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A sharp multiplier theorem for Grushin operators
in arbitrary dimensions

Alessio Martini and Detlef Miiller

Abstract. In a recent work by A. Martini and A. Sikora, sharp LP
spectral multiplier theorems for the Grushin operators acting on Ri} X ]Ri?,
and defined by the formula

dy dy do
L:—Z@i/—(ZM;Q)Z@iu
Jj=1 Jj=1 k=1

are obtained in the case d1 > d2>. Here we complete the picture by proving
sharp results in the case di < d2. Our approach exploits L? weighted
estimates with “extra weights” depending essentially on the second factor
of R x R?2 (in contrast to the mentioned work, where the “extra weights”
depend only on the first factor) and gives a new unified proof of the sharp
results without restrictions on the dimensions.

1. Introduction

Let X be R% x R?, endowed with Lebesgue measure, and let L be the Grushin
operator on X, that is,
L= 7Ax/ — |$/|2Ax//,

where 2/ and z” denote the two components of a point z € R x R%_ A, and A,
are the corresponding partial Laplacians, and |2/| is the Euclidean norm of 2.
Since L is an essentially self-adjoint operator on L?(X), a functional calculus for L
can be defined via spectral integration and, for all Borel functions F' : R — C, the
operator F(L) is bounded on L?(X) if and only if the function F, which is called
a spectral multiplier, is essentially bounded with respect to the spectral measure.
The aim of this work is to give sufficient conditions for the LP-boundedness (for
p # 2) of an operator of the form F(L), in terms of smoothness properties of the
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multiplier F. Namely, let W5 (R) denote the L? Sobolev space on R of (fractional)
order s, and define a scale-invariant local Sobolev norm by the formula

| Fl[arws = sup [ Fpy llws s
>0
where Fy)(A\) = F(tA) and n € C2°(]0, 00[) is a nontrivial auxiliary function (dif-

ferent choices of 7 give rise to equivalent local norms). Our main results then read
as follows.

Theorem 1. Suppose that a function F : R — C satisfies
[ Fllaws < o0

for some s > (dy + d2)/2. Then the operator F(L) is of weak type (1,1) and is
bounded on LP(X) for all p € ]1,00[. In addition,

IF (L) 1o rre < Csl|Fllarw;

and, for all p € |1, 00],

IE (L) r—re < Cp || Fllmws -

Theorem 2. Suppose that k > (dy + d2 — 1)/2. Then the Bochner—Riesz means
(1 —tL)% are bounded on LP(X) for all p € [1,00] uniformly in t € [0, col.

These results are sharp, in the sense that the thresholds (dy + d2)/2 on the
order of differentiability s in Theorem 1 and (dy + da — 1)/2 on the order x of the
Bochner—Riesz means in Theorem 2 cannot be decreased.

In the case dy > ds, the results above are contained in joint work of the first
named author and Adam Sikora [10], to which we refer for a discussion of the
related literature (see also [5], [11], [1], [6], [13], [7], [14], [2], [4], [12], [15], [8]), and
for a proof of the mentioned sharpness (based on [9]). In fact, [10] contains some
results for the case d; < ds too, which however are not sharp. The new approach
presented here differs from that of [10] even in the case d; > do, and gives a unified
treatment of the sharp results without any restrictions on the pair (dy, ds).

2. Structure of the proof

Let o be the control distance on X associated to the Grushin operator L, and
denote by B(x,r) the open p-ball of center x and radius r, and by |B(x,r)| its
Lebesgue measure. Moreover denote by Kp(r) the integral kernel of the operator
F(L). As shown in [10], Theorems 1 and 2 are consequences of the following L*
weighted estimate (corresponding to Corollary 14 of [10] in the case dy < d2).

Proposition 3. For all R > 0, a > 0, and 8 > o+ (d1 + d2)/2, and for all
functions F : R — C such that supp F C [Rz, 4R2] ,

(2.1) esses;gp (1 + Ro(-,y))* ICF(L)('ay)Hl < Cop HF(RZ)HWZ?'
y
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This estimate in turn follows via Holder’s inequality from an weighted L? esti-
mate of the form

(22)  essuwp By, 1/R)|"* [ wr(z,9)" (1 + Ro(y)* Ky ()],

< Caﬂ,*fHF(RQ)wa

for suitable weight functions wr: XxX — [0, oo and constraints on «, 8, € [0, ool.

