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On a characterization of distributive rings via
saturations and its applications to Armendariz
and Gaussian rings

Ryszard Mazurek and Michat Ziembowski

Abstract. In this paper we apply Ferrero-Sant’Ana’s characterization
of right distributive rings via saturations to prove that all right distribu-
tive rings are Armendariz relative to any unique product monoid. As an
immediate consequence we obtain that all right distributive rings are Ar-
mendariz. We apply this result to give a new proof of the well-known
fact that all right duo right distributive rings are right Gaussian. We also
show that for any nontrivial unique product monoid S, the class of Ar-
mendariz rings relative to S is contained in the class of Armendariz rings,
and we present an example of a unique product monoid S for which this
containment is strict.

1. Introduction

Throughout this paper, R denotes an associative ring with unity. Recall that a
ring R is said to be right distributive if the lattice of right ideals of R is distributive,
ie, (A+B)NC = ANC + BNC for any right ideals A, B and C of R. Left
distributive rings are defined similarly. A ring R is called an Armendariz ring
if whenever the product of two polynomials over R is zero, then the products of
their coefficients are all zero, that is, for any f = Y ja;z" and g = >7_b;z €
Rlz], if fg = 0, then a;b; = 0 for all ¢ and j. These rings were introduced
by M.B. Rege and S. Chhawchharia in [20], and the name for them was chosen
to honor E.P. Armendariz, who noted in [2] that all reduced rings satisfy this
condition. Armendariz rings, as well as their numerous generalizations (see [15]),
have recently been objects of intensive investigation.

The aim of this paper is to examine relationships between the classes of right
distributive rings and Armendariz rings. The main motivation for the study comes
from the theory of commutative rings. According to L. Fuchs, [8], commutative
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distributive rings are called arithmetical rings. It is well known that a commutative
domain is arithmetical if and only if it is Priifer if and only if it is Gaussian (see,
e.g., [9]), where a commutative ring R is said to be Gaussian if

(1.1) c(fg)=c(f)c(g) forany f,g € R[],

with ¢(h) denoting the ideal of R generated by the coefficients of a polynomial
h € R[z]. Thus in the commutative case, both arithmetical rings and Gaussian
rings generalize the important notion of a Priifer domain to rings with zero di-
visors. When passing from commutative domains to all commutative rings, one
implication between the arithmetical and the Gaussian conditions remains valid;
namely if a ring is arithmetical then it is Gaussian (see Section 4 of [9]). As proved
by D.D. Anderson and V. Camillo in Theorem 1 in [1], a commutative ring is Gaus-
sian if and only if all its homomorphic images are Armendariz rings. Therefore,
since obviously homomorphic images of arithmetical rings are arithmetical, the
aforementioned result,

(1.2) R is an arithmetical ring = R is a Gaussian ring,
can be seen as an immediate consequence of the implication
(1.3) R is an arithmetical ring = R is an Armendariz ring,

which is explicitly outlined, for example, as Corollary 9.56 in C. Faith’s book [6].
In this paper we extend the result (1.3) to noncommutative rings. Namely we
show that for any ring R,

(1.4) R is a right distributive ring = R is an Armendariz ring.
In fact we will prove the much stronger result,

(1.5) R is a right distributive ring

= R is an Armendariz ring relative to any u.p. monoid S,

where according to [13], a ring R is said to be Armendariz relative to a monoid S,
or S-Armendariz for short, if for any elements a =} _gass and 8 = 37, o byt
of the monoid ring R[S] (where s,t € S and ag, b € R), a8 = 0 implies azby = 0
for all s,t € S (the definition of a u.p. monoid is recalled at the beginning of
Section 4). Since the additive monoid S = NU{0} of nonnegative integers is a u.p.
monoid and the monoid ring R[S] is isomorphic to the polynomial ring R[z], it
follows that (1.4) is a consequence of (1.5). To show that the result (1.5) is indeed
stronger than (1.4), we will construct an example of an Armendariz ring that is
not S-Armendariz for some u.p. monoid S.

One advantage of proving the implication (1.4) is that every property estab-
lished for Armendariz rings is automatically inherited by right distributive rings.
For example, the property that nilpotent elements of a right distributive ring R
form a (nonunital) subring of R, proved in Corollary 2 in [16], can now be seen as an
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immediate consequence of the same property for nilpotent elements of Armendariz
rings, proved in Proposition 4.5 in [15].

Another benefit of proving the result (1.4) is that it enlarges the stock of exam-
ples of Armendariz rings to include all known examples of right distributive rings.
Since the structure of right distributive rings is quite subtle, these examples can
be helpful in developing the theory of Armendariz rings.

Yet another benefit from proving (1.4) is a new proof of the well-known fact
that right duo right distributive rings are right Gaussian, which will be presented in
Section 4. This fact extends (1.2) to the noncommutative setting. Right Gaussian
rings were introduced in [17] by replacing each ideal ¢(h) in the condition (1.1)
with the right ideal ¢, (h) generated by the coefficients of a polynomial h € R[z].

