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On the relation between conformally invariant
operators and some geometric tensors

Paolo Mastrolia and Dario D. Monticelli

Abstract. In this note we introduce and study some new tensors on gen-
eral Riemannian manifolds which provide a link between the geometry of
the underlying manifold and conformally invariant operators (up to order
four). We study some of their properties and their relations with well-
known geometric objects, such as the scalar curvature, the @Q-curvature,
the Paneitz operator and the Schouten tensor, and with the elementary
conformal tensors {Tﬁfha} and {sz,u} on Euclidean space introduced
in [7] and [6].

1. Introduction and statement of results

In [7] and [6] we have recently given (in collaboration with Y.Y. Li) a complete
characterization of fully nonlinear conformally invariant differential operators of
any integer order on R™, which extends the result proved for second order oper-
ators by A. Li and Y.Y. Li in [5]. In particular, there we proved existence and
uniqueness of families of tensors, which we denote by {T}% .} and {X}jw}, for
m € N, m > 2 and a,u # 0, that are suitably invariant under Mobius transfor-
mations and that are the basic building blocks appearing in the definition of all
conformally invariant differential operators on R™; we also explicitly computed the
tensors that are related to operators of order up to four. We refer the interested
reader to Definition 1.6 and Theorems 1.13 and 1.16 in [7] for the elementary con-
formal tensors T} , of degree a # 0, and to Definition 1.7 and Theorems 1.11
and 1.15 in [6] for the elementary conformal tensors of exponential type X With
exponent pu # 0.

In this note we want to highlight the geometric relevance of the aforementioned
results: to this end, we consider a general Riemannian manifold (M, g) of dimen-
sion n > 3 and we introduce the three main objects which provide the link between
our previous analysis and the geometry of the underlying manifold.
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In what follows we will use the moving frame notation with respect to a local
orthonormal coframe (see e.g. [9]): the Einstein summation convention will be in
force throughout, and we fix the index range 1 < 4,j,... < n. Moreover we shall
use the subscript g to indicate the dependence of an object on the metric g.

Henceforth we shall denote by Hess,(f) the Hessian of a C*-function f on M,
by Ric, the Ricci curvature tensor of the manifold, by S, its scalar curvature
and by A, = ﬁ(Ricg fQ(;Lg—jl)g) the Schouten tensor.

We denote by {91}, i=1,...,n = dim M alocal orthonormal coframe on (M, g),
so that, for instance, we have Ric, = R;;¢0’ ® 6° and A, = A0’ ® 6°. We also
denote by Ag the symmetric (0, 2)-tensor

b
A= (Ao £5)’

with (local) components (Az)ij = (Ai+A¢j), and where f and b are the usual musical

isomorphisms. Finally, we recall that, for n > 5, the Paneitz operator on (M, g) is
defined by (see for instance [3] or [1])

(1.1) Pyju= A?u divg {anSydu + b, Ricy (Vyu,-)} + —Qg
where div, is the divergence, a, = %, b, = —ﬁ and Qg is the

Q-curvature, which for n > 4 can be written (see e.g. [1]) as

. 2
A,S,  2[Ricgl, n® —4n? 4 16n — 16

(1.2) Qg = _Q(n—l) - (n_2)2 8(n—1)2(n—2)2 g

When n = 4 the Paneitz operator and the Q-curvature have respectively the forms

. 2 . 1 1., 1
Py = Agu - dlvg{gSgdu — 2Ricy (V4u, )}, Qg = nggSg - §|RIC9|3 + ES-‘?

The main character in our results is the following tensor of type (0,4), which

is defined on a generic Riemannian manifold (M, g) with n = dim M > 3.

Definition 1.1. We define the tensor Z, = Z;;;10' ® 0 ® 67 ® 6" by

(1.3) = V24 {A ® Ag + [AjeAir + Ai Aji] 00 @ 0F @ 67 @ 07}
+ {A§ ® g+ [(A%)je 0ir + (A%)i 61 0" @ 0" @ 07 ® 07},
where V;Ag is the second covariant derivative of the Schouten tensor with respect

to the Levi-Civita connection associated with g. In components we have
(1.4)

Zijit = Aijet — g[AktAji + A Ak + A Aji) + (AQ)kt(Sji + (A2)tj6ki + (AQ)ti(sjk'

The other two tensors of geometric relevance are, respectively, V444, the co-
variant derivative of the Schouten tensor, and the Schouten tensor itself.
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The following results reveal the relevance of the tensor Z, for the geometry of
the underlying manifold.