In [10] the weights wg(x,y) depend only on the first components 2’ and y’
of z and y, and the proof of (2.2) is based on a subelliptic estimate satisfied by L.
Such an approach corresponds to the one adopted in [6] for the sublaplacian on a
Heisenberg(-type) group G, where a weight function is used that depends only on
(the projection of the variable on) the first layer of G.

On the other hand, other work in the setting of Heisenberg groups [13], [14]
exploits weight functions depending on both layers.

The approach presented below differs from all previous ones, since we use weight
functions wg depending only on the second components " and y” of the variables x
and y (except for a rescaling factor due to the dependence of the volume of a ball
of fixed radius on the center). In place of the subelliptic estimate used in [10],
here we make a careful analysis based on properties of Hermite functions; in this
sense, we are closer to the spirit of [13], [14], where instead identities for Laguerre
functions are exploited.

We remark that the L? estimate (2.2) without the weights wg (that is, when
v = 0) holds true if 8 > «a, and this implies the L' estimate (2.1) when 8 > a+Q/2,
where @ is the homogeneous dimension dy + 2ds of the doubling metric-measure
space X with distance ¢ and Lebesgue measure [3], [15]. The purpose of the “extra
weights” wp is to pass from the homogeneous dimension @ to the topological
dimension d; + ds. Since these two quantities differ by the dimension dos of the
second factor of R% x R%, it appears necessary, when dy is larger than d;, to
employ weights wgr(z,y) that do not depend only on the first components ', y’.
In fact the technique presented here, in contrast to the one in [10], does not put
any constraint on the dimensions.

3. Weighted estimates and discrete differentiation

Given a point z = (2/,2") € X, we denote by 2 and x}/ the jth component of z’
and the kth component of z”. For all j € {1,...,d1} and k € {1,...,d2}, let L;
and T} be the differential operators on X given by

da

Ly = (=i0u)* + (€))7 Y (=i0ay)*, T = —i0yy.

=1

If (D,)r>0 is the family of dilations on X defined by
D.(z',2") = (ra’,r?2"),
then
Li(foDy)=71*(Ljf)o Dy,  Ti(foDy)=1*Tkf)o D



1268 A. MARTINI AND D. MULLER

The Grushin operator L on X is the sum Lj + -+ + Lg,.

As shown in [10], the operators L1, ..., La4,,T1,...,Tq, have a joint functional
calculus; moreover, if L and T denote the vectors of operators (L1,...,Lg4,) and
(T1,...,Ty,), one can obtain a quite explicit formula for the integral kernel K¢(r, 1)
of an operator G(L, T) in the functional calculus in terms of Hermite functions.
Namely, for all £ € N, let hy denote the ¢th Hermite function, that is,

he(t) = (1) (2tym) 22 () et

and set, for all n € N%, 4 € R%, and € € R%,
T (14, €) = €| oy (1€ Pun) - - Fog, (€] 2wy

Finally, denote by e1,...,eq, the standard basis vectors of R%, and by 1 the
element (1,...,1) =e; +---+eq, of N9

Proposition 4. For all bounded Borel functions G : R x R% — C compactly
supported in RN x (R \ {0}), if

G(€](2n + 1), when n € N
(3.1) min,€) — {0 el ey whenn €70 o
then
(3:2) Kowm (o) = 07" [ 5 mln &) hulel,€) 7 dg
etz neNd1
for almost all x,y € X.
Proof. See Proposition 5 in [10]. O

The relation (3.2) between the kernel K, Ty and the multiplier G, or rather its
reparametrization m, involves a partial Fourier transform. This suggests that ap-
plying a suitable multiplication operator to the kernel may correspond to applying
a differential operator to the multiplier. The presence of the Hermite expansion,
however, makes things more complicated, and leads one to consider discrete differ-
ence operators as well as continuous derivatives on the spectral side. In order to
make these observations precise, we introduce some notation.

