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Differential calculus on topological spaces
with weak Markov structure I

Alexander Brudnyi

Dedicated to the memory of Professor Mikael Passare.

Abstract. The concept of a weak Markov set takes its origin from Whit-
ney problems for differentiable functions on R™. In the present paper we
study a version of the first Whitney problem of characterizing families
of continuous functions satisfying certain differential relations on weak
Markov sets. To this end we develop differential calculus on weak Markov
sets similar to that on open subsets of R"™. Then we show that some clas-
sical results for smooth functions and differential forms (such as Poincaré
lemma, de Rham and Hartogs theorems, Kiinneth formulas, etc.) are valid
also on certain weak Markov sets and more generally certain topological
spaces with weak Markov structures. The class of such spaces includes, in
particular, C*° manifolds with boundaries and some Lipschitz and fractal
topological manifolds. Thus the paper offers yet another approach to anal-
ysis on fractals, a developing area of modern mathematics that focuses on
geometric and dynamical aspects of fractals.

1. Introduction

Motivated by boundary value problems for partial differential equations, classical
trace and extension theorems characterize traces of spaces of generalized smooth-
ness (e.g., Sobolev, Besov, etc.) to smooth submanifolds of a Euclidean space. But
in many cases one needs similar results for subsets of a more complicated geometric
structure (for instance, after the change of variables initial data may be situated
on a Lipschitz surface). The subject is originated from the seminal 1934 Hassler
Whitney papers [36] and [37], the first of which deals with the following problem:
characterize collections of m-jets on a closed subset of R™ that are traces of C™
jets, i.e., sets of Taylor polynomials of degree m on R™ generated by C™ functions.
Whitney developed important analytic and geometric techniques which allowed
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him to solve this problem; moreover, he constructed a linear bounded extension
operator acting from the trace space to C™(R™). In the second paper, marked
by number I, he used his extension method to solve for univariate functions an
essentially more difficult (known as the first Whitney) problem of characterizing
continuous functions on an arbitrary closed subset of R™ that are traces of C™(R™)
functions.

In accordance with the one-dimensional case, it was natural to formulate the
second (Whitney) problem: does there exist a linear bounded extension operator
from C™(R™) trace to a closed subset of R™ to C™(R™)?

Although in the second half of the 20th century some important partial re-
sults were obtained, the problems remained unsolved almost 70 years. In the last
decade a significant breakthrough in the area has been made by Charles Feffer-
man (2003-2009) (see, in particular, his survey [13] and references therein) who
solved the second Whitney problem and made an important contribution towards
the solution of the first Whitney problem justifying the, so-called, Yu. Brudnyi—-
Shvartsman finiteness principle for traces of C™ functions to closed subsets of R™.
Fefferman’s results are based on multileveled, voluminous constructions that can
be turned into algorithms for finite sets.

Whitney theory may be viewed as an important step towards differential calcu-
lus on closed subsets of Euclidean spaces. (For C*° functions on subanalytic sets
there are substantially more advanced theories developed by Len Bos and Pierre
Milman [7] and by Edward Bierstone and Pierre Milman [5].) However, up to
now it was not completely clear what property is responsible for a “differential
calculus”. It turns out that this is a “weak Markov property” introduced by the
author and Yuri Brudnyi in [3] and shared by many classes of sets that arise in
applications. For its definition, here and below, by Py, we denote the space of
real polynomials on R™ of degree k and by @,(z) C R™ the closed cube centered
at x of sidelength 2r.

Definition 1.1. A point z of a subset S C R" is said to be weak k-Markov if

su
) i {  sup (M)} .
r—=0 * pePy ,\{0} ‘SUPSNQ, (z) Ip

A closed set S C R" is said to be weak k-Markov if it contains a dense subset
of weak k-Markov points.

The term weak Markov set is derived from that of Markov set introduced by Alf
Jonsson and Hans Wallin in [22] by means of local Markov polynomial inequalities
in connection with extension and trace problems for functions in Besov spaces,
see Section 2 below for an equivalent definition. The class of weak k-Markov sets
denoted by Marj(R™), contains, in particular, the closure of any open set, the
Ahlfors p-regular compact subsets of R™ with p > n — 1, a wide class of fractals of
arbitrary positive Hausdorff measure and closures of unions of any combination of
such sets. The class Marj(R™) (consisting of all nonempty closed subsets of R™)
admits a filtration

Marj(R") D Marj(R") D Mar(R") D --- D Mar;(R") D --- .
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We set
Mar’, (R") := (] Marj (R")
k>0

and refer to elements of this class as weak co-Markov sets.

The purpose of the present paper is to study a version of the first Whitney
problem of characterizing families of continuous functions satisfying certain dif-
ferential relations on weak Markov sets. To this end we develop differential calculus
on weak Markov sets first introducing (intrinsically) the notion of derivative of a
function on such a set and then establishing its basic properties similar to those for
derivatives of functions on R"™. Next, we consider examples of problems for func-
tions satisfying some differential relations and show, in particular, that many clas-
sical results for smooth functions and differential forms (such as Poincaré lemma,
de Rham and Hartogs theorems, Kiinneth formulas, etc.) are valid also on cer-
tain weak Markov sets and more generally certain topological spaces with weak
Markov structures. The class of such spaces includes, in particular, C*° mani-
folds with boundaries and some Lipschitz and fractal topological manifolds. Thus
the paper offers yet another approach to analysis on fractals, a developing area of
modern mathematics that focuses on geometric and dynamical aspects of fractals.
(For known approaches and major developments in the area, see, e.g., survey [33]
and references therein.)

The paper is organized as follows. In Section 2 we formulate some basic prop-
erties of weak k-Markov sets accompanied by examples. In particular, we show
that (a) unlike Markov sets, Mar,_ ;(R™) C Mary(R™) for all k € Z; (b) direct
products, closures of unions or of images under surjective C' maps of weak k-
Markov sets are also weak k-Markov sets (in the corresponding Euclidean spaces);
however, classes Mary(R™), n > 2, are not invariant under bi-Lipschitz maps;
and (c) for a fixed k > 1, each closed subset of R™ is disjoint union of a subset
in Marj,(R™) U {0} and a set of Hausdorff dimension at most n — 1 whose closure
does not contain subsets in Mar) (R™).

In Section 3 we give the (intrinsic) definition of the derivative of a function
f:+ S — R at a weak 1-Markov point z € S C R” similar to the classical one: f has
derivative at x if and only if there exists a vector Dg f(z) € R™ such that

f) = @)+ (Dsf(x),y —x) + oy —zll), yes

(here (-,-) and || - || are the standard inner product and the Euclidean norm on R™).
Coordinates of Dgf(x) are called partial derivatives of f at x. We show that if a
function f has derivative at x, then it is restriction to S of a differentiable at = (in
the usual sense) function f : R” — R whose derivative at z coincides with Dg f(z)
(see Proposition 3.2). Moreover, there are analogs of divided differences A’;J,
1 <k<mn,i€eN, onS with supports of cardinality n + 1 converging to = as
i — 0o such that Dg f(z) = limie (AL ;(f),..., AL,;(f)) (see Proposition 3.3).

Similarly, one defines derivatives of order m < k of a function f: S — R at a
weak k-Markov point € S C R™. If S € Mar(R™) and f € C(S) has derivatives
of order m < k at all weak k-Markov points of S, then m-jets of f consisting of
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all partial derivatives of order < m of f at these points are well defined. We say
that such f is m-times continuously differentiable (i.e., of class C™), if the set
of m-jets of f satisfies, in each open relatively compact subset of S, the classical
Whitney—Glaeser condition for some modulus of continuity w (see Theorem 3.4).
Then it follows that f is restriction to S of a m-times continuously differentiable
function f on R”.

We complete this section with formulations of the results related to the Whitney
problems on weak Markov sets, that is, of finiteness principle and finite depth
simultaneous extension for traces of differentiable functions to weak k-Markov sets,
see Theorem 3.5 and Remark 3.6.

In Section 4, using intrinsic definitions of derivatives at weak k-Markov points
of a set S € Marj,(R"™), we define differential operators with continuous coefficients
on S of order m < k whose domains consist of spaces of m-times continuously
differentiable functions on S. Further, we present examples of solving certain
homogeneous differential equations on S. In particular, we show that for some
Cantor-type weak k-Markov sets traces of polynomials of degree m < k — 1 to
them are characterized as (m + 1)-times continuously differentiable functions on S
whose partial derivatives of order m are equal to zero (Theorem 4.3), and describe
solutions of analogs of the Laplace equation (Theorem 4.5) and of the Cauchy—
Riemann equations (Theorem 4.4) on such sets.

In Section 5 we introduce the class Marj, of paracompact spaces with weak
k-Markov structure, analogously to the definition of the class of manifolds with C'*
structure in differential topology, i.e., gluing together relatively open subsets of
sets in Marj, (R™) by means of local C™ homeomorphisms. (In particular, every C*
manifold and every subset of Marj,(R™), n € N, belong to Marj.) We prove that
any open cover of the space in Mar}, admits a C* partition of unity subordinate to
it (Proposition 5.2), introduce notions of “tangent bundle”, “differential” and “C*
diffeomorphism” for spaces in Mar}, (generalizing similar notions for C* manifolds)
and prove an analog of the Whitney embedding theorem for them (Proposition 5.4).

Next, we introduce the subclass Marj, » C Marj, (containing C* manifolds as
well) consisting of spaces locally C* diffeomorphic to direct products of simple T
sets, that is, weak k-Markov sets situated between graphs (in R"*1) of continuous
functions fi, fo : K* = R, f1 < fo, where K™ := (0,1)™ C R™ is the open unit
cube. (If, in this definition, f; = fa2, then, in general, the graph of f; is a fractal
in R"*1.) We show that fractal topological manifolds in Marj, - can be obtained
by isotopic perturbations of C'! manifolds (Theorem 5.5). Further, we introduce
and study differential forms on spaces in Mar?, . In particular, we prove that an
analog of the classical Poincaré d-lemma for differential forms on C'*° manifolds is
valid also for d-closed differential forms on spaces in Mar?_ . Thus the de Rham
complex of differential forms on such a space is well defined and, as in the case
of C'°® manifolds, the corresponding de Rham cohomology groups are isomorphic
to the Cech cohomology groups of the space (Theorem 5.8). We also establish an
analog of the Kiinneth formula for the de Rham cohomology groups of spaces in
Mar?, r (Theorem 5.13).

Sections 6-12 contain proofs of the main results of the paper.



DIFFERENTIAL CALCULUS ON TOPOLOGICAL SPACES I 535

In a forthcoming paper, following ideas of H. Whitney [39], we introduce in-
tegration of differential forms over special “fractal” chains in spaces from Mar’
and establish an analog of the Stokes formula for them.

oo,
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2. Properties of weak Markov sets

All properties except for (6), (10) and (11) proved in Section 6 below either follow
directly from Definition 1.1 or have been established in [3] (see also Volume II,
Chapter 10 in [2]).

(1) Mary(R™) consists of all nonempty closed sets in R™.

) Marj (R) consists of all infinite closed subsets of R without isolated points.

) If S € Marj(R") and U C S is relatively open, then the closure U € Marj,(R™).
) If {Si}ier € Marj(R™), then U;erS; € Marj(R™).

) For closed sets S; C R™, i = 1,2, their product Sy x So € Marj(R"1+"2) 4f
and only if S; € Mary,(R™), i = 1,2.

(2
(3
(4
(®

(6) Let x be a weak k-Markov point of S C R™. Suppose a map ¢ : R — R™,
m < n, is such that the derivative Dp(x) of ¢ al x exists and has rank m. Then
p(x) is a weak k-Markov point of ¢(S) C R™. In particular, if the set of such
points © is dense in S, then o(S) € Mar (R™).

(7) A closed set S C R™ belongs to the class of Markov sets, denoted by Mar(R"™),
if for some constant ¢ > 0 and every x € S, 0 <r < diam S and p € Py,

sup |p| <ec- sup |p|
Qr(2) SNQr ()

If S € Mar(R"™), then the above condition holds for polynomials of every degree,
see Chapter 2 in [22]. Hence, Mar(R™) C Mar’_ (R").

A closed set S C R™ is called (Ahlfors) d-regular (0 < d < n) if for every cube
Qr(x) with z € S and 0 < r < diam S

cor® < Ha(SNQp(x)) < err?,

where cg,c; > 0 are constants independent of x and r and H,4 stands for the
Hausdorff d-measure on R".

Every d-regular compact subset of R"™ with d > n — 1 is Markov, see Chapter 2
of [22]. So the closure of unions of d;-reqular compact sets S; C R™ with d; > n—1,
i €1, is weak oco-Markov.
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Example 2.1. The classical von Koch snowflake curve is d-regular with d :=
log4/log 3, see, e.g., [10] for its construction.

(8) Fiz k € Ny U{oo}. Every closed subset S C R™ is disjoint union of a (possibly
empty) weak k-Markov subset and a set of Hausdorff dimension at most n — 1.

In particular, let a closed set S C R™ have a base (in the relative topology)
consisting of sets of Hausdorff dimension greater than n — 1. Then S is weak
oo-Markov. (For otherwise, nonempty open set S\ Spax, where Spax is the maxi-
mal weak co-Markov subset of S, contains an element of the base with Hausdorff
dimension greater than n — 1.)

Using this fact one can prove, e.g., that the graph of the Weierstrass nowhere
differentiable function

e}
Za” cos(b"z), where 0<a<1,b>1, ab>1,
n=0

is weak oo-Markov. (It follows from Theorem 4 in [32] and estimates in [15].)

More generally, it was proved in Theorem 5 of [32] that for a fixed 0 < o < 1
the graph of p(z) = Y07 f~*"q(B"x + 0,,) with sufficiently large 3 > 1 and arbi-
trary 6g, 01, ..., where ¢ is a Lipschitz function on R of period one monotone and
nonconstant on a compact interval, satisfies the above base topology assumption
(for n = 2). Hence, this graph belongs to Mar_(R?).

