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The Dirichlet problem with BMO boundary data
and almost-real coefficients

Ariel Barton

Abstract. It is known that a function, harmonic in a Lipschitz domain,
is the Poisson extension of a BMO function if and only if its gradient
satisfies a Carleson-measure condition. We show that the same is true
of functions that satisfy elliptic equations in two-dimensional Lipschitz
domains, provided the coefficients are independent of one coordinate and
have small imaginary part.

1. Introduction

Consider the Dirichlet problem

divAVu=0 inV,
(1.1)

u=f on dV,

where A is a uniformly elliptic matrix, that is, where there exist constants A >
A > 0 such that

(1.2) Anl* < Reij- A(X)n, [€- A(X)n| < Al ]

for all X € R? and all 7, £ € C2.

In this paper we study the Dirichlet problem (1.1) in the case where the bound-
ary data f lies in the space BMO of functions of bounded mean oscillation, where
the domain V is a two-dimensional Lipschitz domain, and where the coefficients A
are complex but have small imaginary part, and are t-independent in the sense
that

(1.3) A(x,t) = A(z,s) forall x,s,t€R.
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This paper is an extension of the author’s earlier work [8], which instead considered

boundary data f in the Lebesgue space LP(9V'). The study of elliptic boundary-

value problems has a long and rich history; we refer the reader to Section 1.1 of [8]

for a more detailed history of the Dirichlet problem with boundary data in LP(9V').
In this paper we will prove the following theorem.

Theorem 1.4. Suppose that A is t-independent and elliptic, and that V C R? is
a two-dimensional Lipschitz domain with connected boundary.

Then there exist constants € > 0 and C' > 0, depending only on the con-
stants A and A in the bound (1.2) and the Lipschitz character of V, such that if
|IIm Al| e < &, then the following holds.

For all f € BMO(QV) there exists a function u that satisfies the conditions (1.1)
and such that, for all Xg € OV and all r > 0,

1
o (8V N B(Xo,7))

(1.5) / IVu(X)[? dist(X,0V) dX < C | fl3uo-
VAB(Xo,r)

Furthermore, u is unique among solutions to the problem (1.1) for which the left-
hand side of (1.5) is bounded uniformly in Xo and r.
Conversely, if div AVu =0 in V and if

1
(1.6)  sup sup

Vu(X)|? dist(X,0V)dX < C?,
Xoeav r>0 o(OV N B(Xo,r)) /VﬁB(XO,r)| (Xl ( )

then [ = exists and lies in BMO(OV'), with || f|lsmo < cC.

ulav

We will also establish the following maximum principle for such coefficients.

Theorem 1.7. Let A and V be as in Theorem 1.4. Then there is a constant
e > 0 such that, if |Im Al| . < €, then for each f € L>(0V) there exists a unique
Junction u that solves the problem (1.1) and such that u € L*(V'). Furthermore,
there is a constant C' such that

llull Lo vy < CllfllLeeavy-

In Theorems 1.4 and 1.7 the coefficients A are taken to be independent of
the second coordinate. We would like to emphasize that the domain V' in these
theorems may be bounded, and thus the distinguished direction (in which A is
constant) need not be transverse to the boundary 0V. This is the setting of the
papers [24], [34], [8], but is distinct from the setting of many other papers (such
as [23], [26], [6], [2], [3], [1], [33], [18], [20], [21], and [5]), where the coefficients A
are taken to be constant specifically in a direction transverse to the boundary.

We now review the history of the BMO-Dirichlet problem. In [15], Fefferman
proved that the Poisson extension of a BMO function in the upper half-space
satisfies the bound (1.5). In [13], Fabes, Johnson and Neri proved that a function u
harmonic in the upper half-space that satisfies the condition (1.6) was necessarily
the Poisson extension of a BMO function. Thus, Theorem 1.4 is valid for harmonic
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functions (that is, for A = I) in the upper half-space. Later in [14], Fabes and
Neri extended these results to harmonic functions in arbitrary starlike Lipschitz
domains.

Many of the known results concerning the Dirichlet problem (1.1) for more
general coefficients involve boundary data in Lebesgue spaces LP(9V), rather than
in BMO(0V). We say that the LP-Dirichlet problem is well-posed if, for each
f € LP(OV), there exists a unique function u that solves the problem (1.1) and
such that the nontangential maximal function Nu lies in LP(9V'), where

Nu(X) =sup { |u(Y)|: |X = Y| < (14 a)dist(Y,0V)}

for some constant a > 0. The following result suggests a connection between the
LP-Dirichlet problem and the BMO-Dirichlet problem of Theorem 1.4. Suppose
that V' is a bounded Lipschitz domain (of arbitrary dimension), that Xy € V, and
that the LP-Dirichlet problem is well-posed in V' for some real coefficient matrix A.
Then the inequalities

(1.8) é Nu?do < / |Vu(X)|? dist(X,0V)dX < C Nu? do

ov
are valid for any u that satisfies div AVu = 0in V and u(Xy) = 0, where C depends
on A, V and X,. This was established by Dahlberg in [9] (for harmonic functions)
and by Dahlberg, Jerison and Kenig in [10] (for more general real coefficients).

In [24], Kenig, Koch, Pipher and Toro proved the converse: that if the esti-
mate (1.8) holds in all bounded Lipschitz domains V' C R™, for a given real elliptic
coefficient matrix A, then for each such V' there is some p < oo such that the
LP-Dirichlet problem is well-posed in V. We observe that under these conditions,
the BMO-Dirichlet problem is well-posed in all such domains. In the later part
of [24], the authors showed that the bound (1.8) holds in two-dimensional Lipschitz
domains for real ¢-independent coefficients. (In [20], the bound (1.8) was shown
to hold for real t-independent coefficients in higher dimensions, at least in the do-
main above a Lipschitz graph.) Thus, Theorem 1.4 follows from [24] under the
additional assumption that A is real-valued. We will use these results to generalize
to A with small imaginary part.

In [12], Dindos, Kenig, and Pipher found another relationship between the
BMO-Dirichlet problem and the LP-Dirichlet problem for real coefficients. Specif-
ically, they showed that if A is an arbitrary coefficient matrix, elliptic and real-
valued but not necessarily t-independent, and if V' is a Lipschitz domain, then
the BMO-Dirichlet problem is well-posed in V' if and only if there is some p, with
1 < p < oo, such that the LP-Dirichlet problem is well-posed in V.

The outline of this paper is as follows. In Section 2 we will define our terminol-
ogy and some important tools, and will review some known results. In Section 3,
we will prove the existence result of Theorem 1.4; that is, we will show that for
each f € BMO(JV), there exists a function w that solves the problem (1.1) and
satisfies the bound (1.5). In Section 4, we will study functions u that satisfy the
bound (1.6); this will allow us to prove uniqueness of solutions and the converse
result of Theorem 1.4, and will also allow us to prove the maximum principle
(Theorem 1.7).
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2. Preliminaries

In this section, we will begin by defining our terminology. We will then remind
the reader of some known results concerning solutions to elliptic equations; we
will conclude this section by discussing layer potentials, an important tool in the
construction of solutions to boundary-value problems.

2.1. Definitions

We say that div AVu = 0 in a domain V' in the weak sense if
(2.1) /Vn -AVu =0 forall neC§(V).

Thus, solutions u to the differential equation div AVu = 0 need not be smooth;
they are only assumed to lie in the local Sobolev space W12 (V) of functions with
one weak derivative.

In this paper, we will work only in two-dimensional Lipschitz domains, defined
as follows.

loc

Definition 2.2. We say that the domain Q C R? is a special Lipschitz domain if,
for some Lipschitz function ¢ and unit vector €,

Q=@ p)={ze" +té:t>p(z)}, where & = (_01 (1)> é.
We refer to M = ||¢/|| () as the Lipschitz constant of (2.

We say that the domain V' is a Lipschitz domain if either V' is a special Lipschitz
domain, or if there is some positive scale r, some constants M > 0 and ¢g > 1, and
some finite set { X }é\le of points with X; € 0V, such that the following conditions
hold. First,

N
1
oV C U B(Xj,r;) for some r; with —r <r; <cor.

. Co

7j=1
Second, for each X, there is some special Lipschitz domain Q; = (€}, ¢;) with
X; € 0Q; and with Lipschitz constant at most M, such that
Z;NQ; =Z;NV, where Z;={X;+azéj +t&;:|z|<2r, |t| < (d+4M)r;}.

If V is a special Lipschitz domain let N = ¢y = 1; otherwise let M, N, ¢q be
as above. We refer to the triple (M, N, cy) as the Lipschitz character of V.

We will let V' refer to an arbitrary Lipschitz domain and reserve €2 for special
Lipschitz domains. If V' is a Lipschitz domain, we let o denote the surface measure
on 0V and let v denote the unit outward normal to V.
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We let { denote the average integral f fdu = ﬁ Jpfdp. IV C R?is a

Lipschitz domain and f is defined on 0V, then the BMO-norm of f is given by

1/2
(2.3) Ifllvioov) = sup jnf.( ][A 1) = FRdo(r))”,

where the supremum is taken over all sets A C 9V that are both bounded and
connected. Observe that if f is constant on each connected component of 9V, then
| fllBMmo(avy = 0; we let BMO(OV) be the the space of all equivalence classes of

functions f with || f||smoav) < oo. We remind the reader that, if A C A C oV,
and if A, A are bounded connected sets, then for some absolute constant C,

@) (f1f - g FdoPdo) " < laviogor (C -+ Closlo(B)/o(a).

If X € 0V, we define the nontangential cone v(X) by
(2.5) Y(X) =7 (X)={Y eV :|X -Y| < (1+4a)dist(Y,0V)},

where a is a fixed positive number. (The exact value of a is usually irrelevant
provided a > 0.) The nontangential maximal function is thus given by

(2.6) Nu(X)= qu(px)|u(Y)| =sup {Ju(Y)]: | X = Y| < (1+a)dist(Y,0V)}.

By uw = f on OV, or u|av = f, we mean that f is the nontangential limit of f
on the boundary. That is, there is some a > 0 such that, for almost every (do)
X € 9V, we have that

(2.7) u(Y) = f(X).

lim
Y =X, Yey(X)

Definition 2.8. We define a convenient set of tents Q(X, R) as follows. If X € 9V,
then X € B(X,r;) for one of the points X; of Definition 2.2. Let &;, ¢; be as in
Definition 2.2. Then X = mé'j- + ¢j(z)€; for some z € R. If 0 < r < rj, we define

QX,r)={yer +se&; |z —y|l<r ¢;(y) <s<ep;(y)+(2+4M)r}
We let A(X,r) =90Q(X,r)NIV.

