obtained a lower bound
of the form (5.66) with a constant C' = C(AT) = C’|log(AT)|.



640 J.G. CONLON AND M. GUHA

To complete the proof of (5.66) with a constant C' = C(AT) = C’|log(AT)| we
need to estimate the effect of the error terms in (5.35) and (5.91). From (5.35) the
main error term in (5.94) is given by

[e%s} 1 22
5.107 G 0,7 —A)C: E S — - d
( ) /_OO 0(y 2,0, ) Ca(p) v 5oox P 28(1+p)A} z,

where v is given by (5.92). It is evident that by choosing ko and Cy sufficiently large
in a universal way in (5.92) that the integral of (5.107) is bounded above by AT
times the integral on the left-hand side of (5.100). We can similarly estimate the
error terms in (5.93) of ux p. If we use the inequality (5.26), then from (5.91) we ob-
tain a term like (5.107). Hence (5.66) with a constant C' = C'(AT) = C’|log(AT)|
holds. By the preceding argument it follows then that (5.66) holds with some uni-
versal constant C' provided AT < 7, where 1 may also be chosen in a universal way.

The completion of the proof of the upper bound (5.65) can be carried out in a
way similar to that used to prove the lower bound. O

Lemma 5.9. Suppose b(-,-) satisfies (1.1) and b(0,-) = 0. If G is the Green’s
function defined by (1.4), then there are universal positive constants n and C' such
that G satisfies the inequalities,

G(y.£,0,7T) ¢? £y
(5.108) Glpo0T) < {— 57 (L=CAT)+ > [14+CAT sgu( )] +CAT},
and

G(y,£,0,7) £? £y

for all y, & € R, provided AT < n.

Proof. The result follows from Lemma 5.3 if |y| < [£], so we shall assume that
€] < |y|. Letting w(z,t) = G(z,&,t,T), t < T, it follows from (1.2) that the
function wy(z,t) defined by

A A2
(5.110) wi (2, 1) :exp[— ?Z—FE(T—t) w (2 + At t)
is the solution to the terminal value problem
0 0 0? A
0= % +b(z+ At t) % +§ au? + =b(z+ A, t) wy,
(5.111) z o <

. Az
th_)rr% wy(z,t) = exp [ - ?]5 (z+ AT =¢).
Taking A = &/T in (5.111) we see from Lemma 5.8 that
’LU,\(y,O) =Gy (yv 0,07T)

(5.112) ‘E [exp{g /OTb(Y;-,/\(S) + ), 8) ds} ’ Yor(0) =y, Yeu(T) = 0},
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where Y A (+) is the solution to (1.4) with the drift by of Lemma 5.8 in place of b.
Since

T
/ b (0, 5)] ds < AT?A/2 < €] < ly|
0

if AT < 2, we can use Corollary 5.7 to estimate the expectation in (5.112). To see
this first observe that the expectation is bounded above by

(5.113) exp [/\Q;gQ}E[exp{ATTW sup |Y5,\(s)|} ’ Y. A(0) =y, You(T) =0].

0<s<T
To bound the expectation in (5.113) we use the identity
1
(5.114) E[e] = 1+/ E[X M) dk,
0
valid for any random variable X. From (5.52) we have that

B[ sup [Voa(s)| exp {r sup [Yea(s)]} | Yen(0) =y, Ye(T) = 0]
0<s<T 0<s<T

(5.115) < Co[ly|+ \/E_T] exp {r Ca[|y| + \/E_T]}

-Z(n+1)exp{n7“02[|y| —l—\/E_T] — C1C5n* | |y +\/€_T]2/25T},
n=0

for any » > 0. Assuming r < AT|\|/e and using the fact that |\| < |y|/T, we
see that there is an integer ng > 1, depending only on AT, C4, and C5, such that
2r < C1Cyng| |yl + VeT|/2eT. Hence (5.115) implies that there is a constant C
depending only on AT such that

B[ sup [Voa(s)| exp{r sup [Ya(s)} | Yen(0) =y, Ye(T) = 0]
0<s<T 0<s<T

(5.116) <Cllyl+VeT] exp{Cr[ly| +VeT]}, 0<r < AT|)|/e.

It follow now from (5.116), on using the inequality 2veT < ¢/|A| + |A|T, that
there is a constant C' depending only on AT such that

E {eXp{é /()Tb(}/a)\(s) + As, s) ds} ' Yoa(0) =y, Yo (T) = O}

€
CINAT
(5.117) < exp [%{ ly| + |/\|T}+CAT]
Substituting (5.117) into (5.112) and using the inequality (5.65) of Lemma 5.8,
we conclude that the upper bound (5.108) holds. The lower bound (5.109) can be

established by a similar argument. O
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Proof of Theorem 1.2. Since in Corollary 5.4 we already proved the result for
d ~T/2 we shall be concerned here with the situation where §/T << 1. We
have now with y < 0, the identity

P(Yo(T = 8) < C38y/T | Ye(0) =y, Yo(T) = 0)

Cg(;y/T
G18) =001 [ dG.E0T - 8)G(E0.T - 8.1,
The identity
(5.119) G0.0.7) = [ G607~ 6)G(&.0.7 - 8.7)

also holds. From Lemma 5.2 and Lemma 5.9 one obtains from (5.119) the inequality

(5.120)  G(y,0,0,T) > w/ d& exp [2575

V2med oo (T —9)
& &y CAE CAlgy|
7m+5(T—6)7 e € 7CAT}

for some universal constant C. Now let X be the normal variable with mean dy/T
and variance €0(T — 0)/T. Then (5.120) is equivalent to

_ Sy
2:T(T — b)

o { A Oy

T — §\1/2
(5.121) G(y,0,0,T) > G(y,0,0,T - 9) (Té) exp [ — CAT

Applying Jensen’s inequality in (5.121) and then the Schwarz inequality, we
conclude that

T — 1/2
(5.122) G(y,0,0,T) > G(y,0,0,T — 9) (Té)
§y? CAGSy? o\ 1/2
) — 7 (AT - - CA( -
eXp{QeT(Tf(s) ¢ - ¢ (e) |y|}’

for some universal constant C'. We similarly have from Lemmas 5.2 and 5.9 that

Csoy/T

/ d§ G(ya 57 Oa T - 6) G(ga Oa T - 67 T)
T —6\1/2 5y?

. < — - - . J

(5.123) < G(y,0,0,T 5)( - ) exp{QgT(Tﬂs)
CAX? CAly||X| C50y

~E{exp{ . + . },X<—T },

+ CAT}
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for some universal constant C'. Assuming now that C3 > 1, we have then

Bl { CAX? , CAWIIXIY Cady]

€ T
(5.124) < V2exp |- %}
~E[eXp{CA€X12 N OA|3|X1}+eXp{cixl2 - CA|;U|X1H’

where X is the Gaussian variable with mean dy/T and variance 2e6(T—9)/T. The
expectation on the right-hand side of (5.124) can be computed explicitly. Hence
we conclude that, for some universal constant C',
CAX? CAly||X C59
4 CAlYl| I};X< 304]
€ € T

E[exp{
(C5—1)25y> CASsy?
. < -
(5.125) _2\/§exp[ T —8) T T +CA5},

The first inequality of (5.4) follows from (5.118)—(5.125) upon taking Cs large
enough and using the fact that y < —T\/e/0.
To prove the second inequality of (5.4) we consider the identity

C45y o -
P(Y(T = 8) > =24 | .(0) =y, Yo(T) = 0)
5.26)  =G@.0.0T)" [ d€G(E0.T-5)GE0.T - 5.T),
C45y/T
We now choose Cy to satisfy 0 < Cy < 1 and proceed as before. O

6. Representation formula for the stochastic cost function

Corollary 4.5 suggests that we can take the limit 6 — 0 in (3.55) by setting
lims_,o Elge(x,ye(T — 6),T — J)] = 0, but it does not prove it. In fact Lemma 3.1
shows that g.(x,y-(T — 0),T — ) becomes arbitrarily large for y close to x with
y < x as § — 0. To deal with this problem we need to obtain a lower bound
on —dq.(x,y,t)/0y sharper than in (4.2), in particular one that does not de-
cay as y — —oo. In the linear approximation b(y,s) = A(s)y, one can express
—0¢:(0,y,0)/dy for y < 0 by the formula,

~ 94:(0,y,0) eAT) [ A(T)QyQV(I)( ATy )

(6.1) dy  \J2meo?(D)  2e02(T) co2(T)

where ® is the cumulative distribution function for the standard normal variable
and A(T) and o2 (T) are given by (5.1). Hence provided AT < 1 we see from (4.12)
that

~ 9qe
dy

(0,y,0) ~ APy y/VeT << —1.

