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Towards Oka—Cartan theory for algebras of
holomorphic functions on coverings
of Stein manifolds 1

Alexander Brudnyi and Damir Kinzebulatov

Abstract. We develop complex function theory within certain algebras of
holomorphic functions on coverings of Stein manifolds. This, in particular,
includes the results on holomorphic extension from complex submanifolds,
corona-type theorems, properties of divisors, holomorphic analogs of the
Peter-Weyl approximation theorem, Hartogs-type theorems, characteriza-
tion of uniqueness sets. The model examples of these algebras are:
(1) Bohr’s algebra of holomorphic almost periodic functions on tube
domains;
(2) algebra of all fibrewise bounded holomorphic functions (e.g., arising
in the corona problem for H).
Our approach is based on an extension of the classical Oka—Cartan the-
ory to coherent-type sheaves on the maximal ideal spaces of these algebras
— topological spaces having some features of complex manifolds.

1. Introduction

In the 1930-50s, K. Oka and H. Cartan laid down the foundations of the modern
function theory of several complex variables. In particular, they introduced the
notion of a coherent sheaf and proved the following fundamental facts:

(A) Every germ of a coherent sheaf A on a Stein manifold X is generated by its
global sections (“Cartan theorem A*).

(B) The sheaf cohomology groups H'(X,.A) (i > 1) are trivial (“Cartan theo-
rem B”).

Let us recall that a sheaf of modules over the sheaf of germs of holomorphic
functions on X is called coherent if locally both the sheaf and its sheaf of relations
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are finitely generated. The class of coherent sheaves is closed under natural op-
erations. Most sheaves that arise in complex analysis are coherent, see, e.g., [20]
for details.

A Stein manifold is a complex manifold that admits a proper holomorphic
embedding into some C™.

Cartan theorems A and B together with their numerous corollaries constitute
the so-called Oka—Cartan theory of Stein manifolds. Applying these theorems
one obtains solutions (in algebra O(X) of holomorphic functions on a Stein man-
ifold X) to all classical problems of function theory of several complex variables
(such as Cousin problems, the Poincaré problem, the Levi problem, the problem of
holomorphic extension from complex analytic subsets, corona problems and many
others, see, e.g., [20]).

Further development of complex function theory was motivated, in part, by the
problems requiring to study properties of holomorphic functions satisfying special
conditions (e.g., certain growth conditions ‘at infinity’). As a result, the ques-
tions whether the problems of the classical complex function theory can be solved
within a proper subclass of O(X), e.g., consisting of holomorphic LP-functions
on X, 1 < p < oo, with respect to a suitable measure, started to play an im-
portant role (cf. the pioneering papers of L. Hormander, J.J. Kohn, C. Morrey).
However, trying to incorporate in the proofs such conditions as LP-summability,
the classical Oka—Cartan theory encounters considerable difficulties. In particular,
one has to amplify the sheaf-theoretic methods of Oka—Cartan, e.g., by integral rep-
resentation formulas on complex manifolds, estimates for solutions of O-equations,
etc. (see [25]).

Nevertheless, in some cases the methods of the Oka—Cartan theory can be
extended to work within some special classes of holomorphic functions. The present
paper studies one of these cases.

Definition 1.1. A holomorphic function f defined on a regular covering p : X —
X of a connected complex manifold Xy with a deck transformation group G is
called a holomorphic a-function if

(1) f is bounded on subsets p~1(Uy), Uy € Xy, and

(2) for each x € X the function G 3 g — f(g-x) belongs to a fixed closed unital
subalgebra a := a(G) of the algebra o, (G) of bounded complex functions
on G (with pointwise multiplication and sup-norm) that is invariant with
respect to the action of G on a by right translations:

uea, geG = Rjuca,

where Ry(u)(h) := u(hg), h € G.
We endow the subalgebra O4(X) C O(X) of holomorphic a-functions with the
Fréchet topology of uniform convergence on subsets p~1(Uy), Uy € Xj.

The model examples of algebras a and O, (X) are given in Examples 1.2 and 1.4
below.

In the present paper we obtain analogs of Cartan theorems A and B for
coherent-type sheaves on the fibrewise compactification ¢4 X of the covering X of
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a Stein manifold X, a topological space having certain features of a complex man-
ifold (see Definition 2.1 below). In our proofs we use some results and methods
of the theory of coherent-type sheaves taking values in Banach or Fréchet spaces,
pioneered by E. Bishop and L. Bungart [14], [15] and developed further by J. Leit-
erer [30] (on Stein spaces), L. Lempert [31] (on pseudoconvex subsets of Banach
spaces with unconditional bases) and others. The constructions in [31] play par-
ticularly important role in our proofs.

In the second part of the work [13] we use our Cartan-type theorems A and B
to derive within subalgebra O, (X) the basic results of complex function theory,
including holomorphic extension from complex submanifolds, Cousin problems,
properties of divisors, corona-type theorems, holomorphic Peter—Weyl-type ap-
proximation theorems, Hartogs-type theorems, describe uniqueness sets of holo-
morphic a-functions, etc.

Example 1.2 (Holomorphic almost periodic functions). The theory of almost pe-
riodic functions was created in the 1920s by H. Bohr, who intended to apply it in
the study of the distribution of zeros of the zeta-function in the critical strip. Nowa-
days almost periodic functions are used in many areas of mathematics, including
partial differential equations (e.g., KdV equation), harmonic analysis and number
theory. A turning point in understanding of the nature of continuous almost peri-
odic functions on R came with the discovery of the so-called Bohr compactification
of R: according to S. Bochner, it quickly led to “a sobering realization” that the
basic results of Bohr’s theory on R can be deduced from Weyl’s general theory of
continuous functions on compact groups. In the same way, our work demonstrates
that the basic results of the theory of holomorphic almost periodic functions in
tube domains follow from our Oka—Cartan-type theory. The latter allows us to
apply the modern methods of multidimensional complex function theory to holo-
morphic almost periodic functions, and to obtain new results even in this classical
setting.

Let us recall that a function f € O(T) on a tube domain T=R" +iQ C C",
Q C R”™ is open and convex, is called holomorphic almost periodic if the family of
its translates {z — f(z+ s), z € T}sern is relatively compact in the topology of
uniform convergence on tube subdomains 7" = R" +iQ', Q' € . The cornerstone
of Bohr’s theory (see [1]) is his approximation theorem stating that every holo-
morphic almost periodic function is uniform limit (on tube subdomains 7" of T)
of exponential polynomials

m
(1.1) zHche“Z’)"‘), ze€T, ¢, €C, N\ €R"
k=1

where (-, -) is the Hermitian inner product on C™.

The classical approach to the study of holomorphic almost periodic functions
exploits the fact that T is the trivial bundle with base © and fibre R™ (e.g., as in
the characterization of almost periodic functions in terms of their Jessen functions
defined on , see, e.g., [39], [32], [27], [38], [18], [40]). By considering T as a regular
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covering p : T — Ty (:= p(T') € C") with the deck transformation group Z",
p(z) = (ei“, .. .,eiz"), z2=(21,-.-,2n) €T
(a complex strip covering an annulus if n = 1), we obtain

Theorem 1.3 ([13]). A function f € O(T) is almost periodic if and only if f €
Oap(T).

Here AP = AP(Z") is the algebra of von Neumann’s almost periodic functions
on group Z", i.e., those bounded complex functions whose families of translates
are relatively compact in the topology of uniform convergence on Z".

This result enables us to regard holomorphic almost periodic functions on 7" as:

(a) holomorphic sections of a certain holomorphic Banach vector bundle on Tp;

(b) holomorphic-like functions on the fibrewise Bohr compactification of the cov-
ering p : T — Tp, a topological space having some properties of a complex
manifold.

It is interesting to note that already in his monograph [1] H. Bohr uses equally
often the aforementioned “trivial fibre bundle” and “regular covering” points of
view on a complex strip. We note also that the Bohr compactification of a tube
domain R™ + i€2 in the form bR™ + €2, where bR™ is the Bohr compactification of
group R", was used earlier in [16], [17], [21].

Example 1.4. (1) Let a := (o (G) be the algebra of all bounded complex functions
on the deck transformation group G = p~1(x), z € Xy, of covering p : X — Xj.

By definition, every subalgebra Oq(X) C Op_(X), loo := Lo (G).

Algebra O, (X) arises, e.g., in the study of holomorphic L?-functions on cov-
erings of pseudoconvex manifolds [22], [3], [6], [29], Caratheodory hyperbolicity
(Liouville property) of X [34], [33], corona-type problems for bounded holomor-
phic functions on X [2]. Earlier, some methods similar to those developed in the
article were elaborated for algebra O, _(X) in [2]-[5] in connection with corona-
type problems for some subalgebras of bounded holomorphic functions on coverings
of bordered Riemann surfaces, Hartogs-type theorems, integral representation of
holomorphic functions of slow growth on coverings of Stein manifolds, etc; that
work was motivated by the fact that if X¢ is compact, then O, (X) = H*(X),
the algebra of all bounded holomorphic functions on X (the most important cases
are when X is the unit ball or polydisk in C™).

A confirmation of potential productivity of the sheaf-theoretic approach to the
corona problem for H* comes from the recent papers [9], [10] on Banach-valued
holomorphic functions on the unit disk D C C having relatively compact images.

(2) Let a := ¢(G) (with card G = 00) be the subalgebra of bounded complex
functions on G that admit continuous extensions to the one-point compactification
of G (here we consider G equipped with discrete topology). Then O.(X) consists
of holomorphic functions having fibrewise limits at ‘infinity’.

Acknowledgement. We thank Professors T. Bloom, L. Lempert, T. Ohsawa, R.
Shafikov and Y.-T. Siu for their interest to this work.
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2. Main results

In some cases the maximal ideal space of algebra O4(X) may be presented as a
‘fibrewise compactification’ ¢, X of the covering p : X — Xo. Now we briefly
present this construction referring to Section 4 for further details.

Let M, denote the maximal ideal space of algebra a, i.e., the space of all
characters of a endowed with weak* topology (of a*). The space M, is compact
and Hausdorff, and every element f of a determines a function f € C (M,) by the
formula .

fn)==n(f), ne M,
Since algebra a is uniform (i.e., || f2|| = || f]|*) and hence is semi-simple, the homo-
morphism “: a — C(M,) (called the Gelfand transform) is an isometric embedding
(see, e.g., [19]). We have a continuous map j = j, : G — M, defined by associat-
ing to each point in G its point evaluation homomorphism in M,. This map is an
injection if and only if algebra a separates points of G.

Let G4 denote the closure of j(G) in M. If algebra a is self-adjoint (i.e., closed
with respect to complex conjugation), then": a — C'(Mj,) is an isomorphism and
hence Gq = M,. The (right) action of group G on itself by right multiplication
induces the right action of G on M, by the formula

Rg(n)(f) = W(Rg(f))a URS Mua f ca, gec G.
Then

(2.1) Ry(j(h)) = j(hg), h,g€G.

The regular covering p : X — Xy can be viewed as a principal fibre bundle
on Xy with structure group G, that is there exists an open cover (Up ) er of Xo
and a locally constant cocycle ¢ = {csy @ Upy N Uys — G}s~er so that the
covering p : X — X can be obtained from the disjoint union |_|7 Uo,y X G by the
identification

(2.2) UpsxG>3(z,9)~ (x,9 cs4(x)) €Uy x G forall xeUy,NUys,
where projection p is induced by the projections Uy, x G — Uy (see, e.g., [26]).

Definition 2.1. The fibrewise (a-) compactification p : ca X — Xo is the fibre
bundle on X, with fibre GGq associated to the principal bundle p : X — X, ie.,
cqX is obtained from the disjoint union |_|ﬂ{ Up,y x Gq by the identification

Up,y X G, > (z,w) ~ (:c,]%ch(x)(w)) € Ups X G’a, for all @ € Uy, NUps,
where p is induced by projections Uy , x G — Up 4.

In [13], Theorem 5.18, we show that if subalgebra a is self-adjoint and Xy is
a Stein manifold, then the maximal ideal space of algebra Oq(X) (i.e., the set
of non-zero continuous complex homomorphisms of Oq(X) endowed with weak*
topology of Oq(X)*) is homeomorphic to ¢, X. (In particular, this is applied to
algebras of Examples 1.2 and 1.4.)
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Next, there exists a continuous map
(2.3) L=1tg: X = ceX

induced by the equivariant (with respect to the corresponding actions of G on G
and éu) map j. Clearly, «(X) is dense in ¢, X (thus, if X is Stein and a is self-
adjoint, we have a corona-type theorem for algebra O,(X) as its maximal ideal
space is homeomorphic to ¢, X, see [13]). The map ¢ is an injection if and only if
a separates points of G.

Definition 2.2. A function f € C(cqX) is called holomorphic if its pullback ¢* f
is holomorphic on X. The algebra of functions holomorphic on ¢4 X is denoted
by O(cqX).

Proposition 2.3. The following is true:

(1) A function f in Oq(X) determines a unique function f in O(caX) such that
W f = f. Thus, there is a continuous embedding Oq(X) — O(c X).

