Rev. Mat. Iberoam. 31 (2015), no. 1, 127-160 © European Mathematical Society
DOI 10.4171/RMI/829

Elliptic systems of variable order

Thomas Krainer and Gerardo A. Mendoza

Abstract. The general theory of boundary value problems for linear ellip-
tic wedge operators (on smooth manifolds with boundary) leads naturally,
even in the scalar case, to the need to consider vector bundles over the
boundary together with general smooth fiberwise multiplicative group ac-
tions. These actions, essentially trivial (and therefore invisible) in the case
of regular boundary value problems, are intimately connected with what
passes for Poisson and trace operators, and to pseudodifferential bound-
ary conditions in the more general situation. Here the part of the the-
ory pertaining to pseudodifferential operators is presented in its entirety.
The symbols for these are defined with the aid of an intertwining of the
actions. Also presented here are the ancillary Sobolev spaces, an index
theorem for the elliptic elements of the pseudodifferential calculus, and
essential ingredients for analyzing boundary conditions of Atiyah—Patodi—
Singer type in the more general theory.

1. Introduction

We introduce a calculus of pseudodifferential operators of variable order that act
on sections of vector bundles endowed with smooth multiplicative group actions
over a closed manifold. The need to develop such a calculus arose from work by the
authors in [12] aimed at developing a theory of boundary value problems for elliptic
wedge operators. In the next few paragraphs we briefly describe this problem in
order to motivate the present work.

Elliptic wedge operators are structurally modeled on the operators one obtains
by rewriting a regular linear differential operator in cylindrical coordinates along
a submanifold. Thus the general form for such an operator is

(1.1) A=z 3" apaps(@,y 2)(@Dy)"(xDy)* DS
k+|a|+|8|<m

as one sees after some manipulation; x is the radial variable, valued in [0,¢) for
some ¢ > 0, y the axial variable, ranging over an open set in a manifold ) of
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dimension ¢ and called the edge, and z the variable in a general compact mani-
fold Z, a sphere in the case of cylindrical coordinates. The coefficients a3 are
smooth up to z = 0 (see Schulze [16]). Operators of the form P = 2" A are called
edge operators (see Mazzeo [14]). In the general set-up for edge operators, the
boundary (here given by « = 0) of the manifold is the total space of a fiber bundle
over Y with compact fibers Z,. Ellipticity, assumed throughout this introduction,

means that
Z ak,a,g(x,y,z) gk 77a Cﬁ
k+|al+|B]|=m

is invertible when (&, 7,¢) # 0.
Let S,.» be the set of finite sums

T= Z Gor 7 log’ x;
¢

here y € Y and o € C are arbitrary and ¢, is a section along Z, of the vector
bundle on which A acts. The first link to A is the subspace &, , C Sy, consisting
of those elements solving the equation

beT:O, be: Z akﬁoﬁ(O,y,z)(sz)kDf.
k+|Bl<m

This is a finite-dimensional space (and its elements have smooth coefficients ¢, ¢)
because of ellipticity. The set of elements ¢ for which &, , # 0 is the bound-
ary spectrum of P (or A) at y (see Mazzeo [14], Melrose [15], and Krainer and
Mendoza [11]), denoted spec,(°P,). They are the complex numbers for which the
indicial family at ¥,

be(U) = Z ak»oﬁ(ovy’z)akDE,
k+|Bl<m

has nontrivial kernel. Fix some v € R and assume
spec,(°P,) N{oc € C:So =,y —m} = 0.
Then, as shown in [11],

(1.2) Ty= D &y
F—m<So <y

is the fiber over y of a smooth vector bundle .7 — ), the trace bundle of A
(the number ~ is implicit). We point out that the notion of smoothness of 7 is
not trivial because of the possible branching behavior of spec, (°P,).

In the case of a classical elliptic differential operator of order m, the bound-
ary spectrum is {—ik: kK = 0,...,m — 1} and the spaces &, _;; reduce to bo. 01"
with o = —ik. To see this, suppose

A= Z ak@(x,y)D’;D;‘

k+|a|<m
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is such an operator; the fibers Z, are just the points of J and the coeflicients are
smooth. As above, the boundary is = 0 while the interior of the manifold lies
in x > 0. The operator P = " A is given by

P= 3" apale.y)a™ 1 py(aD, +ila])(zD,)"
k+|a|<m
with pg(o) = (e +i(k —1))(c +i(k —2)) -0, and so
be = am,O(Oa y) pm(-rDar)

The solutions of ®P,7 = 0 are just polynomials of degree < m — 1,

—

m—
(1.3) = ¢y,
j:

These spaces of polynomials are, in this case, the fibers (1.2) of the trace bun-
dle of the regular elliptic operator A. The powers j correspond to the numbers
of the form io with o a root of the indicial family of A as claimed; the indicial
family i @ 0(0,y)pm(c). Observe that the ellipticity of A ensures that @, 0(0,y)
is invertible. Here we do not enter further into details about this (the reader may
consult [11] and [12] for more information) except to point out that the polyno-
mials (1.3) are the terms forming the Taylor polynomials in 2 of degree m — 1
of putative solutions of Au = f at the boundary (in this case v = —1/2), and
that classical boundary conditions are imposed on the coeflicients ¢; as functions
(or sections if A is not a scalar operator) on ).

The nature of .7, (and of the trace bundle) is rather more intricate in the gen-
eral case. Sections of .7 do play the same role in the general theory as polynomials
in the standard theory, therefore boundary conditions are pseudodifferential con-
ditions on sections of this trace bundle. One may attempt at first to take standard
operators at this stage. Note, however, that even if the boundary spectrum is
simple (but nonconstant), the pertinent distributional sections of & will naturally
have varying regularity in y depending on the factor 2?°. This explains why the
pseudodifferential operators need to be adapted. A second place where the theory
is needed is in the construction of Poisson and trace operators. However instead
of discussing this here we refer the reader to our forthcoming work [12].

Having introduced the motivating vector bundles, we now address the group
action. The operator 29, acts on S, , and since it commutes with °P,, it preserves
the spaces &£, 5, hence acts on the fibers of 7. The space &, , is the generalized
eigenspace of x0, in the fiber .7, associated with the eigenvalue io. That z0,
acts smoothly as an endomorphism .7 — .7 requires an understanding of the
meaning of the C*° structure of 7 which we again omit (we refer the reader
o [11]). In the classical case, where the fiber .7, consists of the polynomials (1.3),
the C* sections are those whose coefficients ¢; are smooth functions of y. In
this case 20, acts on 7, quite trivially: the eigenvalues are the numbers j, the
corresponding eigenspace consist of monomials of degree j, and evidently z0, gives
a smooth endomorphism of .7. In the general case xd, acts, as already asserted, on
each &, ,, but now these are generalized eigenspaces (the log terms may be present)
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corresponding to the eigenvalue io. As y varies, so may the eigenvalues. Even
so, the operator z0, is a smooth endomorphism of .7. The R, -action generated
by 20, K, = 079 € C°(Y;End(7)), is simply the one that is fiberwise based on
the formula (k,f)(x) = f(ox).

Abstracting, we shall consider vector bundles F, Ej, etc. over a smooth
manifold ) of dimension ¢ together with endomorphisms a € C*°();End(FE)),
ay € C*°(Y;End(Ey)), etc. and build up a theory of pseudodifferential operators
based on symbol classes that intertwine the R -actions generated by these endo-
morphisms. We do this by first observing, in Section 2, that over sufficiently small
open sets {2 the eigenvalues of the various infinitesimal generators cluster in sets
of small diameter § < 1. This brings with it a decomposition of the part over () of
the vector bundle into a direct sum of subbundles on each of which the generator is
almost constant from fiber to fiber, giving us enough control on sizes of derivatives
of the action to allow us to define, in Section 3, symbols of Hérmander type (1, 96)
(see [9] and [10]) that are twisted by the actions. When the generators are con-
stant block-diagonal, the symbols become of Douglis—Nirenberg type, see [5]; the
discussion in this reference starting on page 295 and dealing with boundary value
problems is particularly illuminating.

In addition to the local definition of the symbols, Section 3 contains the basic
elements necessary to form a viable local theory of pseudodifferential operators.
The most fundamental result in connection with this is Proposition 3.3, one of
whose assertions relates our symbol classes with the standard Hormander classes
of type (1,0); this gives a considerable simplification of the proofs in Section 4
of composition, invariance under changes of coordinates, and existence of adjoints
and asymptotic summability in the class. The basis for the eventual globalization
is Corollary 3.12. Incidentally, the number ¢, other than lying in the interval (0, 1),
is completely arbitrary and can be taken as small as one wishes in a particular
application. Its value is fixed throughout the paper.

The local definition of the pseudodifferential operators is given in Section 4.
The approach here is quite classical in that we take advantage of the relation with
Hormander classes just mentioned. The proof of composition formulas, for in-
stance, requires almost no extra work. Under the natural notion of ellipticity we
prove existence of parametrices in the calculus. The section ends with Proposi-
tion 4.15 on changes of frame. This is necessary to account for coverings of the
original manifold by open sets for which the eigenvalues of the infinitesimal gen-
erators cluster in different ways over overlaps, and together with invariance under
diffeomorphisms this allows for globalization in Section 6.

The local versions of Sobolev spaces adapted to the action (elements in a given
space have, in addition to a constant shift in regularity, variable smoothness as
determined by the infinitesimal generator) are constructed in Section 5. We also
prove there mapping properties, including regularity results for the elliptic elements
in our calculus.

Section 6 deals with the global definition and some properties of operators
from the global perspective. We prove, in particular, the existence of an exactly
invertible operator that changes order (in the same vein as (1 — A)*/2 for regular
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Sobolev spaces in R™). This is a useful tool, in particular in the following section
on the global Sobolev spaces of variable smoothness.

We define global versions of Sobolev spaces in Section 7. Having the spaces at
hand we also prove here Fredholm properties and existence of parametrices, and
establish an Atiyah—Singer index theorem for elliptic elements.

Finally, in Section 8 we prove a theorem tailored for analyzing boundary con-
ditions of generalized Atiyah—Patodi-Singer type [1] in the general theory.

