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Semiclassical hypoelliptic estimates
with a loss of many derivatives

Alberto Parmeggiani and Karel Pravda-Starov

Abstract. We study the pseudospectral properties of general pseudodif-
ferential operators around a doubly characteristic point and provide nec-
essary and sufficient conditions for semiclassical hypoelliptic a priori esti-
mates with a loss of many derivatives.

1. Introduction

In recent years, there has been renewed interest in the analysis of the spectra and
resolvents of non-self-adjoint operators with double characteristics. This interest
partly originates in the study of the long-time behavior of evolution equations
associated with non-self-adjoint operators

{(at+P)u(t,x) =0

u(t, ')|t=0 = UgQ-

This is for instance the case in the analysis of kinetic equations and the study of
the trend to equilibrium in statistical physics.

The study of doubly characteristic operators has a long and distinguished tra-
dition in the analysis of partial differential equations [14], [15], [29]. The simplest
examples of such operators are the quadratic differential operators

Q(z,D,) = Z Gopr®D? 2 €R",
la+p3|=2

with qa,5 € C, Dy, = i_laxj, a, 8 € N™. In the elliptic case, the spectra of these
operators were understood and described explicitly in [29]. On the other hand,
the pseudospectral study of these operators is much more recent. Studying the
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pseudospectrum of an operator is studying the regions

1
Spec, (A) = {z eC; (A-2)7Y = —}, e>0,

€
in the complex plane where its resolvent is large in norm, with the convention that
|(A—2)71|| = 400 if 2 belongs to the spectrum Spec(A) of A. The spectral stability
of the operator under small perturbations can be analyzed using the breadth of
the pseudospectrum. Indeed, the pseudospectrum may be defined in an equivalent

way [28] in terms of the spectra

Spec.(A4) = U Spec(A + B)
BeZ(H),
1Bl ) <e

of the operator perturbations, where £ (H) stands for the set of bounded linear
operators on H. The pseudospectral study of a variety of operators has recently
received much attention in diverse contexts. For further details and motivations,
we refer the reader to the overview of this topic in the book [32], and to the refer-
ences therein. For now, we simply remark that the study of the pseudospectrum
is nontrivial only for non-self-adjoint operators, or more precisely for nonnormal
operators. In fact, the classical formula

1

(1.1) Vz & Spec(4), [[(A—2)"1| = dist(z, Spec(A))’

emphasizes that the resolvent of a normal operator cannot blow up far from its
spectrum, and that the spectrum is stable under small perturbations

(1.2) Spec.(A) = {z € C; dist(z, Spec(A)) < ¢e}.

However, formula (1.1) does not hold any longer for nonnormal operators and the
behavior of the resolvent for such operators can be complicated, becoming very
large in norm far from the spectrum. As a consequence, the spectra of these oper-
ators may be unstable under small perturbations. The rotated harmonic oscillator

P:78§+ei9m2, —T<f<m O0#0,

is a notable example of an elliptic quadratic operator whose spectrum is unsta-
ble under small perturbations. The seminal works [1], [4] have indeed shown that
its resolvent ||(P — z)~!|| exhibits rapid growth in some regions of the resolvent
set far from the spectrum, and that some strong spectral instabilities develop in
some regions with specific geometry, which have been precisely described in the
works [1], [22]. These phenomena of spectral instabilities are not peculiar to the
rotated harmonic oscillator. They were shown to be the typical behavior of any
nonnormal elliptic quadratic operator [23], [25], [26], with rapid resolvent growth
along any ray lying inside the range of their Weyl symbols. This is linked to some
properties of microlocal nonsolvability and to violations of the adjointness condi-
tion in the so-called Nirenberg—Treves condition (¥), which allow the construction
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of quasimodes [3], [5], [15], [21], [23], [36], [37]. Similar types of spectral instabili-
ties were shown to occur for general pseudodifferential operators around a doubly
characteristic point, when the quadratic approximations of these operators at the
doubly characteristic set are nonnormal [24]. Beginning with these early insights,
there has been a series of recent works [5], [8], [9], [10], [12], [13], [24], [30], [33],
and [34], aimed at providing a sharp description of the spectral and pseudospectral
properties of general pseudodifferential operators around a doubly characteristic
point. In the present work, we aim at sharpening this picture and at describing
the pseudospectral behavior of a general pseudodifferential operator around a dou-
bly characteristic point by refining the understanding of the underlying geometry
ruling these phenomena.

2. Setting of the analysis

Let m(;;h) : R?® — (0,+00) be an order function (see Dimassi-Sjostrand’s
book [6]), that is,

3Co,Ng>0,Y0<h<1,VX,Y € R*™, m(X;h) < Co(X — Y)m(Y:h),

with (X) = (1+|X|?)"/2, where |- | is the Euclidean norm. We consider the symbol

class of h-dependent symbols whose growth is controlled by the order function m

given by

(2.1) ={a(-;h) € C*(R*",C);Va € N*",3C, > 0,
VO<h<1,VXeR™, [0%a(X;h)| < Cam(X;h)}.

In the present work, we study a semiclassical pseudodifferential operator

1 i(z—y)- T+
(22) P:pw(m,hDa:;h) = (271')” /]Rz el(ﬂf y)5p<Tyvh£a h) u(y) dydf,

defined by the semiclassical Weyl quantization of a symbol p (z,&; h) admitting a
semiclassical asymptotic expansion

(2.3) (z,& ) ij 2,&)h

in the symbol class S(1). The symbols p; € S(1) in the asymptotic expansion are
assumed to be independent of the semiclassical parameter 0 < h < 1. We assume
that the real part of the principal symbol is nonnegative

(2.4) Re po(X) >0, X = (z,¢) € R?",

and elliptic at infinity

1
(2.5) Ic > 1,v|X|>C, RepO(X)za.
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These two assumptions imply that there exists a neighborhood of zero in the com-
plex plane such that the analytic family of bounded operators

P —z:L*(R") — L*(R"), =z € neigh(0,C),

is Fredholm of index 0, when the semiclassical parameter 0 < h < 1 is sufficiently
small [5]. An application of the analytic Fredholm theory shows that the spectrum
of the operator P in a small neighborhood V' of 0, that can be taken to have the
form V' = D(0, ¢) (the open disk in C of radius ¢ centered at 0) with 0 < ¢ <1, is
discrete and is composed only of eigenvalues with finite algebraic multiplicity.

We assume further that the characteristic set of the real part of the principal
symbol is reduced to a single point,

(2.6) (Re po) "' ({0}) = {0} € R*",

and that this point is doubly characteristic for the principal symbol py,
(2.7) po(0) = Vpo(0) =0,

so that we may write

(2.8) po(Y) =q(¥Y)+0O(Y?), Y =0,

q being the quadratic term in the Taylor expansion of the principal symbol at 0.

We aim to study the spectral and pseudospectral properties of the operator P
in a neighborhood of 0. As mentioned above, the study of this problem was started
n [12], [13], where the first lines of this spectral and pseudospectral picture were
sketched.

The results of [12] actually provide an initial localization of the spectrum of
the operator P in any given h-ball centered at z = 0. More specifically, when the
quadratic approximation of the principal symbol is elliptic on a particular vector
subspace S of phase space defined as its singular space’

(2.9) XeS, ¢X)=0= X =0,

then, for any given constant C' > 1 and any fixed neighborhood 2 C C of the
spectrum Spec(¢™(z, D)) of the quadratic operator ¢*(z, D,) described in the
appendix (Section 6), there exist positive constants 0 < hg < 1, Cp > 0 such that
for all 0 < h < hy, |z| < C satistying

z—p1(0) ¢ Q,
we have

(2.10) hllu|lpe < Co||(P — hz)ul|pz, wue L (R™),

'We refer the reader to the appendix, Section 6, for miscellaneous facts about quadratic
operators and the definition of the singular space.
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where p;(0) stands for the value of the subprincipal symbol at the doubly char-
acteristic point 0 € R?". This result indicates that the spectrum of P in any
h-ball centered at z = 0 is localized in an h-neighborhood of the spectrum of its
quadratic approximation shifted by the value of the subprincipal symbol at the
doubly characteristic point

p1(0) + Spec (q“’ (z, DQ,)) .

Under the same assumptions, this pseudospectral picture was complemented by
the following result about the spectrum [13]: for any given C' > 0, there exists
0 < hg < 1, such that for all 0 < h < hg, the spectrum of the operator P in the
open disk D(0,Ch) is given by eigenvalues zj, having a semiclassical expansion of
the form

(2.11) 2k ~ h( Ak +p1(0) + RYNEN 1+ RN o - ),

where )y is an eigenvalue of the quadratic operator ¢*(z, D) located in the fixed
ball D(0,C'), Ny is the dimension of the corresponding generalized eigenspace, and
the A ; € C are complex constants.

Next we consider the remainder term in the principal symbol

(2.12) 7(X) = po(X) — q(X),

and assume further the existence of a closed angular sector I' with vertex at 0, and
a neighborhood V' of the origin in R?" such that

(2.13) r(V)\{0} c T\ {0} c {z€C;Rez>0}.

