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Some constructions for the fractional Laplacian
on noncompact manifolds

Valeria Banica, Maria del Mar Gonzélez and Mariel Saez

Abstract. We give a definition of the fractional Laplacian on some non-
compact manifolds, through an extension problem introduced by Caffare-
lli-Silvestre. While this definition in the compact case is straightforward,
in the noncompact setting one needs to have a precise control of the be-
havior of the metric at infinity and geometry plays a crucial role. First
we give explicit calculations in the hyperbolic space, including a formula
for the kernel and a trace Sobolev inequality. Then we consider more gen-
eral noncompact manifolds, where the problem reduces to obtain suitable
upper bounds for the heat kernel.

1. Introduction and statement of the results

There are extensive works involving fractional order operators. In particular,
nonlinear or free boundary problems involving fractional powers of the Lapla-
clan (—A)7 appear naturally in applications (see for instance [67], [62] and the
references therein). As pseudodifferential operators, the classical definitions in-
volve functional analysis and singular integrals. They are nonlocal objects, which
means that a priori estimates and maximum principles are not easy to obtain.
However, in the Euclidean case, Caffarelli and Silvestre have developed in [11] an
equivalent definition using an extension problem in one more dimension in terms
of a degenerate elliptic equation with Ay weight, of the type studied by Fabes—
Jerison-Kenig—Serapioni [25], [26].

On the other hand, from the geometry side there is the work of Graham-—
Zworski [33] that studies a general class of conformally covariant operators P,
defined on a compact manifold M™. These operators are defined through scatter-
ing theory [53] when M is the boundary M™ of a conformally compact Einstein
manifold. In [15] both the geometrical and the PDE points of view were recon-
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ciled and, in particular, the fractional Laplacian on the sphere S (or R™ through
stereographic projection) is defined from scattering theory in the Poincaré ball.

It is possible then to formulate fractional Yamabe-type problems for P, as
considered in [31], where the main ingredients needed in the proof are a Hopf’s
maximum principle, elliptic estimates and a sharp Sobolev trace inequality. These
are shown by means of the extension formulation of Caffarelli-Silvestre its genera-
lization on manifolds by [15].

However, if M™ is a noncompact manifold with a Riemannian metric gy, these
methods are not available in general since it is not clear how to define fractional
order operators in the noncompact setting. One can give a reasonable definition
when M is an open dense set in a compact manifold M and the metric g s
conformally related to a smooth metric ¢ on M. Namely, we can define P, by
demanding that a conformally covariant relationship holds. Note, however, that
this is not as simple as it first appears. In [30] singular fractional Yamabe problems
were considered in the particular case that M = S™\A, where the singular set A
is a smooth k-dimensional submanifold and gy, a complete metric with controlled
growth near the singular set. Not much is known in the general noncompact case.

In the present paper we try to formulate an extension problem for the fractional
Laplacian (—A )7 on hyperbolic space and on some other noncompact manifolds.
It is a very interesting open question to set up a conformally covariant version of
the operator (that has the same principal symbol as (—Ajs)?); we hope to return
to this problem elsewhere.

More precisely, we will give sufficient conditions on the underlying manifold for
the following to hold:

Theorem 1.1. Let M™ be a n-dimensional complete, non-compact manifold with
a Riemannian metric gy satisfying any of the conditions in Proposition 3.3, which
in particular include hyperbolic space H™. Let g be the product metric on M x R
given by g = gy +dy?. Set v € (0,1) and a = 1 — 27y. For any given f € HY(M),
there exists a unique solution of the extension problem

(11) divg (y* Vau)(x,y) =0 for (x,y) € M x Ry,
' u(z,0) = f(z) for z e M.

Moreover, the fractional Laplacian on M is well defined and can be recovered
through

(1:2) (~8a)"f = —d, lim y* Oy,
for a constant
o T
1.3 dy =221 — 1
( ) Y 1-\(1 o ,7)

In view of the definition of the metric g, the extension problem (1.1) writes

(1.4) Oyyv + g Oyv + Apyv(2,y) =0 for (z,y) € M x R4,
1.

v(z,0) = f(x) for ze€ M.
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In the case of hyperbolic space one is able to carry out very explicit calculations,
since Fourier analysis and harmonic analysis tools are available. Indeed, H" is the
simplest example of a symmetric space of rank one. In addition, we give a precise
formula for (—Apn )7 in terms of a singular integral obtained as convolution with a
well behaved kernel (see Theorem 2.5). Elliptic a priori estimates may be obtained
by understanding the asymptotics of this kernel; we show Hdélder estimates as an
application.

These results allow to set up semilinear problems for the fractional Laplacian
on hyperbolic space. When the nonlinearity comes from a double well potential,
one has existence and uniqueness of layer solutions, as well as some symmetry
results (see [32]).

Semilinear equations for the usual Laplace—Beltrami operator on hyperbolic
space were studied in [51], [13], for instance, in relation to conformal geometry.
In their works, a Sobolev inequality for the hyperbolic Laplacian appears natu-
rally [52]. In [41], the authors study the Paneitz operator on hyperbolic space,
that is a conformally covariant operator of order 4. Higher order Sobolev inequal-
ities were considered in [50].

It is still an open question to set up the conformal geometry interpretation of
the hyperbolic fractional Laplacian, and to study the associated fractional Yamabe
problems. One first step is to obtain trace Sobolev embeddings. This is the content
of Theorem 2.9. The key idea, as in the Euclidean case, is to study the energy
associated to problem (1.4), which allows to obtain sharp inequalities. Note that
the best constant in this embedding is related to the Yamabe constant in the model
case for the fractional Yamabe problem.

From the probability point of view, see the survey [17] for a construction of
fractional Lévy Brownian fields on hyperbolic space.

We note here that the fractional Laplacian on the torus constructed from the
extension (1.1) has been considered in [58], using a double Fourier series expansion.
However, as we have mentioned, the question on noncompact manifolds, where
Fourier analysis is not available, is more delicate and not much is known. Here we
try to give a first approach.

The relation between heat kernel and fractional powers of an operator is a very
old one. From the spectral theory and functional calculus point of view, Stinga and
Torrea [62] show that one can define the fractional Laplacian on a domain @ C R™
through the extension (1.1) provided that the heat kernel associated to —Agq exists
and it satisfies some decay properties. Since the heat kernel on general noncompact
manifolds has been extensively studied depending on the underlying geometry, we
take this approach to prove Theorem 1.1.

The organization of the paper is as follows: In Section 2, based on the results
in R™, we concentrate on definitions and properties of the fractional Laplacian on
hyperbolic space. We include a definition in terms of the Fourier transform (Sub-
section 2.2), an expression in terms of a singular integral (Theorem 2.5 and its
proof in Subsection 2.3.1) and the relation with an appropriate extension problem
(both in terms of a Poisson kernel and and energy formulation, in Subsections 2.3.1
and 2.3.2 respectively). These results imply regularity, a Hopf’s maximum prin-
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ciple and sharp trace Sobolev inequality. We finish Section 2 by discussing how
to extend the previous results to other harmonic groups (Subsection 2.4). In Sec-
tion 3 we start by discussing a general framework under which the results in [62]
can be generalized to non-compact manifolds. In order to carry the construction
of a fractional Laplacian, it is necessary to obtain bounds on the heat kernel.
These bounds are discussed in Subsection 3.2. In the following subsections we
workout examples of manifolds that fulfill the required conditions. Among these
are symmetric spaces, some geometrically finite hyperbolic manifolds, a class of
rotationally symmetric manifolds and certain manifolds with ends.