(62) i
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Comparing (6.2) and (4.2), we see that the exponential factor in (4.2) may be
removable in the case of nonlinear b(-,-). We prove this in the following lemma.

Lemma 6.1. Suppose b(-,-) satisfies (1.1) and let q-(z,y,t) forz,y € R andt < T,
be defined by (1.7). Then there are universal positive constants C' and 1 such that

8(]5(x7y,t) F(xvt) — Y] —car-t)
. — >
(6:3) Ay - [ T—t ] ¢ ’
provided 0 <t < T, A(T —1t) <, andy < F(x,t), where F(x,t) is the function
defined in (1.11).

Proof. From (4.17) we see that

o 5‘q€(m,y,t) > e—A(T—t) € G(y,:c,t,T)
oy - .7 Gy, zt,T)dz
Let us assume first that b(x,s) = 0 for 0 < s < T, whence F(z,t) = = for

0 <t < T. From Lemma 5.6 we see that provided A(T —t) < n and 7 is chosen
sufficiently small,

[ Gly,2,t,T)d {(z—y)
eGly.a,1,7) / dt exp | e(T—t){1+CAT —t)}
T—t){1+CA(T —t)}

r—y

(6.4)

(6.5) -

where C' is a universal constant. The inequality (6.3) follows now from (6.4)
and (6.5). To deal with the more general case we make the change of variable as
n (5.88) and (5.89), and proceed as above. O

Theorem 6.2. Suppose b(-,-) satisfies (1.1) and g-(z,y,t) forz,y € R andt < T,
is defined by (1.7). If Ac(-,+) is the optimal controller defined by (1.16) then for
0<t<Tandz,y € R, the functions q-(x,y, 1), 0q¢-(x,y,t)/0x, and Iq.(z,y,t)/dy
have the representations

66) 0oy = B3 [ elur(s).9) b 0e(6) )]s | e =}

on) Lzt 1
E { /tT[1 + (Tfs)g—z (yg(s),s)} [Ac(ye(s), ) — b (ye(s), )] ds | ye(t) = y}
(6.8) aqs(;;y,t) _ Tl—t
E{/tT 1- (s—t)g—z(ya(s),s)} e (we(s),) = blye(s),9)] ds | (1) =y},

where y-(s), defined for t < s < T, is the solution to the SDE (1.14) with initial
condition y.(t) = y.
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Proof. From (3.55) the representation (6.6) for ¢.(z,y,t) holds provided we can
show that

In view of Lemma 3.1 and Corollary 4.5, (6.9) will follow if we can show that
for M > 1,

(6.10) 1ir;lj(t)1pE[qg(w,ya(T*5),T*5) 1y (T—08) < 2= MVed | ye(t) = y] < (M),

where the constant ¢(M) satisfies limpy 00 ¢(M) = 0. To prove (6.10) we use
Lemma 6.1. Thus let tg < T be such that CA(T — ty) < 1/10, where C is
the constant in (6.3). If, in addition, A(T — ty) < 1/10, then y.(s) satisfies the
differential inequality

(6.11) dy.(s) > [% w — 25<SBI<)T |b(x,s')|} ds + /e dW (s),

provided tp < s < T, and y.(s) < x. If t > ¢y then we see from (6.11), by following
the argument of Lemma 4.3, that, for 6/(T —t) < 1/K,

(6.12) P(ye(T =68) <z —p | ye(t) =y) < exp [-p*/20£7],

provided p > K Ve 6 and the constant K depends only on z and y. Evidently (6.10)
follows from (6.12) on using Lemma 3.1. If ¢ < ¢y then one can argue as in the
proof of Theorem 4.4 that the probability of y.(ty) conditioned on y.(t) = y being
very negative is extremely small. Then one applies (6.11) for ty < s < T to show
that (6.10) holds in this case also. We have obtained the representation (6.6).

To prove (6.7) we proceed in a similar way to how we obtained the analogous
representation (2.29) in the classical case. Thus let y.(s) for t < s < T, with
y=(t) = y be as before and for Ay € R define y. a,(s) by

(6.13) Yeay(s) =ye(s) + (T —s)Ay/(T —1t), t<s<T,
so that y- ay(t) = y + Ay and y- a,(s) satisfies the SDE:

(6.14)
dye. ny(s) = [)\5 (yaAy(s) — (T —s)Ay/(T —t), s) - Ay/(T — t)] ds + /e dW (s).

for t < s < T. Then, by Lemma 3.2, the inequality

(6.15) ge(z,y + Ay, t) < E{qe(z,y-(T — 0) + § Ay/(T —t),T — 0) | y-(t) =y}

+E{ %/tT(;s[)\g(ya(s),s) - TA—_yt — b(yg(s) + (T - S)TA_yth)r ‘ Ye(t) = y}

holds, where we have used the fact that (6.13) gives the solution to (6.14). Since,
by the argument we used to establish (6.6), one has that

lim B{ge(x,ye(T — 8) + 6Ay/(T = 1), T = ) | ye(t) =y} =0,
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we conclude from (6.15) that

(6.16)  g-(z,y + Ay,t) SE{%/tTds[Ag(ya(s),s)jf‘_i
b0+ 2] e =0}

To see that the right-hand side of (6.16) is finite, it will be sufficient to show
that

(6.17) s [ A (s),92ds | welt) =y} < .

Observe that the inequality (6.17) does not follow in a straightforward way
from the fact that y.(s) is a solution to (1.14), where A (-, -) is given by (1.16) and
—0qe(z,y,t)/0y satisfies (6.3). In fact for Z.(s) the solution to (4.28), it is easy

to see that . )
Z(s) o

for all 4+ > 0. To prove (6.17) we use the fact that the left-hand side of (6.6) is
finite. Hence (6.17) follows if we can show that

(6.18) E { /tT Y. (s)ds ‘ Ye(t) = y} < 00.

It is easy to see that (6.18) is a consequence of the fact that A (y,s) > b(y, s)
fory e Rand t < s < T, and Lemma 3.4. Here we use the fact that Lemma 3.4
implies that for any n > 0, A(y,s) is uniformly Lipschitz in y in any region
y>x+n, t <s<T. Having established (6.17), we obtain from (6.6) and (6.16)
the inequality

o ge(wy + Ay, t) — ge(,y,1) 1 /T ab
< — _
hir?l/i%p Ay < T—tE{ t [1+(T s) 9y (ya(s),s)}
(6'19) : [As(ye(s)vs) - b(ys(s),s)] ds ’ ys(t) = y}
Next, in analogy to (6.16), we have that
1T A

. <El- =

(6.20)  ge(z,y,t) _E{ 5 /t ds[Ag(ya(S),S) R

- b(ya(S) —(T—s) TA—_ytvS>]2 ‘ ye(t) =y + Ay}~

Using now (6.6) with y replaced by y + Ay we conclude from (6.20) that

. qg(m,y + Ayvt) - q€(m,yvt) 1 T ob
> _ _
o) Ay 2 P [T 0]

(6:21) Pelyels)) = blyes).9)] ds | we0) =},
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provided we show that

(6.22) lim B | / () — veols)] ds| =0,
tT
(6.23) lin 7 | /t [ AW n(5). ) = Aelyeo(s).5) ds] = 0.