(2) If a is self-adjoint, then the correspondence [ f determines an isomor-
phism of algebras: Oq(X) =2 O(caX).

So, for a self-adjoint we can work with algebra O(c,X) instead of Oq(X).

Definition 2.4. Let U C ¢4 X be an open subset. A function f € C(U) is called
holomorphic if 1*f € O(fl(U)). The algebra of functions holomorphic on U is
denoted by O(U).

Thus, we obtain the structure sheaf O := O, x of germs of holomorphic func-
tions on ¢q X. Now, a coherent sheaf A on ¢, X is a sheaf of modules over O such
that every point in ¢4 X has an open neighbourhood U over which, for every N > 1,
there is a free resolution of A of length N, i.e., an exact sequence of sheaves of
modules of the form

(2.4) om |22 oy, Pl oma |y 2L 4y —o0,

where ;, 0 < i < N — 1, are homomorphisms of sheaves of O-modules.

If X = Xy and p = Id, then this definition gives the classical definition of a
coherent sheaf on a complex manifold.

Our main results are stated as follows.

Let Xy be a Stein manifold, a be self-adjoint, A be a coherent sheaf on ¢, X.

Theorem 2.5 (Cartan A). Each stalk , A (x € cu X ) is generated as an ,O-module
by global sections of sheaf A over cq X .

Theorem 2.6 (Cartan B). Cech cohomology groups H'(ce X, A) = 0 for alli > 1.
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Note that the classical proof of Cartan theorems A and B on complex manifolds
does not work in our case, in particular, because of absence of the Oka coherence
lemma and since the fibre Gq being an arbitrary compact Hausdorff space does
not admit open covers by contractible sets as required for the proof of the classical
Cartan lemma. Instead, we paste together free resolutions (2.4) of a coherent
sheaf A first over sets p~1(Up), with Uy C X being open simply connected, using
continuous partition of unity in C(G‘a) (22 a) and employing some constructions
of L. Lempert [31]. Then we paste the obtained free resolutions of A on sets
p~1(Up) to get free resolutions of A over preimages by p of relatively compact
open subsets of X forming an exhaustion of ¢, X. At this stage, we use the results
of J. Leiterer [30] on Banach-valued coherent sheaves on Stein manifolds. Finally,
having these free resolutions of A, we complete the proof of Theorems 2.5 and 2.6
as in the classical case.

Remark 2.7. (1) An important example of a coherent sheaf on ¢, X is given
by the sheaf of ideals of germs of holomorphic functions vanishing on a complex
submanifold of ¢, X. To define the latter, we will need the following notation.
Let Uy C Xy be open and simply connected, K C Gq be open. We denote by 1,
the trivialization ' (Up) — Uy x G4 (see Definition 2.1), and define

Uy, K) = 9y} (K) C caX.
In what follows, we identify II(Up, K) with Uy x K (see subsection 4.2 for details).

Definition 2.8. A closed subset Y C ¢, X is called a complex submanifold of
codimension k if for every 2 € Y there exist a neighbourhood U = II(Uy, K) C ¢ X
of z and functions hy, ..., hy € O(U) such that

(a) YNU={z €U :hi(z)="-=hg(z) =0}
(b) The rank of map z — (h1(z,w), ..., hx(z,w)) is k at each point (z,w) €Y NU.

We use coherence of the sheaf of ideals of Y together with Theorem 2.6 in [13]
to obtain results on interpolation within algebra O,(X). In the same paper we
extend Cartan theorems A and B to work with coherent-type sheaves on complex
submanifolds of ¢, X.

(2) The assumption that subalgebra a is self-adjoint is essential for our proofs
of Theorems 2.5 and 2.6. Nevertheless, using a technique different from that based
on Theorem 2.6, we show in [13] that the problem of interpolation within alge-
bra Ou(X) can be solved (although for a restrictive class of sets) without the
latter assumption.

(3) An interesting example of the algebra of holomorphic a-functions with a
not self-adjoint is given by Bohr’s holomorphic almost periodic functions on an
open horizontal strip ' C C (see Example 1.2) whose restrictions to each fibre
p~1(z) = Z belong to the subalgebra APy (Z) of the von Neumann almost periodic
functions on Z with positive spectra, i.e., those functions on Z that admit uniform
approximation by exponential polynomials >, cxest (¢t € Z) with A\, > 0
(see [8]). Ome can show that the maximal ideal space of algebra Oap, (T') can
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be presented as inverse limit of an inverse limiting system of holomorphic fibre
bundles over an annulus whose fibres are biholomorphic to disjoint unions of open
polydisks, see Example 4.2 below.

3. Examples

Example 3.1 (Examples of algebras a). In addition to algebras (o (G), ¢(G),
AP(Z™) (see Examples 1.2 and 1.4) we mention the following important examples
of self-adjoint subalgebras of ¢, (G) invariant with respect to actions of G by right
translations.

(1) If a group G is residually finite (respectively, residually nilpotent), i.e., for
each element g € G, g # e, there exists a normal subgroup G, 7 g such that G/G,
is finite (respectively, nilpotent), we consider the closed subalgebra fog (G) C £og(G)
generated by pullbacks to G of algebras (o (G/Gy) for all G, as above.

(2) Recall that a bounded complex function f on a (discrete) group G is called
almost periodic if the families of its left and right translates

{t = f(St)}seGa {t = f(ts)}sEG

are relatively compact in £ (G) (J. von Neumann [37]). (It was proved in [35] that
the relative compactness of either the left of the right family of translates already
gives almost periodicity.) The algebra of almost periodic functions on G is denoted
by AP(G).

The basic examples of almost periodic functions on GG are matrix elements of
finite-dimensional irreducible unitary representations of G.

Recall that a topological group G is called mazimally almost periodic if its
finite-dimensional irreducible unitary representations separate points of G. Equiv-
alently, G is maximally almost periodic if and only if it admits a (continuous)
monomorphism into a compact topological group.

Any residually finite discrete group G belongs to this class. In particular, Z",
finite groups, free groups, finitely generated nilpotent groups, pure braid groups,
fundamental groups of three dimensional manifolds are maximally almost periodic.

We denote by APy(G) C AP(G) the space of functions

m
t— ch afj(t), teG, ¢, €C, of = (Ufj),
k=1
where ¢F, 1 < k < m, are finite-dimensional irreducible unitary representations
of G. The von Neumann approximation theorem states that APy(G) is dense
in AP(G) [37].

In particular, algebra AP(Z"™) of almost periodic functions on Z™ contains as
a dense subset the set of exponential polynomials ¢ — Y, cpe!et) ¢ € 77,
¢k € C, A\, € R™. Here (-, ) is the standard inner product on R™.

(3) Algebra APg(Z"™) of almost periodic functions on Z™ with rational spectra.
This is the subalgebra of AP(Z") generated (over C) by functions of the form
t — e with X € Q.
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(4) Suppose that the covering p : X — Xy is not regular. Still, we can define
algebras Op__ (X) and O.(X) and include them in the framework of our theory by
lifting them (by the pullback of the covering map) to the universal covering of Xj.

Example 3.2 (Holomorphic almost periodic functions). Elements of O4p(X),
where X — Xy is a regular covering of a connected complex manifold Xy with
a deck transformation group G and AP := AP(G), see Example 3.1 (2), are
called holomorphic almost periodic functions. Equivalently, a function f € O(X)
is called holomorphic almost periodic if each orbit {g - z}4e¢ C X has an open
neighbourhood U C X, invariant with respect to the action of G on X, such that
the family of translates {z — f(g-2),2z € Ul}geq is relatively compact in the
topology of uniform convergence on U (see [11] for the proof of the equivalence).
This is a variant of the definition in [42], where G is taken to be the group
of all biholomorphic automorphisms of the complex manifold X. An interesting
result in [41] states that on Siegel domains of the second kind there are no non-
constant holomorphic almost periodic functions in the sense of [42] (although on
Siegel domains of the first kind, i.e., on tube domains in C™, such holomorphic
almost periodic functions even separate points). A similar result holds for the
algebra Oap(X); for instance, if Xy is a compact complex manifold, then all
holomorphic almost periodic functions on X are constant, see Theorem 2.3 in [11].

Example 3.3 (Compactification of deck transformation group ). (1) Let a :=
¢(G), cardG = oo (see Example 1.4(2)). Then G, ¢ := ¢(G), is the one-point
compactification of G.

(2) Let a = AP(G) (=: AP) (see Example 3.1 (2)). Then G 4p is homeomorphic
to a compact topological group bG, called the Bohr compactification of G, uniquely
determined by the universal property: there exists a homomorphism p: G — bG
such that for any compact topological group H and any homomorphism v: G — H
there exists a continuous homomorphism 7: bG — H such that the following dia-
gram

G—" g

/

v 17

[

is commutative.

Applying this property to unitary groups H := U,, n > 1, we obtain that
group G is maximally almost periodic (see Example 3.1(2)) if and only if p is a
monomorphism.

The universal property implies that there exists a bijection between sets of
finite-dimensional irreducible unitary representations of G and bG. It turn, the
Peter—Weyl theorem for C(bG) and the von Neumann approximation theorem
for AP(G) (see Example 3.1(2)) imply that AP(G) = C(bG). Therefore, bG
is homeomorphic to the maximal ideal space M p(q) of algebra AP(G) and u(G)
is dense in bG. Under this homeomorphism, the set j(G) (see Section 2 for its
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definition) is identified with the subgroup u(G) C bG. In case G is maximally
almost periodic, we will identify G with ©(G) C bG by means of i so that the action
of G on Gap = M 4p(g) coincides with that of G on bG by right translations.

By the Peter—Weyl theorem, the group bG can be presented as inverse limit of an
inverse system of finite-dimensional compact Lie groups. In particular, the Bohr
compactification bZ of the group of integers Z is inverse limit of an inverse system
of compact abelian Lie groups T* x @&, 7Z/(mZ), k,m,n; € N, where T* := (S')*
is the real k-torus. It follows that bZ is disconnected and has infinite covering
dimension. The limit homomorphisms bZ — T* x & Z/(nZ) are defined by
finite families of characters Z — S*. For instance, let A1, A2 € R\ Q be linearly
independent over Q and xy, : Z — SY, xy,(n) := €2™i" i = 1,2, be the corre-
sponding characters. Then the map (xx,,Xx,) : Z — T? is extended by continuity
to a continuous surjective homomorphism bZ — T2. If \;, Ag are linearly depen-
dent over Q, then the corresponding extended homomorphism has image in T?
isomorphic to S' x Z/(mZ) for some m € N.

(3) Let a = APg(Z") (see Example 3.1(3)). Then GAP@(Z'rL) is homeomorphic
to the profinite completion of group Z"; it is defined as inverse limit of an inverse
system of groups @& ,Z/(mZ), m,n; € N. It follows that covering dimension
of CA?APQ(ZH) is zero.

~ (4) Let a =l (G) (=: £oo) (see Example 1.4 (1)). Then C{gw >~ 5@, the Stone—
Cech compactification of group G. Covering dimension of Gy__ is zero (see, e.g.,
Theorem 9-5 in [36]).

4. Structure of fibrewise compactification c, X

4.1. Set structure of ¢, X

As a set, ¢, X is the disjoint union of connected complex manifolds, each is a
covering of Xg. Indeed, let T := Gu/G be the set of orbits of elements of éu by
the (right) action of G; since any orbit H € Y is invariant with respect to the
action of G, we may consider the associated to the action of G on H fibre bundle
pr: Xg — Xo with fibre H. We assume that H is endowed with discrete topology.
Then py: Xy — Xo is an unbranched covering of X (in general non-regular).
Since X is connected and X is a covering of Xy, the complex manifold X is
connected as well. For each H € T we have the natural continuous injective map

LHZXH‘—>C(1X

determined by (equivariant with respect to the action of G) inclusion H < Ga.
We denote Xp := 1 (Xg). In view of (2.1), we have j(G) € Y. Hence, if j is
injective, then X = X(¢) and ¢ = ;) (see (2.3)).

It follows that, as a set,

CaX: |_| LH(XH)
HeY
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Example 4.1. G, := G U {o0}, card G = o0, is the one-point compactification
of G, and the action of G on G, fixes point oo, so T = {{G},{co}}. Tt follows
that, as a set, ¢, X is the disjoint union of two spaces homeomorphic to X and X,
respectively.

Example 4.2. Let a = AP(G) and G be maximally almost periodic. In what
follows, we assume that G Ap is endowed with the group structure of the Bohr
compactification bG, see Example 3.3 (2).

Since G is a subgroup of bG, every orbit H € T is a right coset of G in bG,
Xy =X for all H € Y, and each set Xy is dense in capX.

The fibre bundle c4pX can be presented as inverse limit of an inverse sys-
tem of smooth fibre bundles on X. Indeed, by the Peter-Weil theorem, bG can
be presented as inverse limit of an inverse system of finite-dimensional compact
Lie groups {Gs}scs (see Example 3.3(2)). By 75 : bG — G4 we denote the cor-
responding limit homomorphisms. The right action of G on bG determines an
action rg of G on G, 15(g)(h) := h-7s(g9), g € G, h € Gs. Let ps : Xs — Xo
be the associated to r fibre bundle on Xg with fibre G5. Then X, has a smooth
manifold structure and inverse limit along {Gs}scs determines inverse limit along
the corresponding inverse system {X}scg which is homeomorphic to capX.