When the quadratic approximation ¢*(z, D, ) enjoys some subelliptic properties,
sharp resolvent estimates may be derived outside an h-ball centered at z =0, in a
parabolic region with a particular geometry. More specifically, when the quadratic
form ¢ has a zero singular space, i.e., S = {0}, we consider the smallest integer
0 < ko < 2n — 1 satisfying

ko
(2.14) ( () Ker(Re F(Im F)J‘)) MR = {0},
5=0

where F' is the Hamilton map of ¢ (see the appendix, Section 6). It was shown
in [13] that for any given sufficiently small constant ¢y > 0 there exist positive
constants 0 < hg < 1, C > 1, and Cy > 0, such that for all 0 < h < hy,
u € L (R"), and z € Qp,

(2.15) p2ko/(ZkoF1) | 511/ ZRo+1) |1yl 2 < Cp || Pu — zul| 12,

where

1
(2.16) Q= {Z €C: Rez< 5h2k0/(2k0+1) 2|/ @Rt D) o < 2] < CO}_
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The term h2ko/(2ko+1) | 5|1/ (2ko+1) increases when the spectral parameter z moves
away from the origin in the region where Ch < |z| < ¢g. When the spectral
parameter has magnitude h, we recover the semiclassical estimate (2.10), and we
emphasize that the resolvent estimate

(P o Z)—l _ O(h—2k0/(2k0+1)|Z|—1/(2k0+1)) . L2(Rn) SN L2(Rn),

and the geometry of the parabolic region where it holds, are directly related to the
loss of 2kg/(2ko+1) derivatives appearing in the global subelliptic estimate satisfied
by the quadratic approximation of the operator at the doubly characteristic point
(see the appendix, Section 6),

[{(, D)) otV L, < C (lg* (2, D) ull 2 + |lull2)-

Im z

o o
(o) o o '-‘
(o] o o 1
o—0——0—0———"—"—"P
0F o o o Re z

(o) o O

o o

o
-
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FIGURE 1. The estimate h2k0/(2ko+1) |51/ (ko+1))101 0 < O ||Pu — zul| 12 is valid when z
belongs to the dark grey region of the figure, whereas the estimate hljul|p2 < Co ||Pu —
zul|z2 is valid in the light grey one.

These results show that the algebraic structure of the singular space makes it
possible to give a sharp description of the spectral and pseudospectral properties
of pseudodifferential operators around a doubly characteristic point. The picture
drawn so far has been sharpened recently by Viola [33], [34]. In these papers,
Viola studies the case when the spectral parameter z enters more deeply into
the numerical range and may grow slightly more rapidly than the semiclassical
parameter h outside the parabolic region €2;,. His result shows that polynomial
resolvent bounds still hold in a larger h(loglogh~')Y/"-neighborhood of z = 0.
More precisely, under the previous assumptions with a zero singular space, Viola
shows that for any given p > 0, there exist positive constants Cy and C; such that



SEMICLASSICAL HYPOELLIPTIC ESTIMATES 1445

the resolvent
(P —2)"': L*(R") — L*(R"),

exists and satisfies the bound

1(P = 2)" 22 = O(h™'77)

when 0 < h < 1, as long as the spectral parameter z obeys

1 1\1/n 1 1y1/n
|2] < = h(loglog —) . dist(z, Spec(¢”(z, D;))) > he oy (loglog 1)/
Co h

Figure 2 below? is an illustration of a typical region in the complex plane where
this resolvent estimate holds, for decreasing values of h.
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FIGURE 2.

The disks surrounding the spectral values of the quadratic operator ¢%(x, D)
correspond to the forbidden region

dist (2, Spec(¢”(x, Dy))) < b o~ 2rloglos 1)1/

Returning to the resolvent estimate (2.15), we observe that the estimate
(2.17) h2ko/ kot 1) 1yl 12 < Cf || Pu — zul| 2,

holds true at the boundary of the parabolic set ), when

Rez<¢ h%o/(%OH), ‘ [Tm z| — %0’ <eci,

2Courtesy of Joe Viola.
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with 0 < ¢; < 1. By using semigroup techniques, this resolvent estimate was
improved by Sjostrand [30] to

(2.18) [Re z|||ul| 2 < Co||Pu — zul| L2,
when .

—c1 <Rez< 7h2k°/(2k°+1), ’ Im z| — 30‘ < e,
and to

(2.19)  A2Eo/@Ro+1) il o < Cpexp (% (Re z)fk‘)“)/(%o)) 1Py — zu 1z,

when

—h2ko/(kot1) < Re 2 < ¢ (h log l)%o/(%oﬂ)

5 , ’|Imz|—%0‘§cl.

For Re z ~ h2ko/(Zko+1) " wye recover the estimate (2.17). Furthermore, this result
shows that the spectral parameter may enter more deeply in a logarithmic fashion
into the numerical range outside the parabolic region 2,

)

1 2k,‘0/(2k0+1)
Re z ~ (h log E)

while a polynomial resolvent bound
[(P = 2)"Ml.gr2y = O(h=2Fo/Brothmeo) = gy >0,

continues to hold.

In the present work, we aim at completing this picture by investigating further
the pseudospectral properties of the operator P inside the h-neighborhood of the
set

¥ = p1(0) + Spec(¢”(z, Dz)).

More specifically, we study necessary and sufficient conditions for the validity of
the following a priori estimates

(220) Jeg>0,30<hg<1,Vue.Z(R"),V0<h< ho,

|[Pu— hzul|rz > co hN°/2+1||U||L2>

where Ny > 1 is a positive integer, when z belongs to a neighborhood of . While
the resolvent estimate (2.15) and the geometry of the parabolic region (2.16) were
shown to be related to the subelliptic properties of the quadratic approximation
q“(x,Dy), we show in this work that the resolvent estimates (2.20) are actually
linked to some properties of hypoellipticity with a loss of many derivatives. The
proof of the main result of this article (Theorem 3.1) is indeed based on a Grushin-
reduction method following closely and adapting to the semiclassical setting the
approach developed by Parenti and the first author in the study of hypoellipticity
with a loss of many derivatives for operators with multiple characteristics [18].
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We recall that the Grushin-reduction method has proved itself fundamental in
many different problems, especially in spectral theory and in the study of hypoel-
lipticity (and, more recently in the study of solvability and semiglobal solvability
[29], [7], [18], [19], [20]) for operators with multiple characteristics. The idea of
Grushin is roughly the following. Let H be a Hilbert space and let A: H — H
be a Fredholm operator (with nonzero kernel) of index 0. The vector subspaces
Vi = Ker A and V5 = Ker A* must then have the same finite dimension d. Con-

sider orthonormal bases {w1, ..., wq} of V1 and {v1,...,vq} of Va. Given a vector
subspace V' C H spanned by the orthonormal basis {ey, ..., eq}, we define the maps
(u,e1)H G d
hir:H2u— €eC? hy:Clov=| : »—>Z§jej€V.
(u, ed)n Ca =t

Then, the system

A:[}ﬁA hKeéA* tHxCY — HxCY,
Ker A

is invertible, with an inverse of the form

E—{ E Mkea | Hxc? S HxC,
hKerA* 0 i

where

E:H=Voo V& — Vit

u=up+uy —> (A|V1L)*1u2.

Next, given an operator P with multiple characteristics, we take for A a polynomial-
coefficient differential operator called the localized operator [2], [29]. The latter
is the Weyl-quantization, in the normal directions to the characteristic set, of the
relevant piece in the Taylor expansion of the symbol at the characteristic points
obtained by keeping track of the orders of vanishing of its various parts. Then, the

system
P R_
R, 0 |’

which is approximated by the system A, can be inverted in a suitable pseudodif-
ferential calculus (in the sense of left and right parametrices) by a system

E E_
EL Ei |’
which is approximated by the system E.

As already mentioned, this method proved itself successful in Sjostrand’s pa-
per [29] in which, for the first time, the hypoellipticity with a loss of one derivative
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(and solvability) for general pseudodifferential operators with multiple character-
istics was studied. Later, along the same lines of problems, Helffer [7] studied the
hypoellipticity with a loss of 3/2-derivatives for operators with multiple charac-
teristics. Pushing the machinery of localized operators to all orders (to describe
the “transport terms” in the parametrix), Parenti and the first author [18] stud-
ied the hypoellipticity with a loss of many derivatives for operators with multiple
symplectic characteristics. They showed in particular that the various examples
of C'*° hypoelliptic operators with multiple characteristics and loss of derivatives,
such as the Stein example, the Christ flat-Kohn example and others, were man-
ifestations of the same phenomenon [19]. More recently, they could also obtain,
by the approach developed in [18], the local and semiglobal solvability of certain
operators with multiple symplectic characteristics [20].

We close this section by describing the organization of the article. The next
section provides the statement of the main result (Theorem 3.1). Section 4 is
dedicated to some case studies, while the proof of Theorem 3.1 is given in Section 5.
Finally, Section 6 is an appendix gathering miscellaneous facts and notation related
to quadratic differential operators.

3. Statement of the main result

We consider the semiclassical pseudodifferential operator P given in (2.2) whose
Weyl symbol p (z,&; h) admits the semiclassical asymptotic expansion (2.3) in the
symbol class S(1), and we assume that the principal symbol pg satisfies the as-
sumptions (2.4), (2.5), (2.6), and (2.7).

Let ¢ be the quadratic term in the Taylor expansion of the principal symbol at
the doubly characteristic point X = 0,

(3.1) po(X) = ¢(X) +O(X?), X = (z,6) € R*",

when X — 0. The assumption Re pg > 0 implies that the complex-valued
quadratic form ¢ has also a nonnegative real part, Re ¢ > 0.