where y. ,(s) for t < s < T, is the solution to (1.14) with initial condition y. ,(t) =
y +n. To prove (6.22) we use the uniform Lipschitz continuity of A:(z,s) in any
region z > zg, t < s < T —§, where § > 0 and zy € R can be arbitrary. Thus
by introducing a stopping time and using the fact that the probability of y. ,(s)
being large and negative is very small we see that

(6.24) lim £ [/tT6 | yem(s) — y5$0(s)| ds} =0.

n—0

Now (6.22) follows from (6.18) and (6.24) using the fact that one can obtain
a bound in (6.18) which is uniform in n for small 7. To prove (6.23) first observe
that (6.6) implies that

T
(6.25) sup E{/ Ae (Ve y(5), 8)? ds} < 00,
[n1<n0 t
for any 79 > 0. Thus it is sufficient to show that
T-5
(6.26) lim £ {/ ’ Ae(Yen(5),8) — Ae(ye0(9), s)| ds} =0
n—0 ¢

for any ¢ > 0. For any zy € R we introduce a stopping time 7,(zo) = inf{s > ¢ :
Yen(8) = zo}. From the uniform Lipschitz continuity of A\:(z,s) in the rectangle
z>zp, t <s<T -4, and (6.24) we have that

(T—8) ATy (20)ATo(20)
627) lim B / [ Ae(Wen():5) = Aelwen(s). )| ds| = 0.
n—0 ¢
The expectation in (6.26) exceeds the expectation in (6.27) by at most
T—5
(6.28) 2P(7,(z0) ATo(20) <T —48) sup E[/ | Ac(y=(s), s)| ds|ye(t') = Zo}-
t

t<t'<T—6 /

Since Ae(z,8) > b(z,s) for z € R and t < s < T, the probability in (6.28)
decays exponentially fast in zg as zg — —oo. In contrast the expectation in (6.28)
increases at most linearly in |zo| as zg — —oo. This follows from the repre-
sentation (6.6) for ¢. and Lemma 3.1. Hence the expression in (6.28) converges
to 0 as zp — —oo, whence we conclude that (6.26) follows from (6.28). We have
proved (6.23). Now (6.7) follows from (6.19) and (6.21). The proof of (6.8) is
similar to the proof of (6.7). O

Once we have the representations in Theorem 6.2 for ¢.(x,y,t) and its first
derivatives, the inequality (1.22) follows easily.
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Corollary 6.3. Suppose the function b(-,-) satisfies the Lipschitz condition (1.1).
Then for x,y € R and t <T, the following inequalities hold:

dq 1/2
o @y, 0)| < L+ (@ = D4] [20.@..0)/(T 1),
(6.29) P
q 1/2
5 (0 0)| < [+ (T = 04] [20:0,9,0)/ (7 = )]
Proof. This follows from Theorem 6.2 on using the representations (6.6), (6.7),
and (6.8) by applying the Schwarz inequality to (6.7) and (6.8)). O

7. Proof of Theorem 1.3

In order to prove convergence as € — 0 of first derivatives in x and y of the function
ge(z,y, 1) defined by (1.7) to the corresponding derivatives of the function ¢(z,y,t)
defined by (1.10), it will generally be necessary to assume the concavity in y of the
function b(y,t) in (1.2). Recall however that ¢(x,y,t) = 0 if y > F(x,t), where
F(-,-) is the function defined from (1.11). Thus for y > F(x,t) the derivatives of
q(z,y,t) are 0. In this case it follows easily from Corollary 6.3 that the derivatives in
x or y of g-(z,y,t) converge to 0 as e — 0, without making any further assumptions
on the function b(-,-) beyond the Lipschitz condition (1.1).

Corollary 7.1. Suppose b(-,-) satisfies (1.1) and the function F(-,-) is defined
from (1.11). Then for 0 < e <1 there is a constant C(x,y,t,T) such that

15 )|+ ()| < Clanyet. T

(7.1)

provided y > F(x,t).
Proof. The inequality (7.1) follows from Theorem 1.1 and Corollary 6.3 since
q(z,y,t) =0 for y > F(z,1). O

In order to show convergence when y < F(z,t) we shall need to assume b(-, -) is
concave and that (1.1) holds. We first prove a result about the classical problem.

Lemma 7.2. For a >0, let y,(s), defined for 0 < s < T, be the solution of

d 0
(12) 2 =b(als)s) —a gt (@ya(s)s), 0<s<T,yal0) =y,
s dy
where q(-, -, ) is the classical cost function (1.10). Then there is a constant C'(AT)
depending only on AT such that
(7.3) 0 < yals) — yo(s) < max[l,a] C(AT) /Tq(z,y,0), 0<s<T.

Proof. We first consider the case o = 1 since y (+) is the optimal trajectory for the
variational problem (2.2). From (2.2) and (2.14)) we see that, for 0 < s < T,

(7.4) Cy(AT)][q(z,y,0)/T]"* < dy(;—is) —b(y1(s), s) < Co(AT) [q(x,y,O)/T]”z,
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for some positive constants C; and Co depending only on AT. Setting pi(s) =
y1(8) — yo(s) it follows from (7.2) and (7.4) that

(7.5) [} (s)] < Agi(s) + Co(AT) [ q(w,9,0)/T]?, 0<s<T, 1(0) =0.

Applying Gronwall’s inequality to (7.5) we conclude that (7.3) holds for o =1
and a fortiori for 0 < o < 1.

Suppose now that a > 1 in which case y,(s) > y1(s) for 0 < s < T. Using the
fact that g(x,y,t) is convex in y, we see from (7.2) that

dya(s)
ds

Sb(ya(s),s)7ag_Z(x7y1(8)78)7 0§3<T

Thus if () = ya(s) — yo(s) we have that

()] < Apals) + a Ca(AT) [ g(w,y,0)/T] "2,

whence (7.3) follows for a > 1 as before. O

We can use the method of Lemma 7.2 to find a region where the paths y.(s),
defined for 0 < s < T, for the stochastic control problem (1.14) and (1.15) are
most likely to be found.

Lemma 7.3. Let y.(s), defined for 0 < s < T, be the solution to the stochastic
equation (1.14) with y-(0) = y, where A\.(+,-) is given by (1.16). Then there is a
universal constant M and a constant C(AT) depending only on AT such that

. 2
(7.6) Pl inf [9:(s) = o(s)] < —p| < exp [ p?/eTO(AT)],
provided p*> > MeTC(AT). There is a further constant Cy(x,y, A, T) depending
only on x,y, A, and T such that

(7.7) P[ sup [yg(s) — yo(s)] > p+ C(AT)\/T q(x,y,0) + Cy(x,y, A, T)El/ﬂ

0<s<T

<exp|[—p?/eTC(AT)], provided p*> > M T C(AT).

Proof. The inequality (7.6) is obtained by using the fact that y.(s) > Y(s) for
0 <s<T,where Y.(0) =y and Y.(-) satisfies (1.5). Then one compares solutions
of (1.5) to solutions of the deterministic equation (7.2) with @ = 0, using the
Lipschitz property (1.1) of b(+,-) and applying Gronwall’s inequality.

To obtain the inequality (7.7) we need to use the convexity of the function
ge(z,y, s) in y, which is established in the appendix (Theorem A.2). Let y.(s) for
0 < s < T, be the optimal trajectory y(-) for the variational problem (1.10) with
y(0) = y. Then, if y > y.(s), we have from Corollary 6.3 that

2q:(z,yc(s),8)11/?
(T —s) '

0qe
dy

(000:5) < =5 (0.3u(5),9) < (14 AT)

(78) 0<—
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From Lemma 3.3 we see that there is a constant Co(x,y, A,T) depending only
on z,y, A, and T such that

(7.9) e (2,ye(s),8) < q(x,yc(s), ) + Co(x,y, A, T)\/e, 0<s<T.

Putting together (7.8) and (7.9)) and using the fact that (7.4) holds for y.(-),
we conclude that

ac‘)q; (z,y,5) < C1(AT)[q(z,y,0)/T]

+ Cs(2,y, A, T) eV VT —s5, 0<s<T, y>yels).

