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On the roots of generalized Wills py-polynomials

Maria A. Hernandez Cifre and Jesus Yepes Nicolas

Abstract. We investigate the roots of a family of geometric polynomi-
als of convex bodies associated to a given measure p on the non-negative
real line R>o, which arise from the so called Wills functional. We study
its structure, showing that the set of roots in the upper half-plane is a
closed convex cone, containing the non-positive real axis R<g, and strictly
increasing in the dimension, for any measure p. Moreover, it is proved
that the ‘smallest’ cone of roots of these p-polynomials is the one given
by the Steiner polynomial, which provides, for example, additional in-
formation about the roots of p-polynomials when the dimension is large
enough. It will also give necessary geometric conditions for a sequence
{m;:i=0,1,...} to be the moments of a certain measure on R>, a ques-
tion regarding the so called (Stieltjes) moment problem.

1. Introduction and main results

Let K™ be the set of all convex bodies, i.e., compact convex sets, in the n-
dimensional Euclidean space R™, and let B,, be the n-dimensional unit ball. The
volume of a set M C R", i.e., its n-dimensional Lebesgue measure, is denoted by
vol(M) and, in particular, we write k, = vol(By,). Finally, with bd M, lin M,
aff M, int M and relint M we represent its boundary, linear hull, affine hull, in-
terior and relative interior, respectively. For convex bodies K, F € K" and a
non-negative real number A, the well-known Steiner formula states that the vol-
ume of the Minkowski sum K 4+ AE can be expressed as a polynomial of degree (at
most) n in the parameter \,

n
(1.1) vol(K +AE) = Y (7;) Wi(K; E)\';

i=0
here the coefficients W, (K; E) are the relative quermassintegrals of K with respect

to F, and they are a special case of the more general defined mixed volumes (see e.g.
Section 5.1 in [17]). In particular, Wo(K; E) = vol(K) and W,,(K; E) = vol(E).
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In 1973 (]20]), Wills introduced and studied the functional

(1.2) W) =3 (n) Wi Bn)

im0 \! Ri
because of its possible relation with the so called lattice-point enumerator
G(K)=#(KnZzZ"),

and conjectured that W(K) bounded by above G(K). Although Hadwiger [6]
showed that Wills’ conjecture was wrong (see also [1]), the Wills functional turned
out to have several interesting applications, e.g., in discrete geometry, where there
exist nice relations of this functional with the so called successive minima of a con-
vex body, or in deriving exponential moment inequalities for Gaussian random pro-
cesses [19]. Many other nice properties of this functional, as well as relations with
other measures, have been studied in the last years, see e.g. [5], [6], [15], [20], [21],
and [22].

In particular, in [5] Hadwiger showed, among others, the following integral
representations of W (K):

e}
(1.3)  W(K) :/ e E 4 W(K) :27r/ vol(K + tBy,) te™™ dt,
" 0

where d(z, K) denotes the Euclidean distance between x € R™ and K.

Recently, Kampf [10] has proved that generalizations of the above relations
remain true when the ‘distance’ dg(x, K), between x € R™ and K, relative to a
convex body E with 0 € int E is considered, i.e.,

: > : - (G E
/ e~mdp@K)® qp — 27r/ vol(K + tE) te ™ dt = E (n) M
n 0 2

o
i=0 v

Moreover, a more general functional can be obtained replacing et by a function
G(t) which is properly associated to a measure p on the non-negative real line R>:

/”G(dE(:c,K)) de  with G(t) = u(lt, 00)).

We extend this functional to any pair of convex bodies K and F, allowing gauge
bodies F with dimension dim E < n.

To this aim, for a given F € K™ with 0 € relint F and z —y € lin E, let
dr(x,y) = inf{\ > 0: o —y € \E}. We notice that if FE is 0-symmetric, i.e.,
E = —F, this function defines a distance on lin £. Then, for x € K + lin E, we
have

dp(z,K) =inf{dg(z,y):y e KN(z+lnE)} =inf{r >0:z € K +rE}.

Thus, the expression dg(z, K) is only defined for z € K + lin E and, following the
idea used in [10], the next result is fulfilled. Tt will be shown in Section 2.
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Lemma 1.1. Let p be a (finite) measure on R>qo such that the moments m;(p) =
fo tidu(t) of p, i = 0,...,n, exist and are finite, and let G(t) ( )
t € R>g. Then, for K, E € IC” wzth 0 € relint E/, we have that

n

/K+nnEG(dE(m’K)) da = /Oovol(K +EE)du(t) = (?) Wi(K; E) m; ().

0 i=0

We observe that the right-hand side in the last equality is translation invariant.
Thus, for any convex bodies K, F € K™, any x( € relint I/, and a given measure p
on Rx, we have a Wills type functional (associated to )

n

WH(K; E) = /K+hn(E . G(dp—sy (2, K)) de = (i>Wi(K;E) mi(p)-

i=0

Thus, we can always assume, without loss of generality, that 0 € relint .

Using the previous lemma for the function G(t) = e’“tz, we get the relative

Wills functional for convex bodies K, E € K™, namely,
n
(K; E
W(K;E) = / e~ mdE@ " 4z = Y (n) e
K+linE i=o \! ki

In the case of the Steiner functional Y7 ; (7)W;(K; E), we have the following
-type representation, which will be also shown in Section 2.

Theorem 1.1. Let K, E € K™ with 0 € relint E. Then

n
<t >2
Z <n>W( = lim / / 7= dt da.
. v T o0t K+lin E Jdg(z,K) 27TU

=0

Moreover, such an expression (in which a non-discrete measure p on R>q is con-
sidered) is only possible through a ‘pass to the limit’ process.

