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Calderoén reproducing formulas and
applications to Hardy spaces

Pascal Auscher, Alan McIntosh and Andrew J. Morris

Abstract. We establish new Calderén reproducing formulas for self-
adjoint operators D that generate strongly continuous groups with finite
propagation speed. These formulas allow the analysing function to inter-
act with D through holomorphic functional calculus whilst the synthesis-
ing function interacts with D through functional calculus based on the
Fourier transform. We apply these to prove the embedding H?(AT* M) C
LP(ANT*M), 1 < p < 2, for the Hardy spaces of differential forms intro-
duced by Auscher, McIntosh and Russ, where D = d + d* is the Hodge—
Dirac operator on a complete Riemannian manifold M that has doubling
volume growth. This fills a gap in that work. The new reproducing for-
mulas also allow us to obtain an atomic characterisation of Hp,(AT*M).
The embedding H? C L?, 1 < p < 2, where L is either a divergence form
elliptic operator on R™, or a nonnegative self-adjoint operator that satis-
fies Davies-Gaffney estimates on a doubling metric measure space, is also
established in the case when the semigroup generated by the adjoint —L*
is ultracontractive.

1. Introduction and main results

The classical Hardy spaces H?(R"™) C LP(R™) provide a substitute for the LP(R™)
scale of spaces on which homogeneous multipliers, such as the Riesz transforms
(Rju)7(€) = i&l¢l~ a(g) for j € {1,...,n}, are bounded when p € [1,00). It is
well known that HP(R™) = LP(R™) when p € (1,00), whilst H*(R™) c L'(R"),
and that H'(R") has an atomic characterisation and a molecular characterisation.

A variety of new Hardy spaces have been designed to obtain a similar theory
for useful operators that do not belong to the standard Calderén—Zygmund class.
We are primarily motivated by the Hardy spaces of differential forms HY (AT*M)
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introduced by Auscher, McIntosh and Russ [9]. We temporarily restrict our at-
tention to these spaces, although the main content of the paper contains a more
general theory that can be applied to a variety of the contexts considered elsewhere.

The HY (AT*M) spaces were designed for the analysis of the Hodge-Dirac op-
erator D = d + d* and the Hodge-Laplacian A = D?, where d and d* denote the
exterior derivative and its adjoint, acting on the Hilbert space of square integrable
differential forms L2(AT*M) over a complete Riemannian manifold M. We will
always assume that any such manifold M is smooth and connected, and has dou-
bling volume growth in the sense that there exist constants A > 1 and x > 0 such
that

(Dy) 0< V(x,ar) < AoV (z,r) <oco Ve M, ¥r >0, Va > 1,

where V(z,r) is the Riemannian measure of the geodesic ball B(z,r) in M with
centre x and radius r. These spaces were designed so that the geometric Riesz
transform DA~™'/2 is bounded on HY (AT*M) when p € [1,00], and a molecular
characterisation was obtained for Hf,(AT*M).

One of the aims of this paper is to show that HP (AT*M) C LP(AT*M) when
p € [1,2]. This result was stated in [9], Corollary 6.3, but the proof contains a gap
that we fill here. Another aim is to show that H}:(AT*M) has an atomic char-
acterisation, thus strengthening the result in Theorem 6.2 of [9] that H}(AT*M)
has a molecular characterisation.

We now outline the main ideas. A function f : S§ — C is called nondegenerate
when it is not identically zero on {z € S§ : Rez > 0} nor on {z € S§ : Rez < 0},
where S§ is the open bisector in C of angle 6 € (0, 7/2) defined in (3.1). The space
H},(AT*M) is defined as a completion of a normed space E7, ,,(AT* M) associated
with a nondegenerate function 1 from the set

W (S5) = {¢ € H™(S5 U{0}) : [¢(2)] S min{|z|7, |2["7}},

for some o, 7 > 0, where H>*(S§U{0}) denotes the algebra of bounded functions on
Sg U {0} that are holomorphic on Sg. We shall not define E, ,(AT*M) precisely
here except to mention that

o dt
(1.1) we B, ifandonlyif u= / wt(D)Ut? for some U € TP N T2,
0

where 7% = TP((AT*M)) is an appropriate analogue of the tent space TP(R'} ™)
introduced by Coifman, Meyer and Stein [15], and ¢(D) = ¢(tD) is defined by
the holomorphic functional calculus of D (see Definition 3.4).

There is an important distinction between a completion of ng and the com-
pletion of Eg’ » @ LP. The former is unique up to isometric isomorphism and can
always be constructed as an abstract space, whereas the latter is a unique subspace
of LP that may or may not exist. See Section 2 for further details. It was known
previously that E%’w C L? when ¢ has suitable decay at the origin and infinity,
but this does not guarantee, nor was it proved, that the completion of ng in LP
exists. Without this property, a completion of ng must be interpreted as an
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abstract space consisting of, for example, equivalence classes of Cauchy sequences
in E%,w or elements of the second dual space (E%7w)**. Although various real-
izations of such an abstract Hardy space were known, these were not shown to
be contained in any function space. The approach of Hofmann, Mayboroda and
MclIntosh in [21], Appendix 2, for instance, can be used to realize the abstract
Hardy space as a space of distributions adapted to D.

We prove that the completion of E}, | (AT*M) in LP(AT* M) exists by utilizing
the finite propagation speed of the Cyp-group (e®*?);cgr generated by the Hodge-
Dirac operator D on L?(AT*M). This provides a constant ¢p > 0 such that for
all geodesic balls B(z,r) € M, all u € L*(AT*M) with sppt(u) € B(z,r) and
all t € R, it holds that sppt(e®*Pu) C B(z,r + cplt|).

The main ideas of the argument are as follows. We use nondegenerate Schwartz
functions 7 with compactly supported Fourier transform 7 from the set

U (R) = {n € S(R) : sppt7 C [~6,0] and *5(0) = 0 for all k € {1,...,N}},

for some 0 > 0 and N € N, to interact with the finite propagation speed of the
group. We will see that for all t > 0, all n € ¥, (R) and all u € L*(AT*M) with
sppt(u) C B(x,r), it holds that sppt(n:(D)u) C B(z,r + ¢pdt), where n (D) =
n(tD) is defined by the Borel functional calculus of D. This is in contrast with a
function ¢ € W7 (Sg), for which ¢, (D)u may be supported everywhere on M.

We incorporate the finite propagation speed into the existing theory by choosing
P e U(Sg) andn € \II(R) so that the following Calderén reproducing formula holds:

dt
/ (D) (D u— = / 7)t(D)1/)t(D)u7 =u Yu€FEp,UE),

A comparison of (1.1) and (1.2) shows that if u € E7, , and n:(D)u € TP N T2, then
u € EY, . This principle allows us to prove that £}, , = E}, ~when the family
of operators (1;(D)ns(D))s te(0,00) has enough L? off-diagonal decay to control
volume growth on the manifold. We then use the Sobolev embedding theorem on
geodesic balls and standard energy estimates for the group (e*?);cg to prove that
the completion of Ell;m in LP exists, hence the completion of Eg,w in LP exists
as well.

Let us remark that the connection between the classical Hardy spaces H? (R")
and the tent spaces TP (Rf_‘“) was previously understood in terms of reproducing
formulas analogous to (1.2) for convolution operators. In particular, Coifman,
Meyer and Stein provided a short proof of the atomic characterisation of HP(R™)
for p € (0,1] in [15], Section 9b, by using the theory of tent spaces and constructing
a function ¢ € C°(R™) satisfying [27¢(z) dz = 0 for all v € [0, N,] and some
N, € N depending on p such that

| owrapyssa=s viemr®),
0
where P is the Poisson kernel and Py (x) = t~"P(x/t). This is equivalent to

| duamighezia £ =1 veern o),
0
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from which the analogy with (1.2) is most apparent when n = 1, since n(z) := a(m)
is in \II‘EVPH(R) for some ¢ > 0, whilst

—2mze” ™% if Re(z) >0,
TOEE S
2mze* ™, if Re(z) <0,

is in WI(Sg) for all 7 > 0 and 0 € (0,7/2).

After we establish the embedding H}(AT*M) C LY(AT*M), the finite propa-
gation speed of the group (e?);cg also allows us to obtain an atomic characterisa-
tion of Hh(AT*M). This builds on the molecular characterisation obtained in [9].
The molecular space H}lmol(N) (AT*M) and the atomic space H}lat(N) (AT*M) are
introduced in Definition 3.12, where N € N is the number of moment conditions
satisfied by the molecules and atoms in the respective spaces.

The following theorem summarizes our results for the Hodge—Dirac operator.

Theorem 1.1. Suppose that M is a complete Riemannian manifold satisfying (D)
and that D = d + d* is the Hodge-Dirac operator on L*>(ANT*M). If p € [1,2],
6 € (0,7/2), B > Kk/2 and ¢ € Wg(Sg) is nondegenerate, then the completion
H}, W (NT*M) of E}, ((ANT*M) in LP(AT*M) exists. Moreover, if N € N and
N > /2, then H}y (NT*M) = H}, o (NT*M) = Hy oo (NT*M).

The Hardy space H}, ,(AT*M) in Theorem 1.1 is thus the set of all u in
LP(AT*M) for which there exists a Cauchy sequence (uy), in E}, ,(AT*M) that
converges to u in LP(AT*M), together with the norm [jull gy =~= limy, [lua sz, -
The embedding Hp, ,(ANT*M) C LP(AT*M) is then automatic. The comments
below Definition 2.1 contain more details.

The results obtained here can also be applied to Hardy spaces designed for
higher order operators. In particular, consider the Hardy spaces H f,w (R™) intro-
duced by Hofmann, Mayboroda and McIntosh [21] for the analysis of divergence
form operators L = —divAV = —Z;kzl 0; A0, acting on L*(R") and in-
terpreted in the usual weak sense via a sesquilinear form, where A = (A) €
L>°(R™, L(C™)) is elliptic in the sense that there exists A > 0 such that

(1.3) Re(A(z)¢, {)en > M|¢? VC €T, ae. z€R™

There exists wy, € [0,7/2) such that L is wg-sectorial, hence —L and —L* gener-
ate analytic semigroups (e **);~¢ and (e ' );~¢ on L?(R"). In order to embed
HY ,(R™) in LP(R™) when 1 < p < 2, we assume that there exists g € L% ((0,00))
such that

(1.4) le ™ U)o < g(t) ulla Yu € L2(R™), Vt > 0.

Let us remark that (1.4) is equivalent to the action of the semigroup (e~*%);~¢
from L'(R™) to L?(R™) (it is usually called ultracontractivity). Hence, this action
of the semigroup on L'(R™) suffices to obtain Hj ,(R™) as a subspace of L'(R")
in Theorem 1.2 below.
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Let us also remark that (1.4) is immediate when the semigroup (e=**");~¢ has

a kernel (K¢(-,-))i>0 defined pointwise almost everywhere on R™ x R™ with the

property that for each T > 0, there exist constants Cp, ¢ > 0 such that

(1.5) \Ky(z,y)| < Cpt/2eerle=vl®/t vy y e R, Wt € (0, 7).

In fact, property (1.4) is usually obtained as a step toward proving (1.5). For
example, the local Gaussian estimates in (1.5) hold when, in addition to having A
bounded and elliptic, A is uniformly continuous (see Theorem 4.8 in [4]) or belongs
to VMO or has small BMO norm (see Chapter 1 in [10]).