1/2

(7.10) 0< —

Consider now the diffusion process Z.(-) defined as a solution to the stochastic
equation

(7.11) dZ:(s) = pe(Z:(s),8)ds + /e dW(s), 0<s<T,
where p.(+,-) is given by the formula
(7.12)
b(z,8) — 94 (,2,8), z<yc(s),
pe(z,8) = % q(z,y,0)71/2 cl/4
b(z,s) + C1(AT) [T} JrC':s(%%Aﬂﬁa z > ye(s).

Then, if Z.(0) > y(0), it follows from (7.10) that Z.(s) > y(s) for 0 < s < T,
with probability 1.

For any ¢, 0 <t < T, suppose that zp > y.(t) and consider the solution z(s) to
the initial value problem

(7.13) dz(s) = pue(2(s),8)ds, t<s<T, z(t) = 2.

By letting ¢ — 0 in (7.10) we see that z(s) > y.(s) for t < s < T. Hence on
setting ¢(s) = z(s) — y.(s) we have from (7.13) and the Lipschitz property of b(-, )
that, for t < s < T,

—Ag(s) < ¢'(s)
(7.14) < Ad(s) + CL(AT) [ g, y,0)/T]"* + Cs(x,y, A, T) V4 /YT — s.
Integrating (7.14) we conclude that, fr t < s < T,
(7.15) [20 — ye()]e " < z(s) = ye(s)
< AT {[z0 = yo(t)] + C1 (AT) [ Taq(,y, 0)]"/* + 2 VT Ci(ar,y, A, T) /2.

We can compare the solution of (7.13) to the solution of the stochastic equa-
tion (7.11) with initial condition Z.(t) = 2o > y.(f). Arguing as in the proof of
Lemma 3.1 we see that

(7.16) P( sup |Z:(s) — z(s)| > 6) <exp[—0°/e T Co(AT)],

t<s<T
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where the constant C2(AT') depends only on AT. Also § must satisfy the inequal-
ities

—AT 52
. 0~ Ye ) el )
(7.17) 0 < [z0 —ye(t)] e 0% > MeT Cy(AT)

where M is a universal constant. The first inequality in (7.17) ensures by (7.15)
that if |Z:(s) — 2z(s)| < ¢ then Z.(s) > y.(s). Hence to estimate the probabil-
ity (7.16) we can assume the drift u.(-,-) of (7.11) is given by the second formula
in (7.12).

To prove (7.7) first observe that the probability in (7.7) is bounded above by
the probability

1+ 2eAT

n
7.18 P =(s)— > 3 (1peary | Yl —bll) = 5raoary |
(118) sup P| sup (ye(s) =w0(s)] > gy 7| 9e(6) = 90lt) = 5o

where 7 is given by the formula

(7.19) n=p+C(AT)\/Tq(z,y,0) + Ci(z,y, A, T) "/

The probability in (7.18) is in turn bounded above by the same probability
with ye(s) replaced by Z.(s). Observe next that

1+ 24T

(7.20) Ze(3) = yo(s) > 5

n = Z:(s) — z(s) > n/4,

where we have used the fact that zo — yo(t) = 1/2(1 + A7) and the inequali-

ties (7.3) and (7.15). The constants C(AT') and Cy(z,y, A,T) in (7.19) must also

be chosen sufficiently large. Hence the probability in (7.18) is bounded above by

the probability

—AT

ne

7.21 P Z, — > ——

(721 (é?fT' (5) = =) > g eamy
It is clear from (7.3) that if the constant C'(AT) in (7.19) is chosen sufficiently

large then we may apply (7.16) to estimate (7.21), since for C(AT) large enough

the first inequality in (7.17) is satisfied. Now (7.7) follows from (7.16) since the

condition on p implies the second inequality in (7.17). O

Z(t) — yo(t) = W)-

Lemma 7.4. Let y.(s) for 0 < s < T, be as in Lemma 7.3 and let y.(s) for
0 < s < T, be the solution to the corresponding classical problem (1.10) which has
optimal controller \.(s) for 0 < s < T. Then there is a constant C(z,y, A, T)
such that

(7.22)

E {/0 [Ac(y=(s),8) — b(ye(s),s) — Ac(s) + b(yc(s),s)]QdS} < C(z,y, A, T)e*,

Proof. Following the argument of Lemma 3.5 we define a classical path y. .(-)
which corresponds to the stochastic path y.(-) by
dya,C(S)

(7.23) — = Ae(ye(s),s)+k/T, 0<s<T,
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where y. .(0) =y and k is defined by

(7.24) k = max [m —y— /OT e (y=(s), s) ds, O]

Observe from Lemma 4.1 and Theorem 4.4 that the integral on the right-hand
side of (7.24) exists with probability 1. Letting « lie in the interval 0 < o < 1,
and using the fact that y. .(T) > x, we have that

(7.25)  q(z,9,0) < Flaye() + (1 - a)ye(-)]

! /OT [0 { A0, 9) ~ b (1:(). )}

(1 0) {As) — b els),9)} + 92(5) — hlye(s).5)] s,
where the deterministic function h(z, s) is given by the formula
(7.26) h(z,s) =b(az+ (1 —a)y.(s),s) —ab(z,s) — (1 —a)b(y(s),s),
and the random function g.(s) by the formula,
(7.27) g-(s) = ak/T+b (ay-(s)+(1—) ye(s),s) =b (ayec(s)+(1—a) ye(s), s).
We expand out ge(-) in the quadratic expression in (7.25) to obtain the inequality
(7.28)

T T
.0 <3 [0 dst [ 10060 1G9, 9] ds
T T
+ / 19(5) Phels) — b (ye(s), 5)| ds + / 19(5) e we(s), 8) — b (9 (s), 9)] dis
1 (T 2
45 [ {0005 =060, )1+ (0= @) Dle) - blues), 9} o). )] .
0

Since b(+, s) is concave for 0 < s < T, it follows that the function h is non-
negative. Thus since [A:(ye(s),s) — b(y:(s),s)] and [A.(s) — b(y.(s), s)] are both
nonnegative, one has the inequality

1T 2
3 | ({20000, = be5): )} + (1)) = b))} = hloe(9). )] s
T 9 —a T 2
<5 | e -vt9)] ds+ 5= [ o) =), 0)] ds

120) = 20 A e(609) = b))~ Acle) 4 b 0el).9)] s,

provided that h(y:(s),s) < 2(1—a)[Ac(s)=b(yc(s),s)] for 0 < s < T'. Since we also
have that h(z,s) < 2Aa (1 — a)|z — yc(s)|, we conclude that (7.29) holds provided
ye(+) satisfies the inequality

(7.30) Aa|y:(s) —ye(s)] < [Ae(s) = b(ye(s),s)], 0<s<T.
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If we now use (7.3) and the lower bound in (7.4) we see that (7.30) is implied
by the inequality

(731) |y€(8) - y0(8)| S [a_lcl(AT) - CQ(AT)] Tq(l',y, 0), 0 S s < Tv

for some positive universal constants Cy(AT') and C2(AT') depending only on AT

Observe now that from Theorem 1.1 the inequality (7.22) holds if T'q(x,y,0) <
el/4, whence we may assume Tq(z,y,0) > e'/4. Tt follows then from Lemma 7.3
that, for « sufficiently small depending only on AT and ¢ sufficiently small de-
pending only on x,y, A, and T the inequality (7.31) holds with probability close
to 1.

We now estimate the expectation of the terms in g.(-) on the right-hand side
of (7.28). From Theorem 4.4 it follows that the quantity k& in (7.24) satisfies the
inequality

(7.32) 0 <k < Ve max [W(T),0],
where W (-) is Brownian motion. We also have from (1.14) and (7.23) that
(7.33) sup |ye(s) — ye.o(s)] < e sup |[W(s)| + k.

0<s<T 0<s<T

We may bound the random function g.(-) of (7.27) using (7.32) and (7.33) to
obtain

204/

(7.34) sup |ge(s)| < Ve [14+ AT] sup |W(s)|.