In the following we will write, for K, £ € K™ and a measure p on Rx,

n n 4
FOEDY (i)WxK; B)mi(u) '
i=0
to denote the Wills u-polynomial of K with respect to F, regarded as a formal
polynomial in a complex variable z € C. Similarly, we will represent the relative
Steiner and Wills polynomials in a variable z € C (cf. (1.1), (1.2)), respectively, by

n

fK;E(z)—Z<?)Wi(K;E)z" and  f%.5( z”:( > (GE)

=0 i= Ki

From now on, we will denote by ¢ the measure associated to G(t) = e‘”tz, which

yields the (classical) Wills functional when E = B,, (cf. (1.3)), and whose moments
are m;(g) = 1/k;.
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Motivated by previous works of Henk, Hernandez Cifre and Saorin on the roots
of the Steiner polynomial (see [7], [8]), here we are interested in studying properties
of the roots of the above family of polynomials f}éE(z) To this end, we fix the
notation which will be used along the paper. Denoting by Rez, Imz and arg z,
the real part, imaginary part and the principal argument of a complex number z,
respectively, let Ct = {z € C: Imz > 0} be the set of complex numbers with
non-negative imaginary part, and for a fixed measure p, let

Ri(n) ={z€C": fgp(z) =0 for K,EeKk", dim(K + E) =n}
be the set of all roots of fl’é;E(z), K,E € K", in the upper half-plane.

Theorem 1.2. For any measure j, R*(n) is a convex cone, containing the non-
positive real azis R<p.

We notice that in order to construct these Wills type functionals, we work with
a measure p on R>g (cf. Lemma 1.1). The results by Kampf [10] are stated in the
more general setting when a signed measure p is considered. We will show that in
this case the corresponding set R”(n), although it is always a cone, it is not, in
general, convex (see Proposition 3.1).

According to the above theorem, the ‘geometry’ of the set R¥(n) is given by
the ‘upper ray’ of the boundary. Regarding the possible inclusion of this ray in the
cone and the monotonicity in the dimension, we have the following results, which
will be shown in Section 3.

Theorem 1.3. For any measure pi, the cone R (n) is closed.

Theorem 1.4. For any measure i, R*(n) is strictly increasing in the dimension,
i.e., R*(n) C R*(n+1).

Let R(n) = {2 € C*: fx.p(z) = 0for K, E € K", dim(K + E) = n} be the
set of roots of all Steiner polynomials fx.p(z), K,E € K", in the upper half-
plane. Then there exists a relation between (the cone of) the roots of the Steiner
polynomial and the Wills p-polynomials.

Theorem 1.5. For any measure u, it holds R(n) C R*(n). Moreover, if p verifies
(R0 \ {0, mi(p)/mi—1(n)}) # 0 fori=1,2,..., the inclusion is strict.

This result shows that the ‘smallest’ cone of roots of Wills p-polynomials is the
one given by the Steiner polynomial, which provides additional information about
the roots of p-polynomials when the dimension is large enough, namely, that for
any measure j, R*(n) covers the whole upper half-plane C*, except R, when n
tends to infinity.

Corollary 1.1. Ifn > 10 it holds {z € CT : Rez < 0} C R*(n). Moreover, given
v € Ct \ Ry, there exists n., such that v € R*(n) for all n > n.,.
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Similarly, we can determine the ‘largest’ cone of roots containing R*(n) for any
log-concave measure p on R>g (see Section 4 for the definition). Before stating the
result, we need additional notation: given a sequence m = (m;);en, m; > 0, let

n
n .
(1.4) fRe(z) =Y ( ,>Wi(K; E)m;z",
i—o \*
K,E € K™ with dim(K + F) = n, and, according to our terminology, we denote
the corresponding cone of roots by R™(n), i.e.,

R™(n)={z€C": fRE(z)=0 for K,Ee€K", dim(K + E) =n}.

Theorem 1.6. Let w = (i%);eny = (1,1,2%,...). Then R*(n) C R¥(n) for any
log-concave measure p on Rxo.

We observe that [ g(z) is a Wills p-type polynomial, because the ‘weights’
m; = i’ are the moments of a measure (see page 104 of [2] for a question regarding
the so called (Stieltjes) moment problem; see also e.g. [13]).

We observe that properties collected in Theorem 1.5 and Corollary 1.1 are not
true for general m-polynomials (see Remark 4.2). Thus, Theorem 1.5 and Corol-
lary 1.1 state necessary ‘geometric’ conditions for the (Stieltjes) moment problem.

The above results will be shown in Section 4. Finally, in Section 5 we deal with
the stability of this kind of polynomials, listing additional properties concerning
the (relative) Wills polynomial f7. 5 (2).

2. On the Wills type functionals

We start this section proving Lemma 1.1. We follow the idea of the proof given
by Kampf in [10], which is based on Fubini’s theorem. Here x,, will denote the
characteristic function of the set M C R™.

Proof of Lemma 1.1. Clearly, for x € K + lin E we have dg(z, K) < t if and only
if v € K 4+ tE. Using this property and Steiner formula (1.1), we get

/ . G(dE(x,K))dm:/ _ p([de(z, K),00)) dz
K+lin E K+lin E

:/]R/O X{yeK+1inE:dE(y,K)gt}(95)d/i(t)dff

/OOOXK-HE(-r) du(t)dz = /OOO /]R"XK-HE (z) dz du(t)

n

T Vol(K + LB) du(t) = zn: (’Z) Wi(K: E) /0 i du(t)

i=0

c S— —

(7) WK B) ma().

2

s
I
<)

This shows the lemma. O
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Next we show that the Steiner functional can be also obtained as a generalized
Wills type functional for a particular ‘limit’ measure.