Theorem 1.2. The tensor Zy = Z;ji0' ® 0F @ 67 @ 0" defined in (1.3) satisfies

1
(1.5) Zijkt = Zjikt,  Zijkt = Likjt + -

5 Cijr,t »

where Cy = ijkﬂk ® 67 @ 0" is the Cotton tensor and Ciji, are the (local) com-
ponents of its covariant derivative. Moreover, all the complete contractions of the
tensor Z4 give the opposite of the Q-curvature, i.e.,

(1.6) Ziitt = Zitit = Zyiit = —Qg-

The following proposition shows how Z, changes under the right (in a suitable
sense, see Remark 1.6) conformal change of the metric.

Proposition 1.3. Ifn#4 and g = ul/ "= g then the (local) components of the
tensor Zz = Zijib' @ 0F @ 09 @ 0" satisfy

(1.7)
2 1

—Ujjkt

w0 Zijie = Zijie — n—4du

1
+ poll e (wiApi 10k + WAy 0k + WA k05 + WA k0i + wiAij10k)

2
~ o2 (wiAjpe +ujAig s + Wi, +ujAie g + 3urAij e + 3uiAij k)
n—2 n
+ Aijure + m(uitAjk + wjt Aik) + m(ujkAit + wik Ajt + i Age)

p— 4(UltAkl5ij + wi Apdjr + i A + uriAidij)
2(n + 2) o

——— (Ui + wijiur) + ———
(n — 4)2 ( ijk Ut ijt k) (n _ 4)2

4 8
m(utﬂ““i + i) — m(uzz‘luutéjk + w Agjur i)
n? —4n —8 n2 —6n—16
_ W(UiutAjk + ujurAix) — WukutAij
n(n —2 9
- (72)(Aitujuk + Ajugug + Ageuiug) +
(n—4) n—

2(n—2 4
ﬁ(uluﬁlkléii + wuAndij) + mAg(vgu» Vgu)(8itdjk + Girdjit)

1

2 (Wit + Wikruj)

+

1 (wApuidjn + ugAnu;oir)

(wwikedij + wiwgjedin + wwie b + WUiR0i + Wiwndje + WiijiOne)

4
(n—4)°
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4 n—38

+ 72(21”’[1,3'14]“ + 3uiukAjt + SujukAit) + 72|Vgu|§Aij6kt
(n—4) (n—4)
|Vgu|§ 4
1 (Ajrdir + Airdje + At + Ajt O + Ariij) — (W(uiulAlkéjt
_ "

+ wiug A O + Wit Ay Oke + wiugApdes + 2urug A0 + 2ukurAyde)

1 4n
e w(ululwt% + W Ui + Wk + Uik + Uit 04y
n—

2n(n+2)
(n— 4y
2
2n|Vgul,
(n—4)°
4n

8
— ————— Hessy (u)(Vgu, Vou)(dij0rt + 0ixdj¢ + 0jx0it) + ———— (ujugupdje
(n—4) (n—4)

+ W uRdi;) — (Wit wj + Uity + URUpli; + Uit Upy + UiUg Uy

+ wjugui) + (witdjk + Wjtdik + Ukt Oij + WijOke + WikOji + Uk dit)

+ wjwuR0i + wiwug Ok + WU 0kt + Ut ugi0je + Ukutj0t)

1 |6n(n+2)(n—2)

E (n _ 4)4 Ui UjUR Ut
6n(n — 2
_ #|Vgu|z(ulut6jk + ujutéik + ukutéij + uiuj(;kt + uiukéjt + ujukéit)
6(n —2
+ ((74)2|Vgu|§(5ij6kt + ikt + 0k0it)
n —

Now we can tie Z, both to the @Q-curvature and the Paneitz operator and to
the elementary conformal tensors {7, ;{La} and {X}jl #} on Euclidean space through
the following corollaries.