Observe that Q(X,r) is a simply connected, bounded Lipschitz domain whose
Lipschitz character depends only on M, and that

VNB(X,r) CQ(X,r) cVNnB(X,Cr).

Furthermore, Q(X, ) is starlike with respect to the point X + (1 + 2M) réj;.

It should be noted that Q(X,r) depends on our choice of 2; and &;, and also
that if V is not a special Lipschitz domain, then Q (X, r) is defined only for r/a(0V)
sufficiently small.
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Finally, we will let C' and ¢ denote positive constants whose value may change
from line to line, but that in general depend only on the ellipticity constants X,
A in formula (1.2) and on the Lipschitz character of any relevant domains V; any
other dependency will be indicated explicitly. By a ~ b, we mean that for some
such constant C, the inequalities

a<b<Ca

Q=

are valid.

2.2. Bounds on solutions to elliptic equations

In this section we discuss some well-known results concerning elliptic partial differ-
ential equations, as well as some results valid in the special case of two dimensions
or of t-independent coefficients.

To prove Corollary 2.34 below, we will need to consider weak solutions to the
inhomogeneous equation div AVu = div f, where u € Wﬁloc(V) is a weak solution
in V if

/V?TAVUZ/V??'JF for all n e C§°(V).

The following lemmas are thus stated in that generality. However, we will most
commonly use these lemmas in the case where f = 0, that is, where div AVu = 0.

Lemma 2.9 (The Caccioppoli inequality). Let A be an elliptic matriz, and suppose
that div AVu = div f in B(X,r) for some f € L*(B(X,r)). Then there exists a
constant C' depending only on the constants A and A in formula (1.2) such that

C o
[ owae<S wrro [ Ife
B(X,r/2) ™ JB(X,r)\B(X,r/2) B(X,r)

Remark 2.10. More generally, if V is a Lipschitz domain, then for any u with
Vu € L?(B(X,r)NV), div AVu = div f in VNB(X,r) and u = 0 on 9V N B(0, 1),
we have that

C o
/ |wm§3/' u? + C 7P
B(X,r/2)NV T JVAB(X,m\B(X,r/2) VAB(X,r)

where C' depends only on A and A.

Lemma 2.11 (Theorem 2 in [29]). Let A be elliptic, and suppose that div AVu =
divf in B(X,r). Then there exists a po > 2, depending only on the constants A
and A in formula (1.2), such that if f€ LP(B(X,r)) for some 2 < p < py, then
Vue LY (B(X,r)), and

loc

In two dimensions, Lemmas 2.9 and 2.11 together with Morrey’s inequality
have an immediate corollary.
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Lemma 2.12. Let A be elliptic, and suppose that div AVu = divf in B(Xo,r)
for some f € LP(B(Xog,r)), p > 2. Assume that the ambient dimension is 2.
For some C, a > 0, depending only on A, A and p,

213) fux) - utv) < XL (F ; r)|u|2)1/2+7“( I r)|f“|p)””}

for all X, Y € B(Xo,7/2).
Furthermore,

1/2 - \1/p
(2.14) sup  |u(X)| < C(][ |u|2> + cr(][ |f|p> .
B(Xo,r/2) B(Xo,r) B(Xo,r)

Lemma 2.12 is valid in higher dimensions for real coefficients; this was first
proven in [11], [32] and [31] for A symmetric, and extended to nonsymmetric real
equations in [30]. It is, however, not valid in higher dimensions for general complex
coefficients; see [28] and [17] for specific counterexamples.

Now, suppose that A(z,t) = A(z) is a 2 x 2 t-independent matrix. Let the
matrix Bo(X) be given by

(2.15) Bo(X) = BA(X) = (a“éX) a”fx)) for A(X) = (Z;g% ZZEQ)

We have the following lemma from [6].

Lemma 2.16 (Lemme I1.3 in [6]). If div AVu = 0 in B(X,r) C R?, and A(z,t) =
A(z) is t-independent, then div AVu, = 0 in B(X,r). Furthermore, if By is as in
formula (2.15), then

B{H(X)Vu(X) = (“t)

Ut
for some y that satisfies div AV, = 0, for A= (1/det A)AT.

Here AT denotes the matrix transpose of A. Thus, we may apply Lem-
mas 2.9, 2.11 and 2.12 to the components of Bé“Vu. In particular, by (2.14),
Lemma 2.9 and the Poincaré inequality, if div AVu = 0 in B(X,r) then

(2.17) IVu(X)| < c(][ |Vu|2>1/2.

B(X,r)\B(X,r/2)

2.3. Layer potentials

We will construct solutions to Theorem 1.4 using layer potentials, defined as fol-
lows.

If A is an elliptic 2 x 2 matrix defined on R2, then for each X € R?, there exists
a function I'y = F‘;‘( such that

(2.18) /IR AWY)VIX(Y) - In(Y)dy = —n(X) forall 7€ C5°(R?).
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This function I'x is called the fundamental solution for div AV with pole at X.
It was constructed by Kenig and Ni in the appendix to [25] in the case of real
coefficients, and by Auscher, McIntosh and Tchamitchian in Theorem 3.16 of [4]
in the case of complex coefficients. (In dimensions higher than two, a construction
of the fundamental solution may be found in [22].)

We will need some properties of the fundamental solution in two dimensions; see
Theorem 2.6, Lemma 2.7 and Lemma 4.1 in [27] for the case where A is real, and
Chapter 4 of [8] for the case where A is complex. If A is elliptic and ¢-independent,
then there is a fundamental solution I'{ that satisfies

C
2.19 4 ()| < :
If A is merely elliptic then
(2.20) sup / VT4 (V)2 dY < C.
r>0Jr<|X-Y|<2r

If we require I'x to satisfy the bound (2.19) or (2.20), then I'x is unique up to an
additive constant. We may choose additive constants such that, if X, Y € R? and
X #Y, then

(2.21) T4 (Y) = T4(X).

Let V be a Lipschitz domain. If f : 9V + C is a function, and X € R?\ 9V,
the classical double layer potential Df is given by

(2.22) Df(X) =Dy f(X)= / (V) AT(Y) VIR (V) (V) do(Y).

oV
If A is discontinuous, then the conormal derivative is defined weakly, that is, by
the formula

(2.23) /8 y v(YV)-AT(Y)VIE (V) (V) do(Y) = /V AT(YV)VIA (V) -VF(Y)dY

for any F € W2(V) with F = f on 9V and with F = 0 near X. This defines
Df(X) for all smooth, compactly supported functions f.

We let
2.24 KfX)=K3f(X)= 1l Dy f(Z
(224) OO =KL(X) = Jim  D(2)
soKf = Df!av in the sense of formula (2.7). We will show (Corollary 2.34) that if
f € BMO(OV) or f € LP(JV) for some 1 < p < oo, then Kf(X) exists for almost
every X € dV. B

We will occasionally need a somewhat more general potential. If f : OV — C?
is a vector-valued function, define

(2.25) TFX) =THf(X) = WBa“T(Y)vrﬁT(Y» F(Y)do(Y)
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where By is as in formula (2.15). If [Y — Y’| < 1|X — Y|, then by Lemma 2.16
and the bounds (2.13) and (2.19),

AT AT AT AT y -y
and so the kernel B(‘)“T(Y)VI“)‘}T(Y) of T is locally Hélder continuous in Y. By
formula (2.21) and the bound (2.13), it is locally Holder continuous in X as well.
Observe that

(2.27) Df =T(((B{HT) ™ 4w f).

We state without proof some simple results concerning layer potentials; these
results are well known in the case of harmonic functions and are straightforward to
establish for the more general case. First, suppose X ¢ 9V and that 1 < p < occ.
Then ’Tf(X) converges for all f € LP(QV), and the mapping f — Df(X) is
well-defined and extends to a unique bounded functional on LP(QV). Also, by
formula (2.21), div AV(7 f ) = 0 and div AV(Df) =0 in V and in VC,

If V is bounded, then by formulas (2.18) and (2.23), D1=11in V and D1 =0
in V¢. More generally, if V is a Lipschitz domain with compact boundary, and
if f is constant on each connected component of V| then Df is constant in each
connected component of R?\ 9V. If V = ) is a special Lipschitz domain, then D1
is still constant in © and in Q¢ in the sense that, if X, X’ € Q or if X, X’ € Q°,
then for all Xy € 09,

Jlim D 1s0np(x0.n(X) =D 1ogonB(xe,m(X') = 0.
Thus, by the bounds (2.19) and (2.4), if f € BMO(0V) then Df is well-defined up
to an additive constant.
This paper builds on the results of [8]. Specifically, we will need the following
lemmas.

Lemma 2.28 (Theorem 6.1 in [8]). Let V C R? be a Lipschitz domain and let A
be t-independent and elliptic. Suppose in addition that A is smooth. Then there is
some €9 > 0, depending only on the constants X\, A in formula (1.2), such that if
[ Im Al| Lo (r) < €0, then for any 1 < p < co we have that

(2.29) HN(TX;‘JF)”LP@V) < C(p)Hf”LI’(BV)

where N is as in formula (2.6) and where C(p) depends only on p, A, A and the
Lipschitz character of V.

Lemma 2.30 (Section 2.4 in [8]). Let A and V be as in Lemma 2.28, and sup-
pose in addition that OV is connected. Then there is some €1 > 0 and some
po < 0o, depending only on A\, A and the Lipschitz character of V', such that if
[[Tm Al o (r) < €1, then the operator K is invertible on LP (V) for any po < p < 0o.
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If K is invertible on LP(0V'), then by formula (2.27) and the bound (2.29), for
every f € LP(OV) the function u = D(K ™1 f) exists and satisfies
div AVu =0 in 'V,
(2.31) u=f on 9V,
|Nullr@avy < CllfllLeovy-
This is the classic method of layer potentials for constructing solutions to the

Dirichlet problem. [8] used the following uniqueness result to complete the proof
that the LP-Dirichlet problem is well-posed.

Lemma 2.32 (Theorem 8.3 in [8]). Let V C R? be a Lipschitz domain with con-
nected boundary and let A be t-independent and elliptic. Then there is some 1 > 0
and some py < 00, depending only on A\, A and the Lipschitz character of V', such
that if ||Im Al|p(r) < €1, and if there is some p with po < p < 0o such that

divAVu =0 mn V,
u=20 on AV,
Nu e LP(0V),

thenu=01inV.
We will also need one result concerning the behavior of £ on BMO(9V).

