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Regularity and geometric estimates
for minima of discontinuous functionals

Raimundo Leitao and Eduardo V. Teixeira

Abstract. In this paper we study nonnegative minimizers of general
degenerate elliptic functionals, [ F(X,u,Vu)dX — min, for variational
kernels F' that are discontinuous in u with discontinuity of order ~ x ry>0}-
The Euler-Lagrange equation is therefore governed by a nonhomogeneous,
degenerate elliptic equation with free boundary between the positive and
the zero phases of the minimizer. We show optimal gradient estimate
as well as nondegeneracy of minima. We also address weak and strong
regularity properties of the free boundary. We show the set {u > 0} has
locally finite perimeter and that the reduced free boundary, dyea{u > 0},
has H"~!-total measure. For more specific problems that arise in jet flows,
we show the reduced free boundary is locally the graph of a C*” function.

1. Introduction

Given a bounded smooth domain  C R™ and a nonnegative function ¢ € W1?(€)

NL>®(Q), 2 < p < n, we study regularity and fine geometric properties of solutions
to the minimization problem

(1.1) min{/QF(X,u,Vu) dX :u € W;*p(Q)},

where W<; P(§2) denotes the Sobolev space of all functions in L? with distributional
derivatives in LP and trace value ¢. The variational kernel F': Q x R x R” — R,
will be written as F(X,u,&) = G(X,€) + g(X,u) and it will satisfy the following
structural conditions:

(G1) For all £ € R", the mapping X — G(X,¢) is continuous.
(G2) There exists a positive constant 0 < X such that
M < G(X,€) < AT el
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(G3) For almost all X € Q, the mapping £ — G(X,§) is strictly convex, differen-
tiable and satisfies

G(X,t) = [t G(X,§), teR, (R

(G4) There exist constants 0 < § < 1 and C 4 > 0 such that
X = AX,€) € CO(),  sup [|AX, )]s < Ca,
£ER

for all subdomain Q' C Q, where A(X,§) := V:G(X,¢).
(g1) The function g is defined by

g9(X,u) = f(X)(u™)" + Q Xfus0y, 1 <m<p,

where f is measurable, —K < f < K, for some K > 0 and Q is C%P-conti-
nuous, 0 < £ < Q < k! for some k > 0.

A prototypical kernel to keep in mind is
(1.2) F(X,u,&) = [¢P2AX)E - €+ F(X) ()™ + Q Xqus0)»

for a positive definite matrix A with continuous coefficients. Motivations come
from the study of jet flow and cavity problems, among many other applications.
For notational convenience, we label the functional appearing in the minimization
problem (1.1) by §: W1?(Q) — R, i.e., hereafter

F(u) ::/QF(X,U,Vu)dX.

Also, any positive constant C' = C'(n,p,m, A, ¢, k, K, 0,C 4, ) that depends only
on dimension and the parameter constants of the problem will henceforth be called
a universal constant. We call a solution of the homogeneous problem

(1.3) div(A(X,Vh)) =0 in B,(Xp) C .

an A-harmonic functions. The key feature of the functional § is that it is discon-
tinuous with respect to u, thus the well established classical theory of the calculus
of variations is not suitable for treating such problems. In fact, at a minimum wu,
the functional § presents discontinuity for small perturbations near points on the,
in principle unknown, set 9{u > 0}. Such a discontinuity reflects a lack of smooth-
ness of u across the boundary of its zero level surface.

The study of the variational problem (1.1) goes back to the fundamental work of
Alt and Caffarelli, [1], which provides a thorough analysis of this problem for p = 2,
f=0,and A(X) =1d in (1.2). Danielli and Petrosyan in [6] developed the corre-
sponding Alt and Caffarelli theory for the p-Laplacian, i.e., f =0 and A(X) = Id.

In this paper we study the variational problem (1.1) in full generality, provid-
ing existence, regularity, and geometric properties of certain heterogeneous free
boundary problems governed by degenerate elliptic equations. The results from
this work are new even for the Poisson type equation m = 1. They also yield new
results even in the linear setting p = 2.
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In Section 3 we show there is a minimum for the functional § and that this
minimum is nonnegative and continuous in Q. We further show that within the
set of positivity, u satisfies the desired Euler-Lagrange equation

div(VeG(X,Vu)) = mf(X)u™ ', in {u > 0},

in the sense of distributions. Under natural structural assumptions on the kernel G,
w is C1% in its set of positivity. Nevertheless, due to the discontinuity of § near
free boundary points, Vu jumps from positive values to zero through d{u > 0}.
Therefore, the optimal regularity possible for a minimum is Lipschitz continuity.
Such a result is established in Section 4. By Lipschitz regularity, we conclude that u
grows linearly away from the free boundary. However, from energy considerations,
we actually show that u grows precisely linearly on 0{u > 0}. This is important
geometric information that provides access to finer geometric-measure features of
the free boundary. In fact, in Section 5 we show that

A= div(VeG(X, V) — mf(X)u™ !,

defines a nonnegative measure supported along the free boundary. We further
show that the set of positivity of u, {u > 0}, is locally a set of finite perimeter.
A finer property is actually shown: we verify that

H' N (0{u >0} N B (Z)) ~r" 1,

for any ball B,.(Z) centered at a free boundary point. In particular we conclude
the reduced free boundary, drea{u > 0} has total H"~!-Hausdorff measure.

In the last Section we address smoothness of the (reduced) free boundary for
the heterogeneous, quasilinear cavity problem

div(A(X)Vu)=m f(X)u™ L, in {u >0},
(AVu,Vu) =Q, on 0{u>0}nQ,

where the matrix A is Lipschitz and positive definite. We show the free boundary
is a C'7 smooth hypersurface, up to a possible H"~! negligible set, providing
therefore a classical solution to the corresponding quasilinear Bernoulli type prob-
lem.

Acknowledgement. This paper is part of the first author’s doctoral thesis at
the Department of Mathematics at Universidade Federal do Ceara, Brazil. Both
authors would like to express their gratitude to this institution for such a pleasant
and productive scientific atmosphere.

2. Preliminaries

In this section we gather some preliminary results that we will repeatedly
throughout the article. We begin with the classical criterion of Ladyzhenskaya
and Ural’'tseva to estimate the L*-norm of a function u € W<; P(Q) with boundary
values ¢ € L (99Q) for 1 < p < n.
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Lemma 2.1. Let u € W'P(Q), 1 < p < n, be such that ||ul| g0y < co. For
J > Jo > |ullL=(aq), let Aj :={u>j}. If u satisfies

/ |vu|p < ,yja Ln(Aj)l—p/n—i-s

J

where v >0, € >0 and 0 < a < ¢ + p, then there is a constant C > 0 depending
only on v,a,p,n, ¢, jo, and ||U||L1(Aj0) such that

lull Loy < C.

See [13], Chapter 2, Page 71, Lemma 5.2, for a proof of Lemma 2.1. Clearly,
the case p > n is a direct consequence of the Sobolev inequality.

The following is a basic fact: if h is a solution in W,'"?(B,.(Xy)) of equation (1.3),
then h is the unique minimizer of the functional

(2.1) §(w) ::/ (A(X, Vw), Vw) dX,
B,(Xo)
among functions w € Wol’p(Bl) + v. Thus, we have
)\/ |Vh|P dX §/ (A(X,Vh),Vh)dX
B;.(Xo) B, (Xo)
(2.2) < / (A(X, Vo), Vo) dX < A" / Vol? dX.
B, (Xo) B, (

< o)

A fundamental tool in our article is the nonhomogeneous Harnack inequality.

Theorem 2.2 (Harnack inequality; see e.g. [15]). Let u € WYP(Bgr) be such that
u >0 a.e., and satisfy

divA(X,Vu) = g(X), in Br
in the distributional sense, with g(X) € L>°(Bgr). Then, there exists a constant
C > 0 such that, for all 0 <r < R,

) 1/(p—1
sgpuSC{lgfqu(rpHgHLoo(BR)) /(0 )}.

Remark 2.3. Let Q' C R"™ be a bounded domain such that Br C €. In this article
we will often regard the nonlinear term merely as a bounded source term, i.e.,

m f(X)u™(X) =: g(X)

where ||g|| o (By) < C for a universal constant C' > 0. In particular, for 0 <r <1
we have

supu < C { i]gfqu rp/(pfl)(||gHLoo(BR))1/(p71)} <C i]gfqu Cr,
B, " "

where C' = C(n,p, \, A, ||g]| (o)) > 0.
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To address Lipschitz regularity for a minimizer u we will need the C® reg-
ularity of A-harmonic functions. Precisely, the result that will be useful is the
following (see [18] for superior estimates at degenerate points):

Theorem 2.4 (O regularity; see e.g. [19]). Let Q C R™ be a bounded open set
and let g € L*°(Q)) satisfying

div(A(X,Vu)) = g(X), inQ

in the distributional sense. Then, there exist constants C > 0 and 0 < a < 1 that
depend only on ', ||g||~(q), and universal constants, such that

[Vullpe@y <C and  [lullcra@) < C,
where Q' € Q is a subdomain.
Remark 2.5. We point out that Theorem 2.4 for 2’ = By, (Xj) gives
(23)  IVullp=(s.(x0) <Cr7" and || Vulas,(xy)) < Cr7 7170

for some universal constant 0 < v < 1. Also we shall make use of the gradient
estimate:

(2.4) VAl Lo (B, (x0)) < VAl Lo (B, (x0)):

7“”/10

for A-harmonic functions, where C' > 0 is universal constant; see for instance [8],
Proposition 3.3. Sharp estimates below Lipschitz can be found, for instance, in [17].