Acknowledgements. The authors would like to thank Thierry Couhlon for useful
remarks on §3.2, Carlo Morpurgo, and the anonymous referee.

2. The extension problem on hyperbolic space

The real hyperbolic space H", n > 2, is the simplest example of Riemannian
symmetric spaces of the noncompact type. Fourier analysis on (noncompact) Rie-
mannian symmetric spaces has been well studied. We refer to Helgason’s books
[44], [46], [45] for the basic Fourier theory, to [2] for the theory of LP multipliers
and to [4] for heat kernel and Green function estimates.

2.1. Notations and definitions

Several models for the n-dimensional hyperbolic space H" have been considered in
the literature. Here we will define it as the upper branch of a hyperboloid in R +!
with the metric induced by the Lorentzian metric in R"*! given by —dz3 + dz? +
-+ + dx2. More precisely, we take

H" = {(z0,...,2,) €ER"™ 1 2 —2] — - —22 =1, my >0}
= {IE € R™™! : ¢ = (coshr,sinhrw), r >0, w € S"il},
with the metric
gun = dr? 4 sinh? r dw?,

where dw? is the metric on S*~!. Under these definitions the Laplace-Beltrami
operator is given by
coshr 1

Agn = 0, _1 B N
" rtn )sinhr MLsinh2r st

and the volume element is
sinh" ™1 r dr dw.

We denote by [, ] the internal product induced by the Lorentzian metric

[x,2'] = 2oy — 212} — -+ — TH,.

The hyperbolic space is invariant under SO(1,n), the group of Lorentz transfor-
mations of R™*! that preserve this inner product. H" can be actually defied as
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the quotient between the orbit SO(1,n)eq of the origin ¢y = (1,0,...,0) by the
stabilizer of eg, so that

" ~ SO(l,n).
SO(n)

In particular, using Cartan’s decomposition, hyperboloids are symmetric spaces of

rank one. Finally, let us recall that, by means of stereographic projection through

the hyperboloid origin, Poincaré’s disk model is recovered, and from the disk model

one obtains the model of the upper half-space by performing an inversion in a

boundary point of the ball.

2.2. Fourier transform and the fractional Laplacian

We start by reviewing some basic facts about Fourier transform on hyperbolic
space, see [29], [44] and [64].
Recall first that in R™ the Fourier transform is given by

f©) = | fayetda.
Rn

Notice that the functions e~*¢ are generalized (in the sense that they do not
belong to L?) eigenfunctions of the Laplacian associated to the eigenvalue —|¢|?.
Moreover, the following inversion formula holds:

1@) = e [ fl@ e
Similarly, in H"™ we consider the generalized eigenfunctions of the Laplace—
Beltrami operator:
hao(x) = [z, (1,0)A~=D/2 0 2 e H",
where A € R and § € S*!, that satisfy
Apnhrg = — (A + @) hxo-

In analogy with the Euclidean setting, the Fourier transform can be defined as (see
Chapter 111, equation (4) in [44] or Chapter 3, equation 3.5 in [29]),

f(N0) = (x) hao(z) dz,
H’H.
for A € R, w € S” !, where dz is the volume element in hyperbolic space. More-
over, the following inversion formula holds:

° - 2 df dX
far= [ [ @i S

where ¢()) is the Harish-Chandra coefficient:

11 |F(i)\+%)|2-

e 220" 0N
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Similarly, Plancherel formula holds:

, . 2y e dO dX
(2.1) / £ ()] dx_/Rst [f (A, 0)] EeNE

It is easy to check by integration by parts for compactly supported functions
(and consequently, for every f € L?(H")) that

A fON0) = | Aunf(2) hag(z) do = g F(x) Agn by o(x) da

-
= (24 W) F(00).

Having in mind the theory of spherically symmetric multipliers, we define the
fractional Laplacian on hyperbolic space (—Apn )Y f as the operator that satisfies

Y oA

— _ 1)2
A )Y F = (N2 L
(—Dgn ) f (A + ) 7.
Due to the inversion formula we could write

T d6 d)
( AH" ’Yf / /§w 1h/\0 )\ ) f()‘ 9)| (A)|2

:/_OO [/w ()\2+ (n=1)? 1) ) kx(z, 2 )f(x')dm’} d\,
with
kx(z,2') = ﬁ /Sn_1 hxo(2) hxo(2') d6.

Since the Laplacian commutes with the action of g € SO(1,n) we have that
(2.2) kx(z,z") = kx(gz, gz'),

and in particular,
kx(z,z") = kx(dgn (z,2")).

Denote p = dpr (z,2"). Tt is natural to define the singular kernel
(2.3) Ka) = [0 S i
and to (formally) calculate

(—Agn)Y f(x) = » f(@) Ky (dan (z,2")) da’.

Note that, by the invariance of the problem by SO(1,n), we may rewrite the
singular integral as follows: let g, be a transformation that takes 0 into x, and



FRACTIONAL LAPLACIAN ON NONCOMPACT MANIFOLDS 687

change variables '’ = ¢,Z. Since g, is an isometry, p = dy»(2',z) = dpn(Z,0).
Then

(2.4) (-8 ) @) = [ Fl0s) K (den (3.0)

In the following we aim to make this formulation precise. For that, we need to
recall the following formulas for ky (see, for instance, [7]; one can easily obtain the
constants in Lemmas 3.2-3.3 of [7]), where by 0, /sinh p we mean first the derivative
operator d,, and then the multiplication by 1/sinh p.

Lemma 2.1. We have that

(cos Ap)

(25)  ka(p) = (=1)(n" /212 f<n+1>/2(i)<”‘”/ ’

sinh p

forn >3 odd, and for n > 2 even,

o inh r Oy \"/?
2.6) k(p)=(—1)"/2 2~ (n+1)/2 7<n+2>/2/ sin . ) dr
(26) kal)=(=1) " p\/coshrfcoshp(sinhr> (cos Ar) dr

Remark 2.2. Note that k,(p) is an even function, and so is K (p) from (2.3).
We will also need this well known result (see [1]):

Lemma 2.3. The solution of the ODE
o
Oss0 + ; Osp—p =0

may be written as p(s) = s” Y(s), for a« = 1—2v, where 1 solves the the well-known
Bessel equation

(2.7) s2 + s — (52 + 1) =0.