Proof of Theorem 1.1. Let 1, be the measure on R given by

po(A) = /A fo(t)dt, with fa(t):\/;_m e,(t;}m’

(see Figure 1) and let G, be the function

Galo) = [ i) = [ fat0rat

0 0.5 1 1.5 2

=12
FIGURE 1. The function f,(t) = ———¢e 202 for 0 = 0.2 and o = 0.1.

2mo

On the one hand we observe that, denoting by 7i, the measure on R<( associ-
ated to the function f,(t), we have

0 0
li t"dn (t) = i t" fo(t)dt
Jm o Ro(t) = lim - fo(t)
~1/(V20) o
:o-llf(r)]+ . \/_%<\/§O'S+1) e ds
2o Iy N
= [ (3 () (VEe ) e

i=0

1 & i - p=1/(V20)
= 7 E <r> 21/2< 111614r 01/ 816782 ds) =0.
Y 7 o—
i=0 -

oo
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On the other hand, if ¢, (t) = !+*"*/2 denotes the moment generating function
of a normal distribution N(1,0) associated to the density function f, (on the real
line R), then its i-th derivative can be written as

%(f) (t) = et+t202/2 (1 + wQ)i + 0_2go(t)

for a suitable function g,(t) bounded in a neighborhood of ¢ = 0, and thus

lim, o+ <p§,)( 0) = 1. So, by Lemma 1.1,

/K—HinEG (dp(x, K)) Zn:( ) )/OOO t' dpe(t)

1=

and then
n n oo
lim Go(dp(z,K)) dz = ()Wz(K,E) lim t" due (1)
o—0t K+lin E Pt 7 o—0T Jo

n o0 0
n . i 1 3
7; 0 (i)Wi(K,E)<U£r€+/O tdug(t) + lim [t dua(t)>

Il

(7)witrim s [~ paoar

P o—0Tt
_y(m Wi(K; E) lim ¢0(0) = Zn: "YWi(K; E)
=0 ) o—0Tt = ) ' ’

where, in the last equality but one, we have used the well known connection be-
tween the moments of a measure and its moment generating function (see e.g.
Sections 2.3-2.4 and Theorem 2.3.7 in [3]).

Finally, the last assertion of the theorem follows from the fact that if for a
measure [ it holds m;(iz) =1 for all i = 0,...,n, with n > 2, then

/Ooo(t—l)Qdﬁ(t):/OOOthﬁ(t)—Z/ Ldjit) / dii(t)

which implies that p is a discrete measure concentrated at ¢ = 1. O

3. The cone of roots of Wills p-polynomials

From now on and unless we explicitly say the opposite, we will always assume that,
for a given measure p on R>q, its moments m;(p) > 0 for all 4 > 0, i.e., we omit
the case when p is discrete and concentrates the measure at ¢ = 0. We will also
need the following additional notation. For convex bodies K, E € K" such that
fi.5(?) has a non-zero root let

Ok.p = minfargz : z € CT\{0}, fk.5(z) =0},
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and we denote by
(3.1) RMK;E)={ze€C"\{0} : argz > 9?{;13} u{0}

the convex cone, in the upper half-plane, generated as the positive hull of the roots
of the polynomial [} .(z) and R<g.

We start this section stating some preliminary lemmas which will be needed for
the proof of Theorem 1.2. In Theorem 5.2 of [12] the following result is proved.

Theorem 3.1 (Kato, 1995). Let £(t) be an unordered n-tuple of complex numbers,
depending continuously on a real variable t in a (closed or open) interval I. Then
there exist n continuous functions v;(t), i = 1,...,n, which constitute the values
of the n-tuple £(t) for each t € I.

As a consequence, we get the following lemma.

Lemma 3.1. Let K(t) € K", t € [a,b], be a one-parameter continuous (on t)
family of convex bodies with dim K (a) =n —k — 1 and dim K (t) = n — k for all
t € (a,b], and let E € K™ with dimE = r > k and dim(K(t) + E) = n for all
t € la,b]. Let fl’g(t);E(z), t € la,b], be the corresponding one-parameter family of
w-polynomials. Then:

i) There exist r—k—1 continuous functions vy, ..., Vr—k—1 : [a,b] — C joining
the r — k — 1 non-zero roots of fI“((a),E(z) and r — k — 1 non-zero roots of
fﬁ(b),E(z), such that vy (t),...,vp—k—1(t) arer —k —1 of the r — k non-zero
roots of fﬁ(t),E(z) for all t € [a,b].

i) Moreover there exists another continuous function vy_y : (a,b] — C such
that v._i(t) is the remaining root of fﬁ(t),E(z) for all t € (a,b], verifying
that limt_,a+ VT_k(t) =0.

Proof. Since c(t) = ()W, (K (t); E)my(u) # 0 for all ¢ € [a,b], the result is a
direct consequence of Theorem 3.1 and the fact that the roots of a polynomial
are continuous functions of the coefficients (see e.g. [14], page 3) applied to the
polynomials

I n.g\Z r=k n |
KC((t)i)’Zi) B %t) 2 (k + i)wk“ (K (®); B)mii(n)2",
=0

whose leading coefficients are 1 for all ¢ € [a, b]. O

Proof of Theorem 1.2. By the homogeneity of the quermassintegrals we have that
for K, E € K" and A > 0, f{x.5(A2) = \"fg p(2). Hence, if v € R¥(n), v # 0,
then there exist K, F € K™ such that fllé;E(l/) = 0 and thus, for each A > 0,
0= fr.g(v) = fx.p(\W)/A". Therefore \v € R*(n) and so, R¥(n) is a cone.