We shall also make use of the following technical lemma regarding convergence
stability.

Lemma 2.6. Let h;: B1(0) — (0,2) be a sequence of function in W?(B1(0))
such that

div(A(W; +¢; X, Vhj)) =0 in B;(0),
where c; € R" and W; € § satisfy
c;—=0, W; =Wy and W; +¢; X €,
for all X € B1(0). Suppose
h;j = ho ae. in B,
where B' @ B1(0) is a ball. Then, we have, for all B € B’

div(A(Wy,Vhg)) =0 in B.
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Proof. Since each function h; satisfies 0 < h; < 2 we conclude from the Caccioppoli

inequality ([11], Chapter 3, Lemma 3.27) that there exists a constant C' > 0 that
depends only on B’ and universal constants such that

(2.5) / \Vhy|P dX < C.
B/

Thus (see for instance [11], Theorem 1.32), hg € WP(B’) and
Vh; — Vhy weakly in LP(B’).

Consider ¢ € Cg°(B’) such that ( =1in B and 0 < ¢ < 1. Take ((ho — h;) as a
test function for the solution ;. Then we obtain, for @; := W; + ¢; X,

| €@, V). iy = Vhopax| = | [ (hy = mo)(A@;. Vh,). VC) X

- C’(/B/ |hj B h0|p|VC|p) 1/p ' (/B/ |th|p)(p71)/p < C(/B/ |hj B h0|p)1/p)

where we use that (see [11], Chapter 5, Lemma 5.9)
(2.6) JAX,6)] < C(p,\) [€]P7Y,  for a.e. X € Q and all £ € R",
and (2.5) in the second inequality.

Thus, since h; — ho a.e in B’, we conclude from the dominated convergence
theorem that

lim [ C(A(W, +¢;X,Vh;), Vhj — Vhe) dX = 0.

j—oo g
Using (2.6) we obtain
| (@ Vi) Vb, ~ Tho) x| < Ol ) [ [Tha s — Vo] ax.
Thus, since Vhg € LP/ P~ (B’), we find
Jm | LA, + X, Vho). Vi = Vho) dX =0,

By monotonicity of A, we have
C<.A(WJ + CjX, th) — A(Wj + CjX, Vho), th - Vh0> dX > 0.
BI
Then, we find

lim <A(Wj +c; X, th) - AWy + c;i X, Vhy), Vh; — Vhe)dX = 0.

j— Jp
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Moreover, it follows from (G4) that

C
‘/B<A(Qj,th)fA(Wo,th),thth())dX‘ < TA/BWhFVhOMX,

for j so large that (|W; — Wo| + |¢;])° < 1/2. Taking into account that yp €
LP/(P=1)(B) we obtain

lim [ (A(W; + ¢; X, Vh;) = A(Wo, Vh;), Vhj — Vho) dX = 0.

j—oo Jp

Analogously, we have

lim [ (AW, + ¢; X, Vho) — A(Wa, Vho), Vh; — Vhe) dX = 0.

j—o0 B

Hence, we obtain

lim <A(W0, Vh]) - .A(Wo, th), th - Vh0> dX =0

j— Jp
and by Lemma 3.73 in [11] we find
A(W(), th) — .A(Wo, Vho),

weakly in LP/(P=1)(B). Finally, if n € C§°(B) we have

0:/<A(Qj,th),Vn>dX
B

_ / (A(Q;,Vhy) — A(Wo, Vhy), Vi) dX + / (A(Wo, Vh,), Vi) dX.
B B

Taking 7 — co we obtain
/ <.A(W0, Vho), VT)) dX = 0,
B

and the proof is complete. O

3. Existence and continuity of minimizers

In this section we show the discontinuous optimization problem (1.1) has at least
one minimizer. Uniqueness is known to fail even in simpler models. In the sequel
we obtain a universal modulus of continuity for such a minimum.

Theorem 3.1. There exists a minimizer u € W;’p of the functional (1.1). Fur-
thermore u > 0 in €.
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Proof. Let us label
Io = mln{/ F(X,’U,V’U) dX :ve W<;7P(Q)}
Q

To begin, we show that Iy > —oco. Indeed, for any v € W(;’p(Q), by the Poincaré,
Young (1 < p/m) and Holder inequalities, there exist universal constants ¢, C' > 0
such that

(3.1) cllollzs —cllolr, = AMVollL, < AIVollz,
and
(3.2) —c|llf, —C < =C|vlTe £ =K [[v]|Tm.

Combining (3.1) and (3.2) we obtain
(3) - = el - AT, < AV, - K [0l
which yields
—C—c|gllz, = AMIVollL, < /Q()\|Vv|p — Ko™ 4+ £ Xgu>0}) dX.
Finally, from (G2) and (gl) we find
(3.4) /Q()\|Vv|” C Ko™ + # X(osoy) dX < /QF(X,U, Vo) dX.
Let v; € W(;’p (©) be a minimizing sequence. We can suppose for j > 1, that
/QF(X, v, Vo) dX < Io + 1.

From (3.4) and the Hélder inequality we obtain

I 1 I
X+X§CHUJHLP+_+C

K
35 [ vyl X < Sl :

Tm +

By the Poincaré inequality we have
(3.6) cillollze < Co (IVsllEe + IVOIIT. + 7).
Also we have
1
(3.7) c3 [[Vujllze < Cat 5 IVo; L,

Combining (3.5), (3.6) and (3.7) we obtain

1
(38) [ 90 ax < s (19617, + loll) + 2 + G
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Thus, using the Poincaré inequality once more, we conclude that {v; — ¢} is a
. 1 . .
bounded sequence in W7 (Q2). By weak compactness, there is a function u €
1 . .
W¢’p () such that, passing to a subsequence, if necessary,

v; —u weakly in W'P(Q), wv; —u in LP(Q) v; = u a.e.in Q.

It now follows from the lower semicontinuity of G (see, for instance, [11], Chapter 5)
that

J—0o0

/G(X, Vu)dX < li_minf/ G(X,Vv;)dX.
Q Q
Condition (gl) and pointwise convergence give
/g(X,u) dX < li_minf/ g9(X,vj)dX.
Q I JQ

In conclusion,

/F(X,u,Vu)ngli_minf/F(X,vj,ij)dX,
Q Q

J—00

which proves the existence of a minimizer.
We turn our attention to proving the nonnegativity of u. To begin, we note
that

X{max(u,0)>0} < X{u>0}-
Thus,

/Q g(X, max(u, 0)) — g(X,u) dX
69 = [ " = @)X + [ Qs X)) AX <01
Then, by minimality of « and (3.9) we obtain
0< /QF(X, max(u, 0), V(max(u,0))) — F(X,u, Vu) dX

= / G(X,V(max(u,0))) — G(X,Vu)dX +/ g(X, max(u,0)) — g(X,u)dX
Q Q

IA

- / G(X,Vu)dX.
{u<0}
From (G2) we can write
0> / G(X,Vu)dX > )\/ IVulP dX = )\/ IV (min(u, 0))|? dX,
{u<0} {u<0} )

and the nonnegativity of u follows since the boundary data ¢ is nonnegative. O
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Remark 3.2. As previously stated, for condition (gl), throughout the whole
paper we shall work under the range 1 < m < p. Such a constraint is needed
merely for the existence of minima of the functional §. Also, by inequalities (3.1),
(3.5) and (3.6), it is possible to show existence of minimizer provided K is small
enough. In addition, we can obtain critical points of the functional §, in the range
p <m < p* (see [14]) where p* := np/(n — p).

Lemma 3.3. Let u be a minimizer of (1.1). There exists a universal constant M >0
such that ||ul|peq) < M.

Proof. Define
jo = I'Sup ‘Zﬂ )
oQ

that is, the smallest natural number above supyq ¢. For each j > jo we define the
truncated function u;: 2 — R by

we = 4 o i u>g,
T w, if u<y.

Clearly, by the choice of jo, u; € W(;’p(Q) and
{u; >0} ={u > 0}.
If we define A; := {u > j}, we have, for each j > jo
u=u; in A} and u;=j in A;.