In the present work, we do not consider the degenerate case, that is the case
when the quadratic form ¢ is only partially elliptic (i.e., it satisfies the ellipticity
condition (2.9) on its singular space). Indeed, we assume that the quadratic form ¢
is elliptic on the whole phase space:

(32) (2,6) e R*", gq(z,6) =0 = (2,£) = 0.
Under this assumption, the spectrum of the quadratic operator
1 . r+y
(s D, _ i(z—y)-€ ( ) ded
q"(z, Dy) u(z) G /R% e q( =5 € )uly) de dy,

is composed only of eigenvalues with finite algebraic multiplicities (Theorem 3.5
in [29], see also [2]),

(3.3) Spec(g®(z, Dy)) = { 3 (a2 (i) k€ N},
AeSpec(F),
—iAEX(q)
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where 3(q) = q(R?"), and where 7 is the dimension of the complex vector space
spanned by the generalized eigenvectors associated with the eigenvalue A € C of
the Hamilton map of ¢; see the appendix (Section 6).

Let K C C be a compact set and let Ny > 1 be a positive integer. We consider
a spectral parameter z(h) with the semiclassical expansion

2No+2

(3.4) z(h) = Z 2, hF/2,

k=0
with z; € K for all 0 < k < 2Ny + 2, where the leading term is assumed to satisfy
(3.5) zo € p1(0) + Spec(q*(z, D).
We define the symbols
(3.6) ap(X) = an(X) — 2 = 3 2O e
i+lal/2=1+k/2
0<j<1+[No/2], |a|<No+2
for 0 < k < 2Ny + 2, where [z] stands for the integer part of x. Notice that
(3.7) ao(X) = q(X) + p1(0) — 2o,
with ¢ the quadratic form defined in (3.1). The two operators
(3.8) Q= a¥(x,D,) = q"“(x,D;) + p1(0) — 20 : B — L*(R"),
(3.9) Q" =" (z,D;) =7"(z, Ds) + p1(0) — 75 : B — L*(R"),

are known to be Fredholm operators of index 0 (see Lemma 3.1 in [14], or Theo-
rem 3.5 in [29]), where B is the Hilbert space

B={ue L*R"); 2*Diu e L*(R"), o, € N", |a+f] <2},

equipped with the norm

= Y ||=*Dlulf;..

la+pB]<2
Setting
(3.10) Vi=Ker Q, Vs=Ker Q"
we can decompose L%(R") as
(3.11) LR =Via Vi =V 0 Vg,

with Vi* = Ran Q*, V5 = Ran Q. Since
0 = ind Q = dim Ker Q — codim Ran Q = dim V; — codim V",
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the kernels of the operators () and Q* have the same dimension
1<d=dim V; =dim V5, < +o0.

Let ¢1,...,¢q and 1, ...,14 be orthonormal bases of Vi and V5, so that

(3.12) Qo; =0, Q =0, 1<jk<d.

Because of the ellipticity of the quadratic symbols ¢ and g, the eigenfunctions ¢;,
1y belong to the Schwartz space .(R™). We denote by 7; and ma the orthogonal
projections onto the vector spaces Vi~ and Vi*,

d d
(3.13) mu=u—» (u,¢;)r2¢j, ﬂzu:u—Z(u,wj)Lz ;.
j=1 j=1
The unbounded operators
(314) Q. iV — Vi =Ran @, Q. : V- — Vit = Ran @7,

are isomorphisms when equipped with the domains
D(@Qlys) =BnVis, D(Q|y.)=BnVs .

We define the operator

(3.15) S: L*(R")

u

‘/2 @‘/QL — LQ(RH)

ui +uz = (Qlyr)

The main result of this article is the following theorem:

Theorem 3.1. Let K C C be a compact subset and let Ny > 1 be a positive integer.
Let P be a semiclassical pseudodifferential operator (2.2) satisfying the assumptions
(2.3), (2.4), (2.5), (2.6), (2.7), and (3.2). Let z(h) be the spectral parameter (3.4)
whose leading part satisfies the assumption (3.5). Let Q be a compact subset of
K?2Not+2 (the Cartesian product of K with itself 2Ng + 2 times). The a priori
estimate

(3.16) 3o >0,30< hg <1,Yu e L*(R"),Y0 < h < hg, ¥ (21, .., 22n,42) € Q,
[ Pu = hz(h)ul| 2 > co BN/ 4 |ul| 2

holds if and only if the a priori estimate

3.17) deg > 0,30 < hg <1, Vu_ ECd,VO<h§h0,v 21,...,22N+2)€Q,
0

|Eru_| > co hNo/2 1 u_|
holds, where Ey stands for the d x d matriz

2No+2 ) ]
(3.18) Er= Y A;nR A= (AD)

Jj=1

1<ki<d € Ma(C),
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and where the entries A,(cjg of each A; are given by

(3.19) AN =300 3T (ap Sal Seeap | Salén i) L.

i—1 1<k, <2No+2
ki4-+ki=j

The operators a (xz, D) are the Weyl quantizations of the symbols defined in (3.6).

Remark 3.2. It will be shown in the proof of Theorem 3.1 that the operator S is a
pseudodifferential operator. This accounts for the fact that S : . (R") — Z(R™)

and the definition of the entries Ag ?

This result indicates that the resolvent growth, up to large powers of 1/h, is
entirely determined by the Taylor series of the symbol up to a certain specified or-
der.

4. Some case studies

Before plunging into the proof of Theorem 3.1, which will be given in Section 5, we
wish to discuss in this section some case studies. We begin by studying the case of
semiclassical hypoelliptic estimates with a loss of 3/2 derivatives.

4.1. Semiclassical hypoelliptic estimates with a loss of 3/2 derivatives
When Ny = 1, Theorem 3.1 shows that the semiclassical hypoelliptic estimate with
a loss of 3/2 derivatives

(41) F¢p>0,30< hg <1,Yue LAR"),V0 < h < ho, V2 € K,

HPu — hzpu — h3/2,21u||L2 > ¢o B%? ||ul| L2,
holds if and only if the matrix
Al(zl) = ((aqlﬂ(m7D$) d)lv'll)k)LQ)lSk’lSd?

is invertible for all z; € K, where a{’(z, D) is the differential operator defined by
the Weyl quantization of the symbol
()

(@)
al(X) — poa!(o) X4 Z pla!(O) Xo

Denoting by dy the rank of the matrix Ao = ((¢1,¥x)12)1<k,i<d, We observe that
its determinant det A;(z1) is a polynomial function in the variable z1 of degree dy.
We distinguish two cases:

(1) do = 0;
(i) 1<do <d.
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When dy = 0, the matrix Ay is zero and the invertibility of the matrix A;(z1) =
A1(0) is independent of the parameter z;. When det A;(0) # 0, the a priori
estimate (4.1) holds. This indicates that there is no eigenvalue for the operator P
in any h®/2-neighborhood of the point hzp, when 0 < h < 1. On the other hand,
when det A; (0) = 0, the a priori estimate (4.1) is violated for every z; € C and
the resolvent cannot be bounded in norm as O(h~3/2) in any h*/?-neighborhood
of the point hzg.

When 1 < dy < d, we consider an open neighborhood w of the finite set

A ={z€C; det Ai(z) =0}.
We deduce from Theorem 3.1 that

300>0, 0 < hg < 1,VU€y(Rn),VO<h§h0,V21 €K0(C\w),
HPu — hzou — h3/2z1u||L2 > co h3? ||ul| 2.
In this case, the spectrum of the operator P in the disk D(hz, Ch3/2) is localized

in any h3/2-neighborhood U of the set hzy 4+ h3/2A, and the resolvent of P is
bounded in norm as O(h~3/2) on the set D(hzo, Ch*/?) N (C\ U).

4.2. Case when the eigenfunctions have some parity properties

When the eigenfunctions ¢q, ..., ¢4, ¥1,...,1%q have some parity properties, the
conclusions of Theorem 3.1 can be sharpened further as follows.

Proposition 4.1. Under the hypotheses of Theorem 3.1, we make the additional
assumptions:

(i) The functions ¢1,...,¢q are all even, or all odd.
(ii) The functions 1, ...,¥q are all even, or all odd.

(iii) All the terms with odd indices in the semiclassical expansion of the spectral
parameter (3.4) are zero

No+1

z(h) = Z Zon h¥.
k=0

Then, the conclusions of Theorem 3.1 hold with

2Nop+2
EL = Z A M2,
j=1
where
A2j+120, Vj with 1<2j4+1<2Ny+ 2,
when the functions ¢1,...,¢q and Py, ..., Yq have the same parity, or else
Ay; =0, Vj with 1<2j<2Ny+2,

when the functions ¢1,...,¢q and ¥y, ...,10q have opposite parities.