In order to prove the convexity of R*(n) it suffices to show that for any vy €
R¥(n) fixed, vy # 0, the cone

R*(n)N ({z € CT\{0} : argz>argrp} U {0})
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is convex. To this end, let K, E € K™ be such that f;’é;E(Vo) = 0. Without
loss of generality we may assume that af £ = {27 = -+ = x,,_, = 0}, where
r=dmkFE. Let H; = {zp_ry1 = -+ = Tp_ry; = 0}, i = 1,...,7 — 1, be the
(n — i)-dimensional coordinate plane containing (aff E)*, and let K; = K|H; be
the orthogonal projection of K onto H;, i =1,...,r — 1, with Ko = K.

With this notation we will show, by finite induction on j = r — i, with
j = 1,...,r, that all the points of R*(K;; E) (cf. (3.1)) are roots of some p-
polynomial, i.e., that R*(K;; E) C R*(n). So R¥(K;E) C R*(n), which will
show the convexity of R*(n) N ({z € CT\ {0} : argz > argrp} U {0}).

If j = 1, then the polynomial fll;,.,l;E(Z) reduces to

Kr ’ 1)W”<KrlsE> -1 () + (Z)WKH;E) () 2] 27,

and so it has only a non-zero real root. Thus, R<y = R*(K,_1; E) C R*(n) and
in particular, we have that R*(n) contains the non-positive real axis.

Now we assume 1 < 7 < r and that the result is true for 7 — 1, i.e., we assume
that R*(K,—j4+1; E) C R¥(n). Notice that we can suppose the strict inclusion
R K,—j+1; E) C RM(K,—;; E), otherwise we directly get the required result. For
each t € [0, 1], we consider the convex body

K(t) =tK,—jp1+ (1 - 1)K,

and let v; be a root of fK E( z) such that argy; = 6 G The family of
sets K (t), t € [0, 1], provides a one- parameter family of p- polynomlals fK(t) 5(2)
satisfying the conditions of Lemma 3.1, and hence there exists a continuous map
v:[0,1] — C with v(0) = v; and v(1) = vj_; being a root of f}: (2), such
that v(t) is a root of fﬁ(t);E(z) for all t € [0, 1]. Without loss of generality we may
assume that v; is not the root which ‘goes to zero’; otherwise, we can work with
its conjugate v;.

Therefore, f : [0,1] — (0,27), f(t) = argr(t), is a continuous function with
f(1) = arguj_1 > 0 .pand f(0) = 0% g Thus, using the intermediate

r—j+1;E

value theorem, together with the fact that R*(n) is a cone and the induction
hypothesis, we may conclude that R*(K,_;; E) C R*(n). O

In [10], Kampf considered the already mentioned Wills type functionals asso-
ciated to a signed measure p. We will show that in this case, the corresponding

cone R”(n) is not, in general, convex.

Proposition 3.1. There exist signed measures p on R>q such that the cone R”(n)
18 not convex.

Proof. Let p be the signed measure on R>¢ given by

p({O}) = %’ p({l}) = -9 p({Z}) = %? p(RZO \ {O’ 132}) =0.
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Then the first four moments are given by
(mo(p), ma(p), ma(p), m3(p))T = A(7/6,-1/3,1/6)T = (1,0,1/3,1)7,

where A is the matrix with entries a;; = 1 and a;; = (j — 1)~V for (i,5) # (1,1),
1 <i<4,1<j<3. Hence, in dimension n = 3, any p-polynomial takes the form
fh.p(2) = Wo(K; E) + Wy (K; E)2? + W3(K; E)z°.

On the one hand, if K, E € K™ are convex bodies such that Wy (K; E) = 0 and
both Wo(K; E),W3(K; E) # 0, i.e., with 1 < dimK < 2 and dim F = 3, then
[%.5(2) has only non-positive real roots.

'On the other hand, if K,F € K™ are such that W5(K;F) = 0 and both
Wo(K; E),Wo(K; E) # 0, ie, dimK = 3 and dim E = 2, then fg ,(2) has
imaginary pure complex roots.

Thus ReoU{rie C:7r >0} C R*(3)N{z € C" : Rez < 0}. And moreover,
it is easy to check that this inclusion is an equality: indeed, if there exist convex
bodies K, E € K™ such that

frep(2) = Wa(K;5 E)(2 + 1+ bi)(2 + 1 —bi) (2 +¢)

for some b,c > 0, with W3(K; E) # 0, then we get, in particular, the relation
W3(K; E)(b? + 2c + 1) = 0, which is a contradiction. This shows that the cone
RP(3) is not convex. O

3.1. Characterizing p-polynomials. Properties of R*(n)
The main ingredient for most of the following proofs are the well-known inequalities
(3.2) W(K;E)? > W, 1(K; YW, 1 (K;E), 1<i<n-—1,

particular cases of the Aleksandrov—Fenchel inequality (see e.g. Section 6.3 in [17]).
A sequence of real numbers ag, . ..,a, > 0 is called ultra-logconcave if

(") ()
2
(7)
1 <i<mn-—1. In Lemma 2.1 and Corollary 2.1 of [8] (see also [18]), it is shown
that this property allows to characterize Steiner polynomials. These results can
be rewritten, with an analogous proof, to characterize u-polynomials for a given

measure p. We include them here, without proof, for completeness.
For complex numbers z1,...,z,. € C let

si(zl,...,zr) = Z sz

JC{1,...,r}jeJ
H#J=i

2 .
Cin Q; > Qi—1Gj41, With ¢, =

)

denote the i-th elementary symmetric function of z1,..., 2., 1 < ¢ < r. In addition
we set s (zl, e zr) = 1. Moreover, let

wo (if1)mi—1(u)(i¢1)mi+1(“)_
o (") ma()?
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Lemma 3.2. A real polynomial Y ja;z", a; > 0, is a p-polynomial fl’gE(z) for
a measure (t on R>o and a pair K, F € K", with dimE = r, dmK = n — k,
dim(K + E) = n, if and only if a; > 0 for all k < i <r, and a; = 0 otherwise, and
the sequence (ai/mi(u))?zo is ultra-logconcave.