We end this introduction with some remarks. First, pseudodifferential opera-
tors of variable order and associated Sobolev spaces in the scalar case are classical;
see for example [4], [13], [17], [18]. However, vector-valued analogues of these
spaces are not suitable to capture the behavior of traces along the edge for func-
tions in domains of natural L?-based extensions of elliptic wedge operators. Second,
our calculus contains naturally, as a special case, the theory of Douglis—Nirenberg
elliptic systems, and our index theorem accordingly specializes to an index the-
orem for such systems. Third, in the special case that the generators are con-
stant (independent of the base variable y) our local theory recovers the calculus of
pseudodifferential operators with twisted operator valued symbols and YWW-Sobolev
spaces introduced by Schulze (when specialized to the finite-dimensional situation);
see [16].

2. Jd-admissibility

Let Y be a smooth manifold, let £ — ) be a smooth complex vector bundle of
rank M, and let a € C*°(Y;End(E)). Fix 6 € (0,1).

Definition 2.1. Let Q@ C Y be open. A J-admissible decomposition of E (relative
to a) over § is a decomposition of Fgq, the part of E over , as a direct sum of
a-invariant trivial subbundles Ej — ) for which the closures, ¥, of the sets

U spec(a(y)|e,)

ye

are pairwise disjoint and of diameter less than 0. Here spec(a(y)|g,) denotes the
spectrum of the part a(y)|g, : Ex — Ej of a(y) in Ey. The sets Xy, are referred to
as eigenvalue clusters.

Every point of ) lies in an open set ) over which there is a J-admissible
decomposition of E. Namely, let {ox}2_, be an enumeration of the points of
spec a(yo), pick numbers 0 < §;, <0 such that the disks D(oy, o) ={0: |0—0%| <k}
are pairwise disjoint, and let €2 be a neighborhood of yy such that

N
spec(a(y)) € U D(ok,d/2) for all y € Q.
k=1

Now let
1

Hp,y = Gy

(0 —aly) ' do, yeQ.

|o—0k|=0k
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Then the spaces

Ek,y = Hk,yEyv
which are a(y)-invariant, join to give smooth vector subbundles Ej of Fq which
are trivial if € is a small enough.

Definition 2.2. Let 2 C ) be open. A d-admissible trivialization of E over (2
(relative to a) is a trivialization of the part of E over Q2 that respects a d-admissible
decomposition of Eq.

In other words, the trivialization of Egq is of the form ¢ = €D ¢ where ¢y is
a trivialization of Ej. For such a trivialization ¢, let ay = ¢ag~!, which we view
simply as a smooth map € — End(CM). The following properties of ay, listed for
convenience of reference, are a reflection of the §-admissibility of ¢:

1. There is a decomposition CM = @fcvzl Vi into ag-invariant subspaces.

2. The eigenvalue cluster sets

Sk = Cl( LEJQ spec(ag(y)|v,))

(2.3)

are pairwise disjoint with diam(XZ;) < 6.

The element a € C*°(Y;End(E)) generates a multiplicative group
Ry 2o 0% € C(Y; Aut(F)),

expressed fiberwise as

1
2.4 W = _— [ o0 — “1d
(2.4) 0 5 FQ(U a(y))”" do

for all p > 0, where T is any fixed contour of integration that encloses spec(a(y)).

Recall that the multiplicative group property means that (g1 gg)a(y) = g(f(y)g;(y)
for o1, 02 > 0, and 1) =1Id.

If ¢ is a d-admissible trivialization of E over € then the formula holds for
every y € ) and fixed suitable I'. In particular, this shows that the function

Q xRy 3 (y,0) — oW e Aut(CM)

is smooth. In this local context it is important to keep in mind that one can choose
the contour I' to be of the form

I'=Tyu---uUly,
where for each k,

(2.5) T', encloses the compact set ¥, has winding number 0 with respect to
"/ each point ¢’ € ¥/, K’ # k, and has diameter less than §.

The group ¢%¥) is block-diagonal with respect to the decomposition (2.3), with
the block in V4 being the group generated by aq(y)|v, in Vi.
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If ¢ is a 6-admissible trivialization of F over some open set QC Y and ay = pad™*
then of course

ot =¢"to"¢
over (), and if v is another d-admissible trivialization over an open set €' and
ay = a1, then the above formula coupled with the analogous formula for v
gives

o™ = (o™ )" (o~ 1)
on 2N, equivalently,

(2.6) (o1 = 07 (o™ 1) o™

This formula should be viewed as expressing a property of the transition functions
associated with d-admissible trivializations in terms of the multiplicative actions
generated by ag and ay. It is a fundamental component in the globalization of our
theory whose analytic consequence is stated in Corollary 3.12.

In the following three sections, which deal with the local theory, we confine
ourselves to actions on various complex Euclidean spaces coming from §-admissible
trivializations of various vector bundles F (or E; and Es) and their respective
(given) infinitesimal generators of multiplicative actions. Omitting a reference to
the particular d-admissible trivializations, infinitesimal generators of the actions
are still denoted a (or a; and as as the case may be) and are simply smooth
maps  — End(CM) (or C* and CM2). In all cases the underlying assumption
is that there is a d-admissible decomposition of the respective Euclidean space as
described in (2.3).

3. The symbols in the local calculus

Let © C RY be open and let a; € C°°(Q, End(CM7)), j = 1,2. Fix 6 € (0,1). We
assume throughout this and the next two sections that (2.3) holds in © both for aq
and az, eventually also for any of the infinitesimal generators a € C> (2, End(C™))
of the group actions we discuss. Of course the decomposition in part (1) of (2.3)
and what the eigenvalue cluster sets in part (2) are may depend on a or the a;.

Definition 3.1. Let € R. We define
S 5( x RY; (CMay), (CM2, ay))
to be the space of all p(y,n) € C>®(Q x R?, Hom(C*: CM2)) such that for every

compact subset K € Q and all a, 3 € N{ there exists a constant C o5 > 0 such
that

(=@ (Do p(y, m)) ()~ || < Crca sy~ 1ol

for all (y,n) € K x R?. Here and elsewhere () = /1 + |n|2.
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If the a; are constant, we may allow 0 to be 0. Furthermore, if a; = 0 for all
y € Q then p% = Id is the trivial action on CMi, and in this case we will just
write CMi instead of the pair (CMi | a;).

Example 3.2. Let

pi1 0
ajy) =1+ -
0 - g
with ;1 € R independent of y € Q. In this case
oIt 0
Qaj(l/) — . ,
0 - gt
and a function
pia(ysn) o P (y.n)
p(y,n) = : :
P (y,m) o P (Y1)

belongs to SY 5(Q2 xRY; (CM1 ay), (CM2 ay)) if and only if the matrix entries satisfy

pri(y,n) € Sﬁ%’h“""’“ (QxRY). This just means that p(y, n) is a matrix that satisfies
the Douglis—Nirenberg order convention [6], [8].

Proposition 3.3. (a) Sié(Q x RY; (CM1 ay), (CM2 ay)) is a Fréchet space with
the topology induced by the seminorms

|p|K,aﬁ = ( )SuIF() . <77>*H+‘ﬁ|*5|a‘”<77>a2(y) (Dgagp(y,??)ﬂn)*al(y)n,
y,n)EK XRY

where K € ) is part of a suitable countable exhaustion of ) by compact subsets,
and o, 8 € N{.

(b) Let aj,a} € C>(Q,End(CM:)), j = 1,2. Then there exists ' > 0 such that
for every p € R we have

St 5( x RY; (CM1 ay), (CM2ay)) C Sﬁg“/(Q x R (CMr ah), (CM2 al)).
In particular,

§7°°(Q x RY, Hom(CM:,CY2)) = ) S7 (2 x RY (CM1, 1), (C2, az)).
HER

(c) Let pj € S{”&(Q x R (CM1 ay), (CM2 ay)) with p; — —oo as j — oo. Let

D € ng(ﬂ x RY, Hom(CM1 CM2)) for some ' € R such that p ~ Zjoozl Dj-
Note that such a symbol p must exist by (b). Then

p € S 5(Q x R%; (CM, ay), (C2, ap)),

where [t = max ;.
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(d) Differentiation D;‘F)‘ﬁ of symbols induces a map
St (Qx RY (CM1 ay), (CM2, az)) — 81517171 x RE; (CM1 ay), (CM2, ap)).
(e) Pointwise composition of symbols induces a map
S5 x RE (CY2, ag), (CM2, a3)) x S{3(Q x RY; (CM1,ay), (CM2, ap))
— SPET(Q x RY (CM ay), (CY2, ag)).

Proof. Assertions (a), (b), (d), and (e) can be proved in the usual manner. A key
component for proving (a) and (b) is that for any group action ¢*¥) there ex-
ists m > 0 such that for every compact subset K € 2 we can find C' > 0 such
that [|(n)*®)|| < C(n)™ for all y € K and all n € R9. That this is indeed the case
follows from the Dunford integral representation (2.4) of (%),

To illustrate the argument we prove (b). Let

D e S{L,é(Q x Rq; ((C]\/Ilaal)’ ((CM2>G2))'
Then
¢ >a2<y>(D°“8‘3 )@
0 et [(m=®) <Daaﬂp<y ) )~ () () =)
< llm= ||||<n> =)= (Do) ()~ Iy @ ()~

Because of (2) of (2.3), each of the four group terms (7)**®¥) on the outside can
be estimated locally uniformly in y by a constant times (n)"™ for all n € RY and a
suitable m > 0. Consequently, with p/ = 4m, we obtain

()2 (DO p(y, m)) ()~ W || < Crc.ap ()~ 181431

with a suitable constant Ck o > 0 for all y € K € Q, and all n € R?. This
proves (b).
Finally, (c) is a consequence of (b). O

Lemma 3.4. Let a € C®(Q;End(CM)) satisfy (2.3). For every compact set
K @Q and all aj, B € N§, j = 1,2, there exists a constant C > 0 such that

a1 9B1 (\a az 962 [\ —a —|B1]—|B2|+6

(D a5 (m)* @) (Dy2 0, () = @)|| < C ()~ 1115l
for all (y,n) € K xR, If |a1| = |ag| = 0 we get the estimate
||(351 <n>a(y))(3532 <n>7a(y))” < C<n>*\ﬂ1|*|52\

for all (y,n) € K x R4,
In particular,

()@ € 57 5(2 x RY (CM,a), CM) N 57 5(2 x RGCM, (CY, —a)).
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Proof. For every 3 € N{ there exist symbols bg, cs € S™I°I(Q x R?, End(CM)) such
that

MW =bs(y,n)(m*¥ and 9 ()W) = ()" Weg(y,n).