0<s<T T 0<s<T

Evidently (7.34) implies that

(7.35) E { /0 ! go(s)? ds} < a% C3(AT)

for a constant C3(AT') depending only on AT. The inequality (7.35) in turn implies
by the Schwarz inequality that

T
136) B[ [ 10 I09) = boels).5) ds] < 2 C(AT) 1+ gl .0)

for a constant C4(AT) depending only on AT'. Similarly one has by Theorem 1.1
that

@31 B[ [ A b))l ]

< VEaC5(AT)| 1+ g(@,,0) + Co(a,y, A, TIVE],

for constants C5(AT) depending only on AT and Cg(x,y, A, T) depending on z, y, A,
and T'. The final term involving g.(-) can be estimated by using Lemma 7.3. Thus

739 B[ [ 0o et 0105

T 1
<aVEGAT) 2400 - B[ [ 156~ o) ds] "
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and the expectation on the right-hand side of (7.38) is bounded as

(139 B[ [ lun(s) = el ds] < CHAT) {T2a(a.9.0) + Cula A, T) 12},

We now define p. as the probability that the inequality (7.31) is violated, and
take the expectation of (7.28) over the event (7.31). Thus from (7.28), (7.29), and
(7.35)—(7.39) we conclude that

a(l—«a T
% E[/O [Ae(ye(s), 8) = b(ye=(s), ) — Ac(s) + b(ye(s), s)]zds; (7.31) holds}

(7.40) < [pg + /%0 C’g(AT)] q(2,9,0) + aCio(z,y, A, T) /%

Since we can estimate p, from Lemma 7.3, we can conclude (7.22) from (7.40)
provided we can estimate the expectation

T

(7.41) E{/ [Ac(y(s),5) — b (ye(s), s)]2 ds ; (7.31) does not hold}
0

appropriately. We have now from Corollary 6.3 that

T-5 )
(7.42) E{/o [Ae(y=(s),s) = b(y=(s),s)|] " ds ; (7.31) does not hold}

ds
T—s

E[Qs(l‘a ys(s), 5)2] 1/2.

T-5
< 2pl/2(1 4 AT)? /
0
Let Y.(s) for s > 0, be the solution to (1.5) with Yz(0) = y. Recall that since
0qe(x, 2,5)/0z < 0 we have that y.(s) > Yz(s) for s > 0 . Using Lemma 3.1 then,
we conclude that

(743) E[Qa(xv ye(s)’ 8)2] § ﬁ [CS(AT) E[{LE - }/;(8)}4] + C4(:L'» Y, A’ T)] N
We are left now to estimate
T 2
(7.44) E[/Ti& [Ac(ye(s),s) — b(ye(s),s)] ds; (7.31) does not hold}

for some 0 > 0. Instead of attempting to show that the expectation (7.44) is small,
we consider, as for (7.29), under what circumstances the inequality

[ Aele(5),8) — b (0e(s), 51} + (1 @) {Aels) — b (wels),5)} — by (), 9)]

Aee(s),9) 0051, 9))° + TS [Auls) b el )

a(l—a)

(7.45) = e (9),8) = b (1e(5), ) = Aels) + b (wels), )]

<

|9
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holds if s lies in the interval T'—§ < s < T'. From Lemma 6.1 we see that if 6 > 0
is sufficiently small and depends only on A, then (7.45) holds if y.(s) satisfies the
one-sided inequality

(7.46) Ye(s) = yo(s) < [ C1(AT) — C2(AT)| /T q(x,y,0)
similar to (7.31). Thus, instead of estimating (7.44), it will be sufficient to estimate
r 2
(7.47) Bl (09 = 60090 (o). ) s .
T—
where

x(z,8) =1 if 2> yo(s) + [ailcl(AT) — CQ(AT)] Tq(z,y,0),

(7.48) ,
x(z,8) =0, otherwise.

Using (7.8) and (7.9) we see that if x(y-(s), s) =1 then [A(y(s), s)—b(ye(s), 5)]?

is bounded, whence we conclude that the expectation (7.47) is bounded by a con-
stant C(z,y, A, T) depending only on z,y, A, and T. The result follows from
Lemma 7.3. O

Proof of Theorem 1.3. We use the representation for dq(z,y,t)/dy given by (2.29)
and for dg.(x,y,t)/dy by (6.7). Thus we have that

(7.49) Z—Z(m,y,O)f %q; (2,9,0) = = E{/O [1+(T—s)g—z(y€(s),s)}

T
Ac(We(5),8) = b (0:(5),8) = Aels) + b (yels), )] ds |
1 T b b
7 2{ [0 =9 FL0600)9) = T 0e(0).9)] [2el) = b)) ts .
In view of Lemma 7.4 the second identity of (1.25) follows if we can show that
, ) b
(7.50) tim £{ [ 5 00009 = 57 (o). 9] as} =0

We put ¢(s) = ye(s) — ye(s) for 0 < s < T, and observe that ¢.(s) satisfies
the equation

(T51)  de(s) = [elye(s),5) — A(s)] ds + VEAW(5),  62(0) = 0.
It follows from (7.51) that, for 0 <t < T,

(7.52) |¢=(t)] S/O [Ae(ye(5), 8) = b (ye(s),8) = Acls) + b (ye(s), 5)| ds

+A/0 162(5)|ds + VE[W(®)].

Using Gronwall’s inequality in (7.52) and Lemma 7.4 we see that (7.50) holds. This
proves the second identity of (1.25). The first identity follows in a similar way. O
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A. Log concavity of solutions to linear diffusion equations

Our goal in this appendix is to establish convexity properties of the function
ge(z,y,t) defined by (1.7). We shall first show convexity in y for fixed z € R
and t < T, since showing joint convexity in (z,y) is considerably more difficult.
We consider the terminal boundary value problem

ow ow e 0%w
byt ot s oy = t<T
(A1) o TG TG =0 v 0 t<T
w(y,T) = wo(y), y>0; w(0,t)=0, t <T.

Proposition A.1. Assume b(-,-) satisfies (1.1) and the terminal function wo(y)
is C% for y >0 and C* for y > 0 with wo(0) = 0. Assume further that

(A.2) sup {lwo(m)| + ldwo(y)/dy| + |d*wo (y)/dy?|} < oo.

Then there is a unique solution w(y,t) for y > 0 and t < T, to the terminal
boundary value problem (A.1) which has the property that w(y,t) is C? in y, C*
in t, and satisfies the inequality

(A.3) sup — {Jw(y, )| + [0w(y, 1) /9yl + [0*w(y, 1) /0y*|} < oo

y>0,To<t<T

for any Ty < T. In addition, the functions w(y,t) and dw(y,t)/dy are continuous
fory>0andt <T.

Proof. We first observe that the result holds when b = 0. In this case the solution
is given by the method of images as

(Ad)  wlyt)= /OOO Gy =y, e(T 1)) = Gy +y,e(T = 1) wo(y) dy/,

where G(-,s) is the probability density function of the Gaussian variable with
mean 0 and variance s. Thus on using integration by parts we have

ow dwo(y")

(08) Gr )= [ (G- y =T - 0) 4 Gly+ v o7 - )] T

dy’,
where we have used the fact that wo(0) = 0 in deriving (A.5).
Upon a further integration by parts we have that
0*w

(A6) 57 Wt = /0oo [Gly—y . e(T—1) = Gy+y.,e(T 1)) doly’)

dy/2

It follows easily from (A.4)-(A.6) that (A.3) holds. In addition w(y,t) and
Ow(y,t)/dy are continuous for y > 0 and t < T. We also have that 9w(y,t)/0y>
is continuous for y > 0 and ¢ < T, provided d?wy(y)/dy? is continuous in y > 0.