Moreover, vi,vs,...,v. € C are the roots of the p-polynomial fféE(z) of degree
r<n,dmFE=r,dmK =n—k, dim(K + E) = n, if and only if

i) (=1)%si(v1,...,0n) >0, 0<i<r—k,
Si(l/l,...,l/,«)zo, r—k+1<i<r,
i) cfﬂ-’nsi(yl,...,w)Q2si_l(ul,...,yr)si+1(1/1,...,1/r), 1<i<r-—1.

We notice that an analogous result to Lemma 3.2 can be stated for m-polyno-
mials f22 ().

Regarding the topology (closeness) of the cone R*(n), the proof of Theorem 1.3
is similar to the corresponding one for Steiner polynomials (see Theorem 1.2 in [8]).
We briefly sketch it here, pointing out the slight differences, for completeness.

Proof of Theorem 1.3. Let v € bd R*(n). Since R<g C R*(n) (see Theorem 1.2),
we assume that v ¢ R. Let (v;);en C int R*(n) be such that lim; . v; = v. For
each j € N, since v; € R¥(n), then there exist K;, E; € K", dim(K; + E;) = n,
with fféj;Ej(Vj) =0.

We notice that among all pairs of convex bodies with v; as a root of the corres-
ponding p-polynomial, we can always choose K, I; such that fféj_ E (1) = 1; other-
wise, since f;éj;Ej(l) > 0, we consider the convex bodies K = f;éj;Ej(l)_l/"Kj,
B = fl’éj;Ej(l)’l/"Ej, for which it clearly holds f}%’.;E;. (vj) = 0 and f}%;E;(l) =1

Since fl’gj;Ej(l) =" o (DWi(Kj; Ej)mi(n) = 1, then all quermassintegrals

i=0 \4
W;(Kj; Ej) € 0,1/ ming<i<n{my(p)}], i =0,...,n, and not all of them are zero.
The proof finishes with a (sequential) compactness argument (see the proof of The-
orem 1.2 in [8]), using the characterization of p-polynomials via ultra-logconcave

sequences (see Lemma 3.2). O

The monotonicity R*(n) C R*(n + 1) is easy to prove. Let v € R¥(n) and let
K,E € K", dim(K 4 E) = n, be such that fllé;E(l/) = (0. Embedding K canonically
into the hyperplane {e,.1}*~ C R™*! (e; denotes the i-th canonical unit vector),
let K/ = K x conv{0, e,4+1} be the prism over K of height 1 in the direction e, ;1.
Then vol, 41 (K" 4+ AE) = vol,, (K + AE) for all A > 0, and thus (cf. (1.1)),

1\ .. .
<n+ >W§ KL E) = (7)\2&/1‘. (K:E), i=0,...,n,
1 2

(n41)

W, (K'; E) =0;

here W;j) denotes the i-th quermassintegral in R7. Multiplying the above identi-
ties by m;(u) and my,11(p) respectively, we obtain fi,.p(2) = ff.5(2), and thus
frr.p(v) = 0. Hence v € R¥(n +1).
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Next we show that the inclusion R*(n) C R¥(n + 1) is strict (Theorem 1.4).
The proof is similar to the one of Theorem 1.3 in [8]. We again sketch it here,
briefly pointing out the differences.

Proof of Theorem 1.4. In order to show that the above inclusion is indeed strict, let
v € bd R*(n) \ R<g; otherwise the assertion is trivially true (see e.g. Theorem 1.5
for n = 2, and Theorem 1.2 in [7]). Since R*(n) is closed (Theorem 1.3), v is a
root of some p-polynomial f1: (z) of degree r < n, with K,E € K", dimE = r,
dimK =n—k, dim(K + E) = n. Let 7,3, ...,V be the remaining roots of the
polynomial.

Then, we have to see that there exists ¢ > 0 small enough such that, for any
z € C, |z| = 1, the r numbers v + €2,V + €Z,v3, ..., are roots of a suitable
p-polynomial f%, ., (z), K/, E' € K" with dim K’ =n — k + 1, dim E’ = r and
dim(K’+ E') = n'+1, i.e., the ‘sign conditions’ i) and the ‘quadratic conditions’ ii)
in Lemma 3.2 are properly verified, namely,

) (-1)'si(v+ez,v+ez,vs,...,0) >0, 0<i<r—k,

si(u—l—ez,ﬁ—I—EE,ug,...,VT) =0, r—k+1<i<m,

and

N _ _ 2
i) CT_im_HSz(l/+€Z,I/+€Z,I/3,...,l/r)

> Si_l(V—f—EZ,v-l-EE,Vg,...,Z/r) si+1(1/+5z,ﬁ+52,1/3,...,1/,"),
for 1 <4 < r — 1. Since conditions i) and ii) of Lemma 3.2 hold for the sequence
of roots v, vV, vs, ..., v, and since

( m )(TT—LJ{L) My —i—1 () mr—iv1(p1)

" _ \r—i—1
T (e my—i()?
T—1
- (1) (r—:‘L+1) M —i—1 ()M i1 () o
(") my—i(1)? e
T—1

for all 1 <i <r—1, the proof of the above facts i’) and ii’) is just a consequence of
the continuity of the elementary symmetric functions (see the proof of Theorem 1.3
in [8]). O

The following proposition is also analogous to the corresponding one for Steiner
polynomials (see Corollary 1.1 in [8]).