This follows by induction, noting that

877;’ <77>

anj <77>a(y) = |:(I(y) <77>

[me@ and 6y, ()@ = (=@ a(y) =

In particular,
@7 ()@ (@02 () =*W)) = bg, (y, 1), (y,m),

which proves the desired estimate in this case.
More generally, (D95 <77>“(y))(D§‘2 o (n)~*®)) is a finite sum of terms of the
form

by, n) (D (m)* ) (D ()= W) e(y, m)

with symbols b € S~1#11(Q x R%, End(CM)) and ¢ € S~172/(Q x R?, End(CM)),
and 71,72 € N{. This effectively reduces showing the claimed estimate to the case
where both |31] and |B2| vanish.

Now use the decomposition CM = V; @ - -®Vy into the generalized eigenspaces
corresponding to the eigenvalue clusters of a(y) over € (see (2.3)) and observe that
a is block-diagonal with respect to this decomposition. Let

ar = aly, € C=(Q,End(V}))

be the part of ain Vi, k = 1,..., N. For every y € € the eigenvalues of ay(y) are the
eigenvalues of a(y) that are contained in the compact set ¥, and the generalized
eigenspaces of ax(y) are the generalized eigenspaces of a(y) corresponding to these
eigenvalues. We have

+ay
D§<77> ai(y) ... 0
+ _ . . .
D77<77> “v) - . T . 9
0 e D§<n>i“N(?/)

and consequently (D;‘1 <n>“(y)) (D;j2 (n)‘“(y)) is given by the operator block matrix

(52 ) (D52 )1 ) - 0

0 (D;Xl <n>aw(y)) (D;m <n>—aw(y))
Now use (2.4) to write

1
Dy ()W) = 9 (MADyr (A = ak(y))~" dA,
T I

1

D&2 —ag(y) -
y’ () 273 )i,

(m)~7 Dy (0 — ax(y)) " do,
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where the contour of integration I'y, satisfies (2.5). Consequently

(D;Xl <n>ak(y)) (Dgz <n>—ak(y))

- (2;-)2 //F . (M7 Dy (X — ax(y)) "' Dy2 (0 — ax(y)) " drdo.

The desired estimate in the case |51| = |B2| = 0 follows from this integral repre-
sentation for each of the ay, k = 1,..., N. Note that in the integral |\ — o] < §
because diam(I'y) < d. This finishes the proof of the lemma. O

Remark 3.5. From Proposition 3.3 and Lemma 3.4 we obtain that

p(y,m) € St 5(Q x R% (CYay), (CM2, a2))
if and only if
()2 Wpy,m) ()~ € SY 5(2 x RY CMy, CM2),

Lemma 3.6. Let b(y,n) € S°(Q x RY) be a scalar elliptic symbol. Assume that
b(y,n) > 0 for all (y,n) € Q x RY. Then

bly,n)*W e §°(Q x RY; End(CM)).

Proof. By (2.4) we have a Dunford integral representation

o)™ = 5 [ W) (o =)~ do

for all y € Q and all € R? with a fixed contour I'.

Let K € Q be an arbitrary compact subset. Then there are constants ¢, C' > 0
such that ¢ < b(y,n) < C for all (y,n) € K x R?, and b~ 1(y,n) € S°(Q x RY).
The derivatives ag‘agb(y,n)” are sums of products of terms o*b(y,n)?, k € Ny,
and derivatives of b=1(y,n) and b(y,n), where the sum of all orders of derivatives
of b(y,n) and b=*(y,n) with respect to n € RY that occurs in each of these products
is precisely |3|. Now

sup{|c¥b(y,n)7|: 0 €T, (y,n) € K x R%} < 00
for each k € Ny. This shows that
{b(y,n)? : 0 €T} € S°(Q x RY)

is a bounded family of symbols. Because the function (0 — a(y))~! depends
smoothly on (y,0) € Q x T', we get that

{b(y,m)° (0 —ay) " : 0 €T} C S°Q x RY End(CY))

is bounded, which in view of the Dunford integral representation implies the lemma.
O
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Definition 3.7. A function p € C>(Qx (R?\0), Hom(CM1,CM2)) is called twisted
homogeneous of degree 1 € R with respect to the actions o% ®) on CMi if

(3.8) p(y, on) = 002 Wp(y, )o@

for all ¢ > 0. A function p € C®°(Q2 x R?, Hom(CM: CM2)) is called twisted
homogeneous of degree u € R in the large with respect to these actions if for
every compact subset K & ) there exists R > 0 such that (3.8) holds for all
y € K, |n| > R, and all p > 1. Every such function uniquely determines a twisted
homogeneous function p(,)(y,7) on 2x (R?\0) by requiring that p(,(y,n) = p(y,n)
for y € Q and |n| sufficiently large.

Remark 3.9. Let p(y,n) € O (2xR? Hom(CM: CM2)) be twisted homogeneous
of degree ©€R in the large, and let p(,)(y,n) be twisted homogeneous of degree p
determined by p. Suppose there exists € >0 such that p € nga (2 x RY; (CM1 qy),

(CM2ay)). Then P (y,m) = 0.

Example 3.10. Let [-] : R? — Ry be C*°, and assume that [] = |n| for |n| > R
for some sufficiently large R > 0. If a € C*°(Q, End(CM)) then

[Qn]a(y) — [n]a(y) Qa(y)

for all || > R and all o > 1. Consequently, the function []%(¥) is twisted homoge-
neous in the large of degree zero with respect to the action generated by a(y) in
the domain and the trivial action ¢ = Id generated by the zero endomorphism
in the range. Assuming that (2.3) holds for a we get

(@) € 89 5(2 x R%; (CM, ), CM)
by Proposition 3.11 below. Writing instead
[Qn]a(y) - Q—(—a(y))[n]a(y)

for |n| > R and p > 1 shows that we also have
[(* € 87 5(2 x R:CY, (CY, —a)).

Proposition 3.11. Let p € C*°(Q x R4, Hom(CM1, CM2)) be twisted homogeneous
of degree ;o € R in the large. Then p € S%(Q x R%; (CM1 ay), (CM2 ay)).

Proof. Let K € € be any compact subset. Differentiating both sides of rela-
tion (3.8) and multiplying by the group actions gives

o Pl W) (D ap) (y, on)o™ V)

!
I e (R R (e P
] T2 TO3—=Q

This holds for all y € K, |n| > R, and all p > 1 for some sufficiently large R > 0.
By Lemma 3.4 there exists a constant C' > 0 such that the norm of the right-hand



ELLIPTIC SYSTEMS OF VARIABLE ORDER 139

side is bounded by C¢1®l as (y,n) varies over K x {n € R?: |n| = R} and ¢ > 1.
Consequently,

() (Y g ()|

is a bounded function of y € K and |n| > R. Now

) a;(y) a;(y) a;(y) a;(y)
= (B0 ) (o By

)

and the function (R<n>/|n|)iaj(y) is bounded as (y,n) € K x {n € R?: |n| > R}.
Consequently,

[[(m) #1101y =) (D ap) (y, m) (m) = )|
is bounded for all y € K and all || > R which implies the assertion. O

The following corollary is fundamental in the globalization of the pseudodiffer-
ential calculus associated with our symbol spaces. In its statement we revert to
the notation in Section 2; let ¢ and ¥ be J-admissible trivializations of E — )Y
over open sets ) and ' and let ag and a, as defined in Section 2.

Corollary 3.12. The element ¢~1 € C(Q N Y, End(CM)) is twisted homoge-
neous of degree zero with respect to the actions 0%¢ in the domain and 0% in the
range. Consequently,

vt e 8P 5N (CM ay), (CM, ay)).

This is an immediate consequence of Proposition 3.11, together with formu-
la (2.6), which expresses the fact that ¢! is twisted homogeneous of degree 0
with respect to the actions % and p% on CM.

4. The operators in the local calculus

We continue our discussion under the assumptions stated in the first paragraph
of Section 3.

Remark 4.1. Let X be any Banach space. By Sﬁé(Q x RY, X) we denote as usual
the space of all p(y,n) € C*(2 x RY, X) such that for all o, 3 € N{ and every
compact subset K &€ (2 there exists a constant Ck o, g > 0 such that

HD?@?P(%U)H < CK»Ot,ﬁ <7)>H_‘6|+5\a|

for all (y,n) € K x R9. As is customary we omit the reference to the space X from
the notation if X = C.
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By \I/f 58 CM: CMz2) we denote the space of pseudodifferential operators
P:C2(Q;CM) — C(Q; CM2)

given by P = Op(p) + R with
Op(p)uly) = / W (y,m)it(n)dn,
Ru(y) = A k(y, y")u(y') dy’

for u € C°(Q;CM), where p € ST 5(Q x R? Hom(CM:1 CM2)) and k is a C>-
kernel taking values in Hom(CM: CM2), The class of the symbol p(y,n) modulo
S=(Q x R4, Hom(CMr, CM2)) is uniquely determined by P, and we will simply
refer to p(y, n) as the symbol of P with the understanding that symbols are equiv-
alence classes modulo S™°.

In the following definition we take advantage of the fact that by (b) of Propo-
sition 3.3, there is y’ such that

(4.2) Sy 5(Q2 x R% (CM ) ay), (CM2,a2)) C S{ﬁjg”/(Q x R%;CMr CcMz),
Definition 4.3. Let a; € C*°(Q,End(C*i)) and p € R. We denote by
Y 59 (CM,a1), (CM2, az))

the space of pseudodifferential operators P: C2°(Q; CM1) — C°°(Q; CM2) with sym-
bols of class S%(Q xR%; (CM1 ), (CM2 ay)). The principal symbol of P, denoted
by @ (P), is the class of the symbol p(y,n) of P modulo SigH_é(Q x R; (CM1 qy),
((CM2 ’ (12)).