To prove the result for general b(-,-) satisfying (1.1) it will be sufficient to
establish it for ¢ restricted to a small interval [T — A, T]. We proceed as in
Lemma 3.4.

dy'.
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Taking y; = 7 in (3.18) we see from (3.19) that w(y,t) is given by the formula

2n

T oG
(A7) w(y,t)= Gy, v, t,T)wo(y') dy’ — 5/ dswy(s) (y,2n,t,s),
0 ¢

oy’
provided 0 < y < 2n. The Green’s function G(y,y’,t,T) is defined by the pertur-
bation expansion (3.23). Since wy () is bounded by virtue of (A.2), we see that
if A satisfies (3.20) then sup{|w(y,t)] : 0 <y <n, T —A <t < T} < oo and
w(y,t) is continuous for 0 <y <nand T— A <t < T, with w(0,t) = 0.
We consider next the first derivative dw(y, t)/0y, which from (A.7) is given by
the formula

ow 2

oG, o T 0*G
(A.8) a—y(yﬂf)—/0 3—y(y,y,t,T)wo(y)dy —E/t d8w+(8)m(y,2n,t,s)-

It is evident from (3.41) that the second integral on the right-hand side of (A.8)
is uniformly bounded in the set {(y,t) : 0 <y <n, T —A <t < T} and that the
integral converges to 0 as t — T, uniformly for 0 < y < 7. To estimate the first
integral on the right-hand side of (A.8) we integrate by parts the first term in the
perturbation expansion (3.23) for G(y,y’,t,T). Just as in (A.5) we see that this
term is uniformly bounded in the set {(y,t) : 0 <y <mn, T — A <t < T}, and
converges uniformly to dwg(y)/dy as t — T. We can estimate the higher order
terms

2 9o

(A.9) 5o Wyt T)woly') dy',

0 Y

for n > 0 simply by using (3.24). Thus we see that the sum of the higher order
terms is uniformly bounded in the set {(y,¢): 0 < y <n, T —A <t < T}.
To prove continuity of dw(y,t)/0y as t — T we need to show that the integral
in (A.9) converges uniformly to 0 as t — T in the interval 0 < y < 7. This follows
from (3.24) when n > 1. To prove it for n = 0 we again need to make use of

integration by parts. Thus we see that

2n
‘/ go(z, ¥, s, T)wo(y') dy’
0

(A.10) g0|b(z,s)|[ sup |dwo(y)/dy| + G (z — 2n,2¢(T — 5)) |w0(2n)|},

0<y<2n

for some universal constant C.

It follows from (A.10) and the representation (3.23) for vg that the integral (A.9)
also converges to 0 as t — T' when n = 0. We have shown that sup{|0w(y,t)/0y| :
O0<y<n T—-A<t<T}<ooand dw(y,t)/dy is continuous for 0 <y < n and
T-A<t<T.

To estimate the second derivative 9*w(y, t)/dy? we proceed in a similar manner:

T 83

5 meG .
(A1) G ) = | G Dyl )y~ [ ds ()

G
— — —— (y,2n,1t,5).
ayg 8y2 ] 8y28y/ (yv 1, S)
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We wish to show that sup{|0?w(y,t)/0y?| : 0 <y <n, T—-A<t<T} < <.
In view of (3.46)) it is sufficient to consider only the first integral on the right-hand
side of (A.11). We estimate the first term in the perturbation expansion (3.23)
for G(y,y',t,T) using integration by parts as in (A.6). The higher order terms,
corresponding to v, (y,y’,t,T) with n > 1, can be estimated using (3.39), so we
are only left to deal with the term corresponding to vo(y,y’,t,T"). We can estimate
this by using (A.10)) and the corresponding inequality for the derivative of go:

2n
(A.12) ’/0 %(z,y’,svT)wo(y’)

< C[A + {ﬁ}lﬂ} {05;5277 \dwo(y)/dy| + G (= — 2, 2¢(T — 5)) |w0(277)|} ,

for some universal constant C. We have shown that sup{|0?w(y,t)/0y?| : 0 < y <
n, T—A<t<T}<o0.

We can easily extend the estimates we have made on w(y, t) and its y derivatives
in the set {(y,t) : 0 <y <mn, T —A <t <T} toall of y > 0 by observing that
the function v(z,t) defined by v(z,t) = w(z + y(t),t), where y(s) for s < T, is a
solution to (1.11) with y(T") = y1, satisfies the PDE

v v 2'0
(A13) O B0 - b 2 20—

Then we represent v(z,t) by a formula similar to (A.7) and use perturbation
theory as before, observing that the perturbation series for the Green’s function
converges in a region {|z| <n, T — A <t < T}, where n and A can be taken to
be independent of y;. O

Theorem A.2. Suppose b(-,-) satisfies (1.1), and in addition the function b(y,t)
is concave iny for y € R andt <T. Then for any fired x € R and 0 <t < T, the
Junction q-(x,y,t) of (1.7) is a convex function of y € R.

Proof. We shall take without loss of generality = 0. For § satisfying 0 < § < 1
we define a function gs(z) with domain {z € R: z > —1} by

() =1/1+2)2 if —1<z<—(1-96),
(A.14) 95(2) = —2/0%(1=6) if —(1-6)<z<0,
(0)= 5(0) =0,

95 (2)

z

if z>0.

Evidently gs5(z) is a C? convex decreasing function which has the property that
gs(z) =0 for z > 0 and gs(z) ~ Ks —log(1+z) as z — —1, where K is a constant
depending on 6. For A > 0 and y > —A let 75 4 be the first hitting time at —A
for the diffusion Yz(s) with s > ¢, of (1.5) with Y.(¢) = y. We define a function

us,A,ﬁ(yat) by
(A.15) e n5(y, t) = B { expl—gs(Yo(T)/N)]; 7aye > T}
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Letting § — 0 in (A.15) we conclude from (A.14) that

(A.16) P(Yo(T) > 05 mays > T | Ye(t) = y) = lim ue a5y, 1).

It is also clear from (1.6) that
(A.17) uc(0,y,t) = lim P(Yo(T) > 05 tay: >T | Ye(t) =y).
A—oo

We conclude from (A.16) and (A.17) that the convexity of ¢-(0,y, ) in y follows
from the logarithmic concavity of the function u. o s(y,?) in y.

To prove logarithmic concavity we first observe that ue a s(y,t) satisfies the
PDE (1.2) fory > —A and t < T, with Dirichlet boundary condition u. s s(y,t) =0
at y = —A, and terminal data

(A.18) ue ps(y, T) = exp[—gs (y/N)], y>—A.

Since the function (A.18) is increasing in y, it follows from the maximum prin-
ciple that for ¢ < T the function wu. s s(y,t) is also an increasing function of y.
From (A.14) we see that u. 5 5(y,T) is C2 for y > —A, and u. o 5(—A,T) = 0 and
Oue p,5(—A,T)/0y > 0. Therefore we can apply the regularity result of Proposi-
tion A.1. It follows from this and the Hopf maximum principle [19] that

(A.19) 8ug,A$5(—A,t)/8y >0, t<T.

Next as in (1.7) we put uea5(y,t) = exp[—qe,as(y,t)/e], and observe that
qen,5(y, t) satisfies the PDE (1.8). Since u. A s(y,t) is an increasing function of y,
it follows that ¢ a.5(y,t) is a decreasing function of y. Hence g.a5(y,t) is a
solution to the PDE

0 02 0
(AQO) e, A6 € e, A6 _ ( ,t, qs,A,é) _ 0’

ot 2 0y? Ay
where the function B(y,t,p) is defined by
(A.21) Bly,t,p) = by, t) |p| +p*/2.

Observe that the function B(y,t,p) is concave in y for all p € R and ¢t < T.
Applying Theorem 4.1 of [9] to (A.20) we see that ¢ A s5(y,t) is convex in y for
y > —A and t < T, provided we can show that the expression

(AQQ) [/ENW) ((y + y/)/2’ t) - [qg,A,é (y’ t) + QE,A,ﬁ(y/, t)] /2

is less than or equal to 0 as (y,y’,t) approaches (Yoo, Yl too) With too < T finite,
and (Yoo, y,,) on the boundary of (—A,00)? C R? if to, < T, and an arbitrary
point in the closure of (—A,00)? if to, = T.