Example 4.3. Let a = APy(Z"). Since covering dimension of GAPQ(ZvL) is zero
(see Example 3.3 (3)), covering dimension of c4p,z»)X is equal to dimg Xo.

Example 4.4. Let a = {5 (G). Then Gem =~ 3G, the Stone-Cech compactification
of group G. Since covering dimension of Ggoo is zero, covering dimension of ¢, X
coincides with real dimension of Xj.

It is easy to see that ¢, X is the maximal fibrewise compactification of covering
X — Xy in the sense that if a C (. (G) is a (closed) subalgebra, then there
exists a surjective bundle morphism ¢, X — ¢,X. Indeed, let s: Gem - Ga
be a continuous surjective map adjoint to the inclusion a — (o (G); since k is
equivariant with respect to the corresponding (right) actions of G, it determines
the required surjective bundle morphism.

4.2. Complex structure on c, X

A function f € C(U) on an open subset U C ¢4 X is called holomorphic if o*f is
holomorphic on :~}(U) C X in the usual sense.

Let Uy C X be open. A function f € C(U) on an open subset U C Uy x Ga
is called holomorphic if j7*f, j :=1d x j : Uy x G — Uy % G, is holomorphic on
the open subset j~!(U) of the complex manifold Uy x G (see Section 2 for the
definition of the map j).

For sets U as above, let O(U) denote the algebra of holomorphic functions
on U endowed with the topology of uniform convergence on compact subsets of U.
Clearly, f € C(cqX) belongs to O(cqX) if and only if each point in ¢, X has an
open neighbourhood U such that f|y € O(U), see Definition 2.2.

By Oy we denote the sheaf of germs of holomorphic functions on U.
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The category M of ringed spaces of the form (U, Oy ), where U is either an
open subset of ¢, X and X is a regular covering of a complex manifold X or is
an open subset of Uy X Gq with Uy C X, open, contains in particular complex
manifolds.

Definition 4.5. A morphism of two objects in M, that is, a map F € C(Uy, Us),
where (U;, Opy,) € M, i = 1,2, such that F*Opy, C Oy,, is called a holomorphic
map.

The collection of holomorphic maps F' : Uy — Usa, (U;,Op,) € M, i = 1,2,
is denoted by O(Uy,Us). If F € O(Uy, Us) has inverse F~! € O(U,, Uy), then F is
called a biholomorphism.

The next result shows that, in a sense, the holomorphic structure on ¢, X is
concentrated in ‘horizontal layers’ X C ca X (H € Y).

Theorem 4.6. For a connected complez manifold M and a map F € O(M,ceX)
there exists H € Y such that F(M) C Xp.

If covering dimension of Ga is zero (see Examples 4.3 and 4.4), then the assertion
of Theorem 4.6 holds true even for continuous maps, i.e., for every F' € C'(M, ¢, X)
there exists H € T such that F(M) C Xy (see the argument in the proof of
Theorem 1.2 (d) in [7]).

Further, over each simply connected open subset Uy C X there exists a biholo-
morphic trivialization ¢ = ¢y, : p~*(Uyg) — Uy x G of covering p : X — X which
is a morphism of fibre bundles with fibres G. Then there exists a biholomorphic
trivialization ¢ = vy, : p~(Uy) — Up X G, of bundle ¢ X over Up, which is a
morphism of fibre bundles with fibre G4, such that the following diagram

p~ 1 (Uo) —— p~(Uo)

],

U(]XG atl U()Xéa

is commutative.
For a given subset S C G we denote

(4.1) (U, S) ==y~ (U x S)

and identify TI(Up, S) with Uy x S where appropriate (here I1(Uy, G) = p~(Up)).
For a subset K C C?u we denote

(4.2) Uy, K) (= a(Uo, K)) := 9~ (Up x K).

A pair of the form (IT(Uy, K), 1) will be called a coordinate chart for ¢, X. Simi-
larly, sometimes we identify I1(Up, K)A with Uy x K. If K C G4 is open, then, by
our definitions, ¢¥* : O(Uy x K) — O(II(Uy, K)) is an isomorphism of (topological)
algebras.
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4.3. Basis of topology on ¢, X

We denote by 2 the basis of topology of Ga consisting of sets of the form
(4.3) {77 € G max [hi(n) — hi(mo)] < E}

for gy € Ga, ha,..., hym € C(Gy), and € > 0.

The fibrewise compactification ¢, X is a paracompact Hausdorff space (as a
fibre bundle with a paracompact base and a compact fibre); thus, ¢, X is a normal
space.

It is easy to see that the family

(4.4) B := {I1(Vy, L) C ca X : Vp is open simply connected in Xy and L € Q}.

forms a basis of topology of ¢4 X.

4.4. Coherent sheaves on ¢, X

A sheaf of modules on an open subset U C ¢4 X over O|y will be called an ana-
lytic sheaf. A homomorphism between analytic sheaves will be called an analytic
homomorphism.

Recall that a coherent sheaf A on ¢, X is an analytic sheaf such that every
point in ¢, X has an open neighbourhood U over which, for every N > 1, there is
an exact sequence of sheaves of modules of the form

(45) Omzle‘PL;l'” iomﬂUﬂ)quUﬂ)%ﬂUﬁoa
where ¢;, 0 <7 < N — 1, are analytic homomorphisms.

An analytic sheaf A on ¢, X is called a Fréchet sheaf if for each open set U € 95
the module of sections I'(U, A) of A over U is endowed with topology of a Fréchet
space.

Proposition 4.7. Every coherent sheaf can be turned in a unique way into a

Fréchet sheaf so that the following conditions are satisfied:
(1) If A is a coherent subsheaf of O, then for any open subset U € B the module
of sections T'(U,.A) has topology of uniform convergence on compact subsets

of U.

(2) If A, B are coherent sheaves on cq X, then for any U € B the spaces T'(U, A),
T'(U,B) are Fréchet spaces, and any analytic homomorphism ¢ : A — B is
continuous in the sense that the homomorphisms of sections of A and B over
sets U € B induced by ¢ are continuous.

The topology on T'(U, A) can be defined by a family of semi-norms
£l == inf { sup [h(@)] : h € T(Vi, O™), f = go(h)
zeVy

where @q is the homomorphism of sections induced by o in (4.5), and open sets
Vi € B are such that Vi, € Vip1 € U for all k, and U = UV}, (see Lemma 5.3 (2)
below for existence of such an exhaustion of U).
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The proof essentially repeats that of an analogous result for coherent analytic
sheaves on complex manifolds, see, e.g., [24]. For the sake of completeness, we
provide the proof of the proposition in the Appendix.

Theorem 4.8 (Runge-type approximation). Let Xo be a Stein manifold and A be
a coherent sheaf on ca X . Suppose that Yy @ Xo, Y C cq X are open and such that

(1) either Yy is holomorphically convez in Xy and Y = p~(Yp),

(2) or Yy is holomorphically convex in Xo and is contained in a simply connected
open subset of Xo, and Y =11(Yy, K) for some K € Q (see subsection 4.3).

Then the image of the restriction map T(caX, A) — T(Y,.A) is dense (in the
topology of Proposition 4.7).

5. Proofs: preliminaries

5.1. Cech cohomology

For a topological space X and a sheaf of abelian groups S on X let I'( X, S) denote
the abelian group of sections of S over X.

Let U be an open cover of X. By C*(U, S) we denote the space of Cech i-cochains
with values in S, by § : C'(U,S) — C**(U,R) the Cech coboundary operator
(see, e.g., [20] for details), by Z¢U,S) := {0 € C'(U,S) : §o = 0} the space of
i-cocycles, and by BY(U,S) := {0 € Z{U,S) : 0 = 5(n),n € C*=*(U,S)} the space
of i-coboundaries. The Cech cohomology groups H*(U, S) (i > 0) of U with values
in § are defined by

H'U,S) := 2'U,S)/BU,S), i>1,

and HO(U,S) :=TU,S).

5.2. d-equation

Let B be a complex Banach space, Dy C Xg be a strictly pseudoconvex domain in
a complex manifold Xy. We fix a system of local coordinates on Dy and consider a
cover {Wy ;}i>1 of Dy by coordinate patches. By A}(}o,q) (Do, B), ¢ > 0, we denote
the space of bounded continuous B-valued (0, ¢g)-forms w on Dy endowed with
norm

(0,9)

(5.1) lwllpy = llwllpy” == sup  [lwa,i(z)l|5;
1,0,t€EWo 5

where w,; (o is a multiindex) are coefficients of form w|w, , € A}(}o,q) (Wo.i,B) written
in the local coordinates on Wy ;.

The next lemma follows easily from results in [25] (proved for B = C), as
all integral presentations and estimates are preserved when passing to the case of
Banach-valued forms.
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Lemma 5.1. There exists a bounded linear operator
RDO,B :Al(;o’q)(D())B) _>Al(;0’q71)(D07B)7 QZ 1a

such that, if w € A}(}o,q) (Dy, B) is C* and satisfies Ow = 0 on Dy, then ORp, 5(w)
=w on Dy.

5.3. Auxiliary topological results

In our proofs, we make use of the following results.
Let £ = {L;} be an open cover of Gq. Recall that a refinement of £ is an open
cover L' = {L’} of G such that each L € L; for some i = i(j).

Since GG is compact, each open cover of GG, has a finite subcover.

Lemma 5.2. Let £ be a finite open cover of Gq. There exist finite refinements
Lk = {L;€ : L? € Q} of L of the same cardinality such that Lf“ S Lf for all j, k.

Proof. Since G is compact, there exists a finite refinement £ = {L}} of £L={L;}

such that every L € L; for some i =i(j), and functions {p;} C C(Gq) such that
pj =1lon L pj =0on Ga \ Li. We set Ly :={ne Go i pi(n) > 1—1/(2k)},
k > 1. By definition, LY € Q for all j, k (see (4.3)). It follows that £ := {L¥}
are the required refinements of L. O

Lemma 5.3. Let K € Q, Uy C Xg be open. We set U := Uy x K. The following
18 true:

(1) There exist open subsets N, € Q, 1 < k < oo, such that Ny, € Ny41 € K for
all k and K = U Np.

(2) There are open subsets Vi, = Vo 1 X Ni, 1 < k < 00, such that Vi, € Vyy1 €U
for all k and U = Uy Vy,. Here Vo i, € Uy is open and Ny, € Q for all k.

(3) Let L € 9 be such that L € K. There exists a collection of sets L™ € Q,
m>1, such that L€ ---e L™t e L™ € --- € L' € K for all m.

(4) Let N € K and {L;} be a finite collection of open subsets of K such that
N € U;L;. There exists a finite family of open subsets L;- C K, L;- € 0,
such that N € U;L; and for each j we have L', € L; for some i =i(j).

Proof. (1) Recall that the basis Q of topology of Gl consists of sublevel sets of
functions in C(Gy), see (4.3), so K = {n € G4 : maxi<i<m |hi(n)) — hi(no)| < €}

for some 19 € Gq, hi,...,hm € C(Gy) and € > 0. Let a’ be the subalgebra of
C(éa) generated by functions hy, ..., hm,h1,..., hy. Since algebra a’ is finitely
generated, the maximal ideal space M, of a’ is a compact subset of some CP, and
we have a’ 22 C(My/). The map 7 : G4 — My adjoint to the inclusion o’ € C(Gy)
is proper and surjective. By definition, there exists an open subset K’ C M,/ such
that K = 7~ }(K'). Since My is a compact metric space (as a compact subset

of CP), there exist open subsets N, C My such that N|,_, € N, € K’ for all k and
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K' = Ui N|. We define Ny, := 771 (Ng) € Q. Clearly, each set Nj, can be chosen
in the form N; = {y € My : maxi<i<,, |fi(y) — fir(yo)| < €} for some yo € My,
fir € O(My) and € > 0. Since 7*C(My) C C(Gy), Ny € Q (see (4.3)) as required.

A similar argument yields (3).

(2) It is clear that there exists a sequence of open sets Vj  such that V5, €
Vo,k+1 € Uy for all k and Uy = U Vp ;. We set Vi, := Vo i X Ny.

(4) We apply Lemma 5.2 to the finite open cover of Ga consisting of the sets L;
and set G \ N to obtain a finite refinement {L} C 9 of this cover. We exclude
subsets L’ such that L) € Go \ N. Then for the obtained family N C U; L%, and
by the deﬁnltlon of the refinement, for each j we have L’ € L; for some i, as
required. O

6. Proof of Proposition 2.3

We retain notation of the proposition. Given f € Oq(X) denote fr, == flp-1(z)-
Let fu, € C(Gq) be such that j*fo, = fu,. The family {fu,}soex, determines a
function f on ¢, X such that f(z) = f,,(z) for 2o := p(z). Using a normal family
argument one shows that f € O(caX), see, e.g., [33] or [12], Lemma 2.3, for similar
results. Clearly, L*f = f. Since the homomorphism ": a — C(G‘a) is an injection,
the constructed homomorphism i : Oy (X) = O(coX), i(f) := f, is an injection as
well. This completes the proof of the first assertion.