We say that P has twisted homogeneous principal symbol if o (P) has a repre-
sentative that is twisted homogeneous of degree p in the large; see Definition 3.7.
By Remark 3.9 there is a unique function

P (y,m) € C(92 x (R7\ 0), Hom(CM1, CM2))

that is twisted homogeneous of degree pu such that p(y, n) =p(,) (y,n) for every y €Q
and all sufficiently large |n|, and p(,(y,n) is independent of the choice of repre-
sentative p(y, n) of @(P) that is twisted homogeneous in the large. In this case, we
identify @ (P) with that unique twisted homogeneous function p(,) and call it the
twisted homogeneous principal symbol of P, i.e., @(P)(y,n) = p(.(y,n) is then
itself considered a twisted homogeneous function of degree p € R on © x (R?\ 0).

Proposition 4.4. Let P, € \I/f,lé(Q; (CMz2 ), (CMs a3)) have symbol p1(y,n),

and let Py € Wi%(9; (CM1 ay), (CM2 ay)) have symbol pa(y,n). We assume that
either Py or Py is properly supported.
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Then the composition Pyo Py € \Il’ff;“z (Q; (CM1ay), (CM3,a3)) and has symbol

(45) pitvs~ Y~ (05m) (D5p2).

a€eNG

In particular, the principal symbols satisfy o(Py o Py) = o(Py) o(P,).

Proof. Using (4.2) we first view P; as an element of \IJ“ﬁ“,( ;CMs—i CMa-i) and

conclude from the standard theory that Py o P € \Il”1+”2+2” (€; CM1 CMs) with
symbol py#ps satisfying (4.5). By parts (d) and (e) of Proposmon 3.3,

(05p1) (Dyp2) € St =0lel(Q o RT (CM1, ay), (CM2, a3)),
hence by part (c) of the same proposition,

DP1#p2 € Sﬁ}er (Q x RY; (CMray), (CM3, a3))

as claimed. Consequently, P, o P> € \I/f}(;”” (; (CM1 ay), (CMs3 a3)) as claimed.
The formula for the principal symbol of the composition follows immediately
from (4.5). O

In the following proposition we shall make use of the following observation.
Let a € C*°(Q; End(CM)) satisfy the conditions in (2.3). Assume additionally that
the direct decomposition in part (1) there is orthogonal with respect to the stan-
dard inner product of CM. Then the adjoint endomorphism a* € C*°(Q, End(C*))
satisfies both conditions in (2.3). More precisely, the eigenvalue clusters associated
with a* are the complex conjugates of the ones associated with a, and the decom-
position (2.3) is the same for both a and a*.

Proposition 4.6. Let P € WY 5(<; (CM1 ay), (CM™2 ay)) have symbol p(y,n). If the
decompositions in part (1) of (2.3) are orthogonal, then the formal adjoint operator

P* O (Q;CM2) — (9, CM)
defined by
[ Putw)votwess v = [ o), Prowcs dy
Q

)
for u € C(Q;CM1) and v € C°(£; CM2) belongs to

WY 5(2 (CM2, —a3), (C1, —a}))

and has symbol

awm) ~ Y — L Do aep(y,n)"

erNq

In particular, we have o(P*) = o(P)*.
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Proof. This again follows from Proposition 3.3 and the standard theorem on formal
adjoints in pseudodifferential calculus. Note that

p(y:n)" € SY5(2 x RY (CM, —a3), (C", —a))

*

by Definition 3.1 in view of the fact that ((n)%)" = ()% . O

Definition 4.7. A symbol p(y,n) € S{5(2 x RY (CM1 ay), (CM2 ay)) is called
elliptic if for every compact set K & €2 there exists R > 0 such that p(y,n): CM —
CM2 is invertible for all y € K and all || > R, and satisfies the estimate

K @ p(y, )~ ()= 2| < Cln) ™"

for all y € K and all |n| > R for some suitable constant C' > 0.

An operator P € \Ilié(fl; (CM1 ay), (CM2 ay)) is elliptic if its symbol p(y,n) is
elliptic.

Example 4.8. The symbol (n)a(y) is trivially elliptic both as an element of
S%(;(Q x R%; (CM @),CM) and S&;(Q x R%;CM (CM | —q)).

Remark 4.9. A symbol p(y,n) € Sﬁé(Q x R (CM1 qy), (CM2 ay)) is elliptic in
our sense if and only if the symbol

<n>“2(y)p(y,n)<n>7“1(y) c Sﬁa(Q x RY: (C]\/h)(cl\/fz)

is elliptic in the ordinary sense.
Moreover, p(y,n) is elliptic if and only if there exists

q(y,n) € Sy 5 (Q x R% (CY2,a,), (CM, a1))
such that

p(y,ma(y,n) — 1 € S;5(Q x RY (C2, ay), (CM2, ay)),
q(y,mp(y,n) — 1 € Sy 5(Q x R%(C™M,a1), (CM1, )

for some £ > 0. We can even arrange that the remainders be of order —co.

Consequently, our notion of ellipticity of symbols is not affected by perturba-
tions of lower order, which implies that ellipticity for pseudodifferential operators
P e 0l (Y (CMr ay), (CM2 ay)) is well defined. Moreover, it makes sense to say
that P is elliptic if its principal symbol @ (P) is elliptic, which means that any
representative of o (P) is elliptic.

Finally, if p(y,n) € S%(Q xRY9; (CM1 ay), (CM2 ay)) is twisted homogeneous of
degree 1 in the large, then p(y,n) is elliptic if and only if the twisted homogeneous
function p(, (y,7) : CMr — CM2 determined by p(y,n) is invertible for all y € Q
and all n € R?\ 0. Consequently, an operator P € ‘Ilfﬁ(Q; (CMr ay), (CM2 ay))
that has a twisted homogeneous principal symbol is elliptic if and only if o (P)(y, n)
is invertible for all y € Q and all n # 0.
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Example 4.10. Let

0 - pm
with pj, € R independent of y € Q. Let
pialy,n) - pLm(y.n)
p(y,n) = : : € 57 5(2 x R% (CY, a1), (CY, a2)),
paa(y,m) o pam(y,m)

i.e., all matrix entries satisfy py(y,n) € Si}"im”“(Q x R?); see Example 3.2.
Suppose that all pg;(y,n) have homogeneous principal symbols o (pr;)(y,n) of
degree p1,; — po.k, and let

o(pi,)(y,n) - opi,n)(y,n)
a(p)(y,n) = : :
U(PNJ)(Z/, V)RS U(PN,N)(% n)

Then o (p)(y,n) is twisted homogeneous of degree zero with respect to the actions
generated by a; and as, and an operator P with symbol p(y,n) is elliptic in our
sense if and only if o(p)(y,n) is invertible for all y € £ and all  # 0. This is just
ellipticity in the sense of Douglis—Nirenberg ([6], [8]) for a system represented by
the symbol p(y, 7).

Proposition 4.11. Let P € \I/ié(Q; (CMx ay), (CM2 ag)) be elliptic. Then there
exists a properly supported Q) € ‘I/;SL(Q; (CMz_ay), (CM1 [ay)) such that

PoQ—-1€ ¥ (Q;CM2 CM) and QoP —1¢e ¥U>°(Q;CM CM),
If P has twisted homogeneous principal symbol so does Q, and we have
o(Q)(y,n) = a(P)(y,n)~" on 2 x (RT\0).

Proof. The standard proof based on symbolic inversion modulo lower order and
the formal Neumann series argument applies literally in this situation. The basic
symbol properties in Proposition 3.3, the composition theorem Proposition 4.4, and
the discussion of ellipticity in Remark 4.9 ensure that this is indeed the case. O

Proposition 4.12. Let x : Q' — Q be a C*°-diffeomorphism, and let
Pe Wy 5(% (C",a1), (CY2, a)).
Then the operator pullback
P C(Q;CMy — ¢ (Q; CM2)

is an operator in \I/ié(Q’; (CMr x*ay), (CM2 x*ay)).
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If P has symbol p(y,n), then x*P has symbol p,(y',n') that satisfies

! / ]' (0% _ /
)~ 5(37729) (XW"), [y x ) )2ay' 1),
aeNg

where ®o(y',n') is a polynomial in 1 with coefficients in C°(Y) of degree at
most |a|/2 that depends only on the diffeomorphism x, and ®o(y',n') = 1.
The principal symbols satisfy

a(xX*P)(y' ') = a(P)(x(¥), (dyrx™ '),

which in general needs to be interpreted as an identity of representatives modulo
S{SH‘S(Q x R (CMr x*ay), (CM2 x*as)). If P has twisted homogeneous princi-
pal symbol so does x* P, in which case this identily becomes an identily for these
symbols.

The operator x* P is elliptic if P is elliptic.

Proof. By the standard change of coordinates theorem in pseudodifferential cal-
culus and Proposition 3.3 we get that x*P is a pseudodifferential operator with
symbol p, (y',n’) that has the stated asymptotic expansion. By the form of this
expansion, in order to complete the argument, it suffices to show that for every
p(y,n) € SY 5(Q x RY; (CM1, ay), (CM2, az)) we have

PO, (dyuyx ™)) € St 5(Q X RY (CY, X an), (C2, X" a2)).
By Remark 3.5 we know that
(=@ p(y,n) ()~ @ € S 5(Q x RGCM, CM2),

Consequently,
(4.13) (i x )X D Wp(x(y"), (dygyryx ™)) {(dyyryx )y~ @) @)

' € S 5(QY x RI; CMr, CM2),
Now let

/AN AN <77/> 0 / q
bly',n') = @ € SO x RY).

Then b(y’,n’) > 0 for all (v/,7n’), and b(y’,n’) is elliptic. By Lemma 3.6 we thus

have ) )
by, )EX )W) ¢ O x RY, CMi My, j=1,2.

Multiplying (4.13) on the left and right with these terms then shows that
(4.14) ()X p(x (), (dygyryx Do) ()X ) € S () xR M CM2),
and consequently

POX(W), (dyyxH)'') € S8 5(Q x R (CMr, x*as), (CM2, x"az))

by Remark 3.5.
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If p(y,n) is elliptic, then (n)*2®p(y,n)(n)~**®¥) is elliptic of order p in the
ordinary sense. Consequently, the symbol in (4.13) is also elliptic of order u in the
standard sense. Because b(y/, n’)i(X*“J’)(y/) is elliptic of order zero, we get that the
symbol in (4.14) is necessarily elliptic, and consequently p(x(y'), (dyu X))
is elliptic. O

Proposition 4.12 establishes invariance of the spaces
Wi&(Q; ((CMl ) al)v ((CJM2 ) a2))

under changes of coordinates. In conjunction with the following proposition we
will have paved the way for the global definition of these spaces in Section 6.
The setting and notation in the statement are those of Section 2.