Proposition 3.2. For n > 3 and a given measure v on R>q, let K, E € K" be
such that the pi-polynomial fi. (2) has a root lying on bd R*(n)\R<o. Then K, E
are extremal sets for at least one Aleksandrov—Fenchel inequality.

Proof. For v € bdR*(n) \ R<p, let K, E € K", with dimE = r, be such that
fr.z(v) =0, and let 7, vs, ..., v, be the remaining roots of fi .(z). If K, E are
not extremal sets in any Aleksandrov—Fenchel inequality, i.e.,7 if we have strict
inequalities in (3.2), then » > n — 1 and for all 1 < ¢ <r — 1 it holds

s Tus, ) > s (U, T3, V) Si (T, v, ).

r—i,n
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Again, by the continuity of the elementary symmetric functions, for ¢ > 0 small

enough, the numbers v +e2,7 4+ €Z, vs, ..., v, are roots of a polynomial with real
coefficients, satisfying conditions i) and ii) in Lemma 3.2 for any z € C with |z| = 1.
Thus {v + ez : |z| = 1} € R*(n), a contradiction. O

3.2. The cone of roots for a fixed gauge body
Let E € K™ be a fixed gauge body. If we define

R (n; BE) ={2€C*: fi.p(z)=0 for K € K", dim(K + E) = n},

then the proof of Theorem 1.2 also says that R*(n; E) is a convex cone, containing
the non-positive real axis R<o. However, other properties of R*(n) cannot be
extended to R¥(n; F). For instance, R*(n; E) is, in general, not closed (see e.g.
Theorem 1.2 in [7]). Here we give a sufficient condition for v € bd R*(n; E) \ R<q
to lie in R*(n; E).

Let R(K) = min{R > 0: 3z € R" with K C 2+RB,,} denote the circumradius
of the convex body K. The (unique) point 2 such that K C = + R(K)B,, is called
its circumcenter.

Proposition 3.3. Let v € bdR*(n; E) \ R<o. Let (vj)jen S int R¥(n; E) with
lim; o v; = v and, for each j € N, let K; € K", dim(K,; + E) = n, be such that
fi;:6(vi) = 0. If there exists a subsequence (Kj,, Jmen C (Kj)jen with dim K, =
n —k for all m € N, such that

m

Rl 55 #0

i
mosee R(K

then v € R*(n; E).

Proof. Without loss of generality, we may suppose that dim K; = n — k for all
j € N and thus Wy (K;; E) # 0.

For each j € N, let f(j = R(K;) 'K, and 7; = R(K;)"'v;, which is a root
of f%E(z) Since quermassintegrals are translation invariant (and thus the co-
rresp(J)nding u-polynomial), it is not restrictive to assume that the origin 0 is the
circumcenter of all K, and so, of f(j. Then, IN(j C B, for all j € N, and Blaschke’s
selection theorem (see e.g. Theorem 1.8.6 in [17]) ensures the existence of a subse-
quence of (K ( j)jen converging to a convex body K € K"; without loss of generality
we may assume that lim;_, K, j = K. Then, by the continuity of the quermassin-
tegrals, each coefficient (’;)VVz (f{j; E)mi(,u) of the polynomial f}%JE(z) converges

to the corresponding coefficient () W;(K; E)m; () of fi.p(2), and moreover,

Wi(K; ) = W ((lim K5 B) = lim Wi (K;; E)

J*}OO J—00

Kj;E) lim Wi (K E)

= lim Wy i R(KJ)

1
J—o0 (R(KJ) 7& 0-
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Hence, from the fact that the roots of a polynomial are continuous functions of
the coefficients of the polynomial (see e.g. [14], page 3), and since f}% E(z) has
g

degree r = dim F for all j € N, we get that there exist r — k sequences of num-

bers (V;)jENa R (V’T_k)jeN such that 1/;, e V;_k are the » — k non-zero roots of

J . )
f}%JE(z) for all j € N, and with v* = lim; . v}, ¢ = 1,...,7 — k, being the non-
zero roots of fi (). Now, since 7; was a non-zero root of f}% (2) for each j,
; ”

taking subsequences if necessary, we may assume that (7;),en converges to some
root of fi .(z), say v'. Then
v limjee vy

2o Mzl iy Yo fim R(K;) € Reo,

vl limj oV jooo U jooo

which implies that f(“V/Vl)K_E(V) = 0, as required. O

4. The smallest and largest cones of roots of pu-polynomials

Let C,, denote the n-dimensional regular cube of edge-length 1. Then, the Aleksan-
drov—Fenchel inequalities (3.2) for W;(C),; By,) = k; and any value of the dimension
yield the inequalities

(41) m’b(g)z SmiJrl(g)mi*l(g)» i:172,"'7

for the moments m;(g) = 1/k; of the measure g associated to G(t) = e,

Moreover, if we had equality in one of the above inequalities for an 7 > 1, i.e.,
if W;(Ch; Bn)? = W;_1(Cn; By)W;41(Cr; By), then the known equality case in
Aleksandrov—Fenchel inequality for centrally symmetric convex bodies would lead
to a contradiction (it would imply that C,, is a so called (n — i — 1)-tangential
body of a ball with ¢ # 0, which is not true; see Theorem 6.6.19 in [17]). Thus,
inequalities (4.1) are strict.

This fact can be extended to the moments of (almost) any measure; it will be
shown and used in the proof of Theorem 1.5.