SEMICLASSICAL HYPOELLIPTIC ESTIMATES 1453

Proof. To begin, we claim that when the functions 1, ...,1q € V5 are all even, or
all odd, then Swu is even (respectively odd) whenever u € #(R") is an even (respec-
tively odd) function. To see this, observe that when all the functions 1, ..., %4

are even, the function
d

T2U = U — Z(u71/)j)L2 wj,
j=1

is even (respectively odd) whenever u € .(R") is even (respectively odd), because
(u,%;)r2 = 0 when u is odd. On the other hand, when all the functions ¥1,...,¥q
are odd, mou is also even (respectively odd) whenever u € .(R™) is even (respec-
tively odd) because (u,%;)r2 = 0 when u is even. Then we observe that Qu is
even (respectively odd) whenever u € ./(R™) is even (respectively odd). Indeed,
recalling that

Q = qw(xv D:v) +p1(0) — 20,

the parity property holds true for Qu since it trivially holds true in the case of the
operators
1
(e°")" = 2 (+° D2+ D), la+pl=2
For v € Z(R"™), we write Su = v1 + ve with v,vy € (R") with v; even and v

odd (see Remark 3.2). We assume that u € ./(R™) is even (respectively odd). It
follows from (3.14) and (3.15) that

Ran S ¢ V5, m = Q5.
Since mau = QSu = Qui + Quz is even (respectively odd), then Qua = 0 (respec-
tively Qui = 0), that is, vo € Vi (respectively v1 € V7). On the other hand, we
have
0= (Su,v2)2 = (v1 +v2,v2) 2 = (v1,02) 2 + [[va][F2 = [[va|7,
respectively
0= (Su,v1)2 = (v1 +v2,01) 2 = [[1]|F2 + (v2,01) 12 = [[v1|72,

because Ran S C Vll, and (v1,v2)r2 = 0 when v; and vy have opposite parities.
It follows that Su = vy is even (respectively Su = vs is odd). This concludes the
proof of the claim.

Next, we observe that

(0" . Do) (=) = gz [ ) uty) dy e
=y L, e ea(( = T =) ul-w)dye

It follows that the function a™u is even (respectively odd) whenever u € .7 (R"™) is
even (respectively odd) when the symbol a is even, whereas a® v is odd (respectively
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even) whenever u € . (R") is even (respectively odd) when a is odd. Therefore,
when all the terms with odd indices in the semiclassical expansion of the spectral
parameter (3.4) are zero, that is

No+1

z(h) = Z zoi hF,
k=0

we have from (3.6) that

(@)
p; (0)
ask(X) = > L X — 2y,

ol
Jt]al/2=14k
0<j<1+[No/2], |a|<No+2

is an even function and that

(@)
p;(0)
azr+1(X) = E . X,

j+|al/2=14+k+1/2
0<j<1+[No/2], |a|<No+2

is an odd function. Under assumption (ii), we deduce from Remark 3.2 and the
previous claim that the function

ap Say, S---ap_ Sague S (R"), with 1 <ky+---+k =25 <2No +2,

is even (respectively odd) whenever u € . (R™) is even (respectively odd). On the
other hand, the function

ap Sag, S---ap_ Sagyue S R"), with 1<k +---+k=2j+1<2Ng+2

is odd (respectively even) whenever v € . (R™) is even (respectively odd). It
follows that
(a;:l Sa}CUQ S e a’]LCli'fl Sa}cli- ¢l? wk))LQ = 07

with 1 < ky 4+ -+ k; = 2j+1 < 2Ny + 2 (respectively 1 < ky + -+ + k; =
27 < 2Ny + 2), when the functions ¢1,...,¢q and ¢1, ..., have the same parity
(respectively opposite parities). This ends the proof of Proposition 4.1. O

4.3. Case d =dim V; =dim V, =1

We now consider the case when the kernels V; and V5 are one-dimensional, that is
Vi =Ker Q = Span ¢1, Vo =Ker Q* = Span v,

spanned by eigenfunctions satisfying (¢1, 1) 2 # 0. In this case, the matrix (3.18)

can be written as

2No+2 J

_ 1+35/2 i w w w w
Ey = g hiti/ E (-1) E (ap, Sag, S---af._, Say. ¢1,¢1) ..
j=1 i=1 1<k, <2No+2
ki4-+ki=j
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We define successively, for every 1 < j < 2Ny + 2,

1
(4.2) zZ1 = m (dqf’(fU,Da:Wl,%)L?,
and
1 J ;
43) Z = ——— (@Y1, %1) 12 —1)
“3) % (¢1,%91) 12 [(aj P19 +¢z=;( : 1§kp§1vo+2
Byt tki=j

(@~ 50) S @~ 50) S+ @, ~20) S @ —20) d1,0) 2]
The following result follows from Theorem 3.1.

Corollary 4.2. With the hypotheses of Theorem 3.1, we assume further that the
kernels Vi = Span ¢1 and Vo = Span 1 are one-dimensional, spanned by eigen-
functions satisfying (¢1,9%1)r2 # 0. Let No > 1 be a positive integer and let
K C C\{Zn,} be a compact subset, where the complex numbers Z;, 1 < j < 2Ny+2,
are defined in (4.2) and (4.3). Then, there exist co > 0 and 0 < hy < 1 such that
for allu € L*(R™), 0 < h < hg, and z € K one has

No—1

H Pu — hzou — 231 RHI/2 50 — pitNo/2 zuHL2 > co hATNO/2 ||u| 1o
=

Recalling (3.3) and (3.5), we shall now consider the specific case when

(4.4) -pi(0)= Y, =ik,
AeSpec(F),
—iAEX(q)

is the first eigenvalue in the bottom of the spectrum of the elliptic quadratic oper-
ator ¢"(z, D). In this case, we recall from [29] (see also [17], Theorem 2.1) that
the eigenvalue zy — p1(0) has algebraic multiplicity 1 and that the eigenspace

Vi =Ker @ = C¢y,
is spanned by a ground state of exponential type
p1(z) = e ™ e Z(R"),
where a is a complex-valued quadratic form whose real part is positive definite.
The quadratic form «a is defined as (with (-, ) the Euclidean inner product in R™)
1
a(z) = 7§’L'<:E,B+:E>, r€R", Im BT >0,
where BT is the symmetric matrix with positive definite imaginary part Im B+

defining the positive Lagrangian plane (see [29], Proposition 3.3)

Vi= @ w={(@Bx);zeC"},

AESpec(F)
—iAEX(q)
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where V) is the space of the generalized eigenvectors associated with the eigen-
value A of the Hamilton map of q. On the other hand, we observe that the adjoint
operator is actually given by the quadratic operator

q“(z, Dg)* =7 (2, Dy),

whose symbol is the complex conjugate of the symbol ¢q. This quadratic symbol
is also elliptic. It follows that Zo — p1(0) is the first eigenvalue in the bottom of
the spectrum of the quadratic operator ¢* (z, D, )*. Therefore this eigenvalue has
algebraic multiplicity 1 and its eigenspace is also spanned by a ground state

Uy (z) = e74) ¢ (R

of exponential type, where a is a complex-valued quadratic form whose real part is
positive definite. Under these assumptions, we are therefore in the situation where
d =dim V; =dim V5 = 1, with even eigenfunctions ¢, and 1,

Vi =Span ¢1, V5 = Span t)1.

These two eigenspaces are equal, Vi = Va, that is ¢1 = 1)y, if and only if VT =V —
(see [35], Theorem 1.7), where

Vve= & W

AESpec(F)
iAEX(q)

In any case, we notice that (¢1,1)r2 # 0 since this scalar product is equal to the
Fourier transform evaluated at zero,

(4.5) (61,91)2 = F(0) #0,

of the Gaussian function f(z) = e @) with b = a+a a complex-valued quadratic
form whose real part is positive definite, see e.g. [15] (Theorem 7.6.1). We con-
sider the case when Ny = 2Ny, with Ny > 1. Notice that (4.5) means that
TV, !Vl: Vi — Va is invertible, where my,: L?(R™) — L?(R"™) is the orthogonal
|V2 : Vo — V1). Under these

assumptions, we define successively for every 1 < j < 2Ny + 1,

projection onto Va (of course, the same holds for vy,

= 1 ~ W ~w ~ W
(46) Z2 = 7(¢1,¢1>L2 [(a2 ¢1,’¢1)L2 — (al Sal ¢1,¢1)L2],
1 %
4.7 A — , 2 + E -1 i+1
4.7 = (¢1,91) L2 [(QQJ ¥ 1:2( )
X E (ap, Sag, S---ap,_ Say é¢1,91)12].
1<k, <2No+2
ki+--+ki=2j

We therefore deduce from Proposition 4.1 and Theorem 3.1 the following result.
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Corollary 4.3. Under the hypotheses of Theorem 3.1, we make the additional
assumption (4.4). Let Ng > 1 be a positive integer and let K C C\ {Zox, + be
a compact subset, where the complex numbers Zaj, 1 < j < 2Ny + 1, are defined
in (4.6) and (4.7). Then, there exist co > 0 and 0 < hg < 1 such that for all
ue L R"), 0<h<hy, and z € K, one has

No—1 _ ~
H Pu — hzgu — Z Rt Zoj U — pNot1 ZUHL2 > co BN ul| 2.
i=1

On the other hand, we may calculate explicitly all the terms in the semiclassical
expansion (2.11) of an eigenvalue of P with leading term hzy, when the assumptions
of Corollary 4.3 are satisfied. Indeed, the semiclassical expansion is given in this
case by

2k~ (A +p1(0) + hdes + B Ao + ),

since zg — p1(0) is an eigenvalue with algebraic multiplicity 1 of the quadratic op-
erator ¢*(x, D,). Then, we directly deduce from Proposition 4.1 and Theorem 3.1
that the coefficients Aj ; must correspond to the terms Z»; given in Corollary 4.3,
that is

5. Proof of Theorem 3.1

Let K C C be a compact subset and let Ny > 1 be a positive integer. Let

1

P =p“(z,hDy;h) = R

[ eteep (St ngh) ulw) dy .