Proposition 4.15. For j = 1,2, let ¢; and ; be d-admissible trivializations
of the vector bundles E; — Y over domains 2 and ' of local charts of V.
Let aj g, = qﬁjajgzﬁj_l and aj .y, = wjaj'tl)j_l, View QN Q' as an open subset of RY
by way of either of the local charts. Define

0, : C®(QNQ,CM) » c*@Q@nQ,C™), O;(u) = (;¢; u.

Then
P+ ©30Po00]"

s a bijection
VY SQN Q5 (CY a1 4,), (CM2, a2,4,))
- \I/llﬂé (Q N Q/; ((CMI ) alﬂbl)? (CNIZ ) a2,¢2))'

Furthermore,
0(020PoO7Y) = ¢y o(P)dy vt

Proof. By Corollary 3.12,
@j € \I}(l),é (Q n Q/; ((CMJ ’ aj»d’j)? ((CMJ y Qg ))

Evidently ©; is invertible, so the conclusions follow from Proposition 4.4. O

5. Sobolev spaces and local regularity

We remind the reader of our standing assumption, stated in the first paragraph
of Section 3.

Definition 5.1. Let s € R, and let A, be a properly supported pseudodifferential
operator on  with (total left) symbol (n)*+te®) = (1) (n)*®). Define
HETo(,CM) = {u e D(;,CM) : Au € LE (Q;CY)},

loc loc

H3Ee (9, CM) = Hte(@; €M) ne'(; V).

comp loc
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Since the definition of Ag makes no reference to any specific §, the spaces just
defined do not depend on 4. That in fact A, € Wi 5( (CM a),CM) because
of our assumption on d-admissibility is of no consequence to the definition itself.
The following proposition and subsequent corollary show in particular that the
spaces are independent of the specific choice of operator As.

Proposition 5.2. Let P € WY 5(; (CM1 ay), (CM2 ay)). Then

P HL (€M) — Hp mHe2 (Q; €M),

comp loc

If P is properly supported, then

comp comp

HEto (Q;CMyy — Hy HHe2(Q; CMz),

loc

{Hsﬂl (Q; CMr) — Hgkobaz(Q; CM2),
loc

Proof. Let Agl) € ‘l/ié(Q; (CM1 qy),CM1) be a properly supported pseudodifferen-
tial operator with symbol ()5t ®) and let Agu € Ui (9 (CM2, ap),CM2) be
properly supported with symbol (7))““*“2(?/). Since Agl) is elliptic there exists a
properly supported QQ € \P;E(Q; CM: (CM1 qy)) such that QOAgl) =1+ R, where
R € U=°(Q; CM1 CM1); see Proposition 4.11.

Now let P € \I/f,é(Q; (CM1 ay),(CM2 ay)) be properly supported, and let u €
HHer(Q; €M), Then

A2, (Pu) = (A2, 0 P)(Q o AV )u — Ru)
= (A2, 0 Po@Q)(AMDu) — (AP, o P)(Ru).

The operator A(Q,)H o P o @ belongs to ‘I/%(;(Q; CMy CMz) by Proposition 4.4 and

S
is properly supported, and consequently

(2) T2 .My 2 .~ Ms
A=, 0PoQ: Lip (Q;CM) — Lig (€, CH2).

loc loc
This shows that (Afi)# oPo Q)(Agl)u) € L2 _(Q;CM2). On the other hand, Ru €
C>(Q;CM1), and thus (AE),Q_)H o P)(Ru) € C°°(Q;CM2). In conclusion, we get
that Agz,)#(Pu) € L2 .(Q;CM2). Hence Pu € Hy "+ (Q;CM2) as claimed.

The remaining mapping properties stated in the proposition follow from what
we just proved by decomposing a general pseudodifferential operator as a sum
of a properly supported and a smoothing part, and from the fact that properly
supported pseudodifferential operators map compactly supported distributions to
compactly supported distributions. O
Corollary 5.3. (a) HJM*(Q;CM) c HLEY(Q,CM) for s > t.

loc

(b) There exist m,m’ > 0 such that

Ht™' (@, €M) ¢ Higto (€M) ¢ Hy ™ (0;C)

loc loc

for all s € R.
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(c) Let P € Wi 5(%; (CM a),CM) be properly supported and elliptic. Then

HF (€M) = {u e D'(Q;CM) : Pu € LY, (;CM)}.

loc

Proof. (a) follows from Proposition 5.2 because the identity map is an operator of
class LY 5(Q; (CM,a), (CM q)) for all > 0.
By Proposition 3.3 there exists m’ > 0 such that

$5(2 (CM,a),CM) c wiH™ (Q; M M)

for all s € R. Consequently, Ay : gt (Q;CMy — L2 (Q;CM), where Ay is as in

loc

Definition 5.1, and therefore Hﬁ;m/ (Q;CM) ¢ Hﬁ;a(ﬁ; CM). By Proposition 3.3
there exists an m > 0 such that the identity map belongs to W{;(€; (CM q),CM).
Consequently, Id : H>t*(9Q; CM) — HP ™(9; CM) for all s € R by Proposition 5.2.
This proves (b).
Now let P € ‘l/ié(Q; (CM a),CM) be properly supported and elliptic. By Propo-
sition 5.2 we have
HEP(Q; €M) c {u e D'(CM) : Pue L (Q;CM)}.

loc

To finish the proof of the corollary it remains to show the opposite inclusion.
By Proposition 4.11 there exists a properly supported @ € ‘Il;f;(Q; CM (CM a))
such that Qo P = 1+ R with R € U ~>°(Q; CM CM). Let A, be as in Definition 5.1,
and let u € D'(Q; CM) be such that Pu € L2 (Q: CM). Then

loc
Asu = (As 0 Q)(Pu) — As(Ru).

The operator Az o0 Q € \11(1)’5(9; CM CM) is properly supported, and consequently
(As 0 Q)(Pu) € L2 _(;CM). Clearly also Ag(Ru) € L2 _(€;CM) because Ru €

C>(Q; CM). This shows that Ayu € L2 (Q;CM), and so u € HZT*(Q;CM). O

loc loc

Corollary 5.4. Let P € \I/f,é(fl; (CM1 ay), (CM2 ay)) be properly supported and
elliptic. Let u € D'(; CM) be such that Pu:fEHIZtGQ (€; CM2) for some s€R.
Then w € HZTHTo (Q; CM1),

loc

Proof. Let Q € U K(Q; (CM2,ay), (CM*,ay)) be a properly supported parametrix
of P; see Proposition 4.11. Then

Qf = Q(Pu) = u+ Ru € Hy, M4 (Q;C™M),

loc

by Proposition 5.2, where R € ¥~>°(Q; CM:1, CM1) is properly supported. Hence
Ru € C®(Q;CM1), and thus u € H P (Q; CM1) as asserted. O

loc

Example 5.5. Let
Hj1 e 0
ajy)=1+:+ .
0 -
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with pj, € R independent of y € Q, j = 1,2. In this case,

HEE ©5C) = @ HIZH (@),

loc loc

Let

P1,1(y7 77) T pl,]VI(yv 77)
p(y,n) = : : € 80 5(Q x R% (CM, ay), (CY, a2))
pva(ysm) o pvm(y,1m)

be elliptic, and let P be properly supported with symbol p(y,n). By Example 4.10
this means that P is elliptic in the sense of Douglis—Nirenberg. Corollary 5.4 in
this case reduces to the following standard statement about regularity of solutions
of Pu= f: if

f=f s fu) € IgaH;t“Zk(ﬂ>,
then

w=(ur,...,unr) € @HS*““( ).

loc

6. The global calculus

Throughout this and the remaining sections of this paper let ) be a smooth com-
pact manifold without boundary of dimension gq. We consider complex vector
bundles £ — Y that are equipped with an endomorphism a € C*(Y;End(FE)),
and will typically denote the pair by (F,a). The multiplicative group generated
by a is denoted by ¢* € C(Y;Aut(F)), o > 0, and 7w denotes the canonical
projection T*Y\ 0 — ).

Definition 6.1. Let (E;,a;), j = 1,2, be vector bundles over Y equipped with
endomorphisms, let 0 < § < 1, and let € R. By \11575(3); (E1,a1), (F2,a2)) we
denote the space of all pseudodifferential operators

C*(V; Er) — C(Y; E2)

of type (1,0) with the following property: Let Q C Y be the domain of a local
chart over which there are §-admissible trivializations ¢; : Ej o — Qx CMi relative
to aj; see Section 2. Via the chart we view €2 as an open subset of R? and require
then that P be represented over ) by an operator

0 1 O (Q; CMY) — € (Q;CM?)

of class WY 5(€ (CM1 ay 4,), (CM2 as 4,)).
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We noted in Section 2 that every yo € ) is contained in the domain of a local
chart Q such that both bundles F; and E5 have §-admissible trivializations over €.
Proposition 4.12 (change of variables) and Proposition 4.15 (change of §-admissible
trivializations) ensure that the class WY 5(V; (E1,a1), (B2, az2)) is well defined.

The class U ;(V; (E1,a1), (E2,a2)) is also well defined when ) is just an open
manifold, and basic properties and notions such as composition (under the usual
support condition), ellipticity, existence of parametrices, and so on, are valid. How-
ever, as indicated above, we restrict our attention here to the case where ) is
closed.

Let Pe \I/i&(y; (E1,a1), (FE2,a2)). By Section 2 and compactness, ) has a finite
covering ) = U£:1 Q. by domains of local charts ; C ) over which there exist
d-admissible trivializations of both (E7,a1) and (E2,a2). Let {pr : k=1,...,L}
be a partition of unity subordinate to the covering of ), and choose functions
Y € C2°() such that ¢, = 1 in a neighborhood of the support of ¢i. Write

L

(6.2) P=> @wPys+ R,
k=1

where R = Zézl erP(1 — ) € ¥=°(Y; Eq, E3). The operators o Py have
Schwartz kernels with compact supports in € x Qj, and in view of Definition 6.1
their structure is described by the local calculus discussed in the previous sections.
Conversely, using charts, the partition of unity, and §-admissible trivializations of
the bundles, operators in \I/fﬁ(y; (E1,a1), (F2,a2)) can be patched out of operators
in the local calculus modulo U ~°(Y; E4, Es).

