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Discrete Fourier restriction associated
with Schrodinger equations

Yi Hu and Xiaochun Li

Abstract. We present a novel proof on the discrete Fourier restriction.
The proof recovers Bourgain’s level set result for Strichartz estimates as-
sociated with Schrodinger equations on a torus. Some sharp estimates
on L2@*2)/4 norms of certain exponential sums in higher dimensional cases
are established. As an application, we show that some discrete multilinear
maximal functions are bounded on L?(Z).

1. Introduction

We consider discrete Fourier restriction problems associated with Schrodinger

equations. More precisely, for any given N € N, let S y stand for the set
{(n1,...,na) €Z% : |nj| <N, 1 <j<d}.

For p > 1, let A, 4 v represent the best constant satisfying

(1.1) ST ) < Apan 1712

nesSq N

where n = (n1,...,n4)€San, n|=+/n? + -+ nZ, f is any L? -function on T4,
f stands for Fourier transform of periodic function f on T4*+!, and p’ = p/(p —1).
A harmonic analysis method was introduced by Bourgain [1] to obtain

2 4
(1.2) Apan < CNIT2dED/pte for > %

In [1] Bourgain conjectured that

(1.3) Apan < {Cp Ne-2bBere - for p 2 2(d+2)/d,

Cp for 2<p<2(d+2)/d.
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mal function.
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Understanding of this conjecture is still incomplete. For instance, the desired upper
bounds for As 1 n, Az 2 N Or Ag(gy2y/a,a,n for d > 3 have not been obtained. The
most crucial estimate established by Bourgain in [1] is a certain (sharp) level set
estimate. In this paper we give a novel proof of the level set estimate.

These problems arise from the study of periodic nonlinear Schrédinger equa-
tions:

Axu + 10yu + u|u|p*2 =0,
u(x,0) = up(x).
Here x = (z1,...,24) € T?, and u(x,t) is a function of d + 1 variables which is

periodic in space. The corresponding Strichartz estimate is the inequality yielding
the best constant K, 4 v satisfying

(15) H Z an eQTri(n~x+|n|2t)‘

neSq N

(1.4)

1/2
< 2)
Lp(Td+1) — Kp,d,N(En: |an| ’

where {an} is a sequence of complex numbers. The restriction estimate (1.1) is
essentially the Strichartz estimate because

(1.6) Kp’dj\] ~ 4/ Ap7d$N

follows easily by duality.
The Duhamel principle allows us to represent a differential equation as an
integral equation

t
u(x,t) = e”Auo(x) + z/ ei(t*T)A(|u(x, T)|p*2u(x, T)) dr .
0

Applying the Picard iteration and the Strichartz estimate (1.5), Bourgain in [1]
obtained local (global) well-posedness of the Schrédinger equations (1.4). Hence,
the discrete restriction problems are crucial in studying the dispersive equations on
torus. Moreover, they are closely related to the Vinogradov mean value conjecture
on exponential sums, which is very important in additive number theory.

Let us introduce Vinogradov’s mean value in order to see more clearly the
connection between additive number theory and discrete Fourier restriction. For
any given polynomial P(x,a1,...,aq) = Z?zl aja? for aq,...,ax € T, the mean
value Ji(N,b) is defined by

Ji(N,b) = /Tk

The Vinogradov mean value conjecture addresses the following question. For pos-
itive integers k and b, is it true that

(1.7) Ji(N,b) < Gy pe (NVFE 4 N20—h(kt1) /242

N

oriP 2b
§ e2mi (n,o1,...,ak) dOél . dOék )
=1

Vinogradov invented a method (now called the Vinogradov method) to establish
some partial results on the mean value conjecture, and then utilize these partial
results for exponential sums to gain new pointwise estimates, which cannot be done
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via Weyl’s classical squaring method. One of main points in Vinogradov’s method
is that pointwise estimates of the exponential sums follow from a suitable upper
bound of the mean value. Although many brilliant mathematicians have devoted
considerable time and energy to this conjecture, only the k = 2 case is completely
settled. The conjecture is also answered affirmatively for cubic polynomials pro-
vided b > 8 by Hua's work [2], and for b > k(k + 1) by Wooley’s very recent
work [4].

In the language of discrete restriction, Vinogradov’s mean value conjecture can
be rephrased as asking whether the inequality

(1.8) Zlf n)[? < ¢ NVRERD /e 12

is true for p > k(k + 1). Of course, (1.8) is apparently harder. In fact, (1.8)
implies the conjecture. Moreover, the conjecture only yields some partial results
for (1.8). It would be very interesting if the equivalence of (1.7) and (1.8) could
be established.