For all ¢ € Z, set ay = /L({ —1) if £ > 0 and ay = 0 otherwise. For all
je{l,...;di}, k€ {1,...,d2}, p € Z and s € N, define the following operators
on functions f : Z% x R% — C:

ij(n,f) = f(n+ 26j7£)7
6jf(n,§) = f(n,f) - f(n - 26]’75%

. _ anj+2pf(nv f) if s=0,
N]vﬁ,sf(nag) - {Nj,P»Slf(T%f) — Nj,ﬂ*l,sflf(nyf) if s > 07

akf(nag) = % (n,f)
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Note that 7; is invertible, and §;f = f — ijl f. We will also use the multi-index
notation as follows:
T =t % = 8.5, 3/3:3{31...@5;2)

for all @ € N4 and g € N%; in fact, 7* is defined for all & € Z%. Inequali-
ties between multi-indices, such as o < ¢, are to be understood componentwise.
Moreover |- |1 will denote the 1-norm, that is, for all t € RY, [¢|y = [t1] + - - + [ta].

For convenience, set hy = 0 for all £ < 0, and extend the definition of h,, to all
n € Z%; hence h,, = 0 for all n € Z4 \ N4,

Proposition 5. Let G : R4 x R% — C be smooth and compactly supported in
R4 x (R92\ {0}), and let m(n, &) be defined by (3.1). For all B € N, we have

(m// o y//)ﬁ KG(L,T) ($,y)
= /]Rd Z Z @L(g) 853/\& TdL(SOCLmO,L’ g) Bn+2w<yl,€) iln($/, 5) €i<5733//—y”) de

n€Zd1€lg

for almost all x,y € X, where I is a finite set and, for all v € I,
i) B* € N*% and p* < B;

ii) of,at € N© and |ot|y + |8 < |B;

iti) 4f |81 > 0 then |a'|y + |1 > O;

v) ©, is a smooth function on R\ {0}, homogeneous of degree |3*|1 — |B|1;

)
)
iv) r € Z% and |rt)y < |Bli;
)
vi) N, is a composition product of the form

SNy N, 4 a-N, a a

(33) Nl,p%,s} Py Sy dy,pit,s] dl,pud1 Sy,
with uy + -+ +uq, < |61 — |81 and
sl s, =uj—ah, 5] =B < p] <18,
max{O,lfpjl,...,lfpij} > af — a5
forallje{l,...,di} andl e {1,...,u;}.
Proof. Because of (3.2), we are reduced to proving that
OB 3 B
(3e) Xm0k, O hnta’,€)
nezd
(3.4) =3 > 0N, 5" m(n, &) hpsar (¥, €) hn(a',€)

L€lg nezd

where I3, 8, o*, &, r*, ©,, and N, are as in the statement of Proposition 5.
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This formula can be proved by induction on |3|;. For |B|; = 0 it is trivial.
For the inductive step, from well-known properties of the Hermite functions (see
page 2 of [16]), we deduce

2thy(t) = agho—o(t) — agyohesa(t) — he(t)
for all / € Z and t € R. Correspondingly, for all n,r € Z%, z/,y € R% and
¢ € R%\ {0},

OCZ |:n+2r(y 5) ( f)}

dy

g 7 ~
= e D an,ors a0 ) (e )
Jj=1

- anj+2(Tj+1)Bn+2(T+ej) (v, &) iln(x', £)
+ Qn; Bn+2r (y/, §) Bn—2ej (m/) f)
— On; +2hingor (Y, €) Bn-‘rer (@', 8)].

Hence, for all smooth f : Z4 x R% — C compactly supported in Z4 x (R92\ {0}),

> 00,8 hgar () hn(@,8) = 3 [0 (1) g (4, €)

a§ nezZ nezd
&k
4|§|2 ZN 1,075 6 f(’ll f) n+2(r+ej)(y f)
(rj)+ ~
(35) 4|§|2 Z Er; Z Nj,erl,lf(nv'f) hn+2(r+ej)(yl,£)
p=1=(r;)-
(rj)+ ~
4|£|2 Z €r Z Nj7ﬂ71f(na§) hn+2(rfej)(y/a§)
p=1—(r;)-

4|§|2Z JOO(S f(’ll f) n+2(r— eJ)(y f) ( f),

where, for all ¢ € 7Z,

+1 if >0,
€ = {_1 Y ; 0 and (¢)1 = max{%¢,0}.