Proof of Theorem 1.5. Let v € R(n). Then there exist convex bodies K, £/ € K"
such that fr.e(v) = Y1 (7)Wi(K; E)y* = 0.
Moreover, for any measure ;o on R>(, the Cauchy-Schwarz inequality yields

ma()? = (/ 4 du(t))Q _ (/OO Hi+1)/2 4(i=1)/2 d,u(t))
0 0

< [ eau [ au) = mao mieaGo.

oo 2

(4.2)

ie, 1/m;(u), i = 0,...,n, satisfy the Aleksandrov—Fenchel inequalities (3.2).
Then, we get that the sequence of positive numbers (7)W;(K; E)/m;(u) is ultra-
logconcave, and Lemma 3.2 ensures that the Steiner polynomial fx.p(2) is also
a p-polynomial for some convex bodies K, E’ € K™. Therefore, v € R*(n), as
required.
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In order to prove the last assertion, we notice that equality in the Cauchy—
Schwarz inequality (4.2) holds if and only if

pr o mip) i
mi—1(k)

almost everywhere or, in other words, if and only if

#(R>0\ {0, mi(p)/mi—1(w)}) =0, i>1.

Therefore, if a measure y verifies the condition of the theorem, inequalities (3.2)
strictly hold for the values 1/m;(u), i =1,.. — 1, which implies that ¢/’ i >
Cr—in; here, as usual, r = dim F = dim E’. Hence, denoting by ~2,...,7, the

remaining roots of fx;r(2) = fi,.p(2), we get

Cﬁfim, Si(,YD’yQa SRR a,yr)2 > Cr—in Si(,y»’yQa SRR a,YT)Q

Z Si*l(’yv’)/?» <. '77T)Si+1(77’72, <. '7’77")7

which implies, if n > 3, that v € int R*(n) (see the proof of Proposition 3.2).
Therefore, R(n) € R*(n) when n > 3. For n = 2, we just notice that the
discriminant of f. E( z) is

' mo(p) ma(p)
A — ml(u)Z (4W1 (K, E)2 _ 4vo1(K)V01(E) W)a

and thus, if K = E = By it holds A < 0. Hence R(2) = R<o C R*(2). O

As a consequence of Theorem 1.1 and the known results for the roots of the
Steiner polynomial (see Proposition 1.3 and Theorem 1.4 in [8]), we directly get
Corollary 1.1.

Remark 4.1. It is known that, for any —a € R, a > 0, there exist convex bodies
K, E € K" such that —a is an n-fold root of the Steiner polynomial fx.z (%) (see e.g.
Proposition 2.3 in [8]). This property remains true for any p-polynomial. Indeed,
since 1/m;(u), i = 0,...,n, satisfy the Aleksandrov—Fenchel inequalities (3.2)
(see (4.2)), then Lemma 3.2 ensures that

i=0

is a p-polynomial for two convex bodies K', E' € K™, i.e., —1 is an n-fold root of
ffer. g (2); for the real number —a, it suffices to consider fﬁ,,(l/a)E, (2).

Several of the above properties for the cone of roots of p-polynomials (con-
vexity, closeness, monotonicity in the dimension, etc.) remain true for general
m-polynomials (see (1.4)), independently the numbers m; are moments of a mea-
sure on R or not; in fact, we have only needed that m,;(x) > 0 for all ¢ > 0.
However, the properties collected in Theorem 1.5 and Corollary 1.1 are not true
for arbitrary m-polynomials, as the following example shows.



492 M. HERNANDEZ CIFRE AND J. YEPES NICOLAS

Remark 4.2. Let m = (e*i(”l)ﬂ)ieN and we consider the m-polynomial f72 . (2)
for any K, F € K™. On the one hand, it is easy to check that

mi—1 < 5 mi4+1

m; mi;42

(4.3) forall i=1,2,...,

where 3 2 0.4655 is the only real solution of the equation z(z + 1) = 1. On the
other hand, it is known (see Theorem 3 in [16] and Theorem 1 in [11]) that

f(z) =31 gai 2", with a; > 0 for i = 0,...,n, is stable (ie., all its

4.4 . .
(4.4) roots have negative real part) if a;—1 a;42 < Ba; a;v1.

Then, using (3.2) and (4.3) we get that fip(2) fulfills the above stability crite-
rion (4.4) for any pair of convex bodies K, F € K™ and any value of the dimension n.
Therefore, Corollary 1.1 does not hold.

Thus, Theorem 1.5 and Corollary 1.1 provide necessary ‘geometric’ conditions
for a sequence of positive numbers {m;: i = 0,1,...} to be the moments of a
measure on Rxg.

So we already know that the ‘smallest’ cone of roots of p-polynomials is the
one given by the Steiner polynomial. Next we deal with the ‘largest’ cone of roots
of p-polynomials, i.e., we prove Theorem 1.6.

We observe that, in the proof of Theorem 1.5, the main tool in order to get the
desired inclusion was the inequality m;1(u)m;_1(u) > m;(u)? for all i > 1. So,
for a ‘reverse’ inclusion we would need that

migr(p)mia(p) < cimi(p)®, i>1,

for a suitable sequence (¢;)ien. Theorem 1.6 determines such a sequence, and
thus the corresponding inclusion when working with log-concave measures, i.e.,
measures 4 of the form p(A) = [, f(t)dt, where f is a log-concave function.

Proof of Theorem 1.6. We consider the real functions f, g : [0,00) — [0, 00) given
by f(t) =t~ g(t) = t'*t!, and let

h(t) = sup { £(2)2g()"* 5t = 5wy € [0,50) .