The paper is organized as follows. Section 2 is devoted to so-called saturations,
which are some special right ideals of a ring, used by M. Ferrero and A. Sant’Ana
in [7] to characterize right distributive rings in the spirit of a well-known char-
acterization by Jensen of commutative distributive rings. In Section 2 we point
out some links between the result of Ferrero—Sant’Ana and that of Jensen, and
collect properties of saturations needed in later parts of the paper. In Section 3
we give an alternative proof of the Ferrero—Sant’Ana result, which is then used in
Section 4 to prove that all right distributive rings are Armendariz relative to any
u.p. monoid. In Section 5 we show that for any nontrivial u.p. monoid S, the class
of Armendariz rings relative to S is contained in the class of Armendariz rings,
and we present an example of a u.p. monoid S for which this containment is strict.

2. Saturations of right ideals

In 1964, C.U. Jensen proved the following characterization of arithmetical rings
(i.e., commutative distributive rings).

Theorem 2.1. (Lemma 1 in [10]) A commutative ring R is arithmetical if and
only if for any mazimal ideal M of R, the ideals of the ring of fractions of R with
respect to D = R\ M are totally ordered by set inclusion.

Rings of fractions, as shown by the result of Jensen, are very useful tools
in studying commutative distributive rings. In the noncommutative setting the
situation is different, as for a right distributive ring R the ring of fractions with
respect to the complement D = R\ M of a maximal right ideal M of R may
not exist (see Section 7 of [19]). In [7] Ferrero and Sant’Ana have overcome the
problem by adjoining to any right ideal I of R its D-saturation

ID'={reR:rdcI forsomedc D}, where D= R\ M,

and considering the lattice of D-saturations of right ideals of R instead of the
lattice of right ideals of the possibly nonexistent ring of fractions with respect
to D. They proved in Corollary 3.6 in [7] that a ring R is right distributive if
and only if for any maximal right ideal M of R the D-saturations of right ideals
of R are totally ordered by set inclusion. An alternative proof of this result will be
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given in Section 3. In the present section we explain why the result of Ferrero and
Sant’Ana is for noncommutative rings an adequate analogue of the result of Jensen.
Furthermore, since saturations play a crucial role in Section 4 in our proof that all
right distributive rings are S-Armendariz for any u.p. monoid S, we establish the
properties of saturations that will be needed in the proof.

Let R be a ring and let D be a multiplicative subset of R (i.e., D- D C D,
1€ D,and 0 ¢ D). Then a ring Rp is called a right ring of fractions of R with
respect to D if there exists a ring homomorphism ¢ : R — Rp such that

(a) For any d € D, ¢(d) is an invertible element of Rp.
(b) Every element of Rp has the form o(r)p(d)~! for some 7 € R and d € D.

(¢) kero ={r € R:rd =0 for some d € D}.

It is well known (e.g. see Theorem 10.6 in [12]) that the ring R has a right ring
of fractions with respect to D if and only if the following conditions are satisfied:

(1) For any r € Rand d € D, rDNdR # 0.
(2) For any r € R, if d'r = 0 for some d’' € D, then rd = 0 for some d € D.

If a set D C R satisfies property (1) above, then D is said to be right Ore, whereas
a set D C R satisfying property (2) is said to be right reversible.

A right ideal P of a ring R such that the complement D = R\ P is a multiplica-
tive subset of R is said to be completely prime. In other words, a right ideal P of
a ring R is completely prime if P # R and for any a,b € R, ab € P implies a € P
orbe P.

It is well known that any maximal right ideal M of a right distributive ring R
is a two-sided ideal of R (see Corollary 4 of Proposition 1.1 in [21]) and thus M
is completely prime. Hence the complement D = R\ M is a multiplicative subset
of R. In fact we have the following result.

Proposition 2.2. (Theorem 7.7 (1) in [23]) If R is a right distributive ring and M
is a maximal right ideal of R, then D = R\ M is a right Ore, multiplicative subset
of R.

Unfortunately, as the example constructed by G. Puninski in Section 7 of [19]
shows, the complement D = R\ M of a maximal right ideal M of a right distribu-
tive ring R need not be right reversible, so right rings of fractions with respect
to D = R\ M may not exist. Therefore, it is impossible to extend Jensen’s The-
orem 2.1 to right distributive rings simply by using right rings of fractions. To
overcome this difficulty we consider some special right ideals of a right distributive
ring R that exist independently of whether or not D = R\ M is right reversible and,
in the case where D is right reversible, furthermore constitute a lattice isomorphic
to the lattice of right ideals of the right ring of fractions Rp.