By taking the derivative 9/9¢ of both sides of (3.4), applying (3.5) to each sum-
mand on the right-hand side, and exploiting the commutation relations

Nl,p+1,s Tj lf] = l, Nl,p,s+1 + Nl,p—l,s (5j, lf] = l,
7 Nip,s = o 0j Nips = L
Nip,sTj if j #1, Nip,s 65, if j #1,

we obtain the analogue of (3.4) where [ is increased by 1 in the kth component. O

Plancherel’s formula, together with the orthonormality of Hermite functions
and the finiteness of the index set I3, then yields the following estimate.
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Corollary 6. Under the hypotheses of Proposition 5, for all 3 € N% and almost
all y € X,

/ / 2
/|(f€/*y/)ﬂ Kewm)(z,y)|" da
X

(3.6) <Cp /R S0 D I N 5 0 m(n, )| B2 oy (4 €) d.

neNd1 Lelg

4. From discrete to continuous

The next few lemmas will be of use in clarifying the meaning of the various terms
appearing in the right-hand side of (3.6).

Note that, for all & € R, 7; f(-,€), 6;f(+,€), and Nj,sf(-, &) depend only on
f(-,€). In other words, the operators 7;, d;, Nj s, and their compositions can be
considered as operators on functions Z4 — C.

Lemma 7. Let f : Z% — C have a smooth extension f : R™ — C, and let o« € N
and & € Z% ; then

76 f(n) = 2\h / 0°f(n = 5) dva,a(s)
Ja,&

for all n € Z%4, where J, 5 = H?1:1 [—2&;,2a; — 2&;] and va,5 is a Borel proba-

bility measure on Jo.a. In particular
o5 ff <2t [ (0% o) dvaas)
Ja,a
and, for all n € 7%,

[796% f(n)] < 21°1 sup 0% f(n — s)|

s€Ja,a

Proof. Tterated application of the fundamental theorem of integral calculus gives

5 f(m) =2 [

. / Go‘f(nl — 2|81|1, ey Nay — 2|8d1|1) d81 PN dsdl
[0,1]*1 0,17

and the conclusion follows by taking as v, 4 the push-forward of the uniform
distribution on H;llzl [0,1]% via the map (s1,...,8a,) — (2]s1]1—2d1,...,2|sq, |1 —
204, ), and by Holder’s inequality. O
Lemma 8. Let N be the product (3.3), and let f : Z% — C. Then

1) Nf(n) =0 for all n € Z% such that n; < 2max{—o0,1—p),...,1— pij}
for at least one j € {1,...,d1}, and

2) W F(n)] < Ol )| TIL 2] + 1) 4% for allm e 2
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Proof. Tt is sufficient to prove the conclusion in the case where the product A
contains a single factor Nj , .

Note that Nj , s is a multiplication operator, with multiplier ij 5; wj, where
wj(n) = an;. Since a; = 0 when ¢ < 2, inductively we obtain 7/ 6% w;(n) =
63 w(n +2pe;) = 0 when n; < 2(1 — p), and part (1) follows.

The function wy : Z% — C can be extended to a smooth function w;j R4 — C
such that w;(t) = \/t;(t; — 1) if t; > 3/2, say, and w(t) = 0 if t; < 1. By Leibniz’s
rule, if t; > 3/2, then

)

S ~ 1/2—v —(s—v

a3(t) =D canty* 0 (t; — 1))
v=0

for some constants ¢, € R, and in particular [0 w(t)| < Cst}_s if t; > 3/2.
Lemma 7 then gives that

77 85 wi(n)] < Cs sup (nj +0)' 7" < Cpu(2fny] +1)'7°
2p—2s<0<2p

for all n with n; > 2(1 — p+ s). With a possible increase of the constant, the
inequality |7/ 0% w(n)| < Cps(2nj| + 1)'7* extends to all n € Z%, and part 2)
follows. O

For all d € N\ {0}, £ € N, and u € R, set
Hag(u)= > h2 (ur)---h2, (uq).

neN?
[n|1=¢

For the reader’s convenience, we rewrite here the known bounds for the functions
Hg ¢ that will be used in the following (see Lemma 8 of [10] and references therein).