For the proof of the second assertion suppose that a is self-adjoint. Then
a = O(G,) and we can define the inverse homomorphism i1 : O(c, X) — O(X)
by the formula

iYW =0, feO(caX).

Since i~ (f)|p-1(zo) = 5* (flp-1(a0)) € @ for all 29 € Xo, we have i~ (f) € Oa(X),

i.e., i~ maps O(cqX) into Oq(X).

7. Proofs of Theorems 2.5, 2.6 and 4.8 and Proposition 4.7

In what follows all polydisks are assumed to have finite polyradii.

Proof of Theorem 2.6. We will need the following results.

Proposition 7.1. Let U := f[(Uo, K), where Uy C X is open and biholomorphic
to an open polydisk in C", and K € Q (see (4.3)).
The following is true:

(1) Let R be an analytic sheaf over U having a free resolution of length 4N :

(7.1) Ok4N|U¢ﬁ>l...£Ok2|Ugok1|UgR|W_>0.
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If N > n :=dimg¢ Uy, then the induced sequence of sections truncated to the

N-th term
T, o250 2 pw, o) 2 rw, 0F) LT, R) — 0
18 exact.

(2) Suppose that free resolution (7.1) exists for every N. Then H*(U,R) = 0 for
all > 1.

Let A be a coherent sheaf on ¢, X.

Proposition 7.2. FEvery point xo € Xy has a neighbourhood Uy such that for
each N > 1 there exists a free resolution of sheaf A over p~1(Uy) having length N
(see Definition 2.4).

(In other words, we may assume that the open sets W in Definition 2.4 have
the form U = p~1(Up), Uy C X is open.)

We prove Propositions 7.1 and 7.2 in subsections 7.1 and 7.2, respectively.

Now, let A := p,.A be the direct image of sheaf A under projection p: ca X — Xo.
By definition, A is a sheaf of modules over the sheaf of rings O¢(Ge) of germs of
holomorphic functions on X taking values in the Banach space C' (éu) By Propo-
sitions 7.2 and 7.1 (2) every xy € Xy has a basis of neighbourhoods Uy such that
HY(U,A) =0,i>1,U :=p Y(Uy). Therefore,

(7.2) Hi(coX, A) = H (X0, A), i>0
(see, e.g., [23], Ch. F, Cor. 6, for the proof). By definition, we have

T(U, A) 2 T(Up, A), T(U,0) =T (U, 0%C)).

It follows from Proposition 7.2 and Proposition 7.1 (1) that for every 2o € X and
each N > 1 there exist a neighbourhood Uy of zy and an exact sequence of sections

[ (Us, (O9C)M) — ... —T(U, (0G*))") —T(Up, A) —0.
By definition, this means that we have an exact sequence of sheaves
(7.3) (O [y -+ (OXG1 |, — A, —00.

Next, for every open set Uy C X the spaces of sections T'(Uy, A), T'(Uy, (’)C(Gu))
can be endowed with a Fréchet topology so that the homomorphisms of sections

induced by sheaf homomorphisms in (7.3) are continuous; indeed, since I'(Up, A) =
(U, A), T'(Uy, 0€Ea)) = T(U,0), this follows from Proposition 4.7 with U =
p~1(Uy) (we prove Proposition 4.7 below, using the results that will be obtained
in the proofs of Propositions 7.1 and 7.2). Hence, in the terminology of [30], Aisa
Banach coherent analytic Fréchet sheaf. Therefore, according to Theorem 2.3 (iii)
in [30], Hi(XO,A) = 0 for all ¢ > 1. Isomorphism (7.2) now implies the required
statement. The proof of Theorem 2.6 is complete. m
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Proof of Theorem 4.8. We need to show that sections of a coherent sheaf A over
certain subsets of ¢, X (we distinguish two kind of such subsets) can be approxi-
mated by the global sections of A over ¢4 X.

(1) Due to the arguments from the previous proof, we have isomorphisms of
Fréchet spaces I'(ce X, A) 2 T'( X, A), F(Y, A) = T'(Yo, /l) Now, the result follows
from Theorem 2.3 (iv) in [30] applied to A.

(2) It suffices to show that the restriction map D(p~(Yp), A) — T'(Y,.A) has
dense image and then to apply the result of case (1).

We have Y = f[(YO, K) for some Yy € X open simply connected, and K € Q.
Since Y € B, we may use the last assertion of Proposition 4.7: it suffices to show
that given a section f € I‘(?, A) for every e > 0 and every k there exists a section
fr €T(p~*(Y0), A) such that ||f — filv, <e.

Without loss of generality we may identify ¥ with Yox K, and p—* (Yp) with Yo x
Ga (see subsection 4.2). Then sets Vj, have the form Vi, = V{ , X Ni, where each Vj
is open and simply connected and Ny, € £ are such that N € Ni41 € K for all k,
and K = U, N}, (see Lemma 5.3(1)). Since space Gq is compact and, therefore,
normal, for each k there exists a function py € C(Ga) such that 0 < pp < 1 on G’a,
pr = 1 on Ng, and pp = 0 on Ga \ Njy1. Since I'(Yy x K, A) is a module over
I'(Yo x K,0), we can define fo = pef € T'(Yy x Ga,A). Then f — f = 0 on
Yo X N, so || f — frllvi, =0. Thus, fi is the required approximation. O

Proof of Theorem 2.5. Let N > n. Since sheaf A is coherent, there exists a neigh-
bourhood U of x over which there is a free resolution

(7.4) oman |, 702 P gmay P oma, FL Al —-0

of length 4N. Tt follows from the exactness of sequence (7.4) that there exist
sections hq, ..., hy, € T'(U, A) that generate ;A as an ,O-module. Now, it suffices
to show that there exist a neighbourhood V' C U of z, global sections fi,..., fm, €
I'(cq X, A) and functions r;; € O(V), 1 <1i,j < myq, such that

mi

(7.5) hi|V:ZTijfj|V7 I<i<m.
j=1

Without loss of generality we may assume that U = f[(Uo, K) € 9B, where Uy C X
is biholomorphic to an open polydisk in C™ and is holomorphically convex in Xy,
and K € 9. By Proposition 4.7 the topology on I'(W, A) is determined by semi-
norms

10 allv =i { sup o)l 9 € TV O™). b= n(a) |
€V

where @g is the homomorphism of sections induced by g in (7.4), and open sets

Vi € 9B are such that Vi, @ V41 € W for all k, and W = UV}, see Lemma 5.3 (2);

by definition, Vi, = Vi 1 X Nj, where Vp € Uy, N € K are open. Without loss

of generality we may assume that each V4 ; is biholomorphic to an open polydisk

in C™ and is holomorphically convex in Xj.
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Let V := V4, where kg is chosen so that x € Vj,. It follows from the proof
of Theorem 4.8 (case (2) for Y := U) that for every ¢ > 0 there exist sections
fi,oo oy fmy € T(caX, A) such that ||h; — fil|lv < e for all . Now, by Proposi-
tion 7.1 (1) the sequence of sections corresponding to (7.4),

(7.7) TV, 0™) 22TV, A) >0

is exact. Note that I'(V, O™*) consists of m;-tuples of holomorphic functions on V.
Let h; := (0,...,1,...,0) (1 is in the i-th position), 1 < i < m;. Without loss of
generality we may assume that h;|y = @o(h;). Since @o is surjective, there exist
functions f; € T'(V,0™*) such that @o(f;) = fi|v. It follows from the definition of

semi-norm || - ||y, see (7.6), that functions f; can be chosen in such a way that
(7.8) sup |hi(z) — fi(z)] < 2.
zeV

Since @ is a O(V)-module homomorphism, the required identity (7.5) would follow
once we found functions r;; € T'(V, 0), 1 <14, j < my, such that

mq
hizzrijfg‘, 1<i<my.

Jj=1

The latter system of linear equations (with respect to r;;) can be rewritten as a
matrix equation H = FR with respect to R = (Tij);'fjlzl € O(V, M,L(C)), where
M,,(C) denotes the set of n x n complex matrices, H = (Bi);@l € O(V, GLn((C))
(h; are the columns of H) is the identity matrix, here GL,(C) C M,(C) is the
group of invertible matrices and F = (f;)! € O(V, M,(C)) (fi are the columns
of F). Since € > 0 can be chosen arbitrarily small, in view of (7.8) we may assume
that F' € O(V, GL”(C)). Hence, we can define R := F~'H.

This completes the proof of Theorem 2.5. |

7.1. Proof of Proposition 7.1

The (rather technical) proof of this proposition is presented at the end of this
subsection. In the proof we will use the following preliminary results.
Let Uy € C™ be an open polydisk, K € 9 (see (4.3)). We set

(7.9) U:=1U x K.

The sets U and II(Uy, K) C ¢q X are biholomorphic (see subsection 4.2). Defini-
tions of an analytic homomorphism and a free resolution (of an analytic sheaf over
an open subset of ¢, X, see subsection 4.4) are transferred naturally to analytic
sheaves over U. Thus, it suffices to prove Proposition 7.1 in the assumption that
analytic sheaf R and free resolution (7.1) are given over U.

A function f € C(U) is said to be C* if all its derivatives with respect to
variable x € Uy (in some local coordinates on Uy) are in C(U). The algebra of C>°
functions on U will be denoted by C*(U).
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Let AP-9(Uy) be the collection of all C*° (p, q)-forms on Uy. We define the space
AP9(U) of C* (p,q)-forms on U by the formula AP9(U) := C*(U) @ AP4(Uy),
where ® denotes symmetric tensor product.

We have an operator 9 : AP4(U) — AP4T1(U) defined as follows. Suppose that
w € AP9(U) is given (in local coordinates on Up) by the formula

W= Z Z frydzi Ndzy,  fry € C(U),
[I|=p|J|=q

where I = (i1,...,4p), J = (j1,.-.,Jq), dz1 = dzs, \- - -Ndz;,,, dZy = dZj, \---NdZj;
then

(7.10) Of == > > 0frs Nz Adzy,
[I|=p|J]=q
where
5 Ofr(z, 5)
Ofri(z,n) = jz:llé]T Zi, z=(21,...,%), (2,§)eU=UyxK.

A form w € AP4(U) is called O-closed if dw = 0.
Let AP be the sheaf of germs of C*° (p, g)-forms on U, and ZP? C AP»Y be the
subsheaf of germs of d-closed (p, q)-forms. Note that Z%0 = O.

In what follows we fiz an open polydisk
(7.11) Vo € Up.

Let Wy C Vj be open in Vj and such that Wy = VN W, for some product domain
Wo = Wi x --- x W3 € Uy, where each Wi € C (1 <i < n) is simply connected
and has smooth boundary (clearly, given an open neighbourhood of Wy in Uy, we
can find such a set W contained in this neighbourhood).

Fix a subset W/, € Wy open in V; and satisfying the same intersection condition
as Wy (i.e. W/ coincides with the intersection of Vj and a product domain having
the properties as described above). Let

(7.12) S C K be a closed subset, and let L' € L C S be open in S.

Lemma 7.3. For every w € D(Wy x L, Z%%) there exists n € T'(W§ x L', A%91)
such that On = w.

Proof. By definition, a section of sheaf Z%% over Wy x L is the restriction of a
section of Z%? over some open neighbourhood of Wy x L. Therefore, we may
assume, without loss of generality, that L is open in K, and w € I‘(WO x L, 7%9)
for some product domain W, as above.

Clearly, there exists a product domain Wo € Wy open in Uy, where Wy =
Wi x -+ x W and each domain W¢ € W{ has smooth boundary, such that
Wj e Wo Further, since Gu is a normal space, there exists an open set L @ L
such that L' € L"”.
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Let C(L") be the Banach space of continuous functions on L” endowed with
sup-norm, A%?(Wy, C(L")) be the space of C>° C(L")-valued (0, q)-forms on Wy,
and

Z%1(Wy, C(L")) € A»9(Wy, C(L"))

be the subspace of 5C(i//)-closed forms on Wo. Here
50([‘//) : AO,q(WO’ C(i”)) — Z07q+1(W0) C(E”))

is the standard operator of differentiation of C(L")-valued forms.

It is easy to see that the restriction to Wy x L” of a form in F(Wo x L, A09)
can be naturally identified with a form in A%¢(Wy, C'(L")) and, since W x L” is a
neighbourhood of Wy x L/, every form in A%%(Wy, C(L")) determines (under such
identification) a unique form in I'(W{;x L', A%9): these identification maps commute
with the actions of operators 0 and 50( iy In particular, form w determines
a form @ € Z%9(Wy,C(L")). Note that since Wy € C" is a product domain,
it is pseudoconvex. Hence W, admits an exhaustion by strictly pseudoconvex
subdomains (see, e.g., [28]). Therefore, there exists a strictly pseudoconvex domain
Dy @ Wy such that Wy @ Dy. We restrict form & to Do (clearly, @|p, is bounded)
and apply Lemma 5.1, where we take B := C(L"”). We obtain that there exists a
form 5 € A%~ (Wy, C(L")) such that 80 Ly = W over Wo. Tt follows that the

form n € T(W} x L', A%971) determined by 7 is the required one. O
We will need the following;:

Definition 7.4. We say that a finite open cover U = {U,} of Vy x S (see (7.11)
and (7.12)) is of class (P) if the following conditions are satisfied:
(1) Us = Uoy x Lj, a = (l,7), where {Up,} and {L;} are finite open covers of
Vo and S, respectively;
(2) Each L; = SN L; for some L; € Q such that L; C K;
(3) Each Uy, = Vo N UOJ for some product domain UOJ = U&l X oee X ﬁgfl € Uy,
where domains Tj&l € C (1 <i < n) are simply connected and has smooth
boundaries.