Definition 6.3. Let P € WY ;(V;(E1,a1), (E2,a2)). We say that P has twisted
homogeneous principal symbol if every yo € ) is contained in the domain 2 of a
local chart such that there exist d-admissible trivializations ¢, : Ejq — Q x CMi
relative to a; over 2 such that the induced operator

Pq 1 C(Q;CM) — ¢ (Q; CM2)

of class Wy 5(€; (CM1 ay 4,), (CM2 ay 4,)) has twisted homogeneous principal sym-
bol.

The local twisted homogeneous principal symbols join and invariantly define
a function o (P) on T*Y \ 0 taking values in Hom(n*Ey, 7*Es) that satisfies the
twisted homogeneity relation

(64) U(P)(Qny) — QHQ*(W*az)‘W*EZy U(P)(ny)g(ﬂ—*al)lﬂ*Elyy

for all n, € T;Y \ 0 and ¢ > 0. The global @(P) on T*Y \ 0 is called the twisted
homogeneous principal symbol of P.

Let pe C°°(T*Y\0; Hom(7* Eq, 7* E2)) be twisted homogeneous of degree € R,
i.e., relation (6.4) is satisfied. Then there exists an operator

P e U s(V; (Er,a1), (B2, a2))
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such that o(P) = p. The standard argument applies here to see this: In local
coordinates and with respect to J-admissible trivializations of the bundles, we
can define P as the quantization of £(n)p(y,n), where & € C*°(R?) is an excision
function of the origin. The global P is obtained by patching the local operators
using a partition of unity.

Theorem 6.5 (Composition theorem). Let Py € WY'5(Y; (E2,az2), (Fs,a3)) and
Py e \I/i%(y; (El,al), (EQ,CLQ)). Then

Pyo Py € U (Vi (By,a1), (B3, a3)).

If both Py and Py have twisted homogeneous principal symbols, so does Py o Py and
we have @(Py o Po) = o(P1) a(Ps) on T*Y \ 0.

Proof. Let 2 C Y be the domain of a local chart such that all bundles admit -
admissible trivializations ¢; : E;j o —QxCMi relative to a; over Q. Let ¢, € C2°(Q),
j=1,...,4, be such that ¢;+1; = 1 in a neighborhood of the support of ¢;. Write

©1(P1 o P2)pa = (01 P1p3)(paPoa) + 01 Pi(1 — 3) Paypa.

The operator o1 Pi(1 — ¢3)Pags is of class U~°°(); Ey, E3), and both operators
(1 P1s3) and (w4 Pops) have Schwartz kernels supported in Q2 x ), and with respect
to the trivializations v; of the bundles these operators are represented by operators
in the classes

‘Ililé(Q; ((CJM2 $A2,9) ((CMS ,a3,4,)) and \Ijiza((h ((CMl NORTSE ((CMQ £ A2,9,))s

respectively. From the local composition theorem (Proposition 4.4) we obtain that
(01 P1o3)(waPaps) is locally represented by an operator of class

\IlllL,léJr#2 (Qv ((CMl ) 1,9, )7 (CM& ) a3ﬂb3))'

If both P, and P, have twisted homogeneous principal symbols, so does the op-
erator (1 P1¢3)(waPagps), and by our choices of the cut-offs ¢; € C°(2) we see
that

o (p1(P1o Pa)p2) = a((p1Prps)(palop2)) = pro(Pr) o(F2).

Covering ) with suitable coordinate neighborhoods €2 and using a subordinate
partition of unity proves the claim. O

Theorem 6.6 (Formal adjoints). Let P€ Wy (Vi (E1,a1), (B2, a2)). Fiz a smooth
positive density m on ), and let
[',']jﬂZEj’yXFj’y‘)(C, y€y,j:1,2,

be nondegenerate sesquilinear forms depending smoothly on y € Y. Let ag €
C*(Y;End(F;)) be the adjoint endomorphism of a; € C°°(Y;End(E;)) with re-

spect to [-,-];, 7 =1,2, i.e., ag satisfies

laje;, fili = lej. ab £
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for all sections ej € C*(Y; E;) and f; € C(Y; F;). Then
P:C®Y;Ey) — C™(Y; E9)
has a formal adjoint P* : C(YV; Fy) — C=(V; F1) given by

/ Pu(y), v(y)]2.y dm(y) = / fu(y), Pro(y)]1 , dm(y)

foru € C®(V; E1) and v € C™®(Y; Fy), and P* € U 5(; (P, —db), (Fy,—d?)). If
P has twisted homogeneous principal symbol a(P), then P* has twisted homoge-
neous principal symbol @ (P*) = a(P)*, where a(P)!: n*Fy — 7 I is the fiberwise
formal adjoint of o(P): n*Ey — w*Ey with respect to the lifted pairings [-,-]; on
m*E; x m*F;, j =1,2. This means that

[0(P)ex, folo = [e1,a(P)* f2]1
for all sections e; € C°(T*Y\ 0,7*Ey) and fo € C*(T*Y\ 0,7 F).

Proof. Let QCY be the domain of a local chart, and let ¢;: Ej o —QxCMi be -
admissible trivializations relative to a; over 2. We equip CM; with the standard
inner product (-, )., and note that the trivializations are such that the decom-
positions (2.3) of C*7 associated with a; ¢, are orthogonal with respect to (-, ), .
Now let ¢’§' : Q x CMi — Fjq be the adjoint with respect to the pairing [+, ],
on Ej, x Fj, and the standard inner product on CMi | i.e.,

(Djy(e),v)cm; = [e, (bg',yv]j,y

for e € Ej, and v € C™i, where ¢, : E;, — C™i is the restriction of ¢; to the
fiber over y € €, and likewise for d)g. Let ¢; = (q&ﬂ) : Fjo — Qx CMi,
Then 1, is a d-admissible trivialization of Fjj o relative to ag-
a?wj = (aj,¢,)* € C(Q,End(CM7)), where x represents the standard adjoint
operation in End(C*).

Now assume that P € \11575(32; (E1,a1),(E2,a2)) has Schwartz kernel that is
compactly supported in 2 x Q. Hence P is represented by an operator

0 C2(Q;CMY) — ¢ (Q; CM2)

over (2, and we have

in the class WY 5(€; (CM1 ay4,),(CM2 a5 4,)). Proposition 4.6 is applicable here,
and we get that the formal adjoint

Py C°(Q; CM2) — ¢ (Q; CM)

with respect to the standard inner products on C*i is an operator in the class
T 5 (CMz, fa b ) (CM, fag ;). While Proposition 4.6 refers to Lebesgue
measure in coordlnates a change of the density to m only results into a conjugation
with a multiplication operator by a positive scalar function, and Proposition 4.4
then shows that this stays in the local operator class without changing the principal
symbol.
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The operator Py is the local representation of the desired operator
Pte \I/i&(y; (F2> _ag)’ (Flv _aﬂ))_

The operator P* has compactly supported Schwartz kernel in Q x €, and we have
a(PY) = o(P)* if P (and then necessarily also P*) has twisted homogeneous
principal symbol.

The general case reduces to considering operators with compactly supported
Schwartz kernels and smoothing operators, using a partition of unity. Since any
smoothing operator has a formal adjoint operator that is smoothing, the theorem
is proved. O

Definition 6.7. An operator P € ‘Ilié(y; (E1,a1), (F2,a2)) is called elliptic if
every point yg € ) is contained in the domain of a local chart 2 such that there exist
0-admissible trivializations ¢; : ;o — 0 x CMi such that the local representation
Po € U (5 (B, a1,4,), (B2, a2,4,)) of P is elliptic.

The notion of ellipticity in Definition 6.7 is independent of the choices of neigh-
borhoods €2, charts, and d-admissible trivializations. This is a consequence of the
local theory and its invariance properties from Section 4.

If Pe ‘I/fﬁ(y; (E1,a1), (F2,a2)) has twisted homogeneous principal symbol,
then P is elliptic if and only if o (P) is invertible everywhere on T*) \ 0.

Theorem 6.8 (Parametrix theorem). For P € WY ;(V;(E1,a1), (E2,az2)) the fol-
lowing are equivalent:

(a) P is elliptic.
(b) There exists Q € U 5(Y; (E2,a2), (E1,a1)) such that

PoQ—-1€U™();E2,Ey) and Qo P—1€ U=(Y; Ey, Ey).

If P has twisted homogeneous principal symbol so does the parametriz Q, and
we have o(Q) = a(P)~! on T*Y \ 0.