Lemma 9. Let d € N\ {0} and set [{] =20+ d. If d=1 then, for all { € N,

1/3 2 _ —1/2
Hyou) < C([+° + |2u ) for all Z € R,
C exp(—cu”) when u? > 2[(].

If d > 2 then, for all £ € N,

(4.1)

Cylo)4/2=1 or all u € RY,
(4.2) Hy(u) < alf] , J ,
Caexp(—cqluls,) when |ulZ, > 2[¢],
where |u]|oo = max{|ui|,..., |ud|}.
The following lemma is a refined version of Lemma 9 in [10].

Lemma 10. Let d € N\ {0} and set [{] = 20+ d. Let (be)een be a sequence in
10, co[ such that, for some k € [1, 0],

K <b/ll) < K
for all ¢ € N. In the case d = 1, suppose further that, for all £ € N,
lbe — (4] < s[>/
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Then, for all x €0, 00[ and u € R?,

zd/? m any case
(4-3) g Hdg b / < Cd . ,
" exp(—|u?/(cana) if [ul > cane
[(]<z

for some ¢q,; € [1,00].

Proof. We can assume that « > 1, otherwise the left-hand side of (4.3) vanishes.
In order to exploit the bounds (4.1) and (4.2), we consider several cases.

First, in the case |u|oo > V25, if [¢] < x, then by < ka, hence
b2l > fulle/(s2) > 22 > 20,
and therefore
Z Hg (b ) < Cazexp (— calul / (k)

(4.4) <z
< Cyexp ( — calul?,/(2kz)) sup (texp(—cqt)).
t>1

Thus the second inequality in (4.3) is proved (by a suitable choice of ¢q ).
In the case d > 1, the first inequality in (4.3) is immediate because

Z Hd,g(bzlmu) <0y Z [g]d/Z—l < Oy d/?
[(]<z [ <z
In the case d = 1, we need instead to split the sum in (4.3) in several parts:

Z Hl,e(bé_l/Qu) = Z + Z + Z

[(]<= ()<= [(]<=z (<=

[<lul/v2r  |ul/vVER<[O<|ulVZr  [02[ulv2r

The first and the last part are the easiest to control. In fact, the part where
[€] < |u|/v2k is controlled by a constant because of (4.4). Moreover, in the part
where |u|v/2k < [f] < x, we have u?/b, < [(]/2, hence

Z Hyo(b —1/ e Z —1/2 < 0 gl/2,
lulvV2r <[] <z <

The middle part instead requires a further splitting:

> o= > Xy

[(<z [f<z <z (<=
|ul/V2r<[f]<|ulV2k |ul/V2Kr<[£] |ul/V2r<[f]<|ulV2k lu|+x[€2/2<[0]
(A< lul=sle]*®  Jul=r@**<[O<|ul+s[0**  [<|ulv2K

In the part where |u|/v2x < [{] < |u| — k[¢]*/3, we have |u| > 1+ x and
[0 <ful =1, b <ul, 1/v2r <[f]/u] <1,

’bg ‘>|“|( %)

hence
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so this part of the sum is bounded from above by
—1/2 N\ -1/2 1
C’HCE Z 1,U <O, /2 (1— -2 at,
|ul Ju -
lul/ V2R <[] <|u|—r[€]2/3 Ner

and the last integral is finite.
In the part where |u| + s[(]%/3 < [¢] < |u|v/2k, we have |u| > 1/v/2k and

(> Jul+1, be>ul, 1<[f/|ul < V2,

hence ) n
u
— [0 > — —1
be H‘—'“'(M )
so this part of the sum is bounded from above by
21/2 [g] —1/2 V2K
C—- = - §le/2/ t—1)"12at,
ul X (Y c Y

[u|+x[02/3<[0)<|ulv2r

and the last integral is finite.