Let R be any ring and let D be any nonempty subset of R. Following [7], for a
right ideal I of R we define the saturation of I with respect to D, or D-saturation
of I for short, to be the set

ID'={rec R:rdcI for some d € D}
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(as is pointed out in [7], this notion has also been used by G. T6rner and J. Zima
in [22] to study right distributive domains). Assume that D is a multiplicative,
right Ore subset of R. Then as proved in Proposition 2.4 below, for any right
ideal I of R the D-saturation ID~! of I is a right ideal of R. Let

L ={ID7': Iis a right ideal of R},

i.e., L is the set of all D-saturations of right ideals of R. Then ordered by inclu-
sion, L has a lattice structure, where for J, K € £ the meet and join are defined by

JANK=JNK and JVK=(J+K)D.

Assume for a moment that furthermore D is right reversible. Then the ring Rp of
right fractions of R with respect to D exists. Let ¢ be the natural homomorphism
from R to Rp. For any J € L we set U(J) = ¢(J) - Rp, the right ideal generated
by ¢(J) in Rp. It is easy to verify that ¥ is a lattice isomorphism from the
lattice £ of D-saturations of right ideals of R onto the lattice of right ideals of Rp.
Hence the following result of Ferrero and Sant’Ana is an adequate generalization
of Jensen’s Theorem 2.1 to noncommutative rings.

Theorem 2.3. (Corollary 3.6 in [7]) A ring R is right distributive if and only
if for any mazimal right ideal M of R, the saturations of right ideals of R with
respect to D = R\ M are totally ordered by set inclusion.

An alternative proof of the Ferrero—Sant’Ana result will be given in Section 3.
Below we prove those properties of saturations that will be needed in Section 4 in
proving the main result of this paper, namely that all right distributive rings are
Armendariz relative to any u.p. monoid.

Proposition 2.4. Let R be a ring and let D be a multiplicative, right Ore subset
of R. Then:

(a) For any right ideal I of R and any n € N, if aj,as,...,a, € ID7, then
there exists d € D such that a1d,aq2d, ..., a,d € I.

(b) For any right ideal I of R, ID™! is a right ideal of R and I C ID™'.

(¢) For any right ideals I,J of R,

JCID™' if and onlyif JD ' CID™!.

(d) For any right ideal I of R, (ID~*)D~'=1ID"1.

(e) For any right ideals I,J of R, if ID=Y C JD™!, then (al)D~! C (aJ)D™!
for any a € R.

Proof. (a) The case where n = 1 is obvious. Assume n > 2, a1, as,...,a, € D™}
and the property (a) is true for any n — 1 elements of ID~!. Then by the induc-
tive hypothesis there exists d € D such that a;d’,asd’,... a,—1d" € I. Since
an, € ID™! for some d”’ € D we have a,d" € I, and since D is right Ore, there
exist d € D and r € Rwithd'd=d"r. Set d = d’d Then d € D, a;d = (a; d’)d el
for any i € {1,2,...,n— 1}, and a,d = (a,d”)r € 1.
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(b)Ifaecl,thena-1€ I and 1€ D, and thus a € ID~!. Hence I C ID™L.
In particular, ID~1 # ().

Let aj,az € ID™!. Then by (a) there exists d € D such that a;d, azd € I, and
since (a; + as)d = a1d + aod € I, it follows that a; +as € ID™L.

Let a € ID7! and r € R. Then ad € I for some d € D, and since D is right
Ore, rdy = dry for some d; € D and ry € R. Since ardy = adr; € Ir; C I and
di € D,ar € ID7L.

(c) Assume J C ID™ !, and let a € JD~!. Then ad € J for some d € D, and
thus ad € ID~'. Hence add; € I for some dy € D. Since ddy € D, a € ID™! and
thus JD~! C ID™1.

Assume JD~! C ID~!. Then (b) implies that J C ID~*.

(d) If a € (ID7Y)D~!, then ad; € ID™! and adidy € I for some dy,ds € D.
Since didy € D, it follows that a € ID~™! and thus (/D~')D~! C ID~!. The
opposite inclusion is a consequence of (b).

(e) Assume that ID=' C JD™! and let € (aI)D~'. Then xd; = ai for
some d; € D and i € I. Since I C ID~' C JD™!, there exists da € D such that
idy € J. Now for d = dydy € D we have xd = (xdy)ds = a(idz) € aJ, and thus
x € (aJ)D™!, which shows that (al)D~! C (aJ)D™1. O

We will consider mainly saturations with respect to complements of completely
prime right ideals. Such saturations have the following property.

Corollary 2.5. Let P be a completely prime right ideal of a ming R such that
D = R\ P is a right Ore subset of R. Then, for any element a € R,

(a) if I is a right ideal of R and ID™* & (aR)D~*!, then ID™! C (aP)D!;
(b) if a € (aP)D~*, then a € 0D~L.