R2n 2

be a semiclassical pseudodifferential operator satisfying the assumptions (2.3),
(2.4), (2.5), (2.6), (2.7), and (3.2), and let

2No+2
z(h) = Z 2 h®?, z € K,
k=0

be the spectral parameter whose leading part satisfies assumption (3.5). After
conjugating by the unitary operator

(5.1) Ty, : L2(R™) 3 u(z) — R *u(h'/?x) € L*(R™)
it is sufficient to prove Theorem 3.1 for the operator
(5.2) P =T, p"(v,h Dy;h) T; ' = p* (R 22, h'/2D,; h).

In the following, the standard notation ¢ = a #"“b denotes the Weyl symbol of the
operator obtained by composition

c¢’(x,D,) = a"(x,Dy) b* (2, Dy) = (Op“a)(Op“b),
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with the standard normalization of the Weyl quantization

a”(z,D;)u(x) = (Op“a)u(z) = ! /Rzn USRS (

r+y
(2m)n 2

€)uly) dy de.

We refer the reader to the notation introduced in Section 3 and begin by noting
that the orthogonal projections m; and 72 onto the vector spaces Vit and V-
satisfy

w1, L (RY) — (R,

since the eigenfunctions ¢; and v, belong to the Schwartz space .7 (R™). Next, we
observe that the L?-adjoint of the bounded operator S : L?(R") — L?(R™) defined
in (3.15) is given by
(5.3) S*: LA(R™) =V, @ Vi& — L*(R™)
U=1u; +uy +—— (Q*|V2L)71U2.
By definition, these two operators are continuous on L?(R") and satisfy the iden-
tities
(5.4) SQ=Q*S"=1-(1-m), QS=85"Q"=1—(1—m).
Using standard notation for a metric on phase space [15], [16], for m € R we write
(55) 8™ =S(X)",g)={a€C®R*™ C);VaeN" 3C, >0,VX € R*,
0% a(X)| < CafX)™ 1}
for the class of (h-independent) global pseudodifferential operators (after Shubin,

see [31]), where g is the admissible, geodesically temperate metric (see, e.g., [16],
Lemma 2.6.23) given by

_ laxP?

o X=@woern,

and we write Op"(S™) for the set of associated pseudodifferential operators with
symbols in S™.

As global pseudodifferential operators in R™, the operators 1 —m; and 1 —my are
smoothing since their symbols in the standard quantization, given respectively by

d d
Ze*”'f ¢j(x) ¢;(&) € ST and Ze*”'é Yi(x) ¥;(§) € ST,
j=1 j=1
belong to the Schwartz space . (R?"). This also implies that
1-m €0p“(S™™) and 1—m € Op“(S™™).

Setting
d d

Tiu= Z(u,i/Jj)L? ¢; and T u= Z(Uv ¢j)r2 Vj

=1 j=1
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the same arguments show that Ty € Op“(S™>°). Next, we deduce from (3.10),
(3.12) and (3.14) that the mapping

®:B— L*R") =Vo @ V-

d
U — Z(ua ¢j)L2 wj + Qua

j=1
is invertible with inverse given by
o1 L*R") — B
d
u— Z(u,wj)p ¢j + Su.
j=1
We can write ® = a*(x, D,,), with a € S®. Referring to [16] (Section 2.6) for the
definition of Sobolev spaces attached to a pseudodifferential calculus, we notice that
L*(R™) = H(1,g9) and B = H((X)?,g). Then we deduce from Corollary 2.6.28
in [16] that
'eop”(sT).
Since T, € Op™(S™°°), this implies that S € Op”(S™?) and justifies Remark 3.2.
Now we prove Theorem 3.1. We start by observing that for X = (x,¢) € R?",

1+[No/2] 2No+2
p(hPX5h) —hz(h) = Y pe(hPX)RF = 7 2 h'TE2 mod S(hINe/21H2),
k=0 k=0

up to a symbol belonging to the class S(h!¥o/2142) defined in (2.1). From the
Taylor expansions

(@) 1
0) .. No+3 o,
X)) =Y pka'( ) xo ¢ > P /(17t)N°+2p§€a)(tX)dt
la| <No+2 ’ |a|=No+3 : 0

of the symbols, we obtain that

p(hY2X;h) — hz(h)

(@) 2No+2

_ Z b V) (0) X phtlal/2 _ Z 2 BRI 4 Z No —'F 3
k=0,...,14+[No /2] ol k=0 k=0,...,1+[No /2] o
|| < No+2 |a|=No+3
(5.6) x Xahk+\al/2/(1 )No+2p() (¢ hY2X ) dt mod S (hINe/242).,
0

By assumption (2.7), the point 0 € R?" is doubly characteristic for the principal
symbol, that is po(0) = Vpo(0) = 0. Setting

No+3
Ro(Xih)y= > Ooj h* / (1 — tyNo+2pi) (£ 012 X)) dt,
k=0,...,1+[No/2] : 0



1460 A. PARMEGGIANI AND K. PRAVDA-STAROV

we can therefore write

p(hY2X;h) — hz(h)

2No+2
(57) — Z U/k(X) h1+k/2+hN0/2+3/2 Z XaRa(X,h) mod S(h[NO/2]+2),
k=0 |a|=No+3

with the symbols a, defined in (3.6). As p, € S(1), we readily see that
(5.8) R, € S(1).
Following [18], we now use a Grushin-reduction method. To this end, we define

(5.9) R_:C'—V,

d
um > u-(5) ¥y,
j=1

(5.10) R, : L*(R") — C*

u— ((“’¢1)L2)13jgd’
where ¢; and 1)y, are the eigenfunctions defined in (3.12). Setting
(5.11) bor =k Yop =tk k=1,....4,

we shall construct by induction functions (b;:k, Vi € S(R™), for 1 < k < d,
1<j <2Ny+2, and d x d complex matrices A; € Mg(C) for j=1,...,2Ng + 2,
which are all independent of the semiclassical parameter and satisfy the equations

(5.12) R,E; =1d+ Ogpcay(h'/?),
2No+2
(5.13) > W2 al (2, Dy)EL + ROEs = Ogca g2y (BNF/?),
k=0
2No+2
(514) E,( Z a}ﬁ”(xv Dz) h1+k/2> + EiR+ _ OZ(LQ,(Cd) (hN0+5/2)7
k=0
(5.15) Say(x,Dy) + By Ry =1d + Og(r2)(h'/?),
where
(5.16) E, :C? — L*(R")

2No+2

d
u_ |—>Zu_(k)( Z ¢Ikhj/2),
k=1 =0
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(5.17) E_:L*R") — C?
2Nop+2

u ((% jz:% Yk hj/2>L2>1§k§d7

and

2No+2
(5.18) Ee= Y Ajn'T72

The notation O g, F)(hN ) stands for a remainder which is a bounded operator
T : E — F with a norm satisfying ||T|| ¢(g,r) S hY

We next observe that equation (5.12) is satisfied 1mmediately since the functions
(%ﬁﬂlgkgd = (¢r)1<k<a are chosen orthonormal

d 2Np+2
(> u-tm( Z Sh).6) =)+ Z W2 (K) (614 61) 1
k=1 k=1,....d
Jj=1,.. 2N0+2
Equation (5.13) can be written as
(5.19) S W2y (1) ap (z, Dy) 6],
1<i<d

0<4,k<2No+2

Y MR u) W = O (RN ).

1<1<d
1< 22No+2

We deduce from (3.8), (3.12), and (5.11) that the coefficient of i on the left-hand
side of (5.19) is zero, that is,

S w-Wag@ D) df = Y u-()Qe=0.

1<i<d 1<i<d

Next, we observe that the coefficient of h'T9/2 with 1 < j < 2Ny + 2, on the
left-hand side of equation (5.19) is zero if and only if we have

(5.20) > us(ap (@, Do)+ Y (Aju) (1) = 0.
1<1<d 1<1<d
0<k1,ka<2No+2
k1+ko=j

By assuming that the Schwartz functions ¢kl have already been determined for
all 0 < k <j—1,1<1<d, for satisfying equation (5.20) it will be sufficient to
choose the functions ((b;' )i<i<a and the matrix A; (A,(C})lg;ﬁ’lgd to satisfy the
identities

(5.21) Qo =— > Al w— > al(e.Da) o]
1<k<d 0<k1,k2<2Nop+2
ki+ka=j, k121
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for every 1 <[ < d. Taking

(5.22) AY) = - ) (ai, (x, D) &3, 13 VK 125
0<k1,k2<2No+2
Frdko—j, k1>1

yields that the right-hand side of (5.21) is fully determined and belongs to V-,

+ 1

Qfi=-m( Y ah@D)e,) Vi
0<k1 ks <2No+2
ki+ko=7, k121

It follows from (3.14) and (3.15) that we can choose the functions ¢;l as

(5.23) =@ m( Y el Do) el
0<k1,k2<2No+2
k1+ko=j, k1>1

—s( Y a@baeh):

0<k1,k2<2No+2
ki+ko=j, k1>1
Since S : S (R") — Z(R™) (see Remark 3.2), the functions ((b;' )Ji<i<a belong

to .Z(R™). By iterating this process, we obtain functions ¢+ for 1 <1 <dand
0 <j < 2Ny + 2 and matrices A; for 1 < j < 2Ny + 2, satlsfylng equation (5.13).
Next, equation (5.14) can be wr1tten as