The following theorem is essentially known when (1.5) holds (see the remark
below Proposition 9.1 in [21]). We provide a short proof when (1.4) holds as an
application of our techniques.

Theorem 1.2. Suppose that A € L>®(R"™, L(C™)) is elliptic and that L = — div AV
on L*(R") satisfies (1.4). Ifp € [1,2], 0 € (wr,m/2), B > n/4 and ¢ € Vg(S])
is nondegenerate, then the completion Hf’w(R") of Ef}w(R”) in LP(R™) exists.
Moreover, if N € N and N > n/4, then H} ,(R") = Himol(N)(R"), and when A
is self-adjoint, then also Hy ,(R") = H] , n)(R").

A theory of Hardy spaces was developed by Hofmann, Lu, Mitrea, Mitrea
and Yan [20] for nonnegative self-adjoint operators L satisfying Davies—Gaffney
estimates (see (5.1)) on doubling metric measure spaces M. For example, when A
is self-adjoint, then L = — div AV has these properties. The framework developed
here provides an embedding for these spaces when L acts on a vector bundle V
over M, as defined in Section 2, and there exists g € L2 _((0,00)) such that

loc
(1.6) le™Fulloo < g(8) [lullz Vu € L*(V), Yt > 0.

In this context, since L is self-adjoint, it is well known that (1.6) is equivalent to
pointwise kernel estimates for the semigroup (e~*F);~¢ (see Lemma 2.1.2 in [18]).

Theorem 1.3. Suppose that M is a doubling metric measure space satisfying (Dy)
and that L is a nonnegative self-adjoint operator on L?*(V) satisfying Davies—
Gaffney estimates and (1.6). Ifp € [1,2], 6 € (0,7/2), B > r/4 and ¢ € ¥g(S])
is nondegenerate, then the completion HY (V) of EY (V) in LP(V) exists. More-
over, if N € N and N > r/4, then Hf ,(V) = Himol(N)(V) = Hiat(N) V).

It remains an open question as to whether Theorems 1.2 and 1.3 hold in the ab-
sence of ultracontractivity estimates such as (1.4) and (1.6). The first-order meth-
ods developed here, however, provide a new proof of Theorem 1.2 that does not
rely on ultracontractivity but instead requires that A is self-adjoint with smooth
coefficients. We present this proof at the conclusion of the paper as a basis for
future work.

The structure of the paper is as follows. In Section 2, we fix notation and
discuss when the completion of a normed space inside a given Banach space exists.
In Section 3, we briefly recast the theory of Hardy spaces from [9] in the context
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of a vector bundle V over a doubling metric measure space M for any operator D
on L?(V) that is bisectorial with a bounded holomorphic functional calculus and
that satisfies polynomial off-diagonal estimates. We then introduce an additional
hypothesis (H4)g on D, based on the ¥(S§) class, that guarantees the embedding
HPE(V) C LP(V), when p € [1,2], and the molecular characterisation of H} (V).
This is the content of Theorems 3.10 and 3.13.

In Section 4, we restrict consideration to any operator D that is self-adjoint
on L?(V) and for which the associated Co-group (e*?);cr has finite propagation
speed. This allows us to introduce an alternative hypothesis (H4)g on D, based on
the U(R) class, that guarantees the embedding H? (V) C LP(V), when p € [1,2],
and the atomic characterisation of H7,(V). This is the content of Theorems 4.7
and 4.9. In Theorem 4.11, we verify (H4)g when M is a complete Riemannian
manifold and D is a smooth-coefficient, self-adjoint, first-order, differential opera-
tor with bounded principal symbol

The results for the Hodge-Dirac operator D = d + d* and the divergence
form operator L = — div AV in Theorems 1.1 and 1.2 are deduced in Sections 3.2
and 4.2. In Section 5, we combine the techniques of the preceding two sections
to prove Theorem 1.3. Section 6 is an appendix that contains the technical off-
diagonal estimates used to prove Theorems 4.7 and 4.9.

2. Notation and preliminaries

Throughout the paper, let M denote a metric measure space with a metric p
and a o-finite measure p that is Borel with respect to the p-topology. A ball
in M will always refer to an open p-ball. For x € M and «,r > 0, let B(z,7)
denote the ball in M with centre x and radius r, let V(x,r) = u(B(z,r)) and
(aB)(z,r) = B(x,ar). The metric measure space M is called doubling when there
exist constants A > 1 and s > 0 such that

(Dy) 0<V(z,ar) < Aa"V(z,r) <oo Vze M, Vr>0, Va> 1.

For any E,F C M, set p(E,F) =inf{p(x,y) :x € E, y € F}.

A wector bundle V over M refers to a complex vector bundle © : V — M
equipped with a Hermitian metric (-,-), that depends continuously on = € M.
For any vector bundle V, there are naturally defined Banach spaces LP(V), 1 <
p < oo, of measurable sections. The Hilbert space L?(V) of square integrable
sections of V has the inner product (u,v) = [, (u(x),v(z)), du(x). For any linear
operator T on L?(V), the domain Dom(T), range R(T") and null space N(T') are
subspaces of L?(V), and the operator norm ||T'|| = sup{||Tu| r2(v)/|ull L2y : v €
Dom(T'),u # 0}. The Banach algebra of all bounded linear operators on L*(V) is
denoted by L(L%(V)).

For normed spaces X and Y, we write X C Y when X is a subset of Y with
the property that there exists C' > 0 such that ||z|y < C|jz||x for all z € X, and
we write X =Y when X C Y C X. A completion (X,2) of a normed space X
consists of a Banach space X and an isometry 2 : X — X such that 2(X) is dense
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in X. Every normed space has a completion but this abstract construction is not
sufficient for our purposes. It is convenient to formalise the following related notion.

Definition 2.1. Let X be a normed space and suppose that X C Y for some
Banach space Y. A Banach space . X is called the completion of X in Y when
X C X CY,the set X is dense in X, and ||z]|x = ||lz||  for all z € X.

It is easily checked that the completion XofXinYis unique whenever it exists.
Moreover, the set X consists of all z in Y for which there is a Cauchy sequence
(tn)p in X such that (x,), converges to x in Y, and with the norm |z| s =
limy, o0 [|n| x» the space (X, || - | ¢) is complete. This can be deduced from the
following necessary and sufficient conditions for the existence of a completion inside
a given Banach space. The proof is left to the reader.

Proposition 2.2. Let X be a normed space and suppose that X C Y for some
Banach space Y, so the identity I : X — Y is bounded. The following are equiva-
lent:

(1) the completion of X in'Y exists;

(2) if (X,2) is a completion of X, then the unique operator I in L(X,Y) defined
by the commutative diagram below,

|

@
-
x

e

18 injective;
(3) for each Cauchy sequence (xy), in X that converges to 0 in'Y, it follows
that (xy,)n converges to 0 in X.

We adopt the convention for estimating z,y > 0 whereby x < y means that
there exists a constant C' > 1, which only depends on constants specified in the
relevant preceding hypotheses, such that z < Cy. We write z ~ y when x <y < x.
The set of positive integers is denoted by N whilst Ng = NU{0} and Ry = (0, 00).
Finally, we apologise in advance for the excess of notation, but it is required to
handle some delicate points.

3. Sectorial operators with off-diagonal estimates

Auscher, McIntosh and Russ [9] designed the Hardy spaces of differential forms
HY(AT*M), 1 < p < oo, for the Hodge-Dirac operator D = d + d* acting on
L3(AT*M) over a doubling Riemannian manifold M. We briefly recast that the-
ory in the context of a vector bundle V over a doubling metric measure space
(M, p, ). Instead of the Hodge-Dirac operator, we consider any closed, densely
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defined operator D : Dom(D) C L?(V) — L?(V) that is bisectorial with a bounded
holomorphic functional calculus (e.g. this holds when D is self-adjoint) and satisfies
polynomial off-diagonal estimates (e.g. these hold for suitable classes of differential
operators D, not necessarily of first-order). The setup below allows us to define
these properties.

For 0 < pu < 6 < /2, define the following bisectors in the complex plane:

Sy={2€C:z=00r|argz| < por|r—argz| < u};

3.1
(8:1) Sy ={2€ C\ {0} : |argz| <O or |T —argz| < 0}.

A function on Sy is called nondegenerate when it is not identically zero on each
component of SJ. The algebra of bounded complex-valued functions on S5 U {0}
that are holomorphic on S§ is denoted by H>°(Sg U {0}). For o,7 > 0, define

W (85) = {v € H>(Sg U{0}) : [¢(2)| S minf[2[7, [2]7"}},
Vo (55) = Urso Y (55), ¥T(55) = Uqso Y5 (55) and W(S7) = Usso Urso 5 (59)-
For functions f : S§ — C, define f*(z) = f(2), and for t > 0, define f;(2) = f(tz).

Consider the following hypotheses concerning a closed, densely defined operator
D : Dom(D) C L*(V) — L?(V), where 15 denotes the characteristic function of a
measurable set £ C M, and (o) = min{«, 1} and (a/0) =1 when a > 0.

(H1) There exists w € [0,7/2) such that D is type S, which is defined to mean
that the spectrum o(D) C S, and that for each 6 € (w,n/2), there exists
Cp > 0 such that [[(zI — D)~ tul2 < Cyllull2/|z| for all z € C\ Sy and
u € L2(V).

(H2) Foreach 6 € (w,n/2), the operator D has a bounded H*>(S5U{0}) functional
calculus in L?(V), which is defined to mean that there exists ¢s > 0 such
that [[(D)ull2 < col|th||oo||ull2 for all ¢ € ¥(S9) and u € L*(V).

(H3) There exists m € N such that for each 6 € (w,7/2) and N € N it holds
that

_ Co.n 1 N
1g(z —D)'1 < ==
Io(er =) apule < P ()l

for all 2 € C\Sp, u € L?(V), measurable sets E, F C M, and some Cy y > 0.

Let us note that (H1) is implicit in (H2) and (H3). It is well known that (H1)
and (H2) hold with w = 0, Cyp = 1/sin6 and ¢y = 1, whenever D is self-adjoint.
The number m in (H3) indicates that the off-diagonal estimates associated with D
resemble those associated with an mth-order differential operator.

The theory of type S, operators is well known (see, for instance, [26], [1], [8]).
If (H1) holds, then for § € (w,7/2) and ¢ € ¥(S]), define ¥(D) € L(L*(V)) by

(3.2) Y(D)u = QLm - (2)(2I = D)t udz Yuc LA(V),
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where 1 € (w,0) is arbitrary and 9S, is the positively oriented boundary of Sj.

It holds that L?(V) = R(D) & N(D) When D is type S, (see Theorem 3.8 in [16])
and so

(3.3) $(D)u = Pgepy (D) Ppyu Vu € L(V),

where Pgrsy denotes the projection from L?(V) onto R(D) (see Lemma 4.5 in [28]).

It is well known (see [1], [26]) that (H2) holds if and only if the quadratic
estimate

(3.4 [ oyl G = P e RiD)

holds for all nondegenerate 1) € W(Sg), where ¢;(z) = v (tz). If (H2) holds, then
for f € H>(S§ U{0}), define f(D) € L(L*(V)) satisfying | (D) < col|f]lo by

(3.5) F(D)u= lim (fi)(D)u+ FOPxpyu Yue LA(V),

where (Y(n))nen is an arbitrary sequence of uniformly bounded functions in W(Sg)
that converges to 1 uniformly on compact subsets of S§. The mapping f — f(D)
given by (3.5) is the unique algebra homomorphism from H*°(Sj U {0}) into
L(L?(V)) with the following properties (see Lecture 2 in [1]):

(3.6) If 1(z) = 1 on Sy U {0}, then 1(D) = I on L*(V);
(3.7) A€ C\ S, and f(z) = (A —2)~* on S§ U {0}, then f(D) = (M — D)~ !
(3.8) If (fn)n is a sequence in H>(Sg U {0}) that converges uniformly on com-

pact sets to a function f in H>(Sy U {0}), and sup,, || fnllcc < 00, then
lim,, fo(D)u = f(D)u for all u € L*(V).