Proof. (a) Let # € ID~!. Since ID™! C (aR)D™!, there exist d € D and r € R
such that zd = ar. If r € D, then since ar = zd € ID~' by Proposition 2.4 (b), it
follows from Proposition 2.4 (d) that a € (ID~')D~! = ID7! so aR C ID™! by
Proposition 2.4 (b), and applying Proposition 2.4 (¢) we come to the contradiction
(aR)D~' C ID~'. Hence r € D, so r € P and the equality d = ar implies
x € (aP)D™!, as desired.

(b) Since a € (aP)D~}, ad = ap for some d € D and p € P. Hence we have
a(d —p) =0 withd —p € D, and thus a € 0D~L. O

3. A characterization of right distributive rings via satura-
tions

The main result of this paper is Theorem 4.1, which says that every right dis-
tributive ring is Armendariz relative to any u.p. monoid. As already mentioned,
the proof of the result applies the Ferrero-Sant’Ana characterization of right dis-
tributive rings via saturations established in Corollary 3.6 in [7]. For the sake of
completeness, we give below a self-contained proof of the characterization, which is
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different than the proof given by Ferrero and Sant’Ana in [7]. (Another reason for
including the proof is that our definition of a saturation is more general than that
in [7] and, furthermore, condition (iii) below differs slightly from the corresponding
condition (iii) in Corollary 3.6 of [7].)

Theorem 3.1. For any ring R the following conditions are equivalent:
(i) R is right distributive.

(ii) For any maximal right ideal M of R, the saturations of right ideals of R with
respect to D = R\ M are totally ordered by set inclusion.

(iii) For any maximal right ideal M of R and any elements a,b € R,
(aR)D™* C (bR)D™' or (bR)D™* C (aR)D™!,
where D = R\ M.

Proof. (1) = (ii) Assume R is right distributive and M is a maximal right ideal
of R. Then by Proposition 2.2, D = R\ M is a right Ore multiplicative subset
of R. Suppose there exist right ideals I,.J of R such that ID~' ¢ JD~! and
JD=1 ¢ ID7!, and choose a € ID™'\ JD~! and b € JD~' \ ID~!. Since R is
right distributive,

aR=aRN bR+ (a—bR)=aRNbR+aRN (a—b)R.

Hence a = ¢ + ah, where ¢ € aRNbR, h € R, and ah = (a — b)r for some
r € R Ifhe M,then1—h € D, and since by Proposition 2.4 (b) we have
a(l —h) = c€ bR C JD™! it follows from Proposition 2.4 (d) that a € JD™!, a
contradiction. If 7 € D, then br = a(r —h) € aR C ID~! implies that b€ ID!, a
contradiction. We are left with the case where h € D and r € M. Thenr —h € D,
and since a(r —h) = br € bR C JD™!, we again obtain a contradiction a € JD 1.
Hence for any right ideals I,.J of R we have ID™' C JD~! or JD~' C ID™ !,
which proves (ii).

(ii) = (iii) This is obvious.

(iii) = (i) Assume (iii). We have to show that (A+B)NC=ANC+BNC
for any right ideals A, B and C of R. Obviously, ANC+BNC C(A+B)nC.
To show the opposite inclusion, let r € (A+ B)NC. Thenr € C andr =a+b
for some a € A and b € B. It is clear that the set

I={s+y:z,yc R,rxecAryc B}

is a right ideal of R. Suppose I # R. Then I C M for a maximal right ideal M
of R. Set D = R\ M. Then by (iii) we have (aR)D~! C (bR)D~! or (bR)D~! C
(aR)YD~L. If (aR)D~! C (bR)D™!, then a € (aR)D~! C (bR)D~!, and thus
ad € bR C B for some d € D. However, then rd = (a + b)d = ad + bd € B,
sod =0+d e I C M, a contradiction. Similarly we get a contradiction if
(bR)D~! C (aR)D~!. Hence I = R, and thus there exist x,y € R with z +y = 1,
re € A and ry € B. Therefore, r = r(x +y) =ra+ry € ANC+ BNC, as
desired. O
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4. Right distributive rings are Armendariz relative to u.p.
monoids

In this section we will prove that every right or left distributive ring is Armen-
dariz relative to any u.p. monoid. Recall that a monoid S is said to be a unique
product monoid (a u.p. monoid for short) if for any two nonempty finite subsets
X,Y C S thereexist zg € X and yo € Y such that zoyg # xy for every (x,y) € X x
Y\ {(x0,90)}; the element xgyp is called a u.p. elementof XY = {st: s € S;t € Y}.
The class of u.p. monoids is quite large and important (e.g. it includes totally or-
dered monoids, submonoids of a free group, torsion-free nilpotent groups, and
a.n.u.p.-monoids; see [14] for the definition of the last notion), and u.p. monoids
have been considered in many papers (e.g. see [5], [14], [15], and [18]).

Theorem 4.1. Let R be a right or left distributive ring and let S be a u.p. monoid.
Then R is Armendariz relative to S.