Because the difficulty of (1.8), we pose a relatively simple question here. Let
k > 3 be a positive integer. Suppose p > 2(k + 1). Is it true that

(1.9) Z!fn nf)|P < ¢ N2/ g2, 0

This question essential seeks the Strichartz estimates associated with higher order
dispersive equations. Bourgain’s proof of (1.2) is based on three ingredients: Weyl’s
sum estimates, the Hardy—Littlewood circle method, and Tomas—Stein’s restriction
theorem. It is difficult to employ Bourgain’s method for (1.9). Hence we are forced
to seek a method that can be adjusted to handle higher order polynomials like
ax + bx®. This is our main motivation. In this paper, we present a different proof
of (1.2). This paper is our first paper on discrete restriction. In subsequent papers,
we will modify this method to obtain an affirmative answer to (1.9) for p large
enough and give applications for the corresponding nonlinear dispersive equations.

Our first theorem is about weighted restriction estimates, which deal with the
large p cases of (1.1). Moreover, there is no € required in the upper bound that
we obtain.

Theorem 1.1. For any o >0, any d € N, and any p > 4(d + 2)/d, there exists a
constant C' independent of N such that

(110) Z e*U|n|2/N2’f(n)|n|2)|2 S CNd72(d+2)/prH12)l’

neza
for all f € LY (T9+1),

Theorem 1.1 yields (1.2) for large p immediately. The proof of Theorem 1.1
presented in Section 2 is very straightforward. The tool we use is the Hardy—
Littlewood circle method. The decay factor e=oInl*/N* makes it possible to calcu-
late the LP norm of the kernel restricted to major arcs or minor arcs.
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For the small p cases, we need a new level set estimate, which implies Bourgain’s
level set estimate (see Corollary 1.3). Its proof relies on a decomposition of the
kernel, which is a sum of a L* function and a function with bounded Fourier
transform (see Proposition 3.2).

Theorem 1.2. Suppose that F is a periodic function on T given by

(111) F(X, t) — Z an eQTr'in~x 627m‘|n|2t7
nESd,N

where {an} is a sequence with > |an|?> =1 and (x,t) € T¢ x T. For any X > 0,
let
By ={(x,t) € T™ : |F(x,t)| > \}.

Then for any positive number Q satisfying @ > N,
Cy N®

(1.12) N [EA]* < C1QY2 BN + |EAl

holds for all A\. Here Cy and Cy are constants not depending on N and Q.

Applying Theorem 1.2, we can easily obtain the following corollaries, which
were proved by Bourgain in [1] in a different way. The details appear in Section 3.

Corollary 1.3. If A > CN%* for some suitably large constant C, then the level
set defined in Theorem 1.2 satisfies

|E/\| < Cl N¢€ )\—2(d+2)/d )

Corollary 1.4.

2(d + 4)
.

Remark 1.5. Corollary 1.4 clearly yields (1.2) because K, 4 n ~ /Ap,a,n. More-
over, the tiny positive number € in (1.13) can be removed. Clearly from Theo-
rem 1.1, we see immediately that the e is superfluous for large p. For 2(d 4+ 4)/d <
p < 4(d+2)/d, Bourgain in [1] succeeded in removing the € via a delicate inter-
polation argument.

(1.13) Kpan < C. N¥2=(d42)/pre gpg,

Moreover, Theorem 1.2 implies the following recurrence relation for K, 4 in
the sense of inequality.

Corollary 1.6. For p > 2, we have
(1.14) KP n SCNUKPZ2 + C Now/2md=2te,
Here C' is independent of N.

These three corollaries will be proved in Section 3. Developing the idea used
in the proof of Theorem 1.2, we can get the following theorem.
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Theorem 1.7. Let Ny,...,Ng € N and let Sn,.... N, be defined by

(115) Sleu,Nd(X,t) = Z 627l'in-x eQ’n’i\n\Qt )
neS(Ni,...,Nqg)

where S(N1, ..., Ng) is given by
(1.16) S(Nl,...,Nd):{n: (n1,...,nq)€ZL: [n;| < Nj for allje{l,...,d}}.

For any € > 0, there exists a constant C not depending on Ny, ..., Ny such that
d d_4e
(1.17) HSNl, Nd||2(d+2)/d<C<N1 Nd)2(d+2) max{Nl,...,Nd}d+2 .
Observe that if Ny =--- = Nz = N, (1.17) implies that

1.18 H e27mnx 27i|n| %t ]\/d/2+57

(118) P2y starar/a
that is,

1/2
1.19 H an 6271'111 X 27m|n| i < Ns( an 2) ,
(1.19) neZS;N o) XnZI |

provided a, = 1 for all n. If the conditions a, = 1 for all n could be removed,
then the Bourgain conjecture would be solved for all p not less than the critical
index 2(d + 2)/d.

Theorem 1.7 has a direct application to some multilinear maximal functions,
related to the maximal ergodic theorem, for instance, to the pointwise convergence
of the unconventional bilinear average

N
N7EST (T f(T),
n=1

where T is a measure-preserving transformation on a probability space (X, A, p).
This application is given in Section 5.