> h1+#(ag(m,px)u,wgl)p+ ST RHI2AT) (u, 6k) 12 = O (BNF R [l 2),

0<j,k<2No+2 1<k<d
1<j<2No+2

for 1 <1 < d. We therefore need to satisfy the equations

itk _ _ ; i 5
(v > WFa@ D Y WA ) = 00N 12).
0<4,k<2No+2 1<k<d
1<j<2No+2

We get from (3.9), (3.12) and (5.11) that the coefficient of h in

Z pAHG+R) /2 ap (z, Do) ¥y, + Z pLi+i/2 Al(f}z bx,
0<j,k<2No+2 1<k<d
1<5<2No+2

is zero. It will therefore suffice to choose the Schwartz functions ¢, for 1 <1 <d

g0
and 1 < j < 2Ny + 2, such that

S @D+ > A =0,

0<k1,k2<2Nop+2 1<k<d
k1+ka=j
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that is

(5.24) Qwy=— > Ale— a (¢, Da) ¥y, 1
1<k<d 0<k1,k2<2No+2
ki+ko=j, k121

forall 1 <l <dand1<j<2Ny+ 2. Assuming that the Schwartz functions w,;l
have already been determined for all 0 < k < j —1 and 1 <! < d, by using (3.14)

and (5.3) we define the functions (¢;;)1<i<a as

— -1 _ —
U= —@h)Tm( Y A D)
0<k1,k2<2No+2
ki+ko=j, k1>1

(5.25) _ —5*( yYoooay (m,DI)w,;ZJ).
0<k1,k2<2No+2
By +ha—g, ki>1

The next lemma establishes the identity
Al(,jlg = Z (a}é}l(m’DI)'l/)];’lv(bk)Lm
0<ki1,k2<2No+2

ki+ko=j, k121

which yields that equations (5.24) are satisfied and therefore that equation (5.14)
holds.

Lemma 5.1. The functions (bZl and ¥, constructed above satisfy the identities

S (@@ D) k) = Y (608 (@ De) Yy, k) e
0<ky,ka<2No+2 0<ky,ka<2No+2
kit+ko=j, k1>1 kit+ko=j, k1>1

for every 1 < 57 < 2No+ 2 and 1 < k,l < d. Furthermore, the entries of the
(4
k,

matrices A; = (A A?)lgmgd are given by

J
AN =300 Y (af Sap, Seeap | Saén ) ..
i=1 1<k, <2No+2
ki4-+ki=j

foralll1 <j<2Ny+2andl1 <kl <d.

Proof. For 1 < k,l < d, we have from (5.11) and (5.23) that

STo(ar o k) = Y (60T ) e = (6030 ) L

0<k1,k2<2No+2 0<k1,k2<2No+2
ki+ko=j, k1>1 k1+ko=j,k1>1

- Z Z (S a}é; ¢;<:+_4,l’ a}éjl wk)LT

1<k1,k2<2No+2 0<k3,ka<2No+2
k14ko=j ka+ka=ka, kz>1



1464 A. PARMEGGIANI AND K. PRAVDA-STAROV

We can write

Z Z (S aqléjg ¢:4,l’aqlé}1 wk)lp

1<k1,k2<2No+2 0<ks,ka <2No+2
kit+ko=j ks+ka=kz, kz>1

= Z (¢l> ak2 S* ak;l 1pk)[; Z (¢:47la aqléjg, S* 67]:1 wk)Lza
1<kq,k2<2No+2 1<k1,ks,ka<2No+2
k1+ka=j ki+ks+ka=j
for all 1 < j < 2Ng + 2, which yields
Z (ai, &, 1K) o= (1,05 Vr) 2 Z (o, ap, S*ay, i),
0<k1,ka<2No+2 1<k, k2<2No+2
ki+ka=j, k1>1 kit+ka=j

+ = * =W
- § : ((bkl,l’alw Ay wk)
1<k1,k2,k3<2No+2
ki1+kot+ks=j

By using the definition (5.23) of the functions d);ﬁ"l and iterating this process, we
obtain

J
S (ap of, k) =D (DTS (e ay, ST ay, S*--ay, |, S*ay vk) .

0<k1,k2<2Np+2 i=1 1<k, <2No+2
ki1+ko=j, k121 ki4-tki=j

On the other hand, from (5.11) and (5.25) it follows that

Soonat g )= Y. (af g ). = (0¥ énk) L

0<k1,ka<2No+2 0<k1,ka<2No+2
ki+ka=j, k12>1 ki+ko=j, k1>1

-3 Y (a 68 @ U, ) 1

1<k1,k2<2No+2 0<k3,ka <2No+2
k1+ka=j kstka=ka, k3>1

Since we can write

> S (af on S T by k) 1o

1<k1,k2<2No+2 0<k3,ka<2No+2
k1+ko=j kz+ka=ko, k3>1

= > (aB Saf drn) .+ o (al Sap dnvn, ) s

1<k1,k2<2No+2 1<k ,k3,ka<2No+2
ki+ko=j k1+ks+ka=j
we get
E : —w = _ (w § :
(¢la akl wkmk)Lz - (a’j (bla 1pk‘)L2 - (akl S a’ (bla wk})
0<k1,k2<2No+2 1<k1,k2<2No+2
kit+ko=j, k1>1 k14ko=j

- Z (a/’lkl:jl Sa/’lkl:jg ¢l)¢kje“k;)L2

1<k1,k2,k3<2No+2
ki+kot+ks=j
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By using the definition (5.25) of the functions v, , and iterating this process, we
obtain that

Yo (e Y ) e = D ()T

0<k1,k2<2Nop+2 =1
k1t+ko=j, k1>1
w w w w
X Z (akl Sakzs-.-aki71 Sa’k:i ¢l,wk)L2
1<k, <2No+2
ki+--+ki=j

As
(¢ ap S*ay, S*--ay_ S*ay i), = (af Say,_ S---af, Say éi,vn) .,

we conclude from (5.22) that

) _ w A+ . —w _
Apr=— E : (ak, ¢k2,lv1/’k)m == E : (¢1,a, wkz,k)LW
0<k1,ka<2No+2 0<k1,ka<2No+2
k1+ko=j, k12>1 ki4ko=j, k1>1
for all 1 < j < 2Ny + 2. O
J 0

Writing v = u1 + uz € L*(R"), with (uy,u2) € Vi x Vi*+, we finally obtain from
(3.8), (5.4) and (5.11) that equation (5.15) holds:

2No+2 d
SQu+Z (wouia(| 3 o) =t S o0)n0n + O )
k=1
= uz +ur + O(h'?|lu] 2)
= ut O )

We shall now use the Grushin-reduction, (5.12), (5.13), (5.14), and (5.15), in order
to prove Theorem 3.1.

Let © be a compact subset of K2Mo+2 We first assume that there exist ¢y > 0
and 0 < hg < 1 such that for all u € L2(R"™), 0 < h < hg, and (21, .. ., 2an,42) € 2,

(5.26) |Pu— hz(h)ul|L2 > co AN/2H |ul| 2.
From (5.7) and (5.26) we get that, for any given u_ € C4,
(5:27) o KN Eyu 2 < (P — ha(h) Bsu_ |z

2Np+2
<| Z RUHR2 0¥ (2 DY) Eyue + R Exu HL2—|—HR_Eiu_HL2

] 5 ow(xaRa(X;h))waHH+O<h[N°/2]+2> o
|a|=Nop+3
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By using the symbolic calculus in the Weyl quantization, we readily obtain
from (5.8) and the exact formula ([15], Theorem 18.5.4)

||

1 /1 P
2 Xa w o — e 5 2 Xa « X ; ’
(5.28) #"R pgop! (22. o(0x,,0x )) 1 Ra(X2:h) XX
that the operator Op”(X*R,(X;h)) can be written as
(5.29) Oop® (XaRa(X;h)) = Z Oop® (Rg(X; h)) Op™ (X7,

BLa

for some symbols Rg belonging to the class S(1). Tt follows from (5.16) and (5.29)
that

0P (X“Ra(X3h)) Eyu_lg2 < > |u_(k)|B/?]|Op"” (X*Ra(X; 1)) &7, || .2
1<k<d
0<j<2No+2

(5.30) Sl Y2 [Jop” (XP) 65y = OW)|u_],

1<k<d
0<j<2No+2
B<a

since the functions (bj' belong to .7 (R™). As [|R_| ¢(ca,r2) = O(1), it follows
from (5.13), (5.27) and (5.30) that
(5.31) RN Epu||pe S [Exu_| + O(RNO/2F3/2) |y _|.
Since [|Ry || ¢(r2,cay = O(1), we get from (5.12) that
(5.32) u-| <Ry Eyu| + O(h'?) lu_| < || Esu—||z2 + O(h!?) Ju],
whence from (5.31) and (5.32) we obtain

W2 | S [Bru-| + O(RN2H2) fu_],

that is, there exist constants cg > 0 and 0 < hg < 1, such that
(5.33)
Vu_ € CLY0<h<ho,V(z1,...,22n012) €Q,  |Exu_| > o hNo/2 1 u_|.