In addition, (2.7) has two linearly independent solutions, I, and K,, which are the
modified Bessel functions; their asymptotic behavior is given precisely by

S\V 82 84
L(s) ~ r(u1+ ) (3) (1+ oSV ES ) o),
(v v 52 st
K”(S)NFQ) %) (1+4(1—1/)+32(1—1/)(2—1/)+”.)
2 S\V 82 84
+F(z )(§> ( +4(y+1)+?>2(u+1)(;/+2)+”'>’

fors — 0%, v € Z. And when s — +oo,

1 42 -1 (% -1)(4v* -9)
Lis)~ e (17 8 T 21(85)2 *>

K,(s) ~ \/ge_s(l + 4V283_ 1 + (4v? _2'1()824;2 -9) 4. )
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We now look at the asymptotics of the kernel defined in (2.3):

Theorem 2.4. Fory € (—1/2,1) it holds that

e Forn >3 odd,
—1
(28) Ky = oy

2 e n
P 1/2 7K71/277(TP)-

Dy )(nfl)/
sinh p

e When n > 2 is even,

o

Krle) = OA{ p \/(% (Sifi;r)n/2 [r_lp_vK*l/?*w(nT_l T)} dr.

Here K_y /5~ is the solution to the modified Bessel equation given by Lemma 2.3.
Additionally, IC,(p) has the asymptotic behavior:
(i) Asp—0,

(2.9) Ky (p) ~ 2.

(i) As p — oo,
Ko (p) ~ p 1 e 1r,

Proof. We assume that n is odd; the calculations for n even are similar. Using (2.5)
we have formally for n > 3 that

K. (p)=(~1)"=1/2 (277)—(n+1)/2(&)(n71)/2(/oo (A%—@)%om\pd/\)

sinh p oo
=(-p)nnre (27r)<”+1>/2(£—ﬁp)("_1)/2(/00 ()\2+7(n;1)2>76*i’\p ).

The last equality follows from (A2 + (n — 1)?/4)” sin Ap being odd.

Notice that the equality above holds when v < —1/2; while for bigger values
of 7 needs to be interpreted in the sense of distributions. Hence, we need to
compute first the distributional Fourier transform (in R) of

—1 2 y
h()) == (A2 + %) :
Since (A2 4+ (n — 1)2/4)" is a tempered distribution, it has Fourier transform which
is also tempered distribution.
Moreover,
_ 1)2
A2 L
(475
Taking Fourier transform, we have

(= 00+ E= D iphy = 24 (19,0,

)5‘,\h — 2\ h.

or equivalently

(n—1)2 .

ppph +2(1 +~) d,h — T rh=0.
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By performing the change of variables s = 2=L p and denoting ((s) = ﬁ(p), we
obtain the ODE

2(147) 5
S

Ossp + sp—p=0.

From Lemma 2.3 we have that the solution may be written as

h(p)=p~1/*77 (dv K 172 (anl P) + By 12— (anl P>>,

where K_1/5_ and I_;5_ are the solutions to the modified Bessel equation given
in the same lemma.

Since h is a tempered distribution, h can at most have polynomial growth,
hence, necessarily 67 = 0. Notice that for v < 0 the function h is integrable near
p = 0, while for v > 0 it will need to be interpreted in the principal value sense
(see Theorem 2.5 below). So (2.8) is proved. For getting (2.9) we first apply the
operator (d,/sinh p)"~1)/2 on h by using Leibniz rule and the recursive relation
9,(p"Kalp)) = p(p»~ ' Ku—1(p)). Then, for the resulting Bessel functions we use
the asymptotic expansions from Lemma 2.3 to obtain (2.9). O

For v < 0, K, plays the role of the Riesz potential on Euclidean space. As a
consequence, because of the asymptotics (2.9), we have that expression (2.4) for
the fractional Laplacian is justified when v < 0. On the other hand, for v > 0 we
have:

Theorem 2.5. Fiz vy € (0,1). Let f € L*(H") NC*(H") for some a > 2. Then

(2.10) (—Agn)"f(x) = P.V. / (f(@') = f(z)) Ky(dun (2', 2)) da’.

The proof will be postponed until next section, where we shall show also that I,
is a positive kernel for v € (0,1).

There are several ways to define the Sobolev spaces on hyperbolic space and
more generally on manifolds. We present some of them and refer to [65] and
the references therein. For a given n-dim manifold M with positive injectivity

radius and bounded geometry the Sobolev spaces W;f(M ) with k integer were first
defined as

Wy(M)={feLP(M), V,feLP(M), V1<I1<k},

with norm HfHW,f(M) = EfZOHngHLp(M).

The fractional spaces H) (M) with v > 0 are
H)(M)={f e LP(M), 3he LP(M), f=(id—A)""?n},

with norm || f|| gy ary = IRl e (ary-

A similar definition is given also for v < 0. Lizorkin—Triebel spaces Fy), that

rely on dyadic analysis, were defined on M by the localization principle. The
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Paley—Littlewood theorem makes the links between there three classes of spaces
for 1 <p < oc:

Wy(M)=H;(M)=F}, forkeN, H)(M)=F), foryeR.

For —o00o < 11 < 72 < 400 and 0 < p < +o00, the following Sobolev embedding
holds:
H)' (M) C H?(M).

Let v € R and p € (1,00). For stratified Lie groups or symmetric spaces
(see [27] and [2]; see also §3 of [63] for hyperbolic space), the following equivalence
was proved:

Hy(M) = {f € LP(M), |fllocary + 1(=2)""% fllLoar) < o0}

In our notation we will drop the subindex p in the p = 2 case.

Finally, the pointwise formula from Theorem 2.5 allows to prove some regularity
estimates as the ones in [61]. The following proposition is obtained from (2.10)
together with the decay estimates from Theorem 2.4. Since proof is the same
one as in the Euclidean case, we refer the reader to [61]. The ingredients needed
there are the estimates for the kernel and the Riesz transform (we recall that Riesz
transform R = VA2 can be defined on H", see [43], [10]).

Proposition 2.6. Let w = (—Agn )7 f.
(a) Let f € Ck*(H"), and suppose that k + o — 2 is not an integer. Then

wechP,

where 1 is the integer part of k + a —2v and B =k +a — 2y — 1.
(b) Assume that, for some o € (0,1], w € C%*(H") and f € L>=(H"). Then
(b1) If a+ 2y <1, then f € CO*T2Y(H"™). Moreover,

[ flleoatar < C ([ fllzee + [[wllco.).
(b2) If a+ 2y > 1, then f € CLeT2=1(H"). Moreover,
[ fllera+er-1 < C([[fllze + [lwllco. ).