Thus, by minimality of u and (G2), there holds

(3.10) A/|vwwx</"axxm /CLXVM G(X, Vuy) dX

S/Qf(u?“ ™) dX = /f )

Taking into account the elementary inequality
u™ = (u—j+j)" <2"[(u—4)" 45",

we obtain

J, 1 = ax <0 [ i ax + e
Aj
(3.11) _c/|ﬂng M X + LT (A,

From the range of truncation we consider, it follows that (u — j)* € WO1 P(Q).
Hence, applying the Holder inequality and Gagliardo—Nirenberg inequalities (see
Chapter 7 of [10]), we find

U=t ax < KA1 [Vl
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The Young inequality then gives

(3.12) KL (A)] 7|Vl T ayy < CLE™(A))]7m ~ 7o 4 2CHVuIILp(A )

Since

1 [ }:fﬁim
p—m p*(p—m) np(p —m)
we find

[£7(4)] 77T < 0 L7(4y).

Then, combining (3.10), (3.11), and (3.12), we obtain

/ Vul? dX < Cjm L7(A;) = C j™ (L (Ay)] P/ o/,

J

Moreover, for each j > jo we have

=0 ey = [ @-pix < [ @-inax< [ (w-ioax
Aj Aj Ao
= [Itw = o) llLrcayy) < llullpica,y) + Cle, £7(92)).
We also have (see (3.1) and (3.8) replacing Iy by [, F(X,¢,V¢)dX),
lullzrayy) < L™ (Ai)] PP Jlullpogayy) < LM DIPDP Jul| ooy < C.

Taking v = C, ¢ = p/n and & = m in Lemma 2.1 we obtain the boundedness
of u. O

Remark 3.4. A consequence of the L™ estimates for a minimizer u of the func-
tional § is universal control on u in W1?(€). In fact, we have

[ ax <5(6) - [ FO06H" + @xpen dX <30+ C <,

Q

where C' > 0 is a universal constant. In conclusion,

(3.13) lullwrro) < C.

Lemma 3.5 (Caccioppoli type inequality). Let u be a minimizer of the func-
tional (1.1). If By(Xo) C Q is a ball such that 0 < 2r < dist(Xo, 0Q) then we have

the estimate

(3.14) / [VulPdX < Cr"7P,
(Xo)

where C > 0 is a universal constant.
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Proof. Let ¢ € C§°(Q2) be a nonnegative function. Given € > 0, by the minimality
and nonnegativity of u, we have

0< l/ GIX, V(- 0)) — G(X, V) dX
€Ja
2 [0 —0)" ~umax + 2 [ Qturscoor — xpuso) 4X
< - /Q<A(X, V(u—e()), V() dX + é /Q FEO[((w=eQ)™)™ —um] dX.

Also, for ¢ := (u—e¢)™, we have

L 0jen —amjax

. / FX) ™ — wm] dX + = / SO [(—e0) 7)™ ax
{u>0} € J{u=0}

_ / f(X) [(bTYL _ 'HL] dX
{u>0} €

Taking € — 0 we obtain

(3.15) _ / (A(X, V), V) dX — / (m () 4™ Y gusp )¢ dX > 0.
Q Q

If B, := B,(Xy) let n € C§°(B,) be a nonnegative function such that

L, in B,
(3.16) n= -

0, in BS,,
and

1

(3.17) HV77||L°°(Q o

From (G3) we obtain

(3.18) (AX,€),6) = pG(X, ),

for almost every X € Q and all £ € R™. Moreover, we have (see [11], Chapter 5,
Lemma 5.9)

(3.19) JAX, )] < Clp, N [P,

for a.e. X € Q and all £ € R™.
Then, taking ¢ = nPu in inequality (3.15) and using (3.18) and (3.19) we find

0< [ (ACE Vi) =P Vu— pp uVa dX = [ 00" o X
Q Q
< —C(p,)\)/ |Vu|”n”dX+C(p,/\)/ w [Vl [VulP~ L=t dX
Q Q

—l—mMmK/ nPdX.
Q
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Thus, we find

Clp,\) / IVl dX < C(p, \) / up|vn|pdx+@ / IVl dX
Q Q Q

+C(m,M,K)/ 7P dX,
Q

where we use the Young inequality. Hence, we obtain
[ IVulr ax < €, [ Vil ax + Con M Kop.) [ ax.
Q Q Q

and taking into account the conditions (3.16), (3.17) and the boundedness of u
(Lemma 3.3) we obtain

/ |VulP dX < C [% L"(By,) + C £™(Bar)| < C (P + 7)) < C1,
B,

and the lemma is proved. O

Even though the functional is discontinuous, it is possible to prove that mini-
mizers are universally continuous. The delicate question of optimal regularity will
be addressed in the next section.

Theorem 3.6. Let u be a minimizer of (1.1). There exists a universal constant
B € (0,1) such that u € C’I%CB(Q)

Proof. Let h be the solution of boundary value problem

div(A(X,Vh))=0 in B.
h=w on 0B,

where B €@ Q is a fixed ball. By the minimality of u, (gl) and the mean value
theorem we have

(3.20) /B G(X, Vu) — G(X, Vh) dX < /B 9(X, ) — g(X,u) dX
= / f(hm _ um) ax +/ Q(X{h>0} — X{u>0})dX
B B
< mKM™1 / lu— h|dX + =1L"({u = 0} N B).
B

We have used that an A-harmonic function with nonnegative boundary values
is positive and 0 < u,h < M (see [11], Chapter 3, Proposition 3.24). Thus,
using (3.18) and monotonicity, see for instance, Lemma 3.2 in [16], we obtain

(3.21) /BG(X, Vu) — G(X,Vh)dX > c/B IV (u— h)PdX,
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where ¢ = ¢(n,p, G) is a positive constant. The Young and Poincaré inequalities
together yield

(3.22) mKMmfl/ lu—h|dX < g/ IV (u — h)[PdX + CL™(B).
B B

Thus, if B is a ball of radius r > 0, it follows from (3.20), (3.21) and (3.22) that
(3.23) IV (= h)ll Loy < Cr™/P.

Now we will estimate ||Vh||z»(p). If B = B.(Xo) for some Xy € Q and r > 0 we
have (see (2.4) and (2.2) in section 2)

C

(3.24) VR Lo (B, 5(x0) < VAl e sy < -

r"/P

where we use Lemma 3.5 in the last inequality.

Let 0 < 7 < ro(e) with 7§ < 1/2 for a constant € > 0 to be chosen. By the
inequalities (3.23) and (3.24) we estimate

IVulles, vy SNV =D)llLes,.p0) + VAl Lrs 140

(1+e)n n Ate)n
(3.25) <V =h)pos,) +Cr» |Vhlre,,,) <C@rr +r » ).
Taking 7 = 717¢ we obtain
(326) HVU”LP(B,;) S Cv,7_7t/1’7_(1—9)7

with 0 <0 =0(e) < 1if e =¢(n,p) > 0 is small.

Hence, from Morrey’s theorem there is a constant 5 = B(n,p) > 0 such that
ue ClP(). O

loc

Remark 3.7. In Theorem 3.6 we can consider the cases p = n and p > n (the

later is trivial). Moreover, If A is as in Theorem 3.6 we have [|A[|L=(B, ,,(x,) < M.
Thus, if G satisfies the assumption of Theorem 2.4 (see Remark 2.4), we obtain

C cLr)y Gy

”VhHL‘X’(BT/z(XO)) < 1 < < —

reTY r -r

and the arguments of Theorem 3.6 remain valid. Here we do not use (2.2) and
Lemma 3.5 in the proof of Theorem 3.6.

At this stage of the program, an important consequence of Theorem 3.6 is
the fact that the positivity set, {u > 0}, of u is open. Next theorem gives the
Euler-Lagrange equations satisfied in this set.

Theorem 3.8. Let u be a minimizer of (1.1). Within the open set {u > 0}, u
satisfies
div(A(X,Vu)) =m f(X)u™!

in the distributional sense.
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Proof. For fixed ¢ € C§°({u > 0}), there is 0 < g9 < 1, so small that
{u+¢e¢ >0} ={u>0},

for all 0 < € < gg. We can write, for v. := u + &,

1
—/ (F(X,ve, Vve) — F(X,u, Vu))dX
€ J{u>0}
1 vt —um
= - G(X,Vv:) — G(X,Vu) + fX)=———.
€ J{u>0} {u>0} €
Taking € — 0, and using the minimality of u, we obtain
0= / (A(X,Vu), V() dX +/ m f(X)u™ 1 ¢dX
{u>0} {u>0}
and the result follows. O

4. Upper and lower gradient bounds

In the previous section we have shown that minimizers are C%# continuous in €,
for some unknown g < 1. From the discontinuity of the functional § along the
free-surface it is also possible to check that minimizers are not C'-regular across
the zero level surface 9{u > 0}. Thus the optimal regularity one can expect for u
is Lipschitz continuity. This is the content of the next theorem.

Theorem 4.1. Given a subdomain ' € ), there exists a constant C' > 0 that
depends only on Q' and universal constants, such that

”quL‘X’(Q') <C.