2. Large p cases

In this section we prove Theorem 1.1. All we need to employ is the Hardy—
Littlewood circle method. Observe that for large p, A, 4 n < CN4=2(d+2)/P follows
immediately upon noticing

Z |f |n| < eod Z e~ Ng |n| < eod Z e~ Nz |n| )|

neSg N neSy N nezd

Thus Theorem 1.1 yields the desired upper bounds of A, 4 x for large p cases. Here
the decay factor e=oInl*/N* Wil make our calculation much easier. The key idea
is to decompose the circle into arcs (called major arcs and minor arcs) and then

estimate the LP norm of the corresponding kernel over each arcs.
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First we present some technical lemmas. In order to introduce the major arcs,
we should state the Dirichlet principle.

Lemma 2.1 (Dirichlet principle). For any given N € N and any t € (0, 1], there
evista,q €N, 1< qg< N,1<a<gq, and (a,q) =1, such that |t—a/q| < 1/(Ng).

This principle can be proved by utilizing the pigeonhole principle or by the
Farey dissection of order N. For any integer ¢, define P, by

Pq:{GEZ:ISGSQa(a>Q):1}7

. _ 1 1
and for any a € P,, define the interval J,,, by Ju/q = (% — qu% + N—q). If
q < N/10, the interval .J, /, is called a major arc, otherwise it is called a minor arc.
Clearly we can partition (0, 1] into a union of major arcs and minor arcs, that is,

01= | Jag=MUM,.

1<q<N,a€P,
Here M is the union of all major arcs and Mo is the union of all minor arcs.

Lemma 2.2. Let 14 denote the indicator function of a measurable set A. Then
2.1) H 3 1JH +H 3 1JH <100.
JeEM, o JEMo o

Proof. 1t is easy to see that all major arcs are disjoint. Thus it suffices to prove

that
|5 %
JEM> e

For any given minor arc J,, /4., let @ denote the collection of all rational num-
bers a/q such that each J,/, is a minor arc and there is a point common to Jy, /4,
and all J,/,’s. We prove that the cardinality of Q is less than 40. Notice that for
any a/q € Q,

w o L L

%0 ¢  Ng Ng
This implies that |agg — aqo| < 2. Since agq — aqy € Z, we conclude that either
apq—aqy = —1orapg—aqy = 1ifa/q # ao/qo. Hence if a/q # ao/qou, a/q € Q must
satisfy the diophantine equation apz — goy = —1 or apx — goy = 1 with |z| < N.
The general solution of the diophantine equation is x = xg + qok and y = yo + aok
for all k € Z and any given particular solution (xo,y0). Then |kg| < 2N. By
go > N/10, we have |k| < 20. Thus the number of solutions of either diophantine
equation is no more than 40. This completes the proof. O

Remark 2.3. Lemma 2.2 is the finite overlap property of minor arcs. The reason
why we use this lemma is that we try to only calculate the LP norm of the kernel
restricted to each arc. Of course, this is not necessarily needed. An alternative
way, which is very classic, is to obtain the L> norm for the kernel restricted to the
union of minor arcs, and then to find the L” norm of the kernel on each major arc.
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Let K, be the kernel defined by

(2-2) Z e~ N 2m|n| L 2minx

nezd

We set K,/4 to be

(2.3) Kajq(x,t) = Ko(x,t) 1,,,,(t).

The following lemma gives an upper bound for the L? norm of K, /,.
Lemma 2.4. For any integers 1 < q < N, a € Py, and any p > 2(d + 1)/d,

C Nd4—(d+2)/p
(2.4) HKa/qu < q?/2—d/p

Proof. For any given t € J,q, let 3 = t — a/q and write n = kq + 1. Here
1e 22 ={(l1,...,lq) : lj € Zy}. Then we have

o 2 . .
K, (x,t) = Z Z o~ HEHE 2ri(kg+1)x 2milka+11(a/q+6)
kezd 174

Interchanging the sums, we represent the kernel as

t) = Z e2milll*a/q Z o~ IkaH12(o/N?~2mif) 2mi(kg+])x

lezd kezd

Applying the Poisson summation formula to the inner sum, we have

7r2 x— 2
S o et 2it) ke x _ ( VT )dezm% e e
yr=h s o/N? —2mif3
Henceforth, the kernel can be written as
(25) K (X t) _ ( \/_ ) Z e a/kf(z kz/:lﬂ Z €2Wi\1|2a/q e27ril~k/q.
o o/N? —2mif3
kezd 1ezd

The upper bound of the Gauss sum implies that

’ Z 2milll*a/q ,2milk/q < (Qq)d/z_

lezg

Thus by inserting the absolute value, the kernel can be majorized by

d/2 72 |x—k/q|20 /N2
(2m)/ T o~ Nt
qd/? (02 /N4 + 47T262)d/4

’K(,(x,t)| <
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Integrating |K,|P on each arc J,/,, we obtain that

x2|x—k/q|%0/N?