(¢) Assume that w, f € L (H"). Then
(cl) If 2y <1, then f € CH*(H") for any o < 2. Moreover,

[ fllcoe < C (I fllLe + wllze).
(c2) If 2y > 1, then f € CH*(H") for any a < 2y — 1. Moreover,

[fllera < C (Ifllze + llwlze)-
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2.3. The extension problem

For the rest of the section, we set v € (0,1) and a = 1— 2. We use the ideas in [11]
to reduce the extension problem (1.1) to an ODE by taking Fourier transform in x.
Let w: H” — R, be a solution to

Oyyu + 4 Oyu + Agnu(z,y) =0 for (z,y) € H" x Ry,
(2.11) y
u(z,0) = f(z) for z € H",

where g is the product metric on H" x R, given by g = gu» + dy?. Taking Fourier
transform in the variable z € H", one obtains

.oa, . (n—1)2\ .
Oyytl + gayu - (/\2 + T)u =0,
@), 0,0) = f(\,0),
that is an ODE for each fixed value of A, 0. With the change of variables

(n—1)°

(2.12) s = (,\2 + )1/2y, o(s) =a(,y),

it gets transformed to
a
(2-13) ass‘ﬁ + g 8890 —p=0,

that is described in Lemma 2.3. Let ¢, the unique solution of (2.13) such that
©-(0) =1, ¢ (00) = 0, which is explicitly written as ¢ (s) = 21T (y) 17K, (s).
Then the solution to (2.11) is simply the inverse Fourier transform on H" of

(2.14) a(n0,y) = F(N0) o, ((V n @)”2@.

From the asymptotics at the origin, one may calculate

. / _ —1
(2.15) llg%) s%pl(s) = —d; ",
for the constant given in (1.3), and we have that

2 — ~ 2 ~
(2.16) lim y* 9y = (A + C50) 172 i st () = — (W 4 )T f
Taking the inverse Fourier transform in (2.16), we complete the proof of Theo-
rem 1.1 in the case of hyperbolic space.

As we have mentioned, one of the advantages of the extension formulation (2.11)
over the singular integral formulation from Theorem 2.5 is that it allows to prove
elliptic type results. For instance, we show a weighted Hopf’s maximum principle,
which in the Euclidean case was considered in [12]. We note here that the proof
only depends on the structure of equation (2.11).
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Proposition 2.7. Let p € H" set Br(p) to be the ball in H™ centered at p of
radius R. Consider the cylinder Cryn = Br(p) x (0,1) C H* x Ry. Let u €
(Cra1) N H(Crpa,y®) satisfy

Oyytt + E Oyu + Apgnu <0 in CRri1,
Y

u>0 in Crp,
u(p,0) = 0.

Then —limsup, _,, y“% < 0. If, in addition, y*Oyu € (Cr,1), then

~ lim y*Oyu(p,y) < 0.

2.3.1. The Poisson kernel. In view of (2.14), we obtain that the solution
of (1.1) is

u(z,y) = /n fh /OO ka(z,2") goA,(()\Z + @)1/211) d\dx’

(2.17) =: . [ )P (dyn (z,2")) da'.

Therefore, from formula (2.2) the Poisson kernel may be written as

v > 2, (n—1)2\1/2

Pyo) = [ K)o (A2 + 255) %) an,
— 00

where kx(p) is defined in (2.5) and (2.6). For instance, for n = 3, dimension for

which the computations should be the simplest, the Poisson kernel is

Pi(p) = — /Oogo (()\2+ﬂ)1/2y>)\sm)\p)\d}\.
Y sinhp J_ 7' 4

We may now conclude the proof of Theorem 2.5. One has, by using succes-
sively (2.16), (2.17), and (2.11), and the fact that the Poisson kernel has integral
equal to one (this is due to the fact that the extension solution for the constant
function f =1 is the constant function u = 1):

u(:c,y) — U(I’O)
Y

— [ 1 ye Do @ T) on ) ao!
H Y

n y—0

_/ o P (dpn (z,2")) — P (dgn (, 1))
H

-1/ = — a — _ 1 a
d; (—Agn)f ?}gnoy Oyu l}lg%)y

(f(2') = f(x)) da’

.

== [ imy0,P s o0 (1) = Fla))

n y—0

(2.18) - _/H lim . (y, di (2, 27)) (f(2/) = f(2)) da’,

n y—0
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with

ay(y, p) = /_O; ka(p) (AQ + w)my“ @%((AQ + @)uzy) dX

_ [T 2 (n=12\7 4,
—/_OokA(p)(A + Y s ) an,
for s = (A2 + (n — 1)2/4)Y/2y. In view of the limit (2.15) we have

lim o, (5, p) = —d 15 (p).
Now, since from Theorem 2.4 the kernel K, (p) behaves near zero as p~"~27 and
decays exponentially at infinity, in the last integral in (2.18) we cannot replace
the limit lim,_,¢ a,(y, p) by —d;lle(p) because of the singular behavior at p = 0.
In order to make sense of the integration near zero the principal value has to be
introduced, as it is done also in the Euclidean case (see for instance [11]). We
obtain then

(-du)7f = PV. [ (f(a') = £(a)) Kyl (. ) ',

where now the right hand side is well defined. Indeed, by doing a Taylor develop-
ment for 2’ near z and using local charts, the first order term vanishes by parity,
and the second order term behaves like p®~"~27 if f € C®, which is integrable at
zero if a > 27. This completes the proof of Theorem 2.5.

Remark 2.8. The definition of the fractional Laplacian coming from the extension
problem (2.11) also allows us to show that (—Apn)? is a positive operator. This
is so because the first eigenvalue may be computed using this formulation. If

Ur(-y) =Py * f,
—inf fH" f(_AH")ﬂ/f — inf - an fdw 1imy—>0 (yaayUf('a y))
7 Jun 12 ! S 12
. alyy nL72
— inf iz, V'] H2 | >0
U S (Uly=0)

This shows that the linear operator (—Agmn )? is non-negative, so its kernel /C, must
be non-negative too.

A1

2.3.2. Energy formulation. We would like to re-write the weighted Dirichlet
energy

(2.19) ||VuH%2(H,,LXﬂg+,ya) = / y* |V yul? dz dy.
H™ xR
From (2.14) we obtain

55000 00 (12 B s (e LI



694 V. BanicA, M. D. M. GONZALEZ AND M. SAEZ

Using Plancherel’s formula,
| Ve @R de = [ @)= Fa) da
= [ [ fooeaa o
= [ o (e ) S

Substituting the previous expressions in (2.19) and using Plancherel’s formula we
infer that

R / (18,42 + [V ul?)y* der dy
H™ xR 4

/ /S / (I 2+ 1 12) (¥ + (n;1) )1/2y)

. (n—1)2\ ., dodx
0P (34 ) v dy o

By performing again the change of variables (2.12), we obtain
|‘VUH%2(H”‘XR+,y“)
e p —1)2\7 [ dl d\
_ 2.6 2 )\2 (TL / 2 ! d
[ i (324 S )T [ e o + 1o 0)7) 57 as S

—C, [ |(~Aum)f ()| de,

H™

where
Cy=1lp )= [ (o) + I o)) o7 s

is a positive constant that only depends on . Note that ¢, is the minimizer of
the functional I[¢]. In order to calculate the precise value of this constant, we
multiply equation (2.13) by s7¢. and integrate between ¢ and co. Then

o0
Cy = limy [ (a9 + 14 (0)F) s = = limy e () (0 = .

according to (2.15).
After all this discussion, one may show, as in the real case ([11], [18]), that:

Theorem 2.9 (Trace Sobolev embedding). For every u € WH2(H™ x R, y%), we
have that
> d ! u,

IVl e

xRy ,y%) )||H’Y(H7L

for the constant given in (1.3), and with equality if and only if u is the Poisson
extension (2.17) of some function in H”(H™).
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2.4. Other (noncompact) harmonic groups

The calculations in this section for the real hyperbolic space rely on the harmonic
analysis available in this setting, by following the arguments done in [11] for the
Euclidean case. In the same spirit, one can start to perform the same arguments
in the case of more general harmonic groups as Damek—Ricci spaces, also known as
harmonic NA groups. All symmetric spaces of rank one are included in this class.
Part of the importance of this class is that it also contains non symmetric spaces,
thus providing counterexamples to the Lichnerowicz conjecture (see [19] an [3]; see
also [5]).