Corollary 1.4. If (M, g) = (R™, gaat), where gaat is the standard Euclidean met-
ric, and § = u* " Ygg.., n # 4, then equation (1.7) becomes

_ 2 8/(n—4)
Corollary 1.5. All the complete contractions of equation (1.7) yield
2 1
ud/ = Qs = — Pyu,

which is equivalent to the Q-curvature equation on (M,g), i.e.,
n—4
2

(1.9) Pyu= Qg uln /(1)
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In particular, if (M, g) = (R™, ggat), then (1.9) becomes

n—4
2

A%y =

Q_f} u(n+4)/(n74) )

Remark 1.6. Note that § = u*/("~%g is the most natural conformal change of
the original metric g that is customarily used to exploit the invariance properties
of the Q-curvature and of the Paneitz operator. One could also consider different
conformal changes of the metric; see Proposition 1.10.

The case n = 4 requires a conformal change of the underlying metric of expo-
nential type, which produces the following results.

Proposition 1.7. Ifn =4 and g = e?tg, then the (local) components of the tensor
Zg = Ziy0' @ 0" @ 67 @ 0" satisfy

(1.10)

e* Ziikt = Zijkt — Wijka
+ w Ay 1055 + w Ay 0k + WAL RO + w Ay R0 + WA 10k
— [widjp s + ujAik s +uiAje ke + wiAi g + 3upAije + 3urAij k]
Fuji Ak + uiAjr + 2w A + 2w Aje + 2045 A
+ 2tk + Uiljek + 205Uk + Ui+ SURUGj + UGk
— [wwike 65 + wiwgjedin + Wi djk] + wiug Ay + wjugAi
— [uit Agi0ij + wi Apdjn + wii A ik + wriApdij)
— RuwiApudjr + 2w Audin] + 2[uiuc A + wiue A + 3upu Al
+ wue A di; + wurAdi; — [Wugirpdie + Wil + witijr 0k
+ Ag(Vgt, Vo) (0is0sx + Girdje) — [V gul2 Aijore — [2upuu Aiy0is + 2upug Ay
— [wiwi A0t + wiuwg A0y + wi AgjOe + wjugAgOge]
+ 2 [wugpuedij + wugwedi + W wed e + wupwd g + w0 + wupugd;
+ w0 + wiwUiedsr 4+ Uitk + iUt Ok + Uptiwdse 4+ UptiUy;Ose)
— 6wtk + WUl + URULUi; + Uil iUkt + Uil Wt + UjULUsE)
+ |vgu|f][uit5jk + Wi 0ik + Ukt Oij + WijOke + Wik0j¢ + Wjkit]
— Hessg (u)(Vgu, Vgu)(0:0kt + 0irdji + 0510it) + 18uujupuy

— 3|Vgu|§(uiut(5jk + w0k + UpUiOij + Uit O + Uity + Ujugdit)

3
+ Z'v“’u'j(éijékt + 5ik6jt + 6jk5it).

Corollary 1.8. If (M,g) = (R4,gﬂat) and § = e®“guar, then equation (1.10)
becomes

(1.11) Zy=—e" X}y
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Corollary 1.9. All the complete contractions of equation (1.10) yield the Q-curvat-
ure equation on (M4,g), i.e

(1.12) Pyu+Q, = e* Q.
In particular, if (M, g) = (R4,gﬂat), then (1.12) becomes
AQu = 64“ Qg.