This concludes the proof of the first implication.
We shall now prove the converse implication. We therefore assume that the
estimate (5.33) holds. It follows from (2.3), (2.7), (3.1), (3.4), and (3.7) that
p(WY2Xh) — hz(h) = po(h/2X) + hpy (RY2X) — h 2 mod S(h*/?)
= h(q(X) +p1(0) — 20) + 70,1(X) + r1,1(X) mod S(h*/?)
(5.34) = hao(X) 4+ ro,n(X) 4+ r1,5(X) mod S(n%?),
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with
3 3/2 ! 2, () 1/2
(5.35) ro.n(X) = JXah/ / (1 —1)%py™ (thY2X) dt,
la|=3 " 0
1
(5.36) ra(X) = 3 Xohd? / PO h2X) d.
la|=1 0

Let xo € C§°(R?™) be a cutoff function satisfying 0 < yo < 1 and

(5.37)  supp xo C {X e R™; |X[<2}, xo=1 on {X eR>™; |X|<1},
and let A > 1 be a large positive constant to be chosen later. Setting

(5.38) Mo = xi (AR'?z, AR'2D,),

it follows from (3.8) and (5.15) that for all u € .7 (R™),

hlullre < h||ExRyulre + b [|SQul| 2 + O(RY?) |Jul| 2
ShIRiul+h|SQMoul 2 + h||SQ(L — Mo) ul| 2 + O(R*?) |lul| 2,

since || B || ¢ c4,r2) = O(1). From (5.4) one has

1SQ(L = Mo) w2 = [lmi (1 = Mo) ull L2 < [|(1 = Mo)ul| 2,
whence
(5.39) hllullrz < hlRyul + h[[SQMoul 2 + hI|(1 = Mo) ul| 2.

Observing that [|S]| ¢ (r2) = O(1) and || Mo|| 2y = O(1), when 0 < h < A=2 <1,
we then deduce from (3.8) and (5.34) that

(5.40) h|[SQMoul|,, < ||S(P = hz(h))Moul| ., + ||Sres Mo u
+ [ S Mo ul| . + OR?)|ull 2,

that in turn yields
(5.41) |S(P — hz(h))Moul|,, < ||(P — hz(h))Moul|,,

S [ Mo(P = hz(m) ul 2 + [ [P, Mo] ul] .,

5 HPU - hz(h)u||L2 + H [Pa MO]uHL2a
which, along with (5.40), gives
(5.42)  h||SQMoul . S ||[Pu— hz(h)ul|,, + || [P, Mo ul|,,

+ ||S7“61ihM0 UHLQ + ||S7“7fihM0 UHLQ + O(h3/2)||u||L2-

We shall need the following technical lemma.
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Lemma 5.2. We have
74 Mo ull . = (17 (AR X) ] 2 = O 2 + O (4l
when 0 < h < A72 < 1.
Proof. Since [|S| #(r2) = O(1), we first observe that
[SrEaMoul| 2 < [[ri Mo ul| ..

We refer the reader to Section 2 for the definitions of the symbol classes and we
recall from [6] (Proposition 7.7) that for any given a(-; h) € S(my1), b(; h) € S(mz2),
there exists a symbol ¢(-; h) € S(mims) such that

a(m,hf;h)#w b(m,hf;h) = a(m,hf; h) b(m,hf;h) + hc(m,hf;h).

By using the symplectic change of coordinates (x, £) + (h'/?x, h=1/2¢) correspond-
ing, at the operator level as in (5.1) and (5.2), to the conjugation by the unitary
operator T}, we obtain that

(5.43)  a(h*X;h)# " b(h2X;h) = a(h2X;h) b(RY2 X5 h) + he(h'2X;h).

We deduce from (5.43) that if R1(-;h) € S(1) and Ra(-;h) € S((X)™1), then there
exists Rs(-;h) € S(h) such that

(5.44) (h'2X; Ri(hY2X;h)) #“ Ro(h'/2 X 1)
= h'Y2X; Ry (h'/2X; h) Ra(hY/2X; h) + R3(hY/2X; h),

since X; R1(-;h) € S((X)). We next observe that (2.3) and (5.37) yield that

(5.45) / P XY dt € S(1),  yo(AX) € S(Oa((X)™),

where the notation S(Oa(m)) stands for the following class of symbols possibly
depending on the parameter A > 1 with seminorms also possibly depending on
this parameter:

(5.46) S(Oa(m)) = {a(-;h,A) € C¥(R*",C); Va e N*" VA >1,3Cs4 >0,
VO<h<1,VXeR™ |0%a(X;h,A)| < Coam(X;h)}.

It therefore follows from (5.36), (5.44), and (5.45) that

A 1
_Tl,h#wXO(Ahl/zX) _ ( Z (A hl/QX)a/ pga)(t hl/QX) dt)#“’XO(Ahl/QX)

h
o =1 0

1
= 3 (AR2X) xo(AR2X) / P\ (hY2X) dt + Rs(h'/2 X h, A),
la|=1 0
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with Rg(-;h, A) € S(O4(h)). Since the symbol

1
> AR N(AR2X) [ eh ) at
=1 0
belongs to the class S(1) uniformly with respect to the parameters when 0 < h <
A72 <1, we thus get

h
oMo ]| = [[rio X (ARY2X) ul = O(F) ullze + Oa(h)ljulle,
when 0 < h < A=2 < 1, and this concludes the proof of the lemma. O

We shall also need the following technical result.

Lemma 5.3. We have
h
IsraMoul 2 = O(Z) lullz + OaB)ul 2,
when 0 < h < A=2 < 1.

Proof. From (5.35) we have

A
(5.47) Ero,h(X)#“’Xo(Ahl/QX)
3 ! o w
= ( 3 aX“Ahl/Q/ (1—)%p} >(th1/2X)dt)# Xo(AhY2X).
laj=3 0

Observing from (5.28) that if R(-;h) € S(1) then for each o € N™ there exist
symbols Rg(-;h) € S(1), with 5 < «, |8] < |af, 8 € N, such that

(5.48) X“R(h'/2X;h) = X*# R(h'2X;h)+ Y hlel=IBD2XPRa(n1/2X ),
BLla
1Bl<lex|

by induction we readily have that if R(-;h) € S(1), then for each o € N there
exist symbols Rg(-;h) € S(1), with 8 < a, |8] < |a|, 5 € N, such that

(5.49) X R(h'2X;h)=X"#"R(W?X;h)+ > W=D XO4 Ry (012 X 1),
Bla
18I<la

We deduce from (2.3), (5.47) and (5.49) that there exist symbols Rg(-;h, A) €
S(0A(1)), for |8 < 2, such that
A

- ro.n (X)# Y x0 (A2 X)

3 1 o y
= Z JXaAhlﬂ#w(/ (1*15)2]78 )(th1/2X)dt># XO(Ah1/2X)
la|=3 0

+h Y RV XY Ry (WX, A xo(A X,
1B1<2
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The symbolic calculus shows that

ri(X;h, A)

(5.50) = Y _ RCTIDEXP g Ry (WX, A)# xo(ARPX ) €S(0A((X)?),
|B1<2

since X# € S((X)?) when |8] < 2, Rg(h'/2X;h, A) € S(0Oa(1)), and xo(ARY2X)
€ S(1) uniformly with respect to the parameters h and A, when 0 < h < A=2 < 1.
On the other hand, we get from (2.3), (5.37) and another use of the symbolic
calculus that there exists a symbol ro(-; h, A) € S(O4({(X)~°°)) such that

1
([ a-2alen ) de) #oxa(an2x)
0

1
(5.51) = xo(A h1/2X)/ (1 —t)*p{ (¢ B2 X ) dt + hro(hY/2 X5 b, A).
0

It follows that

A
(5.52) Eroﬁ(X)#on(Ahl/zX hz XaAhl/Z#w o (hY/2X; h, A)
la|=3 o
+ 3= X"Ahl/Q#“’< o(A h1/2X)/( t)2pg“>(th1/2X)dt)
|a]= 3 : 0
+hr(X;h, A).

Using (5.28) shows that there exist symbols
ra(ihy A), o ra(hy A) € S(OA((X)™)),  r5(5h, A) € S(O4((X)?)),
such that
(B2 X5, X3, X5,) #ra (B2 X 1, A) = (X5, X5 ) #° (B2 X5) #r2 (W2 X5 b, A)
+ % (W4 X5, X0, X, }) #9r2(RY2X by A)
= (X, X5) #r3 (W2 X5 b, A)) + ra (B2 X5 b, A) = r5(X; b, A),

when 0 < h < A=2 < 1. It follows from (5.52) and the preceding identity that
there exists a symbol r¢(-; h, A) € S(O4((X)?)) such that

(5.53) % ro.n(X) #x0(AR2X)

3 ! o
=Y JXaAhl/%sw(XO(Ahl/?X)/ (1—)%pl >(th1/2X)dt) + hre(X;h, A),
|a|=3 : 0
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when 0 < h < A72 < 1. When |a| = 3, formula (5.28) once more gives that there
exist symbols Rg(-;h, A) € S(O4(1)), with |5] < 2, such that

1
e (vo(an2X) [ 1= 0 et x) ar)
0

1
= Xxo(An'2X) [ (102 X di
0

+ 02N RV X PR (WYX b, A).
|8I<2

It follows from (5.53) and the previous identity that there exists a symbol
r(1h, A) € S(0a((X)?)),

such that
A w 1/2
o (X) #x0(A /2 X)
1
(5.54) = > %X“Ahl/QXO(AhlﬂX)/ (1=t)2p8) (W2 XY dt + hrp (X5 h, A),
=3 0
because

h=I8D/2 XP Ry (W2 X h, A) € S(0A((X)?)),
when [3] <2 and 0 < h < A=2? < 1. Consider then the symbol