Hypotheses (H1)—(H3) are sufficient to construct Hardy spaces H3 (V) as in [9].
To begin, we use (3.2) to obtain the following extension of Lemma 3.6 in [9]
(for the improved ¥(Sg) class exponents presented here, see Lemma 7.3 in [23]):
If0<d<o,0€ (wn/2) and P € ¥,(S7), then there exists C' > 0 such that

t o—0d
(3.9) Ite(fe)@rul < C Wl (o)l
forallt >0, f € H*(S3 U {0}), u € L*(V), and measurable sets E, F C M.

The theory of tent spaces T? (R’ ") developed by Coifman, Meyer and Stein [15]
has the following extension when 7 : V — M is a vector bundle over a doubling
metric measure space M. Let V. denote the vector bundle 7 : VxRy — M xR
over M x Ry defined by m4(v,t) := (w(v),t) for allv € V, t € R;. For x € M,
t € Ry and sections U, V of V., since U(x,t) € 7~ ({z}) x {t}, we let U;(z) denote
the component of U(z,t) in #~*({z}), and define the Hermitian metric on V; by
(U(x,t),V(z,t)) s = (U(z), Vi(x))s. For p € [1,00), the tent space T?(V; ) is the
Banach space of all U in L2 (V. ) satisfying

loc

wiee =, (f] 10wk 5657 Oy ) <
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where the cone I'(z) = {(y,t) € M xRy | p(x,y) < t}. The tent space T°(V;) is
the Banach space of all U in L% (V) satisfying

1 dt\1/2
Ul := sup sup —// Us(y)|? du(y)— < 00,
[Ule= = sup sw (oo [[ 00 duw)T)

where B(z) denotes the set of all balls B C M with the property that € B, and
the tent T'(B) = {(y,t) € M xRy | p(y, M \ B) > t}.

We require the following properties, which can be proved as in the references
cited when M is a doubling metric measure space:

(3.10) If p € [1,00) and 1/p+ 1/p' =1, then T is realized as the dual of T? by
the pairing (U, V)12 == [ [1,(Ut(x), Vi(@))s dp(z)dt/t (see [15]);

(311) f 6 € (0,1), 1 < py < p1 < oo and 1/pg = (1 —0)/po + /p1, then the
complex interpolation space [T7°, TP')g = TP (see [22], [11], [14], [2]).

There is also the following atomic characterisation of T*(V;), for which a sec-
tion A € L?(V,) is called a T'-atom when there is a ball B C M such that A is
supported on the tent T'(B) and the norm ||A||z» < u(B)~1/2.

Theorem 3.1. Suppose that V is a vector bundle over a doubling metric mea-
sure space M and that p € [1,00). For each U in T*(Vy) NTP(Vy), there exist
a sequence (\;); in L' and a sequence (A;); of T'-atoms such that 37, \;A; con-
verges to U in TH(Vy), in TP(Vy) and almost everywhere in M x Ry, such that
[Tl = [I(A)ler-

Proof. This follows the proof of Theorem 1.1 in [29], which is based on Theorem 1
in [15]. The convergence in T is not explicit in those references, but it follows by
dominated convergence, as in [21], Proposition 3.25, or [12], Theorem 3.6. O

We follow [9] to begin the development of Hardy spaces HY (V) in earnest.

Definition 3.2. Suppose that D satisfies (H1)—(H3) on L?(V) for some w € [0, 7/2)
and m € N. For 0 € (w,7/2) and ¢ € ¥(Sg), define Qg in £L(L% T?) by

(QDu)e = Y(t™"D)u Yt >0, Vu € L*(V)

and S}E in £(T?, L?) by
D ® .m ds 2
S, U= P(s D)Us: YU € T=(V4).
0

The operator Qg is bounded because (H2) is equivalent to the quadratic es-
timate in (3.4). The operator 55 is bounded because Sf/f = (QE)* and the
adjoint D* satisfies (H2) if and only if D satisfies (H2) (see, for instance, Lec-
ture 3 in [1]). These operators provide the following Calderén reproducing formula
(see Remark 2.1 in [9]).
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Proposition 3.3. Suppose that D satisfies (H1)-(H3) for some w € [0,7/2)
and m € N. Ifo,7 >0, 0 € (w,7/2) and ¢ € ¥(S7) is nondegenerate, then
there exists a nondegenerate ¢ € U7 (Sg) such that S};qu = 55 QZu = Pg

@) "
for all w € L3(V).

In preparation for defining the Hardy space H2, w(V), we now define a possibly
incomplete space Ep, (V).

Definition 3.4. Suppose that D satisfies (H1)—(H3) on L?(V) for some w € [0, 7/2)
and m € N. For 0 € (w,7/2),¢ € ¥(S§) and p € [1, 00|, the space Ef, (V) consists
of the set Sg(T” NT?) together with the seminorm

lull gy, = mf{||U]|l7» : U € TP NT? and u = SPU}
for all u € Sg(Tp nT?).

In [9], the Hardy space ng(V) is defined to be an abstract completion of
E, (V). Our question here is whether we can define Hy, (V) to be the comple-
tion of £, (V) in LP(V). So does the completion of E7, (V) in LP(V) exist? This
is immediate when (H2) holds and p = 2, since for each 6 € (w, 7/2) and nondegen-
erate ¢ € ¥(Sg), we have by (3.3), (3.4) and Proposition 3.3 that S};(TQ) =R(D)
with
(3.12) [l 2

D,

~[1Q0ullr> = |lulla  Vu € R(D).
This motivates the following definition.

Definition 3.5. Suppose that D satisfies (H1)—(H3) on L?(V) for some w € [0, 7/2)
and m € N. For each # € (w,7/2) and nondegenerate 1) € ¥(Sg), let Hz, (V)

denote the set R(D) together with the norm [|ul| ;2 L= llull g2,

w

When p € [1,2), we do not know whether or not the completion of E%’w(V)
in LP(V) always exists, so we proceed under additional hypotheses on D. We begin
by recording a routine extension of Theorem 4.9 and Lemma 5.2 in [9]. In partic-
ular, the improved ¥(Sj) class exponents in the theorem below follow from (3.9)
(for details, see [23], Proposition 7.5, or [12], Theorem 6.2).

Theorem 3.6. Suppose that M is a doubling metric measure space satisfying (Dy)
and that D satisfies (H1)~(H3) on L*(V) for some w € [0,7/2) and m € N. If

€ [1,2], 0 € (w,7/2), B> K/2m, ¢ € Ws(53), b € Vg(Sg) and 1 € VP(SY),
then

(3.13) 1QFS Ullrs S Ullze VU € TP NT2

If, in addition, all of @, ¥ and ¥ are nondegenerate, then

(3.14) SP(IPNT?) =S8J(T"NT?) = {u e RD): QFu e T7}
with the norm equivalence

(3.15) H“HE%V ~ H“Hng ~ HQZL)“”TP Yu € B, , = SP(TrnT?).



876 P. AUSCHER, A. McCINTOSH AND A.J. MORRIS

If, in addition, the completion H%W of E%W in LP exists, then there are
unique extensionigf € E(T”,H%W) and ég € E(H%W,Tp) suc}NL that gf = Sf
on TP NT? and le? = QS on Ep, . It also holds that Hy, , = S (TP) with the
norm equivalence

(3.16) ||’U,||H7z;,¢ ~ inf{||U||zs : U € TP and u = SfU} ~ ||Q5u|\Tp Yu € Hy, .
Moreover, if E%W is dense in Hp oM L2, then also QD QP on HY, o L2,

Proof. As explained in the remarks preceding the theorem, properties (3.13)—(3.15)
are a routine extension of Theorem 4.9 and Lemma 5.2 in [9]. Now suppose that
all of ¢, 9 and 1[) are nondegenerate and that the completion H%W of E%W in LP
exists. The existence of the completion in LP is used here to ensure that the space
HY o N L? is a well-defined subspace of, for example, Li, .. It follows from (3.15)

that HSDUHEp < ||U]lz» for all U € TPNT?, and so the operator S}} in £(T?, L?)
extends by den51ty to a unique operator gf in L(T?, H%,w)' It follows from (3.15)
that the operator le? in £(L?,T?) restricts to an operator in L(E, ,,TP), and

so the density of E% in H% provides the unique operator él? in L(HE WTP)
such that QD QD on B, . We obtain H7, , = SD(TP) and (3 16) by using SD
and le? to extend Proposmon 3.3 and properties (3.13)—(3.15). Finally, if E%w is

dense in H%W N L2, then for each u in H%W N L2, there exists a sequence (uy, ), in
E7, , such that u,, converges to u in both Hz, , and L2, so by writing

1G2u — QPullgusr= < 102w — Q2w llrs +11Q%un — Q2ull 7= < llu—wall s,z
we conclude that é}gu = qu. This completes the proof. O

Remark 3.7. In the context of Theorem 3.6, if the completion HZ, (V) of ER V)
in LP(V) exists for some nondegenerate ¢ € W3(Sg), then (3. 16) 1mphes that the
completion H7, (V) of E}, (V) in LP(V) exists for all nondegenerate 1) € W5(Sg).
Therefore, we could adopt the notation in [9] whereby HZ (V) denotes any of the
equivalent Banach spaces H%w (V). We found it convenient not to do this, however,
given the technical nature of this article.

We now introduce atoms and molecules in order to show that E7, (V) € LP(V).

Definition 3.8. Suppose that D satisfies (H1) and (H3) on L?(V) for some m € N.
For N € N, a section a € L?(V) is called an Hz (V)-molecule of type N when there
exist a section b € Dom(DY) and a ball B C M of radius 7(B) > 0 such that
a = DVb and the following hold for all k£ € Ny:

(1) 1e(B)all2 < 27*u(2"B) =1/

(2) [ILs(B)bll2 < r(B)™N2~*u(2B) /2,
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where 19(B) = 1p and 1x(B) = 1yt g\or-15 for kK € N. An HL(V)-atom of type N
is defined in the same way, except that a and b are required to be supported on
the ball B, which obviates (1) and (2) when k > 1.

The proof below uses a molecular characterisation obtained in [9], Section 6.1.

Lemma 3.9. Suppose that M is a doubling metric measure space satisfying (Dy)
and that D satisfies (H1)—-(H3) on L?(V) for some w € [0,7/2) and m € N.
Ifpel,2], 0 € (w,m/2), B > Kk/2m and ¢ € Vg(S§) is nondegenerate, then
B (V) C 1P(V).

Proof. When p = 2, the result holds by (3.12). When p € [1,2), it suffices to
prove the result for a fixed nondegenerate ¢ in ¥3(S§) by (3.15). Therefore, we
fix N € N and use the construction in [9], Lemma 6.7, to fix a nondegenerate 1) in
U5(Sg) such that 85 (A) is an Hj-molecule of type N whenever A is a T'-atom.