Lemma 2.33 (Corollary 9.3 in [8]). Let A and V' be as in Lemma 2.30. Then there
is some €1 > 0 such that if ||Im Al[p®) < €1, then the operator K* is invertible
on H'(9V).

Here H'(9V) denotes the Hardy space whose dual is BMO(AV), and K* repre-
sents the operator adjoint; thus, K is invertible on BMO(9V') provided || Im Az
< g1 and 9V is connected.

These lemmas imply that the LP-Dirichlet problem is well-posed for smooth
coefficients A. In [8], standard approximation techniques were used to pass to rough
coefficients. In Corollary 2.34, we will use such approximation techniques to show
that layer potentials are bounded, even for rough coefficients; this is somewhat
more involved than the argument treating only the LP-Dirichlet problem.

Corollary 2.34. Lemmas 2.28, 2.30 and 2.33 are valid even if A is not smooth.

Furthermore, if A and V are as in Lemma 2.28, except that A need not be
smooth, then Tf|g}v exists almost everywhere in OV provided f € LP(QV) for
some 1 < p < oo, and Kf(X) exists for a.e. X € OV provided f € LP(OV) or
f € BMO(aV).

Proof. We wish to exploit the fact that the above lemmas are valid for smooth
coefficients. Let Aj(z,t) = Aj(x) = Ax* p;(x), where ¢;(x) = jo(jz) for some
smooth, nonnegative, compactly supported function ¢ with nga = 1. Observe
that A; is smooth, t-independent, |[Im A;|re < |[[Im Az, and that A; satisfies
the ellipticity condition (1.2) with the same constants A, A as A. Furthermore,
if U is a bounded set and 1 < ¢ < oo, then A; — A in LY(U) as j — oo.
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Observe that Lemma 2.28 is valid for A;; to show that it is valid for A as well,
we must control 74 — 74, We begin by controlling the kernels of these operators.
Specifically, we will begin by bounding the L? norm of VI'{ — VFQJ

Fix some positive number r. Let f be a smooth vector field supported in
B(0,3r). Define

w(X) =— / FY)- v (v)dy = div f(V) T4 () ay,
B(0,3r) B(0,37)

w) == [ fv)vry ).
B(0,3r)

We begin with some preliminary bounds on u and Vu. By the bound (2.19), we
have that if p; > 2, then |u(X)]| is uniformly bounded and

|’U,(X)| < C(pl) min (7.1—2/;01 ) ,r2—2/p1 dlSt(Xa Supp f)_l) ||f|‘L”1(B(O,r))-
Similarly, we may bound Vu in terms of div f, thus Vu is locally in L? and we

may apply the lemmas in Section 2.2.
By the definition (2.18) of 'y and by formula (2.21), we have that

/ Vn(X)  A(X)Vu(X)dX = div f(Y)/ Vn(X) - A(X)VI'$(X)dX dY
R2 R2

[ awfvyayay = [ F)-onw)ay
and so div AVu = div fin R2.

Thus by Lemmas 2.9 and 2.11, we have that if R > 0 and if 2 < p; < pg, where
po is as in Lemma 2.11, then

1/p1 C(p1) ][ 9 1/2 . 1/p1
Vul|P < — u +C(p / flP .
(/B(O,R)| | ) R1=2/m ( B(0,2R)| |) (1)( B(O,R)| | )

We may take the limit as R — oo; this yields that
IVl oy g2y < C I F Lo (B0,30)-
Now we wish to consider u — u;. Observe that
div A;V(u — uj) = div A;Vu — div f= div(4; — A)Vu.

By the bound (2.14), we then have that if | X| < R/2 and 2 < pa < py, then

) -0l o(f  fu-ul)

B(0,R)

1/ )
+CR12/;D2</B(0 R)'(A?Aj)vu|p2> p
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Fix some 6 > 0. By our bounds on |u| above, if R is large enough, depending

only on 7 and ¢, then the first term is at most 6Hf||Lp1(B(0,3T))/2. We may assume
R > 4r, and so the bound

5 — _ 1/172
[u(X) = u;(X)] < = |1 fllzes (B0,3r)) + CR' 2/P2(/ (A — Aj)vu|p2>

B(0,R)

is valid for all | X| < 2r and all f smooth and supported in B(0, 3r).
By Holder’s inequality, we have that

(/B(Oﬁ)'(A N Aj)vu|p2>1/p2 = </B(0,R)|A — Aj|q> B ( /B(O,R)|Vu|pl>1/pl

for some ¢ < oo. Recall that A; — A in LI(B(0, R)); thus, there is some j
depending on R and ¢ such that

[u(X) — ui(X)] < 8| F | or (B0,

for all |X| < 2r and all f smooth and supported in B(0, 3r).
But recall that

- AT T
u(X) —u;(X) = f(VIy —VIg ).
B(0,3r)
Thus, our pointwise bound on u — u; implies that, if j is large enough (depending
only on 7 and §), then

<9

A Aj
[VIy — VI HLP&(B(O,gr)) =

for all | X| < 2r.
Fix some n > 0. By Holder’s inequality,

T
lvrg" —vry P < (/
B(0,3\B(X.n)

x (/ jvrs” - vr;“g‘T|”'1)1/pll.
BOSM\B(X.n)

By the bound (2.19) the first term is at most C(r, n), and by the above arguments,
if 7 is large enough then the second term is at most 6. Thus,

T AT \p, 1/p1
/ Ivrs" —vry [? )
B(0,3)\B(X,n)

T AT
(VIS — VT lr2(B0.3m\B(xX.0) < 6 C(r,n).

Recall that

—

TAF) = [ B ) VIE () fY)doy),
ov
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T T
We wish to bound the difference B(;‘TVI“;‘(T — Bg‘ I VI‘QJ in the kernels of 74
and 74. Observe that

B () VT (v) - B () VIR (V) = (BL(v) - B () vrdT (v)

+ By (V)(VTAT (v) - VI (V)

T
and that Bgl] — B64T in L9(U) for any ¢ < oo and any bounded set U. Thus,
again using Holder’s inequality and the bound (2.19) on |VI‘§}T|, we have that for

any € > 0 and any r > n > 0,

AT AT
||B(34TVF§T — By’ VI'y ||L2(B(0,3r)\B(X,n)) g

for all j sufficiently large.

We now improve to a pointwise bound.

Choose some r > 1 > 0 and some X and Y with |[X| < 27, |Y] < 2r and
|X — Y| > n. Define

v T T Vi AT AT
<w> =By vry , (wfj> =By’ VI'y .

By Lemma 2.16, div ATVy = 0 and div Z;TVUJ- = 0 away from X. As before,

div Z;TV(U —v;) =div A‘?VU = div(Z;T — ;ﬁ)VU.

Applying the bound (2.14) to the function v — v;, we see that if | X —Y| > 2n and
if po > 2, then

2 1/2 AT _ AT|p2 P2
v -uMI<C(f  e-ul) eon(f AT A7)

T T
The first term is at most C ||B()4TVF§T — Bg" VF;j llL2(B(0,3r\B(x.n)- By the
bound (2.17), Lemma 2.9 and the bound (2.19), we have that |[Vv| < C/n? in
B(Y,n). Thus, since A; — A in LP*(B(0,3r)), we have that v; — v uniformly
in X and Y. A similar argument is valid for w.
Thus, for any ¢ > 0 and any r > 1 > 0, we have that there is some j such that

1/p2

1B (V) v (V) — B (v)vry V)| <¢

for all X, Y € B(0,2r) with | X —Y| > 2n.
Define

Ny F(Z) =sup { |F(X)|: X € v(Z2)\ B(Z,2n), | X| <r}.

We use the above remarks to bound NmT(TA(lB(O’Qr)f)). Specifically, if j is
large enough, then we have that

[Ny (T (50,200 F ) (X)] < [Ny (T (10,20 f ))(X)] +¢ |fldo
OVNB(0,2r)
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and so the bound
[N (T2 0,20 N ooy < COIF llzoovy

follows from the uniform bound on ||N(’7'Aﬂ'f)||Lp(aV).

Bounding Nn,r(TA(lav\B(Ogr)f)) is much more straightforward. If 9V is
compact then we consider only r large enough that OV C B(0,2r). Otherwise, V
is a special Lipschitz domain. By the bound (2.19) and by the definition (2.25)
of T,

| T (Xov\B02nf )(X)| < Cr V2| flleavy for all |X| <7

and so | Ny (T4 (Lov\ 0,20 f )zeavy < ClIF |lneov)-
Combining these results gives the estimate

[Ny (T2 ) Lo ovy < COF 1B0.20n0v-

This estimate is uniform in 7 and r; letting n — 0 and r — oo, we recover the
same estimate on N(T4f ).

We thus have that the bound (2.29) is valid, and so Lemma 2.28 is valid even
if A is not smooth.

Recall that Lemmas 2.30 and 2.33 were proven in [8] in the case where A is
smooth; we observe that [8] used the smoothness assumption only to establish
boundedness of layer potentials, and so by the arguments therein, Lemma 2.28
implies Lemmas 2.30 and 2.33 even if A is not smooth.

Finally, we establish that 7 f, Df have nontangential limits for f € LP(V),
1 < p < oo, and for f € BMO(9V).

There is a bounded invertible matrix B; such that, if ¢ is smooth and com-
pactly supported, then 7(B14) has a nontangential limit at all points in 9V see
Lemma 5.7 in [8]. By standard techniques, if the bound (2.29) is valid, then we
may extend the condition that T f has a nontangential limit at almost every point
in AV to all f€ LP(0V), not only fof the form f: By g for g € C§°. By for-
mula (2.27), if f € LP(0V) then Df has a nontangential limit at X and so Kf(X)
exists for almost every X € OV

If f € BMO(OV) and 9V is compact, then Kf exists because f € L?(9V).
If V = Q is a special Lipschitz domain and f € BMO(0f2), then let A be any
connected bounded subset of 9Q. We may take [, fdo = 0. Let A D A with
dist(A,aQ\ﬁ) > 0. Write f = f1 + f2, where f1 = f in A and fo = fin
A0\ A. Then Kfy(X) exists for almost every X € 99 because f; € L2(0Q). By
the bound (2.19), formula (2.21) and the bound (2.13), if X, Z are far from supp f2

then
X —-Z~
IDRCO - DR < [ o 1) do()

and so by the bound (2.4), Kf2(X) exists for all X € A. This completes the
proof. O
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3. Existence of solutions

In this section, we establish the existence result in Theorem 1.4 by proving the
following theorem. We will complete the proof of Theorem 1.4 in Section 4.