P 27T)dp/2 ‘ — e
| Kayqll _/ﬂ|< L /Td ¢0/2 (o2 /N + 472 2) dp/4 Z e JNAtan2p

d . o
_ / (2m) 02 / ‘ -ty
18]< 5= dp/2(02/N4+4 252 dp/4

Notice that for |f] <1/(Ng) and ¢ < N,

p

dxdp

pdm)ddﬂ.

g
q2N2
2 -
1%4 + 47('2ﬂ2

o -

This yields that
x2|e—k/q|%0 /N2

E e o2/Nitan2p2 SCJ.
keZ

For p > 2(d + 1)/d, we estimate the L” norm of K/, by

Il < ] Cola—y
e 1BI< w5 dp/2<02/N4+4 252 dp/4 0 = ,

which can be bounded by

C (2m)P2N? 52 25 )dp/4fd/2 d8 < CNdp—d=2
set  qPP—d it = Tgeimd

Therefore, the proof is finished. O
Lemma 2.5. Forp > 2(d+2)/d,

(2.6) Ko, < Cp o N 442/

Proof. By Lemmas 2.2 and 2.4, we have that

pd2

N
”K"Hz < CZ Z ||Ka/qu Z Z dp/2 d = < ONWPmt2,

q=1a€P, q=1a€Py
which yields Lemma 2.5. O

We now return to the proof of Theorem 1.1. Indeed, observe that
—on 2
> e fm )| = (Ko % )
nezd

Applying Holder’s inequality and then the Hausdorff—Young convolution inequality,
we get
(Ko £, 1) < Kool £II5 -

Since p > 4(d + 2)/d, we can use Lemma 2.5 to conclude Theorem 1.1.
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3. Level set estimates

In this section, we prove Theorem 1.2. Theorem 1.2 can be utilized for handling
the small p cases. First, we state an arithmetic result.

Lemma 3.1. For any integer Q > 1, any integer n # 0, and any € > 0,

2 : ‘ 2 :627m%n

QR<qg<2Q a€Py

< Ced(n, Q) Q™.

Here d(n, Q) denotes the number of divisors of n less than @ and Ce is a constant
depending on neither QQ nor n.

Lemma 3.1 can be proved by observing that the arithmetic function defined
by f(q) = Za€'Pq e?™4™ is multiplicative, and then using the prime factorization
for g to conclude the proof. The details can be found in [1].

The next proposition is crucial to our proof.

Proposition 3.2. For any given positive number Q with N < Q < N2, the kernel
K, given by (2.2) can be decomposed as K1 g + K2 ¢ where

(3.1) K10l < CLQY?
— Cy N¢
(3.2) [

Here the constants Cy and Cy do not depend on @Q and N.

Proof. We can assume that @ is an integer, since otherwise we can take the integer
part of Q. For a standard bump function ¢ supported in [1/200, 1/100], we set

(3.3) o)=Y Z@(tl_/zgq).

QR<g<2Q a€P,

Clearly @ is supported in [0,1]. We can extend ® periodically to other intervals
to obtain a periodic function on T. We continue to denote this extended periodic
function by ®. Then it is easy to see that

(3.4) =Y 3 2 qu“” -y ‘{;3) Fa ol0)

q~Q a€Pqy q~Q

is a constant independent of Q). Here ¢ is Euler’s totient function, and Fr denotes
the Fourier transform of a function on R. Also we have

= 1 _ i
(3.5) (k)= > e P Fro(k/e?).
q~Q a€Py q

We define

1
Ki0(x,t) = % K,(x,t)®(t), and Kog=K,—Kiq.
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We prove (3.2) first. Write ® as its Fourier series to get

Kog(x,t) = ——— Z (k) ™™ K, (x,1).
(I) lc;éO
Thus its Fourier coefficient is
_ e—oln|?/N? ~
Ky qmnan) = ———=—— (k) Lin,,,—jnp24k} (k) -
o(0) 120

Here n € Z% and ngy; € Z. This implies that I?Q,\Q(n, na+1) = 0 if ngyr = nf?,
and if ngy1 # [n|?,

2 2
e—olnl?/N? _

K q(n,ngi1) = _W ®(nar1 — nf?).