The proof of the theorem will be based on the following observation.

Lemma 4.2. Let R be a ring and let P be a completely prime right ideal of R such
that D = R\ P is a right Ore subset of R and the saturations of right ideals of R
with respect to D are totally ordered by set inclusion. Let S be a u.p. monoid and
let « =3  cgass, B =72 ,cqbit € R[S] be such that af = 0. Then there evists
d € D such that asbyd =0 for any s,t € S.

Proof. In the proof we adapt some ideas of the proof of Proposition 6.1 in [15]. For
any v = Y .cgCss € R[S], ¢, is called the s-coefficient of v, and supp(y) denotes
the support of v, i.e., supp(y) = {s € S : ¢5 # 0}.

If « =0 or =0, it suffices to take d = 1. Thus we can assume that a # 0
and S # 0. By Proposition 2.4 (a), to prove the result, it suffices to show that
asb, € 0D~ ! for any s,t € S.

Since the saturations of right ideals of R with respect to D are totally ordered,
there exist sg € supp(a) and ¢y € supp(/) such that

(4.1) (asb;R)D™! C (ag,byy RYD™'  for any s,t € S.

Set
X ={z esupp(a) : Jue S (azb,R)D' = (as,by, R)D'},
Y ={y €supp(B) : Jv e S (ayb,R)D™" = (as,b, R)D~'}.

Since S is a u.p. monoid and the sets X and Y are finite and nonempty (because
so € X and ty € Y), there exist 9 € X and yo € Y such that zoyp is a u.p.
element of XY. Since x¢p € X and yo € Y, for some ug, vy € S we have

(4.2) (awobuoR)D*1 = (aé,,OthR)D*1
and

(4.3) (Gugbyy R)D ™" = (ag, by R)D ™ .
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Assume that (by,R)D~! C (b,,R)D~!. Then (4.2), Proposition 2.4 (e) and (4.1)
imply that (as,be, R)D ™' = (azbug R)D ™ C (azoby, R)D ™ C (as by, R)D ™!, and
thus

(4.4) (Qugbyo R)D ™' = (as,bsy R)D ™.
Since a8 = 0, looking at the zgyo-coefficient of o8 we obtain
(4.5) 0 = az,by, + ¢,

where ¢ is the sum of all products a,b, with p € supp(«), ¢ € supp(8), pg = ToYo
and (p, q) # (zo, yo) (if no such par (p, q) exists, we set ¢ = 0). Note that for such a
pair (p, q), since pq = xoyo and zoyp is a w.p. element of XY, and (p, q) # (x0,yo),
we have p € X or ¢ € Y. In either case, (4.1), (4.4), and the definitions of X
and Y imply that (apbgR)D ™' G (ayby, R)D ™ s0 (apbgR)D ™" C (agyby, P)D™*
by Corollary 2.5 (a), and thus

(4.6) apby € (azyby, P)D™ 1.

Since by Proposition 2.4 (b) the set (az,by, P)D~! is a right ideal of R, we have
by (4.6) that c€ (az,by, P)D ™!, and thus (4.5) implies that az,by, € (@z,by, P)D .
Hence by Corollary 2.5 (b) we have a;,b,, € 0D~!, and thus by (4.1) and (4.4),
asby € 0D~ for all s,t € S in this case.

We are left with the case where (b,,R)D™' € (b,, R)D~!. Since the D-satu-
rations of right ideals of R are totally ordered, (by, R)D~! & (by,R)D~! and we
have that (by, R)D~! C (by, P)D~! by Corollary 2.5 (a). Hence Proposition 2.4 (e)
implies (@y,byy R)D ™ C (ayybu, P)D ™!, and from (4.1) and (4.3) we obtain

(4.7) ashi € (ayybu, P)D™1  for any s,t € S.

Applying (4.7) with s = vy and t = ug, we obtain ay,by, € (ay,by, P)D ™!, and by
Corollary 2.5 (b) we have that a,,b,, € 0D~!. Now another application of (4.7)
yields asb; € 0D~! for all s,t € S, which completes the proof. O

Proof of Theorem 4.1. Let R be a right distributive ring, let S be a u.p. monoid,
and let o = ) _gass, B =), qbit € R[S] be such that a8 = 0. Suppose that
asby # 0 for some s,t € S. Then I = {r € R : asbyr = 0} is a proper right
ideal of R. Thus there exists a maximal right ideal M of R such that I C M.
By Proposition 2.2, M is a completely prime right ideal of R and D = R\ M is
a right Ore subset of R, and by Theorem 3.1 the saturations of right ideals of R
with respect to D are totally ordered. Hence by Lemma 4.2 there exists d € D
with asb;d = 0. Consequently d € I and it follows that d € M. This contradiction
completes the proof in the case where R is right distributive.