(9) A point x of a subset S C R™ is weak k-Markov if and only if there exist
a convergent to 0 sequence of positive numbers {r;}ien and a sequence of finite
subsets F; C SN Qy,(x) with card F; = dim Py, ., i € N, such that

Supq,. (z) IP
(2.1) Sup{ sup (M>} < 00

1€N ( pePy,» \{0} Supp, |p|

The proof is a consequence of the following fact (cf. Proposition 3.5 in [3]):

Let V' be an n-dimensional vector space of bounded real functions on a set X
(in particular, card X > n). There exist a finite subset F C X of card F = n and
a constant ¢ = ¢(n) > 0 such that for every v € V,

sup |v| < ¢- max |v].
b'e r

(10) Unlike Markov sets, Mary,; (R"™) \ Mary,(R") # 0 for all k € Z..

In view of (5) it suffices to establish this property for n = 1 only. It is done
in Subsection 6.2 by constructing, for each k € Z,, a Cantor-type subset of R of
Hausdorff dimension zero belonging to Mary,(R) \ Mary, . ; (R).

(11) Classes Marj,(R), k € Z U {oo}, are invariant under bi-Lipschitz maps (i.e.,
if S € Marj,(R) and ¢ : S — S’ C R is a bi-Lipschitz map, then S’ € Marj,(R)),
while Marj,(R™), n > 2, k € NU {0}, are not.

To prove the second part of the statement for k € N we construct a Lipschitz
function ¢ : R — R whose graph I', € Marj (R?)\Marj_,; (R?) (see Subsection 6.3).
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3. Traces of differentiable functions to weak Markov sets

Results of this section are proved in Section 7.

Definition 3.1. A function f: S — R is said to have derivatives of order < m
(< k) at a weak k-Markov point « € S C R™ if there exists a polynomial T!"(f) €

Prm.,n such that
tim W) — T3 (F) ()]

=0.
vor o ly -2
If c
T (=)= ) S Emn)Y acZlali= ol
la|<m

then ¢, is called the partial derivative of order a at x and is denoted as D% f(x).
(Here ||-|| oo and ||-||1 stand for £>°-norm on R" and ¢!-norm on Z", respectlvely)

Proposition 3.2. A function f: S — R has derivatives of order < m (< k) at a
weak k-Markov point x € S C R™ if and only if there exists a function f R™ - R
having derivatives of order < m at x such that f|5 = f. Moreover, the Taylor
polynomial Tm(f) of degree m at x of any such extension f coincides with T (f).

Next, we express derivatives of f: S — R in intrinsic terms using some analogs
of divided differences.

Proposition 3.3. For a weak k-Markov point x € S C R™, and a nonnegative
integer number m < k there exist a convergent to 0 sequence of positive numbers
{ri}ien, a sequence of finite subsets F™ C SNQy, (x)\{z} with card F; = dim Py, 1,
a sequence of signed measures ps', o € 2T, |af <m, on F", i € N, such that if a
function f: S — R has derivatives of order m at x, then

(3.1) §f(z) = lim | fdui.

F m

Recall that the space C™“(R™) is defined by the norm
[Df(x) = D*f(y)l

)

I llcmoe @ny == sup |f| + max sup

lal=mazy  w(llz = yllo)

here w: (0,00) — (0, 00) is a nondecreasing concave function with w(04) = 0. For

a subset S C R™ by C"™%(S) we denote the trace space of continuous functions
on S equipped with the trace norm

[ flleme(sy == inf {{lgllcme@n); gls = f}.
The following result characterizing functions in C™%(S) is the analog of the

classical Whitney—Glaeser theorem (see, e.g., Volume I, Section 2.2 in [2]).

Theorem 3.4. Let S C R™ be weak k-Markov, k € N. A function f € C(S)
belongs to C"™%(S), m < k, if and only if it has derivatives of order < m (< k) at
each weak k-Markov point x € S and there exists a constant A > 0 such that for all
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weak k-Markov points xz,y € S, z € {x,y},

max |[Dgf(z)] < A and

jal<m
(3.2) o 2D = TPD) G
ol <m v — y [ B o

Moreover,
| fllgm.«(s) ~ inf A

with constants of equivalence depending only on m and n.
Finally, we formulate a result proved in [3] that solves Whitney problems for
the trace of space C"™“(R™) to weak k-Markov sets (k > m).

Theorem 3.5. Let S C R™ be weak k-Markov, k € N, and m < k.

(a) Finiteness principle. Suppose that for f € C(S) its restriction to each
subset S” of S of cardinality at most 2(”:7”) satisfies || flst||eme(sy < 1.
Then f € C™%(S) and there exists c = ¢(m,n) > 0 such that || f|

Cmw (S) § C.

(b) Finite depth simultaneous extension. There exists a linear bounded
extension operator E : C"™%“(S) — C"™“(R"),

> Xi(@)f(zi) if zeR™\ S,
=1

flz) if z €S,

(Ef)(x) :=

here all \; € C*°(R™) and have compact supports in R™\ S, all x; € S and
for each x € R™\ S the number of nonzero terms in the above sum is at most
("‘;m) -w, where w is the order of the Whitney cover of R™\ S.

Remark 3.6. If S C R is an arbitrary closed set, then, as it was discovered by Fef-
ferman [11], a statement similar to (a) is valid with the finiteness constant bounded
by (1 + dim Py, ,,)*>4m P Later this bound was replaced by 24mPm.n due to
Bierstone-Milman [6] and, independently and by a different method, Shvarts-
man [34]. A linear bounded extension operator C™*(S) — C™*(R"™) in this case
was constructed by Fefferman [12]. Using a modification of his method Luli [26]
constructed an extension operator C"¥(S) — C™“(R™) of finite depth, cf. (b).

4. Examples of extension problems

Definition 4.1. A function f on an open subset U of a weak k-Markov set S C R"
is said to belong to the space C™(U), m < k, if for each = € U there is its open
neighbourhood O, C U such that f|o, satisfies conditions of Theorem 3.4 with a
modulus of continuity w,. Here C>=(U) := N, CH(U).

We define C™ (U, RP) as the space of maps U — RP with coordinates in C™ (U).
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Using Theorem 3.4 and a smooth partition of unity subordinate to a suitable
cover of U by open subsets of R™, one easily shows that f € C™(U) iff it is
restriction to U of a C™ function defined in an open neighbourhood of U in R™.
In the case m = oo this follows from a result of Hestens [18].

Let S € Marj,(R™) and Sy C S be a dense subset of weak k-Markov points
of S. For each f € C™(S), m < k, the function Dgf € C(S), |a| < m, is defined
as the extension by continuity to S of the function Dg(f|s,) (which is locally
uniformly continuous on Sy due to Theorem 3.4). Next, for a differential operator
Pp = Z\a|§m ao D%, a, € C(W), where W C R™ is an open neighbourhood of S,
we define

(4.1) Ppsf = (aals)DS f.

lo|<m

If f is restriction to S of a C™ function f defined in an open neighbourhood
of S in W, then (see Proposition 3.2)

(4.2) Pp.f=(Ppf)ls.

In what follows for a subset O of a Hausdorff topological space X, 90 := O\ O°
and O° := X \ O stand for its boundary and complement in X.
In the formulated examples we deal with Cantor-type sets of the form

(4.3) s=a\(JD).

j>1

where 2 is a bounded open subset of R" or C" and {D;};>1 is a family of mutually
disjoint domains in 2 such that 9D; = 9(D;)* for all j.

Example 4.2. The Sierpiriski gasket is a d-regular set, d := log3/log2, of the
form (4.3) obtained by repeatedly removing open equilateral triangles from an
initial equilateral triangle, see, e.g., [10].

Our first example describes traces of polynomials to a class of Cantor-type weak
Markov sets.

Theorem 4.3. Let S C R™, n > 2, be a weak k-Markov set, k > 2, of the
form (4.3) such that Q@ € R™ and all (D;)¢ are domains. Suppose f € C™T1(S9),
m < k—1, satisfies DG f = 0 for all || = m. Then there exists a unique polynomial
P € Pm—1,n such that psls = f. In particular, S is connected.

Next we present a Hartogs-type theorem describing traces of holomorphic func-
tions to a class of Cantor-type weak Markov sets.

Theorem 4.4. Let S C C*, n > 2, be a weak k-Markov set, k > 2, of the
form (4.3) such that Q € C" and all (D;)° are domains. Let f € C2(S) =
C?(S) ® C satisfy Osf = 0. Then there exists a unique holomorphic function
F € O(Q) NCL(Q) such that F|s = f and supg |F| = supg | f].
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Our third example describes solutions of Laplace-type equations on a class of
Cantor-type weak Markov sets. In its formulation C?%(R™) stands for the space
of bounded C? functions on R"™ whose second-order derivatives satisfy the Holder
condition with exponent «.

Theorem 4.5. Let S C R™, n > 3, be a weak k-Markov set, k > 2, of the
form (4.3). Let f € C*%(S), 0 < a < 1, satisfy Asf = 0. Then there erist
functions Fy, Fy € C**(R™) harmonic in U;>1D; and (szle)c, respectively,
such that lim, o Fi(z) =0, i = 1,2, and (Fy + F»)|s = f. Moreover, if F|,Fj €
C*2(R™) is any other pair of such functions, then F| = Fy onUj>1D; and Fy = Fy
on (UjZle)c.

5. Spaces with weak Markov structure

5.1. Basic definitions and properties

Most definitions of this subsection are similar to those of the theory of standard C*
manifolds, see, e.g., [30].

Definition 5.1. A weak k-Markov structure on a second countable Hausdorff
space S is a collection of pairs D := {(Ua, ¥a)}aca, called charts, such that

(1) (Us)aea is an open cover of S;

(2) Each ¢, is a homeomorphism of U, onto a relatively open subset of a set
in Marj (R") such that for all o, 3 € A maps ¢g o ot 1 a(Us NUz) —
05Uy NUg) (C R™) are of class CF;

(3) D is maximal with respect to property (2).

A function f on an open subset U C S is of class C* if foyp, € CF(p(UNU,))
for all (U, a) € D.

The definition implies that S is paracompact and of covering dimension at
most n. Moreover, it has a base of topology consisting of relatively compact open
subsets.

The class of spaces with weak k-Markov structure will be denoted Marj,. If M
is a C* manifold, then by Marj (M) C Mar, we denote the family of all weak
k-Markov closed subsets S C M, i.e., such that in Definition 5.1 each (U,, @) has
the form U, := Vo, NS and ¢, = ¥4 |v,, where (Vy, 1) is a C* chart on M. In
particular, every C* manifold and weak k-Markov subset of R” belong to Marj.

Proposition 5.2. Let S € Marj. For any open cover of S there exists a C*
partition of unity subordinate to it.

For S1,S3 € Mar), a continuous map f:S; — Sy is said to be of class Ck if
it is of class C* in all suitable charts (Un1,¢a1) € D1 and (Ua2, 9a2) € D2 on S
and So, respectively (i.e., pa2 0 f 0 gpgll € C*((pp1 0 f1)(Ua2)s Pa2(Ua2)))-
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Every C* map f: S; — Sy determines an injective morphism of algebras
f*: CHU) — C*(f~1(U)), U C Sy is open (here f* is the pullback by f).

For S € Mary,(R™), k > 1, the tangent bundle T'S — S on S is defined as the re-
striction to S of the tangent bundle TR™ — R™ on R™. Clearly, T'S € Mary (TR").
Now, for a C* map f: S — RP the differential Ff: TS — TRP is defined as the
restriction of the differential D f TU — TRP, where f is a O extension of f to
an open neighbourhood U C R™ of S. According to Propositions 3.2, 3.3, the defi-
nition of Df does not depend on the choice of the C* extension f and in intrinsic
terms, Df = (f, ( sz)lgzﬁn, 1§]§p)a where f : (fl, ceey fp)

Similarly, if S € Marj, then the tangent bundle TS — S is defined as the
quotient space of disjoint union | |, TUs, where TU, — U, is the pullback

by ¢4 of the bundle T gpa( «), by means of the following equivalence relation:
TUs 3 v ~w € TUs <= (ps)(w) = D(pg 093 ") ((¢a)«(v));

here (Uy,¢a) € D and (¢a)s : TUs — T0a(Ua)|p.(v.) is the isomorphism of
bundles generated by ¢,. The weak k-Markov structure on T'S is given by the
collection of charts { (TUy, (¢a)«) tach-

Next, if f: S; — Sy is a C¥ map between S1, Sz € Marj, then the differential
is a morphism of bundles F'f: T'S; — T'Sy defined in charts (Ua1, 9a1) € D1 and
(Upa, pa2) € D2 such that f(Ua1) C Uz by the formula

Df(v) = (pp2): (D(wp2 0 f 0 051 ((#ar):(v)).

We say that f: S; — Sy is a C* embedding if f is an injection and Df is injective
on each fibre of T'S;. If, in addition, f is a homeomorphism, then it is called a C*
diffeomorphism.

Proposition 5.3. Suppose S1,S2 € Mary, k> 1, and f: Sy — So is a C* diffeo-
morphism. Then f~': Sy — Si is a C* diffeomorphism as well.

Let S C R? be a closed subset and S € Mar),. We say that the weak k-Markov
structure D on S is induced from RP if each ¢, in Definition 5.1 for S' is restriction
of a C* map into R™ defined in an open neighbourhood of U, in RP.

Our next result is an analog of the Whitney embedding theorem [38].

Proposition 5.4. Suppose S € Mary,, k > 1, and the rank of TS is n. There
exists a proper C* embedding f: S — RN, where N := 2n + 1 if k > 2, such
that f(S) € Marj and has weak k-Markov structure induced from RN . Moreover,
f:S— f(S) is a C* diffeomorphism.

(In case S € Mary, (M), k > 2, where dim M = n, one can replace 2n+ 1 by 2n
applying the strong Whitney embedding theorem to M)

5.2. Calculus of differential forms

In what follows K" := (0,1)" C R™ stands for the open unit cube.
Let f;; : K" =R, 1<¢</¥, j=1,2, be continuous functions such that f;; <
fiz and closures of sets Iy’ = {(z,tfi1(¥) + (1 — 1) fiz(x)); 2 € K™, t € [0, 1]}
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are weak k-Markov subsets of R+ for all 1 < i < m. A set of the form I‘;ﬁlll Fia X
cex TR L CRMFL L RMH (=2 R, n:=3"_,(ni+1)) will be called a T set.