Theorem 3.1. Suppose that A is t-independent and elliptic, and that V C R? is
a Lipschitz domain. Assume that the boundary layer potential K is bounded and
invertible on BMO(0OV).

Then for every g € BMO(9V), there exists a function u with div AVu = 0
nV, u|av =g, and such that

1
o(0V N B(Xo,r))

| V)P dist(x.07) X < Clglo.
VAB(Xo,r)

where C' depends only on A\, A, the Lipschitz character of V', and the BMO bound
of K and KC~1.

By Lemma 2.33 and Corollary 2.34, if A is elliptic and t-independent and if
|[Im A|| e is small enough, and if V' is a Lipschitz domain with connected bound-
ary, then the conditions of Theorem 3.1 hold.

The solution w is constructed by the classic method of layer potentials, that
is, by letting u = D(K~'g). If we let f = K~ 'g, then because K is invertible
on BMO(9V), there is some C such that || f||smoavy) < Cllgllemocovy. Thus, to
prove Theorem 3.1, we need only show that the inequality

1
2 Df(X)[* dist(X X < 2
D ST TP V)0 < C sy

is true for all f € BMO(OV). We remark that the bound (3.2) is valid without
any assumptions on K or ||Im A||«; we will prove that the bound (3.2) holds for
all two-dimensional Lipschitz domains V' and all elliptic ¢-independent coefficient
matrices A.

3.1. A L? estimate in special Lipschitz domains

A major step in the proof of the estimate (3.2) is the following lemma.

Lemma 3.3. Suppose that V. C R? is a Lipschitz domain and that f € L*(0V).
If A is elliptic and t-independent, then

(3.4) /V|VDf(X)|2dist(X, OV)dX < C |f|Paon).

In this section, we will prove that Lemma 3.3 is valid provided V' = Q is a special
Lipschitz domain; we will move to general Lipschitz domains in Section 3.2. Our
proof will be by means of T'(b) theorems. We remark that in the case where 2
is the domain above a Lipschitz graph (that is, where €7 = (0,1)), Lemma 3.3
follows from the results of Rosén in [33], and was also established by means of T'(b)
theorems by Grau de la Herran and Hofmann in [18].
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We will use a square-function 7'(b) theorem of Semmes; this result is a special
case of the extension (iii) on page 724 of [35].

Theorem 3.5. Suppose that ¥, : R x R — C?**2 is a matriz-valued function for
each t > 0, and that for some constants a > 0 and Cy < oo, W, satisfies

ly —y'|*
)1+(x

t(z,y)| < C N L D
"I’( y)|< 0 TP

t()é
o Nltao |‘Ilt(may)_‘llt(mayl)| SCO
(t+ |z —yl)
whenever |y —y'| < |z —y|/2 or |y — | < /2.

Iff: R+ C? is a vector-valued function, or more generally if f: R — C2X™,
let

0, f(x) = /R Uy (z,y) fly) dy.

Suppose that there is a constant C; < oo, and a matriz-valued function b : R —
C2%2, such that for all y € R and all intervals Q C R,

b(y)| < C, /OQ/Q|@tb(m)|2dxtdt < alal, \(]éb(y)dy)lﬂ <c.

Then there is a constant C' depending only on Cy, C1 and « such that, if f €
L*(R +— C?), then

= 2 dvdt >
[ lef@f S5 < 0171y
:

Although this theorem is sufficient for our purposes, we observe that more
general results are known; see, for example, Hofmann’s paper [19] for a nice survey
of T'(b) theorems.

We reformulate this theorem in terms of special Lipschitz domains. If ) =
{ze+ +t&:t > p(x)}, we may prove the following theorem by letting

Uy(w,y) = tW(ze + (p(z) + 1) &y e +o(y) @)
and applying Theorem 3.5.

Theorem 3.6. Let 2 be a special Lipschitz domain. Suppose that U : Q x 0Q —
C%*2, and that for some constants o > 0 and Cy < 0o, ¥ satisfies

1
(3.7) |‘I’(X7Y)| < Cy X_vp
v -y

whenever |Y —Y'| < 1| X — Y.
Define ©f(X) = [,, ¥(X,Y) f(Y)do(Y).
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Suppose that there is a constant C; < oo, and a matriz-valued function b: 0 +—
C2%2, such that for all Xo, Y € 0%, all r > 0 and all bounded connected sets
A C 09,

(3.9) b(Y)| < Cn,

(3.10) / |Ob(X)|? dist(X,00) dX < Cyr,
B(Xo,m)NQ

(3.11) ][ b(Y) do(Y ’ <.

Then there is a constant C, depending only on Cy, C1, o and the Lipschitz constant
of Q, such that if f € L?>(0Q s C?), then

(3.12) /| ()2 dist(X, 09) dX < C'|| F |l z2n)-

Let Q be a special Lipschitz domain; we now prove that Lemma 3.3 is valid
with V' = Q. By formula (2.27), we need only prove that

(313) IV 0P dist(x,00) 4 < €1 o,

for all f € L2(8Q — <c2)
Recall that Tf(X) = [, Bs" VI'4 - fdo. Let

wuﬂﬂzvXWTﬁw»zﬁ<mT=VAafwnT5w»T

so that VT f(X fgg )f(Y)do(Y). Defining © as in Theorem 3.6, we
have that O f = VTf and so the bound (3.13) follows from the bound (3.12).

We claim that U satisfies the estimates (3.7) and (3.8). Let
i(X) = B (V)VIE (Y).

By the bound (2.19) and formula (2.15), |4(X)| < C/|X —Y|. By formula (2.21)
and the definition (2.1) of weak solution, # satisfies div AV = 0 away from Y.
We use the bound (2.17) to bound |V@(X)|; this yields that

¢
X —Y[?

and so the estimate (3.7) holds. Similarly, the estimate (3.8) follows from the
estimate (2.26).
Let

(3.15) b(Y) = (B (Y)T) "L (A w(Y) (V)

where (A(Y)v(Y) 7(Y)) is the 2x2 matrix whose columns are A(Y)v(Y) and 7(Y),
v is the unit outward normal vector to 0€2, and 7 is the unit tangent vector given by

(3.16) y:(olé)T

(3.14) IVx (B (Y)VIE (V)] <
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We need only show that b satisfies the bounds (3.9), (3.10) and (3.11) to show that
the bound (3.13) is valid.
The bound (3.9) follows from the ellipticity condition (1.2) and the defini-

tion (2.15) of B()“T. To establish the bound (3.10), observe that

Ob(X) = /m\p(x,y) b(Y)do(Y) = vX/

(D1x) () VIE'(¥)) do(Y).
o0

Recall that D1(X) is constant in Q and in Q. Let r be a large positive number.
Then because B(0,r) is bounded and I'x is continuous away from X, we have that

/ 7(Y) - VLA (V) do(Y) = 0.
a(QNB(0,r))

If X, X’ € Q, then for r > | X |+|X’|, we have that by the bounds (2.13) and (2.19),

T T | X — X'~
QNIB(0,r)
which approaches 0 as r — oo; thus [y, 7(Y) - VI‘QT(Y) do(Y') is constant in €.
Thus, ©b(X) = 0, uniformly in 2, and so the bound (3.10) holds.

3.1.1. The bound (3.11). To complete the proof of Lemma 3.3 for special Lip-
schitz domains, we need only show that the bound (3.11) is valid. This derivation is
somewhat tedious but involves no deep theorems. Recall that the condition (3.11)
states that f, b(Y) do(Y") must be invertible for every A C 9§ connected.
Choose some such A. Let the endpoints of the segment A be given by (z4,t4)
and (zp,tp); we order these two endpoints so that if v is the unit outward normal
to © and 7 is the unit tangent vector given by formula (3.16), then 7 points from
(Ta,ta) to (zp,1p). Let Ay = xp — x4, Ay = tp—t,. Thus /A2 + A? is the distance
between the two endpoints. Observe that because (2 is a special Lipschitz domain,

we have that o(A) ~ /A2 + AZ.

Example 3.17. As a motivating example, consider the special case where A = [ is
the 2x 2 identity matrix. Notice that Bf = I as well, and so b(Y) = (v(Y) 7(Y)).

We have that
/A (V) do(Y) = (A:>,

a vector whose length is comparable to o(A). Furthermore,

/AV(Y)da(Y): (_01 é)/AT(Y)da(Y)— (_ﬁ;).

fA b(Y)do(Y) = 7[ (v(Y) 7(Y)) do(Y) = ﬁ (_ﬁi ﬁf) .

JA

Thus,

The right-hand side is clearly invertible, and so the bound (3.11) is valid.
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We must now show that the condition (3.11) is valid even if A (and thus B64T)
is not the identity matrix. Since b is bounded, it suffices to show that

| det /A b(Y)do (V)| > o(A)2/C

for some constant C' > 0. The proof will take several steps.

Our first step is to write [, b(Y)do(Y) in terms of the endpoints (z4,t,) and
(xp,tp) of A and in terms of the matrix A and its components a;;. We will see that
this integral is independent of the particular path taken from (z,,t,) to (xp,tp).

Lemma 3.18. We have that

/ b(Y) do(Y) = (0‘ 7
A _
where, in the notation given above,
oo alg(IL') a21 (SL') /xb 1
@ ¢ /$a (2(111(.1‘) * 2@11(1‘)) i v T a11( )
Tp — Tp
B = / a”( azl(m))) dx, 5 :/ det Al@) .

2(111 .Z‘ 2(111(1‘ an(x)

Qi
+ 2
™I
~—__

a

_ _ (ou(z) awz(z)
and where A(x,t) = A(z) = (agl(x) a9 (7))
Notice that if A =1 then a = Ay, v =90 = A,, and § = 0, and so this formula
is in agreement with Example 3.17.

Proof of Lemma 3.18. By assumption, {2 is a special Lipschitz domain. Recall that
this means that there is some vector € and some Lipschitz function ¢ such that

oL >, Ny 0 1)\,
Q={ze" +te:t> ()}, € :<1 0) ¢

Let J(m) =zé&t + () € then 1; = (11,12) is a parametrization of 9. We have
that (z4,tq) = ¥(a) and (zy, 1) = ¥ (b) for some a, b € R.
Recall that .
b(Y) = (Bg (Y)")" (A )w(Y) 7(Y)).

We will compute explicit formulas for B(‘)4T, vand T.