Lemma 7.5. (1) Each open cover of Vo x S has a refinement of class (P).

(2) Each open cover of Vo x S of class (P) has a refinement of class (P) of the
same cardinality.

Proof. (1) Since Vp, S are compact, and hence their direct product Vj x S is
compact as well, there exists a refinement of a given open cover of V; x S by open
sets of the form Uy ; x O;, where {Uy;} and {O;} are finite open covers of Vp and S,
respectively. By the definition of the induced topology on S, there exist open sets
O; C K such that O; = SN O;. Now, we apply Lemma 5.3 (4) to {O;} (there we
take N := S) to obtain open sets {L;} such that L; € L; for some i = i(j) and
L € 9 for all j. Finally, we set L; := SOL . The sets Uy x L; form the required
reﬁnement of class (P).

(2) Follows from assertions (3) and (4) of Lemma 5.3. O
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Let U = {U, := Up, x L;} be a finite open cover of Vy x S of class (P), and
U = {U, := Uy, x L};} be a refinement of U of class (P) of the same cardinality
(see Lemma 7.5 (2)). By definition, {Up,;} and {L’} are refinements of open covers
{Uo,1} and {L,}, respectively.

We have an injective refinement map gz @ 24U, R) — Z'(U',R) (see sub-
section 5.1 for notation). If no confusion arises, we write o for (o).

Lemma 7.6. The following is true:
(1) Let 0 € Z'(U,0), i > 1. Then o € B(U',0).
(2) Hi(Vop x S,0)=0,i>1.

Proof. (1) We will prove a more general result: if o € Z4(U,Z%%),i > 1, ¢ >0,
then o € BY(U’', Z%9). In particular, taking ¢ = 0 we obtain assertion (1).
Leti=1, 0, € ZY(U,Z%7). Since Vy x S is a paracompact space, there exist
partitions of unity {A;} and {p;} subordinate to covers {Ug,} and {L}} (C* and
continuous, respectively). We define a 0-cocycle o§® € C(U’, A%?) by the formula

(713)  (6)a(@.&) = 3 pON@(01)pal@.8). (2.8 €U, foralla.
B=(1,5)

Since (01)a.5 = (005)a.s = (05)a—(05°) s and 9(01)a,p = 0, the family {0(05%) 0}
determines w € T'(Vy x S, Z%9*Y), w|p, = 9(0§°)a. By Lemma 7.3 (with Wy =
Wo = Vp and L' = L = S) there exists n € T'(Vy x S, A%%) such that dn = w. We
define a O-cochain o € CO(U’, Z%4) by the formula (00)s = (05°)a — 1. It follows
that o1 = d00; therefore oy € BY(U', Z°9).

Using Lemma 7.5(2) we may assume that there exists a refinement U” =
{Uy = Uy, x L} of cover U of class (P) of the same cardinality as U such
that U’ is a reﬁnement of U”.

Now, let ¢ > 1. Assume that we have shown for all 1 <1 < i, ¢ > 0 that each
o € ZYU, Z%9) belongs to B{U", Z%9). For a given o; € Z{(U, Z%?) we define
an (i — 1)-cocycle 02, € C*=1(U", A®9) by the formula

(o"ioil)alywwai(x7£) = Z pj(g))\l(m)(ai)ﬁ»alv'wai(x7g)’ (1’?5) Uéll, e
B=(1.5)

for all ay, ..., where Uy, =M., Uy # 3.

We have §(05°,) = oy, so 8(5( of° 1) = (5(60z 1) = 0. Define ;1 := 9o, €
CtWu", z%a+1). Since 6(pi—1) = Opi—1 = 0, by the induction assumption
there exists an (i — 2)-cochain u;_o € Ci72(U”,Z0*q) such that 6(ui—2) = pi—1
and Ou;—2 = 0. Now, by Lemma 7.3 (1) there exists an (i — 2)-cochain 7;_» €
C*=2(U’,A%7) such that On;_o = pi_2. We define o;_; := 021 — 0(ni—2). Then
§(oi—1) = 043 80 0; € BY(U', Z%9), as required.

(2) By Lemma 7.5(1) any open cover of V5 x S has a finite refinement of
class (P), hence the required result follows from (1). O
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Let {Vi}32, be the exhaustion of U by open sets obtained in Lemma 5.3 (2).
By definition, each V}, has the form Vi, = Vi, x Ny, where Vj ;, € Uy, N, € K are
open, and Ny € 9 for all k. Since Uy is an open polydisk in C", we may choose
each Vp  to be an a open polydisk as well.

Definition 7.7 (see [20], Chapter IV). We say that an analytic sheaf R on U
satisfies the Runge condition if the following holds for every k > 1:

(a) The space of sections I'(Vi, R) is endowed with a semi-norm | - | such that
I'(U,R)|y, is dense in I'(Vy, R).

(b) There exist constants My > 0 such that for every f € T'(Vy11,R) we have
|15 1k < M| flrsa-

(c) If {f;} is a Cauchy sequence in I'(Viy1,R), then {f;|y, } has a limit in
I'(Vi, R).

(d) If f € I(Vis1,R) and | f|p41 = 0, then fly, =0.

Lemma 7.8 (see [20], Chapter IV, for the proof). Let R be an analytic sheaf on U.
The following is true:

(1) Suppose that H'(Vi,R) = 0 for alli > 1, k > 1. Then H'(U,R) = 0 for all

> 2.
(2) If R satisfies the Runge condition and H*(Vy,R) = 0 for all k > 1, then
H'(U,R) = 0.

Lemma 7.9. The sheaf O|y satisfies the Runge condition.

Proof. For a given section f € T'(Vi, ©) let us denote by f(w) € C the common
value of representatives of germ f(w) at point w € Vj.

We endow each space I'(Vy, O) with semi-norm | f|i := sup, ey, |f(w)]. Con-
ditions (b)—(d) are trivially satisfied. For the proof of (a), let us fix a section
f € T'(V4,0). By definition, a section of sheaf O over Vi, := Vo x Nj is the
restriction of a section of O over an open neighbourhood of V. In particular,
there exists an open neighbourhood L C K of N}, such that section f |y, admits
a bounded extension to Vpx x L. Since Ga (D K) is a normal space, there exists
a function p; € C(K) such that p, = 1 on Ny and p = 0 on K \ L. We set
fi= fpe € T(Vo i, x K, O). Then function f determines a holomorphic function f
defined in a neighbourhood of Vp; with values in the Banach space Cj(K) of
bounded continuous functions on K endowed with sup-norm || - ||. Now, we apply
the Runge-type approximation theorem for Banach-valued holomorphic functions,
see [15], to obtain that for every e > 0 there is a function F' € O(Up, Cy(K)) such
that sup,cy, | f(z) — F(x)|| < e. Then F determines a function F € O(U) such
that sup,,cy, |f(w) — F(w)| < &, which implies (a). O

Corollary 7.10. HY(U,0) =0 for all i > 1.

Proof. Follows from Lemmas 7.6 (2), 7.8 and 7.9. O
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Lemma 7.11. Let B, R be analytic sheaves on U. Let Vj € Uy be an open
polydisk, S C K a closed subset. Suppose that the sequence

¥
(7.14) B—R—0
1s exact. Then the sequence

q=
(7.15) (Bl x5) == 4+(Rly x5) —=0

is also exact. Here q: Vo xS — Vp is the projection onto the first component and g
is the direct image functor.

Proof. We denote B := ¢+« (Bly, x5 R = ¢«(Rlyyx5)s ¢ := q.¥. We have to show
that z/; is surjective. Given open subsets Wy C Vo, L C S by Wy, xz we denote
the homomorphism of modules of sections I'(Wo x L, B) — I'(Wy x L, R) induced
by 1, and by Uy, the homomorphism of modules of sections T'(Wy, B) — I'(Wy, R)
induced by 9. By the definition of direct image sheaf (see, e.g., Chapter F in [23]),

(7.16) D(Wo x 8,B) =T(Wo,B), T(WyxS,R)=T(Wy,R).

To prove exactness of (7.15) it suffices to show that for every point zo € Vj, a
neighbourhood Wy C Vj of g, and a section fmo € F(Wo,f%) there exists a section
ey € T(Wy, B) over a neighbourhood Wy € Wy of xo such that \T/WO (§uo) = fwo|Wo'

Let fr, € T(Wp x S, R) be the section corresponding to fxo under the second
isomorphism in (7.16). By definition, a section of sheaf R over Wy x S is the
restriction of a section of R over an open neighbourhood of Wy x S. Therefore,
shrinking Wy, if necessary, we obtain that f,, can be extended to a section of R
over Wy x My, where My C K is an open neighbourhood of S. Since ¢ is a
surjective sheaf homomorphism, for each point y € {zo} x M; there exist open
sets Wy, C Wy, L, C My and a section s, € I'(Wy, x L,,B) such that y €
Wo,y x Ly and Wy,  xr,(8y) = feolw,xr,. Since space G (D M) is compact
Hausdorff and, hence, is normal, there exists an open subset My C M; such that
S C Ms, and My C M;. Since M, is compact there exist finitely many points
{yj}m C S such that My C UjLy,. Weset L = MgﬂL for all j. There exists a
partition of unity {p;} C C(M>) subordinate to {Lyj}. We define Wy := N Wo,y;»
and set

9ao(2,7) ij ()sy, (z,m), (2,m) € Wo x S.

Then g,, € I'(Wy x My, B). We have

\IJWOXS 9330 ij W0><L Sy; ZpJfJColWOXL fxo'WoxS'

Let ¢, denote the section in I‘(WO, B) corresponding to ¢, under the first iso-
morphism in (7.16). Then ¥, (Gz) = fuolyir,» as required. O
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Definition 7.12. We say that an analytic sheaf R (on U) admits a free resolution
of length N > 1 over U if there exists an exact sequence

(7.17) .7'-N|U¢L;1'~' ﬁ>]:2|Uﬂ>]:1|Uﬁ>R—>O,

where F; are free sheaves, i.e., sheaves of the form OF for some k > 0 (by definition,
0% = {0}).
Lemma 7.13. Let R be an analytic sheaf on U having a free resolution of length 3N,

(7.18) ]'-3N|U<p1;1"' 2 By Ay S R—0.

If N > n (= dimc Uy), then for each k the induced sequence of sections

ON-1

(719)  T(Vi, Fa) = 220 (W Fo) 22DV, Fi) 22 T (Vi R) —=0
15 exact.

Proof. Let us fix k > 1. Let ¢ : Vi — Vi be the projection, g(z,n) = =,
(x,n) € Vi := Vo X Nj (see notation before Definition 7.7). Let ¢, denote the
direct image functor; set F; := g, (Filv, ) R =g, (Rly,), @i = qxpi. Applying g.
to (7.18) we obtain a complex of sheaf homomorphisms

(7.20) Fan 2 A E

(a priori this sequence is not exact); By the definition of a direct image sheaf, the
sequence of sections of (7.20) over Vg truncated to the N-th term,

(7.21) T(Vo, Fn) —= -+ —=T Vo, F1) — T (Vo, R) —=0,

coincides with sequence (7.19). Hence, the assertion would follow once we proved
that sequence (7.21) is exact.
Now, the exact sequence (7.18) yields the collection of short exact sequences

Pi-1
(7.22) 0—Rily, — Fily, —Ri_1|y, —0, 1<i<3N—1,

where R; :=Im ¢; (0 <i <3N —-1), Rp:= R and ¢ stands for inclusion. We apply
to (7.22) the direct image functor ¢, and Lemma 7.11 to obtain the collection of
short exact sequences (recall that g. is left exact, see, e.g., Chapter F in [23])

(7.23) 0T > F 2 =50, 1<i<3N-—1,

where T; := ¢.R; (0 < i <3N — 1). An argument similar to that in the proof of
Lemma 7.6 implies H'(Vo 1, Fi) = 0,1 > 1,k > 1, 1 <4 < 3N. Hence, each short
exact sequence (7.23) yields a long exact sequence of the form

Oﬁr(%,k,ﬁ) %F(%,k,ﬁz) %F(%ﬁ,ﬁ,l) i
Hl(‘_/o,k‘aﬁ)ﬁoﬁHl(‘_/O,k‘aﬁ—l) 9]yz(‘70,ka7;)9 e
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Thus, H™ (Vo r, T:) &£ H™ (Vo i, Tiv1), m > 1,1 < i <3N — 2, and so
H™(Vor, To) = H™ M Vor, Tivier), 1> —1.
Let ustake m =1,1<i < N, [:=2n — 2. Then
H' Vo, To) = H*" " (Vo i, Tivon—1), 1<i<N.