Assume now that R is a left distributive ring and S is a u.p. monoid. Then the
opposite ring R°? of R is right distributive and the opposite monoid S°P of S is
a u.p. monoid, and thus, as we already know, R°P is Armendariz relative to S°P.
Therefore, R is Armendariz relative to S. O
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By applying Theorem 4.1 to the additive monoid S = NU {0} of nonnegative
integers, we obtain the following result.

Corollary 4.3. Every right or left distributive ring is Armendariz.

Recall that a ring R is said to be a right chain ring if the right ideals of R
are totally ordered by set inclusion (see [4]). Left chain rings are defined similarly.
Obviously, any right (resp. left) chain ring is right (resp. left) distributive and thus
the following two results are immediate consequences of Theorem 4.1.

Corollary 4.4. (Corollary 6.2 in [15]) Every right or left chain ring is Armendariz
relative to any u.p. monoid.

Corollary 4.5. (Corollary 6.3 in [15]) Every right or left chain ring is Armendariz.

For a ring R and a polynomial h € R[z], let ¢,.(h) denote the right ideal
of R generated by the coefficients of h. A ring R is said to be right Gaussian if
er(fg) = er(f)er(g) for any f,g € R[z]. The notion of right Gaussian rings, intro-
duced in [17], extends to the noncommutative setting the notion of a commutative
Gaussian ring. It is well known that every right Gaussian ring R is right duo, that
is, any right ideal of R is a two-sided ideal (see Lemma 1.4 in [17]). Below we
apply Theorem 4.1 to get a new and short proof of the following extension of the
result (1.2) to noncommutative rings.

Corollary 4.6. (Theorem 2.1 in [17]) Every right duo right distributive ring is
right Gaussian.

Proof. Let R be a right duo right distributive ring. Obviously, all homomorphic
images of R are right distributive and thus, by Theorem 4.1, they are Armendariz.
Now the result follows immediately from the known characterization of right Gaus-
sian rings as those right duo rings whose homomorphic images are all Armendariz
(see Theorem 1.5 in [17]). O

5. Armendariz rings relative to u.p. monoids are Armendariz,
but not conversely

In this section we show that for any nontrivial u.p. monoid S the class of S-
Armendariz rings is contained in the class of Armendariz rings, and we present an
example of a u.p. monoid S for which the containment is strict.

Proposition 5.1. If a ring R is S-Armendariz for some nontrivial u.p. monoid S,
then R is Armendariz.

Proof. Since S is nontrivial, we can choose t € S\{1}. Let T be the submonoid of S
generated by t, i.e., T = {1,¢,¢%,...}. Since R is S-Armendariz, R is T-Armen-
dariz as well, and thus to show that R is Armendariz, it suffices to show that the
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monoid 7T is isomorphic to the additive monoid NU {0}. In turn, to show this, it
is enough to prove that for any 7,5 € NU {0}, i # j implies t* # t/. Suppose that
i # j but ¢ = tJ, where without loss of generality we can assume that ¢ > j. Then,
since each u.p. monoid is cancellative, we have t" = 1 for n =i — j € N (note that
n > 2, since t # 1). Now for the subsets X = {1,¢} and Y = {1,¢,¢%,...,t"" !}
of S we can easily see that there does not exist an element of S written uniquely
in the form zy with « € X and y € Y, contradicting that S is a u.p. monoid. O

By Proposition 5.1, all Armendariz rings relative to a nontrivial u.p. monoid
are Armendariz. In the example below we show that, in general, the converse is
not true.

Example 5.2. There exist a u.p. monoid S and a ring R such that R is Armen-
dariz but not S-Armendariz.

Let S be the monoid generated by si1, s, S3,t1,12,t35 with the following defining
relations:

s1t1 = Sat3, s1te = S3t1, S1t3 = Sota, S3lo = Saty.

As it was shown by J. Krempa, S is a u.p. monoid (see Example 13 of Chapter 10
in [18]).

Let K = Zs be the field of two elements and let R be the K-algebra generated
by y1,y2,y3 with the following defining relations:

(5.1) Ui =yoys, YiYe =YsY1, YiYs =Ya, YsY2 = YU,
(5.2) ys =0, yiyyr =0 foralli,jke{l,2,3}.

We will show that the ring R is Armendariz but not S-Armendariz. We will
show even more, namely that the ring R is power-serieswise Armendariz (in the
sense of [11]), i.e., for any power series f = Y >~ a;z’, g = Z;io bjz! € R[[z]], if
fg =0, then a;b; =0 for all 7 and j. Obviously, any power-serieswise Armendariz
ring is Armendariz.