Now consider when p = 1. For all H}-molecules a of type N, note that

oo

(3.17) lally <) u(2"B)?|14(B)al2 < 2.
k=0

Suppose that u € Ep , and V € T' NT? such that u = SV and ||V <
2||ull gy, " The atomic characterisation of 7! in Theorem 3.1 provides a sequence
(A;); in ! and a sequence (4;); of T'-atoms such that >_; AjA;j converges to V
in 7" and T2, and [|(A;)ller = [|[V|[z1. The operator S in L:(T2 L?) is bounded
from (TN T2, | - [I71) into Eg , by the definition of Ef, , so PRV S Aj con-
verges to u in E%),w and L2. Now recall that ¢ has the property Whereby each
SDAJ is an Hj-molecule of type N, so in accordance with (3.17), the sequence
(Sw ;); is uniformly bounded in L', and as such, there exists @ in L' such
that Z Aj S A; converges to u in Ll. We must have v = @ € L', since L'
and L? are embedded in L, and so > /\'SDAJ' converges to u in L' with
fully = limnooe |57 AS Al S IOl S [Vlizr S Jullpy . This com-
pletes the proof when p = 1.

Now consider when p € (1,2). We have shown that Elllw C L', so by the
definition of E21),1p7 it follows that HSfUHl < ||S$UHE713W < | U|lz: for all U €
T'NT2. Therefore, the operator 85 in £(T?, L?) has an extension in £(T", L'),

and then by the interpolation of tent spaces in (3.11), this extension is also in
L(TP,LP). Tt follows that E7, , C LP, since for each u € Ef, ,, there exists

V € TPNT? such that u = SDV and ||V||Tp < QHUHEP , hence [Jul|, = HSDVHp S
Vilze S llulles O

D,y

The proof of Lemma 3.9 shows that for each N €N and ue Ez, ,(V), there exist

a sequence (\;); in ¢! and a sequence (a;); of H(V)-molecules of type N such that
>_j Aja; converges to u in Ep (V) and LY(V) with |[(A\))]le < HuHE1 . Although
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this characterisation extends to completions of Elllw (V) (see Theorem 3.13), it does

not seem to guarantee that the completion of Ep, (V) in L'(V) exists. We intro-
duce hypothesis (H4)y on D in the next theorem for this reason.

Theorem 3.10. Suppose that M is a doubling metric measure space satisfy-
ing (D) and that D satisfies (H1)—(H3) on L2(V) for some w € [0,7/2) and
meN. If1<q¢<p<2 0¢€ (wn/2),>k/2m, € Ug(Sy) is nondegenerate
and

there exists a nondegenerate function ¥ € WA(S9) such that the set

(H4)y {(FeT?nT? : SE:F e LY (V)} is weak-star dense in TP (V.),

where 1/q+1/q" = 1, then the completion Hp (V) of Ep (V) in LP(V) ezists.
Moreover, it holds that Hf, (V) N L*(V) = E, (V).

Proof. Lemma 3.9 shows that Ep C LP, so the existence of the completion of E, b
in LP will follow by proving (3) in Proposmon (2.2) with X = Ep, , and Y = LP.
To this end, let (uy), denote a Cauchy sequence in EZ " that converges to 0

in LP. We claim that (u,), converges to 0 in Ef, ;. To see this, fix ¥ in WP(SY)
satisfying (H4)y so that & := {F € T2 N T9 : SE:F € L9} is weak-star dense
in T%". For all n € N, we have by (3.15) that

(3.18) lunllss, , = 1 Q2unllzs.

and since (uy, ), is Cauchy in E%’ ,» there exists U in T such that Q}Eun converges
to U in TP. Using the duality pairing in (3.10), for all n € N and F' € &, we have

(U, F)r2| < (U — QFun, F)72| + Q7 tn, F)r2|
SN = QFunllrs I Fllgw + llunlle ISE. Fll o

since 2 < p' < ¢ ensures that L2 N LY CLP and T2NTY C TP, Moreover, since
HS Fl|;» < o0 and ||F||q» < oo, the preceding convergence results imply that

(3.19) (U,Fyp2 =0 VF €&,

Then, since U € T? and € is weak-star dense in 7%, it follows that (U, Fyr2 =0
for all F € T? , hence U = 0 and (u,,), converges to 0 in E%ﬂp, as claimed. This
proves that the completion Hy, , of Ep, , in LP exists.

The inclusion EX, » CHp L4 ﬂL2 holds by (3.14). To prove the reverse inclusion,
suppose that u € Hp, , N L2. The density of Ef, , in Hp, , provides a sequence
(Un)pn in E%’w that converges to u in ng. This sequence also converges in LP
because ng C LP. Moreover, since (3.18) holds and (uy,), is Cauchy in ng,
there exists U in TP such that qun converges to U in TP. For alln € Nand F € €,
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we have
|<U - QEU7F>T2| < |<U - QEUH,F>T2| + |<Q,¢?un - QEU7F>T2|
S WU = QPuplirn | Fllgwr + [lun = ully IS Flly-

The preceding convergence arguments then show that U = le?u € TPNT?, and

since ||QEuHTp ~ HUHE%,W we conclude that u € Ef, ,, as required. O

Remark 3.11. In the context of Theorem 3.10, since M is o-finite, hypothe-
sis (H4)g holds whenever 85: (T3(V4+)) € L9 (V), where T§(V4) denotes the set

of all U in T?(V,) for which there exists some ball B in M and some constants
b > a > 0 such that sppt(U) C B x [a,b]. This is because T§(V;) is weak-star
dense in T% (V) for all p € [1,2]. To see this, let (B,), denote an increasing
sequence of balls that exhaust M. For all F € T?(V;) and all G € T? (V,), we
have

[ [ U@, Ghel dute) S < 17 16
0 M

by the duality in (3.10). The dominated convergence theorem then implies that
(F,1B, x[1/nnG)12 converges to (F,G)rz, which proves the asserted weak-star
density, since 1, x[1/n,nG € TE(Vy).

3.1. Molecular theory

We defined H3, (V)-molecules and atoms in Definition 3.8. The molecular character-
isation of Hlllw(V) below is based on the characterisation obtained in Theorem 6.2
of [9]. It is convenient to first introduce the following spaces.

Definition 3.12. Suppose that D satisfies (H1) and (H3) on L2(V) for some
m € N. For N € N, the Banach space Hp, . 1y(V) is the set of all u in L'(V) for

which there exist a sequence ();); in ! and a sequence (a;); of Hh-molecules of
type N such that ). Aja; converges to u in LY(V), together with the norm

HUHH’lD,Iuol(N) = inf{[|(Aj);]lex : 22;A5a; converges to w in L'}

The Banach space Hllj at(N) (V) is defined by replacing molecules with atoms.

The L*(V) convergence in the above definition ensures that H}, mol( N)(V) and
H%),at( N)(V) are complete. This is because molecules and atoms are uniformly
bounded in L'(V). In particular, if (u,), is a sequence in HJ, mol(n) (V) such that
2on ”u””H%,mol(N)
dominated convergence theorem imply that 3w, converges in the H713 mol( N)(V)

is finite, then the uniform L!(V) bound for molecules and the

norm to some u € Hlllmol(N)(V), hence H%,mol(N) (V) is complete. The L(V)
convergence requirement also distinguishes these spaces from those in the literature
that are defined as an abstract completion of a molecular or atomic space on which
L?(V) convergence is required. This is discussed further in Remark 3.15.
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The embedding Hyp, ,,(V) € LY(V) is not required to define the molecular space
nor the atomic space, since Hlllat(N) (V) C Hll),mol(N)(V) C LY(V) is automatic. It
is only when the embedding of Hlllw(]/) in L'(V) holds, however, that we can
establish the following connection.

Theorem 3.13. Suppose that M is a doubling metric measure space satisfy-
ing (D) and that D satisfies (H1)~(H3) on L?(V) for some w € [0,7/2) and
m € N. Also, assume that for some 0 € (w,7/2), f > k/2m and nondegenerate
Y € Wg(Sg), the completion Hy, (V) of Ep (V) in LY(V) exists. It follows that
if N e N and N > k/2m, then Hlllw(]/) = H%,mol(N)(V)'

Proof. Suppose that N € N. The proof that Hlllw - H%)’mol(N) follows that of
Lemma 3.9, except we need to replace L? convergence with H713ﬂ/} convergence.
We use the construction in [9], Lemma 6.7, to fix a nondegenerate ¢ in ¥g(Sg)
such that SEA is an Hj-molecule of type N whenever A is a T'-atom. The
existence of the completion Hlllw of E%),w in L' allows us to apply (3.16) and
ensures that Hp , C L'. Suppose that u € Hy, , and use (3.16) to choose V in T

such that u = ‘SN’EV and [[Vr1 < 2f|ull g, W The atomic characterisation of T

in Theorem 3.1 provides a sequence ()\;); in ¢* and a sequence (A;); of T'-atoms
such that }°, A\;A; converges to V' in T! and ||[(A)jller S |V|7r. It follows that

>, )\ngAj converges to u in Hp ,, and in L', because g’g € L(T',Hp ) and
gg = SE on T'NT? by (3.16), and because Hp , C L'. Now recall that ¢ has the

property whereby each SEAj is an H}-molecule of type N, so then u € H%,mol(N)

and [[ul| < )ille S IVIlizr < lullmy, ,» hence Hy, ) © H, oy

D,mol(N)
Now suppose that N € N, N > £/2m and u € H}, mol()- Then u € L' and

there is a sequence ()\;); in ¢! and a sequence (a;); of H},-molecules of type N such

that >, Aja; converges to u in L' with [[(A)j]lea < 2||u||H7131m01(N). The construc-

tion in [9], Lemma 6.8, allows us to fix zZ in U#(S9) such that QZZ) is uniformly

bounded in 7" on all Hj-molecules of type N (this requires N > r/2m), so
by (3.15) we have

l l

l k
I va =3 a5 S llQ2aln s ST Il
j=1 j=1

Doy j=k41 j=k+1

whenever [ > k > 0. Therefore, there exists v in H%)’w such that Zj Ajaj converges
to v in H713$w’ and hence in L' because H71>,w C L' Tt follows that u = v € H713ﬂ/}

with

]l 123

D,y D,mol(N)’

k
3 kl;rgoZl 1192417+ S Al S llullay
]:

SO Hll),mol(zv) C H713ﬂ/} and the proof is complete. O
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Remark 3.14. The proof of Theorem 3.13 shows that the same result holds when
the L'(V) convergence required in Definition 3.12 is replaced with Hll)ﬂ/) (V) con-
vergence.

Remark 3.15. If we define E%,mol(N)(V) to be the normed space obtained by

replacing L'(V) convergence with L?(V) convergence in Definition 3.12, then we
can prove that E%)’w(]}) = E’lD,mol(N) (V) without assuming that the embedding
H%)W(V) C LY(V) holds. This was known previously (see Theorem 3.5 in [21]).
In particular, the proof of Lemma 3.9 shows that E%)’w(V) C Elllmol(N) (V), whilst
the reverse inclusion is proved in a manner similar to that of Theorem 3.13. This
means that we can identify any completion of E%)M(V) with any completion of
E%),m ol( N)(V), but both are still abstract spaces and it is not known whether either

can be embedded in L'(V), or in any function space, without the extra hypotheses
on D in Theorem 3.10 (or Theorem 4.7).

3.2. The embedding HY C L? for divergence form elliptic operators

It is a simple matter to verify the hypotheses of Theorem 3.10 for an operator that
generates a semigroup satisfying pointwise kernel estimates. We demonstrate this
by obtaining Theorem 1.2 as a special case of the more general result below.