The next proposition shows how the tensor Z, on R" changes under a generic
conformal transformation (of polynomial or exponential type) of the underlying
metric. This further connects the tensor Z, with the elementary conformal tensors
Ty, o and XJ

Proposition 1.10. If (M,g) = (R”,gaat) then Z, changes under a conformal
transformation of polynomial type of the underlying metric, § = u?Pgaat, according
to the formula

1 n—4 248
Zz = —Bu T41/n6)+(6 T)ﬁ " {T£1/<"ﬂ>®T£1/<"ﬂ)

(T3 (T i + (T i (B )1y | 0 @ 6 0 69 @67

On the other hand, Z, changes under a conformal transformation of exponential
type of the underlying metric, j = e2>*“gaay, according to the formula

4—n
Zg ae4o<u X4 1/ (na) + T a2 e4au { X;l/(na) & X;,I/(na)

+ [(X;J/(na))tj (Xg,l/(na))ki + (X;J/(na))n (Xg,l/(na))kj}et R0 0 ® 91}'

The traces of the tensor Z, can now be used to formulate a fully nonlinear
generalization of the Q-curvature problem on (M, g), i.e., the problem of finding a
metric g, conformally related to g, such that ()5 is constant.

First we define the tensor U, = U;;67 @ 6" with components

n
Uij = Ziju = Aijue — 5 (24i¢ Agj + Ay Aij) +2(A%)i5 + (A% 65
n
= Aiju — (n—2)(A%);; — 5 (trg Ag) Aij + | A2 6ij.

Note that the tensor U, is symmetric, i.e., U;; = Uj; for every 4,5 =1,...,n.
Next, we introduce the tensor H, = H;;6’ ® 6° with components

n
Hij = Zyitj = Aviej — 5(214@5 Ay + Ag Aij) +2(A2%)55 +n(A?)y

= Auij — 5 (trg Ag) Aij +2(A%);;

o3

Note that for every i,j = 1,...,n one has

Zivtg = Lty = Hij
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and
n
Ziij = Awij — 5 (2 Ay Ay + Ay Aij) +2(A%)5 +n(A%);; = Hyj.

Note also that we can write

1 nsS,
= —H Sy) — —2— 242
Hy =1 essg (Sy) 4(n_1)Ag+ A
and that H, is symmetric, i.e., H;; = Hj; for every 4,7 =1,...,n. Obviously one
has
(1.13) trgHg = trgly = —Qq.

Since the tensors U, and H, are both symmetric, in the spirit of the well-
known k-Yamabe problem (see [10] and the references therein) we are led to the
formulation of the following problems: find a metric in the conformal class of the
original metric g such that o, (Hg), k =1,...,n, is constant, or find a metric in the
conformal class of the original metric g such that o, (Uy), k =1,...,n, is constant,
where o (+) denotes the k" elementary symmetric function of the eigenvalues of
the tensor in the argument.

These problems, by (1.13), can be considered as fourth order fully nonlinear
generalizations of the Q)-curvature problem.

Remark 1.11. Note that we could also define the tensor Y, = Y;;67 ® 6% with
components

n
Yij = Zijt = Airji — 5 (2 Ay Apj + Age Aij) +2(A%) 55 + (A7) 04

n
= At jt — n(A?)i; — 5 Aw Aij + 2(A%)i; + (A%)1 04
1

= Aij,tt 9

n
Cijex — (n —2)(A%);; — 5 (trg Ag) Aj + |Ag[2 6ij

and that one also has Y;; = Zy;;: = Zij:. Although ), in general is not symmetric,
i.e., Yi; # Yj;, we have that U, = Y, if div, Cy = 0 and that

trg Yy = trgHy = trgly = —Qq.

For tensors of order 2 and 3, the relations between A, and V,A, and the
elementary conformal tensors 73, 75, and X§' , X3 take a simpler form.

Proposition 1.12. Let (M, g) = (R, gaat). If § = u*’gar, u € C*(R™), u > 0,
B # 0 there holds:

On the other hand, if § = €2>*“gaat, u € C’Q(R”), a # 0 then

2au u

(115) Ag = —Qae X2,1/(na)'
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Proposition 1.13. Let (M,g) = (R™, gaat), where gaar denotes the Euclidean
metric. If § = u®’gaae, u € C3(R™), u > 0, B # 0 then there holds:

(1.16) VA = =Bu* T3y s -
On the other hand, if § = €2>*“ggas, u € C3(R™), a # 0 then there holds:

We conclude the section with two open questions. It would be interesting to
construct higher order tensors related to higher order @-curvatures and to the
GJMS operators (see [4]), which are connected to them in the same way as the
(0,4)-tensor Z, introduced in (1.3) is connected to the @Q-curvature and to the
Paneitz operator. Of course, if possible at all, this construction must break down
(on manifolds (M™, g) of even dimension) for tensors of even order greater than
the dimension of M; again see [4]. We also note that in [8] a complete character-
ization of second order fully nonlinear CR invariant differential equations on the
Heisenberg group was given, which is the analogue in the CR setting of the result
proven by A. Li and Y.Y. Li in [5] in the Euclidean case. One could try to con-
struct also the CR analogue on the Heisenberg group of the elementary conformal
tensors {T;f%a} and {X}f%u} defined on R", and the analogue in the CR setting of
the tensor Z, defined in (1.3) on a general Riemannian manifold.

2. Sketch of the proofs of the results

Using the moving frame formalism most of the proofs consist in quite straightfor-
ward but long and tedious calculations; in order to keep the length of the paper
reasonable we will just give an idea of to prove most of them.

Proof of Theorem 1.2. Using equation (1.4), the symmetry of Z, in the first two
indices follows immediately from the symmetry of the Schouten tensor A, i.e.,
A;j = Aj;, and from the symmetry of .A;.

Formula (1.5) follows using the definition of the Cotton tensor and observing
that

Zijkt — Zikjt = Aij et — Ak jt-

From equation (1.4), noting that

2 1 .2 3In—4
AitAit = |Ag|g = m |:|R1Cg|g — m gl
S
Ay = trg (Ag) = 2(n7i1)’ and

AgSy

Aji = ma
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we deduce
A,S,  nr2[Ricl)  p2—1ont12
Ziirt = -5 [ 2 2 2 g}
2n—1) 2Llmn-2° 4(n-17°mn-2)
n+2 .2 n—4
b2 g, g
(n7@2| 2 An—1)* 77

A8, 2 [Ricyl;  n® — 4n? + 160 — 16 2
2n—=1)  (n-2°  8mn-1>*n-2> “

= —Q,.

The equality among all the complete contractions of Z, is a simple computation.
O

Proof of Propositions 1.3 and 1.7. We observe that, with respect to the (local) ba-
sis {Ht ®FR01® 9’}, i,7,k,t =1,...,n, the components of Z; can be written as
5 i nex o3 i i 2 2 2

Zijit = Aijkt — 5 (AreAji + Ay A+ AiAji) + (A%) 65+ (A )jt5ik + (A?),, 65k
The proof now is a long computation using the transformation law for V??Ag and AZ
under a conformal change of the metric (see e.g. [2]). O

Proof of Corollaries 1.4 and 1.8 and of Proposition 1.10. On (R™, gga;) we have
Zgne, = 0, and the claim follows upon carefully rearranging terms on the right-
hand side of equation (1.7) in order to recover (a multiple of) T 4/ ,); see
also Theorem 1.20 in [7] for the explicit expressions for Ty, and T3',. The same
procedure can be applied to equation (1.10) in order to recover (1.11), also exploit-
ing Theorem 1.13 in [6]. The proof of Proposition 1.10 follows from a similar, but
longer, procedure. O

Proof of Corollaries 1.5 and 1.9. We start from (1.7) and we set i = j and k = ¢.
Now we use the facts that Zjy = —Q4 and i = Agu, and the well-known
commutation relation

Uijk = Uikj + Ut Ryiji,

which implies
(2.1) Uipr = Ui = Uges + g Ry

Equation (1.9) can be now obtained through a careful computation exploiting the
definitions of the Schouten tensor, the Paneitz operator and of the @Q-curvature
(see equations (1.1) and (1.2)). The same procedure can be applied to (1.10) in
order to obtain equation (1.12). O

Proof of Propositions 1.12 and 1.13. Since (M, g) = (R", gaat), we have Ay, =0.
From the standard transformation law for the Schouten tensor and its covariant

derivative under a conformal change of the metric (see e.g. [2]) we deduce (1.14),
(1.15), (1.16) and (1.17). 0
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