Suppose now that yoo = —A and —A < y,, < co. From (A.15) we see that
UeAs(y,t) > 0 for y > —A and ¢t < T, whence the limits of the first and third
terms in (A.22) are finite as (¥,y',t) = (Yoo, Ya,too), Whereas the second term
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converges to —oo. Thus we may assume y. = yoo = —A. In that case we observe
that the exponential of e~! times the expression (A.22) is the same as

(A.23) (e a5 (yst) uens(y's 0] Juens({y+y'}/2,t).
From (A.19) we may write (A.23) as
(A.24) p(z,2,1) (22)V2] [(= +2)/2],

where z = y+ A, 2 =y + A, and lim{p (z,2/,t) : 2,2/ = 0, ¢t — t} = 1. Thus
since the arithmetic mean exceeds the geometric mean, it follows from (A.24) that
the limit of (A.22) as (y,y’,t) = (=A, —A, ts) is less than or equal to 0.

For to, = T, the nonpositivity of (A.22) for any (yso,¥h) in the closure of
(—A,00)? follows from Proposition A.1 and the convexity of gs(-). O

Theorem A.3. Suppose b(-,-) satisfies (1.1). Then 0%*q.(x,y,t)/0x0y < 0 for
z,y€ERand 0 <t <T.

Proof. Tt will be sufficient to show that for any h > 0 the function g.(z+h,y,t) —
ge(x,y,1) is a decreasing function of y. Letting g(z) be the function

(A.25) g(z)=2% 2<0; g(z)=0, z2>0,

we define ug 5(z,y,t) similarly to (A.15) by

a26) syt = E{ e[ o] v =),

Evidently lims_o v 5(z,y,t) = us(x,y,t) and hence the function g s5(z,y,t) =
—clogue s(x,y,t) satisfies lims_,0 ¢z 5(z,y,t) = g (x,y,t). Arguing as in the proof
of Lemma 3.1, we also see that ¢. s(x,y, ) satisfies the inequality

(A.27) 0<qos(x,yt) <Cllx—y’H@-y)+1], yeR, 0<t<T,

where H(-) is the Heaviside function and C'is a constant.

In order to prove that q.(z + h,y,t) — q-(z,y,t) is decreasing in y it will be
sufficient to show that the function v, s5(y,t) = ges(z + h,y,t) — ge5(z,y,t) is
decreasing in y for any § > 0. To see this we note that v. ; satisfies a PDE

Qe | € Pues

v
A.Q - b€ 7t
(A28) sy t) ot + 5

=0, yeR, t<T,

where the drift b 5(-,-) is given by the formula

1 8(15 5(1’+h,y,t) 1 8(15 5(1’,y,t)
A.29 b t) =b(y,t) — = : - = : .
The terminal data for v, 5 is given by

h[2(z —y) + h]/8%, if y <,
(A.30) ves(y, T) = 4 [x + h —y]?/62, ifz<y<az+h,
0, if y > x4+ h.
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Consider now the diffusion process Yz s(s) defined by
(A.31) dYz 5(5) = be5(Yz,5(5),5) ds + /e dW(s).

From Lemma 3.4 we see that the drift b. s(y, s) is uniformly Lipschitz in y in
any region y > yg, 0 < t < T —n, where yo € R and n > 0 can be arbitrary.
Let 7,4 be the first hitting time at yo for Y. 5(-) with Y 5(¢) = y > yo. Then we
have the representation

(A.32) Ve,5(y,t) = Elves(Yes (T —n), T —n); 7ye > T — 1]
+ E[v&g(Yg,g(Tw),Ty’t) g Ty <1 — 7)].

Observe that from (A.29) we have that b. s(y, s) > b(y, s) for t <s < T. Hence
using (A.27) we may take the limit yo — —oo in (A.32) to conclude that

(A.33) ve5(y,t) = Elves(Yes(T =), T —n) | Yes(t) = y].

If ve 5(2, T —n) were known to be a decreasing function of z then it would follow
from (A.33) that v, s(y,t) is a decreasing function of y. Since w. s(x,y,T — 1)
converges uniformly on any finite interval ¢ < y < b as 7 — 0 to the function
exp[—g(y — x)/d], we see that v.s(z,T — n) converges uniformly on any finite
interval as n — 0 to the decreasing function (A.30). Thus we can still conclude
from (A.33) that v 5(y,t) is a decreasing function of y. The result follows. O

It appears that one cannot prove the convexity of g-(x,y,t) as a function of x
for fixed y directly, in analogy to Theorem A.2, so we shall proceed to showing
that g (z,y,t) is convex jointly in (z,y). To do this we consider solutions v(x,y,t)
to the semi-linear equation

e 0%v & 0%

A.34 gv ’ S gV T
(A.34) +b \+28er28%2 0, t<T,

in the disk Dr = {(z,y) : 22 + y*> < R?}, with Dirichlet boundary condition and
given terminal data. Thus we wish to solve (A.34) subject to the conditions

(A.35) v(x,y,T) =wvo(z,y), (x,y) € Dr; v(z,y,t) =0, (x,y) € 0Dg, t <T.

Using classical techniques [7], [15] for proving regularity of solutions to semi-
linear parabolic equations, we can establish the following result:

Proposition A.4. Assume b(-,-) satisfies (1.1) and the terminal function vo(x,y)
is C2 for (x,y) in the closure Dg of Dr, with vo(x,y) = 0 for (z,y) € 0Dgr. Then
there is a unique solution v(x,y,t) for (x,y) € Dr and t < T, to the terminal
value problem (A.34) and (A.35), which has the property that v(z,y,t) is C? in
(x,y), C* in t, and satisfies the inequality

(A.36)  sup {Iv (z,y,t)| + |Dv(z,y,t)| + |D*v(z,y,t)| : (z,y) € Dr} < o0

To<t<
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for any Ty < T. In (A.36) Dv(x,y,t) denotes the gradient of v(x,y,t) with respect
to (z,y), and D?v(x,y,t) the Hessian with respect to (z,y). Additionally, the
functions v(z,y,t) and Dv(z,y,t) are continuous for (z,y) € Dr andt < T. The
tangential second derivative (y 9/0x — x 9/0y) Dv(x,y,t) is also continuous.

Next we need to establish a Hopf maximum principle (A.19) for solutions
to (A.34) and (A.35).

Lemma A.5. Suppose vo(z,y), defined for (x,y) € Dg, satisfies the conditions
of Proposition A4, and in addition 0 < vo(z,y) < 1 and (z,y) € Dgr. Then if
vg Z 0, the solution v(x,y,t) of (A.34) and (A.35) satisfies the inequalities

(A.37) 0<ov(z,y,t)<l, (x,y)€Dgr, t<T,

ov ov
A. — — D T.
(A.38) fcam(w,y,t)+yay(fc,y,t)<0, (z,y) € 9Dp, t<

Proof. The fact that 0 < v(z,y,t) < 1 for (xz,y) € Dr and ¢t < T, follows by
applying the argument for the weak maximum principle, Theorem 1 of Chapter 3
of [19], to the quasilinear equation (A.34). Similarly one sees that the argument for
the strong maximum principle, Theorem 2 of Chapter 3 in [19], applies to (A.34).
We conclude that (A.37) holds. Finally (A.38) follows by applying the argument
of Theorem 3 of Chapter 3 in [19] to (A.34). O

The final result we need in order to apply the method of Korevaar [14] to prove
convexity in (z,y) of ¢-(z,y,t) is in effect a comparison principle for solutions of
the quasilinear equation (A.34) to solutions of the linear equation

v v e 0% ¢ 0%
A.39 — +by,t) —+=-=—+ = —5
(A-39) o P e e or Y T o
Lemma A.6. Assume b(-,-) satisfies (1.1) and let v(z,y,t) for (x,y) € Dr and
t < T, be a solution of (A.34) which is C? in (z,y) and Cl int. Assume further
that v(z,y,t) extends to a continuous function on Dr x {t < T}. Let w(x,y,t) be
a second solution to (A.34) with similar properties to those of v(x,y,t). Then if
for some constant M the inequality

=0.