Applying (3.5) and Lemma 3.1, we estimate I?Z\Q(n, ng4+1) by

CN¢
Q i

| Kao(n,n4s1)| <

since N < Q < N2. Hence we obtain (3.2).
We now prove (3.1). Observe that the intervals [+ 20(1)q2 , %Jrﬁ] are pairwise
disjoint. Thus we can fix q ~Q and a € P, and try to obtain the upper bound of

a

K1, restricted to [¢ + 200q2 , 2 100q To05z)- Let B =1t— 2. Hence we have [B| ~ 1/¢?

for t € [% + 205q2, riRs 100q ——=]. As we did in the previous section, by the Poisson
summation formula, we have

2|x—k/q|? . .
]«'{U(X7 t) = ( \/_ 27” > Z e d/N2 z:m Z 627r1\1|2a/q 627”“(/(1.

2
o/N kezd lezd

For |B| ~ 1/¢?, we estimate

2

|Ko(x,1)| < < > e " G N

S 2) 2) d/4 ’
g% ((0/N?)? + B2)"" ez

which is bounded by
72 22 |k /g—x|? d/2 /2
d/zz 7 < 0, P < 0, QY7
kezd
This implies (3.1). Therefore we complete the proof. O

We now start to prove Theorem 1.2. For the function F' and the level set F)
given in Theorem 1.2, we define f by

) (x,1).

 P(x
f(X,t) - |F(X,t)|
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Clearly

AEyN < F(x,t) f(x,t)dxdt.

’H‘d+1
By the definition of F', we get

MEA < Y @ f(n|nf?).
neSg N
Using the Cauchy—Schwarz inequality, we have
-~ 2
NIEE < S [Fn )
neSy N

The right hand side is bounded by

eadze—a\n\2/N2| f(l’l, |n|2)|2 _ e”d<KU « f,f>

For any @ with N < @ < N2, we employ Proposition 3.2 to decompose the
kernel K,. Then we have

NIEA? < Co[(K1qx f. f)| + Co|(Kaq * [, )] -
From (3.1) and (3.2), we then obtain

Cy N*¢ Cy N*

NEx? < CLQY2IFIIF + I£113 < C1 QY? |Ex| +

| B

The case Q > N? is trivial since the level set Ey is empty if A > CN%2. This
completes the proof of Theorem 1.2.

We now start to prove Corollary 1.3 by using Theorem 1.2. We should take
Q42 = ﬁ/\Q, where C is the constant in (1.12). Since @ > N, we need to restrict
to A > /2C] N4, Then |Ey| < CNX~2442)/4 follows immediately from (1.12).
This completes the proof of Corollary 1.3.

To prove Corollary 1.4, write

IFIg=Cy [ X IBs]an,
0

which equals

Nd/4 00
-1 |EA|d/\+Cp/ A1 By [ dA.
CNd/4

C
C/
0

Using the trivial estimate |Ey| < CA~2 for the first term and employing Corol-
lary 1.3 for the second term, we then obtain, for p > 2(d 4+ 4)/d,

IFIlf < © Nerfetdra

as desired. The proof of Corollary 1.4 is completed.
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We now prove Corollary 1.6. Multiply (1.12) by A?~3 to get, for N < Q,
Co N©
(3.6) APLIEy| < CL QY2 NPT By + 27 P38

Integrating (3.6) over \ from 0 to CN%/? we obtain that

B Ndp/ZfdJrg
(3.7) IFIL < CL QY2 (|FIp=5 + Co 9
Taking ) = N2, we then have
(3.8) IF|ls < Cy NYKPZ2 | + Cp NOP/2md=2F<

This finishes the proof of Corollary 1.6.

4. Proof of Theorem 1.7

In this section, we prove Theorem 1.7 by developing an idea similar to that used
in Section 3. We introduce a level set G\ for any A > 0 by setting

(4.1) Gr={(x,t) €T x T : |Sn,,..Nu (X, )] > A} .

As in Section 3, let f =1¢, Sn,.... N, /|SNy.... N, |- We then have

(4.2) MG < > Fmn?) = (N SN N -
l’lES(Nl,”‘,Nd)

where fn, ... n, is a rectangular Fourier partial sum defined by

(43) lewde (X,t) _ Z ]?(n,ndJrl) 627rn~x 627ri7ld+1t )

neS(Ni,...,Ng)
Inat1|<dmax{Ni,....Ng}*

Here, unlike what we did in Section 3, we do not use the Cauchy—Schwarz inequality
to estimate the right-hand side of (4.2). We actually need to get a decomposition
of Sn,,...n,. Before we state this decomposition, we include a famous result on
Weyl’s sums.

Lemma 4.1. Suppose t is a real number satisfying

e
ql = ¢
Here a and q are relatively prime integers. Then

< Cmax{%,\/]\flog ,\/qlogq}.

N
.-
(44) ’ § :627rz(tn +zn)
n=1

The proof can be accomplished by Weyl’s squaring method. See [2] or [3] for
details.
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Lemma 4.2. For any real number Q@ with maxi<j<qN; < @ < maxi<j<d sz,
the function Sn,...n, defined in (1.15) can be written as a sum of S1,o and S2,¢,
where S1,q satisfies

(4.5) [S1.0lle < C QY (10g Q)2
and So.q satisfies

C max{Nl, .. .,Nd}g
Q .