Since N > n, we have i +2n —1 < 3N — 1 for all 1 <+¢ < N; hence, T;1o,-1 is
well defined for all 1 < ¢ < N. Since covering dimension of ‘_/07k is equal to 2n,
H?" (Vo g, Tivan—1) = 0; therefore H' (Vg 1, T;) = 0, 1 <i < N. Thus, we obtain
the collection of short exact sequences

061—‘(%,]@77;)%1—‘(‘70,]%?0%F(VOJWIY;*I)%O, 1 §Z§N7
which yields exactness of sequence (7.21). The proof is complete. O

Lemma 7.14. Let R be an analytic sheaf on U having a free resolution of length 3N

(7.24) ]'-3N|U<p1;1"' 2 By Ay S R—0.

If N > n, then R satisfies the Runge condition.

Proof. We have a short exact sequence

0 —=Ker ¢ —L>}-1|U ﬁ>7€—>0,

where ¢ stands for inclusion. In the proof of Lemma 7.13 we have shown that,
under the present assumptions, for each k > 1 the sequence of sections

0—>T'(Vi, Ker o) —>T(Vie, F1) ~>T(Vi, R) —0

is exact. Given a section h € TI'(Vy, F1), F; := O™ for some m; € Z, we
define semi-norm |hly, := sup,cy, [|h(z)]|, where |- || is the Euclidean norm in C™*,

and h(w) € C™ denotes the value of germ h(w) (i.e. the common value of its
representatives) at w € U. Now, for a section h € T'(V, R) we set

(7.25) Flk = it {hls - h € (Vi 1), @o(h) = f.

We obtain a family of semi-norms {| - | : £ > 1} on I'(U, R). Let us show that for
this family of semi-norms conditions (a)-(d) of Definition 7.7 are satisfied.

(a) Let f € I'(Vk, R). There exists a section h € I'(Vy, F1) such that f = @o(h).
Using the same argument as in the proof of Lemma 7.9, we obtain that for any
€ > 0 there exists a section h € I'(U, F1) such that |h — hlp < e. We set f :=
@o(h) € T(U,R). By definition, |f — f|r < &, as required.

(b) Let f € I'(Viy1,R). Since

{h e T(Virr, F1), f = @o(h)}y, € {g € D(Vi, F1), flys, = ®o(9)}

and |h|g < |h|g41 for every b € T'(Viy1,F1), condition (b) is satisfied with M, = 1
(k> 1) (see (7.25)).
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(c) Let {f;} be a Cauchy sequence in I'(Vi41,R). We must show that {f;]y; }
has a limit in the space (F(Vk, R), || k). In fact, there exists a Cauchy sequence
{h;} C T'(Viy1,0™) such that f; = @o(h;) for all j. Clearly, there exists a
function h € O(Vi41,C™) N C(Viy1,C™) such that
(7.26) sup |h(w) — iLJ(w)| —0 asj— oo

weVii1
Then h € T(Vj,0™) and by (7.26) |h — hjlx — 0 as j — oo. Now, we set
f:=@o(h) € T(Vi,R), so by continuity |f — fj|x — 0 as j — o0.

(d) Let f € T(Vig1,R), | fle+1 = 0. We must show that f|y;, = 0. Indeed, by
definition, there exists a sequence of sections h; € I'(Vi1, F1) such that f = @o(hy)
for all | and sup,,cy, ., |hi(w)]| = 0 as | — co. Let g; := hy — hy, | > 1. Then
g1 € T (Viy1, Ker ¢p) and

(7.27) 91(w) = hy(w) uniformly in  w € Viyy as | — oo.

Now, suppose to the contrary that f|y, # 0. Then hi|g, & I'(Vi, Ker ¢o).
Consider the second fragment of the free resolution of R:

(7.28) 0—=Ker ¢ —L>]-'2|U 2L Ker wo —=0,

and the corresponding sequence of sections (see Lemma 7.13)

(7.29) 0—>T(Vip1, Ker 1) —> T(Vis1, Fa) o T(Vis1, Ker o) —=0,

where @; is given by a matrix with entries in I'(Vir1,0).
Recall that T'(Viy1, F2) is endowed with sup-norm

(7.30) glkr1 = sup [|gW)ll, g€ T(Viy1, Fa).

wEeVit1

Each section in the space F(Vk+1,f2) determines a continuous function on Vk;+1
holomorphic in Viiq. Let A(Vk+1,f2) denote the completion of the space of
these functions with respect to norm (7.30). Analogously, we endow the space
['(Vit1,F1) with sup-norm and denote by A(Vj41, Ker ¢p) the completion (with
respect to this norm) of its subspace I'(Vi41, Ker ¢g). Then (7.29) yields an exact
sequence of Banach spaces

_ @1 _
.A(V}H.l,]:z) —>.A(Vk+1,Kel" <p0) —0.

It follows from (7.27) that {g;}, with g; viewed as functions in A(Vi,1, Ker ¢p),
is a Cauchy sequence and hence has a limit g € A(Viy1,Ker o). Then there
exists 7 € A(Vi11,F2) such that g = @;(r). Also, by Lemma 7.13 we obtain that
sequence (7.28) induces an exact sequence of sections

o1l

_ tly _ v,
0—=T(Vi, Ker 1) —= D(Vi, F2) —= T(Vi, Ker ) —= 0.

Clearly, we have

A(Vig1, F2)ly, € T(Vi, Fo) and A(Vig1, Ker @o)]y, € T'(Vi, Ker ).
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Hence, 7|y, € T'(Vi, F2) and gly, = @1(rly,) € T(Vi,Ker ¢g). Since, by our
definition, hily, = gly,, we have hi|y; € T'(Vi,Ker ¢g), which contradicts the
assumption f|y, # 0. O

Lemma 7.15. Let R be an analytic sheaf over U admitting a free resolution of
length 4N

PAN—1 1
(7.31) Fanlo 20 2 By D Ry 2SR 0.

If N > n, and for each k, the sequence of sections

(] 1

(7.32)  T(Vi,Fn) == - T (W, Fo) = T(Vi, Fi) —=T(Vi, R) —=0

1s exact, then the sequence of sections

1

(7.33) LU, Fy) s 22T, F) 2T (U, F) 2T (U, R) — 0

1s also exact.

Proof. Exact sequence (7.31) yields the collection of short exact sequences

(7.34) 0—=Ri —> Fily 2Ry —=0, 1<i<N -1,

where R; :=Im ¢; (0 <i < N —1), Ry := R, and ¢ stands for inclusion. Recall
that the section functor T is left exact (see, e.g., Chapter 3 in [23]), hence we have
the collection of exact sequences

Pi-1

0—=T(U,R)) —=T(U, F) 25 T(U,Ri_y), 1<i<N-—1.

It suffices to show that @;_; is surjective; this would imply that (7.33) is exact.
It follows from the exactness of sequence (7.32) that for each k, the sequences

(7.35) 0 —=T(Vi, Ri) —=T(Vie, Fi) 5 T(Vi, Ri1) —=0, 1<i< N —1,

are exact. By Lemma 7.6 H'(Vy, F;) = 0, 1 <i <N, forall k > 1, therefore the
long exact sequence induced by (7.34) over Vj, has the form
0—=T(Vie, Ri) =T (Vie, Fi) =T (Vie, Rio1) —
H' Vi, Ri) —0—H'(Vi, Ri=1) —H*(Vie, R;)) — -+, 1<i<N-—1
Now it follows from (7.35) that H*(Vy,R;) =0forall k>1,1<i< N — 1.
The long exact sequence induced by (7.34) over U has the form

(7.36) 0—=T(U,R;) —=T(U, F;) —=T(U,Ri_1) —
H'(U,R))—H"(U, F;)—H"(U,R;_1)—H*(U,R;)—=---, 1<i<N-1
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Each sheaf R;, 1 < i < N — 1, has a free resolution of length 3N, hence by
Lemma 7.14 it satisfies the Runge condition. It follows from Lemma 7.8 (2) that
HYU,R;) =0 for all 1 <i < N — 1. We obtain from (7.36) that sequences

are exact, which implies exactness of sequence (7.33). |

Proof of Proposition 7.1. (1) Follows from Lemmas 7.13 and 7.15.

(2) According to Lemma 7.14 sheaf R satisfies the Runge condition. Hence, by
Lemma 7.8 we only have to show that H(Vj, R) =0 for all i > 1 and k > 1.

Let V be an open cover of Vj, := Vo x X K. Tt suffices to show that given an
i-cocycle o € Z1(V,R) (see notation before Lemma 7.6) there exists a refinement
V' of V such that the image of o by the refinement map Z(V,R) — Z'(V',R)
belongs to B{(V', R).

By Lemma 7.5 (1) there exists a finite refinement U = {U,}, Uy := Uy, X Ly,
a = (l,7), of cover V of class (P) (see Definition 7.4). Let s = sy be the number
of elements of U and let N > max{n, s} be the length of the free resolution of R
over U. By the definition of an open cover of class (P), a section of sheaf R
over an element U, of U admits an extension to Ua = Uy, x Lj, where UOl =
Ul x -~ x Up € Uy is a product domain such that each U ¢ C (1 < i < n) is
simply connected and has smooth boundary, and Uy; = Vo 1 N ﬁO,b By part (1) of
the proposition, over each U, the sequence of sections U, corresponding to (7.1)
is exact (there we can take product domain ﬁo,l instead of polydisk Up). Hence,
we have a sequence of cochain complexes

CU,FN)— -+ —CU,F,)—C(U,R)—=0.

By Lemma 7.5 (2) there exists a refinement U’ of cover U of class (P) of the same
cardinality. We have a commutative diagram with exact rows

CU,FN)— - —CU,F)—CU,R)—=0

|

cUuU,ry)—--—CU,F)—=CU,R)—0

or, equivalently, the collection of commutative diagrams with exact rows

0 —>C'(U,Ri) —>C'(u,]:i) —>C'(U,Ri_1) —0

.

0—=CU R;) —=C U, F) —C U Ri1) —0,

where R; :=Im ¢; (0<i< N —1), Rp:=R.



1018 A. BRUDNYI AND D. KINZEBULATOV

In turn, each row yields the long exact sequence

0—I'(Vi, Ri) —TD(Vi, Fi) —T(Vi, Ri—1) —

Py o7
Hl(U,R'L)ﬁHl(usz)ﬁHl(U,szl)ﬁHz(Z/ARz)_) R} 1 S { S N — ]-7
(and a similar one for U'), where H (U, R;) := Z' (U, R;)/B (U, R;) are the Cech

cohomology groups corresponding to cover U. These sequences form the commu-
tative diagram

l I+1
Pi-1 '¢'i+

—= HU,R;)) — H'U, F;) — H U, R;_1) — HHT(U,R;) — - --

Lil vfll %“l
(‘Pi‘—l)/ (¢i+l)’

o —= H U\ R;) — H' U, F;) — H'U', Ri—1) = HHT U R;) — - --

where i}, v}, A+ are the corresponding refinement maps.

We have to show that given o € H' (U, R), | >1, there exists a refinement W of
cover U such that the image of o in H'(W, R) is zero. We construct this refinement
using the following algorithm.

Suppose that there exists a non-zero o € H'(U,R;_1). Consider the following
case:

(*) ¥l (o) = 0. Then there exists n € H'(U,F;) such that o = ¢! _,(n).
We have v!_;(0) = (¢!_;)'(:i(n)). By Lemma 7.6 ..(H'(U,F;)) = 0, hence the
image of o by the refinement map 7!_,(¢) =0 € H U, Ri-1).

We start with Ry = R assuming that there exists a non-zero o € H'(U,R),
I > 1. If case (*) occurs we set W := U’. For otherwise, there exists 2 < k < s such
that (¥17" o -+ o it (o) = 0 € H** (U, Ry,). (Indeed, assuming the opposite
we obtain a non-zero element of H'**(U, R,); however, since the cardinality of &/
is s, we have H'**(U,Rs) = 0, a contradiction.) Thus case (*) occurs for & :=
(iRt o o ptt 1) (o) instead of ¢ which implies that the image of & under the
refinement map H'**~Y(U, Ry_1) — HTF~L(U', Ri_1) is zero. Further, starting
with cover U’ (instead of U) and applying consequently case (*) to images of
(1/)12“’ 0--+0 wlﬁ'l)(a), p=k—2,...,1, under the corresponding refinement maps
we finally obtain the required refinement W of U such that the image of o under

the refinement map H'(U, Ro) — H'(W,Ry) is zero. O

7.2. Proof of Proposition 7.2
The proof is based on the following lemma.

Lemma 7.16. Let Uy € C™ be an open polydisk, and Ky, Ko € Q. Let R be an
analytic sheaf over Uy x (K1 U Ka). Let xg € Uy.

Suppose that for every N > 1 sheaf R admits free resolutions of length N over
Up x Ky and Uy x Ko. Then for any open subsets L1 € K1, Ly € Ko such that
L; € Q (i = 1,2), there exists an open neighbourhood Vo C Uy of xg such that for
every N > 1 sheaf R admits a free resolution of length N over Vo x (L1 U La).
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We prove Lemma 7.16 in the next subsection but now we use it in the proof of
the proposition.