Let M = R" and consider the divergence form operator L = —div AV acting
on L?(R™) and interpreted in the usual weak sense via a sesquilinear form, where
A€ L>*(R"™, L(C™)) is elliptic in the sense that there exists A > 0 such that

Re(A(2)¢, Oen > AN|¢2 V¢ eC?, ae. x€R”

There exists wy, € [0,7/2), depending on A and || A]|, such that L is wy-sectorial
(see, for instance, Chapter 2 in [5]), hence L : Dom(L) C L?*(R™) — L*(R") satisfies
(H1)—(H2) with w = wr,. Note that Dom(L) = {u € W12(R") : AVu € Dom(V*)}.
It is also known that L satisfies (H3) with m = 2 (see Lemma 2.1 in [6]).

In order to embed H} ,(R™)in LP(R") when 1 < ¢ <p <2and 1/¢'+1/q =1,
we assume that there exists ¢ € L2 _((0,00)) such that the analytic semigroup

(e=*E");50 generated by the adjoint —L* on L?(R") satisfies
(3.20) le ™ ully < g(t) ||lullz Yu e L2(R™), Vt > 0.

This assumption is always satisfied when 2n/(n + 2) < ¢ < 2 in dimension n > 3
(see Proposition 3.2 in [5] and Lemma 2.25 in [21]). It remains an open question,
however, as to whether the following theorem holds in the absence of estimates
such as (3.20).

Theorem 3.16. Suppose that A € L>®(R™, L(C™)) is elliptic and L = — div AV
on L?(R™) satisfies (3.20) for some g € [1,2]. If¢q<p<2,0¢€ (wp,7/2), B3> n/4
and p € Wg(Sg) is nondegenerate, then the completion Hy ,,(R") of E7 ,(R") in
LP(R") exists and Hy ,(R™) N L*(R") = E} ,(R™). Moreover, if ¢ =1, N € N
and N > n/4, then H ,(R") = Hi’mol(N) (R™), and when A is self-adjoint, then
also Hi,w(Rn) = Hi,at(N) (R™).
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Proof. We will use (3.20) to show that (H4)y holds with x = n. The hypotheses
of Theorem 3.10 will then be satisfied, since it was noted above that L satisfies
(H1)~(H3) with w = wy, and m = 2. To this end, choose € (wr,7/2), define the
nondegenerate function 1(z) = ze=* on S5 U {0} and note that ¢ € ¥#(S9) for
any 8 > n/4. For each F € Tg(RT‘l), as defined in Remark 3.11, there is a ball
B C M and r > 1 such that sppt(F') C B x [1/r,r], and so we have

dt
t

*

T
IS Flly = H/ 2L "L F,
1/r a

< /r ||ef(t2/2)L*t2L*ef(t2/2)L*Fth/ %
1/r

" . dt
< [ g@plene e g Y
1/r

s(f o) ([ ireg)”

S IE 72,

(3.21)

where the third line uses (3.20), and the fourth line uses the analyticity of the
semigroup (e ")~ (see, for instance, Theorem I1.4.6 in [19]) followed by the
Cauchy—Schwarz inequality. This shows that 85 (T3(R}F)) C L9(R™), so Re-
mark 3.11 implies that (H4)g holds with kK = n, as required.

We have now shown that the hypotheses of Theorem 3.10 hold. Moreover,
when ¢ = 1, the hypotheses of Theorem 3.13 follow. The conclusions of those two
theorems complete the proof, except for the atomic characterisation in the case
when ¢ = 1 and A is self-adjoint, but then L = — div AV satisfies the requirements
of Theorem 1.3 (see Proposition 3.2 in [5] for a proof of the Davies-Gaffney esti-
mates (5.1)), so we refer the reader to the proof of that theorem in Section 5. O

Theorem 1.2 is a special case of the above result.

Proof of Theorem 1.2. This is a special case of Theorem 3.16, since property (1.4)
corresponds to property (3.20) with ¢ = 1. O

4. Self-adjoint operators with finite propagation speed

We now restrict the theory of the previous section to the context of any self-
adjoint operator D : Dom(D) C L?*(V) — L*(V) for which the associated unitary
Co-group (e'P);cr has finite propagation speed. The existence of this group is
guaranteed by Stone’s theorem because D is self-adjoint. The defining features
of such a group are that the mapping ¢t — e”” is strongly continuous from R to
L(L2(V)) with e CHOD = isDeitD et o = [ and < (e"Pu)|;—o = iDu for all
u € Dom(D) = {u € L*(V) : 4L(e"Pu)|,— exists in L*(V)}. An introduction to
the theory of such groups can be found in [24], [19]. The group (eP);cr is said
to have finite propagation speed when there exists a finite constant cp > 0 such
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that for all u € L?(V) satisfying sppt(u) € F C M and all t € R, it holds that
sppt(e®Pu) C {x € M : p({z}, F) < cplt|}. We begin by establishing that these
assumptions allow us to apply the theory from the previous section with D = D,
w=0and m=1.

Lemma 4.1. If D is a self-adjoint operator on L*(V) and the group (e'*P),cr has
finite propagation speed cp > 0, then D satisfies (H1)~(H3) withw =0 and m = 1.

Proof. Since D is self-adjoint, it satisfies (H1) and (H2) with w =0, Cy = 1/siné
and ¢g = 1. Tt remains to prove (H3). Let E and F denote measurable subsets
of M. The finite propagation speed implies that 1ge®P1r = 0 whenever p(E, F) >
cplt|. For all z € C with Im(£z) > 0, we use the integral representation of the
resolvent (21 — D)~ = Fi [~ e*"*1eTP dt to obtain

o0

I1p(=I — D)1 < /

|e:|:izt|||1Ee:FitD1F” dt < / ef(Im(:I:z))t dt.
p(E,F)/ep

p(E,F)/cp
For each 6 € (0,7/2), it follows that

_ pE )7

_ Co
— 1 < —
11p(z] — D)~'1p] < exp( e

2|

which implies (H3) with m = 1. O

) Vz e C\ S,

The algebra of complex-valued bounded Borel measurable functions on R is
denoted by B> (R). The spectral theorem for self-adjoint operators provides D
with a bounded B> (R) functional calculus such that || f(D)]| < ||f|le for all f €
B> (R). This coincides with the holomorphic functional calculus defined by (3.2)
and (3.5) when f € H*(Sj U {0}) because the holomorphic functional calculus
is unique with respect to (3.6)—(3.8). In particular, it is well known (see [25],
Chapter XX, §1) that the Borel functional calculus is an algebra homomorphism
from B>(R) into £(L?*(V)) that satisfies (3.6) and (3.7), with R in place of SJU{0},
as well as the following convergence lemma, which is related to (3.8):

If (fn)n is a sequence in B(R) that converges pointwise to a func-
(4.1)  tion f in B*(R), and sup,, || fallcc < 00, then lim,, f,(D)u = f(D)u
for all uw € L*(V).

— 1
The orthogonal decomposition L?(V) = R(D)®N (D) and the properties of the
Borel functional calculus allow us to prove the following Calderén reproducing
formula.

Proposition 4.2. Suppose that D is self-adjoint on L*(V). If f and g in B>®(R)
satisfy £(0)g(0) =0, [;°|f(£)g(£t)| L < 0o and [;° f(£t)g(£t) & =1, then

(4.2) /0 ft(D)gt(D)u% =Prpyu Vue L3(V),

where Py denotes the projection from L2(V) onto R(D).
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Proof. Suppose that f and g in B (R) satisfy the hypotheses of the proposition.
For each n € N, we have

0 f/nf (t) 4, if z > 0;
/ft z)ge(x 7: 0, if z = 0;
f‘j“;; g(—t) L ifz <0.

The sequence (h, ), converges pointwise on R to the characteristic function 1g oy,
and sup,, [|halloe < 57 | f(£t)g(£1) 4t < 00, so it follows from (4.1) that

n—oo

o dt .
/0 f+(D)gi(D)u 5= lim hn,(D)u = 1gy (o} (D)u = Prpyu Vu € L*(v),
where the final equality relies on the fact that 1g(D) = I and 1{3(D) = Py(py. O

We now require a class of functions that interact well with finite propagation
speed. To this end, a function on R is called nondegenerate when it is not identically
zero on (0,00) nor on (—o0,0). The Fourier transform of any Schwartz function

f € S(R) is denoted by f. For § > 0 and N € N, define

O°(R) = {p € S(R) : sppt § C [-4,4]},
UY(R) = {n € O°(R): 9" 1n(0) =0 for all k € {1,...,N}},

O(R) = Usao O°(R), Un(R) = Usop T4 (R) and (R) = ¥, (R). For ¢ € O(R),
the Fourier inversion formula and the B (R) functional calculus imply that

(4.3) p(D)u= -

Pt)ePudt Yu e L2(V).
R
For 17 € W(R), using the B> (R) functional calculus, define QP in L(L*,T?) by
(QPu); = n(tD)u, and SP in L(T? L?) by SPU = 15 n(sD)US%, as well as the
space Ep, (V) = SD(T” N T?). This extends Definitions 3.2 and 3.4, which use
the H 00(59 u{0}) functlonal calculus. Also, note that

(4.4) n(D)u = Pgpyn(D) Prpyu Vu € L*(V),

R(D)
since 7(0) = 0 and 140y(D) = Pn(py)-

The following corollary of Proposition 4.2 extends the Calderén reproducing
formula in Proposition 3.3 and allows us to incorporate ¥(R) class functions into
the theory of Section 3.

Corollary 4.3. Suppose that D is a self-adjoint operator on L*(V). If o,7 > 0,
0 € (0,7/2) and n € ¥(R) is nondegenerate, then there exists a nondegenerate

1 € UI(Sg) such that SDQDu = SDQwu = Prrpyu for all u € L2(V).
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Proof. Suppose that n € @%(R) for some § > 0 and N € N. It follows by the Paley—
Wiener theorem that 7 extends to an entire function satisfying |n(z)| < Ce®l?l for
some constant C' > 0 and all z € C. Now consider o,7 > 0 and 6 € (0,7/2).
When Re(z) > 0, define 1(2) = a4 27e~2025¢%*(2) and when Re(z) < 0, define
P(2) = a_(—2)7e?75°¢n* (), where ay are the normalising constants defined by

o dt
a+/ t06726tsece|77(t)|2 o
0

= 26t sec 0 o dt
; =1 and a,/ 172005 In(—t)| 7:1.
0

The integrals above are positive, so the normalising constants exist, and for all
z € C with Re(z) # 0, we have

| vt & =1
0

Finally, define ¢(0) = 0 so that ¢ € U7 (Sg), and since 1 is clearly nondegenerate,
the result follows from Proposition 4.2. O

The next result shows how é(R) functions interact with finite propagation
speed. In particular, the off-diagonal estimate in (4.5) is much sharper than that

in (3.9).

Lemma 4.4. Suppose that D is a self-adjoint operator on L*(V) and the group
(e™P)er has finite propagation speed cp > 0. If § > 0 and ¢ € O°(R), then

1, . E F _
@5 ee(D) el < S gl max {5 - 225D o) < ¢ cmnmr
™ cpt

for all t > 0, all measurable sets E, F' C M, and some C > 0.