Each component F}Ll P R™*1 will be called a simple T’ set.

By Mary  C Mar;, we denote the subclass of sets S such that for each x € S
there exists a chart (Us, pa) with € U, and ¢, (U,) C R™ a T set.

If M is a C* manifold, then by Marj, (M) C Marj,  we denote the family of
closed subsets S C M such that in the above definition each (U, ¢) has the form
Uy = VoS and ¢, = 4|y, , where (V1) is a C* chart on M.

In particular, every C* manifold with a boundary, k£ > 1, belongs to Marz,r.
However, one can show that the von Koch snowflake curve with the weak co-Markov
structure induced from R? does not belong to Mar, . The next result shows that
this class contains sufficiently many fractal topological manifolds.

Theorem 5.5. Let M be a C* submanifold, k > 1, of an n-dimensional C™
Riemannian manifold X of dimension m > [n/2] > 1 and let U C X be an open
neighbourhood of M. There is an open neighbourhood N C U of M such that

(A) For each d € [m,n] there exist a topological submanifold Mg C Mar?, (V)
having a base of topology of sets of Hausdorff dimension d and an isotopy hq: :
Md — N, t € [0, 1], such that hd’() = id, hd$1(Md) = M, each hd,t(Md) S
Mar r(N), 0 <t < 1, and has: Ma — hat(Ma) is a C* diffeomorphism for
all such t. Moreover, My, is a Lipschitz manifold and hy,1: M,, — M is locally
bi-Lipschitz.

(B) For each | € N there exist a Lipschitz submanifold M; € Mar]p(N) \
Mar;, p(N) and an isotopy hy: My — N, t € [0,1], such that hy o = id, hy1(M;)
= M, each hy+(M;) € Mar; r(U)\Marj,; n(N), 0 <t <1 andhy : My — hy (M),
is a C? diffeomorphism, p = min{l, k}, for all such t. Moreover, hy1: M; — M
is locally bi-Lipschitz.

For Si,S2 € Marj, k > 1, a continuous map f: S; — So is said to be lo-
cally Lipschitz if it is locally Lipschitz in all suitable charts (Uy1, pa1) € D1 and
(Uaz, paz) € Dy on Sy and Ss, respectively (that is, g2 0 f o @511 € Lipy,.((¢p1 0
[ (Ua2), ¢a2(Uaz)), where the metric structures of sets in the brackets are in-
duced from those of the corresponding Euclidean spaces). Clearly, the definition
does not depend on the choice of charts and each C* map S; — Ss is locally Lip-
schitz as well. We say that f: S7 — So is locally bi-Lipschitz if f is a homeomor-
phism and f, f~! are locally Lipschitz maps. Since the class of locally bi-Lipschitz
homeomorphisms preserves Hausdorff dimension and each m-dimensional C* mani-
fold M, m > 1, k > 1, admits a proper C* embedding into R?™, Theorem 5.5 shows
that there is a family of the cardinality of the continuum of locally bi-Lipschitz
nonequivalent weak oco-Markov structures on M.

For S € Marj}, k > 1, the cotangent bundle T*S — S is a bundle dual to the
tangent bundle T'S — S and equipped with a weak k-Markov structure induced
by that on T'S. A differential form w of class C* on S of degree degw = p is
a C* section of the bundle AP T*S. If rank of T'S is n and = = (x1,...,x,) are
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coordinates in a chart on S, then w can be written locally in these coordinates as

w = Z cr(z)dxy,

[T|=p
where c; are of class C* and for I = (i1,...,is), 1 < i, <n, 1 </ < s, we define
|| := s and dx; := dx;, ANdxi, N+ Adz;,; here daq, . .., dx, are local coordinates

on T*S in the chart, dual to the coordinates 9/0x1, . ..,0/0x, on T'S there (pulled
back from TR™ by the map defining this chart).

In what follows we assume that S € Mars,. By QF(U) we denote the vector
space of C'*° differential forms of degree p on an open set U C S. The differential
d: QP(U) — QPTL(U) is defined exactly as in the case of differential forms on C*
manifolds (e.g., if S € Mary (R") andw =}, _, cr dzy € QP(S), where zy, ..., zp
are coordinates on R", then dw := 37, _, (307, Dscr dz;) Adar).

The following result generalizes the classical Poincaré d-lemma for differential
forms on C*° manifolds.

Theorem 5.6. If S € Mar_,  and w € QP(S) is d-closed, i.e., dw = 0, then for
each © € S there exists an open neighbourhood U, of x and, for p > 1, a form
ne € WP~YU,) such that dn, = w. If p= 0, then w is locally constant.

By Q% we denote the sheaf of germs of C°° differential forms of degree p on
S € Mar’_. Then from Proposition 5.2 we get (see, e.g., [19] for basic definitions
and results of algebraic topology used below):

Proposition 5.7. Q% is a fine sheaf.
Combining Theorem 5.6 with Proposition 5.7 we obtain straightforwardly:

Theorem 5.8. Let S € Mary, 1 and rankT'S = n. Then we have the following
resolution of the constant sheaf R on S by the sheaves of differential forms:

0—>RL>Q —>Q 4. —)Q 0.

In particular, H'(S,R) = Hin(S,R), where H'(S,R) is the Cech cohomology of
sheaf R on S and

Ker(€(5) -4 Qit1(9))

HanlS B ()

Since H*(S,R) = 0 for i > dim,. S, where dim, stands for the covering dimen-
sion, Theorem 5.8 yields

Corollary 5.9. Fori > dim. S each d-closed form in Q%(S) is d-exact.

The statement of Theorem 5.8 is not valid if S ¢ Mary  as the following
simple example shows.
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Example 5.10. Let S C Mar’ (R) be the standard Cantor set in [0,1]. Then
HOY(S,R) consists of continuous locally constant functions on S. In particular,
each such function assigns finitely many values. Let [0, 1]\ .S := U3, (a;, b;) and ¢
be a positive C* function on (0, 1) having zeros of infinite order at 0 and 1. For a
uniformly bounded sequence {c;} C R consider a sequence of positive functions
p; € C™((aj,b;)), ¢j(x) = cjetim%)p(7=2L), j € N. Then the function ¢
equals ¢; on (a;,b;), j € N, and 0 on SU (R \ [0, 1]) is C°° on R. We set ¢(z) :=
ffoo p(t)dt, = € R. By the definition ¢ € C*°(R) and d(1|s) = 0. However, the

range of 1b| g is not finite. This shows that H°(S,R) is a proper subset of HY,(S,R).

In general, for S € Mar’_ as in the case of C°>° manifolds (using Proposition 5.7)
we obtain canonical homomorphisms of groups kY : H(S,R) — HY,(S,R) such
that if f: S; — S is a C° map of spaces in Mar._, then for all ¢ the following
diagrams:

- R, )
Hi(S3,R) -3 Hi,(S2,R)

(5.1) 2 |
H'(S1,R) N Hip(S1,R)

are commutative. Here f& and fj5 are homomorphisms induced by f.

As another consequence of Theorem 5.8 we obtain the following interpolation
result. Let S € Mary,  be a closed subset of a space X € Mar, and the weak
oo-Markov structure on S is induced by that on X, i.e., the embedding S — X
induces surjective morphism Q% — Q% of sheaves of germs of C*° functions.

Corollary 5.11. There exists an open neighbourhood N C X of S such that
for each d-closed form w € QP(S) there exists a d-closed form w € QP(N) such
that ©|s = w.

By H*(S,R) we denote the ring of singular cohomology of S € Mar_ endowed
with « product (see, e.g., Appendix A in [29] for definitions). Also we consider the
ring H} (S, R) endowed with A product. If S is a C°° manifold, then the classical
de Rham theorem states that these two rings are isomorphic. This result can be
extended:

Theorem 5.12. For S € Marz;oﬁp, there exists an isomorphism of rings ®g :
(Hjr(S,R),A) = (H*(S,R),~) such that if f: Sy — Sa is a C* map of spaces in
Mar?, r, then the following diagram is commutative:

Hin(S2,R) 253 H*(Sy,R)

(5:2) Jir| |
Hin(S1,R) 2% H*(S1,R).

Here f* is the ring homomorphism induced by f.
Moreover, if S is a C*° manifold, then ®g coincides with the classical de Rham
isomorphism defined by the pairing of differential forms and chains via integration.
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Let S; € Mareo r, @ = 1,2. Then S1x.Sy € Mary r as well. By m; : S1xS2 — 5,
i = 1,2, we denote the natural projections. The map

(w1, w2) — 77 (w1) A 5 (w2), w; € Q°(S;), 1=1,2,

determines a bilinear map A : Hj(S1,R)®@ Hj(S2,R) = Hj(S1 % S2,R) sending
each @p—‘,—q:k,‘HgR(Sl’R) X H:i]R(SQ’R) into HgR(Sl X SQ,R).

As a corollary of Theorem 5.12 we have the following generalization of the
classical Kiinneth formula.

Theorem 5.13. Suppose Sy is homotopy equivalent to a CW complex having only
finitely many cells in each dimension. Then the map N: Hjp(S1, R)QH}5(S2,R) —
H}R(S1 x S2,R) is an isomorphism.

In case both S; admit locally finite acyclic open covers, the result was first
established by Vladimir Goldshtein by the method analogous to the one described
in Section 5 of [8] (by means of the Mayer—Vietoris sequences which clearly exist
in the category of spaces in Mar’, cf. Section 2 of [8] for similar arguments). The
question whether a general space in Mary, r has such a cover is open.

Theorem 5.13 can be applied, e.g., if Sy € Mar:';O’F is a compact topological
manifold (in this case it has homotopy type of a finite CW complex, see [24]).

In a forthcoming paper we present some results, different from those formu-
lated above, on the de Rham cohomology of certain topological manifolds in
Mar?, \ Mary,  (including von Koch snowflake-type curves) and of Cantor-type
sets in R™ (having similar to the Sierpiriski gasket structures).

6. Proofs of Properties (6), (10) and (11)

6.1. Proof of Property (6)

We use the Remez-type inequality of [4]:

Let V- C R™ be a bounded convex body and w C 'V be a measurable subset. By ||
we denote the Lebesgue measure on R™. For each p € Py p,

L+ Ba(N)
(6.1) sup Ip| < Tk(m) Sup Ipl,

where X = |w|/|V], Ba(N) := (1 = NV and Ty(z) == 2((z + Va2 - 1)F + (z —
22 — 1)*) is the Chebyshev polynomial of degree k.

(Using inequality (6.1) one easily shows that cubes Q,(x) in Definition 1.1 of a
weak Markov point can be replaced by closed balls B,.(x) with respect to a norm
on R™.)

We also use the Markov inequality asserting that

2

(6.2) sup|p| < -sup |p| for each p € Py 1.
2.8 b=a [y
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Proof. First, we prove the result for m = n.

Let « € S be a weak k-Markov point such that De(z) is invertible. Since the
required statement is clearly true for invertible affine maps, making suitable affine
transformations of R™, we may assume that z = ¢(z) and Dy(z) is the identity
map. Then in an open neighbourhood U of x we have

(6.3) py) =y +s(y) - lly = zlloe, where lim s(y) =0.

Here || - ||oo is the £o, norm on R™.

Suppose that {r; };en is a convergent to zero sequence of positive numbers such
that all Q,,(z) C U and

SupQ, (z) 1|
(6.4) sup{ sup (L()>} =:c¢ < 00.
ieN | peps ., \{0} \SWPsnQ,, () [P

From (6.3) we get

(6.5) () = Ylloo < si i for all y € Qr, (2),

where s; 1= sup,cq, (s) [[$(y)|| = 0 as i — co. This implies that

(6.6) P(SNQr(2)) CQra1s) (@)

Now, from (6.3)—(6.6) using inequality (6.1), the intermediate value theorem and
inequality (6.2) we deduce that, for each p € Py,

14 (1 +s)m—1)""

=] sup Ipl
1—((14s)m—1)" L) Qr, (2)

(6.7) sup  [p[ < Tk(
Q”(H-si)(x)

1/n
14 s)" —
<c- Tk< + (( i )1/") sup |p|
— (A +s)m=1)7""/ s0Qi@)
1/n
(I+s)™— k2\/n-s; -1
<c- Tk( al - )1/n ( sup |p|+\/;7 sup Ip|>-
((1 + sz)n ) 90(st7 (@) Ti( + si) Qri(1+5i)(x)

Due to (6.6) inequality (6.7) implies that, for all sufficiently large i,

L (Ls) "= 1) /"

sup [p| < sup Ip|.

R s €= (= = BV o500y 1sr ()

The first factor in the right-hand side of the last inequality tends to c¢ as i tends
to co. This shows that © := ¢(z) is a weak k-Markov point of ¢(S5).

The case of m < n is reduced to the previous one. Indeed, the statement is
clearly true for linear projections R” — R". Making suitable affine transforma-
tions of R™ and R™ without loss of generality we may assume that © = ¢(x)
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and Dy(x): R* — R™ is the linear projection sending (yi,...,yn) € R™ to
(Y1,---,Ym) € R™. Let us define @ : R™ — R™ by the formula

@/(yla SRR ’yn) = (@(yla ... 7yn)’y7n+17 .- '?yn)'

By the definition D@(x) exists and is the identity map. Thus the previous case
implies that p(z) is a weak k-Markov point of ¢(S) C R™. Applying now the linear
projection Dp(x) to @(x) and @(S) we obtain the required result.

The second part of the statement of the property follows directly from the first
one and the definition of weak k-Markov sets. O

6.2. Proof of Property (10)

For each k € Z we construct a compact set S € Mary,(R) \ Mary ; (R).

For k = 0 we define S := {0} C R. Clearly, S € Marj(R) \ Marj(R), see
properties (1), (2) of Section 2.