In the part where |u|/v2k < [(] < |u|v/2k and |u| — &[(]?/® < [(] < |u| + &[(]*/3
there are at most #(2x)'/3|u|?/3 summands, and moreover |u| < zv/2k, hence this
part of the sum is bounded from above by

C,{|U|2/3|U|71/6 <O, 1,1/27
and we are done. O

We can now give a more explicit form for the right-hand side of (3.6), in terms
of a Sobolev norm of the multiplier, in the case where we restrict to the functional
calculus for the Grushin operator L alone. In order to avoid divergent series,
however, it is convenient to truncate at first the multiplier along the spectrum of T.

Lemma 11. Let x € C2°(]0,00[) be such that suppx C [1/2,2]. Let F : R — C
be smooth and such that supp f C K for some compact set K C ]0,00[. For all
r €[0,00[ and M € [1,00], if Far : R x R% — C is defined by

Far(A.€) = F() x(A/(M€))),
then, for almost all y € X,
1 1 2
/ ‘|33 -y ’CFM(L,T)(%Z/)’ dz
X
< Crscr M™% (Xjo,erc, 1 (W' 1/M) + €17 D) | 1y

Proof. Without loss of generality, we can restrict to the case r € N, since the
remaining values of r can be treated by interpolation.
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It is then sufficient to prove
2
/ ’ ﬁ KFM(L T)(JT y)‘ dz
< Cote g M=% (X0 (/1/M) )R,

for all # € N%2 and almost all y € X.

Set (t) = |2t + 1|y = 2|t|y + dy for all t € R%. An estimate for the left-
hand side of the previous inequality is given by Corollary 6, by taking m(n,&) =
F(l€[{n)) x({n) /M) for n € N4 and m(n, &) = 0 for n € Z% \ N%1. This estimate,
combined with Lemma 8, gives

/ ’ 2" —y")’ Kpy (@, y ’ dr < Cp Z/ Z |¢|218 =218l

L€l n>~yt

. . oL gL 2.
X (2n1 4+ 1)%1 -+ (2ng, + 1)%%0 | 776407 m(n,§)‘ B o (5 €) dE,

where 7' := (7{,...,7,) and 7% := 2max{0,1 — p{, U pJ } > 2(a) —af) for
all j € {1,...,d1}.
If m is a smooth extension of m, then Lemma 7 gives

J I = Krygm@ i< co s [ ] 57 g

L€l n2y
()21l 9 0 i(n — 5,6)|* B2y, €) dé dv (s),

where 3* = (31,...,74,), ¥; = max{0,7; + 2ri} > 2(rf — a4 + af) for all
je{l,...;di}, J. = H;ll:l 12(rt — a4),2(rs — a4 4+ )], and v, is a probability
measure on J,. Note that the components of the first argument n — s of m on the

right-hand side of the previous inequality are always nonnegative, since n > 4* and
s € J,.
A smooth extension m of m is given by

m(t, &) = F([€](2ty + - -+ 2ta, +d1)) x((2t1 + -+ + 2ta, + d1)/M)

for ¢ € R\ {0} and t € |—1/2, 00[*. An inductive argument then shows that

5?L5?Lm(t’§)= Z Moot e =) (@) /M) g 4.5(€) (8P FOTO(1€](E))
0SoS ] s

for all ¢t € [0,00[", where the Use 0p @ RY\ {0} — C are smooth functions,
homogeneous of degree a + b — |8*];. Hence

la‘l1+]B8"]1
“aat o~ v— “l v—2|at |1 v 2 .
107 0 m(t, O <Cy, D> g MR FO (g )(0) |7 x((8) /M)

v=0

for all ¢ € [0, 00[", where ¥ is the characteristic function of [1/2,2].
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Therefore, since |a*|; + |8*]1 < |B|1 for all ¢« € Iz, we have