Notice that by the defining relations (5.1), any product y;y; with (¢,7) # (3, 3)
can be represented as one of Y23, y3y1, Y3, or y2y1 (we use the right sides of the
defining relations (5.1) as representatives for the products). This and the diamond
lemma (see [3]) imply that every element a € R can be uniquely written as a linear
combination over K of elements of the set B = {1,y1, Y2, ¥3, Y23, Y3Y1, Y3, Y21 } -
Hence the ring R is a Zs-algebra of dimension 8, so R has the additional feature
of being finite (of order 2%). The coefficient from K with which 1 € B appears
when a € R is written as a linear combination of elements of B will be called the
constant term of a. It is clear that the set J of elements of R whose constant term
is equal to zero, is an ideal of R,

J? = {k1y2ys + kaysyr + ksy3 + kayayr « ku, ko, ks, ks € K}

and J3 = {0}. Hence if a € R\ J (i.e., the constant term of a € R is nonzero),
then a = 1+ j for some j € J and thus a is invertible in R. Therefore, R is a local
ring and J is the unique maximal right ideal of R.



1084 R. MAZUREK AND M. ZIEMBOWSKI

To show that the ring R is not S-Armendariz, we consider the elements o =
Y151 + Y282 + ysss and f = yi1t1 + yata + ysts of the monoid ring R[S]. Then
af = 0, but the product y1y;1 of the si-coefficient of « and the ¢;-coefficient of S
is nonzero. Thus R is not S-Armendariz.

Now we show that the ring R is power-serieswise Armendariz. Let

f= iaimi and ¢ = ibjlﬂj € R[[z]]
i=0 j=0
be such that fg =0, i.e.,
(5.3) (a0+a1x+a2x2+~~~)(b0+blx+ng2+~~):O.
To show that a;b; = 0 for all 7 and j, we consider three cases.

Casel:ar & J orby, & J for some k € NU{0}. Assume that aj & J for some k,
and let k£ be minimal with this property. Then aj is an invertible element of R.
Furthermore, a; € J for any ¢ < k, and thus by considering the equation (5.3)
modulo the ideal

Jl[z]) = { f: ema™ € R[[z]] : Y cm € J}

of R[[z]], we obtain

(5.4) (apr® +api12" +agiox™ 2 4 ) (bo+ bz +bea® 4+ ) = 0 (mod J[[x]]),
and after canceling both sides of (5.4) by z*, we get

(5.5)  (ap + aps1® + apyox? + - )(bo + biz + box? +---) =0 (mod J[[z]]).

Since ay, is invertible in R, it is invertible modulo J, so the power series ax+ag+12+
ap22? + -+ is invertible modulo J[[z]] in R[[z]]. Now it follows from (5.5) that
bo + b1z + baz? + -+ = 0 (mod J[z]]), and so b; € J for any j. Hence a;b; € J>
for any ¢ < k and any j, and thus

(ap + a1z + agx® + - - 4 ap_ 12" 1) (b + brx + box® 4 ---) = 0 (mod J?[[z]]).
Therefore, (5.3) implies that
(ar + aps17 + aprox® + - )(bo + byx + bz + ) =0 (mod J[[z]]).

Since ay, is invertible in R, it is invertible modulo J? as well, so it follows that
bo + b1z +box? + - =0 (mod J?[z]), and thus b; € J? for any j. Since J* = {0},
it follows that

(ap + a1 + aor® + -+ ak_lmk_l)(bo + bz + boa® +---) =0,
so from (5.3) we obtain
(ak +ak+1m+ak+2m2 + )(bo +bl$+62$2 +) =0.

Since ay, is invertible in R, the power series ay + ary17 + ag22% + - - - is invertible
in R[[z]], and it follows that b; = 0 for any j. Thus a;b; = 0 for any ¢ and j.
The subcase of Case 1 where by, ¢ J for some k can be treated similarly.
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If the Case 1 does not occur, then a; € J for any ¢ and b; € J for any j. Hence
in the remaining we assume that a;,b; € J for all i and j.

In other words, we assume that for any i and j the constant terms of a; and b; are
equal to zero.

Case 2: Either a; € J? for any i € NU{0}, or bj € J? for any j € NU{0}. In
this case for any i and j we have a;b; € J3, so a;b; = 0.

If neither Case 1 nor Case 2 occurs, then we have the following situation.

Case 3: There exist m,n € NU{0} such that am,b, € J\J?. Let m be minimal
with a,, € J\ J2, and let n be minimal with b, € J\ J2. Then a; € J? for any
i <m,and b; € J? for any j < n, and since J3 = {0}, the equation (5.3) reduces to

(ammm + am+1xm+1 + am+2xm+2 4 )(bnitn + bn+1$n+1 + bn+2£€n+2 4. ) = 0.
After cancelling both sides of the above equation by z™1", we obtain
(am + am4+17 + am—i—2-r2 + - )(bn + bn—&-lm + bn+2m2 +o ) =0.

For any i,j € NU{0}, if i <m or j < n, then we have a;b; € J*> = {0}, and thus
to prove that a;b; = 0 for all < and j, we can assume that m = n = 0. Therefore,
we assume the equality (5.3) with ag,bg € J\ J? and a;,b; € J for all i and j, and
we have to show that a;b; = 0 for any ¢ and j.