Here the constant C' is independent of N1,...,Ng and Q.

(4.6) [ =

Proof. Let ® be the function defined in (3.3). We then obtain
(4.7) Sny,...Ng =510 + 52,0,

where S ¢ is given by

1
(4.8) S1ox,t) = 30) SNy Na (%, 1) D(2)
and Sy g is
(4.9) S2.0 = SNy,...N, — 51, -

(4.5) follows immediately from (4.4). Notice that

1 - _
Seq(x,t) = —=—> (k) e*™ Sy, N, (x,1).
2(0) k20
The inequality (4.6) follows by using Lemma 3.1, as in the proof of (3.2). O

We now return to the proof of Theorem 1.7. From (4.2) and Lemma 4.2, the
level set G satisfies

(4.10) MGAl < [(fn,vgs S1.0) |+ (Ve Ny S2.0)] 5

which can be bounded by

C(Qd/Q(logQ)d/2 [l + > ‘S/ng(n, nas1) f(n, nd“)’)'

neS(Ny,...,Ng)
[nat1|<dmax{Ni,...,Nq}*

Thus from the fact that the L' norm of Dirichlet kernel Dy is comparable to
log N, (4.6), and Cauchy—Schwarz inequality, we have
(4.11)

Ny ---N,)1/2 Ny ... N1
A[Gy| < € QU2 (log @)y | L Na) T max{Mn,. ..., Naj

Q

+e
|G,\|1/2.
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For A > C'max{Ny,..., Ng}%?*¢ take Q to be a number satisfying
QY% max{Ny,...,Ng}* =\,

and then Lemma 4.2 yields

C Ny -+ Ngmax{Ny,..., Ny}>*¢

(4.12) |GA| < N2(d+2)/d

Notice that

2
(4.13) 1582, vally ~ (N1 - Na) 2.
Thus, for A < C'max{Ny,..., Ng}%/?*¢ we have

CN;--- Ny - C Ny -+ Ngmax{Ny,..., Ny}>*¢
2 = A2(d+2)/d ’

(414) |Gl <

Hence (4.12) holds for all A > 0.
We now estimate the L2(4+2)/d norm of Sny,...N, by

2(d+2)/d
HSva deH2(d+2 /d
24Ny -
(4.15) <c/ Ad+2)/d=1 Gy |d)\+C/ A2dFD/d=1 G dX

Since (4.12) holds for all A > 0, the first term on the right-hand side of (4.15)
can be bounded by C Ni --- Ngmax{Ny,..., Ng}?>T¢. The second term is clearly
bounded by C because G is a set with finite measure. Putting both estimates
together, we get

2(d+2)/d .
(416) HSNl*"'deH2§d12)§d < CNj---Ny max{Nl,...de}2+ ,

as desired. Therefore the proof is complete.

5. Estimates of multilinear maximal functions
In this section, we provide an application of Theorem 1.7.

Definition 5.1. Let d € N and K € {1,...,d}. A subset S of N¢ is called

K-admissible if for every element (ni,...,nq) € S, there exist n;,,...,n;, such
that

o iy <idy< - <ig andiy,...,ig €{1,...,d};

e max{ni,...,nqg} < Cmin{n;,..., i}

Here the constant C' is independent of (ni,...,n4).
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Theorem 5.2. Let d,My,...,. Mg € N, let K € {1,...,d}, and let Apr,.... .0, be
the multilinear operator defined by setting Ay, a,(f1,- -5 far1)(n) to be

M, My

(5.1) 1\4’1; Z Z filn=my) -+ fa(n—ma) fas1(n—(mi+---+m3)).

=1 mdl

Here n € Z. Suppose T* is the mazimal function given by

(5.2) T (f1,-- s fap1)(n) = sup |Antyony (f1s -5 farn) ()]
(My,....My)ESK

Here Sk is any K -admissible subset of N¢. Then, if K satisfies

2d
(5.3) K> R
we have
d+1
(5.4) |T*(frs-- s Far) oy < C H 155l p2cz) -

Here L?(Z) stands for the L? norm associated with counting measure on Z, and C
is independent of the f; but may depend on K and d.

Remark 5.3. Notice that 2d/(d +4) < 1 for d = 1,2, 3. Thus the condition (5.3)
is superfluous in Theorem 5.2 for d = 1,2,3. Thus for d = 1,2,3, the set Sk
in Theorem 5.2 can be replaced by N¢ because N¢ is 1-admissible according to
Definition 5.1. It is very possible that, for d > 4, the condition (5.3) on K is
redundant too. A delicate analysis involving the circle method should be utilized
in order to remove (5.3) for the d > 4 cases. We do not discuss this in this paper.