Proof. Suppose, with the aim of obtaining a contradiction, that there exists a
sequence of points X; € Q' N {u > 0} such that

u(X;)
dist(X;, 0{u > 0})

(4.1) X; = 0{u>0} and /o0,

We write
Uj :=u(X;) and d;:=dist(X;,0{u > 0}).

For each j, let Y; € 0{u > 0} be such that
dj = |X; = Yjl.
Recall we have proven in Theorem 3.8 that

div(A(X,Vu)) = mf(X)u™ " in {u > 0}.
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Thus, by the Harnack inequality (Theorem 2.2), universal boundedness of w,
and (gl), there exists a constant ¢ >0 (see Remark 2.3) that depends only on 2" and
universal constants, such that

di+ inf u>cUj.

Baa, /4(X;)
In turn, we have
(4.2) ~sup  u=>cUj—d;.
Ba;/a(Ys)
Consider the set
(4.3) A= {Z € By, (Y;) : dist(Z,0{u > 0}) < %dist(Z, OB, (Yj))}.

First we claim that By, /4(Y;) C A;. In fact, if |Z — Y| < d;/4, then

1 1 j i
L dist(7,0B0.(v)) > 2 3% — 4 S dise(z,07u > 0}).
3 ! 3 4 4
Thus,
. : 3d;
Mj := sup dist(Z,0Bq4,(Y;)) u(Z) = dist(Z;,0Bq,;(Y;)) u(Z;) > —= sup u.
ZEA; 4 By, /a(Y;)

Therefore,
dj 3
Z;) > J -
wZ;) dist(Z;, 0B, (Y;)) 4

3
sup u > 1 sup  u.
Edj/4(Yj) §dj/4(Yj)

Hence, using (4.2) we have
3
(4.4) u(Zj) 2 4(cUs — dj).
For each j, let W; € 0{u > 0} be such that
1
(4.5) rj = |Z; — Wj| = dist(Z;, 0{u > 0}) < gdist(Zj,aij (Y5)).

Using (4.5) we conclude that

1 1
(4.6) ry < 5(dj =175 = Yil) < 5(d; — 1),
That is,
d.;
(4.7) 2 >4,
T

From (4.4) and (4.7) we have, for j so large that

biak (Ge1z
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the lower estimate

Z; 13 3d; 1 U, 3/ U
(4.8) M > =2 (el —d;) = T2 (C—L1> >4Z(c—k1>.
We have proven that

(4.9)

If X € By, (W;) we obtain (see (4.5))
X =Yi| < |X = W[ +[W; = Z5[ +12Z; = Yj| < 2rj +rj +2; = Y| < dj.
Thus, By, (W;) C B, (Y;). Also we have
dist(X, 8{u > 0}) < %ﬂ
for all X € B, /5(Wj). The triangular inequality and (4.5) then yield

diSt(Xv 8ij (Y})) > diSt(Zj’aij (ij)) - |ZJ - X| 2 diSt(Zjvaij (Y})) - 3%

1 1
> dist(Z;,0B4,(;)) — 5 dist(Z,,0B4,(1;)) = 5 dist(Z;, 0Ba, (¥;).
We conclude that B, /»(W;) C A; and

M; dist(X, 0Ba, (Y;)) u(X)
u(Z;) = dist(Z;,0Ba, (Y;)) 2 dist(Z;,0Bq,(Y;))

> 5 u(X),

1
2
for all X € B, /2(Wj). From the preceding inequality we obtain

(4.10) sup  u < 2u(Z;).
BTJ/Q(WJ)

Since B,,(Z;) C {u > 0}, by the Harnack inequality there exists a universal
constant ¢/ > 0 that depends only on §)’ and universal constants such that

_inf  w>du(Z;) —rj.
Bar, /4(Z;)

Therefore, we conclude,

sup  u>cdu(Z;)—r;
ETJ'/4(WJ)

and using (4.9) we find (for j sufficiently large)

~

u

Q

(4.11) sup
B, () UZ5)

>

N



86 R. LEITAO AND E. V. TEIXEIRA

For each j, consider the normalized function u;: B1(0) — (0,2), defined by

u(W+ 515 X)
(4.12) u;(X) = sz)

Notice that from (4.10), and (4.11), we have (for j sufficiently large)

C/
(4.13) gie(x())g u; <2, gie(t())% uj > bR u;(0) = 0.

Let h be the A-harmonic function in B, s2(W;) equal to u on the boundary.
By (3.20), as in Theorem 3.6, we have
(4.14)

/ (A(X, V), V) — (A(X, V), Vi) dX < K / ™ — W X+ O,
By /2(Wj) By /2(Wy)

Analogously, for each j sufficiently large, consider the normalized function
hj: B1(0) — (0,2), defined by
(4.15) hi(X) =

It is easy to see that

(4.16) { div(A(W; + 575 X,Vh;)) =0 in B(0)

Also, from the normalization,

T

(1T) Vs ()=

Vh(WjJrlrjX),

vu(WjJr%rjX), Vhi(X)= .

2u(Z;)

for all X € B1(0). By a change of variables and (G3) we obtain

. n
/ W™ — B dX < u™(Z;) C(m) (T—J> / lu; — hj| dX
B, /2(W;) 27 Jpio)
< C(n,m)u"™(Z;) (%j) .
Similarly,

/ (A(X, Vu), Vu)dX =g; / (AW + 2 X, V), V) dX,
By, 2(W)) B1(0) 2

where
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We conclude that
C/ |V(’LLJ — hj)'p dX S / <A(WJ —+ T—JX, V’LLJ'),V’LLJ' dX>
B1(0) B1(0) 2
= / (AW, + 22X, Vh;), Vh;) dX
B1(0) 2

(4.18) <1; — 0.

where

Ly ;:C@(%}'jﬂp_mzcum(zj)( L) <o)

Moreover, u; is a minimizer of the functional

.Fj(’l}) = . Gj(X, V’U) + fj(X)(U+)m + Qj(X)X{v>0} dX,
where
G (X,€) = G(W,—+%X,g), for all X € By, € € R™,
(X)) o= oy (70— P L
£(X) =2y (Zj)(Zu(Zj)) f(WJ+ 2X>, for all X € B,
and

v

Q;(X) = (2u(Zj))pQ(Wj + %X), for all X € B;.

Since the functional F; satisfies the structural conditions (G1), (G2), (G3), (G4),
and (gl) and 0 < u; < 2in By we conclude, as in the proof of Theorem 3.6, that u;
and h; are uniform Holder continuous in Bg/9(0). Thus, up to a subsequence,

Uj —> Up and hj — ho,

uniformly in B, /9(0), and (see Lemma 2.6 and Remark 3.4)

(4.19) Vuj — Yug and th — Vh(),
weakly in LP(By/9(0)). Passing to the limit in (4.16), we find (see Lemma 2.6)
(4.20) div(A(Wo, Vhg)) =0 in Byj9(0),

where, up to a subsequence, W; — Wy € 9{u > 0}. From (4.18) we find
V(u; — h;) — 0 weakly in  LP(Bs/9(0)).

Then, we obtain V(ug — ho) = 0 in L?(By9(0)). Thus, ug = hg + ¢, for some
c € R, and it solves the elliptic PDE

div(A(Wo,Vug)) =0 in By/g(0).

Therefore, since ug(0) = 0 and ug > 0, we obtain, by the strong maximum princi-
ple, that ug = 0 in By/9(0), which contradicts (4.13). Theorem 4.1 is proven. O
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The optimal regularity estimate on u established in Theorem 4.1 implies that u
grows at most linearly away from the free surface 9{u > 0}. From energy consid-
erations, we will show next that minimizers grow precisely linearly.

Theorem 4.2. Given a subdomain Q' € §, there exist constantsci > 0 andry > 0
that depend only on Q' and universal constants, such that if Xog € 0{u >0} N,
0<r<ry, then
sup  u(X) > e
XeB,(Xo)
Proof. Given a point Xy € 0{u > 0} N, define

w(X) = M VX € B1(0).

Since u is Lipschitz continuous we have
(4.21) [vll Lo (B, (0)) < C.
Let h, be the universal barrier given by

div(A(Xo +7X,Vh,))=0 in B1(0)\ By/2(0)
hr=1 on dB1(0),

hy=0 in By5(0).

Define the test function ¢ in By (0) by

&(X) = min {v(X),hT(X) g}l(}g)v}.

Using (4.21) we have
0<¢{<v<C

By the minimality of v in By (0), if we define II := {h, SUpp, (x,) U < v} and
D= /HG(XO +rX,VE) — G(Xo+rX,Vv)dX,
we can estimate
o= /B G000+, 99 — G(Xo 47X, Vo) 4X
> /B . g(Xo+7rX,1rv) — g(Xo +rX,rf) dX
1

(4.22) —m /H F(Xo +rX) (@™ — £m)dX

+ ( )Q(Xo +7X)(X{v>0} — X{e>0}) dX.
B+ (0
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Also we have

(4.23)  m /H £ (Xo + rX) (@™ — ™) dX < ™ Km O™ /H o — €| dx
< rmC/H v —&PdX +r™C < rmC'/H V(v = &P dX +r"C
< rmc/n VolP dX + rmc/n VEP dX +1mC.