Proof of Proposition 7.2. Let Uy € C™ be an open polydisk, xg € Uy. Since sets
p~1(Uo) and Uy x G are biholomorphic (see subsection 4.2), it suffices to prove
the proposition for a coherent sheaf A over Uy x G

By the definition of a coherent sheaf (see (2.4)), there exists a finite open cover
of {zo} x Ga by sets Wy ; x L;, where Wy ; C Uy is an open neighbourhood of z,
U;L; = Gq, and for every N > 1 sheaf A admits free resolutions of length N over
each Wy ; x L.

By Lemma 5.2 there exists a collection of finite refinements

LFm)={L:LFeq, 1<j<m}, k>1,

of open cover {L;} such that Lf“ S L? forall1<j<m,k>1.
Let k = 1. We apply Lemma 7.16 to sheaf A with Ky := L}, _, Ko := Ll |
Ly =Ll _,, Ly := L2 _, to obtain an open neighbourhood Vg := Vp,, C N;Wo
of xg such that for each N > 1 sheaf A has a free resolution of length N over
Vom X (Ly—1 U L3 1)
Next, we set
L¥m —1)={Lk ... Lk _, Lk |}, LF_,:=LF ULk, k>2

m—2>
Taking k = 2 we apply an argument similar to the above to the cover £2(m —1)
of Gq obtaining that for each N > 1 sheaf A has a free resolution of length N over
Vom—1x (L3, _oUL3, ) for some open neighbourhood Vg 1 C Vo of zp. Then
we define

L¥(m —2):={Lk ... Lk ., L*

m—3» “m—-2J>

LY =1L}

m—2 m—2

ULk k > 3, etc.

m—1»
After m — 1 steps we obtain that there exists an open neighbourhood V1 C

(;Wo,i of zg such that for each N > 1 sheaf A has a free resolution over Vg 1 x Gq,
as required. O

7.3. Proof of Lemma 7.16

We will use the following notation.

Let M;xx(C) be the space of | x k matrices C' = (¢;;) with entries ¢;; € C
endowed with norm |C| := max{|cij|}é:§:1. We set My (C) := My (C).

Let GLi(C) € My(C) be the group of invertible matrices. We denote by
I = I, € GL(C) the identity matrix.

Let Uy € C™ be an open polydisk, K € Q; set U := Uy x K. The space
O(U, M (C)) of holomorphic My (C)-valued functions is endowed with norm

I1Fllv = sup [F(z)],  F € OU, My(C)).
fas
The subset O(U,GL,(C)) € O(U, My(C)) of holomorphic GLj(C)-valued maps

on U has the induced topology of uniform convergence on compact subsets of U
(see Lemma 5.3 (2)).
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The identity map (z,w) — I, (z,w) € U, will be denoted also by I.

Lemma 7.17. Let U := Uy x K', U" := Uy x K", where K', K" € . Suppose
that H € O(U' NU",GLk(C)) belongs to the connected component of the identity
map I in O(U' NU",GL(C)).

Then for any open polydisk Vo @ Uy and open subsets L' € K', L” € K" there
exists a function H' € O(V' UV, GLi(C)), where V' := Vo x L', V"' := Vo x L,
such that H'|v:qyr = H|yravr.

Proof. We may assume without loss of generality that polydisks V{, Uy are centered
at the origin 0 € C™.

First, suppose that [[I — H|[v/ny» < 1/2. Then we can define I := log H =
-3 @ e O(V'nV”, M(C))NC(V'NV", My(C)). Let us show that there
exists a function F’ € ?(V’_U V", My (C) such that F'|yny» = Flyave. Indeed,
we can expand the C(L' N L", M}(C))-valued holomorphic function F(z,-) in the
Taylor series about 0,

F(zop) =Y bu(n)z™, z€Vo, nel nL’,

m=0

where b,, € C(L' N L", My(C)) and V; is an open neighbourhood of V;. Note
that L' U L" is compact (as a closed subspace of compact space Ga), and hence is
normal. Therefore, using the Tietze-Urysohn extension theorem, we can extend
each by, to a function b,, € C(L' U L", My(C)) such that SUPy e/ |Om(W)] =
SUPye /i |bm(W)|. Then we define

e}
F'(z,w) := Z bn(w)z™, zeVy, wel UL"

m=0

(Since the above series converges uniformly on relatively compact subsets of Vo,
F' € O(V'UV", M(C) and satisfies the required condition.)

Now, we set H' := exp(F") € O(V'UV”,GLy(C)) completing the proof of the
lemma in this case.

Further, let H € O(U'NU"”,GLi(C)) be an arbitrary G L (C)-valued bounded
holomorphic map belonging to the connected component of the identity map I of
o(U'NU",GLk(C)).

Let us show that H|y vy~ can be presented in the form

(7.37) Hl|viqye = H - H,

where each H' € O(V' NV" GLk(C)), 1 <i <, satisfies
. 1

(738) ||I — HzHV/mVN < 5

In fact, since H belongs to the connected component of the identity map I, there
exists a continuous path Hy € O(U' NU",GLy(C)) (¢t € [0,1]) such that Hy = I
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and H; = H. Consider a partition 0 = ty < t; < --- < t; = 1 of the unit
interval [0, 1], and define

H'(z,w) = H;}l(z,w)Hti(z,w), (z,w) eV NV" 1<i<],

which gives us identity (7.37). Provided that maxj<;<;—1 |[ti+1 — ;| is sufficiently
small, inequality (7.38) holds for all 1 < <.

Now, according to the first case there exist (H®)" € O(V' U V" GL(C)) such
that (H®) |y:nyvr = H|viayr. We define H' := (HY) --- (H'Y'. O

Corollary 7.18. In the notation of Lemma 7.17, for any open polydisk Vi € Uy
and open subsets L' € K', L" € K" there exist functions i € O(V',GL;(C)),
h" € O(V",GLi(C)) such that

H=Wh" onV' NnV".

Proof. Let H € O(V' UV",GL;(C)) be as in Lemma 7.17. Since H'|y/qyr =
H|y:qyr», we can choose h' := H'|y/, b = 1. O

Lemma 7.19. Any analytic homomorphism ¢ : O|F — O} is determined by a
holomorphic function ® € O(U, Mlxk((C)).

The proof of Lemma 7.19 follows directly from the definitions (cf. Section 4.4).

We extend to our framework the notion of a completely exact sequence of sheaves
from [31]:

Definition 7.20. Let R, B;, 1 <i < N, be analytic sheaves over U. We say that
a sequence

(7.39) By— -+ —By—B —R—0
is completely exact if for any m > 1 the sequence of sections
I'U,Homp (O™, By)) — - -
—T'(U, Homp (0™, B)) —T'(U, Homp (0™, R)) —=0
or, equivalently,
(7.40) nU,ByY) — - —T(U,B") —T(UR™)—0,

is exact.

Here B and R stand for the direct product of m copies of B; and R, re-
spectively, and Home (O™, B;), Homp (O™, R) are the sheaves of germs of analytic
homomorphisms O™ — B;, O™ — R, respectively.

Note that if sequence (7.40) is exact for m = 1, then it is exact for all m > 1.

Lemma 7.21. Let B, C be analytic sheaves on U. If sequence B - C — 0 is
completely ezact, and ¢ : OF|y; — C is an analytic homomorphism, then there is
an analytic homomorphism v : OF|;; — B such that ¢ = 1.
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Proof. We can take 1 in the preimage of ¢ under the surjective homomorphism
7 : T(U, Homp (0%, B)) — I'(U, Home (O, C))
induced by 7 (see Definition 7.20). O

Lemma 7.22 (Three lemma). Let A, B and C be analytic sheaves on U. Suppose

that sequence
B v

0—A—=B—C—0
is completely exact. If two sheaves among A, B and C have free resolutions of
length N + n, where n := dimc Uy, N > n + 2, then the third one has a free
resolution of length N —n — 1.

The proof of Lemma 7.22 follows closely the arguments in the proofs of an
analogous result (for “cohesive sheaves”) in [31]. For the sake of completeness, we
provide the proof of Lemma 7.22 in the Appendix; but now we will use it in the
proof of Lemma 7.16.

Proof of Lemma 7.16. We denote Uy := Uy x K1, Uy := Uy X K. Let N > n+ 1.
Consider free resolutions of R of length M > 4N,

(7.41) OFari U —> Ry, —0, i=1,2.

U, —> —>Ok1vi

Consider the end portions of (7.41):

U =Ry, —=0, i=1,2.

(7.42) Ok

Let U := Uy x (K1 UK>3). We denote by ; : OFt|y @ OF2 |y — OFi|yy, i = 1,2, the
natural projection homomorphisms.

First, let us show that there exists an injective analytic homomorphism H :
OM |y @ OF2 |y — OFt|y @ OF2|y such that aym H = aema. By Proposition 7.1 (1)
sequence (7.41) truncated to the N-th term (and, hence, sequence (7.42)) is com-
pletely exact. By Lemma 7.21 we can factor a3 = agt), s = azp on U; N Uy
for some analytic homomorphisms v : O* |y, nv, — OF2 |y hw,, @ @ OF2 v A0, —
O |y, nv,- Now, identifying sheaf homomorphisms ), ¢ with the holomorphic
matrix functions that determine them (see Lemma 7.19), we define

I, ¢ I, 0 \ '
_ k)l kl
H = ( 0 Ik2 ) ( " Ik2 ) S O(Ul N UQ,GLk((C)),

where k := ki + ko. It is immediate that aymi H = agme. The map H belongs
to the connected component of the identity map in O(Uy N Uz, GLk(C)). Indeed,
consider a path H, € O(Uy NUs, GLi(C)) (¢ € [0,1]),

g ((Te te N[ In 0\
b 0 Ikz tl/} Ilc2 ’

so that Hy = I, H, = H.
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Next, let L; € K;, L; € Q (i = 1,2) and Vj € Uy be an open polydisk, and
xo € Vp. Let L* € Q (i = 1,2), m > 1, be the collection of open subsets of K; such
that L; € L' € L € K; for all m > 1 (i = 1,2) obtained in Lemma 5.3 (3).

Let {V"} be a collection of open polydisks such that V, € Vy" ™ € V§"* € U,
for all m > 1.

We set V" = V" x L™, Vi :=Vy x L; (i=1,2), m > 1.

We now amalgamate the free resolutions of R over Vi U V5.

Let m = 1. By Corollary 7.18 there exist functions h; € O(V;!,GLy(C))
(i = 1,2) such that H = hihy on V! N V3. Since aym H = aama, the sheaf
homomorphisms

aimihy Ok1|vll & Ok2|V11 —Rly; —0,
hyt: OM O™ |1 —R|yy —0
QaTfy ~ lvg @ lvz vz
coincide over Vi' N V4; they induce an analytic homomorphism
. Okll D (’)k2| —R|
[0 Vll UV; V11Uv21 Vll UV21 .
Let Ry := Ker a. The sequence
0—TR4| —>Ok1| @Ok2| —a>'R| —0
1hvituvy Viuvy Viuvy viovyd

is completely exact over sets Vit and V3! since sequences (7.42) are. By Lemma 7.22
the analytic sheaf R has free resolutions over Vi and V3 (of length 4N — 2n — 1)
because two other sheaves have.

Provided that M was chosen sufficiently large, we can repeat this construction
N — 1 times over subsets V|, V5%, 1 < m < N — 1, obtaining in the end a free
resolution of R over V4 U Vs having length N. Since Vy, Ly, Ly and N were
arbitrary, the required result follows. O

8. Proof of Theorem 4.6

We have to prove that for a connected complex manifold M and a map F €
O(M, ¢qX) there exists a ‘horizontal layer’ X (H € T) such that F(M) € Xg
(see subsection 4.1 for notation).

Proof. Let yo := F(z9) for some zyp € M. Then yo € XHO for some Hyg € T.
Also, yo is contained in a coordinate chart fI(Uo, K) C ¢qX. In what follows, we
identify ﬁ(UO,K) with Uy x K, see subsection 4.2, so that yo = (xg,70) for some
xo € Ug, o € K. Let mx : Uy x K — K be the natural projection. Then for
each h € C(K) the pullback hi := (7x)*h € O(Uy, K) and is constant on subsets
Uop x {n} for all n € K. Since F is a holomorphic map, F*hk is holomorphic
on open subset F~1(Uy x K) C M. Since the complex conjugate hx of hx also
belongs to O(Uy, K), the function F*hyx = F*h is holomorphic on F~}(Uy x K)
as well. Therefore, F*hx must be locally constant. Let W C M be the connected
component of F~1(Uy x K) containing 2q; then F*hy = h(ng) on W.
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Now, let us show that F(W) C Uy x {no} € Xp,. Indeed, there exist open
subsets Ly C K (A € A) such that ng € Ly for all A and Nyxea Ly = {no}. Since G
is a compact space and each subset Ly is open in Gg, for every A there exists a
continuous partition of unity subordinate to the open cover {Lj, Ga \{no}} of Ga.
We denote by hy € C(K) the restriction to K of the element of the partition of
unity with support in Ly. Then 0 < hy < 1, ha(no) = 1, ha(n) = 0 on K\ Ly.
Since F*(hx)k = ha(no) = 1 for all A, we obtain that F'(W) C Uy x Ly for all \;
hence, F(W) C Uy x Maealy = Uy x {770} C Xu,-

We have established that every point in M has a neighbourhood W such that
F(W) c Xy for some H € T. Since Xy, N Xy, = @ if Hy # Hy and M is
connected, the latter implies that F'(M) C X H, for a certain Hy and completes
the proof of the theorem. O

8.1. Proof of Proposition 4.7

The proof of Proposition 4.7 essentially repeats the proof of an analogous result
for coherent analytic sheaves on complex manifolds, see, e.g., [24].