[8]1
/ |(:c” —y")P /CFM(L,T)(:c,y)|2 dz < Cyp ZM% Z
N v=0 elg
X Z /J /Rd |£|2v72\ﬁ|1 |F(v)(|§|<n . S>)|2 fzi(y’,é) de dVL(S),

n=%y
e, ' <(n)/M<e,
where ¢, € [2,00] is chosen so that 2/¢, < (n)/(n—s) <¢,/2 for all n > 3", s € J,.
Ik =3+ +7,, J, is the interval in R which is the image of J, via the
map (S1,...,84,) > S1+ -+ + 84, and 7, is the corresponding push-forward of v,
on jL, then k, > max jL and

[8]1
/ (@ = y") Kpyam @y de < Cpd > > M>
X v=0 LEIﬁ >k,

cT1<[l/M<e,
[ RO (= DS R dean o)
v 2 n:|nl1=~£

where [{] = 20+ dy. Note that >, _, R2(y' &) = |€|M/2Hy, 4(|€]*/%y), and
that the integrand in ¢ € R92 depends only on |¢|. Hence

18]
/ !(x// - y//)ﬁ /CFM(L7T)(=T,ZJ)|2 dr < Cx’ﬁ Z Z Z M
X v=0 LEIﬁ 1>k,

e, <[/ M<e,
X/ / )\2v—2\§|1+d1/2+d2|F('u) ()\[E—S])|2Hdl7é()\1/2yl) %dﬂ(s)
J.JOo

Note that [¢ — s] ~ [{] ~ M in the domains of summation and integration on the
right-hand side; rescaling the integral in A, together with the fact that supp FF C K
and K C 10, 00[ is compact, then gives

[B]1 oS
2 v
/ |($// o y//)5 ’CFM(L,T)(-Z"QH dr < Cy k. Z Z / |F( )()\)lz
X v=0 Lelp 0
)\1/2y/
MQW'“‘”““/Q/ Hay o[ 22 ) dir,(s) dA.
: L 2 Haelgm) )

>k,
C?lg[é]/Mch

On the other hand, from Lemma 10 we easily obtain
—dy /2 A2y / —ly’|
M Z Hdl,é(m) <Ckp (X[O,CK,ﬁ](|y |/M)+ e~ V),
L=k,
e, <[/ M<e,

uniformly in ¢ € I, s € J,, and X\ € K, by choosing ck,p sufficiently large, and we
are done. O
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Define the weight w : X x X — [1, 00 by

|$”*y”|
winy) =14 T

Proposition 12. Let F': R — C be smooth and such that supp F' C K for some
compact K C0,00[. For all r € [0,d2/2[, we have

- 2
esss)1(1p|B(y,1)| |w(x,y) ICF(L)(:E,y)| dx < CKTHFH%,V;
ye X

Proof. Take y € C2°(]0,00[) such that supp x C [1/2,2] and ", o, x(27%¢) = 1 for
all t € ]0,00[. If Fys is defined for all M € [1,00[ as in Lemma 11, then

L)=) Fp(L,T)
keN

(with convergence in the strong sense). Hence an estimate for Kp(z) can be ob-
tained, via Minkowski’s inequality, by summing the corresponding estimates for
Kr,, (L, T) given by Lemma 11.

On the other hand, since |B(y,1)| ~ max{1,|y’|}% (see Proposition 3 in [10]),
it is easily checked that

Z Qk(rfd2/2) (X[o,cK,,,](Tklyll) + e*|y'\/2) < CK,r max{l, |y'|}r7d2/2
keN

A+ 1y

< COg,——""tr
= TRTB(y, )]

when r € [0,d2/2[. Therefore from Lemma 11 we obtain that

= 4y : ;
) K X, dl‘SC r F .
B0 [ (B 2) et o < CrlF,

The conclusion follows by combining the last inequality with the corresponding
one for r = 0. O

5. The multiplier theorems
Now we need some properties of the weight w.
Lemma 13. For all z,y € X,

w(z,y) < C(1 + o(x,y)).