Remark 5.4. It is natural to ask whether the inequality

d+1

(5.5) T (frveeos a2, <CH||fJ\Lz<Z)

Jj=1

holds. This seems to be difficult but also interesting. So far we are only able to
establish the boundedness of T* from L? x --- x L% to L? for p > 2/(d + 1) by an
interpolation argument and Theorem 5.2.

To prove Theorem 5.2, we first introduce a simple multilinear estimate.

Lemma 5.5. Let M € N and let Fi,..., Fyy1 be periodic functions on T. Let
T(Fy,...,Fyi1) be the multilinear operator given by

(5.6) T(Fl,...,FM+1)(m1,...,$M):F1($1)~-~FM(.Z‘M)FM+1($1—l—-”—l—l‘M),
fOT’(l‘l,...,.Z‘IM)GTM. IflSpSQM/(M—I—l),

M+1
(5.7) IT(FL - Farsn) | gy < H IE5ll L2 -
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Proof. We only need to prove the case when p = 2M /(M + 1), since the other
cases follow easily by the Holder inequality. By a change of variables, we get

(58) HT(Fl""F1W+1)HL1>('H-M) < ||F‘1H<>o H HFij,
J#i
je{1,...,M+1}
for any i € {1,..., M + 1}. Now define ay,...,ap 41 € QM+ by

1 1 1 1 1 1 1
041:(0,—,...,—), 052:(_,0,_,---’_)’---;aM+1:(_7"'?_70)'
D P p P D p p

Clearly for p = 2M /(M + 1), we have

1 1 1
(59) (5,,§>:M+1(051++05M+1)
Thus (1/2,...,1/2) is in the convex hull of aq,...,ap41. The inequality (5.7)
follows immediately by interpolation. O

To finish the proof of Theorem 5.2, we need the following proposition.

Proposition 5.6. Let d € N, 1 < K < d, and Mgy1,...,Mq € N. Define

AM My iy, My bY setting A arge . vy (f1s -5 fay1)(n) to be
1 K M
MEMpg 11+ Mg (jl_[“gglfj(nmjD
d M;
(5.10) X ( I > fj(n—mj))fd+1(n—(m%+"'+m3))-

J=K+1m;=1

Suppose that M > C max{Mg1,...,Mq}. Then we have

”A]VI,]VIK+1,...,Md(f17 DR} fd+1)||L2(Z)

(5.11) _oars —raree TH
< C (Mg My) 2@ M~ 2@ H||fjHL2(Z)'

=1

Proof. By duality, it is sufficient to prove that, for any fii2 € L?(Z),

D AMMicsr e 0a (1) fasz(n)

(5.12)  dt4 —(d+4)K+2d di2
§C<MK+1"'Md) Q(d“)MWJrgH”fjHLZ(Z)'
j=1

Now define Fj for any j € {1,...,d+2} by

(5.13) Fi(x) = 3 fi(n) exmine.
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Then the left-hand side of (5.12) can be represented by

1 d+1
(5.14) MKMK+1 . "Md /ﬂ‘dﬂ ]1;[1 ](m]) d+2($1 + + $d+1)
X S(x1,...,Tayr)dry - drgyy .
Here S(x1,...,2441) is given by
S(x1,. . Tay1)
M M M1 My )
— e e 2mi(mimr - Amaza) L2mi(mT - +mE)zai
(5.15) e e .
m1=1 mr=1mKk4+1=1 mg=1

Utilizing Theorem 1.7, we have
||S||2(d+2)/d < C (M- "Md)w—% M e,
Then the Holder inequality yields that
(5.14) < C|T(F,.... Fage)| awain (Mrci . My)” v Ny At K e
Since 2(d 4+ 2)/(d+4) <2(d+1)/(d + 2), we can apply Lemma 5.5 to obtain

—(d+4)K+2d

d+2
5.16 5.14) < C (Mgyr -+ Mg) 7w M 2@ = TT1E]] 0 -
illp2(T)

j=1

|

We now prove Theorem 5.2. Since Sk is K-admissible, without loss of gene-
rality, we assume that My = -+ = Mg = M and M > C max{Mxg1,..., Ma}.
Moreover, we may also assume that M is dyadic. Hence we only need to consider
T*(fh R fd+1) given by

(5.17) T*(f1y---s fas1) = sup | At M sonta (f1s o far1)] -
M, Mg 1,...,My

Clearly we have

| T*(f1,- -, far1)| < ( Z |AM,MK+1,...,Md(f1>~-~>fd+1)|2)

M, Mk +41,...,Mq

1/2

Taking the L? norm of both sides, we then get
(5.18)

N 1/2
||T*(fl""7fd+1)||L2(Z)§( Z ||AM7MK+1»~~~J\/Id(f1""7.fd+1)||i/2(z)> .