First, let A be a coherent subsheaf of O% and let U € B (see (4.4)). By
Lemma 5.3 (2) there exist open sets Vi, € B such that Vi, € Vi1 € U for all k,
and U = Ui Vj,. We endow space I'(U, A) of sections of sheaf A over U with the
topology of uniform convergence on Vj, for all k. Then T'(U, A) becomes a metriz-
able topological vector space. We have to show that space I'(U, .A) is complete,
i.e., it is a Fréchet space.

It is easy to see that space I'(U, OF) endowed with such topology is complete.
Since A is coherent, we may assume that there exists a free resolution (2.4) of A
over U of length 4N, N > n := dim¢ Xy. Therefore, we have a short exact sequence

0— Ker gp—L>Om|U —<P>.A|U —0,

where ¢ denotes the inclusion. In the proof of Proposition 7.1 (1) we have shown
that the sequence of sections

(8.1) 0—> (U, Ker ¢) —= (U, 0™) = T(U, A) —0

is exact (see Lemmas 7.13 and 7.15). By our assumption I'(U,.A) C T(U, O%).
By Lemma 7.19 the T'(U, O)-module homomorphism ¢ : T'(U,O™) — T(U, OF)
is determined by a k x m matrix with entries in O(U), hence it is continuous;
further, 7 is continuous. Since sequence (8.1) is exact, I'(U, Ker ¢) = Ker ¢, hence
T'(U,Ker o) is closed. Therefore, I'(U, A), being a quotient of a complete space by
its closed subspace, is a complete space.

We note that by the open mapping theorem the topology on I'(U,.A) coincides
with the quotient topology determined by (8.1).

Now, let A be an arbitrary coherent sheaf on ¢, X. Similarly, we have a free
resolution (2.4) of A over a neighbourhood U of length 4N, N > n, which yields
a short exact sequence of sheaves

(8.2) 0—Ker @—L>Om|U —W>.A|U —0
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and an exact sequence of sections

(8.3) 0—T(U, Ker @) —=T (U, 0™) <> T(U, A) —0.

Using Lemma 7.22 (Three lemma), we obtain that Ker ¢ is a coherent subsheaf
of O™|y, so by the previous part the subspace I'(U, Ker ) C T'(U, O™) is closed.
We introduce in I'(U, A) the quotient topology defined by (8.3) which makes it a
complete (i.e., Fréchet) space and also implies the last assertion of the proposition
concerning the family of semi-norms determining the topology in I'(U, A).

Let us show that thus defined topology on I'(U,.A4) does not depend on the
choice of resolution (8.2). Suppose that there is another resolution

0 —Ker <p’—L>O”L/|U i>./4|U —0.

By Lemma 9.1 there is a homomorphism ¢ : O™ |y — O™ |7 such that the diagram
of exact sequences of sheaves

o™y 4 Aly 0
o™ |y ‘ Al 0

is commutative. Therefore, we have a commutative diagram

I(U,0™) —2 (U, A) 0
r(U,0m') —2 - T(U, A) 0

of exact sequences of sections. By our construction @, @’ are continuous and
surjective, ¢ is continuous as a homomorphism of sections of free sheaves. By the
open mapping theorem the preimage of an open set by A™' = @o ()"t o (@)~ is
open, so \ is continuous and, hence, it is a homeomorphism.

Finally, let v : A — B be an analytic homomorphism. Let us show that ~ is
continuous. Analogously to the previous part applying Lemma 9.1 we obtain a
commutative diagram of exact sequences of sheaves which yields a commutative
diagram of exact sequences

(U, 0™) —2—=T(U, A) 0
3 5
(U, 0™ )|y —— (U, B) 0.

As before, the continuity of 4 can be deduced from the continuity of the other
homomorphisms in the diagram. This completes the proof of the proposition.
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9. Appendix

9.1. Proof of Lemma 7.22

The proof follows closely the arguments in [31]. We will need the following lemmas.

Lemma 9.1. Let A be an analytic sheaf on U that admits a free resolution of
length N

(9.1) .7'-N|U¢L;1'~' gf2|Uﬂ>f1|Uﬁ>.A—>0.

Given a completely exact sequence of analytic sheaves B; on U, 0 <i < N,

BN-1 B1 B
(9.2) BNL~-~—>BQ—>81—O>B()—>O

a sheaf homomorphism @y : A — By can be extended to a homomorphism ®;: Fj|u
— B; (0 <j < N) of sequences (9.1) and (9.2).

Proof. The proof is by induction. We put ¢_; := 0, _; := 0. Suppose that for
0<j<r,r<N -1 the homomorphisms ®; : ;| — B; have been constructed,
so that ®;_1p;_1 = Bj—1®;. If r = N — 1, then we are done. For r < N — 1 we
have B,-1(®,p,) = ®,_10,-1¢, = 0. The sequence

F(U, Homo(}}ﬂ, Br+1)) —_— - —>F(U, Homo(}}ﬂ, Bo)) —0

is exact since (9.2) is completely exact (see Definition 7.20), hence there is a ho-
momorphism ®,1 € I'(U,Homo (F, 41, B,41)) such that ®,¢, = 3,P,11 over U,
as required. O

Lemma 9.2. Given a free resolution (9.1) of an analytic sheaf A on U of length N
the sheaf Ker o1 = Im ¢, on U, 1 < n < N — 1, has a free resolution of
length N —n.

Proof. Follows immediately from Definition 7.12 of a free resolution of an analytic
sheaf. O

Lemma 9.3. Let Ay be an analytic sheaf over U. Suppose that for a given N > 1
there exists a completely exact sequence of analytic sheaves A; on U, 1 < i <
2N + 2,

(9.3) Aongo 20 2% 4y ——0

such that sheaves A;, 1 < i < 2N + 2, have free resolutions of length n+ N, where
n := dim¢ Uy. Then Ag has a free resolution of length N.

Proof. Let M := 2N + 2.
(1) First, we construct a completely exact sequence of length M — 2 of the form

Bm— B B
(9.4) Baroo > - =By —> By —> Ay —=0,
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where B; = OF|y for some k > 0 is a free sheaf and By, 2 < k < M — 2, are
analytic sheaves on U having free resolutions of length N +n — 1. Let

Wi
]:n+N,k_> _>~7:1,k_>~/4k_>0

be a free resolution of Ay, 1 < k < M. By Lemma 9.1 there exist analytic
homomorphisms ¥, such that the diagram

0 0 0
(9.5) Ay ——m e s Ay Ay 4 0

WM w2 w1

Fim L SO, . Fi2 o Fi1

is commutative. Let us show that the sequence

B — B B B
(9.6) ]:1,M D Ker War—1 Ll s —2>]:1,2 D Ker w1 —1>.7:171 ﬁOAo —0

truncated to term F1 ps—2 @ Ker wps_3 is completely exact. Here 8y := agwr, f1 :=
11 — 11, where ¢, : Ker wy, < Fq j is an inclusion, and S = (tx & ¥r—1) ¥k — k),
for k > 2.

Indeed, we apply to (9.5) and (9.6) left exact functor I'(U, Homp (€, -)), where £
is a free sheaf. Let

A :=T(U,Homp (€, Ar)), (0<k< M),
Fk = F(U, Homo(8,717k)), (

Then we obtain commutative diagrams of abelian groups

0 0 0
(9 7) AM ApM—1 L as A2 ay Al ao AO 0
w N w2 w1
FM PM—1 . D2 F2 P1 F1

and

bar—1 ba by bo
(9.8) Fy @ Ker wyy—1 — -+ —Fy, @ Ker w; — F; — Ag—=0.
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Note that complete exactness of sequence (9.6) truncated to Fi pr—2 @ Ker was_3
is equivalent by definition to the exactness of sequence (9.8) truncated to term
Fyr—2 @ Ker wps—3. By Definition 7.20 the middle row of (9.7) is exact. Also, by
Proposition 7.1 (1) each wy, 1 < k < M, is surjective, so the columns of (9.7) are
exact. Hence, we have analogous identities

(9.9) bo = apwi, by =p1—i1, bp= (ix ©pr—1)(Pr — ir),

where ij: Ker wy, < F) is an inclusion. Let us show that (9.8) is exact up to
term Fy_o @ Ker wys_3. First, note that by is surjective because both ag and w;
are. Second, if £ € Ker by, then wq(€) € Ker ag = Im a7 = Im a;ws = Im wqp;.
Here we have used the fact that wsy is surjective. Let wq(§) = wi(p1(¢)) and
7:=p1(¢) =& € Ker wy, so that £ = b1(¢(,7) € Im by. Third, if 1 <k < M —3, and
(&,m) € Ker by, = Ker (pg, — ix), then n = pr(§) and 0 = wi(px(§)) = ar(wr4+1(£));
hence wiy1(§) € Im aky1 = Im app1wrr2 = Im wrp1per1. Choose ¢ so that
Wet1(§) = wer1(Pr41(€)). Then 7 := pry1(¢) — & € Ker wipq1. We conclude
that (§,7) = bg+1(¢,7) € Im by 1, i.e., sequence (9.8) is indeed exact up to term
Frr—o @ Ker wpr—s.

Now, by Lemma 9.2 each F; @ Ker wy—1 has a free resolution of length N +
n — 1. Hence, if we take

Bi:=F11, €o:=p0, Br:=Fir®Kerwp_1, 2<kE<M-—-2,

we obtain the required completely exact sequence (9.4).

(2) Now, consider completely exact sequence obtained from (9.4),

Bm—1 B B
By — -+ —=By —>=Ker £g—=0.

Applying case (1) to this sequence we obtain that there is a completely exact
sequence

Daft—> -+ —=Ds—>Dy —>Ker g —=0,
where Dy is a free sheaf, and each sheaf Dy, 3 < k < M — 4, has a free resolution
of length N + n — 2. Therefore, we have a completely exact sequence

Dyrg—> -+ —>Dy—>Dy—> By —> Ag—>0.

Continuing in this way (applying a similar argument to resolution of Ker 1, etc.)
we finally obtain a free resolution of Ay of length N. O

Proof of Lemma 7.22. We can assume that 4 C B and that 3 is the inclusion map.

(a) If A and B have free resolutions of length N + n, then Lemma 9.3 implies
that C has a free resolution of length N (and, in particular, of length N —n — 1).
Consider two remaining cases. Sheaf C has a free resolution of length N + n,

(9.10) Frvpn—= == Fi = C—=0
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for some open Vy C Uy. By Proposition 7.1 (1), the sequence (9.10) is completely
exact. By Lemma 7.21 there is a commutative diagram

(9.11) 0 A B

F1

Let ¢ : Ker ¢ — F; denote the inclusion. Let us show that the sequence

P B—v
(9.12) 0—Ker p—ADF —B—0

is completely exact.
We apply functor I'(U, Home (€, -)) to (9.11) and (9.12), where £ is a free sheaf.
We obtain diagrams of abelian groups

0
0 A—Lt B ° .¢C 0
Py
Fy
and
D1 b—
(9.13) 0—=Ker f2m A& F —= B—=0.

The first diagram is commutative, its top row is exact (see Definition 7.20). By
Proposition 7.1 (1), we may assume that f is surjective. The latter sequence is a
complex and is exact at Ker f. We have to check that it is exact at the next two
terms. If (§,n) € Ker (b—p) then p(n) = b(§) =&, 0 = c(p(n)) = f(n). Thus,
ne€Ker fand (§,n) = (p®i)(n) € Im (p @ i), hence (9.13) is exact in the middle
term. On the other hand, if ¢ € B, then with some n € F,

—c(C) = f(n) = c(p(n)),
o C+pln) =¢& eKere= A

Thus, ¢ = & — p(n) € Im (b — p). We obtain that sequence (9.13) is exact, hence
sequence (9.12) is completely exact.
Note that by Lemma 9.2 Ker ¢ has a free resolution of length N +n — 1.
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(b) The sheaf A® F; has a free resolution of length N +n—1 over Uy x K. By
Lemma 9.3 sheaf B has a {ree resolution of length N — 1 over Uy x K (in particular,
of length N —n —1).

(¢) We may assume that B has a free resolution of length N+n—1 over Vj x K.
Since Ker ¢ has a free resolution of length N +n — 1, by (b) A @ F has a free
resolution of length N —1. Since sequence 0 — F — A®F — A — 0 is completely
exact as F is a free sheaf (see Corollary 7.10), we obtain by part (a) that A has a
free resolution of length N —n — 1. O
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