Assume now that & > 1. We set Sy := {i/k, 0 < i < Ek}. Next, choose
A1 € (0,1/(3k)] and define Sy := S; + A1 - S1. Then choose A2 € (0, \1/(3k)]
and define S := S5 + X2 - S;. Proceeding similarly at the n*" step we define
Sp = Sp—1 + Ap—1 - S1 for some A\,—1 € (0, \,—2/(3k)], etc. (Here X +Y :=
{z+y;zeX,yeY}for XY CR)

The required set S is defined as the closure of U5, .S,,.

By the definition, each element x € S is written as a (convergent) series

- jm : )\m
(6.8) z=Y s
m=0

where j,, are integers between 0 and k, and )y := 1. Moreover, = € .S, if and only
if j,, = 0 for all m > n.

Let us show that presentation (6.8) is unique. Indeed, suppose that = =
> o dm - Am/k is another such presentation. By M € Z, we denote the minimal
number such that j,, = j;, for 0 <m < M but jar1 # jys4- Then we have

o0 . . . -/ oo . 3
B (Gm = Jm) - Am ljare1 = Jhrgal - Amr [Jm — 40,1 Am
|3 B S Ll

m=0 k k m=M+2 k
A1 = A1 = A1 . At
6.9) > — Ay > ——— — > 0
(6.9) = k Z m= L Z(gk)m— 2k>’
m=M+2 m=1

a contradiction proving the claim.

Proposition 6.1. Suppose that lim;_, o )‘;\—tl =0. Then S € Mary,(R)\Marj_ ;(R).

Proof. First, we reformulate property (9) of Section 2 for the case of weak Markov
subsets of R.
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Lemma 6.2. A point © of a subset S C R is weak k-Markov if and only if there
exist a convergent to 0 sequence of positive numbers {r;};cn, a sequence of finite
subsets Fy = {xn,...,Tipt1} C SN Qp(x), i € N, and a positive number (x)
such that for all i € N

(6.10) m;ién |Tim — Tin| > 0(x)r;.

Proof of Lemma 6.2. According to property (9) it suffices to show that the hy-
pothesis of the lemma is equivalent to (2.1). So assuming that (2.1) is valid, let us
show that (6.10) is also valid for some d(x) > 0.

If, on the contrary, such 6(z) does not exist, then passing if necessary to a
subsequence of {r;};en without loss of generality we may assume that
Lim — T4

(a) lim 2 =0 for some fixed m # n;

71— 00 T

(b) lim 22— — g e[~1,1] forall1 <j<k+1.

1—00 T
Due to (a) the set F':= {x1,...,2,+1} consists of at most k distinct points. Thus
there exists a polynomial p of degree k on R having zeros at points of F' and such
that max|_y 1) [p| = 1. This and (b) imply for p;(t) := p(tr_f) €Pri1\{0},ieN,
that

sup |p;] =1 and lim sup|p|=0,
7'i (z) 71— 00 Fi
a contradiction with (2.1).

Conversely, if (6.10) is valid then according to an inequality following from the
classical Cartan lemma, see page 21 in [25], condition (2.1) is also valid for the

same {r;};en and F; C Qp, (x), ¢ € N. O

Returning to the proof of Proposition 6.1, first, let us show that S ¢ Mar ; (R).
Assuming the contrary, we find, by Lemma 6.2, a point x € .S, a convergent to 0 se-
quence of positive numbers {r; };en, a sequence of subsets F; := {w1,...,Tigt2} C
SNQr,(z), i € N, and a positive number d(z) such that for all ¢ € N
(6.11) min |z, — Tin| > 0(x) 7.

m#n

By j(i), i € N, we denote a natural number such that

: A
Case 1. lim < 00 or lim ——= < o0
i—o0 Nj(i)+1 i—soco Ti

In each of these cases passing to a subsequence of {r;};eny we may assume
without loss of generality that there exist constants c¢1,co > 0 and a sequence
{k(i)}ien C N such that for all ¢ € N
(6.13) 1 Ay S i < e Ay -

Next, according to (6.8), there exists a unique nondecreasing sequence {z; }ien
such that x; € S; and |z;41 — ;| < A; for all i € N, and lim;_, o x; = x.
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Lemma 6.3. For all sufficiently large i, S N Q,,(x) belongs to the set

= .m : /\m . .
S(zray) = {ZGS; Z = Ty + Z ]T’ Jm € Z4 N[0, k], mzk(z)}.
m=k(1)

Proof of Lemma 6.3. If z & S(xy(;)), then one of the first k(i) terms in (6.8) for z
differs from the corresponding term in (6.8) for xy(;). Thus, as in (6.9) we have

ol > k(z) 1 Z A > S M@-1 3k

|z — x| > [z — 2pe) | — |Tr@) — 2k k

m=k()
The latter, due to the hypothesis of the proposition and (6.13), is greater than r;
for all sufficiently large 7. This implies that z ¢ SN Q,, (x). O

Passing to a subsequence of {r;};cn, if necessary, we may assume without loss
of generality that SN Q. (x) C S(xk;)) for all 4.
According to the lemma, numbers in (6.11) can be written as

oo . ~A
Tip = Tey + Y “’T Jmp €2y O [0,K], m>k(i), 1 <p<k+2.
m=k(1)

In particular, there exist integers 1 < p1(i) < p2(i) < k + 2 such that jyyp, ) =
Jk(i)ps(i)- This, the hypothesis of the proposition and (6.13) imply that for all
sufficiently large 4

N BAk(i)+1
|Zipy (i) = Tips (i) | < Z Am < T’ <o(z)-m

m=k(i)+1
which contradicts (6.11).
. i
Case II. lim LR and lim 10— .
1—>00 (i) +1 1—o0 T

Using the second of these conditions and arguing as in the proof of Lemma 6.3
we obtain that for all sufficiently large i, SNQ., (x) C S(x;(;y41) (see (6.12)). Then
for the linear polynomial p(t) :==t — z, t € R, we have

3N+ 1
sup |p[< sup |p| < Z Am < Jz) :
5NQ, (z) S(xji)+1) me=j(i)+1

On the other hand,
sup |p|=ri.

i (z)

Therefore

_supg, () P ki
lim ————~ > lim ——— =00
i—oco SUPSNQ,, (x) |p| i—o00 3/\ (i)+1

contradicting (6.11) (see the proof of Lemma 6.2).
Thus we have proved that S is not weak (k + 1)-Markov.
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To show that S € Marj(R) it suffices to check the condition of Lemma 6.2
for points = € U2,S; (a dense subset of S). In this case if € Sy, and i > m,
then S N @y, (x) contains the set {x} + A; - S1 of cardinality k& + 1 with distances
between its distinct points being at least A; /k. Thus according to Lemma 6.2, each
r € UX,S; is weak k-Markov. This gives the required statement and completes
the proof of Proposition 6.1. O

Remark 6.4. The constructed set S is of Hausdorff dimension zero. For otherwise,
due to property (8), see Section 2, S contains a nonempty weak (k + 1)-Markov
subset. However, each point of S is at most weak k-Markov (see the proof of
Proposition 6.1), a contradiction.

Taking direct products of n copies of S we obtain, according to property (5)
of Section 2, a compact subset of R” belonging to Marj,(R") \ Marj,, ; (R™). This
completes the proof of property (10).

6.3. Proof of Property (11)
First, we prove invariance of Mary (R) under bi-Lipschitz maps.

Theorem 6.5. If x € S C R is a weak k-Markov point and ¢ : S — 5" CR is a
bi-Lipschitz map, than p(x) € S’ is weak k-Markov. In particular, if S is a weak
k-Markov set, then S" is weak k-Markov as well.

Proof. Using the McShane extension theorem [27], without loss of generality we
may assume that ¢ : R — R is Lipschitz and its restriction ¢|g : S — S’ is bi-
Lipschitz. Let {r;}ien, Fi := {za,...,Tir1} T SNQy,(z), i € N, and 6(x) > 0
be the same as in Lemma 6.2 for the point # € S. Then we have (Q,(z)) C
Qeyr; (p(z)), where ¢; is the Lipschitz constant for ¢, and for all i € N
, 5(x)
gl;g}l !@(xzm) Sa(mm)| > s Tis

where ¢ is the Lipschitz constant for ¢ =1 : S” — S. Thus ¢(F;) C S'NQc,r; (¢(x)),
1 € N, satisfy conditions of Lemma 6.2 for the point ¢(x) € S’, sequence {c17;}ien
and 6(p(x)) := §(z)/(c1c2). In particular, p(z) € S’ is weak k-Markov.

The second statement follows from the first one because ¢ is continuous and
so sends dense subsets of S to dense subsets of 5. O

To show that Marj(R™), n > 2, k € N, is not invariant under bi-Lipschitz
maps, we construct Lipschitz functions ¢ : R — R whose graphs I', € Marj (R?) \
Marj,,; (R?).

(%) Let f: R — R be a bounded Lipschitz function such that
(a) a point (xo, f(x0)) € T'y is weak k- but not weak (k+1)-Markov, 1 < k < oo;
(b) f'lr\{zo} has discontinuities of the first kind at some points of a set {x;}ien;
(c) f is differentiable at all points of the set R\ {{;}icz, }-

Existence of such f is established in Theorem 6.8.
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Suppose {¢;}ien is a countable dense subset of an open interval (—t,¢) C R
such that

(6.14) {mo + citien ﬂ{% +¢jtijen = 0.

(For instance, {x;}icz, C Q and {¢;}ien is a linearly independent family over Q.)
Let {a;}ien be a sequence of nonzero numbers such that

oo

Z la;| < oco.

i=1

We define a bounded Lipschitz function
(6.15) o(x) ::Zaif(mfci), x € [z —t,x0 + t].
i=1

Theorem 6.6. T, € Marj(R?) \ Marj_ ,(R?).
Proof. We start with:
Lemma 6.7. (1) If f'(xg) exists, then the point (xo, f(x0)) € T'y is weak 0- but

not weak 1-Markov.
(2) If f'(xo+) and f'(xo—) exist and distinct, then the point (xo, f(xo)) € Ty is
weak 1- but not weak 2-Markov.

Proof of Lemma 6.7. (1) Assume that f’(xq) exists. Consider a map F : R? — R?,
F(.Z‘,y) = (JT,y - f(l‘))

By our assumption the derivative DF(xq, f(z0)) exists and has rank 2. Thus ac-
cording to property (6) of Section 2, (zg, f(xo)) € I’y is weak k-Markov if and
only if (x¢,0) := F(xo, f(x0)) € F(I'y) := R x {0} is weak k-Markov (with re-
spect to Pi2). Since F(I'y) belongs to the zero set of the linear polynomial y,
the point F(xg, f(xo)) is 0-Markov only. This gives the required statement for

(.130, f(.]?())) € Ff
(2) Suppose f'(xo—) # f'(x0+) exist. Consider the function

(m) — f(lﬂo)Jrf/(xO—)(xfxo) for x < zg
g : f(lﬂo)Jrf/(xOJr)(xfxo) for x > xg.

By the definition f := f — g has derivative 0 at zo. Consider a map F:R%2 > R?,
F(zy) = (2.y — f(2)).

Then F has derivative of rank 2 at each point (z¢,y). In particular, (zo, f(z0)) €

I'; is weak k-Markov iff the point (zg,0) := F(xzo, f(x0)) € F(T'y) := T, is weak

k-Markov. The last point is obviously 1-Markov, because

(a) the convex hull of the intersection of a square @ centered at (z¢,0) with T,
is a triangle T'(Q) such that the ratio of its area to the area of @) is a positive
constant independent of the size of the square;
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(b) maximum of modulus of a linear polynomial on Q NI’y is equal to maximum
of modulus of this polynomial on T(Q);

(¢) from (a) and Remez-type inequality (6.1) follow that maximum of modulus
of a linear polynomial on @ is bounded from above by an absolute constant
times maximum of modulus of this polynomial on T(Q).

To show that (x¢,0) € I'y is not weak 2-Markov note that the nonzero quadratic

polynomial p(z, y) = (y — f(z0) — f'(z0—)(x — 70)) (3 — (o) — f'(z0+)(x — 70))
is equal to zero on I'y. This gives the required statement. )

To prove the theorem, first, let us show that each point (zo+c;, ¢(zo+c¢;)) € Ty,
is weak k- but not weak (k + 1)-Markov. Indeed, according to condition (6.14) all
functions a; f(x — ¢;), j # i, are differentiable at xy + ¢;. Therefore the bounded
Lipschitz function

vi(z) = Zajf(x —c¢j), € [wo—t,zo+t],
J#i
is differentiable at zg + ¢; as well.

Next, consider an invertible map F : (xg —t,20+t) X R = (zg —t,z0 +t) x R

defined by

F(z,y) = (z,y — pi(z)).

Clearly, the derivative DF (zg+c¢;, ¢(xo+c¢;)) exists and has rank 2. Thus according
to property (6) of Section 2, the point (x¢ + ¢;, p(xo +¢;)) € 'y is weak m-Markov
iff F(xo+ci, p(zo+c)) € F(I'y,) is weak m-Markov. By the definition F'(I',) is the
graph of the function a;f(r —¢;), © € (vo —t,x0 +1t), and F(zo + ¢;, p(zo +¢i)) =
(o + ciyaif(zo)). Applying to F(I'y) the invertible linear transformation of R?
sending each (z,y) to (z — ¢;,y/a;) we obtain that (xo + ¢;, (2o + ¢;)) € Ty is
weak m-Markov iff (zo, f(z0)) € I'y is weak m-Markov. The above argument and
the hypothesis of the theorem imply that each (zo + ¢, @(zo + ¢;)) € T, is weak
k- but not weak (k + 1)-Markov.

Now, consider points (z;+¢;, ¢(z;+¢;)) € T'y, 4,5 € N. Due to condition (6.14),
for a fixed n € N either a,, f'(z;+c¢;j—cy) or an f'(zi+cj—cn+) # anf (xi+cj—cn—)
exist. Hence, the same holds for ¢, i.e., either ¢'(z; + ¢;) or ¢'(z; + ¢j—) #
¢'(x; 4+ cj+) exist. Then Lemma 6.7 implies that points (x; + ¢, p(z; +¢;)) € 'y,
i,7 € N, are at most weak 1-Markov.