Similarly we estimate

(129 [ N Q(Xo +7X)(X{v>0) — X{e>0y) dX
1

= Q(Xo +7rX)(1 — xqe>0y) dX
B1(0)

-/ o Q(Xo + rX)X{e—oy dX > e L"({€ =0}) = € L™ (By2(0)),

where C' > 0 is a universal constant. Taking into account (G2) and (G3), we obtain
(4.25) / G(Xo+1X,VE) — G(Xo+rX,Vv)dX
I

<A U | sup oVAPAX — N\ | |[VoPdX
I B;1(0) 11

< ( sup v)p/ |Vhr|”de)\/ IVol? dX,
50 7 Jmio 1

for a universal C' > 0. Also by the C1'® estimates for h,, we have
P P
C’( sup v) / |[Vh, [P dX < C’( sup v)
B1(0) B1(0) B1(0)
for a universal constant C' > 0. Substituting inequalities (4.23), (4.24) and (4.25)
into (4.22) and taking r sufficiently small, we obtain
P
C( sup v) > (A= rmC)/ |[VolP dX +CL”(B1/2(O)) > cL"(Bl/Q(O)),
B1(0) I

for universal constants ¢ > 0 and C' > 0. Therefore, supg, o) v > ¢, and strong
nondegeneracy is proven. O

Corollary 4.3. Given a subdomain ' € Q, there exist constants ¢, dg > 0 that
depend only on ' and universal constants, such that if X € {u > 0} N Q" and
dist(X, 0{u > 0}) < do, then

u(X) > c-dist(X, 0{u > 0}).

We emphasize that the technique employed in proof of Theorem 4.2 is a gen-
eralization of the ones used in [1].
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5. Hausdorff estimates on the free boundary

In this section we turn out attention to fine Hausdorff estimates on the free sur-
face 0{u > 0}.

Theorem 5.1. Given a subdomain Q' € Q and Z € 0{u > 0} N Y, there exist
constants rg > 0 and 0 < ¢ < 1 that depend only on ' and universal constants,
such that,

(5.1) Swp " < LB (Z)N{u>0}) < (1 —¢)w, 1",
for all0 <r <rg.
Proof. Let Xq € Br/4(Z) be a maximum point of u, i.e.,

u(Xo) = sup u(X).
X€EB,/4(2)

By the strong nondegeneracy property (0 < r < rg with 7o =71 and 71 > 0 as in
Theorem 4.2) we obtain

u(Xg) = cr >0,

where ¢ > 0 is a universal constant. By the Lipschitz continuity of u there exists
a universal constant C' > 0 such that

w(X) > u(Xo) — C'|X — Xo| > % >0, VX € B, (Xo),
with C' > ¢. Hence,
B%T(Xo) C BT(Z) N {u > 0},

and the lower bound in (5.1) follows.
Now we prove the upper bound. We argue by contradiction, i.e., let us assume
that there exists a sequence of positive real numbers r; with ; \, 0 as j — oo and

LBy, (Z)N{u=0})

(5.2) — 0.

7
J

We define the sequence u;: B1(0) — R by

(5.3) wy(X) == “(Z%JX)

Let h; be the solution to

(5.4) { div(A(Z + X, V) =0 in By (0)
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Notice that by Lipschitz continuity of u, both u; and h; are bounded. Esti-
mates (3.20) and (3.21) from the proof of Theorem 3.6 give after renormalization,

£™(B,,(2) N {u=0})

/ |V(hjfuj)|de§7";”/ | — i dX + C
B1(0) B1(0)

rl
J
LB, (Z)N{u=0
gr;nc/ Ih; —u;|dX + C (B, ( )” {u=0p
B1(0) T
(B, (2) N {u=0})

n
Tj

LB, (Z)N =0
<rmC IV (h; — u;)[P dX +17°C + C (Br, )n fu=0))
B1(0) Tj

§T;nC/ |hjfuj|de+T;nC+C
B1(0)

where C' > 0 is a universal constant. Hence, for j sufficiently large we have

59 / IV (hj —u)(X)PdX <r" C+C LB, (2) 0 {u=0})
B1(0) J

n
Tj

Moreover, by the Lipschitz regularity of u and the O elliptic estimate we can
assume that
Uj —> Up and hj — ho

uniformly in By,5(0). Since h; is the solution to problem (5.4) we obtain
div(A(Z,Vho(Y))) =0, in By/2(0).
It follows from (5.2) and (5.5) that
ug = ho +c¢, in By5(0).
where c is a constant. Then,
div(A(Z, Vue(Y))) =0, in By/2(0).

Since ug > 0 and u(0) = 0, by the strong maximum principle, we obtain ug = 0
in By /2(0). But this contradicts the strong nondegeneracy property, shown in The-
orem 4.2. O

Theorem 3.8 gives the Euler-Lagrange equation u satisfies within its set of
positivity. To further investigate the behavior of v along the free boundary, we need
to obtain the equation u satisfies across the free surface of discontinuity of the
functional, d{u > 0}.

Lemma 5.2. Let u be a minimizer of the functional (1.1), then
div(A(X,Vu)) —m f(X)u™ Xm0y =0, in Q
in the sense of distribution. In particular it defines a Radon measure
A= div(A(X, Tu)) = m F(X) 0" X uso)

Furthermore, the support of A is contained in d{u > 0}.
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Proof. By Lemma 3.5 we have
—/(.A(X, Vu), V() dX —/(mf(X)um_lx{u>0})CdX >0,
Q Q

for all nonnegative functions ¢ € C§°(92). Moreover, as in Theorem 3.8,
(5.6) divA(X,Vu) =m f(X)u™ ' in {u > 0}.

Hence, the measure A defined by

/ CdA = — / (A(X, V), V) dX — / (m F(X)u™ Yy qusoy) CdX,
Q Q Q

is a nonnegative Radon measure with support on @ N o{u > 0}. O

With the aid of the measure A, we can establish fine upper and lower control
on the H"~! Hausdorff measure of the free boundary, which ultimately yields
important geometric measure theoretic information about 9{u > 0}.

Theorem 5.3. The set {u > 0} has locally finite perimeter and for fived Q' €
there exist constants ¢ and C' that depend only on Q' and universal constants such
that

(5.7) cr" P <H"HO{u > 0}N B.(Z)) < Crt

for any ball B,.(Z) C ) centered at a free boundary point, Z € d{u > 0}. In par-
ticular,

H"H(0{u > 0} \ Orea{u > 0}) = 0.

Proof. Through a suitable approximation scheme, using test function 0 < ( <1,
Ce with (& — X B, (z), we have (for almost r > 0)

/ dA = / (A(X,Vu),v)dSx — / m f(X)u"™ X {us0y dX
B.(2) 9B,(2) B.(2)
(5.8) <C ||VuH1£;1(Q,)r"_1 +COrmt <ot

where C' > 0 is a constant that depend only on £’ and universal constants. This
proves the upper bound in (5.7).

To check the lower bound, let us assume, aiming at a contradiction, that there
exists a sequence of positive real numbers r; such that r; \, 0 as j — co and

H* 1 (0{u >0} N B,,(Z))

(5.9) — 0.

r

With the notation used in Theorem 5.1 and Lemma 5.2, we obtain the sequence
of nonnegative measures A; in By/5(0), defined by

(5.10) Aj = [le(A(Z + TjX, Vu])) — T?m f(Z + TjX)X{uj>0}u;-n_1] dX
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By compactness we can assume that A; — Ag in the sense of measures. Moreover,
using (5.9) we have

(5.11) Aj —0.

In the sequel we will show that

(5.12) Ao = div(A(Z, Vug)).

From the uniform positive density property we know L£™(9{ug > 0}) = 0. Thus,
we only need to verify (5.12) for balls B contained entirely in {ug = 0} and
in {ugp > 0}. Let B C {ug > 0}. Define

Aj(X) = A(Z +7r;X,Vu;), VX € By;(0).
By the Lipschitz regularity of u and (G2) we have
14,1 < Cln, ) [V, P! <
Thus, we may extract a subsequence (that we denote by A;) such that
Aj — Ap weak-x in L™ (Byys).

Furthermore, u; converges in the C1 topology to ug in B (see Section 2, Theo-
rem 2.4 and Remark 5.5 below). Hence,

Aj = Aq(Z,Vug) weak-+ in L°(B).

Also we have
(5.13) ’/Br}”mf(Z + TjX)X{uj>0}u;-”_1 dX’ <O LM(B) 0.

Hence, for B C {up > 0}, indeed (5.12) does hold. Now suppose B C {ug = 0}.
Clearly,

[div(Aq(Z, Vug))|(B) = 0.
On the other hand, if By is a sequence of balls such that By ,* B then for
some ji € N we have

(5.14) u; =0 in By for all j > ji.