Instead of pursuing this method, we take the point of view of the next section
using the heat kernel. Moreover, in Remark 3.4 we show that in several examples of
this family, the fractional Laplacian can be represented as singular integral, where
precise asymptotics can be given for the kernel.

3. The fractional Laplacian on noncompact manifolds

The aim of this section is to construct the fractional Laplacian on a noncompact
manifold M through the extension problem (1.1), and to give sufficient conditions
for the existence of a Poisson kernel. The main tool here is the study of the heat
kernel on M ; geometry plays a fundamental role.

3.1. From heat to Poisson

First we give some standard functional analysis background from [59], [69]. Let L
be a linear second order partial differential operator on M, that is assumed to be
nonnegative, densely defined and self-adjoint in L?(M), for instance, L = —Aj,
for a complete manifold M. Then the spectral theorem can be applied to L, and
consequently, there exists a unique resolution E of the identity, supported on the
spectrum of L (which is a subset of [0, 00)), such that

L= /Ooo/\dE()\).

Given a real measurable function h on [0,00), the operator h(L) is formally
defined as h(L) = fooo h(A)dE(N\). The domain Dom(h(L)) of h(L) is the set of
functions f € L*(Q) such that [~ [f(A)[?dEpn(A) < co. In particular, one may
define the heat diffusion semigroup generated by L as h(L) = e~**, ¢t > 0. Then:

1. For f € L?(M), we have that u = e *£f solves the evolution equation
uy = —Lu, for t > 0.

2. He_thHLz(M) S H.fHLZ(M), fOl" all t Z 0

3.e7tbf — fin L2(M) ast — 0F.

One may also consider the fractional powers of L, given by h(L) = L7, v € (0,1),
with domain Dom (L") D Dom(L). Then:
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1. When f € Dom(L?), we have LYe tEf = e tE L f.

2. If f € Dom(L), then (Lf, f) = HLl/QfH%Z(M), where (-, -) denotes the inner
product in L?(M).

3. For f € Dom(L),

1

@) = s | @)~ @) i n 200D

In this framework, the paper [62] relates the heat semigroup to the extension
problem (1.1) for the fractional Laplacian (their work is for domains in R with
a measure, but it is easily generalized when M is a n-dimensional manifold). Let
f € D(LY), and consider the extension problem

Dyt + L 0yu — Lyu=0 in M xR*,
(3.1) y
u(-,0)=f on M.
They show that:

Theorem 3.1. A solution to (3.1) is given by

u(ey) = o~ / T et (D (e 2
TTG) Jo =
e (1) —u(r,0) 1 ()
- ulr,y) —wu(z,0) 1 a _ V)
yllfg_*_ yg,y - 2/7 yliﬁ()l_*_ y ayu(may) - 22,”_—\(7) L f(‘r)

Moreover, the following Poisson formula for u holds:

2 > w2 dt
) - Tl
u(:ﬂ,y) = 72%{ 1_‘(’7) /0 e tL f(IL') e~ T —t1+7

_L > f%L —r dr _.
F(v)/o e flx)e 1 P f(x).

These identities are to be understood in the L? sense. If addition, we make the
following extra assumptions:

(I) The heat diffusion semigroup is given by integration against a nonnegative
heat kernel p;(x, ().

(IT) The heat kernel belongs to the domain of L and d:;p; = Lp:, where the
t-derivative is understood in the classical sense.

(IIT) Given z, there exists a constant C, and € > 0 such that
(3.2) 1pe(; )l 22 ary + 10pe (@, )| L2ary < Ca(1+ ) 27°

In the same paper [62], the authors give a formula for the Poisson kernel for (3.1).
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Theorem 3.2. Under the additional hypotheses (1), (II) and (III) we have:

(1) One may write P f(x) = [,, Py (x,¢)f(C) dv((), where the Poisson kernel is

given by
y>

o _2 dt
Py (z,¢) == m/o pi(z, () e T Ay

and, for each ¢ € M, is a L?-function that verifies the first equation in (3.2).
(2) sup,solPy) fl < sup;s le=t L f| in M.
3) I1P) fllzeary < 1fllzeary, for ally > 0.

(4) If limy_,or e B f = f in LP(M), then lim,_,o+ P)f = f in LP(M).

3.2. Heat kernels on noncompact manifolds

Good references for heat kernel on manifolds are the book [20] or the survey [38].
Let (M™,g) be a Riemannian manifold with a metric g. Let L = —A,;, the
Laplace—Beltrami operator with respect to this metric. If M is complete, then L is
self-adjoint on C§°(M). We have that e~L? is a positivity-preserving one-parameter
contraction semigroup on LP(M) for 1 < p < oo. In particular, in L?(M) it has a
strictly positive C* kernel p;(z,y), z,2' € M, t > 0, satisfying
(a) as a function of ¢ and z,
Opr = Anpy;

(b) when t — 07T,
pe(, ') = 0o

(¢) the semigroup property e(t+5)Anm — gtArmesAn which reads as
(33) piaslens) = [ e opu(ea’)
M

(d) and the symmetry
pi(x, ') = pi(a, 2).

It is clear then that the hypothesis of Theorem 3.1 are satisfied in this case.
However, to pass from the heat kernel to the Poisson kernel as in Theorem 3.2 is
a non-trivial issue in the case of non-compact manifolds since one needs to control
the behavior at infinity.

We concentrate here into obtaining the bound (III). First, in order to get L?
estimates for the kernel p; it is enough to have L bounds. Indeed, for fixed x € M,

(e )3y < sup (i)} [ puea’)da’ < o) oo oy
(M)
z'eM M
where we have used that, for all ¢ > 0 and « € M, [,, pi(z,2)dz’ < 1, where dz’

is the volume element in the manifold M. For stochastically complete manifolds,
this integral is exactly equal to one (see [36]).
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Now, to estimate the time derivative of p;, we recall that (see [37])

1
/ |Vkpt(x,x')|2dx' < —/ |pt/2k(1',1'/)|2, for all k € N.
M k Jar

We conclude that, in order to check hypothesis (III) in Theorem 3.2, it is enough
to find good pointwise upper bounds for the heat kernel p(x, 2’). This can be also
seen by the holomorphy of the heat semigroup (see for instance [68]).