T
(A.40) / (0, 5)|ds + A(T —t) + /2T —8) < M

holds, there is a constant C' depending only on M such that
(A41) |’U(070,t) 7w(070’t)|

2

< exp [* m} sup {[v(@,y, s) —w(z,y,8)| : t <s <T, (2,y) € IDr}
k2
+kz>%exp [— m} sup {|v(z,y,T) — w(z,y,T)| : (x,y) € Dysrs N DR},

provided 0 < &’ < ¢.
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Proof. We set u(z,y,t) = v(z,y,t) — w(z,y,t), and observe from (A.34) that
u(x,y,t) satisfies the differential inequality

ou ou| e *u €& 0%u
A.42 — — |b(y,t)| | =— —— 4+ = —=<0.
(A-42) ot |(y’)|’8y‘+26y2+261‘2_0
Suppose now that C(z,y,t) satisfies
ocC oCc| e 0?C ¢ 9*°C
A4 = _ T AT A D T
(A43) -0l |5 [+ 55 v S g =0 @weDn <7,

with boundary and terminal data given by

C(m,va) = u(x,y,T), (lL’,y) € DR;

A.44
(A4 Cl,9,t) = ulw,pt), (wy) € ODn, £ <T.

Then by the maximum principle we have that u(z,y,t) > C(x,y,t) for (x,y) €
Dpg and t < T. Observe next that C(z,y,t) is the cost function for an optimal
control problem. Thus

(Ad5)  Cla,y,t) = inf {E[u(X(T),Y(T),T); Toyt > T

+ E[u(X(Tx,y,t), Y (Taoyt)st); Toyt < T] },
where the stochastic process [X (s), Y (s)] satisfies the SDE
(A.46) dY (s) = MY (s), s)ds + v/ dW (s), dX(s) = Ve dW'(s),

and W (-), W'(-) are independent copies of Brownian motion. The controller A(y, s)
satisfies the constraints [A(y, s)| < |b(y,s)| for y € R and s < T. The stopping
time 7,4, is the first hitting time on 0D for the process (A.46) with X (t) = «
and Y (t) = y.

If we argue now as we did in Lemma 3.1 we can see that C(0, 0, ¢) is bounded be-
low by the negative of the right-hand side of (A.41). Thus we obtain a lower bound
on v(0,0,t) —w(0,0,¢). Since we can repeat the previous argument with v and w
interchanged, we also get an upper bound on v(0,0,t) — w(0,0,t), whence (A.41)
follows. O

Proposition A.7. Assume b(-,) satisfies (1.1), and the terminal function vo(x,y)
in Proposition A.4 is logarithmically concave and satisfies the boundary condition
|Dvg(z,y)| # 0 for (x,y) € ODg. If in addition the function b(y,t) is concave
iny fory € R, t <T, then the solution v(x,y,t) of (A.34) and (A.35) is also
logarithmically concave.

Proof. We again follow the method of Korevaar [14] as given in [9] (see also [10]).
Thus on setting w(z,y,t) = —logv(x,y,t) we see from (A.34) that w(z,y,t) sat-
isfies the PDE

ow € Pw € Pw

(A.47) E+§a—y2+§w

— B(y,t, Dw) =0,
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where the function B(y,t,p) is given by the formula

(A.48) B(y,t,p) = by, 1) py| + e} /2 +£'p}/2.

Since B(y,t,p) satisfies the conditions of Theorem 4.1 of [9], the result follows
provided we can show that w(z,y,t) is convex for (z,y,t) close to the boundary
of D x {t < T}. To see this we argue as in Lemma 2.4 of [14]. Observe that
it is sufficient to assume D?v(z,y,t) is bounded as in (A.36), and not necessar-
ily continuous as (x,y,t) approaches a boundary point, provided the tangential
derivative of Dv(z,y,t) remains continuous. To see why this is the case consider a
nonnegative C? function f on the half plane H = {(z,2) € R?: z > 0}. We assume
that f extends to a C' function on the closure H of H and that f =0 on 0H. In
addition we assume the boundary behavior at (0,0) of the second derivatives of f
is given by

(A.49)
0%f 0% f 0%f
lim sup ’ T,z ' < 00, lim —=(x,2z) =0, limsup ’— T,z ' < 00.
(2,2)—(0,0) 3»”032( ) (2,2)—(0,0) 3962( ) (,2)—(0.0) 822( )

Now define a function w(x,y) on the domain U = {(z,y) € R? : y > 2?/2} by
exp|—w(r,y)] = f(x,y — 22/2). Then we can see that if 9f(0,0)/0z > 0, there
exists 0 > 0 such that the Hessian of w is strictly positive definite for (x,y) €
U N Ds. The convexity of w(x,y,t) close to the boundary of D x {t < T}
follows from the regularity result Proposition A.4 and Lemma A.5 by an analogous
argument. O

Theorem A.8. Assume b(-,-) satisfies (1.1) and in addition the function b(y,t)
is concave iny fory € R and t < T. Then for t < T the function q-(z,y,t) is
convex in (z,y) for (x,y) € R2.

Proof. Similarly to the proof of Theorem A.2, we approximate ¢e(z,y,t) by func-
tions defined on finite domains D g which are convex by virtue of Proposition A.7.
To specify the terminal function vo(x,y), we define a function f(z) for z < 1 by

fz)=0 for z<1/2,  f(1/2) = f'(1/2) =0,

(A.50) g exp[—(1—2)?/(2z—1)]
(z) = T :

for1/2 <z < 1.

Evidently f(-) is a nonnegative increasing C*° convex function which has the
property that f(z) + log(1l — z) has a Taylor expansion about z = 1 with positive
radius of convergence. Next let g : R — R be defined by

(A.51) g(z)=2% 2<0; g()=0, 2>0,

whence g is a nonnegative decreasing C® convex function. It follows from (A.50)
and (A.51) that the function vy with domain Dg defined by

(A.52) vo(z,y) = exp [ — f(Va? +y2/R) — g([y — 2]/9) |,
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is C? for (z,y) € Dg with vo(x,y) = 0 if (z,y) € dDg. In addition vo(x,y)
is logarithmically concave for (z,y) € Dr and satisfies the nondegenerate bound-
ary condition |Dug(z,y)| # 0 if (z,y) € dDg. Hence by Proposition A.7 the
corresponding solution vs g(z,y,t) of (A.34) and (A.35) is logarithmically concave
in (z,y).

Next we compare the function vs r(z,y,t) to a solution of the linear equa-
tion (A.39). Thus let vs(x,y,t) be the unique bounded solution to (A.39) in the
domain {(z,y,t) : (v,y) € R?t < T} with terminal condition

(A.53) vs(z,y,t) = exp [ —g(ly — ]/6)], (z,y) € R?

From (A.51) one sees that vs(z,y,T) is an increasing function of y for every
2 € R. The maximum principle implies then that vs(z,y,t) is also an increasing
function of y for every z € R and ¢ < T. Thus vs(x, y,t) is also a solution to (A.34).
We may therefore use Lemma A.6 to compare the functions vs; and vs . In view
of the fact that 0 < vs < 1 and the properties of the function f of (A.50), we
conclude from (A.52) and (A.53) that

(A.54)  limsup {|vs(z,y.t) — vs,r(z,y,t)| : (z,y) € Dry, To <t <T} =0,
R—o0

for any Ry >0 and Ty < T.

We conclude from (A.54) and the logarithmic concavity of vs, g that the function
vs(z,y,t) is also logarithmically concave in (z,y) for (z,y) € R? and t < T.
Observe here that we are using the strong maximum principle to conclude that
vs(z,y,t) > 0 for (x,y) € R? and t < T. Next we see that the function v(z,y,t) =
lims_,o v5(z,y,t) is the unique bounded solution of (A.39) which has terminal
data v(z,y,T) =0if y <z, v(z,y,T) = 1if y > x. Thus v(z,y,t) = ve e (2, y,t)
is logarithmically concave for (x,y) € R? and t < T. Finally we conclude the
convexity of g-(z,y,t) in (z,y) by noting that the function u.(z,y,t) of (1.2)
and (1.3) satisfies ue(z,y,t) = limg 0 v o (2, y, T). O
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