Finally, by the hypothesis, ¢ is differentiable on the set [xg — ¢, o + t] \ {{z; +
¢jtiez, ;jen}. Thus image of this set in ', consists of weak 0-Markov points.

Combining these facts and using that {xg + ¢;}ien is dense in [xg — ¢, 20 + ]
and k > 1, we obtain that I', € Mar; (R?) \ Mar_; (R?) as required. O

Theorem 6.8. For each k € N there exists a bounded Lipschitz function f: R — R
satisfying assumptions (a)—(c) of condition (x).

Proof. For k =1 we define the function f by the formula

|z —zo| for |z —xo| <1,

1 for |z —xo| > 1.
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Then f’ has discontinuities of the first kind at points xg + 1 and zg and according
to Lemma 6.7, (2o, f(20)) € I'y is weak 1- but not weak 2-Markov.

Now, we consider the case of k > 2. We set t,, := 2_”2, n € Ny. Let p be a
univariate polynomial of degree k equals zero at to := 1 and ¢; := 1/2 and such
that sup(_ [p] < 1. (If k > 4, then we can choose p so that its derivatives at ¢y
and ¢ are zeros as well.) We define the function f by the formula

f() = { 0 i 2 € (Ujea, [t2g/2 taj2]) URN (0, 1)),
- ta; ~p(z€2‘j1 m) if @ € [to),t2;/2]; j € Z+.

According to this formula, f is Lipschitz and bounded on R and f’ has at most first
kind discontinuities at points to; and t9;/2, j € Z4. (If k > 4 and p’ is zero at g
and ¢1, then f’ is continuous on R\ {0}.) Let us show that (0, f(0)) = (0,0) € 'y
is weak k-Markov.

Lemma 6.9. Let I'y C Q1(0) be the graph of h:= f|j1/3.1]. Then

( Supg, (0) lq|

> =:(C < .
supr, |q|

sup

q€Pr 2\ {0}

Proof of Lemma 6.9. Assuming, on the contrary, that the statement is false, us-
ing a compactness argument we find a polynomial ¢ € P2 \ {0} such that
q|r,nq.0) = 0. Therefore considering p and ¢ in complex variables (z,w) € C?
we obtain that ¢(z,w) equals zero on the complex irreducible curves {(z,w) € C?;
w = p(2)} and {(z,w) € C?; w = 0}. Since p is of degree k, for each w from

a Zariski open subset U of C the equation p(z) = w has k distinct solutions
z1(w),...,zx(w) € C. Thus the univariate holomorphic polynomial ¢(-,w) be-
ing of degree at most k has roots zy(w),...,zx(w). This implies that ¢(z,w) =

r(w)(p(z) —w) for all z € C and w € U. Since d*q/dz* = const, we get that r is
constant on the (connected) open set U. Also, ¢(z,0) = 0 for all z € C. Hence,
r =0 (because p #Z 0). We conclude that ¢ = 0, a contradiction. O

Let us consider squares Qy,,(0) C R2, j € Z,. Observe that, by the definition
of f, the graph of t;jl - f(to;x), © € [1/3,1], coincides with I';, for all j € Z,.
Hence, by Lemma 6.9 for each g € Py 2 \ {0} we have

SupQ,, (o) |4l _ _SUPGy)eai) lq(t2j7, t25y)] <o
SUPT ;N Qs,, (0) lgl = SuP(, yyer,noi (o) 19tz T, tay)|
This and Definition 1.1 imply that (0,0) € 'y is weak k-Markov.
Now, let us show that (0,0) € T'y is not weak (k + 1)-Markov. Suppose that

this is wrong. Then there exists a convergent to zero sequence of positive numbers
{ri}ien such that

supg, (o) 4l
(6.16) sup{ sup (Q—l(o)>} =:¢ < 00.
€N qE’Pk+1,2\{0} Supl—‘fﬂQ” (0) |q|

For each i by t;(;) € {t2;}jez, we denote the maximal number not exceeding r;.
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Applying (6.16) to g(x,y) := y we obtain

SUP(z,9)€Q., (0) lyl i
sup{ - }:sup{—}gc.
i€N Y SUD(z 4)er;nQ,, (0) lyl ieN ‘o)

Thus

Consider the polynomial ¢;(z,y) := y(y — taji) - p (t;jl(i) +2)) € Pis1,2. Then
supq, (o) lail > 1gi(ri ta;e)l = r2. Also, inequality (6.17) and definition of the
sequence {t,} imply that for all sufficiently large 4,

1
B “tagi(iy—1) = Claju) = Ti-

By the definition of f for such ¢ we have
Ty N {[tocys il x [=ri,ri]} € {(z,y) € R*; y = 0}.
In turn, this implies that (recall that sup;_y 47 [p[ < 1)

sup |gi| = sup |l
r'yNQy, (0) Ffvﬂ{[O,tg(j(¢)+1)]><[*”*”]}
— sup lgil < sup  [qi| <2-t950) - tagy+)-
LrNQez0y 41y () Qa1 (0)

From these estimates we obtain

2 Foirs
J PR BV,
i—oo 2 t2j(i) “Ta(j(i)+1)  imoo 2 E2(j(i)+1)

. SupQ,., (0) |3l

lim (—
SUPr;nQ,, (0) |g:]

This contradicts (6.16) and shows that (0,0) € I'y is not weak (k+1)-Markov. O

1—00

Proposition 6.10. There exists a bounded Lipschitz function ¢ : R — R whose
graph T, € Mar’_ (R?).

Proof. According to Theorem 6.6, there exists a uniformly bounded sequence of
Lipschitz functions {¢; }iey on R with uniformly bounded Lipschitz constants! such
that ¢; is differentiable outside a countable dense subset S; C R and I'y, C R2
is weak i-Markov, i € N. We choose a sequence of numbers {¢;};en such that
{ci + Si} Nn{c; +S5;} = 0 for all i # j (e.g., choose {¢;}ien to be a linearly
independent family over a vector space over Q generated by all S;, i € N), and
define a bounded Lipschitz function

plx) = Z Liz_ )

Then ¢ is differentiable outside the countable set U2, {S; + ¢;}. As in the proof
of Theorem 6.6 one shows that I', is weak i-Markov for all ¢ € N because each
{S; + ¢;} is dense in R. Thus I, € Mar_(R?). O

IFor a Lipschitz function f: R — R its Lipschitz constant is L(f) =supg o, [F (@)= fW)l/|lz—yl.
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Example 6.11. Point (0,0) € R? is weak co-Markov for the graph of f(z) =
T Sin(l / :c) (exercise for the reader). However, it is weak 0-Markov only for graphs
of functions g(z) = h(z)sin(1/z), where h € C(Ry) and h(z) = o(z) as z — 0.

Let us prove now that classes Marj (R™), n > 2, k € NU{oo}, are not invariant
under bi-Lipschitz maps.

Let ¢: R — R be a Lipschitz function such that I', € Marj(R?) for some
k € NU{oo}. Weset S:=T, xR""2 CR" (if n = 2, then S :=T,). Due to prop-
erty (5) of Section 2, S € Mary,(R™). We define a bi-Lipschitz map F': R — R"™,

F(z,y,2) = (z,y — p(x),2), (2,y) €R? z€R">

Then F(S) := {(z,0,2) € R";x € R, 2 € R"~2}. If Mar (R") is invariant under F,
then F(S) € Mary(R") as well. However, F(S) ¢ Marj(R") as the set of zeros of
the linear polynomial y € Py ,,. This proves the second part of property (11).

7. Proofs of Propositions 3.2, 3.3 and Theorem 3.4

Proof of Proposition 3.2. First, let us show that the polynomial T/"(f) in Defi-
nition 3.1 is unique. Suppose T/ (f) and T!™(f) are polynomials subject to this
definition. Then [T (f)(y) — T™(f)(y)| = o(|ly — ||2). By the definition of a
weak k-Markov point, there exists a convergent to zero sequence of positive num-
bers {r;}i;en and a constant ¢ > 0 such that, for all 7,

sup |T(f) =T (HI < e sup  [T(F) = T (F)]-
Q"i (x) SﬂQ’V‘i (x)

On the other hand, by the one-dimensional Remez inequality (cf. (6.1)),

4\/ﬁ)m

T

- sup [T7(f) = T (f)]-

sup |7(f) = T2 ()] < ( sw

Q1(z)

Combining these inequalities we get

~ 4 m
sup (72(7) - T2 < e (2) " o) 0 ms i o0,
Qi) i

Thus T7"(f) = T (f)-

Now, if f: R" — R has derivatives of order < m at 2 and T;”(f) is its Taylor
polynomial of degree m at z, then due to Definition 3.1, the function f := f|5
has derivatives of order < m at z, and T7"(f) = T/(f) by the uniqueness just
proved. So let us prove the converse statement. To this end choose a retraction

map ¢ : R” — S such that ||y — ¥(y)||e < 2-distes(y, S) for all y € R™. We define

floy = T2y e 5\ (@), flo)i= 0. and

f) =T7 W) +ly — 2|2 - (fov)y), yeR™
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Then f is the required extension of f. To prove this we must check that f o1 is
continuous at 2. (Since (f o ¢)(z) = 0, this will imply the required statement.)
For otherwise there exists a sequence {y;}iey C R™ tending to x such that
limie0 | (f O@/})(yz” # 0. By definition, [y; — ¢(yi)llec < 2 - distoo(y;,5) < 2-
i — #]loo. Hence, {¥(yi)}ien C S tends to z as well. But f is continuous
(and equals zero) at x by Definition 3.1. This implies that o0 |(f 0 0)(13)] =
lim; s oo | f ( U(y l))| = 0, a contradiction showing that f o) is continuous and equals
zero at x. O

Proof of Proposition 3.3. Let {r;}ien and F; C SN Q. (), card F; = dim Py,
i € N, be the same as in property (9) for x, see (2.1). Perturbing each F;, without
loss of generality we may assume that « ¢ F; for all ¢ € N. Since inequalities of
property (9) are also valid for polynomials in Py, , by Proposition 3.5 in [3] there
exist subsets F/" C F;, card F; = dim Py, (=: dpn), @ € N, such that

SUpg, (x) [P |
(7.1) sup{ sup (Qi(x))} =:c¢ < o0.
ieN €Pum,n\{0} Suppgm 2

We set {r;}ieny and {F]"}ien to be the required objects of the proposition.

Next, from (7.1) follows that each F/™ is a minimal interpolating set for poly-
nomials of degree m on R™. If F/" := {w;1,...,%d,, , } by lij € Pm,n we denote a
polynomial equal to 1 at x;; and 0 at all other points x;5, s # j. Then we define

1
(7.2) wi({zij}) = = - Dij(2), i€N, 1<) <dmpn, |of <m.

Let us prove (3.1). By definition,

dimn
/ fdps = fow M=$~Da( , f(fvij)'fz‘j)(l“)
_ D (Pi(f) ()
al ’

where P;(f) € P, is such that P;(f)(xs;) := f(xi;) for all 1 < j < dp, . Thus to
prove the required statement it suffices to show that the sequence of polynomials
{P;(f)}ien converges (uniformly on a fixed cube) to T*. To this end consider
polynomials P;(f) —T;", i € N. Since P;(f)|rm = f, there exists a convergent to
zero sequence of positive numbers {¢; }ien such that, for all 4,

. _mm
PN ) — T3 ()] <e.
yeF ly — x|z

From these inequalities arguing as in the proof of Proposition 3.2 we obtain that

sup |Bi(f) -T"| <&

Q1(z)

for some convergent to zero sequence {¢;}ieny C Ri. This shows that {P;(f)}ien
converges uniformly on Q1 (x) to T and completes the proof. O
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Proof of Theorem 3.4. Inequalities (3.2) and the Whitney—Glaeser theorem (see,
e.g., Volume I, Section 2.2 in [2]) imply that there exists a function F' € C"™*“(R™)
of norm at most ¢(m,n)A such that T"(F) = T2*(f) for all weak k-Markov points
x € S. In particular, F = f at weak k-Markov points of S. Since the set of such
points is dense in S and [ is continuous, F|g = f, i.e., f € C"™¥(S). Conversely, if
f € C™¥(S), then by the Whitney—Glaeser theorem it satisfies inequalities (3.2).

Also, due to Proposition 3.2, T2*(f) coincides with T;*(F) for any C™* ex-
tension F' of f. Therefore by the Whitney—Glaeser theorem applied to an almost
optimal C"* extension of f, inf X = || f||cm.«(g) with constants of equivalence
depending on m and n only. O

8. Proofs of Theorems 4.3, 4.4 and 4.5

Proof of Theorem 4.3. Since f € C™T1(S) and S is compact, there exists a func-
tion f € C™T1(R") with compact support such that f|g = f. We prove the
theorem by induction on m.

Assume first that m = 1, i.e., D f = 0 for all || = 1. For each D; C 2 consider
the d-closed 1-form A; := d(f|Dj). We extend A; to (D;)¢ by zero denoting the
extended form 5\j.

Lemma 8.1. There exist a modulus of continuity w and a constmeLt C > 0 such that
if\j = >y aydx;, then all a;; € CL(R™) and SUPy 1<i<n | ZFl aijllcre@mny <
C, and all A\; are d-closed.

Proof of Lemma 8.1. Since f € C%(R™), there exists a modulus of continuity w such
that f € g’z*“’(R”). Let us prove the statement for such w and C := || f| c2.o ®n)-
Let df := Y., ¢idwz;. By the hypothesis, all ¢; and their partial derivatives
dci/0x; vanish on S. Moreover, aj|p; := ci|p,. Hence, for all admissible £ € N,
Z§=1 a_ij(:n) and Zle Va;;(z) tend to 0 uniformly in = as D), := U§:1Dj Sz —
U§:1 (D;\ D;) (C S). This and the definition of a;; imply that af, := Z§:1 aij €
C&(R”). MOI‘eOVQI‘, ||a;€Hcl,w(D2) = ||Ci|D2HC1,w(D2) < C and if xr1 € Dé and
x2 € (Dy)°, then
D%/ — D%ad/. D%¢; — D%
| 4 ma [0 E) = Do(an)] D () = D)
R lee|=1 W(llz2 — 1]l00) R lal=1  w([|z2 — 71[l)

<(1- oj?(n”;_—'g;lllf:j)) sup lei
p sl

w(l[zg = 21lo0)

D;(z1) — D%ci
sup |¢;| + max | Dei(@1) cz(z)|) <C
R" lal=1  w(l|z = z1]|o0)
for some z € [z1,x2] N D} \ D} (# 0).