Indeed, let B C B. If there were a subsequence u;, satisfying u;, # 0in B then, by
the strong nondegeneracy property (Theorem 4.2), there must exist points Py, € B
such that

wj, (Pr;) > ¢ > 0.

Passing to another subsequence we can assume Py, — P € B. Since Uj, — U
uniformly we obtain ug(P) > 0 which is a contradiction.
Thus, from (5.14) we obtain

(5.15) A;(B) = 0.
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Therefore, (5.12) holds for any B C {uo = 0}, and combining (5.11) and (5.12)
we find

div(A(Z, Vug)) =0 in Bys(0).

However, as before, this contradicts the nondegeneracy of ug established in Theo-
rem 4.2. O

Theorem 5.4 (Representation). Let u be a minimizer of (1.1). Then
div(A(X, Vu)) —m f(X) "™ xusoy = QH" " [Brea{u > 0},

in the sense of measures, for some Borel function Q. Moreover, Q is bounded away
from zero and infinity. That is for a universal constant C' > 0 there holds

cl<<c
In particular, the free boundary 0{u > 0} is a set of finite perimeter.

Proof. This follows from Theorem 5.3 and standard arguments (see Theorem 4.5
in [1]). O

Remark 5.5. Let v be a minimizer of (1.1) in © and let B, (X;) C Q be a
sequence of balls with 7; — 0, X; — Xy € Q, and u(X;) = 0. Consider the
blow-up sequence

1
’U,J(X) = T_u(Xj +TjX).
J

Since the u; are uniformly Lipschitz continuous, for a subsequence,

(5.16) uj = up in Cfh (R™) for every 0 < o < 1,

(5.17) Vu; — Vuy  weak-* in Lis. (R"),

(5.18) 0{u; > 0} — 0{up > 0} locally in the Hausdorff distance,
(5.19) X{u; >0} = X{uo>0y i Lioo(R™).

Moreover, by the classical truncation argument (see for instance, [2]),
(5.20) Vu; = Vuy  a.e.

Also, by Theorem 3.8, assertions (5.16)—(5.20) and C1'® convergence within the
positive set, we obtain

- / (A(Xo, Vug), V() dX = — lim (AX; + X, V), VE) dX
{uop>0}

j*}OO {u0>0}

= lim 7“;”/ m f(X; +7;X) u;-”_1CdX =0,
{u; >0}
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for all ¢ € C§°({up > 0}). In fact,
‘7“;”/ m f(X; +r; X)ul" (dX| <r]"C,
{u;>0}
for all ¢ € C§°({uo > 0}). Hence,
div(A(Xo, Vug)) =0 in {ug > 0}.
We are in position to obtain the blown-up minimization problem.

Lemma 5.6. If u(X;) =0, X; — Xo € Q, then any blow-up limit ug with respect
to B, (X;) is minimizer of the functional

(5.21) So(v) = /B | G070+ QU)o 4X.

Proof. Set D = B1(0). Take any v, v — ug € H}(D), n € C5°(D), 0 < n < 1.
Consider

vi=v+ (1 —n)(y; —up) and Q;(X):=QX,;+r;X), VX e€D.

We will write
35(0) = / ) GO 7y X V0 405 £ 47 X)) 4 QX X,
B1(0

Since v; = u; in D and u; is a local minimum we have, for large j,
(5.22) §j(u;) < §j(v))-

From the fact that |Vu;| < C and Vu; — Vug a.e., we conclude
/ G(Xj + TjX, Vuj) dX — / G(Xo, VUO) dX.
D D

Similarly
/G(X] +’I“jX,V’Uj)dX—>/ G(Xo,vvo)dX.
D D

Moreover, we have
‘/Dr;" f(X; JrrjX)(uT - (v;r)m) dX‘ < T;WC/D (|uj|p* + |vj|p*) dX,

where, as before, p* := np/(n — p). Since there exists a universal constant C' > 0
such that ||uj||p < C (and € is bounded) we have

sl e < C.
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By definition of v;
[vjll o= < Cllvllpos + C(llusll Lo + uollre-).-
Therefore,
’/ PG+ Xl = o f( s X) ()™ dX | - 0.

Also, we have

’/ Q(X0))(X{u; >0} — X{v;>0} dX’ < 2/ |Q; — Q(Xo)|dX,

and using the continuity of the function ) we obtain

/D (@) — Q(X0) (X{u,20) — X{uy0p) dX 0.

Finally,
X{v;>0} < X{v>0} T X{n<1}
and (see (5.19))

/X{uj>0}dX—>/ X{u0>0}dX.
D D

Then it follows from (5.22) that

/ G(Xo, Vuo) + Q(Xo) X{uo>0} dX < / G(Xo, Vv)
D D

+ (X{w>0r + X{n<1}) Q(Xo) dX.
Taking  — 1 finishes up the proof. O

As a consequence, we can classify blow-ups at points in the reduced free bound-
ary.

Theorem 5.7. For almost every Xo € Orea{u > 0} we have
u(X) = a(Xo)(X — Xo,v(X0))" + o(| X — Xol),

for any X € {u > 0} near X, where v(Xg) is the measure theoretic normal vector
to Orea{u > 0} at Xy and

(5.23) a(Xo) =

( Q(Xo) )1/(17*1)
(A(Xo, ¥(X0)), ¥(Xo)) '

Proof. From 4.5.6 (2), 2.9.8, and 2.9.9 of [9], applied to H"~! on 8{u > 0} and the
Vitali relation
{(X,B.(X)): X € {u >0}, B, (X) € Q},
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for almost every Xo € Orea{u > 0} we have the condition

(5.24) O (H [ 0{u > 0}, Xo) < 1

and

(5.25) ][ 1Q — Q(Xo)[dH" " = o(r" )
B, (X0)Nd{u>0}

for r — 0, where the symbol in (5.25) represents the average. Recalling the notation
used in Remark 5.5 we have, from standard geometric measure theory arguments
together with nondegeneracy and assertions (5.16)—(5.20),

up =0 in{X eR": (X,v(Xy)) <0}
and {up >0} ={X e R": (X,v(Xp)) > 0}.

Also we have
diV(.A(Xo,VUo)) =0 in {UQ > 0}

Since O{ug > 0} is the smooth surface {X € R : (X, v(Xy)) = 0} we obtain
c’?{uo > 0} = 8red{u0 > 0}.

By Theorem 5.4 we find

—//(A(Xo +7;X,Vu,;), V() dX = 7“;” N m f(Xo+r;X) u;ﬁ*l X{u; >0} ¢ dX

+/ Q(Xo +7;X) CdH" ™,
{u;>0}NQY

for ¢ € C°(Y), where ' € {(X,v(Xo)) < 0}. Now let n € C§°(B)) be a
nonnegative function, where B/, is a ball in R"~! := {({X,v(X,)) < 0}. By standard
arguments (see [1], Theorem 4.8) we have

/ CdH" ' — ndH" .
B{uj >0} Rn—1

Furthermore, for some universal constant C' > 0 we have

|r§” N m f(Xo+r;X) u?ﬁ‘*l X{u; >0} ¢dXx| <rmC,

where we use that the sequence u; is universally bounded. Thus, using (5.25) we
obtain

div(A(Xo, Vug)) = Q(Xo) H" H[{X € R™ : (X,v(Xo)) = 0}.
Moreover, since dreq{uo > 0} is C* we have

(5.26) (A(Xo0, v(X0)), ¥(X0)) = Q(Xo),
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for Xy at Orea{uo > 0}. However,

)= ux)
and using (G3) and the identity (5.26) we obtain
00 = (Crataooay) | T ) <o
Hence, we conclude
(5.27) Vuoe(X) - v(Xo) = a(Xp), VX € {(X,v(Xo)) =0}.

Define the function vg by

vo(X) = { up(X), if X € {(X,v(Xo)) <0}

(5.28) —up(X*), if X € {{X,v(Xo)) >0},

where X* is the reflection of X with respect to the hyperplane {(X, v (X)) = 0}.
Using standard arguments we verify that vy is Lipschitz continuous in R™ (ug is
Lipschitz continuous by Theorem 4.1) and

diV(.A(X(), V’Uo)) =0 inR".

By the O regularity of vy, we can apply the blow-up argument from [12] to
conclude that vy is an affine function. Then, using (5.27) we find

uo(X) = a(Xo){X — Xo,v(Xo))"
and the result is proved. O

Remark 5.8. If

A(X,€) = [eP2¢,
that is, in the case of the p-Laplacian, we conclude from Lemma 5.6 that the
blow-up ug is a minimizer of the functional

/ [Vol? + Q(Xo) X{v>0) dX.
B1(0)

Through a standard Hadamard domain variation argument (see [1], Theorems 2.5
and 5.5 and [6], Theorems 2.1 and 5.6), we obtain the free boundary condition

a(Xo) = (%)1/1),

for Xy € Orea{u > 0}.
Using (5.23) we have the relation

~ _ (Q(Xo)\-D/p
ax=(37)
between Q and Q, for almost every X € rea{u > 0}. Taking p = 2 we find the
relation that appears in [1].
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6. Jet flow problems and smoothness of the free boundary

In this section we address the question of the smoothness of the free boundary.