On the other hand, because of the semigroup property (3.3) and the symmetry
of the heat kernel,

(3.4) pe(x, ) = /M Pes2(, 2)%dz.

Using the semigroup identity (3.3) again and the Cauchy—Schwarz inequality,

! / 2 1/2 / 2 1/2
e )= | s 2 (a2 dz < ([ (e 22dz) ([ pupaal 22 dz)
M M M

which together with (3.4) implies

pi(z,2") < /pe(w, ) pe(a’, a');

i.e., if one knew good on-diagonal estimates for p;(x,z), this would imply a L*>
bound for the heat kernel p;(x,2’). Also, we get por(x, x) < pi(z,z) so if (III) is
satisfied up to some time tg, then we get for all ¢ > 7 the upper bound C,(1 +
(to/2)¢)(to/2) €. Therefore it is enough to verify (III) for small times.

Note that the heat kernel on Euclidean space has the explicit formula

1 o2

/ 2
T,x) = ——>e 1,

pe(@, ) (4mt)n/2

where p = |z — 2/|. The survey [38] gives many examples for bounds of the heat

kernel, in relation to Faber—Krahn and isoperimetric inequalities. For instance,

e minimal submanifolds of RY;
 manifolds with sectional curvature bounded in between two constants ([16]);

¢ Cartan-Hadamard manifolds; which are geodesically complete simply con-
nected non-compact Riemannian manifolds with non-positive sectional cur-
vature ([14], [24]).

In all of these the heat kernel has the same asymptotic behavior as in the Euclidean
case:

et

OSPt(%x/)Sme ;

for some ¢, C' > 0, and where p = dps(x,2’).

If M is a complete manifold with non-negative Ricci tensor, heat kernel bounds
were obtained by [49]. More generally, if M is a complete manifold with lower
bounded Ricci tensor,

Ric > —(n — 1) 2
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for some $ > 0, then, denoting A\; > 0 the bottom of the spectrum of the opera-
tor —Ajs, we have the following heat kernel estimate [21]:

2
(85)  0<pilea’) < e [Bla, VOB, VA2 00 e~ o,
We recall Bishop’s comparison theorem, which states that if 0 < Ry < Rs, then

|B(z, Ry)| _ |Bp(fa)|
|B(xz, R)| ~ |Bg(Ry)|’

(3.6)

where Bg(R) denotes the volume of the geodesic ball of radius R in the con-
stant — 32 sectional curvature space form, that may be calculated from the volume
element

- (5)" s, it 520

pm Ll if B=o0.
In particular, for all z € M,

1 - 1 C
|B(x, Vt)| ~ |B(z, 1]t
It is clear that to prove the bound (III) in the situations just discussed, one

should ask for a lower bound for the volume of balls. More precisely, we seek C' > 0
such that

(3.7) IB(z,1)|>C >0 Yael.

Finally, for a manifold with doubling condition and local Poincaré inequality,
we have as an upper-bound for the heat kernel [60]

< ©
Bz, Vi)

In view of the doubling condition, it is enough again to have (3.7) to get (III).
Summarizing the results of this section:

pe(x,x)

Proposition 3.3. Let M be a complete noncompact Riemannian manifold. Hy-
pothesis (IIT) in Theorem 3.2 is fulfilled if M satisfies any of these:

e M is a Cartan—Hadamard manifold.
e Ric> —(n—1) B2 for some 3 >0 and (3.7) holds.

e M satisfies a volume doubling condition and the local Poincaré inequality.

In the following, we look at several classes of admissible manifolds. The first
two examples are classical and more or less explicit formulas for the heat kernel
are known. Then we concentrate on spherically symmetric manifolds, that serve
as a model for more general cases such as manifolds with ends.
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3.3. Admissible classes of manifolds

3.3.1. Symmetric spaces. An explicit expression can be found for the heat
kernel on hyperbolic space:

— (QW)id/z —1/2 7(n_—1)2t 0, \(=1/2 7@
(3.8) pilp) = —5— 172 ( sinhp> o’

for n > 3 odd, and for n > 2 even,

n=1y2, (*°  sinhs Os \M/2 _2
39 _ (o) (@+D)/2 4~ 1/2 —(251) t/ ( s ) -5 ds,
(3:9) pilp) = (27) ¢ » V/cosh s— cosh p \sinh s ¢ s

where p = dun (z,2"). Moreover, global bounds were derived in [22]:

2

(n=3)/2 2. f
(3.10) pi(p) ~ (1+p)(1 J;nﬁ;;r ) e*%t*%f)*i—t’

for all p > 0, ¢ > 0, in the sense that the ratio of the right-hand side and the left-
hand side is uniformly bounded between two positive constants. These estimates
have a generalisation to all symmetric spaces of rank one, and more generally to
Damek—Ricci spaces, since in this case there is also an explicit formula for the heat
kernel.

Global bounds on the heat kernel in the higher rank case were proved in [6]. We
recall that Ricci curvature is bounded from below since is an Einstein manifold,
that is Ric = —(msa/4+m1)g (where as before g is the Riemannian metric on M).
Here m; and me stand for the two dimensions entering the algebraic construction
of the space. For instance m; = 0,my = n — 1 for the real hyperbolic space and
my = 1,ma = 2(n—1) for the complex hyperbolic space. Also, the volume element
is of type sinh r"1 ™2 cosh ™. Therefore Theorem 3.2 applies by using directly
the explicit sharp L°° bounds on the heat kernel, or by using (3.7) and explicit
formulas for the volume of the balls. Moreover, we can represent the fractional
Laplacian in the spirit of Theorem 2.5.

Remark 3.4. From [6] we have that

Ma+tmoa
©Taess (L4 (0, ) (1+ (o, H) +1) 2 ! 2

~ —lo|?t—(o,H)— 11
P;(x,C)~/O YRS o—lelPt—(o.H)— 5= 1y

The quantities o, H, o and Y are related to the Cartan decomposition as follows:
if the associated Lie algebra g decomposes as

g=a®m® {Bacx gal,
and T, EJ denote the set of positive and positive indivisible roots, then
1 _
0=3 Z mea, where mgy = dim gq, G = K(exp at)K,

aext
Cle =k eflks, with ki, ke € K, H € at.

For precise definitions of these quantities we refer the reader to [6] and [46].
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In a similar fashion as the proof of Theorem 2.5, one can find an explicit formula
for the convolution kernel of the fractional Laplacian. From Theorem 3.2 we have
that obtaining this kernel is equivalent to compute the Laplace transform of the
function

ma+mag _<97H>_ ‘H‘Q
[T (o) (4 (s my+1) 2 ' t"/2+1+: at [o”

aEEg

The Laplace transform of

H|2
€7<Q’H>7 ‘ 41‘

90) =~

is given by the integral
o0
L)) = [ oty at
0

Since | |2

2g'(t) = ( }i - (g +1 +v) t) g9(t),

and ¢(0) = 0, applying Laplace transform we have

92(sL(g)) = (@ n (g 14 'y) as) L(g),

which is a Bessel type equation of solution
L£(g) = Cry s 2V K (90 (|1H| 517),

with K, given by Lemma 2.3.
On the other hand, a simple computation shows that the Laplace transform of

mat+mag

(1+ (o, H) +t)~ =2 ~~lis given by

es+1+(a,H) Mea + Mo
SMQEMQQ,1 ( 2 )'
Since .
1 c+iT
= — 1. —
Lgh)(s) = 5 lim - L(g)(o) L(h) (o = s) do,

where the integration is done along the vertical line Re(z) = ¢. We denote this
convolution type of operation as L£(g)*xL(h).