M, Mk +41,...,Mq
Employing Proposition 5.6, we estimate | T*(f1,. .., fa+1)llz2(z) by
—(d+4)K+2d 1/2 41

(5.19)( S O (M- M) T N +€> T1150 2 .
M, Mk 1,...,Mq Jj=1
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which is bounded by
d+1

c Iz

j=1

since K > 2d/(d+4) implies ((d +4)K —2d)/(d +2) > 0. This completes the
proof of Theorem 5.2.

Also we are able to obtain an L? estimate for the corresponding bilinear Hilbert
transform.

Theorem 5.7. Let K be a function on 7 satisfying

C
(5.20) K < 1o
formn #0. Let T(f1, f2) be defined by
(5.21) T(f1, f2)(n) = Y K(m) fr(n —m) fa(n —m?),

m##0
for Schwartz functions f1, fo : R+— C. Then we have
(5.22) HT(fl’fQ)HLZ(Z) <C Hf1HL2(Z)||f2||L2(Z) :

Proof. For any dyadic number M > 1, define T (f1, f2) b
(5.23) Tar(fr, f2)(n M > A —m)fa(n —m?)].
mn~ M

Apply Proposition 5.6 to get
(5.24) H Tae(fr, fQ)HLQ(Z) = M71/2+€H leLZ(Z)H f2||L2(Z) :
Then (5.22) follows from (5.24). O

Remark 5.8. If the kernel K in Theorem 5.7 has some cancellation condition,
then T'(f1, f2) could be a bounded operator from L? x L? to L*. This problem is
still open and seems to be challenging.

6. Estimate for K, 4y when p is even

In this section, we give a bound on K, 4 v when p is even. The idea is not new, and
it is used often in the field of number theory. For the sake of self-containedness,
we include it here. By using it and an arithmetic argument, one can get sharp
estimates, up to a factor of N¢, for K¢ 1 n, K42 n, etc. See [1] for details.
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Proposition 6.1. If p > 0 is an even integer, then we have

61) KJ,n< sup g2mem .F'ﬂ‘dx'ﬂ‘(Fp/Q(', -+ ie)) (I,m).
I,m)eSq pny2x{1,....pN2/2}

Here Frayy is the Fourier transform of functions on T% x T, € is any positive
number, and F is given by

(6.2) F(x,z)= Y emizml+2mixn,

nezd

Proof. Let k =p/2. A direct calculation yields
(6.3)

Here S4 v, is given by

k k k k
Sd7N7k:{(n1,...,nk,ml,...,mk) €Sy N :an :ij ,Z|nj|2 :Z|mj|2}.
Jj=1 Jj=1 J=1 j=1

2mi(noxt|n|20) | 2 —
E an e T TIn dx dt = E Gny - - Gny, Gmy - - - Gmy, -

nesSq N (n1,...,ng,my,....my)€Sq, N %

For any 1 € Sy xn and any positive integer m < kN?2, we set

k k
Sk(l,m) = {(nl,...,nk) €Shn: an =1, Z|ni|2 :m}.
j=1 =1

Now we can estimate (6.3) by

EN?

(6.4) >Ny ’ > (n, -+ O,

1€Sq,kn m=1 (ny,- ,ng)eSk(l,m)

Utilizing the Cauchy—Schwarz inequality and the fact that {Sk(1,m)} forms a par-
tition of 55,1\/’ we dominate (6.4) by

N
(65) 0 | ()
where |S; (1, m)| denotes the cardinality of Si(1,m).

Employing the elementary fact that fol e2™ 049 = 0if n # 0 and fol e2mindqp =
1if n =0, for any 1 € Sy n and any positive integer m < kN? we can estimate
|Sk (17 m)l by

1
(66) Z / 627"”(2;;1 In; |2 —m) dt/ 627”' Z?:l x~nje—27rix.l dX,
0 Td

(nl,m,nk)GSS,N
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which equals
(6.7)

1
e k 2 Sk . o,
2 : e27r5m / e27m(t+zs) 251 Iyl e 27mmtdt/ eQTr'L 2j—1xmy e 2mix-1 dX,
0 Td

(n17~~~7nk)€S§’N

for any real number . This term can also be written as

k
. . 2 . _ . _ .
(68) 627T€77L e27m(t+zs)|n| e27mx n) e 2mix-1 e 2mwimt dx dt .
TdxT

n€deN

Notice that we may replace Sq n by Z¢ in (6.6), (6.7), and (6.8) to make the upper
bounds larger. Thus, by the definition of F in (6.2), we dominate |S; (1, m)| by

(6.9) e2mem / (F(x,t+ ie))kefz’”'x'l e 2mmE dx dt .

TdxT
This finishes the proof of Proposition 6.1. O
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