These show that a;; € CV*(R™) and supy j<;<, [|a}yllcre@mny < C.

The closedness of ;\j follows from its definition. O
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Let us fix a point o ¢ Q and define
B ~
gJ(IL') Z:/ )‘jv x € R".
o
Since 5\j is d-closed, the integral is independent of the path joining o and z. In

particular, since by our assumption (D;)¢ is connected and dD; = 9(D;)¢, the
continuous function g; is equal to zero on (D,)° and supg~ |gj] < C’ for some

C’ > 0 independent of j. Next, due to Lemma 8.1 the function g; := Zf.:l 9;
equals zero on (Dj)¢ and satisfies ||g[|c2.w@n) < C" for some C” > 0 independent
of £. Also, by our construction, d(f|Dé — gg) =0 for all .

Further, according to a compactness result for bounded sequences in C?*(R"),
see, e.g. Volume II, Proposition 5.4 in [2], there exists a subsequence {gép}pep
of {g,} and a function g € C**(R™) such that for every closed cube Q C R",

li — g, = 0.
plerrlgllg 90, llo2(@) =0

In particular, g equals zero on (U; D;)“ and d(f|gfg|g) = 0 (since Q := (U; D;)US
and ds(f]s) = 0). Connectedness of € implies that f|g — gl = const. On the
other hand, f|ls = f and g|lg = 0. This shows that f is the restriction to S of a
(unique) polynomial of degree zero, as required. As a corollary, we get immediately
that S is connected. This proves the case m = 1.

Now, assuming that the theorem is valid for m — 1 > 1 we prove it for m.

To this aim we consider functions D¢ f, |a| = m — 1. Then ds(Dgf) = 0 and
by the induction hypothesis, Dgf = const for all a. Since D¢ f = Dg(a)f for
any permutation 7 defined on the set of coordinates of «, there exists a unique
homogeneous polynomial p € Pp,_1,, such that Dp = D¢ f for all |a| = m — 1.
In particular, D*(f — pls) = 0 for all || = m — 1 and f — p|s € C™FL(9).
Applying to this function the induction hypothesis we obtain that f — p|s = ¢|s
for a unique g € Pp—2,,. Thus f is the restriction to S of the (unique) polynomial
pr=p+q€Pnin O

Proof of Theorem 4.4. Since f € CZ(S) and S is compact, there exist a modulus
of continuity w and a function f € CZ*“(C") := C**(R?*") ® C with compact
support such that f|ls = f. We set n := 9(f|g) and by 7/ denote its extension
to C" by zero. Then repeating literally the proof of Lemma 8.1 we obtain that
if 7 := >0, ajdzj, then all a; € CH¥(C™) and 7 is a d-closed (0, 1)-form on C™
with support in (U;j>1D;).

Lemma 8.2. There exists a function g € C&(C™) equals zero on S U Q¢ such
that g = 1.

Proof of Lemma 8.2. We set

5(z) :==dz1 A Adz, and &' (z) = Z(fl)kfldzlm e Adzp—1 Ndzgp1 N+ Ndzy,.
k=1
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Without loss of generality we may assume that Q C B, the open unit Euclidean
ball in C™. Then the function

. £z
8.1 gz::/ NEYANS ([ ———=) ANS(E), zeC",
(8.1) (@)= [ 1O () 78O
satisfies 0(g|p) = 7B, see Section 6.4, Theorem 6.9 in [17]; here || - || is the the

lo-norm on C™. Since suppf) € B, g € CL(C™), and moreover, is holomorphic
on B\ supp7. Further, (8.1) shows that ¢ is complex analytic on (supp#)¢ and
lim, _,~ g(z) = 0. Therefore by the classical Hartogs theorem in C", n > 2, the
function g is holomorphic on (supp7)¢ and equals zero in the connected component
of this set containing (B)°.

On the other hand, we can write 7 = 221 7, where 7); is extension by zero
of n|p,. Then we rewrite (8.1) as

g(2) —/5 an /\6’(”5_75”2>/\5(§)

€B ;>

=3 [, w09 (ge=p) note)

j>1

(The change of the order is possible because the series on the right is absolutely
convergent.) Since each 7j; is of class C* and d-closed on C" (cf. the proof of
Lemma 8.1) and (D;)¢ is connected and dD; = 9(D;)¢, each term, say g;, on
the right-hand side of the above identity is zero on (D,)° and satisfies 59j =1
on C™ (cf. a similar argument above for g). Hence, g = ijl g; equals zero on
Uj>1(D,;)=SU Q¢ as required. O

Now, consider the function F := f|q — glg. Then by Lemma 8.2, F € CE(Q),
Fls = f and OF|q = 0. Thus F € O(Q) N C4(Q). Further, by the maximum
modulus principle, supp, [F| = supp \p, [F'| for all j. Moreover, U;>1 (D; \ D)
S and Q := (U;>1D;) U S. Therefore supg |F| = supg |f|. This implies that such
an extension F' is unique. O

Proof of Theorem 4.5. Let f € C%%(R") be a function with compact support such
that f|s = f. Consider the functions fi, obtained as extension of (Af)|(m)c
by zero to R™, and fy, obtained as extension of (Af )|W by zero to R™. Then

from the hypotheses of the theorem as in the proof of Theorem 4.3 one obtains
that fz S C’OO‘(R"), i = 1,2, and have compact supports. By the definition,

Af = fi + fo (because (Af)|s = 0).

We set
1 fily)
F' = d N /\ d n,
)= g o T g A e
where w,, is the volume of the unit Euclidean ball in R™ and || - || is the ¢3-norm

on R™. Then according to the Schauder theorem, see, e.g., Chapter 4 in [14],
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F; € C**(R") and AF; = ﬁ-, i = 1,2. Moreover, lim,_,+, F; = 0 (because n > 3
and f; have compact supports) and Fi, F are harmonic in Uj>1D; and (U;>1D;)¢,
respectively. By our construction A(Fy + F» — f) =0, ie, Fy + F, — f is a
harmonic function having limit zero at infinity. Thus by the maximum principle
Fy + F, — f = 0. In particular, (Fy + Fy)|s = f, as required.

If F|,F}, € C*»%(R") is another pair of functions satisfying the conclusion of
the theorem, then Fy — F| = I, — F} on S and Fy — F|, F; — Fj are harmonic in
Uj>1D; and (Uj>1D;)¢, respectively. Since F; — F/ € C%*(R") and S is weak k-
Markov with k > 2, the latter implies that the function H € C(R") equals Fy — F}
on Uj>1D; and Fy — Fj on (U;j>1D;)¢ is harmonic and has limit zero at infinity.
Thus H = 0. This proves the uniqueness part of the theorem. O

9. Proofs of results of Subsection 5.1

Proof of Proposition 5.2. Let V' = (V3)gep be an open cover of S. Consider the
open cover W = (W, ) er consisting of all possible sets V3NU, where (Uy, ¢o) € D
is a chart. Since S is paracompact of covering dimension < n having a base of
relatively compact open subsets, there exist locally finite open refinements W' =
(W])ier of W and W” = (W/");er of W’ such that the order of W’ is < n+1 and
W/ € W/ for each i € I, see, e.g. arguments in the proof of Lemma 1.4 in [30].

To prove the result it suffices for each i € I to construct a nonnegative C*
function g; on S such that g; > 0 on W/ and supp g; C W/. Then

i = 9i
1T bl
Zse] 9s

is the required C* partition of unity.
To this end for each W;" C W} choose (Uq (i), ¢a(iy) € D such that W C Uqs)-

Then ¢,y (W]’) is a compact subset of the relatively open subset o, ;) (W) of a
weak k-Markov set S, ;) of R™. In a standard way we construct a nonnegative Cc*

function g; on R™ positive on ¢y (W]") such that (supp g:) N Sa)y € @a) (W),
see, e.g., [30]. Finally, we determine g; := @Z(i)gi. O

1 €1,

Proof of Proposition 5.3. By definitions of the objects involved, it suffices to prove
the following version of the proposition:

If 51,5 € Marj,(R"), k > 1, and f: S1 — Sz is a C* diffeomorphism, then
fl:S, =S isa Cck diffeomorphism as well.

In this case the definition of the C* diffeomorphism and the (classical) inverse
function theorem in R™ imply that there exist open neighbourhoods U; of Sy
and Us of So and a C* extension f : Uy — Uy of f which is a C* diffeomorphism.
Therefore f~1: Uy — Uy is a C* diffeomorphism of manifolds, see, e.g., [30]. Hence,
= f‘l|52 : Sy — S is a C* diffeomorphism by definition. O

Proof of Proposition 5.4. Since the covering dimension of S is at most n and S
is separable, it can be covered by at most n + 1 charts (U, i)i1<i<m SO that
each Uj; is disjoint union of at most countable family of mutually disjoint open sets
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Vi; € S such that ¢;(V;;) € R" is of diameter (measured in the Euclidean norm)
at most 1/4. Choose vectors v;; € R™ such that v;; + ¢;(Vj;) contain 0 € R™.
Let L C R™ be a one-dimensional subspace containing a unit vector e. Choose a
sequence of points {x;;} C L enumerated by the same indices as the family {V;;}
such that x;; := n;je, n;; € N. In particular, distances between distinct points of
the sequence are greater than or equal to 1.

Let {pi;} be a C* partition of unity subordinate to the open cover (V;;) of S.
Then p; := Zj pij, 1 <i<m,is a C* partition of unity subordinate to the open
cover (U;). We define maps @; : S — R",

Gi(z) = pi() (zi(z) + vi(x) + s (2)), =z €S.

Here z; := Zj ZijXi; and v; 1= Zj vijXij, where x;; is the characteristic function
of V;J
Then we define a map ® : § — R+ by the formula

®(z) = (P1(2), ..., Pm(2), p1(2), ..., pm(x)).

Note that ®(x) = ®(2') implies that p;(x) = p;(a’) # 0 for some i and hence
x,x’ € U;. Assume that z € V;; and ' € Vjj». Then p;;(z) =: pi(x) = pi(2) :=
pij (¢'). In turn, this implies that x;; + vi; + @i(x) = x5 + vijr + @i(2"). Hence,
if j # j', then 1 < |lzij — 2|l = [[(viy + @i(2)) = (vij + @i(@))]2 < 1/2, a
contradiction. Thus j = j’ and p;(z) = ¢;(2'), i.e., z = 2.

Now we check that D® is injective on each fibre of T'S. At each point z € S
the differential D®(x) sends a vector v € T,,S C T'S of the tangent space at x to
the following vector in R x -+ x R" xR x --- xR C T(b(x)Rm("“):

(D2 (2))(v) = (Dp1(2))(v)(21(2) +v1(2) + ¢1(2)) + pr(2) (D1 (2)) (v), - .-,
(Dpm(2))(0)(@m () + vm(2) + ©m(2)) + pm () (Dom(2))(v),
(Dp1(2))(v),- -, (Dpm(2))(v)).-

Let 1 < s <'m be such that ps(z) # 0. Assuming that (D®(x))(v) = 0 we get
(Dys(x))(v) = 0, a contradiction.

Finally, let us show that ® is proper, i.e., preimage under ¢ of a compact subset
of R™(™+1) is compact in S. Assuming, on the contrary, that this is false we find
a sequence {s, }neny C S without limit points such that {®(s,)},>1 € R™™FD is
bounded. This implies that the sequence {31, pi(sn)xi(sn)}n>1 C L is bounded.
We get from here that sup,,; min;e 7, [|2i(s,)||2 < 0o, where J,, is the set of indices
i € {1,...,m} for which p;(s,) # 0. Since ||zi(sn)|2 € N for all i € J, and
n € N, the latter inequality implies that there exist a number iy and an infinite
subsequence {s,, }pen of {s,} such that x;,(s,,) # 0 and are equal for all p € N.
This is possible only if all s,,, belong to some V;;, contradicting our assumption
(because Vj,;, C S is relatively compact but {s,,} does not have limit points in S).
Thus @ is proper.

Lemma 9.1. Let S € Mary, k > 1, and the rank of TS be n. Suppose f: S — M
is a C* map into a smooth Riemannian manifold M of dim M > n. Then f(S)
has measure zero.
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Proof. Since S can be covered by at most countable family of charts it suffices
to prove the result for S € Marj(R"). Next, since f is C¥ and M is a smooth
manifold, there is an open neighbourhood U C R™ of S and a C* map f U —- M
such that f |s = f. Then by the classical Sard theorem f (U) is of measure zero
in M. Since f(S) C f(U) is union of a countable family of compact subsets, it is
measurable and so has measure zero as well. O

If S € Mar}, with k > 2, starting with the proper embedding ®: S — RY,
N :=m(n+1) > 2n+ 1, as above, we then show that by projecting onto a hyper-
plane it is possible to obtain an embedding into RV 1.

A vector v € S¥~1 € R¥ defines a hyperplane (the orthogonal complement)
and let P, : RV — RN~1! be the orthogonal projection onto this hyperplane. We
show that the set of v for which ®, = P, o ® fails to be a proper embedding is
of measure zero, hence that it is possible to choose v for which ®, is a proper
embedding.

The map ®, fails to be an embedding exactly when it is not injective or D®,,
is not injective at some point. Let us consider the two failures separately:

If v is in the image of the map B : (S x S)\ Ag — S"7!, where Ag C S x S is
the diagonal, given by
__®(x1) — P(x2)

[@(21) = @(x2)ll2”
then @, will fail to be injective. Note however that 5 maps a space in Mary, k > 2,
with rank of tangent bundle 2n into (N — 1)-dimensional Riemannian manifold,
and if N > 2n + 1, then Lemma 9.1 implies that the image has measure zero.