Because our primary motivations come from the theory of heterogeneous jet
flows, in this section we shall only treat the nondegenerate problem, i.e., we will
work under the assumptions

(6.1) F(X,6) = 3 AGIEP + F(X) )™ + Qxusoy.

for X €eQand ¢ €R", 1<m<2 feCQ)and Qe C™ 0<r<Q<rh
The matrix A is assumed to be Lipschitz and positive definite.

The proof we will present for smoothness of the reduced free boundary is based
on a flatness improvement coming from Harnack type estimates and it follows
closely the recent work of [7]. There are a few subtle differences though. For
instance the equation we consider is naturally in divergence form, thus it has drift
terms in non-divergence form. Also the free boundary condition obtained in (5.23)
is a bit more involved than the one treated in [7]. For sake of completeness and
the readers’ convenience, we shall carry out all the details.

We shall use Caffarelli’s viscosity solution setting to address the free boundary
regularity theory. We recall some terminologies. Let u, p € C(Q). If u(Xg)= ¢(Xo)
and there exists a neighborhood V of X such that

(6.2) u(X) > ¢(X) (respectively u(X) < ¢(X)) in V,

we say that ¢ touches u from below (respectively above) at Xy € Q. Moreover, if
the inequality in (6.2) is strict in V' \ {Xo}, we say that ¢ touches u strictly from
below (resp. above) at X, € Q.

The next proposition is standard in Caffarelli’s theory ([3], [4], [5]), so we omit
its proof.

Proposition 6.1. Assume (6.1). A minimizer u of (1.1) is a viscosity solution of

(6.3)

div(A(X)Vu) =g(X) in Qy(u) :== {u> 0},
(AVu,Vu) = Q on F(u) :=0{u> 0} NQ,

where g € L>(2) N C(Q). The free boundary condition above is understood in the
Caffarelli viscosity sense: if ¢ € C?(Q) and ¢T touches u from below (respectively
from above) at Xo € F(u) with |V¢|(Xo) # 0 then

(6.4) (A(Xo)Vo(X0), VO(X0)) < Q(Xo)  (resp. > Q(Xo)).
The free boundary regularity result we will prove is this section is the following:

Theorem 6.2. Let u be a viscosity solution to (6.3) in the ball B1(0). Suppose
that 0 € F(u), Q(0) =1, and a;;(0) = d;;. There exists a universal constant € > 0
such that, if the graph of u is é-flat in B1(0), i.e.

(6.5) (Xy, — &) <u(X) < (Xn+8)7T for X € Bi(0),
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and

(6.6) [aijlcon(Bi0)) £ & Ngll=(Bi0) <& [Qlcos(s (o)) <8
then F(u) is C™7 in By 5(0).
Corollary 6.3. Assume (6.1). The reduced free boundary of a minimizer u of (1.1)
is locally a C™7 surface. In particular,
(A(2)Vu(2),Vu(Z)) = Q(Z),
in the classical sense for H" =1 almost all free boundary points Z € d{u > 0}.
Thus, taking g(X) = m f(X)u™"! we obtain the free boundary regularity

theory for our problem. The approach is based fundamentally on comparison
criterion.

Definition 6.4. Let v € C%(Q). We say v is a strict (comparison) subsolution
(respectively supersolution) to (6.3) in €, if the following conditions are satisfied:
1. div(A(X)Vv) > g(X) (resp. <) in Q4 (v);
2. If Xy € F(v) then

(AV ), V) (Xo) > Q(Xo) (resp. 0 < (AVe, V) (Xo) < Q(Xo)).

The next lemma provides a basic comparison principle for solutions to the free
boundary problem (6.3).

Lemma 6.5. Let u be a viscosity solution to (6.3) in Q. If v is a strict subso-
lution to (6.3) in Q, such that w > vt in Q, then, in QT (v) U F(v), the strict
inequality, u > v™ holds.

Lemma 6.5 yields the crucial tool for the proof of Theorem 6.2. More precisely,
using the comparison principle established in Lemma 6.5, we prove a Harnack
inequality for solution w. For 0 < & < 1 to be chosen later, we can assume, by
normalization and dilating variables, the following conditions:

(6.7) llaij — 8ijll Lo (@) < €7,
(6.8) [9(X)|| L) < €2,
(6.9) Va2 < &%,
(6.10) 1Q = 1| oo (@) < €.

We need the following lemma.

Lemma 6.6. Let u be a viscosity solution to (6.3) in Q, satisfying (6.7)-(6.10).
There exists a universal constant € > 0 such that if 0 < e < € and u satisfies

P < u(X) < ((X) +0)%, Jol < 55 in Bi(0), p(X) =X, 4o,

then if at Xo = 11_06"

(6.11) u(Xo) > (p(Xo) + 5 )+,
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then
(6.12) uw> (p+ce)t in Bij(0),
for some 0 < ¢ < 1. Analogously, if

e\t
(6.13) u(Xo) < (p(XO) + 5) :
then
(6.14) u< (p+ (L —c)e)t in Bi(0).

Proof. The proof is as in [7]. We will only check the first claim, as the proof of the
second is analogous. Let w: D — R be defined by

(6.15) w(X)=c(|X - Xo| "= (2)7),
where D := By/5(Xo) \§1/40(X0). We choose ¢ > 0 such that

{ 0, on dBys(Xo),
w =

6.16
(6.16) 1, on 9B/40(Xo).

We compute directly
Oiw = —y(X; — X5 | X — Xo| 772
and
Bijw = 71X = Xo| 7 7*{(v + 2)(X; — XO)(X; — XPIX — Xo| 7> = 6y}

If we write bl = Z?:l aaij/(?':ci, from Haij 767;']'”[/00(9) § 52 and HbZHLOQ(Q) § 0052,
we obtain, in D, by choosing v > 0 large,

n

div(A(X) Vo) = 71X = Xo| 777 2{ (v + 2)1X = X072 D aiy (X)(X; - X¢)

(X = X3) = Y a4y (X008 - Y b(X)(X - X§)
(6.17) > 71X = Xol 7 7H(y+2) = C(n)} 2 b,

where dp > 0 is a universal constant. From (6.11) we have u > p in B;(0). Thus,
(6.18) B /20(Xo) C B (u).
Moreover,

div(A(X)V(u — p)) = div(A(X)Vu) — by = g(X) — bus in By a0(Xo),

with
lg(X) — anLoo(Bl/QO(XO)) < Ce2.
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Hence, by the Harnack inequality, we obtain

u(X) = p(X) > u(Xo) — p(Xo) = Cl|g(X) = bullLoc(B, a0(X0))
> U(XO) 7p(X0) - ng,

for all X € By,40(Xo). Using (6.11) for e sufficiently small,

(6.19) u(X)—p(X)>ce—Ce*>coe, in By(Xo).
Define

(6.20) v(X) =p(X) +coe(w(X)—1), X € Bys(Xo),
and for ¢t > 0,

(6.21) w(X)=v(X)+t, X € Bys(Xo).

By the maximum principle (see (6.16) and (6.17)) we have w < 1 in D. Then,
extending w to 1 in By /40(Xo) we find

(6.22) v (X) = v(X) < p(X) <u(X), X € Bys(Xo).

Consider -
to = sup{t >0:v<wu in B4/5(X0)}.

Assume, for the moment, that we have already verified ty > ¢ge. From the defini-
tion of v we have

w(X) > v(X)+to > p(X)+coew(X), VX € Bys(Xo).
Notice that By/5(0) C Bs/5(Xo) and

3= _ (4\— in B X B X
w(X) > (5) (5)77, i Bs5(Xo) \ Biao(Xo),
1a on Bl/4O(XO)-
Hence, we conclude (£ small) that
w(X) = p(X) > ce, in Bi(0),

and the result is proved.
Now we prove that indeed to > cpe. For this, we suppose for the sake of
contradiction, that to < coe. Then there would exist Yo € By/5(Xo) such that

’Ut(Yo) = U(Yo)

In the sequel, we show that Yy € By/40(Xo). From definition of v; and by the fact
that w has zero boundary values on dB,/5(Xo) we have

vp=p—coe+lo<u in 0By5(Xo),
where we have used that u > p and ty < c¢ge. Moreover,

div(A(X)Vv) > (codp —€)e >e? in D
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and

(6.23) [V, | > |0pv] = |14+ coe Opw|, in D.

By the radial symmetry of w, we have

(6.24) Ohw(X) = |Vu(X)[{vx,e,), X €D,

where vy is the unit vector in the direction of X — Xy. From (6.17) we have
[Vw|? = 42 |X — Xo| 202 |X — X2 = 4% |X — Xo|20*Y > ¢>0, inD.