Proof. Suppose that ¢ € é(R) with sppt @ C [—4, d]. Tt follows from (4.3) that

1 [ ; 1 5\ ds
D _ _ isD ds = A(_) isD t L2 )
wt(D)u o ) vi(s)e" P uds 5 ls‘g&go L)t e Yt >0, Yu e L7(V)

Suppose that F and F are measurable subsets of M. The finite propagation speed
implies 1ge’*P1p = 0 whenever p(E, F) > cpls|, hence 15 (D)1 = 0 whenever
p(E, F)/cp > o0t by the preceding formula. In addition, if p(E, F)/cp < dt, then

1 (S is ds
LDl < 5 [ 2 (3)] Iz 1rul, 2
27 Jp(e.F)fep<|si<or | N\t t
1
<o 5(0)]do ull
2 p(Ef)/cmS\a\sa' )
1, . EF 1. o —
< L6 (6 - ALV, < L ieteremtm 1
m cpt m

for all u € L?(V), which completes the proof. O
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The next two results show that E7, (V) = E}, (V) for suitable ¢ in W(59)

and 7 in \T/(R) The results rely on some technical off-diagonal estimates that we
postpone until Section 6. The first result is an extension of Theorem 4.9 in [9].

Proposition 4.5. Suppose that M is a doubling metric measure space satisfy-
ing (D), that D is a self-adjoint operator on L?(V), and the group (e"P)icr
has finite propagation speed. If p € [1,2], § € (0,7/2), N € N, N > k/2,
P € ‘Ilévl\}*il(sg), n e \IIN(R) and 7 € E/(R), then

1078 Ullre SUlze  and  |QESPUe S Ul
for allU € TP NT2.

Proof. The proof follows Theorem 4.9 in [9]. When p = 2, the result is immediate.
When p = 1, it suffices to show that there exists C' > 0 such that

(4.6) 1978 (Mllrr <C and [|QYST(A)|r: < C

for all A that are T"-atoms, since Theorem 3.1 applies. When p € (1,2), the result

then follows by the interpolation in (3.11). Therefore, it remains to prove (4.6).
Lemma 6.3 applied with (m,n,N,o,7,0) = (1,N,1,2N + 1, N + 1,1) shows

that

(s/ON{/p(E, F)N, if0<s<t

(t/s)(s/p(E,F))2N+1 if 0 <t < s,

for all measurable sets E,F C M. Since (¢¥ns)(D) = (nsy+)(D), Lemma 6.3
applied with (m,n, N,o,7,0) = (N,1, N,2N + 1, N 4+ 1, 1) also shows that

11E(Mbs)(D)1F| < C'{

(s/ON({t/p(E, F))3N,  if0<s<t

11e(ims)(D)1p| < C {(t/s)<s/p(E,F)>2N1, ifo<t<s,

for all measurable sets E, F' C M. These estimates combined with (D) prove (4.6)
as in Step 2 of the proof of Theorem 4.9 in [9]. This completes the proof. O

The second result is an extension of Lemma 5.2 in [9].

Proposition 4.6. Suppose that M is a doubling metric measure space satisfy-
ing (Dy), that D is a self-adjoint operator on L*(V), and the group (e"*P)icr has
finite propagation speed. If p € [1,2], 0 € (0,7/2), B> k/2, N €N, N > /2, and
all of v € W3(Sg), n € E/N(R) and 7 € ‘I/(R) are nondegenerate, then

(4.7) ST nT? =SP(1"nT?) = {ueRD): QYu e 17}
with the norm equivalence

(4.8) [lull £

D,y

~llullgs, = 1QFullr» Vue B, =87(T"NT?).

If, in addition, the completion Hg’w of ng in LP exists, then there are unique ex-
tensions 571]7 € L(T?, H} ) and é%) € L(HD, ;. T?) such thatg’f]) =8P onTPNT?
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and QD Qp on Ep . It also holds that HY, w = SD(T”) with the norm equiva-
lence

(4.9) [y

D,y

~inf{||U||7» : U € T? and u = g’nDU} ~ ||éﬁDu||Tp Yu € Hp .

Moreover, if EY, , is dense in ng N L2, then also éﬁD = QﬁD on ng nL2.

Proof. Tt suffices, by Theorem 3.6, to prove the result for a fixed nondegenerate
in \Ilg(Sg),Nso we select ¢ in \I’évz\?_h(sg) satisfying [ ¢ (£t)?4 = 1. Suppose that
both n € Ux(R) and ﬁ € U(R) are nondegenerate, and then use Corollary 4.3 to
obtain ¢ and ¢ in \I/2N+1(Sg) such that SP QL = SD QP = PRy = SDQw The
proof of (4.7) and (4.8) proceeds in three parts correspondlng to the set inclusions

SP(IPNT?) € SPIPNT?) C (ueRD): QPue T 'C SP(IPnT?)
and the related norm estimates.

(i) If u € S (TP NT?), then (3.14) implies that u € R(D) and QlueTPNT?,
SO u = Sf(QgSg Qiu) and (3.13) followed by (3.15) imply that

lullsy, . < 1Q2SP(QRu) 2w S QR ullrs = llulles, -

(i) If w € SP(T? N T?), then u € R(D) by (4.4), and there exists V € TP N T?
such that v = S (V) and ||V]|7» < 2|[ull g, so by applying Proposition 4.5 twice
we obtain

Q7 ullrs = 197 S (Qy Sy Vlize S IV lize < llullsz, -
(iii) If w € R(D) and QPu € TP, then u = SD(QDSDQﬁDu), so (3.13) implies
that
lullsy, . < 1Q2S2(QPWlzs S 1 QPullrs.

We obtain (4.9) and the related properties by the arguments used to prove (3.16)
and the related properties. This completes the proof. O

We now introduce hypothesis (H4)g on D in order to prove that the completion
of B, ,(V) in LP(V) exists. This provides an alternative to hypothesis (H4)y from

Theorem 3.10 when D is self-adjoint and (e*”);cr has finite propagation speed.
The advantage of hypothesis (H4)g is that S,? F has compact support whenever F

has compact support, and as such, it is more easily verified that Sé) FelL? V).

Theorem 4.7. Suppose that M is a doubling metric measure space satisfying (Dy),
that D is a self-adjoint operator on L?(V), and (e''P)icr has finite propagation
speed. If 1 <q<p<2,0€(0,7/2), f>r/2, ¥ ¥gs(S§) is nondegenerate and

(H4); there exists a nondegenerate function n € ‘I/(R) such that the set
{FeT>nT? : SPF € LY (V)} is weak-star dense in TP (V.),

where 1/q+1/q" =1, then the completion Hp, (V) of Ep (V) in LP(V) exists.

Moreover, it holds that HY, ,(V) N L*(V) = E}, ,(V).
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Proof. Following the proof of Theorem 3.10, let (u,), denote a Cauchy sequence
in EY, , that converges to 0 in L. We need to show that (tn)n converges to 0

in B}, . To see this, fix 7 in U(R) satisfying (H4)g. For all n € N, we have
by (4.8) that

(4.10) lunllss, , = 1QPunlle.

We conclude by repeating the proof of Theorem 3.10 with (3.18) replaced by (4.10)
and QZL) replaced by QnD. O

Remark 4.8. In the context of Theorem 4.7, when M is a complete Rieman-
nian manifold, hypothesis (H4)g holds whenever SP(C2°(Vy)) C L9(V), where
C2°(V4) denotes the space of smooth compactly supported sections in T2(V,).
This is because C2°(V,) is weak-star dense in T% (V) for all p € [1,2]. To see
this, a mollification argument can be applied in combination with Remark 3.11.

4.1. Atomic theory

We obtain a characterisation of Hfllw (V) in terms of the atoms from Definition 3.8
and the space H}, at(v) (V) from Definition 3.12.

Theorem 4.9. Suppose that M is a doubling metric measure space satisfying (Dy),
that D is a self-adjoint operator on L?(V), and (e''P)icr has finite propagation
speed. Also, assume that for some 0 € (0,7/2), B > k/2 and nondegenerate
Y € Ws(Sy), the completion Hp, (V) of Ep, (V) in LY(V) ewists. It follows that
if N €N and N > /2, then Hp, (V) = H}, vy (V) = Hp o0y (V)

Proof. Suppose that N € N and N > k/2. Theorem 3.13 and Lemma 4.1 show
that Hp , = Hmel(N) > Hb,at(N);It remains to prove that Hp, , C Hbat(N).

To do this, fix a nondegenerate 7 in ¥y (R). We claim that there exists ¢ > 0 such
that ¢SP A is an H},-atom of type N whenever A is a T'-atom. The claim allows
us to prove that Hll)’w C H}lat(N) by repeating the proof of Theorem 3.13 with z/;
replaced by n and then relying on (4.8) and (4.9) instead of (3.15) and (3.16).

To prove the claim, let A denote a T'-atom and let B denote a ball in M with
radius 7(B) > 0 such that A is supported in the tent 7(B) and || A|7> < u(B)~1/2.
Note that A; is supported in B when t € (0,r(B)], and that n(D)A; = 0 when
t > r(B). The finite propagation speed, in particular (4.5), then implies that there
exists @ > 0, which only depends on 1 and D, such that 7,(D)A; is supported in
aB for all t > 0, hence S,’?A is supported in aB.

Now set 7j(z) = 2~ Vn(x) for all z € R\ {0}, and 7(0) = 9¥n(0)/N!, which
equals lim,_,o 2~ Vn(z). Lemma 6.1 shows that 7 € é(R), and so the properties
of the B*(R) functional calculus imply that the putative atom a := S,’? A has the
form

a=8PA= DN(/ tNﬁt(D)At%> —: DN,
0
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It remains to verify that a and b above satisfy the atomic bounds in Definition 3.8.
We use the doubling property to obtain

lallz = |15, All2 S I Allr= < u(B)"Y/2 < u(aB) =12,
and since A; = 0 for all ¢t > r(B), we also have
Ioll2 = 157 (¢ Ad)ll2 S +(B)N | Allz2 S (ar(B))Y u(aB) /2.

Therefore, there exists ¢ > 0, which does not depend on A, such that cS,’,D (A) is
an H}-atom of type N. This proves the claim and completes the proof. O

Remark 4.10. The proof of Theorem 4.9 shows that the same result holds when
the L'(V) convergence required in Definition 3.12 is replaced with H}, (V) con-
vergence.

4.2. The embedding H?, C L? for smooth differential operators

We now consider the case when M is a complete Riemannian manifold, which
is assumed to be smooth (infinitely differentiable) and connected, with geodesic
distance p and Riemannian measure p. The vector bundle V is also assumed to be
smooth, which means that the complex vector bundle 7 : V — M is equipped with
a Hermitian metric (-,-), that is infinitely differentiable with respect to x € M.
Let dim(M) denote the dimension of M and let dim(V) denote the fibre dimension
of V. We prove a general result for a class of first-order differential operators
on L?(V). The results for the Hodge-Dirac operator in Theorem 1.1 are deduced
afterwards.

A smooth-coefficient, first-order, differential operator D, is a linear operator
on L?(V) with domain Dom(D,) = C°(V) such that on any coordinate patch over
which V is trivial, there are smooth, matrix-valued (£(CU™M))-valued) functions
(Aj)j=o0,....dim(p) Such that the action of D, on that coordinate patch is given by the

Euclidean operator Z?i:n{(M) A;0;+Ap. For each x € M in such a coordinate patch

and each & € TXM given by & = Z?i:n{(M) &;da?, the principal symbol op,_(x,§) is
the endomorphism on the fibre V), given by Z?i:n{(M) A;&;. A full account of these
standard facts, including a coordinate-free definition of the principal symbol, is
n [32], Chapter IV, Section 2. Moreover, for any n € C°(M), the principal

symbol is given by the commutator [D.,nIlu = D.(nu) — nD.u, since
(O‘DC (z, dn(m))) (u(x)) = ([De,nIu) (x) Vo € M, Yu € C*(V),

where d is the exterior derivative.