The immersion condition is a local one, which we may analyze in a chart (U, ).
The map @, will fail to be an immersion in U precisely when v coincides with a
vector in the normalized image of D(® o ¢~ 1), where

Do t:plU)CR* — RV,

5(5E179€2)2

Hence, we have a map (letting N(w) = ||w]|2)

D(Q)o@_l) ) n—1 N—-1
Note that since k > 2, this map is at least of class C'. Thus, by Lemma 9.1,
its image has measure zero as long as 2n — 1 < N — 1, which is certainly true
since 2n < N — 1. Taking union over at most countably many charts, we see that
immersion fails on a set of measure zero in SV1.

In addition, ¥, is not proper if there exists a sequence {s,} C S such that
{®(s,)} € RY converges to 0o and {®,(s,)} € R¥~! is bounded. This implies
that limit points of {®(s,)/||®(sn)|/2} are either v or —v. However, by the def-
inition of ® limit points of the latter sequence coincide with limit points of the
sequence

{ (p1(sn)x1(sn)y- s Pm(Sn)Tm(8n),0,...,0) }
p1(sn)z1(8n); - - - Pm(Sn)@Tm(sn), 0, ..., 0)[[2 n>1
cSV N (Lx - x Lx{0}x--x{0})=M=s""
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Since m —1 <n < N —1, M is a set of measure zero in SN¥~!. Thus for &, to be
proper it suffice to choose v & M.

We see that @, fails to be a proper embedding for a set of v € SV—1 of measure
zero. Hence repeating the above arguments (with ® replaced by a suitable ®,,) we
may reduce N all the way to N = 2n + 1.

Next, let us show that if f: S — R¥ is a proper embedding, then f(S) € Marj,
and has weak k-Markov structure induced from RY.

Let (U, ¢) be a chart on S. By definition the map fop™!: p(U) C R™ — RY is
a C* embedding. In particular, there exist an open neighbourhood O C R™ of ¢(U)
and a C* embedding f : O — RY which coincides with f o o~ on p(U). Since f
is a proper embedding, f(U) C f(S) is open in the induced from R¥ topology and
for each point = € p(U) there exists an open ball B, € O centered at x such that
F(B)NF(S) = (fop 1) By NpU)). Then f(B,) is a C* submanifold of the C*
manifold

M, =R\ (f(0B,) U (f(S)\ (o )(B.Np(U))));

here OB, is the boundary of B;. By the tubular neighbourhood theorem, there
exists an open neighbourhood N, C M, of f(B,) and a C* retraction r, : N, —

f(B,). In particular, N, N f(S) = (f o o= 1)(Bs N @(U)).

By the definition @ o f 1| (fop—1)(B.ne (1)) is Testriction to f(U) of the C* map
f~'or, : N, — R™. Using the open cover (N2)zepy of f(U) we find its locally
finite open refinement (W;);c; and a subordinate C'*° partition of unity {p;}ier
with suppp; € Wy. If 7: I — ¢(U) is a refinement map such that W; C N,
then we define the map g : W := U;c;W; — R” by the formula

g(lL’) = Zp’b(m) : (fA71 OTT(i))(x)v xeW.

il

For z € f(p(U)), let iy,...,i, be all indices for which p;, (z) # 0,1 < m < q.
Then

e () N ) V1) = () (Foe™) (Brwy n(),

m=1

so that

9(x) =D pin(@)(po fTH)(@) = (po f7H)().

Hence,
glywy =po f7h

Finally, we equip f(.5) with the weak k-Markov structure consisting of all charts
of the form (f(U), po f~1). Since f is proper, f(U) is open in the induced topology
so that the above argument shows that f(S) € Mar), and has the weak k-Markov
structure induced from R and f: S — f(S) is a C* diffeomorphism. O
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10. Proof of Theorem 5.5

10.1. Hausdorff dimension of graphs of continuous functions

In this subsection we formulate and prove auxiliary results used in the proof of the
theorem.

In what follows dimy and dimpz and dim g will denote the Hausdorff and lower
and upper box-counting dimensions of a bounded subset of a Euclidean space. If
dimg(F) = dimp(F) we refer to this value as the box-counting dimension of F'
(denoted dimp(F')). We will use the following product formulas, see, e.g., page 94
in [10]:

If ECR™ and FF C R™ are any Borel sets, then

(10.1) dimygE +dimgF < dlmH(E X F) < dimygFE +ch—mB(F)

Let f: I C R — R be bounded continuous on an interval I and I'y C R? be its
graph. In many cases I'y may be fractal. We formulate several results of this type
(for other results, see, e.g., [9], [10], [21], [31], [32] and references therein).

If

(10.2) we () = Za” cos(2m(b"x +6,)), 0<a<l<b, ab>1,

n=0

is the Weierstrass function with a random phase added to each term, and if
each 6,, is chosen independently with respect to the uniform probability measure
in [0, 1], then with probability one the Hausdorf{f dimension of the graph of weg over
each (nontrivial) subinterval I C Ris D := 2+ (Ina)/(Ind), see Theorem 1 and
pages 796-798 in [21]. In the case of all 6,, = 0, i.e., of the classical Weierstrass
function w, it remains still unknown whether the Hausdorff dimension of I',, has
the same value although it is proved in [23] that dimpI',, = D.

Also, it was shown on page 796 of [21] that on each nontrivial subinterval I C R,
the function wg satisfies the Hélder condition with exponent 2— D. Thus according
to Corollary 11.2 of [10], for almost all sequences © = {6,,} chosen independently
with respect to the uniform probability measure in [0,1], the graph of wg over
each (nontrivial) subinterval I C R satisfies

(10.3) dimpg (D |1) = dimp(Tywe 1) = D.

Now, if T'we 55 Twe, C R? are graphs of functions satisfying (10.3), then
according to the product formula (10.1)

(104) dlmH (Fwel |[1 X oo X Fwen

, xK*) =nD+s

for all nontrivial closed intervals I1,...,I, C R.

Observe that D attains any value in open interval (1,2). Thus nD attains any
value in the interval (n + s,2n 4 s). Moreover, Dye |1, X -+ X Ty |1, x K* €
Mar?_ (R27+9) (K* := [0, 1]*) for all nontrivial closed intervals Iy,..., I, C R, see
properties (5) and (8) of Section 2.
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Example 10.1. The graph of the Weierstrass function

flz) = Z (%)n cos (9" )

n=1

has a base of (induced) topology of sets of Hausdorfl dimension more than one,
see, e.g., [10] and [32].

Further, it was proved in [40] by relatively simple methods that for the function
(10.5) o(z) =Y Ao\ x), 2 eo,1],
k=1

where A > 1, 8 > a > 1, and ¢(z) = 2z for 0 < =z < 1/2, ¢(—z) = ¢(x)
and ¢(z + 1) = ¢(z), its graph over any nontrivial closed subinterval of [0, 1]
has Hausdorff dimension 2. Taking the direct product of n copies of graphs of
such functions and of K* we obtain the graph of a continuous map K"ts — K”
having Hausdorff dimension 2n + s over each nondegenerate closed cube in K"**
(cf. (10.1)). Also, this graph belongs to Mar’_(R?"*¢) due to properties (5) and (8)
of Section 2.

Finally, in the proofs of Theorem 6.6 and Proposition 6.10 we constructed
bounded Lipschitz functions R — R whose graphs either belong to Marj (R?) \
Marj,, ; (R?) for a fixed k € N or to Mar,_(R?). In turn, taking direct products of n
copies of such graphs with R® we obtain graphs of Lipschitz maps R"T* — R™ either
belonging to Marj (R***#) \ Marj_ , (R*"*%) for a fixed k € N or to Mar (R?"*¢),
see property (5) of Section 2.

In the proof of the theorem we use the following result.

Suppose I'r = {(x, F(z)); v € Q} C R?" is the graph of a continuous map
F:@Q CR™ — R" defined over a closed nondegenerate cube ). Assume that

(P) T'p is either belongs to Mary(R?") \ Marj_,(R*") for a fixed k¥ € N, or
to Mar’_(R?"), or has a base of (induced) topology of sets of Hausdorff
dimension n < d < 2n.

Let T' € @ be a convex open subsets and let p be a C'*° function on R" with all
derivatives equal to zero on T := R™ \ T' and nonzero at each point of T' (e.g., as
such a p one may take a regularized distance to the complement of T’ see [35]).

Lemma 10.2. The graph U r = {(z,p(x)F(2)); © € T} of pF over T has the
same properties as ', see (P).

Proof. Let us define a C* map p : R*" — R?" by the formula j(z,y) := (z, p(z)y),
(r,y) € R® x R® = R2". Then by the hypothesis p has a C> inverse on T x R".
Now implications I'pr € Marj(R?") \ Mary ., (R*") for a fixed k € N, or T'yp €
Mar (R?") follow from property (6) of Section 2 provided that the same is true
for I'r. The remaining property follows from the fact that p is locally bi-Lipschitz
over T'x R™ and so preserves Hausdorff dimension of any Borel measurable subset
of this set. O
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10.2. Proof of Theorem 5.5

Proof. According to the assumptions of the theorem, there exists an open neigh-
bourhood U’ C U of M and a C* submanifold M’ of U’ such that M and M’
are C* isotopic inside U’, see, e.g., Section 4 in [30]. Proving the result for M’
and taking suitable compositions of the isotopies between M, and M’ r € {d,!},
and M’ and M, we obtain the required result for M. Thus without loss of gener-
ality we may assume in the proof that M is of class C*°.

Let Njy; — M be the normal bundle on M. There exists a convex open neigh-
bourhood W of the zero section M < Nj; and a C'°° diffeomorphism g : W — X
whose image N is a tubular neighbourhood of M in U, see, e.g., Section 5 in [30].
Thus it suffices to construct the required objects in W and then embed them into X
by g.

To this end recall that since M is of class C'™°, it admits a C'*° triangulation (see,
e.g., Section 10 in [30]). Shrinking this triangulation, if necessary, we may assume
that Ny is C*° trivial in an open neighbourhood of the closure of each simplex of
the triangulation. Now each nondegenerate simplex o of the triangulation is C*°
diffeomorphic to the standard m-dimensional simplex A C K™. Thus we may
identify (by means of C*° diffeomorphisms) o with A and Ny on o with AxR™*™™,
Using results of the previous subsection we construct graphs I', C R™ of continuous
maps F, : A — R ™ equal zero on the boundary of A such that I', either belong
to Mar; (R™)\Mar;, ; (R") for a fixed £ € N (in this case the corresponding maps F,
are Lipschitz), or to Mar’ (R™) and have bases of (induced) topology of sets of
Hausdorff dimension m < d < n (in case d = m maps F, are Lipschitz as well).
Using diffeomorphisms identifying o with A and Nj; on o with A x R"™"™ we may
regard each F, as a continuous section of Nj; over o equals zero on the boundary
of 0. Choosing F, so that max, || Fy||2 are sufficiently small, we may assume that
images of all F, belong to W. Let us define a continuous section F' : M — W by
the formula F|, := F, for all o of the triangulation of M. We set My := (go F')(M)
if all ', have bases of (induced) topology of sets of Hausdorff dimension m < d <n
and M; := (go F)(M) if all T, € Mar; (R™) \ Mar},; (R™). Moreover, since W is
convex, (1 —t)F(M) C W for all t € [0,1]. We define the required homotopy
hrg(x) == g((1 — t)g7*(x)), € M, t € [0,1]; here r € {d,l}. It is a matter of
definitions to check that the introduced objects satisfy the required conditions. O

11. Proof of Theorem 5.6

Due to the definitions of Mar’ r and of QP(S) (see Subsection 5.2), it suffices to
prove the following version of the theorem.

Theorem 11.1. Let S =T  x---x T} o €@R" :=RMF ... x R™F! pe
a T set such that S € Mar’_(R"). Let w := >i1|=p C1dx1 be a d-closed C p-form
on S. Then for p > 1 and an open subset U € S there exists a C™ (p—1)-form ny

on U such that dny = w|y. If p =10, then w is a constant function on S.
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Proof. We will prove the result by induction on £. For ¢ = 1 we prove the following
more general statement.

Let S; x S3 € R™ x R™ be such that S; € R*"™!, S; € Mar’ (R"*!), is a
simple T set and S; € R™, Sy € Mar’ (R™), is a I' set. Let z = (1,...,%nt1)
and y = (y1,...,Ym) be the standard coordinates on R**! and R™, respectively.
By d, we denote the differential on Q*(S‘l X 5'2) with respect to the coordinate x
for y fixed. For a differential form w = Y c¢;ydxr Adys on S; x Sy we set deg, w :=

max{|I|; c¢ry # 0}.

Lemma 11.2. Suppose that w is a d,-closed C°° differential form on Sy x S5.
If deg, w > 1, then there exists a C*° differential form n on Si x Sz such that
den = Wlg, x5,- If deg, w =0, then w is independent of x.

Proof of Lemma 11.2. Without loss of generality we may assume that
Sy = {(xl,...,mn,tfl(xl,...,xn) +(1 —t)fg(ml,...,mn)) cxeK' te [0,1]}

for some continuous f1, fo : K* — R, K™ := (0,1)", such that f; < fo. By the
definition of C'* functions on weak oco-Markov sets (see Section 4), w is restriction
to Sy x Sy of a C differential form w’ (of the same degree as w) defined in an open
neighbourhood of S} x S5 in R xR™. Since S; x S5 is compact, multiplying w’ by
a suitable C* cut-off function, we obtain a C'* differential form & on R**! x R™
such that w|g, 5, = w and degw = degw, deg, W = deg, w.