It clearly holds h((z + y)/2) > f(x) 2g(y)'/? for all 2,y € [0,00) and hence,
since p is log-concave, by the Prékopa-Leindler inequality (see e.g. Theorem 8.14

in [4),
| roa = ([T et ano) ([T e aun)

(45) (] 10au0)” 2 ms o) s



ON THE ROOTS OF GENERALIZED WILLS y-POLYNOMIALS 493

So, now we deal with the left-hand side in the above inequality. Taking into account
the definition of h, we maximize, for each ¢ > 0, the function F} : [—t,t] — [0, 00)
given by

Fi(s) = (t — 5)01D/2(¢ 4 5)iH1)/2,

Its first derivative (F})/(s) = (2 — s2)0=D/271(—js? + (1 — i)ts + ¢?) has only
one root in (—t,t), namely, ¢/i, which gives in fact the maximum of the function.
Therefore, we have

z(l o 1)(171)/2(2 + 1)(i+1)/2 ‘
ht) = F, (f) _ )t 7 for ¢ > 1,
2t fori=1.

So, denoting by

(i — 1)V (5 4 1)0+D

2'21

= forall 1 >1, ¢ =4,

we get that

([ moau)’ = ([ au)” = comiu®

and thus (4.5) yields

(4.6) cimi(p)® = mi—1 (i) mis1 ().

Now we can prove the result. Let v € R*(n). Then there exist convex bodies
K, E € K" such that fi.,(v) =1, (7)Wi(K; E) mi(u)v’ = 0.

Let w = (w;)ieny = (1,1,22,...,4% ...). By (3.2) and (4.6), we easily get that
the sequence of positive numbers (?)Wi(K;E)mi(u)/wi, 1 = 0,...,n, is ultra-
logconcave, and hence, fi.;(2) is also an w-polynomial f§,. g (z) for some convex
bodies K', E" € K" (cf. Lemma 3.2). Thus, f#, p/(v) = 0, ie., v € R¥(n), as
required. O

5. On the stability of generalized Wills p-polynomials

We conclude the paper considering the stability of Wills p-polynomials, i.e., we
study the inclusion

R¥(n) C {z€C:Rez < 0} U{0},

property that we call, following the notation in [8], ‘weak’ stability.

Of course, it is not possible to state a general characterization result for p-
polynomials for any measure p. So, it is natural to consider particularly prominent
polynomials of this type, which, at the end, will provide information on the stability
of any p-polynomial.
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Theorem 1.5 shows that the ‘smallest’ cone of roots of Wills p-polynomials is
the one given by the Steiner polynomial, and it is known that Steiner polynomials
are weakly stable if and only if n < 9 (see Proposition 1.3 in [8]). Therefore, we
can state the following result:

Corollary 5.1. Ifn > 10 then, for any measure i on R>q, p-polynomials are not
weakly stable, i.e., {z €Ct:Rez< O} C R*(n).

Thus, we wonder for the stability of those polynomials which determine the
‘largest’ cone of roots containing R*(n) for any log-concave measure p on R,
i.e., the w-polynomials (Theorem 1.6). We prove the following result.

Proposition 5.1. w-polynomials are weakly stable if and only if n < 3.

Proof. First we notice that the stability criterion (4.4) cannot be applied to [ p(2)
when n = 3 because it is, in general, not fulfilled. Thus, we assume that w-
polynomials are not weakly stable in dimension n = 3, and hence, since the cone
of roots is convex (cf. Theorem 1.2), we know that there exist K, E € K3 such that
i,—1, —¢, ¢ > 0, are the three roots of f}‘?E(z) Then, it is an easy computation to
check that Aleksandrov—Fenchel inequalities (3.2) yield, in terms of ¢, the relations
4 > 3¢®> > 16/3, a contradiction. Therefore, w-polynomials are weakly stable for
n = 3 and, from the monotonicity of the cone of the roots (see Theorem 1.4), also
for n = 2.

Finally, we consider the w-polynomial fg .z (2) = k4 Z?:o (f) i'z%. Tt can be
checked with a computer or by applying the Routh—-Hurwitz criterion (see e.g. [14],
page 181) that f 5 (2) has aroot with positive real part (v ~ 0.03838+0.208071).
The non-stability property for all n > 4 is deduced again from the monotonicity
of the cones (Theorem 1.4). O

Thus, using Theorem 1.6, the following result is a direct consequence of the
above proposition.

Corollary 5.2. Ifn < 3 then, for any log-concave measure ji on R>q, p-polyno-
mials are weakly stable.

We remark that this bound for the dimension might be not best possible, since
we do not know whether w-polynomials are p-polynomials for some log-concave
measure /¢ on the non-negative real line Rx>.

Another particulary interesting p-polynomial is the (relative) Wills polynomial
ft.p(2). Its stability can be also characterized.

Proposition 5.2. Relative Wills polynomials f;};E(z) are weakly stable if and only
ifn<T.

Proof. Tt is easy to check, using (3.2), that the stability criterion (4.4) is fulfilled for
n = 7. The weak stability property for all n < 6 follows from Theorem 1.4. Now
we consider f(z) = ¢ (f) (1/ki)z", which is a relative Wills polynomial f. (%)

i=1
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for some K, E € K® (see Lemma 3.2). It can be checked with a computer or by
applying the Routh—Hurwitz criterion that f(z) has a root with positive real part,
v &~ 0.05244 + 0.942381. The non-stability property for n > 8 is deduced again
from Theorem 1.4. O

We finish the section noticing an additional property of the relative Wills poly-
nomial. In [9], we studied the properties of the classical Wills polynomial f7.. B, (2)
and, among others, we characterized the cone R9(n; B,,) in dimensions n = 2,3
(see Theorem 1.2 in [9]): RY(4; B;) = RY(B;; Bi), i = 2,3. An analogous argument
shows that these cones remain unchanged if any gauge body F is considered.

Proposition 5.3. RI(i) = RI(B;; B;), i = 2, 3.
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