Proof. If P is elliptic then ) has a finite covering by open subsets such that the
local representations of the restrictions of P are elliptic. Proposition 4.11 applies
to these representations and gives local parametrices, and we then patch a global
parametrix together out of the local ones in the usual way. The converse follows
from the composition theorem and the multiplicative behavior of the principal
symbol in coordinates (see Proposition 4.4). O

Theorem 6.9. Let S*)Y be the cosphere bundle with respect to some choice of Rie-
mannian metric on ). Let E be a vector bundle, and let a1,as € C*(Y; End(E))
be endomorphisms. Let r be the identity in C°(S*Y;End(n*E)), extended by
twisted homogeneity of degree p € R with respect to the actions generated by aq
and ay to all of T*Y \ 0. Then there exists R € ‘I/Tﬁ(y; (E,a1),(F,a2)) with
o(R) = r such that R : C®(V; E) — C°°(Y; E) is invertible with inverse R~* €
\Ill_,gb(yv (EaaQ)’ (Eaal))'
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Before giving the proof, we note the following. As in the standard calculus of
pseudodifferential operators, our calculus allows adding a dependence on a parame-
ter A € A to the construction. For our purposes it suffices to consider A = R. In the
local calculus in open sets 2 C RY, the symbols of order i in Definition 3.1 are
replaced in the parameter-dependent calculus by functions p(y,n, A) that satisfy
the estimates

1, X)W (DG Og, )2y, 1, 0) (1, 2) | < O, A 101

for all (y,m,\) € K x R+ where K €2 is any compact subset. Pseudodifferential
operators with parameters in the local calculus are families

P(A) = Op(p)(\) + G(N) : C(9; CM1) — C>(; CM2),

where Op(p)(A) is the quantization of a symbol p(y,n, A) of the kind just described,
and G()\) belongs to .7 (A, U~°°(Q; CM1 CM2)), the space of Schwartz functions
on A with values in ¥=°°(Q; CM1 CM2). All constructions and results about the
local calculus in Section 4 hold for the operator class with the added parameter,
in particular Proposition 4.4 on composition of operator families, and Proposi-
tion 4.11 on the existence of parameter-dependent parametrices for operators that
are elliptic with parameter. Ellipticity with parameter on the symbolic level means
that for every compact set K & ) there exists R > 0 such that p(y,n, \) is invert-
ible for all y € K and all |(, A)] > R, and the inverse satisfies the estimate

1(n, \y* @ p(y, n, ) "1, \) 722 W] < Cln, A+

for all y € K and all |, A\| > R for some suitable constant C' > 0. The notion of
twisted homogeneity of degree 1 € R makes sense as well, and includes scaling in
the parameter along with the covariables,

PGy (Y, 0n, 00) = 00~ Wp () (y,n,A) 0™ ™ for o > 0 and (1, \) # (0,0);

see Definition 3.7. For operator families P(\) with parameter-dependent twisted
homogeneous principal symbol ellipticity with parameter is equivalent to the invert-
ibility of that symbol. The parameter-dependent calculus is also defined globally
by following the same approach as in the case without parameters that is presented
in this section.

Proof of Theorem 6.9. Let r(\) be the identity in End(7*E) on S*(¥ x A), where
Y x A carries the product metric obtained from the given metric on ) and the
standard metric on A = R, extended by twisted homogeneity of degree p € R
to all of (T*Y x A)\ 0. Observe that the restriction r(0) of r(\) to A = 0 is
precisely the function r in the statement of the theorem. With r(\) we associate
a family of operators R(\) of order u € R in the parameter-dependent calculus
such that r(\) is the parameter-dependent twisted homogeneous principal symbol
of R(\). Then R(]) is elliptic with parameter A € R, and consequently there exists
a parameter-dependent parametrix Q(\) in the calculus of order —p such that

RN oQ\) —1, QAo R(A\) —1 € U™(Y, A E).
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In particular, if with pick A = Ao with |Ag| sufficiently large, then R()\g) is in-
vertible with inverse R(\o) ™" = Q(Xo) 4+ G for some appropriate G € U~ (Y; E).
The pseudodifferential operator R()\g) is an element of order p € R in the calculus
without parameters, and its inverse R(A\g)~! is an element of order —u. By con-
struction of the operator R(Ag) we see that it does have a twisted homogeneous
principal symbol on 7*) \ 0 that is simply given by r. Hence the assertion of the
theorem holds with R = R(\o). O

7. Sobolev spaces and Fredholm theory

We continue our investigation with the definition of the global Sobolev spaces on ),
the mapping properties of the operators in the calculus in the Sobolev space scale,
and the Fredholm theory of elliptic operators.

Definition 7.1. Let (E, a) be a vector bundle equipped with an endomorphism a.
For s € R let
Hs+“(y; E)

be the space of all u € D’(Y; E) such that over domains 2 C ) of local charts over
which there exists a J-admissible trivialization ¢ : Eq — € x CM relative to a, the
restriction u|q is a distribution in Hlsot%’(Q; cM).,

By the comment following Definition 5.1 and by Proposition 5.2, Corollary 5.3,
and the invariance properties of the local calculus we see that the space H*T%(Y; E)
is well defined and is independent of the choice of 0 < § < 1.

Theorem 7.2. (a) Let P € WY 5(V;(E1,a1), (E2,az2)). Then
(7.3) P HS (Y By) — HS 12 (Y; )
for every s € R.

(b) Fiz a smooth positive density on ) and a Hermitian metric on E. Let A, €
L; 5(V; (E,a), E) be invertible with inverse AJ" € U5V B, (B, a)); see The-
orem 6.9. Then H(Y; E) is a Hilbert space with respect to the inner product

<’LL, U> = <AS’LL, ASU>L2());E') .

The topology induced on H*T%(Y; E) by the norm associated to this inner prod-
uct is independent of the choice of density on Y and Hermitian form on E,
and independent of the choice of Ag. The map (7.3) is continuous with respect
to this topology.

(c) C®(V;E) — H*T(Y; E) — D'(V; E) continuously, and C>®(Y; E) is dense
in HT%(Y; E) for every s € R.

(d) HST(V; E) < H'T(Y; E) continuously for s > t, and this embedding is
compact for s > t.
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Proof. Write P = Zi:l erPYr + R as in (6.2). The operators o Py are pull-
backs of operators in the local calculus with compactly supported Schwartz ker-
nels, and consequently Proposition 5.2 implies that o, Py : H*T(Y; Ey) —
Hs#taz(y: By) for each k = 1,...,L. On the other hand, R is smoothing and
thus trivially has the desired mapping properties. This proves (a).

(b) follows from the continuity of all pseudodifferential operators acting in
distributions, the composition theorem (Theorem 6.5) for the calculus, and the
boundedness of pseudodifferential operators of order zero and type (1,4) in L2
(c) is evident, and, by utilizing Theorem 6.9, the proof of part (d) reduces to the
familiar result that pseudodifferential operators of order less than 0 and type (1,0)
are compact in L2 O

Theorem 7.4. Fix a smooth positive density m on Y, and let
[y By xFy = C, yel,

be a nondegenerate sesquilinear form depending smoothly on y € Y. The map

{u,0) = / [u(y), ()] dm(y)

foru € C®°(V;E) and v € C®(Y; F) extends by conlinuity to a nondegenerate
sesquilinear form

(-} HV 9V E) - H (), F) - C

that induces an antilinear isomorphism H*T(Y; E) = H—s=d (V; F). Here a* €
C*>(Y;End(F)) is the adjoint endomorphism of a € C*(Y; End(FE)) with respect
to [" ]y

Proof. By Theorem 6.9 there exists an invertible A; € Vi ;(V;(E,a), E) with
inverse A;! € V5V E, (B, a)). By Theorem 6.6 we have

(A7) € UT3(D: (F,—ab), F).
For u € C*®(Y; E) and v € C°(Y; F') we have

{u,0} = / AU A u(y), v(y)], dm(y) = / Aau(y), (A7) ()], dm(y).

Theorem 7.2 shows that the right-hand side extends by continuity to all u €
H*Y(Y; F) and v € H—s=a* (V; F), and the extension {-,-} has the desired prop-
erties. |

Theorem 7.5 (Elliptic regularity). Let P € Wy s(Y; (E1, a1), (B2, az)) be elliptic.
Let w € D'(Y; Ey1) be such that Pu = f € H*T%2(Y; Ey) for some s € R. Then
u e Hstrtar(y: By).

Proof. This follows from the parametrix theorem (Theorem 6.8) and Theorem 7.2
in the usual way. The argument is the same as in Corollary 5.4 for the local
calculus. O
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Theorem 7.6 (Fredholm theorem). Let P € WY 5(V; (E1,a1), (B2, az2)). The fol-
lowing are equivalent:

a) P is elliptic.

(a) p

(b) P: Hst*(Y; Ey) — H* #T2(Y; Ey) is a Fredholm operator for every s € R.
(c) P: Hot(Y; By) — H*0~Fta2(Y: Fy) is a Fredholm operator for some so €R.

Proof. Let Ry € ‘11(1)75());E1,(E1,a1)) and Ry € \11?76()); (Es,a2), F3) be elliptic
and invertible, and suppose that the inverses satisfy R;' € \11(1),6(3)5 (E1,a1), E7)
and Ry e \I/(l)ﬁ(y; Es, (Es,a2)), respectively. Such operators exist according to
Theorem 6.9. Then each of the stated properties for P is equivalent to the corre-
sponding property for the operator RoPR; € \I/i&(y; Ey, E5). Consequently, the
proof of Theorem 7.6 reduces to the standard result where both a; and ay are the
zero endomorphisms, and P is an operator of order p and type (1, 9). O

Corollary 7.7 (Spectral invariance). Let P € \Ilﬁ"é(y; (E1,a1), (F2,a2)), and sup-
pose that
P H® (Y By) — HSOF92 () By)

is invertible for some so € R. Then P~! € U5 (Vs (B2 a2), (B, a1)).

Proof. By Theorem 7.6, P is elliptic. Let Q € W] 5(¥;(E2,a2),(E1,a1)) be a
parametrix such that Po@Q =1+ R, and Q o P = 1 + R;, where R; and R, are
smoothing; see Theorem 6.8. Then

P1'=Q-QoR,+RoP'oR,,

and R; o P! o R, is smoothing because it extends to an operator that maps
distributions to C*°-functions. Consequently, P! € ¥ §(Y; (E2,az), (E1,a1)) as
desired. O

Corollary 7.8 (Functional calculus). Let P € \p?,é(y; (E,a),(E,a)). Then the
spectrum X of the bounded operator P : H¥Y(V; E) — H*T%(Y; E) is independent
of s € R.

If f is a holomorphic function in a neighborhood of ¥, then the operator f(P)
defined via the holomorphic functional calculus belongs to \11(1),6(3)5 (E,a),(E, a)).