Since d,0 = 0 on S; x Sy and S; € Mar’_(R"*1),

dy (&|(K”><R)><§2) =p_+ 6+7

where each S_(-,y) coincides with d,w(-,y) on the connected component of
(K™ x R) \ S1) x {y} containing K™ x {—oco} x {y} and on the other connected
component of ((K™ x R)\ S1) x {y} equals zero. Similarly, each 84 (-, y) coincides
with dy@(-,y) on the connected component of ((K™ x R)\ S1) x {y} containing
K™ x {+00} x {y} and on the other connected component of ((K" x R)\ S1) x {y}
equals zero; here y € So (see Section 8 for similar arguments). By the definition of
the d, operator on weak co-Markov sets, the differential forms 31 are of class C*°
on (K" x R) x S. We write B+ = (@Wnt1)+ + A, where (Dp11)+ 1= dTpi1 A Ax
and Ay do not contain dz,i;. Since d,w = 0, the forms Sy are d,-closed on
(K™ x R) x S,.

We set

Tl
Or(z,y) = / AL(T1, oy Ty g, y) dinga.
+oo

Clearly, 6+ are of class C> on (K" x R) x S5. Now, 3+ —d,0+ are d,-closed C*
differential forms on (K" x R) x S5 not containing terms with dx,+1. Hence, partial
derivatives of their coefficients with respect to x,1 are zeros. In particular, these
coefficients are zeros, because at each y € Sy the forms (B4 — d,0+)(-,y) are equal
to zero on the corresponding connected components containing K" x {£oo} x {y}.

Thus we have

ﬁi = (&}n+1)i = darei
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In turn, equality dq (@[gn xr)xs,) = B+ + B- = dx(0+ + 0-) and the classical
Poincaré lemma (for d-closed differential forms on K™ x R) imply that if deg, w =
deg, w > 1, then there exists a C differential form 1 on (K™ x R) x Sy such that
o~J|(KnX]R)X g, — 04 —0_ = d,n. Moreover, by our construction forms 0, equal zero
on S; x Sy so that the previous equality implies that

dx('ﬂ'Sle‘z) =w

completing the proof of the lemma in this case.

Next, if deg, w = deg, w = 0, then &|gnyp)xg, — 0+ — 0- = >_csdy; and
dycy =0 for all J on (K" x R) x S,. Hence, all ¢; do not depend on z € K" x R,
ie., Wlknxr)xs, — 0+ — 0- is a form in y. Since 6. equal zero on Sy x Sy, the
differential form w := @[5, « 5, depends on y only. O

Lemma 11.2 shows that the theorem is valid for £ = 1 and any open U € S.
Assuming that it is valid for £ — 1 let us establish it for /.

To this end by = = (21,...,2n,41) and ¥y := (y1,...,Yn—n,—1) we denote the
standard coordinates on R™¢*+1 and R*~7¢—1 .= R™M+1 x... x R™-1+1 respectively.
We will prove the statement by induction on deg, w.

For deg,w = 0 from d-closedness of w and Lemma 11.2 we obtain that w
is a d-closed form depending on y only. Thus it is pullback to S (under the
natural projection R™ — R™-1%1) of a d-closed differential form on f‘?1117f12 Xeee X
7?;:1117]02712 € R" ™~ and, since the number of terms in the direct product is
¢ — 1, the required statement (of the theorem) follows from the first induction
hypothesis.

Suppose that we have proved the statement for deg, w := s —1 > 0; let us
prove it for deg, w = s.

We write w = wy + wa, where w; is the sum of all terms of w of deg, w := s
and deg, wy < s — 1. Then d-closedness of w implies that d,w; = 0. Therefore
from Lemma 11.2 we obtain that wy = d,n; for some C'*° differential form on .S
with deg, 1 < s — 1. Consider the form w — dn := wy — dym. It is d-closed
on S with deg, at most s — 1. Thus by the induction hypotheses applied to a I’
set U’ € S containing U, w|yr = dny for a C* differential form 7y on U’. This
proves the step of the second induction and therefore the step of the first induction
completing the proof of the theorem. O

12. Proofs of Corollary 5.11 and Theorems 5.12 and 5.13

12.1. Proof of Corollary 5.11
Lemma 12.1. Any set of the form

(12.1)  Z:={(a,tfi(z) + (1 —t) f2(z)) e R""'; 2z € K", t € [0,1]}

for some continuous fi, fo : K* — R such that fi < fa, is a strong deformation
retract of R"T1.
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Proof of Lemma 12.1. We refer to [20] for basic definitions of homotopy theory.

Clearly K" xR is a strong deformation retract of R™*1, Thus it suffices to check
that Z is a strong deformation retract of K" xR. For (z,zn41,5) € (K" xR) x[0,1]
we define the required retraction F : (K™ x R) x [0,1] = Z as follows:

(z, f2(x) + s(zni1 — fa(x))) if  2pi1 > fa(z),
F(z,zp41,8) = (m,mn_H) it fi(z) <zpi1 < fa),
(2, fi(2) + s(zp1 — fi(x)) if @ppr < fi(2).

The lemma implies, in particular, that finite direct products of sets of the
form (12.1) are absolute retracts. Also, any S € Mar’,  is countable union of
such finite direct products, see Subsection 5.2; hence, by a result of Hanner [16], S
is an absolute neighbourhood retract. In particular, in the setting of the theorem,
there exists an open neighbourhood N C X of S and a continuous retraction
r: N — S. We embed X as a closed subset into some R™ by Proposition 5.4
so that the weak co-Markov structure on X is induced from that on R™. Thus
without loss of generality we may assume in the proof that X (and therefore N)
belongs to Mar, r.

By i:S < N we denote the (C*°) embedding map. Then the pullbacks of r
and i define the following homomorphisms of Cech cohomology groups:

r& s HP(S,R) — HP(N,R), i} : HP(N,R) — HP(S,R)
such that ¢f, o rf, = id. Thus
HP(N,R) = r{ (HP(S,R)) @ Kerif,.

For a d-closed form w € QF(S), we denote by [w] € HY (S, R) its de Rham
cohomology class. Consider

(& o () ™) ([w]) € HP (N, R),

where h% : HP(S,R) — HY,(S,R) is the isomorphism of Theorem 5.8 for S.
Since N € Mar}_ 1, the de Rham theorem is valid on N, ie., hf, : H?(N,R) —
HY.(N,R) is an isomorphism (see (5.1)). Let @ € QP(N) be a d-closed form
whose de Rham cohomology class coincides with (hY; o r o (h%)™!)([w]). Using

the commutative diagram (5.1) for the map ¢ and identity ¢, o r§ = id we obtain
(igr o Wy o1 o () ™) ([w]) = (A% o i o7 o (hg) ™) ([w]) = [w]-

Hence, the restriction of @ to S belongs to the same de Rham cohomology class
as w. Therefore w — ©|g = dn with n € QP71(S) (here we assume that p > 1,
for otherwise, the statement of the theorem is trivial). As 7 admits locally C*°
extensions to open subsets of IV, using a suitable open cover of the closed set S and
a subordinate to it C'°° partition of unity, we patch such extensions together to find
a C™ (p—1)-form 1 on N such that 7j]g = 7. We set w := @& — dn. Then &|g = w.
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12.2. Proof of Theorem 5.12

Assume first that S € Mar}_ r is a closed subset of some R™ with the induced
weak oo-Markov structure (S admits such an embedding by Proposition 5.4). By
i: S < R™ we denote the C*° embedding and by r: N — S a continuous retraction
of an open neighbourhood N C R™ of S onto S, cf. Theorem 5.11. Then the induced
homomorphisms

re: He(N,R) = Hi(S,R) and i.: Hi(S,R) — Hi(N,R)

of singular homology groups satisfy r. o7, = id. In particular, i, is an injection
and Hi(N,R) = i.(Hi(S,R)) & Kerr,.

Let w be a d-closed k-form on S and [w] € HY,(S,R) be its cohomology class.
We choose a d-closed k-form w on N such that &|s = w (existing by Theorem 5.11).
Let o be a singular k-cycle in S and let [0] € Hy (S, R) stand for its homology class.
We define a map ®g : H%5(S,R) — H*(S,R) by the formula

(12:2) (@s) o) i= [ @ o] < H(S.R),

where ¢’ is a piecewise smooth singular chain in N with homology class i.([o]).

Identifying [@] € H5p(N,R) with an element of H*(N,R) by the classical de
Rham theorem, we obtain that the expression on the right in (12.2) can be written
as (i*([@)), [0]), where i*: H¥(N,R) — H*(S,R) is the map transpose to i..

We must check that &g is correctly defined, independent of embedding into R™
and determines the required isomorphism of cohomology rings.

To check that ®g is correctly defined, suppose that &’ is another d-closed k form
on N satisfying @'|s = w. Using the isomorphism k% between Cech and de Rham
cohomology on N expressed in Theorem 5.8, consider (h%) ™ ([@—&']) € H*(N,R).
Then due to (5.1)

(i o (i) ™) (@ = @) = ((h%) " oigr) ([& — &) = (hg) ™' (0) = 0.

Let K C S be compact such that o € Z(K,R), the abelian group of singular
cycles in K. Since K is projective limit of the system of its open relatively compact
neighbourhoods U in N with the partial order defined by inclusion, H* (K, R) is
isomorphic to inductive limit lim H*(U, R) taking along this system (see, e.g., [1]
for basic results of sheaf theory). Since w —w =0 on S,

((ik=0)E © (ht) ™) ([@ = &)|o]) =0,

where i,y : K — U is the embedding. As H’“(K, R) is the inductive limit of
groups H’“(U, R), the latter implies that there exists open Uy € N containing K
such that (hg )~ ([(@ — &)|y,]) =0 in H*(Up,R), that is (@ — &')|y, is d-exact.
Let o’ € Z;,(Up, R) be a piecewise smooth singular k-cycle in Uy homologous to o.
Then the d-exactness of (W — @')|y, implies that

w= o'
o’ o’
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Since (12.2) does not depend on the choice of o’ € Z(N,R), the above equality
shows that (12.2) does not depend on the choice of the extension & of w; similarly it
is independent of the choice of the form representing the class [w] as well. Thus ®g
is correctly defined.

Next, if Pg(Jw]) = 0, then [@0]; € Keri* (here [@]s stands for the singular coho-
mology class determined by @ as above via the de Rham theorem on N). Since S
(being an absolute neighbourhood retract) is homotopy equivalent to a CW com-
plex, see, e.g., Theorem 1 in [28], singular cohomology on S is naturally isomorphic
to Cech cohomology. Thus

(h5) ™M) ([@)]) € Kerig, € H*(N,R) = Hyr(N,R).
Therefore,

0= (i o (M) ™) ([@]) = ((h%) ™" oigr) (@]) = (hE) ™" ([w])-

Thus, by Theorem 5.8, [w] = 0 € H%,(S,R) showing that ®g is an injection.

Further, for A € H*(S, R) consider 7*(\) € H¥(N,R). Let [@] € H5:(N,R)
be the de Rham cohomology class representing r*(\) (existing by the de Rham
theorem for C'*° manifolds). Since (i* o 7*)(\) = A, by (12.2) we have ®g([w]) =
i*([@]) = A for w := @W|g. This shows that ®g is a surjection.

The fact that ®g(A1 A X2) = Pg(A1) ~ Pg(A2), A1, A2 € Hj,(S,R), follows
from (12.2) and the similar identity for cohomology on N (valid by the classical
de Rham theorem for C'*° manifolds).

Thus @5 : Hjp(S,R) — H*(S,R) is a ring isomorphism.

Next, we show that ®g does not depend on embedding i : S < R"™.

Suppose that i, : S — R"», p = 1,2, are proper C* embeddings. Consider the
proper C* embedding ¢ := (i1,42) : S — R" := R™ x R"?. By 7, : R" — R"»,
p = 1,2, we denote the natural projections. Clearly, m, 07 = ip, p = 1,2. Due
to the preceding discussion, the map ®;(g) : Hj(i(S), R) — H*(i(S), R) is well
defined. Moreover, due to (12.2) for [w] € H5,(S, R) and o € H(S, R) we have

(i 0 @i, (s)00i5) 1) ([W)), o)

((2 in(5) © 7Tp|1(s))*) Lo (%)) ([W), (mp 0)s(0))
<( i(sy o (i )(M)a ((mplicsy)™ Yo 0d)u( >

= ((Pigs) o (")) ([W)); ()<(0))-

Hence, iy 0 ®; (g o (i )*1 =i*o®g) 0 (i*)~1, p = 1,2. This shows that ®g does
not depend on embeddmg into R™.

Let us prove now the commutativity of diagram (5.2). So assume that f:.S; — S,
is a C'*° map of spaces in Mar(";OI. Without loss of generality we may assume that
S; C R™ i =1,2, are closed and equipped with the induced weak co-Markov struc-
tures. We embed S7 into S7 x S as the closed subset I'y := {(s1, f(s1)); 51 € S1}
and by mo : R™ x R™ — R™ we denote the natural projection. Thus we may as-
sume that S; C R™ x R™ (equipped with the induced weak co-Markov structure,

S
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see arguments in the proof of Proposition 5.4) and f := ma|g,. Since So C R™2, by
definition (12.2) for [w] € H55(S2, R) and o € Hy(S1, R) we have

((fo®s,)([w]), A) = (s, ([w]), £+(N)) = ((Bs, © fir) ([w]): A).

as required.

The statement asserting that in the case of S being a C* manifold ® g coincides
with the classical de Rham isomorphism follows from the fact that for S C R” being
a C°° submanifold the singular chain ¢’ in (12.2) can be chosen from Z*(S, R).

The proof of the theorem is complete.

12.3. Proof of Theorem 5.13

We define a map x : H*(S1,R) ® H*(S2,R) — H*(S; x S3,R) of singular coho-
mology rings by the formula

Al X Ag i= ’/TT()\l) — W;()\Q), A ® N € H*(Sl,R) ®H*(S2,R)
Due to Theorem 5.12 we have
g, xs5,(c1 A e2) = P, (c1) X Pg,(c2), 1 ®c2 € Hip(S1,R) ® Hjr(S2,R).

In turn, it is known, see, e.g., Appendix A in [29], that as spaces S and Ss are
homotopy equivalent to C'W complexes, under the assumptions of the theorem,

x : H*(S1,R) ® H*(S3,R) — H*(S; x Sz, R)

is an isomorphism. Since ®g, xg,, Ps, and Pg, are ring isomorphisms, this fact
and the previous identity imply the required.
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