First, notice that the unit tangent vector 7 satisfies T('l/_)'(y)) = :|:1/_)"(y)/|z/7(y)|,
and that the choice of signs is determined by the requirement that v be_’the outward
and not the inward normal vector to 9. If we choose 7(¢(y)) = '( )/ 1 (y)],

then (€%, 7) > 0. By formula (3.16) and the relation above between & and &, this
implies that (€,v) < 0, as desired. Writing explicit formulas for 7 and v in terms

of the components 1, and 15 of 15, we see that

) = (B0 i = L (%W



732 A. BARTON

Next, recall from formula (2.15) that

BT (v) = (auéY) agll(Y)) .

This means that

(By (V)" = ai(Y) (agl(Y) a11(Y)>

and

AT Ty—1 o 1 1 0 an(Y) alg(Y)
(BO (Y) ) A(Y) - ail Y) <—a21(Y) an(Y)) <a21(Y) GQQ(Y))

We want to evaluate b(¢)(y)). We adopt the shorthand that ar = ajk(z/;(y)),

—

det A = det A(¥(y)), and ¢ = ¢’ (y). Then

J

(5" @) ey = —=— (Lo 0 ) (5)

a11|1/_)"(y)| —d21 G11

-t ( U )
a11|1/_)"(y)| —ag1 Y] + a1 Y

and

AT NTY LA (D () v _ 1 arr 412 (e

(B ") A = = (3 get) (1)
_ 1 ai1 Py — ar2 Py
a11|1/7’(y)|( —det A )
Thus,
b)) = (B @w)™) T AGW) vw) (B W@w)T) W)
_ 1 <G11 Yy — a2y V1 )
a11|15’(y)| —det A} a1y —anpy )’
Integrating, we see that
b - -
[ vydo) = [C0 (@) 13wy
A a

_ /b 1 (any — any 1 dy
W Q11 —det Ay a1y — an¥)

b b
— wl (y) O L —a12 1 ,
B /CL ( 20 wé (y)> dy N /a ajl <_ det A —a21> 1/}1 (y) dy
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The first integral is equal to A;J. According to our shorthand, A and aj; are

to be evaluated at 1(y). But because A is t-independent, A(4(y)) = A(¢1(y)).
Therefore, the second integral is equal to

1 —an(h) 1 )
ey (—detA<w1<y>> —aﬂ(m(y))) i) dy

We make the change of variables & = v (y); thus,

L= (5 8)+ [ w<(>) e (Caht) —am)

Recall that 9;(a) = x, and that ¢;(b) = xp. It is then elementary to compute

that, if
-8 v
/ﬁb Jdo(¥ ( -5 @#B)

o=ae / k (2(2121(2) *2?111%) - ”:/:b 0111()
det A(x)

then

aiz ao1 () B o det A :E)
b= / <2a11 2(111(»’5)) o 0= /xa an(l“)

This completes the proof. O

Our goal is to control det [, b(Y') do(Y'). We will only be able to do so in the
case where A is elliptic. We will need to rewrite the ellipticity condition (1.2) as
a series of inequalities concerning the components a;; of A; these inequalities are
the subject of the next lemma.

Lemma 3.19. Let A= (gl! 312). The ellipticity condition
Nn*> <Reqj- An  for allnm € C?

is true if and only if the three inequalities

Reai1 > A\, Reagx > A, and |a12 + 6/21| < 2\/(Re ail — )\)(Re a0 — /\)
are valid.

Proof. We begin by making the following computation. Choose some 1 € C2. If
we let 77T = (7717772)7 then

Al = X * + Ana
and

Ren™ - An = Re (a11 71 1 + a2 M2 12 + @121 N2 + az1 7211
= |m|* Reai1 + |n2|* Reass + Re ((a12 + @21) 71 12)
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and so
Ren™ - An— Alnl* = [m|* (Reais — A) + |n2|* (Re agz — A) + Re ((a12 4 a21) 71 72)-

Suppose that the three inequalities

Reay; > A\, Reagy >\, and |ays + do1| < 2v/(Rear; — A)(Reagzs — N)
are valid. We then have that

Ren” - An— Aln|* > |m[> (Rearr — A) + |na2f* (Reazs — A) — [axa + o1 | 2]
> [m[* (Rears — A) + [n2]” (Reags — A)

—2y/(Reays — ) ;1| /(Reazz — ) |12
= (VRean — N |m| — vReazz — A) [na])”.

The right-hand side is nonnegative for all 7, and so A must be elliptic.
Conversely, suppose that A is elliptic, and so Ren” - An — An|? > 0 for all 7.
This means that

(3.20) Im |2 (Reaiy — A) + [n2]? (Reaze — A) + Re ((a12 + az1) mmz) =0

for any choice of 7; and 7.

If we choose 171 = 1 and 7y = 0, this implies that Reay; > A. Similarly, if we
choose 71 = 0 and 75 = 1 then we have that Reass > .

Finally, we consider the third inequality. Choose |7:1]|?> = Reags — X + ¢ and
2| = Reai; — A + ¢ for some ¢ > 0, and choose the moduli of 7; and 72 such
that

(@12 + @21) 71 12

is a negative real number. Then

0 < |m*(Reai; — A) + |n2]? (Reasz — A) + Re ((a12 + @21) 71 m2)
< |m|* Reais — A +¢) + n2]* (Reaze — A +¢) + Re ((a12 + @21) 71 1m2)
= Z(Rean — )\—I—E) (RQGQQ — /\+E)

- |a12+&21|\/(Rea11 —A+e)(Reasa — A +e).

Solving, and using the fact that \/(Re a11 — A +e¢)(Reaga — A +¢) > 0, we see
that

2\/(Rea11 7)\4*5) (Rea22 7)\‘{‘6) > |(112 +(_121|

for any ¢ > 0; taking the limit as ¢ — 0% completes the proof. m

We now use our bounds on the components a;, of A to establish some upper
and lower bounds on the quantities a, 5, v and §.
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Lemma 3.21. Leta, B, v and d be as in Lemma 3.18, and suppose that A satisfies
the ellipticity condition (1.2). We have the lower bounds

A
[A¢] — AL 3 <|Real, |A.] % < |Rew|, and XAz <|Red|,
and the upper bounds
A 1
<]A Am N << Am )
ol < A+ 1Al 5 ] < 31l
A2

Also, the real numbers A,, Revy, Red and Red — NA, are either all nonpositive
or all nonnegative.

Proof. By Lemma 3.19, we have that Rea;; > A and Reass > A; by the ellipticity
bound (1.2), we have that |a;;| < A and that |det A|] < A% This gives us in
particular that \
1 a1 1
Re a1 Re |a11|2 - /\27 |(111| § /\

Applying these inequalities gives us the two bounds on «, the two bounds on
and the upper bound on .

Notice that if A, = 0, then z, = xp, and so § = = § = 0; thus we are done.
For the remainder of the proof we will assume that A, # 0.

The integrand in the definition of ~ is positive; therefore, Revy and A, are
either both positive or both negative.

We are left with the lower bound on ¢ and the upper bound on 3. Consider
the integrand in the integral defining 5. We compute

2
a2 G21|

Q21021 | Q12012 Q12021 (12021

apn ann| |a11]? |a11]? (a11)? (@11)?
_ 021021 + (;12(112 _ 9Re a2 a221 -
lai1] (a11)

In order to apply Lemma 3.19, we rewrite the first fraction in terms of the quantity
la1a + @21|%. Observe that

_ 2 _ _ _ _ _
|a12 + @21|° = a12 @12 + a2y @21 + a12 az1 + 12 21 = @12 12 + a1 G21 +2 Re(aiz as)
and so

— 2 — 2
aﬁ_(_lﬂ _ |a12+a221| — 9Re a12a221 — 9Re a12a221
a11 a11 |(111| |a11| (an)

Combining the last two terms, we see that
— 2 — 2
a2 G2 a1z + az1 1 1 a12 a1
‘—*,— :%*QRG — +—
ajl ajl |a11| ail ail ajl
~ 2
a2 + a2 1 ai2 21
= % —4Re — Re ——.
|a11] ai aiy
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We now apply Lemma 3.19 to see that

a a Reaj; — N) (Reags — A 1 a12 @
ﬂ,ﬁ < ( 11 )(2 22 )—4Re—Re 12 @21
ail ai |a11| ajl ail
4Reaq1 Rea 4 \Rea 4\ (Reags — A 1 aiz a
_ 112 22 2117 ( 222 )—4Re—Re 12 21.
|a11| |a11| |a11| aiil aiil
We have that
Re ail Re a9 - Re ail a11 az2
|a11|2 |(111|2 a11
and that R ) .
ea a a
121:Re 112:Re 1 =Re— =Re—.
|a11| |a11| ai a1q ail ail
Thus,
a ais |? 1 a1l a 1 4\ (Reags — A
21221 < 4Re— Re LU _ grRe — - A Reaz —A)
a11 a11 a11 a11 a11 |a11|
1
— 4Re — Re 2272
a11 a11
1 det A 1 4\ (Reags — A
= 4Re — Re —4)\Re——(—222)
ail ail ail |a11|

Because Reass — A > 0 we can disregard the final term. The left-hand side is
nonnegative. Furthermore, Re(1/a11) > 0. Thus,

det A

ail

0 <4Re—
ail

1 A
(Re det > A

f)\) and so Re
ail

5— /”’b det A
x a11

a

Since

this implies that A, and Red are either both positive or both negative, and more-
over that |[Red| > A|A,|, as desired.
Finally, we have that

1 oras @iz |?
o | (- 2
ZTa 11 a11
Recall that o . det A
a2 ‘fﬁ) §4Re—(Re ¢ —A)
ail ajl aiy a11

and so by Holder’s inequality,
2 ”””_’@_@‘2 ! / L
|ﬁ| S (/xa 4 ail a11 Re(l/a11)>( Ta Re a11>
< (/ bRe det A — )\) (/ bReL) = (Reé— )\Ax)(Re’y).

a11 a11

This completes the proof. O
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We can now establish the bound (3.11).

Lemma 3.22. The bound
det / b(Y)do(Y) > (A2 + A%)/C
A

is valid, and thus the bound (3.11) holds.

Proof. Recall from Lemma 3.18 that
a=p v
bdo = =
/A 7 ( -5 a+ 6)

det/ bdo = aa — 3+ 2iIm(af) + 9.
A

and so

We use Lemma 3.21. Applying our upper bound on 3, we see that
Redet/ bdo > aa— (Re’yReé — A, Re’y) + (RevReé — Imvlmé)
A
>aa+ AA;Rey — Im~yImé.