Proof. Independence of the spectrum of s € R follows at once from Corollary 7.7.
Moreover, \11975(32; (E,a),(F,a)) carries a natural Fréchet topology such that

\Il(l),é(y; (Eva)’ (Eva)) — X(H8+a(y;E)),

and whenever P € ¥ ;(V; (E,a),(E,a)) is invertible in Z(H***(); E)) the in-
verse belongs to \11(1),6(3)5 (E,a),(E,a)). Consequently, ‘11(1),6(3)5 (E,a),(E,a)) is
a W-algebra in £ (H*T*(Y; F)) in the sense of [7], and therefore invariant with
respect to the holomorphic functional calculus. O
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Theorem 7.9 (Index theorem). Let P € WY 5(V; (E1, a1), (B2, az)) be elliptic, and
suppose that P has twisted homogeneous principal symbol a(P) on T*Y \ 0. Then

0— 7*E; ﬂ)W*EQ —0

s a short exact sequence outside the zero section on T*) and consequently induces
an element [o(P)] in the K-group K(T*Y) with compact support. The Fredholm
index ind(P) of the operator P : HST%(Y; By) — H* F1t92(Y; Ey) is given by
ind(P) = t-ind([e(P))]),
where t-ind : K(T*Y) — Z is the topological index map; see [2], [3].
Proof. Let S*) be the cosphere bundle with respect to some Riemannian metric,
and let h be the restriction of o (P) to S*Y. Then o(P) is obtained from h via
extension by twisted homogeneity of degree i with respect to the pullbacks of the
actions p% on Ej, j = 1,2; see (6.4). For 0 <t <1 define H(t,-) by extending h by
twisted homogeneity of degree 1 with respect to the actions p'* on E;, j = 1,2, to
all of T*Y\ 0. Then H(1,:) = o(P), and ¢ = H(0,-) is an ordinary homogeneous
bundle isomorphism of degree p. By construction,
0— 7"E, A, 1 Ey — 0
is exact on [0, 1]xT™*Y away from [0, 1]x0, and consequently [¢|=[o(P)]€ K(T*)).
Now pick
Ry € W) 5(V; By, (Er,a1)) with Ry € U9 5(; (Bv,a1), Bn)
such that o (R;)

Ry € WY 5(V; (B2, az), E2) with Ry € W) 5(V; Es, (B2, a2))

s+y = ldz~g,, and likewise

with o (R2)|s+y = Ids+g,; the existence of such operators is guaranteed by Theo-
rem 6.9. Then
Q=Ry0PoR; €V (V;E, Er),

and
o(ReoPoRy)=0(Ry)o(P)o(Ry) =q.

The last relation holds because the restriction of o (Rz2) o(P) o(R1) to S*) equals h,
and o (Rz2) o(P) o(R;) is homogeneous of degree p (without twisting). The Atiyah—
Singer Index Theorem [2] now implies that the Fredholm index of the operator
Q: H*(Y; Ev) — H*"(Y; E») is given by

ind(Q) = t-ind([g]) = t-ind([or(P))).
On the other hand, since both
Ry: H*(V; Ey) — Hstam (V; Eq) and Ry : [e—ntaz (V; Eq) — H*H(); E2)
are isomorphisms, we see that
ind(Q cH (Y, Ey) — Hs_“(y;Eg)) = ind(P CHSM (Y By) — HES7HFoe (y;Ez)).
This finishes the proof of the theorem. O
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8. Toeplitz operators

The following lemma utilizes standard arguments from K-theory of operator alge-
bras. The results on spectral invariance and holomorphic functional calculus from
the previous section ensure that they are applicable here.

Lemma 8.1. Let p: n*E — 7*E be a projection on T*Y\ 0 that is twisted homo-
geneous of degree zero with respect to the action generated by a € C*°(Y; End(FE)).
Then there is a projection Il = I12 € \11(1),6(3;? (E,a),(E,a)) such that o(II) = p.

Proof. Let B € \p?,é(y; (E,a),(E,a)) with (B) = p. Then P2 — P is an operator
in L;§+‘5(y; (E,a),(F,a)), and consequently

P2 —P: HY(V; E) = H'(V: E)

is compact. By analytic Fredholm theory, the spectrum of B € Z(H*(Y; E)) is
discrete in C\ {0, 1}, and consequently there exists 0 < € < 1 such that spec(F) N
0B:(1) = . Define

me L (0 — ) do € L(H"(V: E)).

- 211 8B (1)

Then II = II?, and by Corollary 7.8 we have II € \11(1),6(3)5 (E,a),(F,a)), and
o(Il) = p. O

Lemma 8.1 guarantees that the projections Il with prescribed twisted homo-
geneous principal symbols alluded to in the assumptions of the following theorem
exist in the calculus.

Theorem 8.2. Fix a Riemannian metric on Y, and let

P e \I//it,é(y; (Elv (11), (E27 02))
have twisted homogeneous principal symbol o (P) : ©*E; — 7" FEy. Suppose that
there are subbundles J, C 7*FE 5y and Joy C ¥ Es 5y such that o(P) : J; — Ja
is invertible over S*Y. Let g, € C®(S*Y;n*E}) S*y) be bundle projections
By, 5y — Jk, k = 1,2, and let 1I;, = Hi (S \I/(l)’a(y; (Ek,ak),(Ek,ak)) with

o(Ily) = pr on S*Y. Then there exists Q € \y;g‘(y; (B2, a2),(E1,a1)) having
twisted homogeneous principal symbol such that

(IIp PII; ) o (I QII3) =11y + (IIx Ro1I1,),
(HlQHQ) (¢] (HgPHl) = H1 + <H1R1H1),

with Ry, € U°(Y; Ex, Ey), k =1,2. In particular,
I, PIL, : I Ho 4 (s By) — T HS 792 (Y By)

is Fredholm for every s € R, and I1; Q115 is a Fredholm inverse.
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Proof. Let

FEr FEr
P = (glvl g”) € \Ifi(;(y; ( ® , (%1 f)) ( @, (‘101 f)))
2,1 2,2 By 2 By 2
with & ; : C°(Y; E;) — C*(Y; E;) have twisted homogeneous principal symbol
o () such that the restriction of o(2?) to S*) is given by

& - &

7T*E2 7T*E2

(1= po(P): Ty — Jo] e
o(#) = (m a(P)p1 1—

) 7T*E1 7T*E1

We further pick the lower left corner of &7 to be &1 = I, PIl;, and P =
(1 — ) Py (1 —1y,) for k=1,2.

With this definition, our assumption on o (P) implies that 2 is elliptic, and
by Theorem 6.8 there exists a parametrix

E1 El
Qi1 2 - ap 0 a; 0
2= ’ ey syl @, N
(Qz,l a2 1o B, \0 @ g, \0 @
of & modulo smoothing remainders. The operator () = £; 2 has the asserted
properties. O

References

[1] Arivyan, M.F. Patopi, V.K. AND SINGER, I. M.: Spectral asymmetry and Rie-
mannian geometry: 1., Math. Proc. Cambridge Philos. Soc. 77 (1975), 43-69.

[2] ATivaH, M.F. AND SINGER, I.M.: The index of elliptic operators. I. Ann. of
Math. (2) 87 (1968), 484-530.

[3] ATiyaH, M.F. AND SINGER, I.M.: The index of elliptic operators. III. Ann. of
Math. (2) 87 (1968), 546-604.

[4] BEALS, R.: A general calculus of pseudodifferential operators. Duke Math. J. 42
(1975), 1-42.

[5] CHAZARAIN, J. AND PIRIOU, A.: Introduction to the theory of linear partial dif-
ferential equations. Studies in Mathematics and its Applications 14, North-Holland
Publishing Co., Amsterdam-New York, 1982.

[6] DouGLls, A. AND NIRENBERG. L.: Interior estimates for elliptic systems of partial
differential equations. Comm. Pure Appl. Math. 8 (1955), 503-538.

[7] GrAMSCH, B.: Relative Inversion in der Stérungstheorie von Operatoren und W-
Algebren. Math. Ann. 269 (1984), 27-71.

[8] HORMANDER, L.: Pseudo-differential operators and non-elliptic boundary problems.
Ann. of Math. (2) 83 (1966), 129-209.

[9] HORMANDER, L.: Pseudo-differential operators and hypoelliptic equations. In Sin-
gular integrals (Proc. Sympos. Pure Math., Vol. X, Chicago, Ill., 1966), 138-183.
Amer. Math. Soc., Providence, RI, 1967.



160
[10]
11]
12]
[13)
[14]
[15]

(16]

(17]

(18]

T. KRAINER AND G. A. MENDOZA

HORMANDER, L.: Fourier integral operators. I. Acta Math. 127 (1971), no. 1-2,
79-183.

KRAINER, T. AND MENDOZA, G.: The kernel bundle of a holomorphic Fredholm
family. Comm. Partial Differential Equations 38 (2013), 2107-2125.

KRAINER, T. AND MENDOZA, G.: Boundary value problems for first order elliptic
wedge operators. To appear in Amer. J. Math.

LeopoLD, H.-G.: On function spaces of variable order of differentiation. Forum
Math. 3 (1991), 1-21.

Mazzeo, R.: Elliptic theory of differential edge operators. I. Comm. Partial Differ-
ential Equations 16 (1991), 1615-1664.

MELROSE, R.B.: The Atiyah—Patodi-Singer index theorem. Research Notes in
Mathematics 4, A K Peters, Wellesley, MA, 1993.

ScHULZE, B.-W.: Pseudo-differential operators on manifolds with singularities.
Studies in Mathematics and its Applications 24, North-Holland Publishing, Ams-
terdam, 1991.

UNTERBERGER, A.: Espaces de Sobolev d’ordre variable et applications. In
Séminaire Goulaouic-Schwartz (1970/71), Equations aux dérivées partielles et anal-
yse fonctionelle, Exp. No. 5, 19 pp. Centre de Math., Ecole Polytech., Paris, 1971.

UNTERBERGER, A.: Sobolev spaces of variable order and problems of convexity for
partial differential operators with constant coefficients. In Colloque International,
C.N.R.S. sur les Equations aux Dérivées Partielles Linéaires (Univ. Paris-Sud, Orsay,
1972), 325-341. Asterisque, 2 et 3, Soc. Math. France, Paris, 1973.

Received December 23, 2012.

THOMAS KRAINER: Penn State Altoona, 3000 Ivyside Park, Altoona, PA 16601-3760,
USA.

E-mail: krainer@psu.edu

GERARDO A. MENDOZA: Department of Mathematics, Temple University Philadel-
phia, PA 19122, USA.
E-mail: gmendoza@temple.edu

Research partially supported by the National Science Foundation, Grants DMS-0901202

(Krainer) and DMS-0901173 (Mendoza)


mailto:krainer@psu.edu
mailto:gmendoza@temple.edu

	Introduction
	-admissibility
	The symbols in the local calculus
	The operators in the local calculus
	Sobolev spaces and local regularity
	The global calculus
	Sobolev spaces and Fredholm theory
	Toeplitz operators