Also we have (vx,e,) > ¢ in {vy, < 0} N D (for e small enough). In fact, if € is
small enough

{ve, <O}ND C{p<coe} ={X,, <coe -0} C{X, <1/20}.

We therefore conclude that

1 5
nziX*X,nZ_XfX,n
<I/X?e> |X0_X|< Oe> 4< Oe>
5 1 1 1 1
=—(- — -t — ) > = <
4( Xnt 35 20+10) > 15 0 {ws=0knD
Moreover, from |la;; — &;;]| < &? we have
(6.25) (A(X)E,6) > €] (1 —€%), VX € Q,VEeR™

Therefore, from (6.23), (6.24) and (6.25) we obtain
(AVvy,, V) > [V | —Ce* > 14+ cre +e(ey — Ce) +cie? > 142> Q,
in {vy, <0} N D. In particular, we have
(AVvy,, V) > Q in DN F(vy,).

Thus, vy, is a strict subsolution in D and by Lemma 6.5 (u is a viscosity solution of
problem (6.3) in B1(0)) we conclude that Yy € By /49(Xo). This is a contradiction.
In fact, we would get

w(Yp) = vy, (Yo) = v(Yo) +to < p(Yo) +to < p(Yo) + co €.

which leads to a contradiction with (6.19). This concludes the proof of the lemma.
O

We can now establish the main tool needed for the proof of Theorem 6.2.

Theorem 6.7. Let u be a viscosity solution to (6.3) in Q satisfying (6.7)—(6.10).
There exists a universal constant € > 0 such that if u satisfies

(6.26) (X +ag)t <u(X) < (X, +do)t in B.(Xo) CQ,
at some Xo € Q1 (u) U F(u), with

(6.27) dy—ag<er, e<E§g,
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then

(6.28) (Xn +a1)" <u(X) < (X +d)t in Byao(Xo),
with

(6.29) ap <a; <dy <dyp, di—a1<(l—c)er,

and 0 < ¢ < 1 universal.

Proof. With no loss of generality, we assume Xy = 0 and » = 1. We analyze two
distinct cases.

1) |ao| < 1/20: We put p(X) = X,, + ag and by (6.26)
(6.30) pT(X) <u(X) < (p(X)+ag)t (do <ag+e).
Thus, we can apply Lemma 6.6 to obtain the result.

2) |ap| > 1/20: Assume that ag < —1/20. If we take ¢ < 1/20, it follows that
(p+¢e)*t =0. Thus 0 belongs to the interior of the zero phase of u, which yields a
contradiction.

If ag > 1/20, then By /20(0) C Bf (u) and the result follows from the Harnack
inequality. In fact, if p = z,, + dp

div(A(X)V(p — ) = by — g(X),
with [[b, — g(X)[[ Lo (B, a0 (0)) < C &2, Hence, since (p — u)(0) = ag we have
p(X) —u(X) > cody — Ce?, (0 <y <1)
which implies
u(X) < p(X) —doco + Ce® = Xy + do(1 — co) + C?, VX € By 40(Xo).
Let ¢ = dyp — ag. Then,
uw(X) < X+ (1 +ao)(1 —co) + Ce? = X, +ag + c1(1 — ¢g) — agey + Ce?

c
§Xn+a0+cl(1fco)f£+(752§Xn+a0+cl(1fco),

if € is small enough. Hence, if we put a; := ag and d; = ag + ¢1(1 — ¢g) we obtain
the result. O

From the Harnack inequality, Theorem 6.7, we obtain precisely as in [7] the
following key estimate for flatness improvement.

Corollary 6.8. Let u be a viscosity solution to (6.3) in Q satisfying (6.7)—(6.10).
If w satisfies (6.26) then in By1(Xo) the function . := (u— X,)/e has a Hélder
modulus of continuity at Xo outside of a ball of radius /¢, i.e., for all X €
(QF (u) U F(u)) N B1(Xo) with | X — Xo| > €/g,

|ﬂ€(X) - ﬂe(X0)| § C |X - X0|'Y.
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We are ready to establish improvement of flatness.

Theorem 6.9 (Flatness improvement). Let u be a viscosity solution to (6.3) in €
satisfying (6.7)—(6.10). Assume that u satisfies

(6.31) (Xp—e)T <u<(X,+e)" for X € By(0),

with 0 € F(u). If 0 < r <1y for a universal constant ro and 0 < e < go(r), then
r + r +
(6.32) (X~u—§5) SuS(X~V+§E) for X € B,(0),

with |v| =1, and |v — e,| < Ce? for a universal constant C.

Proof. Again the proof follows the lines of [7]. Fix 0 < r < r¢ with ¢ a constant
to be chosen. Aiming at contradiction, suppose that there exist a sequence £; — 0
and a sequence u; of solutions to (6.3) in B;(0) with right-hand side g; and free
boundary condition @); such that

(6.33) (Xn—¢j)T <u; < (X, —¢gj)t for X € B1(0), 0 € F(uy),

but u; does not satisfy the conclusion (6.32). Define
iy(X) = L—=—", X € Q(uy),

where , := (Bf (u) U F(u)) N B,(0), for 0 < p < 1. Then (by Corollary 5.8)
the graphs of the @; over Qi (u;) converge (possibly passing to a subsequence)
in the Hausdorff distance to the graph of a Holder continuous function @ over
By /2(0) N {X, > 0}. We claim that @ is a solution of the problem

8,{11 =0 on Bl/Q(O) N {Xn = 0},

in the viscosity sense (see Definition 2.5 and the subsequent remark in [7]). Given a
quadratic polynomial P(X) touching @ at Xo € By /2(0) N {X,, > 0} strictly from
below we need to prove that
(i) if Xo € By/a(0) N {X, > 0} then AP < 0;
(ll) if Xg € Bl/Q(O) N {Xn = O} then 8,LP(X0) <0.
As in [7], there exist points X; € Qy/5(u;), X; — Xo, and constants ¢; — 0
such that

uj(X;) = P(X;) and w;(X)> P(X) in aneighborhood of X;

where
P(X) = &;(P(X) + ¢;) + X

We have two possibilities:
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a 0 € B1/2(0) N Xy > then, since PP touches u; from below at X;, we
If Xo € By/2(0 X 0} th i P h j I bel X;
obtain

Ciel > g;(X;) = > al(X)ouP + Y bl (X;)0,P
il=1 =1
€; al; zzP+€aZbJ 0P + b (X)),

il=1

N

where Hb{HLw <y 5? and [|0; P||r= < C. Therefore,

a}y(X;) 9aP < Cej,

[M]=

il=1

Thus, we have

AP = Z (6:1 — aly (X)) dP+Z )0uP < Ce;.

il=1 Q=1
Hence, taking j7 — oo we obtain AP < 0.
(b) If Xo € Bi/2(0) N {X, =0} we can assume (see [7]) that
(6.34) AP > 0.
Notice that for j sufficiently large we have X; € F(u;). In fact, aiming at

a contradiction, suppose that there exists a subsequence X;, € Bi (uj,) such
that X, — Xo. Then, arguing as in (a), we obtain
AP < CEj,
which contradicts (6.34) as j, — oo. Therefore, there exists jo € N such that
X, € F(u;) for j > jo. Moreover,
|VP|>1—¢;|VP| >0,

for j sufficiently large (we can assume that j > jo). Since that P+ touches uj from
below we have

(A7(X;)VP(X;), VP(X;)) < Q;(X;) < (1+¢7).
Moreover,
(AT(X;)VP(X;), VP(X;))) > [VP(X;)]? = Oc;
=5 |[VP(X;)P +1+2¢;0,P(X;) — Ce3,
where we have used |[VP|?> < C. In conclusion, we obtain
(6.35) e3|VP(X;)P +1+2¢6;0,P(X;) —Ce <1+¢.

Hence, dividing (6.35) by ¢; and taking j — oo we obtain 0,P(Xy) < 0.
The choice of ry and the conclusion of the theorem follows from the regularity

of 1. 0
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We can finally conclude the proof of Theorem 6.2.

Proof of Theorem 6.2. Let

0y (X) = @ X € B1(0),

be the rescaling of u with p; = 7/ for a fixed 7 such that

B < and 7 <rg,

|

where 7 is the universal constant as in Theorem 6.9. Note that u; is solution
of (6.3) with

aly(X) := aly(p; X),
9;(X) = g(p; X),
Qi(X) == Q(p; X).

Moreover, if € := £3(7) and €; := 277 £¢(7) we obtain

a2 (X) = 6] = lau(p; X) — au(0)] < [ai]cor pj < EF < &3,
167 oo < [asjlcoap; < Coéi < &7,
lgjlle < NlgjllL=p; < EF < €3,

1Q5(X) = 1] = [Q(p;X) — Q(0)] < [Qlcos pf <& <&,

The proof now follows as in [7]. O
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