An operator D, is called symmetric when (D u,v) = (u,D.v) for all u,v € C° (V).
A symmetric first-order operator has a skew-symmetric principal symbol. Chernoff
proved in [13] that if the principal symbol of a symmetric, smooth-coefficient, first-
order, differential operator satisfies a certain bound, then the operator is essentially
self-adjoint and generates a group with finite propagation speed (related results
are discussed in Remark 4.12). This allows us to prove the following result.
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Theorem 4.11. Suppose that M is a complete Riemannian manifold satisfy-
ing (Dy) and that V is a smooth vector bundle over M. Let D denote the unique
self-adjoint extension of a symmetric, smooth-coefficient, first-order, differential
operator D. on L*(V) for which there exists cp > 0 such that the principal symbol
op, satisfies

(4.11) lop. (@, )lcv.) < epl€
Ifpe1,2], 0 € (0,7/2), B > k/2 and ¥ € VUg(Sy) is nondegenerate, then the
completion ng(]/) ofE%7w(V) in LP(V) exists and HPDW(V)OLZ(V) = ng()})_
Moreover, if N € N and N > /2, then wa(]/) = Hj, mol(N) (V) =H} at(N)(V)'

M VT €M, VE €T, M.

Proof. Assumption (4.11) implies that D, is essentially self-adjoint on L?(V) by
the result of Chernoff in [13], Theorem 2.2. The results in [13], Theorem 1.3 and
Corollary 1.4, also show that the group (e?*”);cr has finite propagation speed cp.
Therefore, by Theorems 4.7 and 4.9, it suffices to prove that (H4)g holds with
q=1.

First, we require a known estimate for the Sobolev spaces W¥?2(V), where
keN. If k >1+dim(M)/2 and B is a ball in M, then there exists Cg > 0 such
that, for all u € Wk2(V) with sppt(u) C B, then

(4.12) lulloo < Crllullwr2y-

This Sobolev embedding theorem can be found in [32], Chapter IV, Proposition 1.1.

Second, we require a known energy estimate. If kK € N, T' > 0, and B is a ball
in M, then there exists Cr g > 0 such that, for all u € C°(V) with sppt(u) C B,
then

(4.13) le™Pullwrzvy < Crsllullwezq) Ve [=T,T].

This can be proved by the methods in [31], Chapter IV, Section 2, since v(t) =
Py solves the initial value problem dv/dt = i Dv with v(0) = u.

Now choose a nondegenerate 7 in W(R) and & > 0 such that sppt7 C [—4, d].
Fix k € N such that £ > 14+dim(M)/2 and set « = 14+c¢pd. For each F' € C°(Vy),
there is a ball B C M and r > 1 such that sppt(F') C B x [1/r,r]. It follows that
sppt(e®**P Fy) C (1 +cpls|t/r)B C aB for all s € [-§,6] and ¢ € [1/r,r]. Hence

Tl 0 , dt
D = istD
A=/ G ] Frds) |
Isprle =] [ (57 [ 0P ras) T
r § )
g/ / |eP F} || 0o ds dt
1/rJ =6

r é
5/ / ||€iStDFtHWk,2(v)dsdt
1/rJ =6
T
S P
1/r

< 00,
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where the first line uses (4.3), the third line uses (4.12) with B = aB, the fourth
line uses (4.13) with B = B, and the fifth line uses the continuity of F' (recall that
F € C°(V4)). This shows that 877D(C’§°(V+)) C L*(V), so Remark 4.8 implies
that (H4)g holds with ¢ = 1. This completes the proof. O

Remark 4.12. McIntosh and Morris ([27], Theorem 1.1) proved recently that any
Co-group (e"*P);cr generated by a first-order system D satisfying (4.11) has finite
propagation speed. In particular, finite propagation speed for such groups is not
restricted to smooth-coefficient nor self-adjoint systems.

We now prove Theorem 1.1, which fills a gap in the theory of Hardy spaces of
differential forms developed by Auscher, McIntosh and Russ [9].

Proof of Theorem 1.1. Let M denote a doubling, complete Riemannian manifold.
The bundle AT*M = @22)(1\4) AR T*M, where A¥T*M denotes the kth exterior
power of the cotangent bundle 7% M is defined with the Hermitian metric induced
by the Riemannian metric. The Hodge-Dirac operator D = d + d* is defined
initially on C°(AT*M), where d and d* denote the exterior derivative and its
adjoint. This is a symmetric, smooth-coefficient, first-order, differential operator
on L?(AT*M) with principal symbol

op(2,6)C =EAC—EL¢ Vo €M, VE€TIM, V¢ € NTXM,

where A and _ denote the exterior and (left) interior products on AT;M. These
properties of the Hodge—Dirac operator are well known, and in particular, we have

lop (@, &)CInre s = |€|memalClarz e Vo € M, VE € Ty M, ¥ € NT; M,

so the hypotheses of Theorem 4.11 hold, and its conclusions imply Theorem 1.1. O

5. The embedding H? C LP for nonnegative self-adjoint op-
erators

We now combine the theory of the previous two sections to prove Theorem 1.3.
The atomic characterisation in Theorem 1.2 is then an immediate corollary. A new
proof of Theorem 1.2 for smooth coefficient operators is also presented.

We return to the context of a vector bundle V over a doubling metric measure
space M. A nonnegative self-adjoint operator L : Dom(L) C L?(V) — L%(V) is
said to satisfy Davies—Gaffney estimates when there exist constants C, ¢ > 0 such
that

(5.1) 11 e 1pully < C e BF/ |y

for all t > 0, all u € L?(V) and all measurable sets E, ' C M, where (e~t£);~¢
is the analytic semigroup generated by —L. The following builds on the theory of
Hardy spaces developed for such operators by Hofmann, Lu, Mitrea, Mitrea and
Yan [20].
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Proof of Theorem 1.3. Since L is self-adjoint, it satisfies (H1) and (H2) with w = 0,
Cy = 1/sinf and ¢g = 1. We now prove that L satisfies (H3) with m = 2. Let
and F denote measurable subsets of M. Since L is nonnegative and self-adjoint, the
Daviestaffney estimate (5.1) is equivalent to the property that the cosine group
cos(tV/L) == (e VL 4 ¢=itVL) has finite propagation speed (see Theorem 2 in [30],

and Theorem 3.4 in [17]), where (e ”\F)teR is the Cy-group generated by the skew-
adjoint operator iv/L. Therefore, there exists ¢z, > 0 such that 15 cos(tx/f)lp =0
whenever p(E,F) > cL|t| For all z € C with Im(£z) > 0, we use the integral
representation (z/—L)~! = %/1— > eFiVt cos(ty/L) dt (see Example 3.14.15 in [3])

to obtain

1 & )
p(=I — L) '1p] < / eV |1 cos(tV/I) 1| dt
(E.F)/cL

|Z|1/2
1 o0
< / o~ (Im(EVD)E gy
12112 J o7y en

It is understood here that \/z = |z|'/2e'A8(2)/2 with Arg(z) € (—m, 7], so then
Im(y/2) = |2|*/? sin(Arg(2)/2), and for each 6 € (0,7/2), it follows that

eI - L) "1p| <

C 1/2
02 oxp ( _ p(E )|z

- ) Vz e C\ S,

cCyya
which implies (H3) with m = 2.

We have now shown that L satisfies (H1)-(H3) with w = 0 and m = 2, and
since L satisfies (1.6), hypothesis (H4)g holds with ¢ = 1 by (3.21). Therefore,
except for the atomic characterisation, Theorems 3.10 and 3.13 complete the proof.

It thus remains to prove that H} e H; at(n) When ¢ € Us(Sg) and N > k/4.

Let 1(z) = ze~* on S§ and fix a nondegenerate even function 7 in ¥ (R) such
that

o ~ dt o
/0 n(tz) (t22%) = 1 Vz€S5g,.

For example, choose any nondegenerate, even, real-valued function ¢ € C°(R)
supported on [—4/2,5/2] and let n(x) = a |zN 5(z )|2 for all z € R, where « is the

normalizing constant defined by « fo 2N G(t)%t2%e —t? Cff =1.
Applying Proposition 4.2 with D = v/L, we obtain

o ~ dt —
S,}FLqu ::/0 n(t\/f)w(tzL)fu? =u Yu€R(L).
The operator Qg has an extension Qg € ﬁ(H}Jw,Tl) by (3.16), since we have
already established the embedding Hj , C L' and that H; , N L* = Ep , by

Theorem 3.10. It is also the case that S%/f has an extension S%/f € L(TH, Hi}w),
but to prove this we must modify the theory in Section 4 to incorporate the finite
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propagation of the cosine group cos(t\/f). To this end, the fact that 7 is an even
function allows us to write

1 (o)
n(VL)u = —/ Mi(s) cos(sVL)uds Yt >0, Yu e L*(V).
T Jo
We then follow the proof of Lemma 4.4, but instead use the finite propagation of
the cosine group, to deduce that

1. E.F
(5:2) Iem(VD) 1rll < [l max{a— %,o} YVt >0, VE,F C M.

The extension S,‘,/f € L(T', Hy ) is then obtained as in Propositions 4.5 and 4.6.
Now let u € Hi,w' It follows from above that u = S,‘,/ZU, where U := Q{Lzu eT!.

Therefore, in order to show that u € H}J at(N)? it suffices to show that S,}EA is

an H}-atom of type N whenever A is a T'-atom (see the reasoning in the proof
of the atomic characterisation in Theorem 4.9). To do this, note that when A is
supported in the tent T'(B) over a ball B C M, then (5.2) implies that n(tv/L)A; is
supported in aB for all t > 0, where o > 0 only depends on 1 and L. Following the
proof of Theorem 4.9, we write a := S%/ZA = (\/Z)QN(fOOO 2NtV L) Ay ) =: LNb

t
for a suitable 77 € O(R), and then verify that a and b satisfy the atomic bounds in
Definition 3.8. This proves that Hi’w cH; at(N)? which completes the proof. O

We conclude by presenting a new proof of the results in Theorem 1.2 that does
not rely explicitly on the ultracontractivity estimate (1.4) but instead requires
that A is self-adjoint with smooth coefficients.

Proof of Theorem 1.2 when A is self-adjoint with smooth coefficients. Let M = R"™
and consider L = —div AV on L*(V) = L*(R"), where A € L>(R", £(C")) has
C>°(R™) coefficients and is elliptic in the sense that there exists A > 0 such that

(A(z)¢, O)en > M[C]2 VC e CM, Vo € R™.

This ellipticity condition, which is stronger than (1.3), implies that the matrix
A(z) is strictly positive and Hermitian. We proceed by introducing a first-order
system D, a multiplication operator B, and a vector bundle Vg, such that L is a
component of (BD)?, and BD satisfies the hypotheses of Theorem 4.11 on L*(Vp).