Moreover, if a,r € [0, 00[ satisfy r < do/2 and o+ 2r > (dy + 2d3) /2, then, for all
yeX,

/Xw(m,y)_z’“ (1+ g(x,y))_m dx < Cy r|B(y,1)].
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Proof. Recall that o(z,y) ~ min{ o1 (z,y), 02(x,y)}, where
1! 1!
5.1 Ly) = "o+ //_//1/2’ Ly) = /_/+| — |’
while |B(y, 1)] ~ max{1, |y’|}42 (see Proposition 3 in [10]).
The conclusion will then follow by proving that, for i =1, 2,
2
(5.2) w(z,y) < C(1+ 0ilz,y)) ",
(53) [ (14 ale) ™ do < Cop (14
X
As for (5.2), when i =1,

w(z,y) < (1+ " ="V < (1+ a1(w,9)”,
whereas, when ¢ = 2,
=" —y"| || + |¢/]
[z +ly'[ 1+ 1yl

To show (5.3), in the case i = 1, since a > dy/2+ (da — 2r), we can decompose
a=da +a" sothat o > d;/2 >0 and o > ds — 2r > 0, and therefore

/ w(z,y) "> (1+ gl(m,y))fza dx
X

< [ (L) o ey
Jx L+1y|

< (1+y > / (L4 ]2y (14 [y~ da
X

w(z,y) =1+ <14 oa(z,y) 2+ —¢']) < (1+ 02(2,1))”.

the last integral is finite since 2a/ > d; and 2r + o > ds, and moreover 2r < ds.

In the case i = 2, instead, since o — dy /2 > ds — 2r, we can choose o’ so that
20" €]ds — 2r,a — dy1/2[; in particular 0 < o’ < «/2,henced’ = a —a” > a/2 > 0.
Then

/ (2,9)™" (1 + g2, y)) > da
//|
<Car ]-
/ +1+|’|
//|

o |£€ —2r—2a" P ,d
< Copr 1+ > <1+ ) 14 |2'|) ™= da.
/ 1+| /| 1+ |y/| ( | |)

Since 2a/" + 2r > ds, the integral in 2’/ converges, and moreover 2o/ > 0, hence
the denominator 1 + |y/| in the first factor can be discarded, and we obtain

|
L+ |2/ + [y

//|

—2r , —2a’
) 1+ ||)~2 (1+ ) dz

—2r —2a / 2 \—2a’+2a’
[ wlen) ™ (L aalew) " de < Copllely )™ [l a
X R41

Since 20/ — 20’ = 2(av — 2a’") > dy, the integral in 2’ converges too, and we are
done. O
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Via interpolation, we are now able to give a strengthened version of the standard
weighted L? estimate that follows from the Gaussian heat kernel bounds for L (see
Proposition 11 in [10] and references therein).

Proposition 14. Let o, 8,r € [0,00[ be such that r < d2/2 and B > o+ r. Let
K C]0,00][ be compact. For all smooth F : R — C with supp F C K, we have

esssup | B(y, DI w( )" (1+ ()" Krw)(29)l, 42 < Crerans | Fly -
Yy

Proof. For a« =0 and 8 > r, the inequality is given by Proposition 12.

On the other hand, for arbitrary «, if 8 > « + 2r + 1/2, then the inequality
follows from Lemma 13 and Proposition 11 in [10].

The full range 8 > « + r is then recovered by interpolation (see Lemma 1.2
in [11] and Proposition 13 in [10]). O

We are finally able to prove the fundamental estimate, and consequently our
theorems.

Proof of Proposition 3. Since the operator L and the distance p are homogeneous
with respect to the dilations D,., it is not restrictive to assume that R = 1.
Let r,a’ € [0,00[. For all y € X, Holder’s inequality gives

I+ oo™ Kol < ([ wlea) (4 o)™ ao) "

X ||w(7y)r (1 + Q(',y))aJra, ,CF(L)(7y)||2

The first factor on the right-hand side can be controlled by Lemma 13 if r <
dz/2 and o + 2r > (dy + 2d3)/2,, while the second factor can be controlled by
Proposition 14 if moreover 8 > a + o’ + 7.

Under our hypotheses, ¢ := 8 — a — (d1 + d2)/2 > 0; therefore, if we choose
r € |dy/2 —e,dy/2] and o € ]d1 /2 + dy — 2r, f — o — r[, then the above conditions
are satisfied, and we are done. O
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