Since ag, by € J \ J?, there exist triples (ki, k2, k3), (I1,12,13) € K3\ {(0,0,0)}
and p,q € J? such that ag = k1y1 + kaya + ksys +p and by = Liy1 + loys + l3ys + q.
Since fg = 0, we have

0 = aobo = (k1y1 + k2y2 + ksys + p)(liyr + layz + l3ys + q)
= (k1ly + kals)yays + (kila + ksly)ysyr + (kals + kala)ys + (kaly + ksla)yays.
Hence in the equation above, all the “coefficients” of yays, y3y1, %5, and yo1; are

equal to zero, and since R is a K-algebra of characteristic 2, we obtain the equa-
tions:

(5.6) kily = kals,
(5.7) kily = ksly,
(5.8) kils = kala,
(5.9) kaly = klo.

We consider two subcases.
Subcase A: k1 # 0 and ko # 0. Then k; = ky = 1, so (5.6) and (5.8) imply
Iy = Iy = I3, and since by & J?, it follows that [; = Iy = I3 = 1. Hence k3 = 1

by (5.7). Therefore, ag = y1 +y2+y3+p and by = y1 +y2+y3+¢ for some p, q € J>.
Next we concentrate on the coefficients a; and by. Since a1,b; € J, we have

(5.10) a1 = u1y1 + usys + usys + s for some uq,uz,u3 € K and s € JZ,
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and

(5.11) by = vi1y1 + Vays + v3ys + ¢ for some vy, v9,v3 € K and t € J.
Since fg = 0, from the z-coefficient of the product fg, we obtain

(5.12) apby + arbg =0

and thus

0 = agb1 + a1bo
= (y1 +y2 +y3 +p)(viy1 + vay2 + v3ys + 1)
+ (u1y1 + u2y2 +usys + s)(y1 +y2 + ys + q)
= (v1 + vz + u1 + u2)y2ys + (v2 + v1 + uy + uz)ysy1
+ (v3 + V2 + U1 + u2)ys + (v1 + V2 + Uz + u3)y2yi -

Hence

(5.13) v + vz = u1 + ug,
(5.14) V2 4+ V1 = U1 + us,
(515) U3 + V2 = Uy + Uz,
(516) U1 + V2 = ug + us.

From (5.13) and (5.15) it follows that v; = va, and thus v +vy = 0. Now we de-
duce from (5.14) and (5.16) that u; = ug = uz. Hence (5.13) implies v; = vy = vs.
Therefore, a1,b1 € K(y1 + y2 + y3) + J2. Note that (y1 + y2 + y3)? = 0, hence

(5.17) (K (y1 +y2 +ys) + J°] - [K (1 + y2 + ys) + 7] = {0},

and thus a1b; = 0.

To get information on the coefficients ap and by, we look at the x2-coefficient
of the product fg = 0, obtaining that agbs + a1b1 + asby = 0. Since a1b; = 0, it
follows that apba+a2by = 0, and we are in the circumstances of the equation (5.12),
with a; replaced by a2, and by replaced by bs. Hence, by the same argument as
above, we obtain that

az, b € K(y1 +y2 +y3) + J?,

and thus it follows from (5.17) that a1bs = asby = 0.
Next we look at the z3-coefficient of the product fg = 0, obtaining

0 = agbs + a1bs + asby + asby = agbs + asby,

which implies that as,bs € K(y1 + y2 +y3) + J>.
Continuing this way we obtain for any i and j that a;,b; € K (y1+y2+ys)+J2,
and thus a;b; = 0 by (5.17).
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Subcase B: k1 =0 or ke = 0. If ky # 0, then l; = 0 by (5.6) and I3 = 0 by (5.8),

so also I3 = 0 by (5.7). This contradiction shows that k; = 0, and similarly one
can show that ko = 0. Since k1 = k2 = 0 and ag € J \ J?, it follows that ks = 1,
and thus (5.7) and (5.9) imply 3 = lo = 0. Hence I3 = 1, and thus ag = y3 +p
and by = y3 + ¢ for some p, q € J>.

Next we look at the coefficients a; and by, which as in Subcase A can be written

in the forms (5.10) and (5.11), respectively. Now (5.12) gives

0= (y3 + p)(viys + vay2 + v3ys +t) + (way1 + uzya +uzys + 8)(yz +q) =
= V1Y3Y1 + Vayay1 + urYs + Usyays,

and v; = vy = u; = uy = 0 follows. Hence a;,b, € Kys + J?, and since

(5.18) (Kys + J%) - (Kys + J*) = {0},

we obtain a1b; = 0. Following the same pattern as in Subcase A, we obtain that
ai,bj € Kys + J? for any i, j, and thus a;b; = 0 by (5.18).
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