Let D.: C(R",CH") — C°(R™, C1*") denote the symmetric, smooth-coeff-
icient, first-order, differential operator on L?(R"™, C!*") defined by

0 —div
Dc_[v 0

where Vf = (O1f,...,0nf) and div(u1, ..., u,) = Z?Zl dju;. The principal sym-
bol

Ce(R™) Cee(R™)
:| : ® — ® )
CRRMCY)  CER",C)

op,(z,€) = { 2 _ST } vz € R", V¢ € C™
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satisfies (4.11), so the unique self-adjoint extension of D, is the operator

0 —div

f— C
D[VO S5} @ — S}

W1,2 (R") L2 (R”) L2 (R")
] Dom(div) L2(R™,C") L*(R™,C™),

where V denotes the gradient extended to W12(R") and div := —V*.

Let B(z) = { (1) A(()m) }, so B € L®(R", £L(C*7)) N C>®(R™, £(C1*7)) and
(5.3) BD = [ on *giv ] and (BD)® = [ ﬁ 2 } :

where L := —AV div.

Let Vg denote the trivial bundle over R” that has C'*"-valued sections and
the smooth Hermitian metric (£,()v,), = (B(x)7Y,)c1en for x € R™ and
£,¢ € CH*™ (since B(x) is strictly positive and Hermitian, B(x)~! and B(z)~ /2
are Hermitian; also B~!, B~Y/2 ¢ L>(R",L(C'*™)) N C=(R", £L(C'*"))). For
p € [1,2], the space LP(Vp) is then the set LP(R"™, C1*") together with the norm

1/p
lallzrny = ([ 1B@) 7 ul@) e dz) " = fulzren oo

for all u € LP(R™,Ct+™).

We now verify the hypotheses of Theorem 4.11 for the system BD,. on L*(Vp).
The inner product on L?(Vp) is given by (B~ u, v) 2(gn c1+n), s0 BD, is symmetric
on L?(Vg). The principal symbol satisfies o5p, (z,£) = B(z)op, (v, &) and

loBD, (2,€)¢|(ve), = |B@)?op, (2,€)|cn
< |IB|IX2 €] en [€lcren < |IBllso [Elen IClva).

for all z € R?, £ € C" and ¢ € C'*", so BD., satisfies (4.11) on Vg, as required.

We can now apply Theorem 4.11. In particular, consider p € [1,2], 6 € (0,7/2)
and 8 > n/4. Fix a nondegenerate 1) € Uz(S9), and let ¥(z) = ¥(2?) on 5879

(thus ¥ € W25(55/5) and 28 > n/2). The completion HZD@(VB) of EZD@(VB)

in LP(Vp) then exists (and HZD,J)(VB) NL2(Vp) = EgD,’LZ)(VB)) by Theorem 4.11.

We now use the fact that L is a component of (BD)? to complete the proof.
Note that L satisfies (H1)-(H3) with m = 2 (see Section 3.2), so E7 ,(R") is

defined with m = 2, whereas E%D zz?(VB) is defined with m = 1 (see Lemma 4.1).

Let ¢(2) = ze=% on 5§, and let $(z) = ¢(2?) on S5 /2- We use (5.3) to write

$(tBD) = t*(BD)?e "' (BD)" =

t2Le~t"L 0 | _[eL) o
0 t2LetL | 0 o(t2L)
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and then apply (3.15) to obtain

e N 1| I |
Julleg o) = o @Dulreyy = [eeBD) [, =6
for all u € E7 ,(R"). The equivalence LP(Vp) ~ LP(R") and the results above
for HZD,J;(VB) then imply that the completion Hy ,(R") of E7 ,(R") in LP(R")
exists (and Hyp ,(R") N L*(R") = Ef ,(R")). Theorem 3.13 then provides the
molecular characterisation of H}JW(R”). Moreover, if N € N and N > n/4,
then HBD w(VB) BD,at(QN)(VB) by Theorem 4.9, which implies that H} ,(R™)

= Hj ., (R"), since when (a,d) = (BD)*N(b,b) in L*(R") & L*(R",C") is
an HL,(Vp)-atom of type 2N, then a = LNb is an H; (R")-atom of type N

by (5.3). This completes the proof. O

P
EBD,z/Z(VB)

6. Appendix: off-diagonal estimates

This section contains technical estimates used to prove Propositions 4.5 and 4.6.
We begin with the following lemma, which allows us to manipulate ¥(R) class
functions in a manner analogous to ¥(Sg) class functions.

Lemma 6.1. Suppose that N € N. The following hold.

(1) Forn € N and ¢ € O(R R), the function ¢(z):= a"p(z) for all z € R, is in
U, (R). Moreover, if v € \I/N(R) then ¢ € \IIN+n(R)

(2) Form € {1,...,N} and n € Un(R), the function ij(z) := x~™n(z) for all
z € R\ {0}, with 7(0) := limg 0 ™" n(z) = 9™n(0)/m!, is in O(R).
Moreover, if m € {1,...,N — 1}, then 1 € Un_,,(R) (and so n(0) =0).

Proof. Suppose that n € N and ¢ € (:)(R) The function ¢ defined in (1) belongs
to S(R) because ¢ € S(R). The Fourier transform & is compactly supported
because ¢ is compactly supported and gAZJ = 1"9"p. For each k € N, there exist
constants cy,0, Ck 1, . - -, Ck k. Such that

min{n—1,k} k
o p(x) = Z e "I " () + chw' O Ip(x), VreR.

J=0

It follows that @¥3(0) = 0 for all k € {0,...,n — 1}, hence @ € ¥,,(R). Moreover,
if o € Uy (R), then 9*@(0) = 0 for all k € {0, ..., N+n—1}, hence ¢ € U, (R).
This proves (1).

Now suppose that m € {1,...,N} and n € ‘I/N(]R). The function 7 defined
in (2) satisfies the requirements of a Schwartz function, except possibly in a neigh-
bourhood of the origin, because n € S(R). The Paley—Wiener theorem guarantees
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that 1 has a holomorphic extension to the entire complex plane, since 7 is com-
pactly supported. Therefore, there exist € > 0 and a sequence (a;) ey, such that
the power series aoj— Z;; ajz? converges to n(z) for all € [—¢,¢]. The as-
sumption that n € Uy (R) implies that a; = 0 for all j € {0,...,N — 1}, hence
ayzN=m + > Ny @@’ ™ converges to 7j(x) for all 2 € [—e, €], and 77 € S(R).
Moreover, if m € {1,..., N — 1}, then this also shows that 9*7(0) = 0 for all
k€ {0,...,N —m — 1}. This proves (2) provided that 7 is compactly supported.

To show that ’f; is compactly supported whenm € {1,..., N}, choose § > 0 such

that 7 is supported in [—4,d]. It is enough to show that for each k € {1,...,m},
there exist constants ci o, k.1, - ., Cr,r—1 such that

Zcmy’“ o [N enayan il <

5
0, if |yl >,

(6.1) omky

since this proves that ;7: is compactly supported in [—d, §] by setting k = m.

m

We prove (6 1) by induction. For k = 1, since n(z) = 2™4j(z), we have 7j = 0™,

and so ™17 fy n( dm This shows that (6.1) holds for k = 1, since 7 is
supported in [ 6,5 and f x)dr = n(0) = 0. Next, assume that (6.1) holds
for some k =1 € {1,...,m — 1} Note that 8™~ +17(y = [V om 7(z) de.

When y < —§, then 9™~ (l“ N(y) = 0 by (6.1). When y 2 —§, then we use (6.1)
to obtain

N min{y,0} _
o) = [ (mel [ i) du) s
é
-1 y min{y,5} , ,
= Zcm/ (/ g1 dm)wjﬁ(w) dw
: ) w

— CLj 1—j Y G Yo
= I (mm{y, } w N(w) dw — w'n(w) dw).

=0 J -5 -6

This shows that (6.1) holds for k& = [ + 1, since 7 is supported in [—§, ] and
ffooo wn(w)dw = 8n(0) = 0 for all j € {0,...,N — 1}. We then conclude
that (6.1) holds for each k € {1,...,m}. This completes the proof. O

We use a proof of Auscher and Martell [7], Theorem 2.3 (b), to show that
polynomial off-diagonal estimates are stable under composition. This allows us
to combine the off-diagonal estimates for the U(S§) class in (3.9) with those for
the U(R) class in (4.5). We use the notation (a) = min{a,1} and (a/0) =
when o > 0.
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Lemma 6.2. Suppose that C, o > 0. If {T;}i~0 and {Si}i>0 are collections of
operators in L(L*(V)) such that

e Tilpl| < C/p(E,F)* and |1g S 1p| < C(t/p(E, F))
for all t > 0 and all measurable sets E, F C M, then there exists C > 0 such that
|15 Ty Ss 15| < C (max{s,t}/p(E, F))®
for all s,t > 0 and all measurable sets E, FF C M.

Proof. Let E,FF C M denote measurable sets. The measure on M is Borel with
respect to the metric topology, so the set E = {z € M : p(x,E) < p(E,F)/2} is
closed and hence measurable. The result follows by writing

1eTiS1p| = 1eTy(15 + 1y, 5)Ss1rll < T2 5Ss1pll + [1ETi1 0 gll11Ss]
for all s,¢ > 0, since p(E, F) > p(E,F)/2 and p(E,M \ E) > p(E,F)/2. O
The following off-diagonal estimates are used to prove Propositions 4.5 and 4.6.

Lemma 6.3. Suppose that D is a self-adjoint operator on L*(V) and the group
(€"*P)ier has finite propagation speed. If m,n, N € N and §,0,7 > 0 satisfy

m<N, m<7, n<o and §€(0,0—n),
then, for each 1 € Uy (R) and i € U7(Sg), there exists C > 0 such that

(s/O)"(t/p(E,F))" "%, if0<s<t
(t/s)™(s/p(E, F))"*™=°, f0<t<s,

(6.2) 11 (ms)(D)1r| < C {

for all measurable sets E, F C M.

Proof. Let E, F C M denote measurable sets. Suppose that 0 < s < ¢t and define
A(x) = a"n(z) Ve € R, (z) =2 "p(z) Yz € S§ and (0) = 0.

The function 7 is in E/N_HL(R) by Lemma 6.1, so Lemma 4.4 implies that

(6.3) 115 7(D) 1p|| S e PP < (1) p( B, F))7 0.

The function ¢ is in W77 (S9), so (3.9) implies that

(6.4) 115 3u(D) 15| S {s/p(E, F))™"=5.

We combine (6.3) and (6.4) using Lemma 6.2 to obtain

(6.5) I1E (D) ¥s(D) 1p|| S (t/p(B, F))7~""°
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when 0 < s <t. The B>(R) functional calculus is an algebra homomorphism and
netps = (s/t)" s on R, where both 7j; and ¢, are in B> (R). Therefore, we have
(neps) (D) = (s/t)" 7 (D)s(D), and so (6.5) implies (6.2) when 0 < s < t.

Now suppose that 0 < t < s and define
i(2) = 2" (a) Vo € B\ {0}, 7(0) = lim 2~ "n(a),
P(z) =2"YP(z) Yz € Sy U{0}.

The function 7 is in (:)(R) by Lemma 6.1, since m < N (note that 7(0) = 8™7(0)/m!
and so we may have 7(0) # 0 when m = N). Lemma 4.4 then implies that

115 7,(D) 15| < e PEF)/t The function & is in WI7(S9), so (3.9) implies that

o+m
|19,(D)1p| < (s/p(E,F))""””“S.~ We also have n1, = (t/s)"7,4), on R, so

by writing (7:45)(D) = (t/s)™0,(D)i,(D) and using Lemma 6.2 to combine the
two preceding estimates, we obtain (6.2) when 0 < ¢ < s. O
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