3 ! N
(555 raa(X)= Y JXO‘Ahl/QxO(Ahl/QX)/O (1= )2 (£ A2 X) dt,
la|=3

which can be written as

7“2,h(X) = Z XOél(Ah1/2X)a2XO(Ah1/2X)paha2(h1/2X)’

[a1|=2,]az|=1

for some symbols pq, ., belonging to the class S(1), since pg € S(1). We therefore
deduce from (5.37) that the symbol rs j, belongs to the class S((X)?) uniformly
with respect to the parameters when 0 < h < A~2 < 1. By using the fact that the
symbol of the operator S belongs to the class S™2, we obtain from (5.54) and (5.55)
that

h
Srg Mo = Sy, xo (A h/2X) = 1 T3 + h27"zf,ha

for some symbols r3 € S(1) and rap € S(Oa(1)), uniformly with respect to the
parameters when 0 < h < A2 < 1. Tt follows that

h
[S75nMoul| 2 S 7 llullzz + Oa(h®)ul 2,

when 0 < h < A2 < 1. This concludes the proof of Lemma 5.3. O
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We now resume the proof of Theorem 3.1 and deduce from (5.42) and Lem-
mas 5.2 and 5.3 that

hl| SQMoul| . S || Pu—hz(h) ul 2 + || [P, Mo ul] .
(5.56) +O(5) Jull + 042 ull 2+ OB,
when 0 < h < A2 < 1. Then, from (5.39) and (5.56), we get
hlull2 S ||Pu—hz(h)ul|,, + || [P, Mo] ul| ., + h|Ryul
+h||(1 = Mo)u||,, + 0(%) Jull 2 + Oa(h®)||ul L2 + O(R*/?)||ul| 12,
when 0 < h < A72 < 1. We next choose the large parameter A > 1 to control

the term O(h/A)||ul/2 by the left-hand side of the preceding estimate. With this
definitive choice fixing the parameters Ag > 1 and 0 < hy < 1, we obtain

hlull> S ||Pu—hz(h)ul|,, + || [P, Mo]ul| ., + h |Ryul
(5.57) + h| (1= Mo)ul|,» + OK?)|ul| e,

when 0 < h < hg. Using (2.3) and (5.37) observe that the Weyl symbol of the
operator
[Pv MO] = [P, Xg(AOhl/zX)],

is given by

% {P(hl/zX;h),Xo(thl/zX)} mod S(hz) = % {meo(AO')}(hlmX) mod S(hz),

whence it follows that
(5.58) | [P, Mol u||,» < hl|Op™ ({po; x0(Ao-)} (h'?X)) ull o + R lul 2.

From (2.5), (2.6) and (5.37) we have that the principal symbol is elliptic near the
supports of the functions

(1 —x0)(Ao-) and  {po, xo(Ao")}-

This yields the estimate

(1 = Mo)ul| .. + [|Op* ({po, x0(Ao-)} (B> X)) ul|
= {11 = x0)* (Aoh'2X) ul| » + [|OP” ({po, x0 (Ao} (B2X))ul] .,
(5.59) < |[Pu—hz(h)ul . + Oh)l|ul e.

From (5.57), (5.58) and (5.59) we then have that

Mlullzs S |[Pu— he(h)ul . + b |Ryul,
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when 0 < h < 1. Since Ny > 1, this implies

RN/ | o S RN/2 | Pu — hz(h) o + BYNO/2 Y Ryl
(5.60) S [[Pu—he(h)ull o + B2 R,

when 0 < h < 1. On the other hand, from (5.7) and (5.14) we have that

2No+2
|EyRou| < ‘E_( 3 af(a.D,) h1+k/2) u’ + O(RNo+5/2) | 12
k=0
< |E_(P — hz(h)) ul + ORN212) a2

1 pNo/2+3/2 Z | E_Op" (X*Rqa(X;h)) ul

\a|:N0+3
(5.61) S|P = hz(h) ul|,, + O(RN/AF2) | 2
+ BNO/2EEZ N B Op® (XY Ra (X5 h)) ul,
‘a|=N0+3

because ||E_|| ¢ (r2,cay = O(1). It follows from (5.8) and (5.17) that

(E, Op" (XaRa (X; h)) u)

k-th component

2No+2 .
= (Op" (X*Ra(Xsh)u, Y- w5, 07%)
§=0

2

2Nop+2
(5.62) = > W/2(u,0p" (X Ra(X;h)) 7)o = O(1)Jul| 2,

=0
since ¢ € 7 (R™). We therefore get from (5.61) and (5.62) that
|E+Riu| S ||Pu— hz(h)ul|, + O(RN/2F3/2) ||u 2 + O (RNo/2F2) ||y 2.
If the estimate (5.33) holds, we thus have
co hN°/2+1|R+u| < |E+Ryul
S ||Pu— hz(h)ul| o + O(RN/2H32) ||y 2 + O (RN/2F2) ]| e,
and deduce from (5.60) that
RN | o S || Pu— hz(h) ul| o + O(AN2H2) flul| 2 + O (AIN/2152) [fu| 2.

This shows that
PN 2 S || P~ ha(h) ul] e

when 0 < h < 1. Hence the estimate (5.26) holds true for any given Schwartz
function and by density it also holds true for all u € L?(R™). This finally proves
the second implication and concludes the proof of Theorem 3.1. O
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6. Appendix

This appendix gathers miscellaneous facts and notation related to quadratic dif-
ferential operators used in the previous sections. We refer the reader to [11], [13],
and [27] for the results recalled in this section.

Associated with a complex-valued quadratic form

q:RI x R? — C
(@,8) — q(z,§),

with n > 1, one has the Hamilton map F € My, (C), uniquely defined by the
identity

(6.1) q((2,8): (y,m) =o((x,€),F(y.m), (2,8 €R>, (y,n) € R*",

where ¢(+; -) stands for the polarized form associated with the quadratic form ¢ and
where ¢ is the standard symplectic form on R?® = R" x R",

(6'2) U((mag)’(yan)) :g'y_-r'na (.Z‘,g) ERzn’ (yﬂ?) €R2n-

It readily follows from the definition that the real and imaginary parts of the

Hamilton map
1 — 1 —
ReF==(F+F), ImF=—(F-F),
2 24
F being the complex conjugate of F, are the Hamilton maps associated with the
quadratic forms Re ¢ and Im g. The singular space S associated with the quadratic

symbol ¢ was introduced in [11] and is defined by

2n—1

(6.3) ( (M Ker(Re F(Im Fy ) )) () B>
j=0

This linear subspace of the phase space plays a basic role in the understanding of
the properties of the quadratic operator

1 (o—y)e (TTY
(g, D, - i(x—y)-§ (_ ) ded
q"(z, Dy) u(z) G /R% e q( =5 € )uly) de dy,
when its symbol may fail to satisfy the ellipticity condition
(z,6) €R*™, q(z,6) =0 = (2,€) = 0.

In particular, the known description of the spectrum of elliptic quadratic opera-
tors [29] extends to certain classes of “partially elliptic” quadratic operators. More
specifically, when ¢ is a quadratic symbol with a nonnegative real part Re ¢ > 0,
satisfying the ellipticity condition on its singular space S (partial ellipticity)

(64) (l‘,f) €5, q($,§)=0 = (l‘,f):O,



SEMICLASSICAL HYPOELLIPTIC ESTIMATES 1475

then the spectrum Spec(¢”(z, D,)) of the quadratic operator ¢*(z, D,) is com-
posed only of eigenvalues with finite algebraic multiplicities [11] (Theorem 1.2.2)
and is given explicitly by

(6.5) Spec(g® (z, Dy)) = { S 2k (- ke N},
A€Spec(F),
—iAeCLU(Z(qls)\{0})
where 7y is the dimension of the space of generalized eigenvectors of F in C?"
belonging to the eigenvalue A € C, and where

S(qls) =q(S) CiR, Cy ={z €C; Re z > 0}.

Equivalently, the singular space can be defined as the subset of phase space where
all the Poisson brackets Hf (Re ¢, with k& > 0, vanish

S ={X eR*; Hf, Req(X)=0, k>0}.

This shows that the singular space corresponds exactly to the set of points Xg
in the phase space where the real part of the symbol ¢ composed with the flow
generated by the Hamilton vector field

t — Re g(etfma X))

associated with its imaginary part Im ¢, vanishes to infinite order at ¢t = 0. Further-
more, quadratic operators with zero singular space were shown to enjoy notable
subelliptic properties [27]. Namely, when ¢ is a complex-valued quadratic form
with a nonnegative real part Re ¢ > 0, and a zero singular space S = {0}, then
the quadratic operator ¢*(z, D,) fulfills the subelliptic estimate with a loss of
2ko/(2ko + 1) derivatives

2/(2ko+1 7
6.6) (. D) | < € (10" (@ D)l e+ [lull2). we SR,
where {(z,D;))? = 1+ |z|* + |D.|?, and where 0 < kg < 2n — 1 stands for the

smallest integer satisfying

ko
( () Ker(Re F(Im F)J')) M R* = {0}.
5=0
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