Then, by denoting as ¢; = (ma, + Maa,)/2 and [ the total number of roots
in Eg , we can compute the desired kernel as

es+1+(a1,H) eSJrlJF(O‘l»H)

K, (M) = Tr(ql);...;

I (a)

squl
¥ Cr iy STV K ) o (| H 512) |

s=|o|?
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3.3.2. Geometrically finite hyperbolic manifolds. The following introduc-
tion is standard and we refer the reader to [9], [57]. Let I' be a discrete group of
isometries of H', that without loss of generality can be taken to be torsion-free.
Then the quotient M = H"/T' is a smooth manifold which inherits a complete
hyperbolic structure. If z € H", the set of accumulation points of the orbit aI’
in H” is a closed subset A(T') C S*~! called the limit set of T'. Its complement
Q(T) = S"1\A(I) is called the domain of discontinuity and I" acts properly dis-
continuously in Q(T').

We assume, in addition, that I' is geometrically finite, i.e., it admits a funda-
mental domain with finitely many sides, and we consider those groups for which M
has infinite volume. In the case that no parabolic subgroup involves irrational rota-
tions, which is the setting of [55] for the study of the resolvent of the Laplacian Ay,
(see also [42] for more general admissible groups), it is easy to give a geometrical
description. In fact, there exists a compact K of M such that M\K is covered
by a finite number of charts isometric to either a regular neighborhood (Mp, go),
where

My = {(wl,xz) € (0,00) x R L. m% + |362|2 < 1}, go = (ml)_Q(dm% +dx§),
or a rank-r cusp neighborhood (M., g,), 1 <r <n — 1, where
M, = {(z1,22,23) € (0,00) x R* """ x T" : 2} + |za|* > 1},
gr = (21) " (dai + daf + dag),
forr <n—1, and
M,y = {(21,23) € (0,00) x T™ : 21 > 1}, gn—1 = (x1) *(da} + da3).

Here (T*,dz2) is a k-dimensional flat torus.

When such T' has no parabolic elements, then both I" and the quotient H" /T’
are called convexr co-compact, and the quotient manifold M has no cusp then.

We define 6(T"), the exponent of convergence of the Poincaré series, by

§(T) = inf {s >0 : Z du(z,ha')™° < oo},
hel

where x, 2’ € H". Note that it depends upon the group I' but not upon the choice
of z,2'. Tt is known that 0 < §(T") < n — 1. We also define p,, for a > 0, by

o () = { Z e~ dun (””hx)}lﬂ,

hel

noting that the sum is invariant under the action of I' on z, so that p, can also be
regarded as a function on H"/T". Although the series converges for all « > §(T"),
we shall often assume that o > n — 1, because p, is both smaller and easier to
estimate for larger a. We note that the distance function p on H"/T" is given by

- N ’
plx,z') = min dpn (hx, x').
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We recall the following bounds for the heat kernel on H"/I' from [22]. For
t € (0,00) and any € > 0:

(i) 0 <) < (n—1)/2, then
0 < pr(x,2') < ect™™? e~ ((n=1)?/4-2¢) 674(%26)‘ Po () pro ().
(i) H (n—1)/2<§(T) <n—1and a < (),
pr(a,2') < ot/ = (OIE=1-0N] 200 o= ea 1 () ().

Moreover, if @ > n — 1, then p,(z) — 1 as x approaches to an end, and p,(x) ~
e2P(@2)T g g approaches a cusp of rank r, where z is any point in H". In partic-
ular, p1q(x) is bounded if & > n — 1 and the manifold has no cusps.

In order to obtain L estimates for the heat kernel near a cusp of rank r, we
make the following observation:

2 N 7( o _r/(tert
e itat 2P = ¢ ‘2ot 2

2
) r2(14¢) ¢
e 4 .

We get good L bounds for p(x,-) when:
(i) 0<4(T) < (n—1)/2, 7 <n—1 and there is no maximal cusp. Or,

(i) 6(T) = (n—1)/2+ B/2 for some $ € [0,n — 1) and r < (n — 1)? — 2.
Alternatively, we can obtain good bounds for the heat kernel if the manifold has
no cusp.

3.3.3. Rotationally symmetric manifolds. We consider a noncompact rota-
tionally symmetric manifold with a pole at the origin, i.e. a manifold M™ given
by the metric

(3.11) gu = dr? + ¢*(r) dw?®,

where dw? is the metric on S"~!, and ¢ is a C> nonnegative function on [0, 00),
strictly positive on (0, 00), such that ¢(¢v*™)(0) = 0 and ¢/ (0) = 1. These conditions
on ¢ ensure us that the manifold is smooth (see §1.3.4 of [56]). The volume element
is "~ 1(r) dr dw, and the Laplace-Beltrami operator on M is

o(r) |
o B

For such manifold, the curvature of M can be computed explicitly in terms of ¢
(see §3.2.3 of [56]). Indeed, there exists an orthonormal frame (F})}_; on (M, g),

AM:(?TT#*(TL*].)

ASW,—l .

where F), corresponds to the radial coordinate, and Fy,..., F,,_1 to the spherical
coordinates, for which F; A F; diagonalize the curvature operator R:

(b// ) (¢/)2 -1 o
R(EF;NF,) = —— F,ANF,, i<n, and R(F;AF;) = ——5— FiAF}, i,5 <n,

¢ ¢
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which gives the sectional curvature

K;; =0, i=1,...,n,
¢//
Km':Kin:_g, t1=1,....,n—1,
2
-1 .. .,
Kij:_%a Z,]:L...,n—l,’t#].
The Ricci curvature is then calculated as

) N2 _1q iz '

Ric (F;) = —((n— 2) % + %)Fz, i<mn,
¢l/

Ric (Fy) = —(n — 1)5 F,,

We denote by S(r) and B(r), r > 0, the geodesic sphere and ball with center 0
and radius r, respectively. The volume of B(r) and the area of S(r) are calculated
from

IB(r)] = wn / o) ds, IS0 = wn B,

where w,, is the area of the standard unit sphere S~ 1.
In the particular case of Euclidean space, ¢(r) = r, while for hyperbolic space,
¢(r) = sinhr. Typical examples are ¢(r) = r + Sr® for some constants o > 2 and

6 >0, and
n_(2k+1)

o) =) —5

k=0

for some n € R"™, which serve as an interpolation space between Euclidean space
and hyperbolic space. Their sectional curvature is non-positive and Ricci curvature
is bounded below by a negative constant.