Applying our lower bound on Re~, we see that

)\2
(3.23) Redet/Abdazao?—i—FAi—ImyImé.
We may also compute that
(3.24) Imdet/ bdo = 2Im(af3) + ReyImd + Red Im .
A

We wish to show that at least one of these two quantities is bounded from
below. We will consider the following four cases:

o 1AL < IAJ(V/AD),

© [Aa] > [Af(A/4A), laf? + (A2 /2A%)|Ag | > Tmy Im 4,

o AL > |ALN/4A), |af? + (A2 /2A2)|AL 12 < TmyImd, and |a| < [AL|N/4A,

o AL > A (A4A), |af? + (A2/2A2)|AL)? < ImyIm§, and |a] > |AL|A/4A.
Observe that these cases include all possible values of our parameters.

Suppose that |Agz| < |A¢|(A/4A). Applying our lower bound on « and our
upper bounds on |y| and |d|, we see that the bound (3.23) implies that

)\2

A
Redet/ bdo > A —2|A AL T+ FAi,
A
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and since |A,| < |A¢|(A/4A), we have that
Redet/ bdo > |A2/2 > (A2 + A%)/C,
A

as desired.
In the remaining three cases it suffices to show that |det [, bd0| > A2/C.

Suppose that

A2 9
A+ —— — > 0.
ad+ 3 51Az]" = ImyImé >0

Then by formula (3.23), we have that

A2 )
—_— > .
T 2 A0

Redet/ bdo > |A, 7
A

Finally, suppose that |A,| > |A;[(A/4A) and a &+ (A2/2A%)]A,? < Tm~yIm 6.
In the remaining two cases we will bound |Imdet [, bdo| and not Redet [, bdo
from below. Observe that in particular, Im¢§ and Im~ are both positive or both
negative. We already know that the same is true of Rey and Red. So by for-
mula (3.24),

‘ Imdet/ bda( > |Re~| [Imd| + [Re | [Im~| — 2|a||4]
A

> 2y/ReyRedImyImé — 2|al |5].

Using Lemma 3.21 to bound 8, and using the bound |a|* + |A,|*(A\?/2A%) <
Im~Imd, we have that

‘Imdet/ bda’ > 2¢/]af? + |A2](A2/2A2)\/Re yRe d
A

—2|a]y/Rey(Red — AA,).
If |a| < |Az|A/4A, then
Az A
‘Imdet bda’ > 2¢/|A2[(A2/2A2)y/ReyRed — 2 m vRevyRed
A
A
> (\/57 1/2) |A$|K\/Re'yRe5

and by the lower bounds on Rey and Red in Lemma 3.21, the right-hand side is
at least A2/C.
If |a| > |Az|A/4A, then

’Imdet/ bda’ > 2|alv/RevyRed — 2 |aly/Rey(Red — A\A,)
A

> 2]aly/ReyRed (1 - 1/%).
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But by Lemma 3.21,

Red — \A, \/ A, \/ A2
-7 e _ < _ 2
\/ Red 1" Res SVt
and so by assumption on |«| and, again, the lower bounds on Revy and Red in
Lemma 3.21,

‘Imdet/Abda’ >z|a|¢m(1_,/%) > A2/C.

In all four cases, we have that | det [, bdo| > (A2 + A?)/C > ¢(A)?/C. Thus,
the bound (3.11) is valid. O

This completes the proof of Lemma 3.3 in the case of special Lipschitz domains.

3.2. A L? estimate in general Lipschitz domains

We now wish to move to Lipschitz domains with compact boundary. Again by
formula (2.27), to complete the proof of Lemma 3.3, we need only show that, if V'
is a Lipschitz domain, then

(3.25) /V 9T FX dist(X, 0V) dX < C[|F 2200

Choose some Lipschitz domain V' with compact boundary. By Definition 2.2,
there are IV special Lipschitz domains €2;, each with Lipschitz constant at most

M, such that
N

ov c | J oo nB(X;,r))
j=1
where r; > 0(0V)/C and X, € 0V, with Q; N B(Xj,2r;) =V N B(X}, 2r;).
So we may write f = Zjvzl f;, where f; = 0 outside of B(X,r;). Pick some j
and note that ij':;- = ’7;]‘3, where T; = Tq,. By Section 3.1,

[ VT 0P dist(X,00) 4 < CIF o,

If X € B(Xj,2r;), then either dist(X,09;) = dist(X,09; N B(X;,2r;) >
dist(X,0V), or

1 1 1
diSt(X, an) = dist (X, 6(2] \ B(Xj,Q?“j)) > 57“3' > g |X - le > g diSt(X, 8V)
In either case dist(X,0V) < 3dist(X, 08;) and so

/ 9T () dist(X, V) dX < C |}l (00,
VﬁB(Xj,3Tj/2)
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Conversely, suppose X ¢ B(Xj, %rj). By the bound (3.14),
. C .
VT O01 £ e [ R do(v)
! X = X2 Jov ™
and because U(suppfj) < C'rj, we have that

. C .
IVTv f;(X)] < X—x, V75l fill zzovy.-

We have that dist(X,0V) < |X — X;|. Thus, we may readily compute that

/ YTy f5 (X)) dist(X, 0V) dX
V\B(XJ ,37’j/2)

/ C

< e
R2\B(Xj,3rj/2) |X 7XJ|

Combining these estimates and summing over j completes the proof of the esti-
mate (3.25).

T ||J'F;‘||%2(a\/) dX <C ||fj”%2(8v)'

3.3. BMO estimates in Lipschitz domains
We have established that if V' is a Lipschitz domain and if f € L?(9V), then

(3.26) /V|VDf(X)|2dist(X, V) dX < C|fl720v)-

In this section, we show that the estimate (3.2) holds, that is, that

1
(0V N B(Xo,r))

for all f € BMO(9V), all X € 0V and all » > 0. This will complete the proof of
Theorem 3.1. The argument comes essentially from the proof of Theorem 3 in [16],
where it was applied to the Poisson extension in the upper half-space.

Choose some r > 0 and some Xy € V. Suppose that V' is compact and
r > o(dV)/C. Then o(0V N B(Xo,r)) ~ o(dV). Recall that if F is constant
on each connected component of 9V, then DF is constant in V; thus we may
assume that fw fdo = 0 for each connected component w of 0V. Then, by the
definition (2.3) of BMO(9V),

I fllzzovy < CVa(OV) | fllBmoov)

and so the bound (3.27) follows immediately from the estimate (3.26).

Otherwise, we may assume that r is small enough that Q(Xy, 2r) exists, where
the tents @ are as in Definition 2.8. (If V' = € is a special Lipschitz domain
then this is true for all 7.) Then r = o(0V N B(Xy,r)) ~ o(A(Xo,2r)). We
may assume that fA( Xo,2r) fdo = 0. Let wy be the connected component of OV

(327) L [FPFCOR 00X, V) 4X < O lnsoior)

containing Xy; we may assume that fw fdo = 0 for any connected component w
of OV with w # wy.
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We write f = fi1 + fo + f3 + f4; we define the f;s as follows.
If V = Q is a special Lipschitz domain, then

fi=/f on A(Xy,2r),
fa=f on o0\ A(Xy,2r),
fz=fi=0.

Otherwise, OV is compact. Let k be the largest integer such that Q(Xo, 2¥r) exists;
observe that o(0V)/C < 2Fr < o(0V). Then let

fi=f on A(Xy,2r),

fo=f on A(Xo,2%r)\ A(Xo,2r),
fa=f onwy\A(Xg,2"r),

fa=f ondV\wp.

By our definition (2.3) of BMO, we have that both f; and f, are in L?(V), with
1£illz2ovy < Cr2| fllemocovy and || fallz2avy < Ca(@V)'2| fllemoov)-
The bound (3.26) immediately yields that

1 . C
—/ [VDf1(X)|? dist(X,0V) dX < = || fill720v) < C Il fI3moov)-
VNB(Xo,r) r

Recall that
VDf(X) = /8 y v(Y) -AT(Y)v(vXF{(Y)) f(Y)do(Y).

We will in fact be able to bound VD(f — f1)(X) pointwise. By the bound (3.14)
on V(VxI4'(Y)), if X € B(Xo,r), then

C C C
Dy X)) < —— < ——— 2 < — .
IVDA0| € o5 [ 1l <~z I allaov) < s I lmviov)
By the bound (2.4), we have that
o (W
I f3llL2ovy <V (OV) (C + Clog a((AO))) I fllemoavy < Ck/a(0V) || fllBmocav)-

Thus, recalling that 2Fr ~ o (9V),

C Ck C
VD f3(X)] < 2Ry Il f3llL2ovy < ) [ fllBmocav) < = lf MooV -

Finally,
/ |V'ATV(VXF§‘(T)||f|da
o A(X07217-)\A(X072j_1r)

C
(297)3/2 1122 (A (x0,27)




742 A. BARTON

and again using the bound (2.4), we have that

k

VD fo(X Z

Thus, |VD(f1 —|—f2—|—f3)(X)| < (C/r)|Ifllemocavy for all X € B(Xo,r), and so

1 R
1 / IVD(f1 + fo + £3)(X) 2 dist(X,0V) dX < C[|f By,
VNAB(Xo,r)

as desired.
Thus the bound (3.27) is valid and Theorem 3.1 is proven.

4. Converses and uniqueness

In this section, we will complete the proof of Theorem 1.4 by proving the following
two theorems.

Theorem 4.1. Suppose that A is t-independent and elliptic, and that V C R? is
a Lipschitz domain.

Then there is some € > 0 and some C > 0, depending only on the Lipschitz
character of V. and the constants X\, A in the ellipticity condition (1.2), such that
if [Im Az < e, then the following holds.

Suppose that u satisfies div AVu =0 in V and

1 ~
(4.2) sup sup — / |Vu(X)|? dist(X,0V)dX < C2.
Xo€dV r>0 T JvnB(Xo,r)

Then f exists and lies in BMO(OV'), with || f||lsmo < cC.

= “!av

Theorem 4.3. Suppose u, A, and V are as in Theorem 4.1. There is some € > 0
such that, if ||Im A||L~ < &, if u satisfies

1
4.4 sup su
(44 Xoegv r>18 o(0V N B(Xo,1))

/ |Vu(X)[? dist(X,0V) dX < C2,
VNB(Xo,r)

and if u|py is a constant, then u is constant.
We will also prove the maximum principle (Theorem 1.7).

Remark 4.5. We comment on the two conditions (4.2) and (4.4). First, observe
that if V' is a Lipschitz domain then o(0V N B(Xgy,r)) < Cr, and so the condi-
tion (4.4) implies that the bound (4.2) is valid at a cost of increasing C'. Conversely,
if V' is a bounded or special Lipschitz domain, then the condition (4.2) implies that
the bound (4.4) is valid at the same cost. We thus only need the more complicated
formulation (4.4) if V¢ is bounded. By considering the function u(X) = log|X|,
which is harmonic in V = R? \ B(0, 1) and satisfies the bound (4.2) but not (4.4),
we see that for such domains the condition (4.4) is necessary to ensure uniqueness.
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We begin by showing that the bound (4.2) is valid in all subdomains of V.

Lemma 4.6. Let u be defined in some domain V. If

1 ~
sup sup —/ |Vu(X)|? dist(X,0V)dX < C?,
Xo€dV r>0 T JvnB(Xo,r)

and if U CV, then

1 ~
sup sup —/ |Vu(X)|? dist(X,0U) dX < 3C2.
Xo€oU r>0 T JUnB(Xo,r)

Proof. Notice that if Xy € 9V NoU, then the lemma follows immediately from the
fact that U C V and that dist(X,0U) < dist(X,9V). Thus the only complication
is the case where X, € U \ OV.

Choose some Xg € OU, and let r > 0. Let X € 0V satisfy |Xo — Xj| =
dist(Xo,0V). Let R =|Xo — Xg| +r, so B(Xo,r) C B(X{,R).

If R < 3r, then because dist(X, 0U) < dist(X,0V) for all X € U, we have that

L dist(x,00) < % dist (X, 0V)).
.

Conversely, if R > 3r then | X — X{| > 2, and so for every X € B(Xy,r) we have
that

X — X,
| 0|<
T

L dist(x,00) < 1.
.

But by the triangle inequality, dist(Xo,0V) < |X — Xg| + dist(X,9V), and so
3
R

1 dist(X, 9U) < 1 < dist(X,0V) - dist(X,0V)
,

< 2 dist(X, V).
= dist(Xo,0V) — | X — Xo| = R—2r ist(X,0V)

In either case,

1
- / |Vu(X)|? dist(X,0U) dX < 3 / |Vu(X)|? dist(X, V) dX.
" JUunB(Xo,r) VNB(Xg,R)

This completes the proof. O

In order to prove Theorem 4.1, we will need to show, first, that f = u| oy €xists
in the sense of nontangential limits, and, second, that f € BMO(J9V). We begin
with the following Fatou-type theorem.

Lemma 4.7. Let V C R? be a bounded, starlike Lipschitz domain. Suppose that A
is t-independent and elliptic. There is some € > 0 and some p with 1 < p < oo,
depending only on the constants X, A in formula (1.2) and the Lipschitz character
of V', such that the following holds. If |[Im AL~ < e, if div AVu =0 in V, and
if Nu € LP(9V), then u has a nontangential limit almost everywhere in OV, and
f= u|6v lies in LP(OV).
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Here the Lipschitz domain V is starlike with respect to the point Z if we may
write V={Z+7r0:|0] =1, 0 <r < ¢(0)} for some function ¢ that is Lipschitz
on the unit circle. We work in starlike domains for notational convenience and
because we will apply these results only in such domains; it is possible to show
that both Lemma 4.7 and Lemma 4.8 below are valid in more general domains.

Proof of Lemma 4.7. We will construct a function B : OV +— C2? such that u = Ty h.
By Corollary 2.34, Tvh has a nontangential limit almost everywhere in 9V, so the
same must be true of w. This is analogous to the proof of Fatou’s theorem in the
unit disk, with the layer potential Ty replacing the Poisson kernel.

We construct i as follows. For notational convenience, suppose that V is
starlike with respect to the origin. Let Vs = (1 — §)V. Then V; is also a bounded
Lipschitz domain whose Lipschitz character is equal to that of V.

Let K5 = Ky, Ds = Dy, Ts = Tv,, and let Ns be as in formula (2.6) with V'
replaced by V5. By Lemmas 2.30 and 2.32 and by Corollary 2.34, there is some
e > 0 and some py < oo such that if [|[Im Az~ < € and if py < p < oo, then K5
is invertible on LP(0V;), and such that solutions u to the Dirichlet problem (1.1)
that satisfy Nsu € LP(0V;s) are unique.

For each Y € V define Y5 = (1 — 0)Y. Then |Y — Y;| < §diam V. Because V/
is starlike, we have that Y5 € V for any 6 > 0 and any Y € V. If the aperture a
in the definition (2.5) of nontangential cone is large enough, then Y5 € v(Y") for
all Y € 0V and all § > 0 small enough. It is well known that we may assume the
aperture to be as large as we like: if

Nou(X) =sup {|u(Y)|: |X = Y| < (1 + a)dist(Y,0V)}
and if 0 < a < band 0 < p < oo, then
| NoullLeavy < C(a,b) [|Noul| e ov)-

This was proven by Fefferman and Stein for the case V' = R’ (see Lemma 1 in
Section 7 of [16]), and generalizes easily to arbitrary Lipschitz domains (see, for
example, Lemma 3.2 in [8]).

Let f5(Ys) = u(Ys), so fs is defined on dVs. Then |fs(Ys)| < Nu(Y), so
fs € LP(OV;). If | Im A| L~ < e and if pg < p < 00, then there is some g5 € LP(0Vj)
such that K595 = fs. By Lemma 2.32, u = Dsgs in V.

Recall that by formula (2.27), Dg = T(((B&")T)~'Av g). Define
G5(Ys) = (B (Y5))") T A(Ys)v (Y )gs(Vs)

so that u = T5g5s in V.

Define hs(Y) = (1 — 8)ds(Ys). Observe that ||hs||zr@ovy) < C|NullLrov).
Choose some X € V. If § is small enough, then

Tvhs(X) —u(X) = Tvhs(X) — T53s5(X)

= /8 y (B&" (Y)VI4 (V) — Bi (Ys) VT4 (Y5)) - hs(Y) do(Y).
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By the bound (2.26), if §diamV < i dist(X,8V), then the right-hand side has

norm at most )
., Cdiam(V)®

" S g eVl do(y),

and so u(X) = lims_o Ty hs(X). The sequence {i_il/n}fle is bounded in LP(0V),

—

)
and so there is some subsequence that converges weakly to some function h €
LP(0V). But then

w(X) = lim Tyh, (X) = lim [ B (V)VIR (V) -y, (V) do(Y)

and so u = Ty h for some h € L?(QV'). This completes the proof. O

We now prove a lemma that relates the Carleson estimate (4.2) to nontangential
maximal estimates; compare to the bound (1.8) for real coefficients.

Lemma 4.8. Suppose that V is a bounded, starlike Lipschitz domain, that A is
t-independent and elliptic, that div AVu = 0 in V and that u satisfies the condi-
tion (4.2).

There is some € > 0 such that, if ||[Im A/~ < €, then for every Xo € V and
every 1 < p < oo, we have that

(4.9) ( N u(x)y o) o) é%.

Proof. By Holder’s inequality we need only prove the estimate (4.9) for p large.
We begin by establishing the bound (4.9) in the case that u = Df for some f €
BMO(9V). Once we have done this, we will work as in the proof of Lemma 4.7 to
generalize to arbitrary w that satisfy the bound (4.2).

Since OV is compact, by the John—Nirenberg inequality (see, for example,
page 144 of [36]), if 1 < p < oo, then

Ilf— fav fllzravy < C(p) H.fHBMO(av)U(aV)l/p'

By formula (2.27), Lemma 2.28 and Corollary 2.34, if ||Im A| = is small enough
then ||[N(Df)|lzr@avy < C®)|fl|Lrovy for all 1 < p < co. Furthermore, since V' is
bounded, D1 =1 in V. Therefore,

IN(Df = fo, IllLrov) = HN (f = fov D lerovy < CW@)If = fov fllorov)
C(p) ||f||BMO(aV)U(3V)1/p~
We can bound Df — fav f another way: if Xy € V, then by the bound (2.19),

[DFC0) = Jyy £1= [P = fo DNX0)| = | [ v ATITL(F = fy, 1)

Co(0V) Co(dV)
m][U fov fldo —meHBMOwV)-
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Thus,

o(0V)

[IN(Df —Df(Xo))llLrav) < CU(av)l/pm fllBMo(ov)-

To complete the proof of the bound (4.9) in the special case where u = Df, we
need only show that || f|mov) < ccC. (We remark that the reverse inequality
is valid and is simply the bound (3.2) of Section 3.)

As shown in Section 3 of [24], if A = Ay for some real matrix Ay, then
Lemma, 4.8 is valid. We wish to exploit this fact.

Let Ag = Re A, and let Dy = Déo, Ko = IC‘SO be the layer potential and
boundary layer potential associated to Ag. By Lemma 2.33 and Corollary 2.34,
Il fllBMoavy < 1Ko flBMO(aV)-

We can bound ||Kof|lBmo as follows. Pick some A C 9V connected. We
want to bound f, |Kof — cal? do for some constant ca. It suffices to bound this
integral only for subsets A that satisfy o(A) < o(0V)/C; thus, we may assume
that A = A(Xp,r) for some r small enough that @ = Q(Xo,r) exists. Let

(4.10) Xo=X+ (1+2M)re;
where €; is as in Definition 2.2. We have that
r~ dist(Xg, A) =~ dist(Xg, V) ~ dist(Xg,0Q) = 0(A) =~ (9Q).