Rotationally symmetric manifolds are important in the sense that they serve as
models for more general problems (see, for instance, [34] for the study of manifolds
having a pole, [47] for Brownian motion and probability aspects). However, we
have not found in the literature a clean if and only if condition for having suitable
heat kernel upper bounds (see [40] for examples in this direction).

We define the ratios

&) (@) -1, ¢
= , fo(r)=(n—2)———+ —.

o PO ET
Recalling Proposition 3.3, we are in a good situation if, for instance: both fi, f2
are uniformly upper-bounded and the volume control (3.7) holds.

One may compare the volume of any ball to the volume of a ball centered at
the origin using (3.6). First, if 1 > 2dps(z,0), then

fa(r)

[Bs(1)] < Cy|B(x,1)].

1B(0,1)] < [B(0, 1 — dar(x,0))] |Bs(1 — dum(z,0))]
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On the other hand, if 1 < 2d(z,0), then

[Bs (1))

1B(0,1)| < |B(0,1/4)] B5(1/4)]

and if we use comparison again,
[ Bp(das (x,0) +1/4)|

|Bg(1/4)|
< Cp| Bz, 1)| (1 + dpr(z,0))"

|B(w,d(2,0) +1/4)| < |B(x,1/4)]

Therefore

1 1

(3.12) Bl 1) = [BO,1)]

Ch (14 dar(2,0))",

so (3.7) is fulfilled. Summarizing we have obtained:

Proposition 3.5. Let M be a (noncompact) rotationally symmetric manifold with
metric (3.11), with ¢ as given at the beginning of the section. Then M satisfies
condition (IIT) in Theorem 3.2 if f1(r), f2(r) are uniformly bounded from above for
r € [0, 00).

Remark 3.6. Under conditions on the sectional curvature, estimates have been
obtained also on the Schrodinger operator e”*4 in [8].

Remark 3.7. In the case of rotationally symmetric manifolds there is an equiva-
lent way to write the extension problem: we define the weight

w(r) = (ﬁ)(””/ ’

that provides an isometry between L?(M) and L?(R"). Then one has the conju-
gation formula

Aph=w L (w™'h),
with

n—1 1
L:arr_Tar'i‘g

and V the radial function (see for instance [8]),

e s (O]

Agn1 —V,

On one hand we obtain, if the operators are positive (which is the case if for
instance V' is nonnegative),

(=Ap)"h =w (L) (w™'h).
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On the other hand, by the change of function v(r,w,y) = w(r)u(r,w,y), the
system (2.11) is transformed into

nyqugc')qurLu(:c,y):O for (z,y) € R" x Ry,
(3.13) y
u(z,0) =w (Jz) f(z) for x € R™

We apply again the results of [62], this time for the operator L acting on functions
on R™, and obtain the existence of the solution of (3.13) (and implicitly of (1.1)),
together with the limit

(3.14) (L) (w ') = ~dy Tim 3" Oy,
Yy—

In view of the definition of u we get (1.2):

—d, ?}gr(l) y* Oyv = —wd, ?}gr(l) y* Oyu=w (L) (w ' f) = (—Am)f.
Finally, taking Fourier transform on R", (3.13) gets transformed into

ayya+§ayafvafv*a:0,

which, a priori, may not be explicitly solved, but it may give further information.

Rotationally symmetric manifolds are toy models of warped products and one
could continue this study further. We refer the reader to [35].

3.3.4. Manifolds with ends. Let us consider first the case that M is topo-
logically of the form X x (0,00), where the manifold X need not be compact;
note that the extension to several cusps is straightforward. Assume that X has
dimension N > 2 and carries a metric gx. Define the metric on M as

gu = (1) (gx +dr?), x € M,r € (0,00).

In addition, we assume that M is approximately hyperbolic in the sense that ~ is
a positive C*° function which satisfies

2 <y(x,r) <er™?, |9y <er™® on M
for some ¢ > 0. The Laplace—Beltrami operator is written as
Apr = 4~ N+ giy, (f(N=D/2 7y 4= N+D/2 9 (((N-1)/2 g
It is shown in [23] (see also [54]) that if the heat kernel of X satisfies the bound
0 < pe(x,a’) <et ™2, forall 0<t<1, 2,2/ € X,

which is the case when X is compact, then the heat kernel of M satisfies

dpg(m,m’)?

0 < pe(m,m') < s (14 r)N/2 (14 ¢ )N/2 4= (NHD/2 o(20=20t o= sy
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for all 0 < ¢t < oo, m,m’ € M, where \; is the bottom of the spectrum of —A ;.
Since one can get as for (3.12) the estimate

1 1 d n
Ch (1+ 7M(x’0)> ,
|B(z, Vt)| ~ |B(0, V1)l Vi
plugging it into (3.5) hat we can satisfy condition (III) in Theorem 3.2.
More generally, one may consider weighted complete manifolds of the form

=]

M = My# - #My,

that is, manifolds that are the connected sum of a finite number of manifolds M;,
1 < i < k. More precisely, this means that M is the disjoint union M = K U
Ey U---U E), where K is a compact with smooth boundary (we refer to it as
the central part) and each E; is isometric to the complement of a compact set K;
with smooth boundary in M;. If M is weighted then we assume that the M;’s are
weighted. The weight on M and the weight on M; coincide on E; (with the obvious
identification). The goal of [39] is to study heat kernel bounds for M from the
bounds on each M, through a gluing technique. In order to keep the presentation
simple, we will not state their theorem in full generality, but explain the model
cases that inspire it.
For an integer m € [1, N| we define the manifold R™ by

R1:R+XSN_1, Rm:RmXSN_”L, m22

The manifold R™ has topological dimension N but its “dimension at infinity” is m

in the sense that V(z,r) ~ ™ for r > 1. This enables to consider finite connected

sums M = RN14 ... #RNe_ for fixed M and k integers Ny, Na, ..., Ny € [1, N].
We assume that all ends of M are non-parabolic, i.e., each N; > 2, and set

n:= min N; (> 2).
1<i<k
Let K be the central part of M and Ey,...,E; be the ends of M so that E;

is isometric to the complement of a compact set in R™i. With some abuse of
notation, we write E; = R™i\ K. For any point in 2 € M, set

|z| := sup d(z,2").
' e K
Observe that since K has non-empty interior, = is separated from 0 on M and
|z| ~ 1 +d(x, K).
For instance, let kK = 2 (i.e., M has two ends). Set M = R"#R™, 2 <n < m.
Assume that x € R"\K, 2’ € R™\K, t > to. Then we have the heat kernel bound

0< (xm')<C< ! + ! >efcé
> P\, — tm/2|x|n72 tn/2|x/|m72 ’

which is enough for our purposes.



708 V. BanicA, M. D. M. GONZALEZ AND M. SAEZ

3.4. Other frameworks

One may also consider the construction of the fractional Laplacian on metric
graphs. Note that heat kernel estimates are also valid for the Laplacian on graphs,
see for instance the recent studies [28], [48] and references therein as [66].

Finally, it would be interesting to construct real and complex powers of the
complex Laplacian on Kéhler manifolds.
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