As shown in Section 3 of [24], since Ay is real, if div AgVv =0 in @ then
/ INo(v — v(Xo)) do(X) < c/ IVo(X)[2 dist(X, 00) dX.
2Q Q

Here Ng denotes the nontangential maximal function of formula (2.6) with @ in
place of V. Letting v = Dy f, we have that

2 C 2
][A”Cof—DOf(XQH do < D) /E}Q(XM) No(Dof = Dof(Xq))" do
C
— VDo f(X)|? dist(X,0Q) dX
< 287 oy, [FDRICOF dist(X, Q)
C
— VDo f(X)|? dist(X,0V) dX.
<5/ oy | TP XN V)

By definition of BMO(0V), this implies that

C .
(4.11)  |[KoflBmo@v) < sup sup — |VDo f(X)|? dist(X,0V) dX.
XoeoV r>0 T JB(Xo,r)nV

By the bound (3.2), if A is elliptic and ¢-independent and V' is a two-dimensional

Lipschitz domain, then

1 .
sup sup - / VD ()2 dist(X,0V) dX < C || o).
XoedV r>0 T JB(Xo,r)nV
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The map A + I'4{ is analytic in the sense that, if z — A, is analytic from C to
L>(R? s C?*?), then so is the map z ~ ['5*(Y) for any fixed X, Y € R?. This
follows from analyticity of the heat kernel (see page 57 of [7]) and the construction
of the fundamental solution in [4]. From this it follows that z — VD4= f(X) is
analytic for any given f € BMO and X € V', and so

1 .
L VD0 (X) — VDF(X)2 dist(X, 0V) dX < C | A — Ao/ 2o
" JB(Xo,r)NV

A more detailed argument may be found in Section 4.6 of [8].
Thus by the bound (4.11),

C .
1fIEm0 < 1Ko fllEno < sup sup — [VDf(X)|? dist(X,0V) dX
Xo€dV r>0 T JB(Xy,r)nV

+C |4~ Aol =l fllEno-

But since u = Df and u satisfies the bound (4.2),

I IEmogvy < CC% + ClIA = Aol fBaoov)-

Recall that we assumed f € BMO(9V) (with no assumptions on || f||smoav)
beyond || f|lBmoav) < 00). Thus the right-hand side is finite. If [[A — Ag|lze~
is small enough, we may hide the last term. Thus, ||f[smoav) < CC. This
completes the proof for u of the form u = Df.

We now consider more general u. In this case we will work as in the proof of
Lemma 4.7. Again, we assume that V is starlike with respect to the origin, and let
Vs = (1 —6)V. By Lemma 4.6, u satisfies the bound (4.2) in Vj, uniformly in 4.

But V5 C V, so by the continuity estimate (2.13), u is continuous on Vj; thus
gs = ulpy, € L>®(0Vs) C BMO(0V5). Let K5 = Ky, Ds = Dy, and let Ns be as
in formula (2.6) with V' replaced by V5.

By Lemma 2.33 and by Corollary 2.34, there is some £ > 0 independent of §
such that if ||Im Al[r~ < €, then Ks is invertible on BMO(0Vs); we assume that €
is also small enough that Lemmas 2.28 and 2.32 are valid.

Let fs € BMO(0Vs) be such that Ksfs = gs. Since BMO C LP for any
1 < p < oo, we have that by Lemma 2.28 and Corollary 2.34, Ns(Ds f5) € LP(0Vs)

for any 1 < p < oo. Choose p large enough that Lemma 2.32 is valid. Since
u € L*>(V5), we have that Nsu € L>(0Vs) C LP(0Vs), and so Dsfs = u in V5.

So if Xy € V, then by the remarks above,

1/p

(]{W Ny (u = u(X0))" dor) " = (]{W Ns(Dsfs — Ds f5(Xo))" da)l/"

~  o(9Vs)
< B el P
= O O i xe. W)

for any 1 < p < co. Letting § — 0 completes the proof. O
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We may now prove Theorem 4.1.

Proof of Theorem 4.1. We wish to show that if u satisfies div AVu = 0 in V, for
|| Im A, small enough, and if u satisfies the bound (4.2), then u!av exists and
lies in BMO(9V).

Let A C 9V be connected and small enough that A = A(X,r/2) for some X
and r such that Q@ = Q(X,r) exists. By Lemma 4.6, the bound (4.2) is valid
in Q. Observe that @ is starlike, and so we may apply Lemmas 4.7 and 4.8. By
Lemma 4.8, we have that Ng(u—u(Xg)) € LP(9Q) for any 1 < p < oo, where X¢
is as in formula (4.10). Choosing p large enough, we see that by Lemma 4.7,
u—u(Xq) has a nontangential limit f almost everywhere on 9@Q), and hence almost
everywhere in A.

Furthermore, by Lemma 4.8,

][|f—u(XQ)|2da §][ No(u—u(Xg))?do < C 4 No(u—u(Xg)) do < CC?
A A Jog

and so by definition of BMO(dV), f € BMO(AV) with norm at most CC. O

We are left with Theorem 1.7 (the maximum principle) and Theorem 4.3
(uniqueness). We begin by proving a connection between solutions u that sat-
isfy the Carleson-measure condition (4.4) and bounded solutions.

Lemma 4.12. Let V C R? be a Lipschitz domain. Suppose that A is t-independent
and elliptic. Then there is some € > 0 such that if |[ImA||f~ < €, then the
following holds.

If div AVu = 0 in V, if u satisfies the bound (4.4), and if f = u|8v exists and
lies in L*>°(0V'), then u € L>(0V), with

Jull e vy < N1 fllL(avy + CC
where C' is as in formula (4.4).

Proof. Let X € V. There is some C large enough that, if r = dist(X,0V) <
o(0V)/C, then X € Q(Xy,2r) for some Xy € 0V, and furthermore Q = Q(Xo, 4r)
exists. By Lemma 4.6, the bound (4.2) is valid in Q. Therefore, by Lemma 4.8, if
IIm A||,~ is small enough then

()| < [u(x) - f

fdo| 4+ |1 fll = cov)
A(X0,47’)

<Cf Nofu—ulX))do + | fllixov) < CO+ |l (ov:
oQ
If V = Q is a special Lipschitz domain this completes the proof. To deal with

the case where 0V is compact and X is far from 0V, we next establish a pointwise
bound on Vu. For any Y € V, we have that by the bound (2.17),

|Vu(Y)|? < c][ |Vul?.
B(Y,dist(Y,0V)/2)
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Let Y* € OV with r = dist(Y,0V) = |Y — Y*|. By the bound (4.4),

Vu(Y)? < C |Vu(Z)|2M az
B(Y,r/2) r
C 2 . C "'2
<= |[Vu(Z)|* dist(Z,0V) dZ < —30(8V)C .
™ JvnB(y~*,2r) r

Now, let X € V with dist(X,0V) > o(0V)/C. Let X; € V satisty dist(X1,0V) =
o(0V)/C, and let w be a path from X; to X. Then

[u(X)] < u(X) — w(X)[ + [u(X1)] < /|VU(Y)|dU(Y) +CCH+If | p=ov)
<ccys@n [ mdo(}/)+05+||f||po(gv).

An appropriate choice of X and w yields that the integral is at most C'/\/o
and the lemma is proven.

By Lemma 4.12 and Theorem 3.1, if f € L>°(90V) € BMO(9V) for a Lipschitz
domain V with connected boundary, then (for appropriate A) there is a solution u
to the Dirichlet problem (1.1) that satisfies ||u[| o1y < C'|| f]|Loc(ov). This proves
the existence half of Theorem 1.7.

We will conclude this paper by proving uniqueness of bounded solutions. This
will immediately complete the proof of Theorem 1.7. If u| o1 18 a constant and u
satisfies the bound (4.4), then by Lemma 4.12 v € L*°(V), and so Lemma 4.13
will imply that « is a constant; this proves Theorem 4.3, completing the proof of
Theorem 1.4.

Lemma 4.13. Let V C R? be a Lipschitz domain and let A be elliptic and t-
independent. Then there is some e > 0 such that, if |[Im A||L~ < &, if div AVu =0
in V with u\av =0, and if u € L=(V), thenu =0 in V.

Proof. We first show that Vu € L?(V); we will then use the Caccioppoli inequality
to show that w is constant in V.

For the sake of simplicity assume that |[u||ze(yy < 1. Consider Q = Q(Xo,r)
for some Xy € 9V and some r > 0 small enough that Q(Xo,r) exists. Let f = u
on 0Q. Choose some § > 0, and let gs = f =0on IV NIQ, and g5 = [ = u
on ws = {X € 9Q : dist(X,0V) > 6}. By Lemma 2.9 and the bound (2.17),
|[Vu| < C/é on ws; we may choose g5 such that |0-gs5| < C/d on all of 0Q, where
0rgs is the tangential derivative of g5 along 0Q).

Let vs solve the Dirichlet problem (2.31) in @ with boundary data gs. By Lem-
ma 2.32 and preceding remarks, if ||[Im A|| 1 is small enough then there is some p,
with 1 < p < oo, such that v exists, and such that

[Ng(u—vs)|lzraq) < CIIf — g5llLraq) < C§Yr.

We will show that Vvs € L?(Q), and then use this fact to prove estimates on wu.
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Observe that if 1 < ¢ < oo, then d;v5 € LI(0Q) (with, however, a norm de-
pending on §). This means that vs is a solution to the so-called Dirichlet regularity
problem; this problem was investigated in [8] along with the LP-Dirichlet problem.
We will need the fact that Vs € L?(Q) (possibly with a norm depending on §);
this fact follows from Theorems 8.5, 1.6 and Lemma 3.3 in [8]. To eliminate the
dependence on §, we apply Remark 2.10 to see that

[ooowursS [ qul
Q(Xo,r/2) ™ JQ(Xo,r)

But || Nqus||rr(aq) < Cr'/?; an elementary argument (see Lemma 3.3 in [8]) yields
that [|vsl|z20) < C'[|[Nqus||ri(ag), and so [|[Vus||r2(q(x,r/2)) is bounded, uni-
formly in 6.

Let Q. = {X € Q(Xo,7/2) : dist(X,0Q) > 5}. By Lemma 2.9, we have that
C
HVU — V’U(SHLQ(QE) S (51/1) g

By choosing § small enough, we see that Vu € L?(Q.), uniformly in ¢; thus
Vu € L?*(Q(Xo,7/2)). If V is bounded, then by covering a neighborhood of oV
with such tents and by applying the definition of weak solution (specifically, the
assumption that Vu € L} (V)), we see that Vu € L*(V). Then Remark 2.10

immediately implies that Vu =0 in V.
Otherwise, Vu € L?(V N B(0,r)) for any 7 > 0. Applying Remark 2.10, we see

that
2 ¢ 2
Vul® < = ul* < C,
VNB(0,r) " JvnB(0,2r)

and so, letting r — 0o, we see that Vu € L(V).

Now, fix some r > 0, and let ¢ be smooth, supported in B(0,2r) and identi-
cally equal to 1 in B(0,r), with |Vy| < C/r. As in the proof of the Caccioppoli
inequality,

A |Vul? < Re/ ©*Vi - AVu = — Re/ 2upV - AVu,
B(0,r)NV 1% 1%

and so, by Holder’s inequality,

C 1/2
[ et ol (9] < C full= | var)
B(0,r)NV T JvnB(0,2r)\B(0,r) VNB(0,2r)\B(0,r)

But since Vu € L?(V), the right-hand side must go to zero as r — oo; thus Vu = 0
in V' and so u is identically equal to zero. O
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